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ABSTRACT
Recent analyses of the cosmic microwave background (CMB) and the Lyman-α forest indicate a mild
preference for a deviation from a power law primordial matter power spectrum (a so-called ‘running’).
We introduce an extension to the BAHAMAS suite of simulations to explore the effects that a running
scalar spectral index has on large-scale structure (LSS), using Planck CMB constraints to initialize
the simulations. We focus on 5 key statistics: i) the non-linear matter power spectrum ii) the halo
mass function; iii) the halo two-point auto correlation function; iv) total mass halo density profiles;
and v) the halo concentration-mass relation. We find that the matter power spectrum in a Planck-
constrained running cosmology is affected on all k−scales examined in this study. These effects on
the matter power spectrum should be detectable with upcoming surveys such as LSST and Euclid.
A positive running cosmology leads to an increase in the mass of galaxy groups and clusters, with
the favoured negative running leading to a decrease in mass of lower-mass (M . 1013M�) haloes, but
an increase for the most massive (M & 1013M�) haloes. Changes in the mass are generally confined
to 5-10% which, while not insignificant, cannot by itself reconcile the claimed tension between the
primary CMB and cluster number counts.We also demonstrate that the observed effects on LSS due
to a running scalar spectral index are separable from those of baryonic effects to typically a few
percent precision.

Key words: cosmology: large-scale structure of Universe – cosmology: cosmological
parameters – cosmology: inflation

1 INTRODUCTION

The standard model of cosmology is remarkably successful
at describing how structure in the Universe formed and,
with the recent Planck mission, the model has been vali-
dated and constrained to an unprecedented precision (see
Planck Collaboration XIII 2016). One of the remarkable as-
pects of this model, termed the ΛCDM model, is that it can
be described in full by just 6 independent adjustable param-
eters. However, with the wealth of observational data avail-
able today, being taken with ever more precise instruments,
a few interesting tensions have arisen with some of the de-
rived parameters of this model. For example, there is the
well-known tension in the Hubble constant (H0) with local
measurements (e.g. Bonvin et al. 2017; Riess et al. 2018),
preferring a higher value for H0 than the value obtained
via the analysis of the primary Cosmic Microwave Back-
ground (CMB) and Baryon Acoustic Oscillations (BAO)

? E-mail: S.Stafford@2014.ljmu.ac.uk
† E-mail: i.g.mccarthy@ljmu.ac.uk

(e.g. Planck Collaboration XIII 2016). There also exists a
mild tension when comparing various large-scale structure
(LSS) joint constraints on the matter density Ωm and σ8
(the linearly evolved amplitude of density perturbations on
8 Mpc h−1 scales) to the constraints on these quantities
from Planck measurements of the CMB. In particular, there
are a number of LSS data sets which appear to favour rela-
tively low values for Ωm and/or σ8 (see e.g. Heymans et al.
2013; Planck Collaboration 2016; Hildebrandt et al. 2017;
Joudaki et al. 2018; McCarthy et al. 2018; Abbott et al.
2019). In addition to these tensions with low-redshift probes,
a number of studies have demonstrated that there are a
few mild internal tensions in the Planck data/modelling it-
self (see e.g. Addison et al. 2016; Planck Collaboration et al.
2017). Together, these tensions, if they are not just statisti-
cal fluctuations or unaccounted for systematic errors in the
analyses, could be signs of interesting new physics.

There are many possible ways to extend the standard
model of cosmology that could potentially reconcile some
of the above tensions, including (non-minimal) massive neu-
trino cosmologies (e.g. Battye & Moss 2014; Beutler et al.
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2014; Wyman et al. 2014; McCarthy et al. 2018), dynam-
ical dark energy models (e.g. Di Valentino et al. 2017;
Yang et al. 2019), and deviations from general relativ-
ity (‘modified gravity’) (e.g. De Felice & Tsujikawa 2010;
Li et al. 2012; Nunes 2018) to name just a few. One of
the possible extensions that is perhaps less commonly dis-
cussed is a running of the scalar spectral index of the pri-
mordial power spectrum. The primordial spectral index, ns ,
of scalar perturbations is most often assumed to be in-
dependent of scale (i.e., that the primordial power spec-
trum is a pure power law). However, virtually all models
of inflation predict at least some small level of scale de-
pendence in ns . For example, the simplest models of in-
flation (e.g., single-field, slow-roll inflation) predict a run-
ning of ns of order O(1 − ns )2 (Kosowsky & Turner 1995)
(this would be ∼ 0.001 for Planck CMB constraints on ns),
where the scale dependence of the spectral index is given by
ns (k) = ns (k0) + αs ln(k/k0), with αs being the ‘running’ of
the scalar spectral index and k0 the pivot scale.

Using the Planck 2015 full mission temperature data,
αs is constrained to have a central value of: αs =

−0.00841+0.0082
−0.0082 (68% CL PlanckTT + lowT EB). That is,

there is a very mild preference for a negative running from
the Planck CMB data. Palanque-Delabrouille et al. (2015)
combine their measurements of the Lyman-alpha forest with
the Planck 2015 full mission temperature data and low
multipole polarisation data to find a much stronger pref-
erence for a negative running: αs = −0.0178+0.0054

−0.0048 (68%
CL Planck (TT + lowT EB) + Lyα). They do note, however,
that this result may be due to unaccounted for system-
atics in their measurements. In addition to this, there
have been other independent measurements (i.e., measure-
ments which have not used Planck CMB data) of a run-
ning scalar spectral index, at varying levels of significance
e.g.: αs = −0.034+0.018

−0.018 (ACT CMB) (Dunkley et al. 2011);

αs = −0.017+0.018
−0.017 (SDSS − I I I BAO)(Zhao et al. 2013);

αs = −0.024+0.011
−0.011 (SPT +W M AP7)(Hou et al. 2014). A vi-

sual summary of the current empirical constrains on the run-
ning is shown in Fig. 2.

Note that, since different models of inflation predict dif-
ferent scale dependencies, measurements of αs and its run-
ning (i.e., running of the running) can be used to constrain,
or possibly rule out, models of inflation (see Escudero et al.
2016 for a discussion on the impact on inflationary models
in the light of the Planck results).

Given these results, and the possible tensions which cur-
rently exist, it is interesting to see what effects a running
spectral index that is within observational constraints would
have on the LSS that we see in the Universe today. This is
the aim of this present study. We use direct numerical sim-
ulations which allow us to accurately model the non-linear
growth of structure for cosmologies with a running spectral
index imprinted into the initial conditions (ICs) to explore
the differences which arise compared to the standard ΛCDM
model. We do this using a new extension to the BAHAMAS suite
of cosmological hydrodynamic simulations (McCarthy et al.
2017, 2018), which is described below. In this study, we will
explore 5 main statistics to investigate the effects due to
a ΛαsCDM model. These statistics are: the non-linear to-
tal matter power spectrum, the halo mass function (HMF),
the halo two-point autocorrelation function, total halo mass

density profiles, and the halo concentration-mass relation.
We will also examine how separable the effects of a running
scalar spectral index are from the effects due to baryonic
physics, to assess if they can be treated as two separate
multiplicative corrections to the standard model.

This paper is organized as follows: in Section 2 we
present a brief summary of the simulations used, as well as
our parameter selection method. In Section 3 we examine the
effects of a running scalar spectral index on the LSS present
in the simulations, including the HMF, the two-point auto-
correlation function, and the total matter power spectrum.
In Section 4 we show the effects a running scalar spectral in-
dex has on certain internal halo properties, such as the total
mass density profiles, and the concentration-mass relation.
In Section 5 we present a separability test of the effects due
to a running scalar spectral index, and baryonic physics, to
assess if these two processes can be treated independently.
In Section 6 we summarise and discuss our findings.

2 SIMULATIONS

2.1 BAHAMAS

This study extends the current BAHAMAS suite of cosmologi-
cal hydrodynamic simulations. In this extension, a running
scalar spectral index is incorporated into the initial condi-
tions.

The BAHAMAS suite of cosmological simulations described
in McCarthy et al. (2017) (see also McCarthy et al. 2018)
consists of 400 comoving Mpc h−1 on a side, periodic box,
smooth particle hydrodynamics (SPH) simulations contain-
ing 2 × 10243 particles. The present study adds to the pre-
existing suite of BAHAMAS simulations with a new subset,
whose initial conditions are based on the Planck maximum-
likelihood cosmological parameters derived from the Planck
2015 data release (Planck Collaboration XIII 2016). The
cosmological parameters of each run were varied, includ-
ing values for the running of the scalar spectral index αs
(the method for how the cosmologies were chosen is dis-
cussed in detail in Section 2.4). The Boltzmann code CAMB1

(Lewis et al. 2000, August 2018 version) was used to com-
pute the transfer functions, and a modified version of N-
GenIC was to used to create the initial conditions for the
simulations, which start at a redshift of z = 127. N-GenIC
has been modified to include second-order Lagrangian Per-
turbation Theory corrections alongside support for massive
neutrinos2. Note that when producing the initial conditions,
we use the separate transfer functions computed by CAMB

for each individual component (i.e., baryons, neutrinos, and
CDM) for the hydrodynamical simulations. Note also that,
when producing the initial conditions for each of the simu-
lations, the same random phases are used for each, implying
that any comparisons made between the different runs are
not subject to cosmic variance complications.

The simulations were carried out using a modified ver-
sion of the Lagrangian TreePM-SPH code GADGET3 (last de-
scribed in Springel 2005). This is a Lagrangian code used
to calculate the gravitational and hydrodynamic forces on

1 http://camb.info/
2 https://github.com/sbird/S-GenIC
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a system of particles. It was modified to include new sub-
grid physics as part of the OWLS project (see section 3 of
Schaye et al. 2010). The gravitational softening is fixed to 4
kpc h−1 (in physical coordinates for z ≤ 3 and in comoving
coordinates at higher redshifts) and the SPH smoothing is
done using the nearest 48 neighbours. The BAHAMAS run used
here for a Planck maximum-likelihood cosmology (with no
running of the scalar spectral index) has dark matter and
(initial) baryon particle mass of ≈ 4.36 × 109 M� h−1 and ≈
8.11 × 108 M� h−1 respectively. The particle masses for the
other cosmologies in this suite do not differ much from these
values but can be found in Table A1 (note that these slight
differences in particle mass are due to the slight differences
in Ωm and h).

