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BIRKHOFF SPECTRUM FOR PIECEWISE MONOTONE
INTERVAL MAPS

THOMAS JORDAN AND MICHAL RAMS

ABSTRACT. For piecewise monotone, piecewise continuous interval maps
we look at Birkhoff spectra for regular potential functions. This means
considering the Hausdorff dimension of the set of points for which the
Birkhoff average of the potential takes a fixed value. In the uniformly
hyperbolic case we obtain complete results, in the case with parabolic
behaviour we are able to describe the part of the sets where the lower
Lyapunov exponent is positive. In addition we give some lower bounds
on the full spectrum in this case. This is an extension of work of Hofbauer
on the entropy and Lyapunov spectra.

1. INTRODUCTION

Consider a dynamical system (X, T") and a potential function ¢ : X — R.
For any point x € X we can define the Birkhoff average of ¢ at = by

wherever the limit exists. A natural question arises: given a potential
function, what is the set of points with its Birkhoff average taking a pre-
scribed value:

L, ={z € X;A(x,p) =a}.

Usually one describes the size of this set in terms of either topological
entropy or Hausdorff dimension, the functions a — hyop L, and a — dimy L,
are called entropy and dimension Birkhoff spectra of the potential .

This kind of problems has been studied for quite some time, possibly
starting with the work of Besicovitch and Knichal, [B, K] on the frequency of
digits in dyadic expansions which was subsequently expanded by Eggleston
and Billingsley, [E],[Bi]. In dynamical systems the Birkhoff spectrum was
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initially investigated by Pesin and Weiss (|[PW|, Feng-Lau-Wu [FLW]| and
Olsen, |O]). Several other authors investigated the case where Hausdorff
dimension is replaced by topological entropy including Fan, Feng and Wu,
Takens and Verbitskiy and Feng and Huang [FFW, TV, FH] .

Looking at the definition one does not expect the Birkhoff spectrum to
be any nicer than a measurable function. However, it turned out that for
a Holder continuous potential function on a C'*# conformal repeller the
entropy Birkhoff spectrum is the Legendre transform of a suitable pressure
function, thus real analytic and concave.The dimension Birkhoff spectrum is
more complicated, the exception being the Lyapunov spectrum, that is the
Birkhoff spectrum for the potential log |T”|, and the cases where the Lya-
punov spectrum is trivial. In these cases the dimension Birkhoff spectrum
can be deduced from the entropy Birkhoff spectrum as was done by Pesin
and Weiss and by Weiss, [PW, W]. In the general situation, however, the
dimension Birkhoff spectrum formula for conformal repellers was consid-
ered by Feng, Lau and Wu [FLW| where they gave a conditional variational
principle. Barreira and Saussol considered the case of Holder continuous
potential functions where they gave a formula in terms of pressure and its
derivative with which they showed the spectrum is analytic but in general
not concave.

Naturally the results for one dimensional repellers were afterwards gen-
eralised for more general classes of systems, in particular ones with non-
uniformly hyperbolic behaviour. We should mention here several works
including, [N, Oli, KS, GR, IT, GPR]| for the Lyapunov spectrum and
[C, JJOP, CTa, 1J1, 1J2] for the Birkhoff spectrum. Of special interest for
us is the paper [H2| by Franz Hofbauer. In this paper he constructs the
Lyapunov spectrum and entropy Birkhoff spectrum for piecewise monotone
maps of the interval.

The aim of our paper is to extend Hofbauer’s result by constructing the
dimension Birkhoff spectrum for piecewise monotone maps. We are not able
to completely solve the problem, we are only able to describe the intersec-
tion of the sets L, with the set Dy of points with positive lower Lyapunov
exponent. The formulation of our results is rather complicated and depends
on the notation yet to be introduced, so we postpone it till section 3. Before
that, we describe in some detail results from the theory of piecewise mono-
tone maps (section 2) and of the Birkhoff spectra (section 3) which we will
need.
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2. PIECEWISE MONOTONE MAPS

The theory of piecewise monotone maps in the setting of this paper was
created by Hofbauer, see in particular [H1| for the general theory and [H2]
for selected facts, relevant for multifractal formalism. In this section we will
define the objects of our study and state, without proofs, the properties we
are going to use.

We consider a piecewise monotonic map, 7" : [0,1] — [0, 1] based on
subintervals of the form C; = [0 = ¢1, 3], Cy = [ca,c3], ..., Cp = [n, Cna1 =
1]. We assume that 7" is continuous and monotone on each open interval
(¢i—1, ¢;) but not necessarily continuous at the endpoints ¢;. We will denote
by Z the grand orbit of the set {c1,...,c,11}, it is a countable set.

Systems of this type can exhibit several unwelcome types of behaviour,
including (but not restricted to) intervals of fixed points. To avoid those we
will only consider the restriction of the full system to a fixed set A C [0, 1]

with following properties:

e A is closed,

e A is completely invariant, i.e. A=T"YT(A)) D T(A),
e T4 is topologically transitive,

e the partition (C;)7 is generating,

e the topological entropy hiop(7'|4) is positive.

The dynamic on A\ Z is topologically conjugated to dynamic of the shift
map on a subset of the full (one-sided) shift space with n symbols. The sets
C; are the first level cylinders. In general this dynamics is not of a subshift
of finite type.