This suite of BAHAMAS simulations also uses a mas-
sive neutrino extension, described in McCarthy et al. (2018).
Here the simulations incorporate the minimum summed
neutrino mass equal to ΣMν = 0.06 eV implied by
the results of atmospheric and solar oscillation exper-
iments when adopting a normal hierarchy of masses
(Lesgourges & Pastor 2006). We adopt the minimum neu-
trino mass for consistency, as this was what was adopted
in the Planck analysis when constraining the running of
the scalar spectral index. To model the effects of mas-
sive neutrinos on both the background expansion rate and
the growth of density fluctuations, the semi-linear algo-
rithm developed by Ali-Häımoud & Bird (2013) (see also
Bond et al. 1980; Ma & Bertschinger 1995; Brandbyge et al.
2008; Brandbyge & Hannestad 2009; Bird et al. 2012) was
implemented in the GADGET3 code. This algorithm computes
neutrino perturbations on the fly at each time step (see
McCarthy et al. 2018 for further details). A study into the
combined and separate effects of neutrino free-streaming and
baryonic physics on collapsed haloes within BAHAMAS can be
found in Mummery et al. (2017). In addition to neutrinos,
all of the BAHAMAS runs (with or without massive neutrinos,
or a running scalar spectral index) also include the effects of
radiation when computing the background expansion rate.

Note that for each hydro simulation, we also produce a
corresponding ‘dark matter-only’ simulation, where the col-
lisionless particles follow the same total transfer function as
used in the hydro simulations3. These have the same cos-
mologies and initial phases as the hydro runs, but a dark
matter particle mass of ≈ 5.17 × 109 M�h−1 (a complete
list of dark matter particle masses for these simulations can
also be found in Table A1).

2.2 Baryonic physics

As in the original BAHAMAS suite of simulations, this
extension also includes prescriptions for various ‘sub-

3 As shown in van Daalen et al. (2020) (see also

Valkenburg & Villaescusa-Navarro 2017), this setup leads
to a small ∼ 1% offset in the amplitude of the z = 0 matter power

spectrum of the hydro simulations with respect to the dark
matter only counterpart. This offset can be removed by instead
using a dark matter-only simulation with two separate fluids

(one with the CDM transfer function and the other with the
baryon transfer function). This is unnecessary for the purposes
of the present study, as we are only interested in the relative

effects of different values of the running on LSS.

grid’ processes, including: metal-dependent radia-
tive cooling (Wiersma et al. 2009a); star formation
(Schaye & Dalla Vecchia 2008) and stellar evolution;
mass loss and chemical enrichment from Type II and
Ia supernovae, Asymptotic Giant Branch (AGB) and
massive stars (Wiersma et al. 2009b). Furthermore, the
simulations include prescriptions for stellar feedback
(Dalla Vecchia & Schaye 2008) and supermassive black hole
growth and AGN feedback (Booth & Schaye 2009, which
is a modified version of the model originally developed by
Springel et al. 2005).

As explained by McCarthy et al. (2017) and discussed
in Section 5, BAHAMAS is calibrated to reproduce the present-
day galaxy stellar mass function for M∗ > 1010 M� and
the amplitude of the gas mass fraction-halo mass relation
of groups and clusters, as inferred from high-resolution X-
ray observations (note that synthetic X-ray observations of
the original simulations were used to make a like-with-like
comparison). The latter is particularly important for large-
scale structure, since hot gas dominates the baryon budget
of galaxy groups and clusters. To match these observables,
the feedback parameters which control the efficiencies of the
stellar and AGN feedback were adjusted. We have verified
that the changes in cosmology explored here do not affect
the calibration of the simulations, as such we have left these
parameters at their calibrated values from McCarthy et al.
(2017) for the present study.

2.3 Running of the scalar spectral index

As mentioned in the introduction, this study looks into an
extension to the standard model of cosmology in the form
of adding a scale dependence to the spectral index ns of the
primordial matter power spectrum. This results in a mod-
ification to the equation for the primordial matter power
spectrum.

Ps (k) = As (k0)
(

k
k0

)ns (k0)+α′s (k )
, (1)

where α′s (k) ≡ (αs/2) ln(k/k0), αs is the running of the
scalar spectral index, which is defined as dns/dln(k). The
pivot scale k0 is the scale at which the amplitude of the
power spectrum (As) and the spectral index (ns) are de-
fined. In this study we adopt the same pivot scale as
was used for the cosmological parameter estimation of
Planck Collaboration XIII (2016): k0 = 0.05 Mpc−1 .

The effect that the addition of this parameter has on the
linear matter power spectrum can be computed using CAMB

and the result is shown in Fig. 1. This plot shows directly
how large the effects can be on both small and large scales,
with the negative (positive) running cosmologies showing
a suppression (enhancement) of power on these scales. In
terms of overdensities, this can be thought of as a smoothing
out (amplification) of these overdensities for a negative (pos-
itive) running. There is, however, an interesting region near
the pivot scale, where these effects are actually reversed, and
a negative running leads to an amplification of power and
a positive running leads to a suppression. This behaviour
is due to how the other cosmological parameter values are
chosen, as described in Section 2.4.

Note that αs is not the only additional parameter pre-
dicted by inflation. There is also the so-called running of
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Figure 1. Linear matter power spectrum at z = 127, as computed

by CAMB for the 5 models presented in Table 1. The lines here are

coloured by the adopted value of αs . The vertical dashed grey
line indicates the pivot scale k0. As expected, the largest effect

on the power spectrum is on the largest and smallest scales. At

these scales, a negative running leads to less power compared with
a no-running cosmology, whereas the positive running cosmology

predicts more power on these scales.

the running, β. This parameter adds a second-order scale-
dependence to the spectral index in the form of: βs ≡

d2ns/d ln(k)2, and leads to a power spectrum of the form:

Ps (k) = As (k0)
(

k
k0

)ns (k0)+α′s (k )+β′s (k )
, (2)

where β′s ≡ (βs/6)(ln(k/k0))2 and all other terms are as pre-
viously defined. Similarly to αs , analysis of the Planck 2015
data indicates a mild preference for a non-zero running of
the running, with βs = 0.029+0.015

−0.016 (68% CL PlanckTT +
lowT EB) (Planck Collaboration XX 2016). In the present
study we focus just on the first-order effect and we leave an
exploration of running of the running on large-scale struc-
ture for future work.

2.4 Cosmological parameter selection

To generate a set of cosmological parameters for the simu-
lations, this study makes use of the publicly-available set of
Planck Collaboration XIII (2016) Markov chains, in particu-
lar those which include αs as a free parameter. The parame-
ter chains were produced using CosmoMC4 using a fast-slow
dragging algorithm (Neal 2005) and have already had burn-
in removed.

The parameter chains that are used are based on the
Planck temperature power spectrum measurements, along-
side low multipole measurements of the polarisation power
spectrum (TT+lowTEB). From these, the one-dimensional

4 https://cosmologist.info/cosmomc/
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Planck TT+lowTEB

Planck(TT+lowTEB)+Lyα

ACT CMB

SDSS-III BAO

SPT+WMAP7

Figure 2. Summary of the observational constraints discussed in

the introduction to this study. The vertical dashed line indicates
no running. There is currently a mild preference for a negative

value for αs .

posterior distribution for αs was obtained, which can be seen
in the top panel of Fig. 3. From this distribution we choose a
sample of values for αs that probe as much of the available
parameter space as possible. These values were the maxi-
mum likelihood of the distribution, alongside ±1,2σ of this
value. With these adopted values, all chain sets which had a
value of the running within σ

200 of the target value were se-

lected5. From them, the weighted means of the other impor-
tant cosmological parameters were taken using the weights
of each parameter chain provided. By selecting the values
of the other parameters in this way, the predicted angular
power spectrum of CMB fluctuations should retain a good
match to the Planck data. In other words, we only select
‘running’ cosmologies which are consistent with the observed
primary CMB.

That procedure is followed for each chosen value of αs .
Note, normally one would also simulate a reference Planck
cosmology, with αs fixed to zero, to be able to quantify the
differences between ΛαsCDM and ΛCDM itself. However,
due to the closeness of the +1σ value to 0 (αs = −0.00025),
this cosmology will be treated as the base Planck no-running
cosmology throughout, and will be referred to as the “no-
running” model. Fig. 4 shows the 2D marginalized con-
straints on ns and αs , with points coloured by the value

for the joint constraint on the parameter S8 ≡ σ8

√
Ωm
0.3 . The

resultant cosmologies that were selected can be found in Ta-
ble 1 and are indicated by the black triangles in Fig. 4.

As a test, we have verified that when selecting the pa-

5 This value was chosen so that when the weighted mean of αs

was calculated, it recovered the target value, but still had more
than 50 chain sets available for a weighted average of the other

important parameters.
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Table 1. The cosmological parameter values for the suite of simulations are presented here. The columns are as follows: (1) The labels

for the different cosmologies simulated, that are used throughout the paper. (2) Running of the spectral index, (3) Hubble’s constant, (4)

present-day baryon density, (5) present-day dark matter density, (6) spectral index, (7) Amplitude of the initial matter power spectrum
at a CAMB pivot scale of 0.05 Mpc−1, (8) present-day amplitude of the matter power spectrum on scales of 8 Mpc/h in linear theory

(note that when computing the initial conditions for the simulations, As is used, meaning that the ICs are ‘CMB normalised’). (9)

S8 ≡ σ8
√
Ωm/0.3.

(1) (2) (3) (4) (5) (6) (7) (8) (9)

Label αs H0 Ωb ΩCDM ns As σ8 S8
(km/s/Mpc) (10−9)

-2σ -0.02473 67.53 0.04959 0.26380 0.96201 2.34880 0.85147 0.87286

-1σ -0.01657 67.72 0.04905 0.26018 0.96491 2.28466 0.83939 0.85468
Planck ML -0.00841 67.54 0.04990 0.26186 0.96519 2.24159 0.83442 0.85167

no-running -0.00025 67.39 0.04901 0.26360 0.96535 2.21052 0.83156 0.85119
+2σ 0.00791 66.95 0.04915 0.26843 0.96478 2.14737 0.82140 0.85013

−0.025 0.000 0.025
αs

0.0

0.2

0.4

0.6

0.8

1.0

P
/P

m
ax

no-running

−2σ

−1σ

Planck-ML

+2σ

Figure 3. Marginalized posterior distribution for the running

of the primordial spectral index when included in the Planck

MCMC analysis as a free parameter. The vertical coloured lines

represent the regions of the αs distribution function chosen to

calculate weighted means for the other important cosmological
parameters.

rameters in this way the resultant predicted CMB TT angu-
lar power spectrum (as computed by CAMB) for each of these
different cosmologies is consistent with the Planck 2015 an-
gular power spectrum, which they are (see Fig. A1). Choos-
ing the parameters in this way, however, has a non-negligible
effect on the matter power spectrum (seen in Fig. 1), partic-
ularly on the largest and smallest scales, the latter of which
are not probed by the Planck data. By forcing the model
to match the CMB angular power spectrum over a range of
scales, the amplitude of the matter power spectrum at the
pivot scale is forced to vary between the models. The result
of which is a negative running that has a larger amplitude
(As), and a positive running that has a lower amplitude,
compared with the standard no-running model. Therefore,
it can be expected from the matter power spectrum alone
that the inclusion of αs in the standard model should have
measurable effects on the LSS seen in the simulations, with
the magnitude and sign of the effect dependent on what
range of modes is sampled within the simulated volume.

As briefly discussed in the introduction, a small num-
ber of mild ‘internal’ tensions in the Planck CMB analy-
sis have previously been noted (e.g., Addison et al. 2016;

Planck Collaboration et al. 2017) and these could have some
bearing on cosmological parameter selection. Of particular
relevance for LSS is the apparent asymmetry in the cosmo-
logical parameter constraints when derived from low and
high multipole ranges (Addison et al. 2016). In particular,
the high-` peaks and troughs in the observed angular power
spectrum appear smoother than that predicted by the best-
fit ΛCDM model. This is qualitatively similar to the effect
of lensing of the CMB by LSS, hence when the CMB lensing
amplitude, Alens, is allowed to float (rather than fixing to the
natural value of unity), the CMB TT power spectrum prefers
Alens > 1. Allowing the lensing amplitude to float results in
cosmological parameter constraints that are insensitive to
the range of multipoles analysed, but does result in a few
sizeable shifts (1-2 sigma) of parameters important for LSS,
including σ8 and Ωm (Addison et al. 2016; McCarthy et al.
2018).

The Planck team did not explore the potential impact
of allowing Alens to float on the constraints on the running
of the scalar spectral index. In Appendix A we examine the
constraints on the running while marginalizing over Alens.
We show that the constraints on the running are virtually
unaffected by marginalizing over Alens. We therefore adopt
the publicly-available Planck 2015 chains with Alens = 1 for
our analyses.

Lastly, it is worth noting that the effects on the statis-
tics examined in this study should not be solely attributed to
a running of the scalar spectral index. This is because as we
vary the running, the other cosmological parameters change
in order to retain consistency with the primary CMB con-
straints from Planck. Of particular relevance for this study
is the amplitude of the initial matter power spectrum, As ,
which we discuss further in Section 3.1. As such, when dis-
cussing the results from the simulations, we will refer to
the changes seen as being a result of a Planck-constrained
running cosmology, abbreviated as a ΛαsCDM cosmology,
rather than due to the running parameter alone.

3 EFFECTS ON LARGE-SCALE STRUCTURE

Here we present our predictions for the effects that a
ΛαsCDM cosmology has on LSS. Note that the results
shown in this section and Section 4 are derived from the
suite of dark matter only simulations. The effects due to the
inclusion of baryonic physics are explored in Section 5.

Furthermore, as part of the BAHAMAS project, we are ex-
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Figure 4. Marginalized constraints at 68% and 95% CL in the

(ns−αs) plane. Here, points are coloured by that chains’ value for
the S8 parameter. The black triangles indicate values for (ns−αs)

that were chosen to be simulated.

ploring the effects that massive neutrinos (Mummery et al.
2017; McCarthy et al. 2018) and dynamical dark energy
(Pfeifer et al, in prep) have on LSS. We will comment
throughout on the similarities and differences between these
extensions to ΛCDM.

3.1 Non-linear matter power spectrum

We first look at what effect a cosmology with a free-running
spectral index has on the recovered non-linear matter power
spectrum extracted from the simulations for redshifts ≤ 2.
To compute this, we make use of the publicly-available code
GenPK6 which computes the 3D matter power spectrum for
each particle species in the simulation. The calculated total
matter power spectrum is shown in Fig. 5 for z = 0,1,2. The
power spectra are plotted up to a maximum k-mode equal
to the Nyquist frequency of the simulation: knyq ≡ π(N/L),
where N is the cube root of the total number of particles in
the simulation, and L, the side length of the box. This means
that the simulations are able to probe the power spectrum
into the linear and non-linear regimes (k > 0.1 Mpc−1h),
allowing us to see the effect a running spectral index has
on these scales. The bottom panel(s) of this plot shows the
matter power spectra of the separate cosmologies, at the
three different redshifts, normalised with respect to the no-
running case at the corresponding redshift. It can be seen
that, although there is a large amount of scatter at large
scales in the un-normalised power spectra (which arises due
to the fact that the simulations do not sample many inde-
pendent modes on these scales), this scatter largely divides
out in the ratios. This is because the ICs of the simulations,
as mentioned, have the same random phases (i.e., there is
no cosmic variance between the different volumes).

The result shown in the bottom panel(s) is similar to
that seen in the linear matter power spectrum (see Fig. 1), in
that a ΛαsCDM cosmology which has a negative value for
the running produces an excess of power in this k−range,
and one which has a positive value leads to a suppression

6 https://github.com/sbird/GenPK/
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Figure 5. Top: the 3D total matter power spectrum for all 5 cos-

mologies. The different linestyles indicate the matter power spec-

tra measured from the simulations at redshifts 0, 1 and 2 (solid,
dashed and dotted respectively). Bottom: the matter power spec-

tra of the different runs normalised to the no-running model result

at a given redshift. A negative running cosmology can lead to an
amplification of power on large scales by up to 5-10% compared to

a standard ΛCDM cosmology, and a positive running cosmology
can lead to a ∼ 5% reduction in power.

of power. It is worth noting, however, that these effects
(the enhancement of power in the negative running cosmol-
ogy for example) extend to higher k-modes compared with
what was seen in the linear matter power spectrum. The
reason for this is that there is a transfer of power from large
scales down to small scales during non-linear growth. As ex-
pected, the inclusion of running affects all scales in the sim-
ulations, with the maximum effect being seen at k−scales
around 0.1-1.0 Mpc−1h, of ≈ 5-10% increase in power on
these scales in the most negative running cosmology, and
≈ 5% suppression in power on these scales in the posi-
tive running cosmology. To put this into perspective, both
LSST (LSST Dark Energy Science Collaboration 2012) and
Euclid (Amendola et al. 2013) are aiming to measure the
matter power spectrum (via weak gravitational lensing and
galaxy clustering) to a precision of better than 1% on scales
(larger than, and) probed by this volume (see also Huterer
2002; Huterer & Takada 2005; Hearin et al. 2012). If this
precision can be achieved, measurements from LSST and
Euclid should be able to distinguish between the (CMB-
constrained) cosmologies we have explored here.

Note that there is a slight redshift dependence in the dif-
ferences between the different cosmologies, with the largest
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Effect of running on large-scale structure 7

amount of evolution apparent in the −2σ cosmology. This
redshift evolution highlights the transfer of power from large
scales to small scales. For example, in the most negative run-
ning cosmology, the k-scale where there is a transition from
an enhancement of power to a suppression, moves to larger
k-scales (i.e., smaller physical scales) with increasing red-
shift.

It is interesting that this cosmological volume size sam-
ples the region of the power spectrum which sees a negative
running produce an amplification, and a positive running
produce a suppression. The reason for this being that the
Planck pivot scale, and so the scale at which As is defined,
corresponds to cluster scales, i.e., scales for which the domi-
nant contribution to the matter power spectrum comes from
groups and clusters (van Daalen & Schaye 2015). These are
also the scales BAHAMAS is designed to sample. Thus, because
introducing a negative (positive) running into the standard
model of cosmology leads to an increase (decrease) in As (see
Section 2.4), we see this effect in the power spectrum of the
simulations. It can be expected from Fig. 1 that if the reso-
lution of the simulations were significantly increased or, al-
ternatively, significantly larger volumes were simulated, the
effects one might naively associate with a negative, or posi-
tive running, i.e. a suppression and amplification of power on
these larger and smaller scales respectively, would be more
apparent.

We note that the effects on the power spectrum shown
here are of a similar magnitude as those that are seen
through the inclusion of (CMB-constrained) dynamical dark
energy in the standard model (Pfeifer et al, in prep). The
results seen in the dynamical dark energy extension also
display an almost scale independent (over the k−range sam-
pled in these studies, at least) suppression/amplification of
the power spectrum (depending on the values for w0 and
wa), with a maximum magnitude of around 10%. By con-
strast, the inclusion of massive neutrinos always leads to
a suppression of the matter power spectrum. For example,
Mummery et al. (2017) showed that for ΣMν = 0.24 (0.48)
eV, the matter power spectrum is suppressed by nearly 15%
(30%) on non-linear scales. (See McCarthy et al. 2018 for
a discussion of current constraints on the summed mass of
neutrinos.)

In Fig. 6 we show the ratio of the non-linear mat-
ter power spectrum from the simulations to the linear pre-
diction result from CAMB (top) and the non-linear predic-
tion from HALOFIT (Smith et al. 2003; Takahashi et al. 2012)
(bottom). The top panel isolates the non-linear growth of
structure. We note here that the most negative running case
shows the strongest non-linear growth, most likely because
this model has an enhancement of power on large scales (due
to the increase in As), which is transferred to small scales
during non-linear evolution. The bottom panel tests the ac-
curacy of the HALOFIT prescription for the non-linear matter
power spectrum in running cosmologies. It can be seen that
up to k ≈ 4 Mpc−1h, it can reproduce the power spectrum
relatively well (to within 5%). However, on scales smaller
than this, it appears that HALOFIT does not accurately model
the impact that a running scalar spectral index has on the
non-linear matter power spectrum.

However, a recent study into modelling the non-linear
effects of a running scalar spectral index on the matter power
spectrum was performed by Smith & Angulo (2019). This
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Figure 6. Top: the power spectrum output from the simulation at
z = 0, normalised with respect to the CAMB result at this redshift.