We call a function f : [0,1] — R regular if at each point x € [0,1) the
right limit f, (z) = lim,_,,+ f(y) exists, at each point z € (0, 1] the left limit
fo(x) =lim,_,,- f(y) exists, and if for all z € (0,1), f(z) is between f_(x)
and f, (z). We will also assume that the function ¢ = log |T”| exists every-
where except on a countable set and can be extended to a function which is
regular on the whole of [0,1]. Note that this means that the derivative can
never be 0 or approach 0.

Given z € [0, 1], we denote the Birkhoff average of f at x by

Az, f) = lim — ZfoTZ

k—oo k

if the limit exists. We denote

L,={x€ A A(z, f) = a}.
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We will call A(z,¢) the Lyapunov exponent and denote it by x(z) =
Az, ¢). We will also define the lower Lyapunov exponent

x(x) —hmmf—ZgboTZ

= k—oo k

The set of points with lower Lyapunov exponent strictly larger than a will
be denoted D,. In particular

(2.1) Dy = {z : x(v) = 0}.

For an invariant measure p we will denote the Lyapunov exponent of the

= / dd.

It is shown by Hofbauer and Raith in [HR| that for an T-invariant ergodic

measure by

measure with positive measure theoretic entropy, h(u),

dimpg p = M

A(p)

We need to present in a few words the definition of topological pressure
we are going to use. This definition comes from [H2|. We first define a
Markov set as a nonempty closed set B C [0,1] for which there exists a
partition ) with respect to which 7' is piecewise monotone and such that
T(BNY) C B and that either T(BNY;)NY,=0or T(BNY;) D BNY,
forall Y,Y1,Y5 € V.

If the domain of T is Markov then we can work with the whole system
but if the domain is not Markov this is difficult. However in the non-Markov
case we work with Markov subsystems. Thus we define by M(A) the set
of all Markov subsets of A. The following Proposition gives two important
properties of M(A) which allow us to work with an increasing sequence of
Markov subsystems. The first part of the proposition follows from Lemma
7 in [H1] (the proof of Proposition 1 in [H1] explains why the condition
necessary for Lemma 7 is always met in our setting). The second part is
Lemma 8 in [H1].

Proposition 2.1. If A is topologically transitive, completely invariant and
has positive entropy then M(A) is nonempty. Moreover, for every two Markov
sets By, By € M(A) on which T is topologically transitive we can find
Bs € M(A), B3 D By U By on which T is also topologically transitive.

The pressure of a potential f on A is then defined as
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P(f)= sup sup  P(Tp,h),
BEM(A) heC([0,1]);h< f

where P(T|g, h) is the usual topological pressure of a continuous potential
on a subshift of finite type. Observe that Proposition 2.1 implies that the
supremum in the definition of pressure can be replaced by a limit. In par-
ticular it imples that there exists a sequence (B;);; B; € M(A) such that
P(T
pact sets. This is what allows us to find the Markov set B in the proof of

B,, h) form an increasing sequence converging to P uniformly on com-

Lemma 4.4.

An important result of Hofbauer and Urbariski [HU| shows that this
definition of pressure agrees with the construction of conformal measures.
Denote

Cirig..ip, = Ciy NTHCi) N ...OTF1(Cy,),
those sets will be called kth level cylinders. We call a probabilistic measure
1 supported on A conformal for potential f if for every kth level cylinder
Ciiy. i, We have

Ciyig...ip,

As the partition is generating, this formula can be iterated:

,U,(Tk(cllw%)) = / @kp(f)*Skfd'u/7
C;

1i9.wig

where Si.f(z) = f(z) + f(T(x)) + ...+ f(T"(2)).
The following is [HU, Lemma 7.

Proposition 2.2. Let A be topologically transitive, completely invariant
and with positive entropy. Then for every regqular potential there exists a

conformal measure, positive on open sets.

3. THERMODYNAMICAL FORMALISM AND BIRKHOFF SPECTRA

3.1. Conformal repellers and smooth expansive maps. Before stat-
ing the main result we will remind the related results of Barreira and Saussol
and Feng, Lau and Wu calculating the Hausdorff dimension Birkhoff spec-
trum for interval expanding maps and then we will proceed to Johansson,
Jordan, Pollicott and Oberg’s generalisation to the nonuniformly hyperbolic
situation.

Let S be a uniformly hyperbolic C**# map on the interval I. Let f : I —
R be a continuous potential. Let H = {a € R;3x € [ A(z, f) = a}, it is a

closed interval. We denote
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P(q,a,0) := P(q(f —a) — 6¢).

For a € H we will set
do(a) = sup{d : inf{P(q,a,0) : ¢ € R} > 0}.
A version of the results of [BS| and [FLW] is the following. Note that [FLW]|

gives the proof of the conditional variational principle in the general case
where as [BS| gives the qquality to dp(a) in the Holder case for the inte-
rior of H. We include a proof showing dy(a) is equal to the value given in
the conditional variational principle in the continuous case and include the
endpoints of H.