This demonstrates the non-linear growth of structure, which lin-

ear theory is not able to predict. Bottom: the power spectrum out-
put from the simulation, normalised with respect to the HALOFIT

non-linear prediction. A prominent feature present in both panels

is the large fluctuations at low k which arise because the simu-
lated volume does not sample these k−modes well, leading to

increased numerical noise. Also shown is the non-linear power

spectrum prediction from NGENHALOFIT (dashed line), which mod-
els the non-linear effects of a running scalar spectral index much

better, except for the -2σ cosmology. This is highlighted by the

shaded region centred on unity which represents a 1% accuracy
region. It can be seen that almost all models lie within or just

outside this shaded region up to k ∼ 5 Mpc−1h.

was done using a suite of high-resolution N-body simula-
tions, with an extended cosmological parameter space, with
values for these parameters centered on the best-fit Planck
2015 standard model. Smith & Angulo (2019) produced a
modification to HALOFIT to try to better model the non-
linear effects of non-standard cosmologies. We have used the
publicly-available software developed by Smith & Angulo
(2019) NGENHALOFIT7 to generate a non-linear matter power
spectrum at z = 0 for the 5 separate cosmologies explored
here. These are also plotted in Fig. 6, shown in the bottom
plot as dashed lines. It can be seen that for 3 out of 4 of the
different running models NGENHALOFIT does indeed do bet-
ter at reproducing the non-linear matter power spectrum.
There is still an offset for the −2σ cosmology, which may
be due to this cosmology being more extreme compared to
the running cosmologies sampled in Smith & Angulo (2019)
(αs = −0.01,0.01). Note, as mentioned in Section 2, all of the
BAHAMAS simulations include a prescription for massive neu-
trinos. However, the power spectrum computed by GenPK in
the collisionless simulations corresponds to the dark matter
+ baryons power spectrum (i.e. it does not have a massive
neutrino component). As such, when taking the ratio, the

7 https://bitbucket.org/ngenhalofitteam/
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8 S. G. Stafford et al.

corresponding statistic is used in the approximate result (i.e.
the power spectra computed by HALOFIT/NGENHALOFIT).

3.2 Halo counts

3.2.1 Halo mass function

We now examine the effects of a ΛαsCDM cosmology on the
HMF. The HMF is defined here as the number of haloes of
mass, M200,crit, that exist per cubic comoving Mpc, per loga-
rithmic mass interval: φ ≡ dn/d log10(M200,crit). The masses
of haloes used in this study, unless otherwise stated, rep-
resent the mass that is contained within a spherical over-
density whose radius encloses a mean density of 200 times
that of the critical density of the Universe at that redshift.
Note also that all distances used in this study are comoving,
unless otherwise stated.

Haloes in this study are identified using the SUBFIND al-
gorithm (Springel et al. 2001; Dolag et al. 2009) which first
runs a standard friends-of-friends (FoF) algorithm on the
dark matter distribution, linking all particles which have a
separation less than 0.2 × the mean interparticle separa-
tion. This is used to return the spherical overdensity mass
M200,crit, it then goes through FoF groups and identifies lo-
cally bound sub-structure within each group. The FoF group
is centered on the position of the particle in the central sub-
halo that has the minimum gravitational potential.

The measured HMF for the various running simulations
can be seen in Fig. 7. The inclusion of running in the simu-
lation has a measureable effect, which is most obvious when
looking at the bottom panel of Fig. 7. Here the HMF is
normalised with respect to the measured HMF in the no-
running simulation, and it can be seen that there is an al-
most 10% decrease (increase) for the most negative (posi-
tive) running cosmology in the number of lower mass haloes
that exist in the simulation (1012 - 1013 M�). A similar ef-
fect on the HMF in an N-body simulation was found by
Garrison-Kimmel et al. (2014), who showed that the inclu-
sion of a negative running reduced the number of haloes in
their simulation at fixed low-mass. The effect on the HMF
due to running depends strongly on the adopted value for
αs as expected, with a more negative value leading to the
largest effect on the HMF. An interesting feature is the fact
that the most negative running cosmology appears to pre-
dict more haloes that are of a higher mass (1014 - 1015 M�),
with this effect being stronger at earlier redshifts. This is
likely because these mass scales correspond to the regions
of the matter power spectrum where a negative running
cosmology leads to an excess of power compared with the
no-running model (see Fig. 1). Therefore, if the initial seed
fluctuations which will grow into these massive haloes are
amplified, these haloes will form earlier and will therefore
be present at earlier times, compared with the no-running
model.

To try to understand this a little better, it is more intu-
itive to look at the mass of a halo at fixed number density.
The reason for this being that it is the halo masses that
change, not their number density (i.e. it is a shift along the
x-axis, not the y-axis), which leads to the changes seen in
the HMF. For example, a halo which evolves from a peak
in the density field to a 1015M� halo will have this density

log10[M200crit (M�)]

10−5

10−4

10−3

10−2

φ
[M

p
c−

3
h

3
d

ex
−

1
] z = 0

z = 1

z = 2

no-running

−2σ

−1σ

Planck-ML

+2σ

0.9
1.0
1.1
1.2

R
at

io

z = 0

0.9
1.0
1.1
1.2

R
at

io
z = 1

12.0 12.5 13.0 13.5 14.0 14.5 15.0
log10[M200crit (M�)]

0.8
0.9
1.0
1.1
1.2

R
at

io

z = 2

Figure 7. Top: Halo mass function (HMF) measured for the 5

separate running cosmologies. The colours here represent the dif-

ferent values for αs , with the linestyles representing the measured
HMF at a particular redshift. Bottom: The HMFs normalised

with respect to the HMF measured in the no-running simulation.
Here the effect due to a change in cosmology and the inclusion

of running is evident. A cosmology with a negative running in

general leads to fewer low-mass haloes, whereas a cosmology with
a positive running leads to more low-mass haloes, with the mag-

nitude of this effect being insensitive to redshift. However, a neg-
ative running cosmology predicts more high-mass haloes (at least
in the case of the most negative running case), with this effect

amplified at earlier redshifts.

peak either diminished, or enhanced, depending on the value
for αs , and thus its final mass is sensitive to this effect.

To look at this, a matched set of haloes needs to be con-
structed. To match haloes one first needs a reference, and so
all haloes in the no-running (αs = 0) dark matter only sim-
ulation are chosen as the reference haloes. For each halo in
the reference simulation, a matched halo is found in the sim-
ulations with a non-zero value for αs . Haloes are matched
using the unique particle IDs of the dark matter particles as-
signed to them. Thus, for each dark matter particle assigned
to a halo in the reference simulation, the particle with the
matching ID in the other simulations is identified, along with
what halo they belong to. The halo in each case which con-
tained the largest fraction of identified particles8 is selected
as the matching halo in that simulation. Any halo for which

8 Note: a minimum matching threshold is also set, so that a halo
must contain at least 51% of the particles from the reference sim-

ulation’s halo for it to be classified as the matching halo.
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Figure 8. The fractional change in halo mass for a matched set
of haloes across the 5 different cosmologies, indicated by colour.

This plot illustrates the effect a running scalar spectral index has

on a halo by halo basis. Here, a halo in a standard ΛCDM cos-
mology, would be more massive, if it were instead in a positive

running cosmology. Likewise, if it were instead in a negative run-

ning cosmology, it could be either less massive or more massive,
depending on the magnitude of the running, and the size of the

halo. It is this effect on halo mass which drives the differences
seen in the HMF.

a match could not be found across all 5 of the simulations
was discarded from the analysis. Overall > 99% of all haloes
in the mass range 1012 − 1015M� in the dark matter-only
reference simulation were matched across all other simula-
tions.

The resultant fractional change in halo mass for the
matched set of haloes as a function of halo mass in the dark
matter only-reference simulation is shown in Fig. 8. The re-
sult is almost identical to the effect that is seen in the HMF.
A cosmology with a positive running leads to more mas-
sive haloes across the entire mass range compared with the
reference simulation. A cosmology with a negative running
generally leads to a decrease in matched halo mass. This
is however a mass-dependent effect, with the more massive
haloes not being affected as much in the cosmologies with a
negative running. In fact, for the most negative running cos-
mology the most massive haloes are somewhat more massive
than their no-running counterparts. This is what leads to the
excess of these haloes in the HMF compared with the stan-
dard cosmology. This plot is for haloes at redshift 0, how-
ever, we also looked into the fractional change in halo mass
at redshifts 1 and 2. It was found that the effects present in
HMF are echoed here, in that at earlier redshifts, the effect
on halo mass in the two most extreme cosmologies in this
study is amplified (Fig. A3).

Going forward, when using a matched set of haloes, we
use the values of M200,c and R200,c for the matching halo in
the reference no-running dark matter only simulation.

When comparing the effects on the HMF due to run-
ning, and those due to dynamical dark energy (Pfeifer et
al, in prep), and massive neutrinos (Mummery et al. 2017),
it is found that massive neutrinos have the largest effect.
For example, for ΣMν = 0.24 (0.48) eV, the number of mas-
sive haloes at fixed mass can be suppressed by nearly 20%
(40%) at the present day. This is in comparison to allowing
the running to be free but constrained by the CMB, which
predicts either no suppression of the most massive objects,
or conversely an increase in their numbers. Dynamical dark
energy behaves similarly to a running scalar spectral index,
leading to an increase in the number of massive objects at
fixed mass (although certain models can lead to a suppres-
sion by up to 20%). The effects from massive neutrinos also
have the largest redshift dependence, with the effects due to
running not varying much with redshift, and those due to
dynamical dark energy having a slight redshift dependence,
but not to the same extent.