Proposition 3.1. Let S be a C'8 expanding map on the interval, as above.
Forae H

h
(3.1) dimpy L, = max {% : /fd,u =a and j S—invam’ant} = do(a).
1
Proof. We will outline the proof. To show the first equality in (3.1), as done
in [FLW/, the idea is to adapt the ideas of the proof the classical variational
principle, this works for any continuous potential.
To show the second equality let p be an S-invariant measure with [ fdu =

a. By the variational principle we have that if § < % then for any ¢q € R,
P(g,a,0) 20— 6A(n) + h(p) >0
and thus § < dy(a).
We now suppose

0 > max {M : /fd,u =a and p S—invariant} :
Ap)

If the function ¢ — P(q,a,d) has a minimum ¢y then there must be equi-
librium states i1, po at this point such that [ fdps < a and [ fdps > a (it
may well be the case that 111 = p9). By taking a suitable convex combination
we can find an equilibrium state g with [ fdu = a. This gives

Plan, a,6) = h{n) + go ( [ san- ) AT = () — ()5 < 0

and so d > dp(a).
In the case where g — P(q,a,d) does not have a minimum then there
must be a sequence of equilibrium states u,, and values ¢, such that

Tim h(pn) + gn (/ fdpn — a) — Mptn)d = ggﬂg{P(q, a,d)}.
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By continuity we can assume the sequence ¢, diverges to +oo. If lim,, o ¢, =

oo then we must have limsup,,_, . [ fdu, < a and thus

nh_g)lo h(pin) + Gn (/ Jdp, — a) = AM#n)d < h(pin) — 6A(pn) < 0.

Similarly if lim, e ¢, = —00 then we must have liminf, o [ fdp, > a
and thus

n—oo

lim A(pn) + gn (/ fdpn — a) = An)d < h(pn) — 6A(pn) < 0.

Thus ¢ > dp(a).
So we can conclude that

max {% : /fd,u =a and p S—invariant} = do(a).
U

Note that in [BS| by assuming more regularity on the function f and
working in the interior of H stronger results can be deduced. In particular
for a € int(H) we have lim,,_~ P(q,a,0) = lim,,o P(q,a,9) = oo for all
9. Hence, there exists Pyin(6) = inf, P(q, a,d). Moreover when f is Holder
continuous (¢, a,d) — P(q,a,d) will be analytic on R x int(H) x R. Since
this is the uniformly hyperbolic situation ¢ is bounded away from zero and
so is OP(q,a,0)/d6. Hence for a € int(H) one can find (go,dp) such that
do(a) = 09 and P(qo,a,dy) = 0. Using this in [BS]| it is shown that if f is
Holder then a — dimy L, is analytic on int(H).

In the nonuniformly hyperbolic situation the picture is more complicated.
Let now S be C'™8 expansive Markov map, but we allow the existence
of parabolic fixed points (p1,...,ps). We take a continuous function f :
[0,1] — [0, 1] as before and let H, be the convex hull of {f(p1),..., f(pe)}
In this case it is shown in [JJOP] that if a« € H, then dimy L, = 1 and if
a € (H\H,) then as before

h(p)

dimy L, = max {m : /fd,u =a and p S—invariant} = do(a)
1

where dy(a) is defined as in (3.2). However in H,, it will not always be the case
that dp(a) = 1. We will show that dy(a) is lower-semi continuous whereas in
[LJ2] an example is given where a — dimy L, is not lower-semi continuous.
It turns out that dg(a) will give the hyperbolic dimension of L, (dimension
of points with positive local Lyapunov exponent), but not always the full

Hausdorfl dimension.
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3.2. The main result. We now turn back to our more general setting.
Observe that because of the existence of the set Z with completely erratic
dynamic (and hence, erratic behaviour of Birkhoff averages) it is not a good
idea to define the spectrum interval H as in the previous subsection. We will
thus use a different definition, which in the cases considered in the previous
subsection was equivalent but which works better in our generality.

Denote by H the set of all a € R for which there exists a sequence of
non-atomic ergodic measures u,, each supported on a Markov subset of
A, such that [ fdu, — a. This is equivalent to the definition of H given
in [H2|. By Proposition 2.1, H is a closed interval. While it is not known
whether A(x, f) € H for all x € A, Hofbauer proves in [H2| that for all
a ¢ H hypL, = 0, and hence dimy L, N Dy = 0. In what follows we will
restrict our attention to a € H.

The set H can be divided into two subsets. Let H,, be the set of alla € H
such that we can not only choose a sequence i, as in the definition of H, but
in addition the measures p,, can be chosen as to satisfy [ ¢dp, — 0. Then
H, = H\ H,. The sets H, and Hj, will be called parabolic and hyperbolic.

By Lemma 4.3, which will be proved in the next section, in this more

general setting for a € H it still makes sense to define
(3.2) do(a) = sup{d : inf{P(q(f — a) — d¢) : ¢ € R} > 0}.
We will also define

dimyy,(A) = sup{dim M : M is Markov and M C A}.

It can be also shown that this is both the supremum of dimensions of hyper-
bolic ergodic measures supported on Markov subsets of A and the supremum
of 6o(a) where a € H.

Theorem 3.2. Let T be a piecewise monotone map.

(1) If a € H then dimy (L, N Dy) = do(a).
(2) For all a € int(H)

do(a) = sup {M : o T-ergodic and /fdu = a}
Ap)
(3) If a € H, then dimp(L,) > dimy,,(A). Moreover if a € int(H,) then
dimpy (L, N Dy) = dimy,,(A).
(4) The function a — dimpy (L, N Dy) is continuous on Hy, and lower

semi-continuous on H.

Note that we are using the convention that dimpy () = —oo and that if
an endpoint a of H is also in H,, then it is possible that dp(a) = —oo (in
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this case L, will be non-empty and have dimension at least equal to the
hyperbolic dimension but L, N Dy = ().