3.2.2 Comoving halo number density

The HMF provides a measure of the number density of ob-
jects of a certain mass at a certain redshift. Another, similar
quantity is the comoving halo number density n(M, z) which
is the integral of the HMF above a certain mass threshold,
at a certain redshift. This is a useful quantity to look at, as
it is closer to what is actually measured through observa-
tions. The effects that a ΛαsCDM cosmology on this quan-
tity are shown in Fig. 9 for three separate mass thresholds
of 1012 M� , 1013 M� and 1014 M� . Due to the steep, nega-
tive slope of the HMF, the majority of counts which make
up n(> M) come from haloes closest to the mass cut. The
bottom panel of Fig. 9 shows the measured halo number
density normalised to the no-running result. It can be seen
here that the effects of running are mass dependent, with
a negative running cosmology predicting more massive ob-
jects at later redshifts compared with the reference cosmol-
ogy, and a positive running cosmology predicting fewer of
these massive haloes at later redshifts compared to the neg-
ative running and the no-running cosmology. This result can
be understood again in terms of the effect running has on
the overdensities in the initial conditions. As seen, although
a negative running suppresses overdensities on small and
large scales, there is a region of the power spectrum which
is enhanced in a best-fit cosmology, with a negative running
of the spectral index (due to the simultaneous increase in
As). Thus, these enhanced density perturbations are larger
at earlier times than in the reference cosmology, or in a pos-
itive running cosmology (which has density perturbations
smoothed out on these scales and sees a reduction in power).
As a result, more of these high-mass systems form at earlier
times, and because one is looking at rarer systems as the
mass threshold is increased, the overall number of objects
that exist at early times is small so the relative increase can
be quite large.
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Figure 9. Top: redshift evolution of the comoving halo num-
ber density, for haloes above three separate mass thresholds. The

different linestyles in this plot correspond to the different mass

thresholds investigated in this study. Bottom: the comoving halo
number density normalised with respect to the no-running model.

The effect that a ΛαsCDM cosmology has on this quantity is

mass and redshift dependent, with for example, the most nega-
tive running cosmology having fewer haloes above 1012M� at all

redshifts, but more haloes above 1014M� . This result is ampli-

fied with increasing redshift. The opposite holds for the positive
running cosmology: more haloes above 1012M� but fewer below

1014M� .

3.3 Clustering of haloes

Having looked at the effects that including αs in the cosmo-
logical model has on the mass of dark matter haloes, it is
interesting to see how it affects the haloes’ spatial distribu-
tion. In particular, we look at how running affects the 3D
two-point autocorrelation function (Davis & Peebles 1983)
of haloes.

The correlation function of matter is related to the
power spectrum through the Fourier transform, and dark
matter haloes are related to the clustering of matter via a
prescription for the halo bias (see Desjacques et al. 2018,
for a recent review). Thus, it can be expected based on the
analysis of the matter power spectrum that a ΛαsCDM cos-
mology should have some effect on the spatial distribution of
haloes. In this study we compute the autocorrelation func-
tion ξ (r) of FoF groups as the excess probability, compared
with a random distribution, of finding another FoF group at
some particular comoving distance r:

ξ (r) =
DD(r)
RR(r)

− 1, (3)
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Figure 10. Top: the effect a ΛαsCDM cosmology has on the 3D

two-point halo autocorrelation function, ξ (r ). The clustering sig-
nal is measured in 3 separate halo mass bins which are indicated

by the different line styles. The mass range is shown in the bottom

panel and is quoted in units of log10 (M/M� ). Bottom: the corre-
lation function for the different running cosmologies normalised

with respect to the no-running model. The introduction of run-

ning has a measureable effect on the clustering signal of haloes in
the simulation, with the effect depending strongly on mass. For

example, the -2σ cosmology results in a near 10% increase in the

clustering signal of haloes in the mass range 1012 − 1013M� , but
a near 5% decrease for haloes in the mass range 1014 − 1015M� .

where DD(r) and RR(r) are the number of haloes found
at a radial distance r in the simulation and the number
of haloes expected for a random distribution, respectively.
RR(r) is computed analytically, by assuming that haloes are
distributed homogeneously throughout the simulation vol-
ume with a density equal to the mean number density of
haloes. Furthermore, we compute the correlation function
for haloes in specific mass bins, so the mean density of haloes
is taken to be the mean density of haloes in a particular mass
range. To compute ξ (r), we use 20 logarithmically spaced ra-
dial bins between 0.1 and 100 comoving Mpc h−1.

The effect that a ΛαsCDM cosmology has on the cal-
culated two-point autocorrelation function of haloes in the
three separate mass bins is shown in Fig. 10. It can be seen
that the effect depends on halo mass, with the effects most
clearly represented in the bottom panel(s) where the mea-
sured correlation functions are normalised to the no-running
cosmology. Looking at the most negative running cosmology
as an example (as this shows the largest effects), for the low-
est mass bin of 1012 − 1013 M� there is an overall increase
in the amplitude of the correlation function, with the most
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Effect of running on large-scale structure 11

negative running cosmology predicting an increase of ≈ 10%.
Whereas for the largest mass bin (1014 − 1015 M�) the most
negative running cosmology leads to a very mild decrease
in the clustering amplitude, with this being around a 5%
decrease. This makes sense when looking at the HMF, or
the comoving halo space density, which showed that a nega-
tive running cosmology led to an increase in the number of
haloes in this higher mass bin, and therefore one can expect
them to be a less biased tracer of the underlying matter dis-
tribution, which as a result will lead to a lower clustering
signal compared to the no-running cosmology’s result. This
result agrees with that predicted by Fedeli et al. (2010), who
showed that in a negative running cosmology dark matter
haloes in the cluster regime are less biased compared with
the standard model (see figure 10 in Fedeli et al. 2010). The
other two negative running cosmologies see a similar trend,
but not to the same level. Conversely, the positive running
cosmology shows the inverse effect, with the clustering am-
plitude being lower for the lowest mass bin, but slightly in-
creasing as the mass range is increased (although it is still
lower, or at the same level, as the no-running model). This
again makes sense as the number of objects in the higher
mass ranges tends towards the no-running simulation’s re-
sult (see Fig. 7).

Another feature which is present in Fig. 10 is the down-
turn in the clustering signal, which occurs at around 0.7, 2,
and 4 Mpc h−1 for haloes in the mass range: 1012−1013 M� ;
1013 − 1014 M� ; 1014 − 1015 M� respectively. This downturn
is present as these scales correspond to the radius of the FoF
haloes in the respective mass bins. On scales smaller than
this, FoF haloes overlap and would not be distinguished as
separate haloes and so one cannot measure a clustering sig-
nal.

So far we examined the clustering signal measured with
haloes being placed in mass bins depending on their self-
consistent masses, i.e. the mass they have in their own sim-
ulation. However, since running changes the mass of a halo
(Fig. 8), it is interesting to look at the effect it has on the
distribution of matched haloes, i.e. for haloes of a constant
number density. The reason being that the clustering signal
is bound to be different simply because one is looking at a
different set of haloes. This is done by putting haloes in mass
bins based on their no-running cosmology counterpart. The
result on the clustering signal when binning haloes this way
is qualitatively the same as that shown in Fig. 10. Again, in
this case a negative running cosmology leads to an increase
in the clustering signal of low mass haloes, and a positive
running cosmology leads to a decrease, with this effect being
mass dependent. The magnitude of this effect also does not
change much, with the effect being slightly less in the highest
mass bin for the -2σ cosmology, but otherwise almost un-
changed for the different running models in each mass bin.
For brevity we do not show this here.

As a final comparison with the other extensions to
ΛCDM examined in the BAHAMAS project, Mummery et al.
(2017) found that the most massive summed neutrino mass
cosmology leads to a suppression of the large-scale cluster-
ing signal of around 10%, with all non-zero neutrino masses
investigated leading to some level of suppression of the clus-
tering signal. Conversely, and similar to what is found in
the present study, dynamical dark energy can lead to both

a suppression and amplification of the clustering signal, de-
pending on the model. It is also found when comparing the
three separate studies that the clustering signal of the largest
haloes in the simulations are much less sensitive to the cos-
mology than the lower-mass haloes.

4 INTERNAL STRUCTURE OF HALOES

Having investigated the effect a running spectral index has
on the LSS in the universe, including the abundance of
haloes and how they are distributed, we now turn our
focus to the internal structure of the haloes themselves.
To look into this we use two statistics in particular: the
spherically-averaged density profiles of haloes, alongside the
halo concentration-mass relation.

4.1 Total mass density profiles

To start, we look at the effect on the spherically-averaged
total mass density profiles, shown in Fig. 11. Each panel
shows the median density profile of all haloes in that mass
bin (indicated in the top right hand corner of the plot), with
the mass bins ranging from 12.0 ≤ log10(M200,c/M� ) ≤ 15.0,
each with a width of 0.5 dex. In order to reduce the dynamic
range of the plot, we scale the mass density by r2, i.e., so that
an isothermal distribution would be a horizontal line. We
plot the density profiles in dimensionless units. The bottom
plot for each panel shows the density profiles normalised to
the median density profile of that mass bin, as measured in
the reference no-running simulation.

As mentioned when looking at the two-point autocorre-
lation function in bins of halo mass, if the haloes are binned
according to their self-consistent masses, i.e., the mass they
have in their own simulation, this will result in looking at
a slightly different population of haloes in each bin across
the different simulations. Instead, the panels in Fig. 11 show
the median density profile of matched haloes in mass bins
corresponding to the masses of haloes in the reference, no-
running simulation. Similarly, the values of R200,c used in
this statistic are those corresponding to the haloes in the
reference simulations. This is done as we want to isolate the
effects a running scalar spectral index has on a given set of
haloes.

It can be seen from Fig. 11 that the qualitative effect on
the density profiles of haloes in a ΛαsCDM cosmology is to
either raise or lower the overall amplitude of the density pro-
file, depending on the sign of the running and the mass of the
object. For example, haloes in the lowest mass bin have the
amplitude of their density profile decreased in a cosmology
which has a negative running and increased in one which as
a positive running. Whereas for haloes in the highest mass
bin, almost all cosmologies, regardless of the sign of the run-
ning, see an increase in the amplitude of the density profiles.
There is also a hint that a running in this mass range leads
to a change in the shape of the density profile, with the
central regions being more dense in a cosmology that has a
running spectral index. This trend of a change in amplitude
makes sense when looking at Fig. 8, which showed that for
a matched set of haloes a negative running cosmology leads
to a decrease in mass for lower-mass haloes but an increase
in mass (dependent on the magnitude of αs) for larger-mass
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Figure 11. Median total mass density profiles of all haloes in each simulation, split into 6 separate mass bins, as indicated in the top
right corner of each panel. Haloes are binned according to their mass in the reference no-running cosmology. The halo density profiles are

plotted in dimensionless units, normalised by the critical density, and re-scaled so that an isothermal distribution would be a horizontal

line. Note, that the profiles are plotted as a function of r/r200 also, where r200 in this case is taken from the reference simulation. The
bottom part of each panel corresponds to the density profiles normalised to that measured in the reference simulation. The vertical

dashed line shows the convergence radius (discussed in Section 4.2), and shows the point beyond which the density profiles are converged.