The rest of the paper will be structured as follows. In section 4 we will
prove the result on the dimension of L, N Dy, in section 5 we will prove
the results for end points and for H, and in section 6 we will prove the
continuity properties of the spectrum. Finally in section 7 we will discuss

some examples.

4. DIMENSION OF L, N Dy

4.1. Preparation — exceptional sets. We would like to work with sym-
bolic dynamics and then apply the results to the geometry of some invariant
sets. The symbolic dynamics is not that complicated, we are working with
closed invariant positive entropy subsets of a full shift. But the interplay
between dynamics and geometry is rather involved.

Observe that if a partition (C;) satisfies our assumptions, any subpar-
tition of (C;) will also satisfy them. That is, the choice of partition is not
determined by the map 7. It will be convenient for us to make use of this
phenomenon, in particular of the fact that we can freely demand that our
partition consists of sets of arbitrarily small diameter. So, let Z be some
partition satisfying our assumptions. Denote by Z;, the partition points of Z
and let Z, = T~1(Z;_1). The elements of partition Z* generated by points
ZoU...UZ,_1 will be called k-level cylinders.

If both endpoints of a k level cylinder I belong to Z; U... U Z;_; then
T(I)is a k — 1 level cylinder. However, if one or both of the endpoints of
I belongs to Zy then T'(I) is in general only a subset of some k — 1 level
cylinder. We would like to get some bounds on how small can |T*(I)| be.

For the upper bound we will work with full system (A,7) using part
of the statement of [H2, Lemma 14, 15]. Given z € [0,1], let Zy(z) be the
k level cylinder containing z. Let u be any probabilistic measure on [0, 1],

positive on all cylinders (of any level) intersecting A. Given d > 0 let

Na(p, Z) = | ) Ze U {z € Aslimsup u(T*(Zi(2))) < d}.

k—0 k—o0

Denote also

varz f =sup sup |f(z1) — f(x2)].
ZEZ:Cl,CCQEZ

We have
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Lemma 4.1. For every a > varz ¢ and for p as above we have

lim dlmH(Nd(yJ, Z) n Da) =0
d—0

For the lower bound we need to work with Markov subsets. Symbolically
they are just subshifts of finite type. We will need the following lemma.

Lemma 4.2. Let (B, Z) be a Markov set. Then there exists K > 0 such
that for every k for every kth level cylinder I with nonempty intersection
with B we have

IT*I| > K.
Assume in addition that T'|B is topologically transitive. Then for every x €
B there exist r > 0 and | > 0 such that for every k for every kth level

cylinder I there exists interval J C TF(I) and an integer j < | such that
T/ (J) = B(z,r) and T? is continuous and monotone on J.

Proof. Consider any kth level cylinder I contained in a first level cylinder
Jo and intersecting B. We have T'(I) C I' C J;, where I’ is a k — 1 level
cylinder and .J; is a first level cylinder. We have 1 N B D T'(I) N B # (),
hence J; N B = T(Jy N B) by the definition of Markov set. Hence, the set
I'NB = BNT(I). Following the same reasoning, T%(I) is contained in some
first level cylinder Jy and J, N B = BN T*(I). Then we can set K as the
minimum (over all first level cylinders J) of [span(J N B)| and the first part
of the assertion is proved.

The second part follows easily because every open interval of a given

size centred at a point in A contains a (symbolic) cylinder of a bounded
level. O

4.2. Upper bound. For convenience from now on we will denote

P(aaqaé) :P(Q(f_a) _5¢)

We will obtain the upper bound in the dimension formula with the use of
conformal measures. Let a and  be such that inf, P(a,q,d) <0. Fix o > 0
and € > 0. Consider ), a subdivision of Z such that vary ¢ < a. As for
arbitrarily small o we can always find such )), we need only to prove that

dimp ((La \ Na(1,¥)) N Do) < 0o+
for arbitrarily small . Indeed, as the Hausdorff dimension of N;ND,, will go
to 0 together with d, we will get an upper bound for the Hausdorff dimension
of L, N D,, we will then pass with « to 0 to obtain the assertion.



BIRKHOFF SPECTRA 11

Consider ¢o such that P(a, qg,d) = p € [0,¢). Let ube a qo(f—a)—dop—
p-conformal measure. Choose d > 0. Denote by G4(n) the set of cylinders
I € Y™ for which u(7"(I)) > d. Choose a small ¢ and denote

Xone ={1 € Ga(n);a—e < Anx(z,f) <a+e, Ay(z,¢)>a—eVrel}

Note that we have
|]| < en(a—s—vary ?)

for all I € X, .. Fixing n € N, we have

L= pI)= > wh)= > ).

Ieyn IEGd(n) IeXa,n,E
Substituting the definition of i, we get

p(I) = inf exp(—qoS,(f—a)+np)|(T")'[* () (T (1)) = e7melmltmreniomary ][]0,
xre

Hence, for any ~+ such that

> 5(|q0| + 1) +(50 V&I'y¢
o —¢e—vary ¢

we have

Z Z |]|50+’Y < d—l Ze—n(s—p) < o0,

n IeXa,n,E n

which implies that

dimpr (Lo \ Na(pt, ¥)) N Do) < 6 + 7.

As ¢ and vary can be chosen arbitrarily small, v also can be arbitrarily
small. We are done.