The overall effect that a ΛαsCDM cosmology has on the density profile of a halo is to either raise or lower its amplitude, without much
of an effect on the shape of the profile, although this depends both on mass and on the sign of the running.

haloes. Conversely, a positive running cosmology led to an
increase in mass for all mass ranges. Also plotted in Fig. 11,
shown by the grey-dashed line, is the maximum convergence
radius of haloes in each respective mass bin (the convergence
radius is discussed in Section 4.2).

4.2 Concentration-mass relation

It has been shown through cosmological simulations that
the internal structure of dark matter haloes retain a mem-
ory of the conditions of the Universe at the time they were
formed, with the formation time of a halo being typically de-
fined as the time when the halo obtains some fraction of its
final mass. For example, Navarro et al. (1996) showed that
lower-mass haloes have a higher central concentration than
high-mass ones, which they note is as expected given that
lower-mass haloes tend to collapse at a higher redshift when
the mean density of the Universe was higher. This is a result

which has now been confirmed through many N-body simu-
lations, in many different ways (see for example Child et al.
2018, and references therein), with many now relating this
result to the mass accretion history (MAH) of a halo (e.g.
Zhao et al. 2003; Correa et al. 2015c; Ludlow et al. 2016;
Child et al. 2018). The MAH represents the increase in mass
of the main progenitor of a halo, with lower mass systems
accreting more of their mass at earlier times, while larger
haloes assemble most of their mass at later times, when the
mean density of the Universe has decreased.

During their hierarchical growth, dark matter haloes
have been found to acquire an approximately universal shape
described by the Navarro, Frenk & White density profile
(NFW) (Navarro et al. 1996), which takes the form of:

ρ(r) =
δc ρc

r
rs

[
1 + r

rs

]2 , (4)

where r is the radius, δc is an overdensity parameter, ρc is
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Figure 12. The best-fit c-M relation for all 5 cosmologies simu-

lated. The solid curves represent the running median of the con-
centrations measured in the 5 separate cosmologies, coloured by

their values for αs . The shaded regions represent the scatter that

is present in the reference simulation, with the intensity of the
colour indicating the number density of haloes in this region. The

crosses represent the best fit to the data assuming a power-law

relationship. The top half of this plot shows the median c-M re-
lation for all haloes in the simulation above the threshold mass

of 1012.8M� , with the lower subplot showing the Equation 5 fit

normalised with respect to the result obtained in the standard
model case. The bottom half of the plot shows the same when

only relaxed haloes are included. The inclusion of a running spec-

tral index as a an additional free parameter in the standard model
tends to lower the concentration of low-mass haloes, but increase

the concentration of high-mass haloes. Making a cut on relaxed
haloes reduces the scatter in concentration at fixed mass, however

the general result due to a ΛαsCDM cosmology is maintained.

the critical density of the Universe and rs is the scale radius,
corresponding to the radius at which the logarithmic slope
of the density profile is -2 (i.e., equal to that of an isothermal
distribution). This profile can equivalently be parameterized
with the halo mass M and the halo concentration c, which
is defined as the ratio of the radius enclosing a spherical
overdensity ∆ times the critical density, which in this study
we take as 200 times the critical density of the universe,
and the scale radius: c200,c ≡ R200,c/Rs . A result of this is

that, if one has a prescription for the concentration-mass (c-
M) relation, one can fully specify the internal structure of a
DM halo at a fixed mass.

In order to measure the concentration of a halo, we de-
rive an estimate for the scale radius by fitting an NFW pro-
file to each halo in our sample. However, haloes are dynami-
cally evolving objects, meaning that when taking these mea-
surements there is the potential that some haloes are not in
virial equilibrium and not well described by an NFW profile.
It has been shown in previous studies that haloes which are
not in dynamic equilibrium tend to have lower central den-
sities compared with relaxed haloes (e.g. see Tormen et al.
1997; Macciò et al. 2007; Romano-Dı́az et al. 2007). Thus,
in order to limit this effect, a simple relaxation test was im-
plemented as proposed by Neto et al. (2007). This deems
any halo whose barycentre is offset from the centre of po-
tential by more than 0.07R200,c to be unrelaxed and ex-
cluded from our relaxed halo sample. Note that Neto et al.
(2007) proposed two further checks on if a halo is relaxed
or not, however the test implemented in this current study
was shown by Neto et al. (2007) to remove the vast major-
ity of unrelaxed haloes, as such, similar to what was done in
Duffy et al. (2008) we only use this criterion to remove unre-
laxed haloes. The centre of mass of a halo is calculated using
all of the particles inside R200,c of the halo, and is calculated
using the iterative shrinking spheres algorithm (Power et al.
2003). Another selection criterion we apply to our halo sam-
ple is that they must have a minimum of 5000 particles inside
R200,c. However, due to the relatively low resolution of these
simulations, we extend the mass range of our halo samples
by stacking haloes that have between 800 ≤ N200,c < 5000
particles, so that the stacked halo has the minimum number
of particles required. This allows us to plot the c-M relation
down to haloes of mass 1012.8 M� . One final cut on haloes is
performed after the NFW profile is fit to the haloes, which
sees any halo which has an inferred convergence radius (de-
fined below) < 6 times the gravitational softening length ε

removed from the halo sample. This is quite a conservative
cut and follows Diemer & Kravtsov (2015), who note it was
shown that halo density profiles are converged at radii be-
yond 4-5 × ε (Klypin et al. 2000).

When fitting an NFW profile to haloes, the radial range
used is between 0.1 ≤ r/R200,c ≤ 1.0 and is divided into 20
logarithmically spaced bins. However, as a result this can
lead to the innermost bins being dominated by numerical
noise, and two-body scattering effects, due to poor particle
sampling of these innermost radial bins. This is studied in
detail in Power et al. (2003). In this study they showed that
there is a critical radius below which the density profile of
a halo measured in an N-body simulation is not converged
(their equation 20, which is satisfied when the collisional
relaxation time is roughly the age of the Universe). Thus,
when it comes to fitting an NFW profile to a halo in this
study, we only fit to radial bins which lie above the conver-
gence radius. Note that we fit to the quantity: ρr2 as done in
several previous studies (e.g. see Neto et al. 2007). Note also
that, most recently Ludlow et al. (2019) conducted a conver-
gence study on numerical results from an N-body simulation
(such as the shapes of haloes) using haloes simulated inside
a cosmological volume, in contrast to the Power et al. (2003)
study where they only simulated the convergence of results
for a single halo. Ludlow et al. (2019) also provide a conver-
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gence criterion, which we tested to see if this resulted in any
differences in our computed c-M relation, which it did not.
As such, we use the Power et al. (2003) convergence radius
when calculating our c-M relation.

The resultant effect a running spectral index has on the
c-M relation is shown in Fig. 12. Here the solid line rep-
resents the running median of the concentration, which we
calculate using the locally-weighted scatterplot smoothing-
method (LOWESS; see Cleveland 1979). The top panel
shows the recovered c-M relation for all haloes in the sam-
ple, the bottom panel shows the recovered relation when
only using relaxed haloes.

Previous studies have shown that the c-M relation for
dark matter only haloes at z = 0 is well fitted with a simple
power law (e.g. Bullock et al. 2001) of the form:

c∆ = A
(

M∆
MFiducial

)B
, (5)

where we adopt MFiducial = 1014M� . Equation 5 is fit to the
data, and shown in Fig. 12 as crosses. Overall, a power law
form is able to describe the c-M relation well. The bottom
panel shown below each main plot shows the result of this fit
normalised with respect to the no-running simulation. Also
shown by the shaded regions is the overall scatter of the
c-M relation at fixed mass, shown just for the no-running
cosmology. As expected, the scatter is reduced at fixed mass
when making a cut on relaxed haloes. Looking at the bottom
panels it can be seen that there is an overall trend for a
ΛαsCDM cosmology to produce lower concentrations in low-
mass haloes (M ≤ 2 × 1013M�), and larger concentrations in
high-mass haloes (M ≥ 2 × 1013M�), although the effect is
not as large at low masses as it is at high masses.

A qualitatively similar result was found by Fedeli et al.
(2010), who showed using semi-analytic methods that the
concentration of low-mass haloes in a negative running cos-
mology is lower than in the standard ΛCDM model. They
also showed that to a small extent this effect was reversed
at the high-mass end, with these objects being slightly more
concentrated. The reason for this may be attributable to for-
mation time. As mentioned, it has been shown that haloes
which formed at earlier times have higher concentrations. It
has also been shown through the effect on the matter power
spectrum that the original overdensities of these high-mass
haloes are amplified in cosmologies which have a negative
running spectral index. As a result, these haloes will have
formed earlier on, and thus formed when the universe had
a larger mean density, and so compared to the no-running
cosmology these objects are centrally denser. The fact that
the differences seen in concentration at low-masses in the
different cosmologies is not as large, compared with that
seen at higher masses (M ≈ 1015M�), may reflect the fact
that because these objects form at even earlier times, their
concentrations are less sensitive to their relative formation
times.

5 SEPARABILITY OF BARYONIC EFFECTS

We now turn our attention to how separable the effects of al-
lowing the running to be free are from the inclusion of bary-
onic physics in the simulations. That is, we explore whether

the effects of baryons on LSS are dependent on the choice
of running cosmology (and vice-versa).

The BAHAMAS suite of hydrodynamic simulations are a
first attempt at explicitly calibrating the feedback in large-
volume cosmological hydrodynamic simulations aiming to
quantify the impact of baryon physics on cosmological stud-
ies using LSS. It is important, however, to check to what ex-
tent this calibration is dependent on the cosmology adopted
in the simulation. The reason being that, if the calibration
of the simulations depended significantly upon cosmology,
one would have to re-adjust the feedback parameters for
each cosmological model simulated. Thus, for this reason,
the baryonic processes in BAHAMAS were calibrated on inter-
nal halo properties (specifically the stellar and baryon frac-
tion of haloes), as opposed to the abundance of haloes or
the power spectrum of density fluctuations (for more details
see McCarthy et al. 2017 for the calibration method). The
benefit of this being that the internal properties of haloes
ought to be less sensitive to cosmology.

With this in mind, we explicitly verified that the stellar
and gaseous properties of haloes in the simulations (partic-
ularly the galaxy stellar mass function and the gas fractions
of groups and clusters) are insensitive to the variations in
cosmology presented here. Thus, no aspect of the subgrid
physics, feedback or otherwise, was changed from that pre-
sented in McCarthy et al. (2017).