4.3. Lower bound. We start with the following lemma
Lemma 4.3. For all 6 € R and a € int(H),
lim P(q¢(f —a)—d¢) = lim P(q(f —a) — d¢) = oo.
q——00 q—o0

Proof. Since a € int H there exist a; < a < ay such that a;,a; € H. Thus

there exist non-atomic hyperbolic measures p1, p2 such that f fdus = aq
and [ fdus = as. Thus

P(g(f — a) — 66) > qlas — a) + h(u) — 6 / oy



12 THOMAS JORDAN AND MICHAL RAMS
and since ¢ is bounded we have that lim_, ,., P(q(f —a) — 0¢) = oco. We
also have that

Pla(f — 0) = 66) > afaz — )+ hip) =8 [ o

and so lim,_, P(q(f —a) — 0¢) = oc. O

We can now proceed with the lower bound for Theorem 3.2, starting
from the interior of the spectrum. We will fix a in the interior of H and we

will choose § such that

= inf{P(q(f — a) — 66)} > 0.

geR
We show that

dimH(La N Do) 2 )

via the following key lemma.
Lemma 4.4. If a € int(H) and § > 0 is such that

f{P —a)—

= f{P(q(f —a) —d¢)} >0

then there exists an ergodic measure p such that [ fdp = a, A(p) > v/2,
and h(“ > 0.

Proof. We start by finding ¢ and an interval I = [z, x;] which contains
¢ such that P(c(f —a) — dp) = v, where P(zo(f —a) — 0¢) > 27 and
P(z1(f —a) — 0¢) > 2. We can do this by Lemma 4.3. Since f and ¢ are
regular we can find step functions f and gz~5 such that

() 1f = Fl < 5,
(2) For all g € 1,

4/ = a) = 69— (a(F — a) = 39) < .
Thus we will have that by Lemma 6 of [H2]
P(c(f —a) = 69) < 5v/4
P(ao(f —a) = 69) > Tv/4
P(xy(f —a) = 80) > Ty/4
Yge I,P(q(f —a)—dp) > 3y/4.
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Thus we can find a Markov set B on which T is topologically transitive such
that f and gg are constant on all elements of the partition for B and where

Pp(c(f —a) = 0¢) < 5y/4
Pp(wo(f —a) = 30) > Ty/4
Pg(ay(f —a) = 0¢) > Ty/4

VqE[,PB(q(f—a)—(Sé) > 3v/4.

We have that the function ¢(f — a) — d¢) when restricted to B will have
unique ergodic, non-atomic equilibrium states for all ¢ € R. Moreover g —
Ps(q(f — a) — 6¢) is analytic and the derivative with at the point ¢ will be
given by [ f dpg — a. We also know that the measures p, will vary weak-*-
continuously with ¢q. By the mean value theorem we can see that

3 . i Y
{/fduq.qef} 2 {a_ 2($1—$0)’a+2($1—5’?0)

Thus we know that there exist ¢o,q1 € I such that [ fdu,, < a and
[ fdpg > a. Since f is discontinuous at at most countably many points,

by weak-*-continuity the function ¢ — [ fdu, will vary continuously. Thus
there exists ¢o € I such that [ fdu,, = a.
We have, since p,, is an equilibrium state,

) + [ 0l — ) — 500t = Pols] — a) —55) > 374
Thus since
02 —a) =86 — (ax(f — ) = 09)| <
we know that

i) + [ @l = @) = 50, > 772

Since [ fdu, = a we can conclude that h(pg,) — 0 [ ¢dpe > 0 and since
0 < h(pg) < A(pg,) we have that A(u,,) > /2. Hence,

>

(qu)
i)

g

By combining the Birkhoff ergodic theorem and the fact proved in [HR]
that in this setting the dimension of an ergodic measure with positive en-
tropy is given by the entropy divided by the Lyapunov exponent we can
conclude that dimg (L, N Dg) > dp(a) for any a € int(H). Combining this
with our upper bound shows that for a € int(H), dimy L, N Dy = do(a). So

for part one of Theorem 3.2 the part remaining to be proven is the lower
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bound for the endpoints, it will be done in the next section. Part 2 of the
Theorem is an immediate corollary of what we have just done

Corollary 4.5. For a € int(H) we have that

do(a) = sup {% ;T ergodic and /fdu = a} .

Proof. This is proved by combining Lemma 4.4 and the fact that the di-
mension of any ergodic measure with positive entropy which has integral a
will give a lower bound for dimg L, N Dy. Ul

5. THE LOWER BOUNDS FOR THE PARABOLIC PART AND THE END
POINTS

Limiting measures. The lower bound at the endpoints of the spectrum
will be obtained with the use of the following theorem which will also be

used for our lower bound for the dimension of L, when a € H,

Theorem 5.1. Let {(B;,);)} be a sequence of Markov sets contained in the
topologically transitive completely invariant set A C [0, 1]. For each i let y;
be a non-atomic ergodic measure supported on B; with Hausdorff dimension
di, Lyapunov exponent \; > 0, entropy h;, and let a; = [ fdu;. Assume that
a; — a. Then there exists a measure pu supported on A such that

dimy g > limsup d;

and for a p-typical point x we have A(x, f) = a and x(v) = liminf A;.

Proof. The proof will use the w-measures technique and will be a slightly
modified version of |GR, Proposition 9.

By passing to a subsequence we might assume that the sequence {d;}
converges to a limit, let us denote it by d. By Proposition 2.1 we can freely
assume that T'| B; is topologically transitive and B; N B;,1 # 0 for all i. We
choose a fast decreasing sequence ¢; \, 0 such that ¢; is sufficiently small
compared with A\; and h;.

Our first step is preparation of our Markov sets. The dynamics T, is a
subshift of finite type, we can choose a subpartition Z; such that 7|, is a
subshift of finite type in the new partition as well and that varz, f,varz, ¢ <
;. Let x; € B;NB;;1 and let K;, r;,1; be as given by Lemma 4.2 as applied to
(B;, Zi, ;). We assume that the partition Z;,; is so detailed with respect to
Z,; that the ball B(x;,r;) contains a first level cylinder J;1; € Z;,1. Denote
L =sup|T].
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We will construct inductively a fast increasing sequence {m;} and will,
also inductively, construct u. Let us begin the induction by considering the
cylinders of level m; + 1 for (T, By, Z;). Denote by Z; the family of those
cylinders I € Z™*" for which for all z € I N B, we have

mi1—1

(5.1) | Z foTk(x) —myay| < 2myeq,
k=0
mi1—1

(52) ‘ Z ¢ o Tk(fE) — ml)q’ < 2mqeq,
k=0

and

| lOg ul(I) + m1h1| < 2mqeq.
By the Birkhoff Theorem and Shannon-McMillan-Breiman Theorem, for

m;y big enough we have

Z,ul(f) >1—e4.
IeCy
By our assumption about varz, f,varz, ¢, (5.1) and (5.2) imply

mi1—1

| Z foT"(x) —myay| < 3myey,
k=0
and

mi1—1

| Z ¢ o TH(x) — myAi| < 3mae,
k=0

for all x € I. For each of those intervals Lemma 4.2 gives us some j
which can take only [/; different values. We have thus for some j; < [; at
least %exp(ml(hl — 3ey)) intervals I of length at least L™ exp(my(—\; —
3e1))|Ja| > exp(myi(—=A1 — 4e1)) such that T™ %1 (I) = J, and that for all
rel

mi+j1—1

| Z f o Tk(l’) — m1a1| < 3mqeq +j1 sup |f| < 4(m1 +j1)51,
k=0
and
mi+j1—1

| Z ¢ o TF(z) —mii| < 3myer + jisup @] < 4(my + j1)e1.
k=0
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We equidistribute the measure p over all I € C;.

Now we are ready for the inductive step. For m; we have at least exp(m;(h;—
4e;)) intervals I with following properties:

exp(m;(—X\; — 4g;)) < diam I,
mi(a; —4e;) < miApj (2, f) < mia; + 4e;),
exp(mi(—h; — 3¢;)) < p(I) < exp(m;(—h; + 3¢;)),

Tmi+ji<[) = Ji.
Applying Birkhoff ergodic theorem, Shannon-McMillan-Breiman theo-

rem and Egorov’s theorem we can find in J;1 a family D, of (m; 1 —m; —
Ji + 1) level cylinders for (T, Biy1, Z;41) for which the following are true:

i) Forany k=1,...,mj; —m; — j; forany x € I N B;y1,1 € Dy
|Ap(z, ) = kaiy1| < mag; + 2keiqa,

ii) Forany k =1,...,mj;1 —m; — j; for any € I N B;y1,1 € Dy
|A(z, ¢) — kXipa| < mye; + 2keipa,

iii) For any £k = 1,...,myy; —m; — j; for any x € I N Byyq, 1 € Dyyq,
the k level cylinder J of (T, Biy1, Z;41) containing = satisfies
| IOg ,uZH(J) + khi-‘,—ll S m;e; + 2k5i+1~

If m;y is sufficiently big (depending on m;, €;, €;11) then

it U I>(1—¢ip1)ptiv1(Jitr)-
1€D;1
By our assumption about varz, f,varz, ¢, points i) and ii) imply that
for all x € [,I < Di+1,]€: 1,...,mi+1 —m; —]7,

(53) |Ak(ZE, f) — kai+1| < mye; + 3k€i+1,
and
(5.4) |Ar(, ¢) — kXipa| < magi + 3keiqa,

Like in the first step, we then find for each of those cylinders the time

Jix1 given by Lemma 4.2 and we choose some of them with the same j; 1, at
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least 1/1;;1 of the total number. In the chosen cylinders we find subintervals
which are moved by T™i+1=mi=Jitji+1 onto J;, 0.

We denote by &1 the set of those chosen subintervals J and let
C¢+1 = {T;mzijZ(J), J € (c:prl, I c Cl}

We equidistribute p on C;q.
Note that, provided m;,, is sufficiently big,

Miy1€ir1 > 4mig; + Jiprsup(|f| + [¢])
and hence (5.3), (5.4) and iii) give us back the inductive assumption for the
step 7 + 1.
This way, we have constructed a measure p with following properties:

a) For any | = m; + k < m;y, for p-almost every = we have
|- Az, f) — mia; — ka1 | < dmye; + dkeiyq,

b) For any [ = m; + k < m;y for p-almost every x we have
|1 Az, @) — mid; — kXiyq| < dmye; + dkeiyq,

c¢) For any | = m;+k < m;,1, for any interval I of length exp(m;(—X\; —
4€i) —+ k(—)\i+1 — 45i+1)) we have

/,L(]) S 2(1 — 52'—1—1)_2 exp(mz(—hz + 462) + k(—hi+1 + 46i+1))‘

The points a), b) follow from (5.3), (5.4). The point c¢) follows from iii)
because, by (5.4), the interval of this length can intersect at most two of
the sets T, (G) of positive measure p, where G is a k level cylinder of
(T, Bi11, Zi41). Point a) implies a p-typical point has Birkhoff average of
f equal to a. Point b) implies, by Frostman’s lemma, that the Hausdorff
dimension of u is at least d. O

5.1. Endpoints of H. Let us now take a = max H (the case ¢ = min H
is analogous), assume that dp(a) # —oo and thus we can assume that
P(a,q,8) > v > 0 for some § and all ¢ € R. As a = max H, P(a,q,J)

is nonincreasing and

. d
qlgglo d—qP(a,q,5) = 0.