Previous simulation work has shown that the various
physical processes which are involved in galaxy formation
and included in modern hydrodynamic simulations as sub-
grid physics, are capable of affecting the underlying dis-
tribution of dark matter. For example, it has been shown
that the total matter power spectrum (e.g. van Daalen et al.
2011; Schneider & Teyssier 2015) and the halo mass func-
tion (e.g. Sawala et al. 2013; Cui et al. 2014; Velliscig et al.
2014; Cusworth et al. 2014; Schaller et al. 2015) along with
the binding energies of haloes (Davies et al. 2019), can be
affected by a non-negligible amount compared with a dark
matter only simulation, through the inclusion of feedback
mechanisms. In addition, this study demonstrates that al-
lowing the running to be free can also have a near 10% level
effect on the total matter power spectrum at z = 0 and
the halo mass function. Hence, an interesting and impor-
tant question is: how separable are these effects? Can they
be treated independently of one another, or do they work to
amplify or perhaps suppress certain effects.

To answer this question, we separate the effects into two
multiplicative factors: an effect due to the change in cosmol-
ogy (free-running) and an effect due to baryonic physics.
This results in the simple ansatz shown below, which is em-
ployed when trying to reproduce an observed quantity mea-
sured in the full hydrodynamic simulation:

ψmult = ψ
DM
αs=0


 ψ

DM
αs

ψDM
αs=0




ψ

H
αs=0

ψDM
αs=0


 , (6)

where ψ represents the quantity that is being measured, for
example the halo mass function or the matter power spec-
trum, with ψmult being the multiplicative prediction made
from treating the two effects separately; ψDM and ψH repre-
sent the quantity measured in the dark matter only, or the
full hydrodynamic simulation respectively; ψαs=0 and ψαs

represent the values measured in the simulation which has
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zero running and a running equal to αs , respectively. This
equation can be split up into two main parts: one which ac-
counts for the effects due to the change in cosmology (free-
running), accounted for by the first bracketed quantity in
Equation 6; and one which accounts for effects due to bary-
onic physics, such as AGN feedback, accounted for by the
second bracketed term.

All of the statistics examined in previous sections for
the dark matter only simulation were treated with this sim-
ple ansatz, to see if the result obtained in the full hydrody-
namic simulation could be recovered. However for brevity,
we focus our attention on 4 main statistics: the total matter
power spectrum, the halo mass function, the two-point halo
autocorrelation function, and the density profiles of haloes.

5.1 Matter power spectrum

To begin, we go back to the total matter power spectrum
of the simulations. As described previously (Section 3.1),
the power spectrum is computed using the algorithm GenPK

which computes the power spectrum of a simulation snap-
shot for each individual particle species. As a result, one
first needs to combine the individual matter power com-
ponents of each particle species to compute a total matter
power spectrum. The resulting total matter power spectrum
for the hydrodynamic simulations can be seen in the top
panel of Fig. 13. Here the lines represent the total matter
power spectrum measured for 3 different redshifts: z = 0,1,2.
The crosses indicate the recovered result when using Equa-
tion 6 (note, here ψ = P(k)) to try to reproduce the result
from simultaneously simulating baryonic physics and a run-
ning scalar spectral index by treating the effects separately.
The bottom panel(s) of this figure show that over the entire
k−range examined here, the total matter power spectrum
for redshifts out to at least z = 2 can be reproduced to < 2%
by treating these effects separately. On k−scales below 3.0
Mpc−1h, the result is even more accurate, with the matter
power spectrum being reproduced to sub-percent accuracy.
This is better than the accuracy required for the likes of
LSST (e.g. Huterer & Takada 2005; Hearin et al. 2012).

5.2 Halo mass function

Next, we look at the HMF, which is shown in Fig. 14. The
HMF as measured for the 5 separate cosmologies in the full
hydro simulation is shown by the different lines and is plot-
ted for redshifts: z = 0,1,2. We use Equation 6 (where ψ ≡ φ
in this case) to test how separable the effects on the HMF
due to the inclusion of baryonic physics and a running scalar
spectral index are. The resultant multiplicative prediction is
shown as crosses in Fig. 14. The bottom panel(s) of this
figure shows the ratio for each cosmology of the measured
result from the hydro simulation, i.e. treating both a running
scalar spectral index and baryonic physics at the same time,
to the predicted result from the multiplicative prescription
treating each effect separately. It can be seen that for all
redshifts examined here, the HMF can be reproduced with
this simple ansatz to within better than ≈ 3% over the full
range of halo masses examined in this study, up to z = 2,
with an even better accuracy for lower redshifts.

As a separate test, we look at how separable these ef-
fects are on the mass of a halo, with baryonic physics known
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Figure 13. Test of the separability of the effects that a running

scalar spectral index and baryonic physics have on the total mat-
ter power spectrum. Top: The total matter power spectrum for

the 5 cosmologies. Here lines represent the result obtained from
the simulations, with linestyle representing the different redshifts

at which the total matter power spectrum was measured. The

crosses represent the result obtained from treating the effects due
to a running spectral index and the effects due to baryonic physics

on the total matter power spectrum separately. Bottom: the ratio

of the self-consistent result measured from the hydro simulation
and the result obtained from treating the effects separately. Treat-

ing each effect as a simple multiplicative correction, reproduces

the total matter power spectrum on all k−scales examined here
to better than 2%.

to reduce the mass of a dark matter halo in the mass range
examined in this study (e.g. Sawala et al. 2013; Cui et al.
2014; Velliscig et al. 2014; Schaller et al. 2015), and having
seen here that a running spectral index can also have a sig-
nificant effect on halo mass.

The result is shown in Fig. 15. The top panel shows
the effect baryonic physics has on halo mass, for different
values of the running scalar spectral index, i.e. it shows,
for a fixed value of αs , the ratio of masses of a matched
set of haloes in the hydrodynamic and dark matter only
simulations. The result shown is the median ratio in bins
of halo mass. This shows that, to an accuracy of ≈ 1%, the
effect on halo mass due to baryonic physics is independent
of the change in cosmology. Also shown in the bottom panel
of this figure, is the effect that a running scalar spectral
index has on halo mass in the BAHAMAS calibrated feedback
model normalised to the corresponding result from the dark
matter only simulations. This allows us to test how sensitive
the effect a running scalar spectral index has on halo mass
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Figure 14. Test of the separability of the effects of inclusion of
baryonic physics and a running scalar spectral index on the halo

mass function measured in a full hydrodynamic simulation. Top:
the HMFs measured when simulating both a running spectral in-

dex and baryonic physics, with the different linestyles indicating

the HMFs measured at different redshifts. The crosses represent
the HMF recovered when treating the effects separately. Bottom:

the ratio of the measured HMF from the simulation to that pre-

dicted using the multiplicative prescription (Equation 6). Treat-
ing each effect as a multiplicative correction is able to reproduce

the measured HMF to better than ≈ 3% up to z = 2.

is to different physics models. It can be seen again here, for
almost the entire range in mass, the effect due to a running
scalar spectral index is nearly independent of the baryonic
physics. Poor statistics are likely responsible for the larger
deviations at high masses, whereas the small deviation at
the lowest masses is likely a resolution effect (note that the
different cosmologies have slightly different particle masses,
due to the different values of Ωm and H0).

5.3 Clustering of haloes

The separability of the effects due to baryonic physics and
allowing the scalar spectral index to be free on the two-point
autocorrelation function are shown in Fig. 16. Here haloes
are binned using their self-consistent masses, and not the
masses of their matched reference counterparts. The lines
represent the measured two-point autocorrelation function
obtained from simulating baryonic physics and a running
spectral index simultaneously. The crosses represent the re-
sult obtained from using Equation 6 and multiplying the ef-
fects due to each separately (note that in this case: ψ ≡ ξ (r)).
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Figure 15. Test of the separability of the effect of baryonic

physics and a running scalar spectral index on the mass of haloes.

Top: the reduction in halo mass of a matched set of haloes due the
inclusion of baryonic physics. Bottom: the effect a running scalar

spectral index has on halo mass in the full BAHAMAS hydrodynamic

simulations, normalised to the collisionless case. This shows that
for most of the mass range sampled here the effect on halo mass

due to a running spectral index is insensitive to the implemented

baryonic physics.

The bottom panel(s) shows the measured result from simu-
lating both effects simultaneously normalised with the result
obtained from multiplying the effects separately. It can be
seen that the clustering signal of haloes in separate mass
bins can be recovered to better than ≈ 4% even for the most
massive haloes, with the differences being exacerbated due
to the low number density of these massive haloes in the
sample.

5.4 Density profiles

Finally, we examine the separability of the effects due to
baryonic physics and allowing the running to be free on the
total mass density profile of a halo. As was seen in Fig. 15,
the effects on halo mass due to baryonic physics and the ef-
fect on halo mass due to a running spectral index are largely
independent effects. As a result, one might expect that the
density profiles of these haloes can also be reproduced rela-
tively well with a simple multiplicative prescription. To test
this, we use Equation 6 (note that here ψ = ρ̂ where ρ̂ is
the dimensionless re-scaled ρ: ρ̂ ≡ (ρ/ρcrit)(r/R200,c)2). The
results are shown in Fig. 17. An important note here is that,
unlike in Fig. 11, here we plot the density profiles of an un-
matched set of haloes, meaning that the haloes are binned
using their self-consistent masses. Here the lines represent
the median spherically averaged total-mass density profiles
of each mass bin. The crosses represent the density profiles
obtained from treating the effects due to a running scalar
spectral index on the density profile of a halo and the effects
due to baryonic physics separately. The bottom sub-panels
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Figure 16. Test of the separability of the effects of baryonic

physics and a running scalar spectral index on the clustering of

haloes in bins of halo mass. Top: clustering signal when simulta-
neously simulating a running scalar spectral index and baryonic

physics. The different linestyles represent the measured clustering
between objects in different mass ranges, note that here haloes

are binned according to the self-consistent masses of each simu-

lation. The crosses represent the recovered result when treating
the effects as separate multiplicative corrections (Equation 6).