Moreover, as lim, .~ P(a,q,§) > —oo, we have

d
lim sup qd—P(a, q,0) = 0.
q

q—0o0
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Let us choose some sequence ¢; — oo with qid%P(a,qﬁ)‘q:qi > —v/2.
Let

d
a; = a + d—qP(CL7 q, 5>|q:qw
assume that a; € H. Then, as P(d’,q,0) = q(a’ —a) + P(a, q,0), we have

1
P<ai7 i, 5) > 577
d
d_qP(aia q, 5)“1:%‘ = 0.
By convexity of P, ¢; is the minimum point of P(a;,-,d). We can thus
apply Lemma 4.4 to construct an ergodic measure y; such that

)\(M) > e,
[t = a
h(Mz’)

d.
M) =

Applying Theorem 5.1 we can construct a set of points with Birkhoff
average a and this set has Hausdorff dimension §. Moreover, as all the
measures p; have Lyapunov exponents uniformly bounded away from zero,
all those points are in D, ;. Hence,

dlmH La N D() Z ).

5.2. The full spectrum in H,. a sequence {a;} € H converging to a and
a sequence of invariant measures {y;} such that [ fdu; = a; and A\(p;) — 0.

We use the following preliminary result

Lemma 5.2. Let p be a T-invariant prob measure with support contained
on a Markov set M. We can find a sequence of measures p,, each supported

on M such that each p, is ergodic and non-atomic, u is a weak™ limit of

{pn} and limy, o0 h(pn) = h(p).

Proof. Let 1 be the measure of maximal entropy (Parry measure for M).
We let v, = (1 —n~Yu, + n~'n. Note that v, is T-inv and fully supported
on M. Thus we can apply Lemma 4.2 from [O] to find a sequence of Gibbs
measures (so non-atomic and ergodic) converging to v, weak® and in terms

of entropy. The result now easily follows. U

We can now deduce that H, is an interval
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Lemma 5.3. H, is a (possibly empty or trivial) closed interval.

Proof. The fact that H, is a closed set is immediate from the definition. To
see it is an interval we will show that if a;,as € H, and p € (0,1) then
pay + (1 — p)as € H,,.

To see this note that if © and v are both supported on subsets of Markov
sets then we can find a Markov set M such that pu + (1 — p)v support is
contained on M. We can then apply Lemma to approximate the measure
weak™® and in terms of entropy. From this it easily follows that if a1, ay € H,
and p € (0,1) then pa; + (1 — p)as € Hp,. O

Our lower bound for the dimension of L, when a € H, can be deduced
from the following lemma which allows us to make use of the w-measure
approach from the first part of the section.

Lemma 5.4. Fora € H), there exist {a;} € H,a; — a and ergodic measures
{vi} such that [ fdp; = ai, Nv;) = 0, Mv;) > 0, supp(ri) C M; where M,
is Markov and dimpy v; — dimyy,(A).

Proof. We will let s = dimyy,(A). Let € > 0 and let v be a ergodic measure
with Markov support such that h(v)/A(v) > s — e and [ fdv = b for some
b € H . We can find 4 an ergodic measure with support contained in a

Markov set such that
‘ / fdu—a

Ap) < s (p).

Thus by Proposition 2.1 (1 — ¢)u + ev will be an invariant measure with

<e

and

support contained in a Markov set and with no atomic part. Moreover
h((1 —e)p+ev) > eh(v) > (s — 2e)eA(v) + s(1 — e)A(u)

Thus if we let 7 = (1 — )+ ev we have an invariant measure with support
contained in a Markov set with

=

h(n)/A(n) > s — 2e.
We can now apply Lemma 5.2 to find a non-atomic ergodic measure © with

[ fa7-a

h(D)A(B) > s — de.

<e¢l|b—al

and

< 2¢|b — a|

and
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The result follows by letting ¢ — 0. U

We can now obtain the lower bound in H,: applying Theorem 5.1 to the
sequence of measures {v;} given by Lemma 5.4 we get dimy L, > dimyy, A.
We finish the section by dealing with the case dimy L,N Dy when a € int(H).

Corollary 5.5. If a € int(H) then do(a) = dimyy,(A) and thus dimy L, N
DO = dimhyp(A).

Proof. Let 6 = dimyy,(A)—e for some ¢ > 0. By Lemma 5.4 and Proposition
2.1 we can find non-atomic ergodic measures p and v supported on the same
Markov set such that [ fdu > a, [ fdv < a and min{%, iEZ;} > 0. Thus
for ¢ > 0 we have that

/Q(f—a)+5¢dﬂ>0

and for ¢ < 0 we have that

/q(f—a)+(5¢dl/>0.

Thus by the variational principle (Lemma 8 [H2]) P(q(f —a)—d¢) > 0 for
all ¢ € R. Since a € int(H) we also know that lim,_, 4o, P(q(f—a)—0¢) = 0o
and so dg(a) > 0. The result now follows. O

6. FURTHER PROPERTIES OF THE BIRKHOFF SPECTRUM

The final step of the proof of Theorem 3.2 is to prove part 4 of the
statement, that is to obtain the results on the continuity properties of the
spectrum.

Proposition 6.1. The function a — dimg L, N Dy is lower semicontinuous

for each point x € H, and continuous for each x € Hy.

Proof. To prove the lower semicontinuity at a it is enough to prove that if
a; = a, §; — 0, and inf, P(a;,q,9;) < 0 then inf, P(a,q,d +¢) < 0 for all
e>0.

Assume for simplicity that a;  a (the case a; \, a is done analogously,
and by choosing a subsequence we can always make one of those cases to
happen). We can also freely assume that a; are in the interior of H. Fix
some € > 0, then § + ¢ > §;, and hence also inf, P(a;,q,d +¢) < 0, for
sufficiently large i.

Consider the set

A; = {q; P(a;,q,0 +¢) <0}
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and divide it into two subsets AJ = AN (0,00) and A7 = AN (—o0,0].
As P(d',q,6) = P(a,q,0) +q-(a—a’), the sequence {A;} is decreasing and
the sequence {A; } is increasing. Moreover, as a; is in the interior of H, A,
is always a compact set. Thus, A is compact as well.

Our assumption is that all the sets A; are nonempty. If A/ is nonempty
for some ¢, we can take some ¢ € A, and this ¢ will also belong to all A
for ¢ > ¢. Hence,

(6.1) P(a,q,0 +¢) =lim P(a;,q,0 +¢) < 0.

On the other hand, if A} is nonempty for all 7 then A; must be nonempty,
also for all 7. Thus, {A; } forms a decreasing family of nonempty compact
sets, hence it has nonempty intersection, and for any ¢ € (4, inequality
(6.1) holds as well.

Consider now a € H \ H,. To prove upper semicontinuity at a it is
enough to prove that if a; — a, 6; — ¢, and inf, P(a;,q,6;) > 0 then
inf, P(a,q,0 —e) > 0 for all € > 0.

As a ¢ H,, there exists ¢’ > 0 such that for every measure u satisfying
[ fdp € (a —¢€',a+ ") we have A\(p) > £'. Naturally, a; € (a —&’,a + &)
and §; > 6 — ¢/2 for i large enough.

By Lemma 4.4, for all those ¢ we can find an ergodic measure p; with
[ fdp; = a; and h(p;) /M (i) > d;. Moreover, by the above, A(p;) > €’. Thus,
for every ¢ € R we have

h(p:)
A(pi)

Plaisg.5-2) 2 W+ [ alf-a)do—(5-2)7n) = (

Thus,

1
P(aaqa(S - 5) = llmp(a27Q75 - E) Z 555/.

|

We know that in general a — dimyg L, N Dy will not be concave but
we can present a result which shows that a — dimgy L, N Dy is piecewise

monotone with at most two pieces.

Proposition 6.2. For any ay < as < ag,

dlmH La2 N DO Z mm(dlmH La1 N D()7 dlmH La3 N D())

—5+5> i) >

1 !
555 .
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Proof. Fix 6 < min(dimgy L,, N Dy, dimgy Ly, N Dy). We have for any g € R,
P(ai,q,90) > 0 and P(as,q,d) > 0. Moreover

P(a27q75) = P(a37 Q75) + Q(a2 - a3) = P(a17Q75> + Q(GQ - CL1>

and since as — a3 and as —a; have opposing signs it follows that P(as, q,0) >
0. Thus dimy L,, > 0 and the proof follows.
O

7. EXAMPLES

One example where the Birkhoff spectra has already been studied but
gives a nice illustration of the hyperbolic spectra is the Manneville-Pomeau
map. Let 0 < v < 1 and T : [0,1] — [0, 1] be defined by T'(z) = x + z'*7
mod 1 if x € [0,1) and T'(1) = 1. In this case we can take A = [0, 1] and for
f:]0,1] = R we have that H, = {f(0)}.

In this setting H = [@min, Gmax] Where

amin:min{/fdu:uT—inv}
amaxzmax{/fdu:,uT—inV}.

We also have H, = {f(0)}. In [JJOP] it is shown that ¢ — dimpy L, is
continuous on |Gy, f(0)) and [f(0), dmax|. In Theorem 6.3 in [[J2] it is

shown it is possible to have a discontinuity at f(0) where the dimension

and

jumps up (so the spectrum is upper-semi continuous but not lower semi-
continuous). Our results show that in this discontinuous case if we instead
consider the hyperbolic spectrum a — dimyg X, N Dy then the spectrum
is lower semi continuous and so dimg L) N Dy = liminf, ) dimg L, <
limsup,,_, (o) dimpy L, = 1. (Note that it can be the case when f(0) = amin
that L, N Dy = 0.

Another example where our results can be applied is the map T : [0, 1] —
0,1] given by T'(z) = x + y2'™ mod 1 where v > 1 and € € (0,1). These
maps are conjugate to [J-expansions but have similar parabolic behaviour
to the Manneville-Pomeau maps. Their thermodynamic properties (in par-
ticular uniqueness of certain equilibrium states) are studied in [CT]. Our
results can be applied to these maps and again H, = {f(0)} and the hyper-
bolic dimension is 1. This means we can fully compute the spectrum both
a — dimyg L, and a — dimy L, N Dy.
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