Bottom: the measured clustering signal from simultaneously sim-

ulating both effects, normalised with respect to the corresponding
multiplicative prediction. For almost all of the radial range exam-

ined here, and for all mass bins, the clustering signal is reproduced

to better than ≈ 4% by treating these two effects separately.

show the ratio of the measured density profiles from the sim-
ulations to the self-consistent result obtained from treating
the effects separately. The plot shows that even the com-
bined effects on the internal structure of haloes can be re-
produced (to typically better than 2%) by treating baryons
and running separately.

As mentioned, all of the other statistics examined in
the dark matter only simulation were also investigated in
the way that has just been laid out in this section to see if
the effects of baryonic physics and allowing the running to
be free could be treated as separate effects. This includes
the comoving halo number density and the c-M relation.
Although these are not shown, they were reproduced using
the simple functional form of Equation 6 to a similar level
of accuracy to the tests presented above.

6 SUMMARY AND CONCLUSIONS

This study has made use of a new extension to the BA-

HAMAS suite of large cosmological hydrodynamic simulations
which are 400 comoving Mpc h−1 on a side. This exten-
sion consists of 5 simulations, corresponding to different val-
ues for a running scalar spectral index (αs), ranging from
−0.02473 ≤ αs ≤ 0.00791 (a complete list of values can be
found in Table 1). This has allowed an investigation into
the effects a cosmology with a freely varying αs has on the
cosmic LSS and into how separable these effects are from
those produced by baryonic physics. The statistics which
this study focused on include the non-linear total matter
power spectrum, the halo mass function (HMF), the two-
point halo autocorrelation function, the spherically averaged
halo density profiles, and the halo concentration-mass (c-M)
relation. This study focuses mainly on haloes in the mass
range: 1012 ≤ M/M� ≤ 1015. The main conclusions that can
be drawn from this paper are as follows:

• On almost all scales probed in these simulations, a cos-
mology with a negative value for the running of the scalar
spectral index leads to an excess of power compared with the
standard cosmology, by a maximum of ≈ 10%. This holds
up to at least z = 2 (see Fig. 5). Conversely, a cosmology
with a positive running leads to a suppression of the mat-
ter power spectrum over the entire k−range investigated in
this study (0.01 < k[Mpc−1h] < 8.0) at z = 0. Such an ef-
fect should be measurable in upcoming LSS surveys, such
as those from LSST and Euclid which aim to measure the
power spectrum to around 1% accuracy. Naively, one might
have expected a negative (positive) running to lead to less
(more) power relative to a no-running case. However, the
imposed requirement that our adopted cosmologies retain a
good fit to the CMB temperature angular power spectrum
in the presence of running forces the power spectrum am-
plitude, As , to slightly increase (decrease) for cosmologies
with negative (positive) running (see Table 1). This effect is
retained down to z = 0 in the non-linear power spectrum.
• A cosmology with a running scalar spectral index is ca-

pable of suppressing the low-mass end (M . 1013M�) of
the HMF by nearly 10% in the case of a cosmology with a
negative running, but leads to an excess of low-mass haloes
for a positive running cosmology (see Fig. 7). This effect on
the HMF due to a running scalar spectral index depends
both on redshift and the mass bin, with a negative run-
ning cosmology leading to an excess of high-mass objects
(M & 2 × 1013M�) with this effect being pronounced at
earlier redshifts. This result is due to the fact that, in a neg-
ative running cosmology, the density perturbations which
lead to these haloes are amplified and thus lead to higher-
mass haloes forming earlier on.
• A cosmology with a running spectral index leads to

a change in the spatial distribution of haloes (see Fig.
10). A negative running cosmology leads to haloes with
M < 1014M� being more clustered compared with a stan-
dard cosmology (with a near 10% increase in the clustering
signal for the most negative running cosmology) and higher
masses being less clustered. This result is reversed for a pos-
itive running cosmology, which sees a reduction in the clus-
tering signal of haloes with M < 1014M� . This is due to the
fact that, in a negative running cosmology, the formation
of these low-mass haloes is suppressed, leading them to be

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/advance-article-abstract/doi/10.1093/m
nras/staa129/5709928 by Liverpool John M

oores U
niversity user on 30 January 2020



18 S. G. Stafford et al.

101

102

ρ
/ρ

cr
it

(r
/r

2
0
0
)2

[12.0 - 12.5] [12.5 - 13.0] [13.0 - 13.5]

no-running

−2σ

−1σ

Planck-ML

+2σ

0.975

0.990

1.005

1.020

ρ̂
H
/ρ̂

M
u

lt

101

102

ρ
/ρ

cr
it

(r
/r

2
0
0
)2

[13.5 - 14.0] [14.0 - 14.5] [14.5 - 15.0]

10−2 10−1 100

r/r200

0.975

0.990

1.005

1.020

ρ̂
H
/ρ̂

M
u

lt

10−1 100

r/r200

10−1 100

r/r200

Figure 17. Comparison of the median spherically-averaged total-matter halo density profile measured from the hydro simulations,
represented by the solid lines in this plot, and calculated using the simple functional form of Equation 6, shown by crosses. Haloes are

binned using their self-consistent masses, and not that of their matched reference counterparts. The mass-range of each bin is indicated
in the top right corner of each panel and is in units of: log(M200,c/M� ). The vertical dashed line in each panel represents the convergence

radius for haloes in the reference simulation. The bottom sub-panels show the ratio of the measured self-consistent density profile to that

predicted treating both effects separately. The results agree to better than 2% for the entire radial range for each mass bin.

a more biased tracer of the underlying matter distribution,
and thus have a stronger clustering signal.

• Looking at internal properties of matched haloes, a cos-
mology with a running spectral index predominantly causes
an amplitude shift in the density profiles of haloes, without
much of a change to their shape (see Fig. 11). The effect of
a running scalar spectral index depends both on the mass of
the halo and the value of the running. A cosmology with a
negative running leads to a reduction in the amplitude of the
density profile for haloes with M < 1013.5M� , but lead to
an increase in the amplitude for high-mass (M & 1013.5M�)
haloes. Conversely a cosmology with a positive running leads
to an amplitude increase across the entire mass range investi-
gated here. This is due to the fact that in a negative running
cosmology a low-mass halo has its mass decreased, compared
with its matched no-running counterpart. Whereas for the
same cosmology, the mass of a high-mass halo (depending
on the magnitude of αs) is increased. Conversely, a cosmol-
ogy with a positive αs leads to an increase in mass of a halo
across the entire mass range studied here.

• For the c-M relation, it was found that the effect of
a ΛαsCDM cosmology is once again mass-dependent, with
all running cosmologies predicting the higher-mass haloes
to be more centrally concentrated than in a no-running cos-
mology (see Fig. 12). Whereas at the low-mass end (M .
2 × 1013M�), the negative running cosmologies tend to pre-
dict slightly lower concentrations, the effect on these scales
is small compared to the high-mass end. A similar result was
found by Fedeli et al. (2010), who predicted low-mass haloes
to have a lower concentration value in a negative running
cosmology, but high-mass haloes to have a slightly higher
concentration.

Note that in the calculation of the c-M relation, haloes
are binned according to their self-consistent masses, not the
masses of their no-running counterparts (as was the case
when looking at the density profiles). This is the reason why
we see some differences in the c-M relation, with these differ-
ences not being obvious from looking at the density profiles
of the matched haloes.

• This study also looked into the separability of the effects
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due to a running scalar spectral index and baryonic physics.
We found that these two effects can be treated as separa-
ble multiplicative corrections to a standard cosmology. This
simple multiplicative procedure is capable of reproducing the
combined effects seen for all statistics looked at in this study
(such as the non-linear total matter power spectrum in Fig.
13, the HMF in Fig. 14, and the two-point autocorrelation
function in Fig. 16) to typically a few percent accuracy.
• As an aside, this study also investigated how well some

current approximate methods calibrated on standard ΛCDM
cosmologies can predict some of the results found in this
study (see Appendix B). These include a prescription for the
HMF produced by Tinker et al. (2008), as well as a prescrip-
tion for the redshift evolution of dark matter halo masses,
and the c-M relation, produced by Correa et al. (2015c). We
find that for the Tinker et al. (2008) HMF, this is able to
reproduce the effects seen due to running out to z = 2 very
well (Fig. B1). We also find that qualitatively, the method
developed by Correa et al. (2015c), is able to reproduce both
the evolution of halo mass across the different simulations
in this study (Fig. B2); as well as the effect a running scalar
spectral index has on the c-M relation of haloes at z = 0
(Fig. B4).

This work has shown that a cosmology with a running scalar
spectral index, consistent with the observational constraints
of the Planck Collaboration XIII (2016) cosmological pa-
rameter results, can have relatively large and measureable
effects on LSS. However, it is worth noting that, by itself,
running is unable to reconcile the current tension involv-
ing S8. For example, all of the Planck CMB-based runs
we examined here have S8 > 0.85 (see Table 1), whereas
many current LSS tests prefer S8 in the range [0.75,0.8] (see
McCarthy et al. 2018 and references therein). However, we
remind the reader that taking account of the internal ten-
sions in the CMB data, by allowing Alens to float, can signif-
icantly reduce the tension between the CMB and LSS (see
Appendix A) and remove it altogether when the neutrino
mass is also allowed to float (McCarthy et al. 2018).

Nevertheless, if running is present at the levels sug-
gested by current CMB and Lyman-α forest data, it should
be within the detectability range of upcoming surveys such
as LSST9, EUCLID10, and CMB-S411, and allow tangible
constraints to be placed on fundamental, early-Universe
physics.

Finally, this study has demonstrated that the effects of a
running scalar spectral index are largest at low masses which
sample far from the pivot scale. This is expected as the pivot
scale is where all of the power spectra are normalised, and
thus forced to have similar values (with the only differences
here on these scales arising due to slight differences in As).
As mentioned, this scale corresponds to k0 = 0.05 Mpc−1

for Planck CMB measurements, corresponding roughly to
cluster scales which BAHAMAS is designed to sample. There-
fore, in a future follow-up study we will explore this larger
effect on lower masses in more detail, looking at the impact
of running on “near-field” (small-scale) cosmology.

9 https://www.lsst.org/
10 https://www.euclid-ec.org/
11 https://cmb-s4.org/
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APPENDIX A: SUPPLEMENTARY

Here we provide the particle mass for each of the 5 sim-
ulations, note, the slight differences in the particle masses
between the different simulations is due to their slightly dif-
ferent values for Ωm and H0.

As mentioned in Section 2.4, as a test of our cosmologi-
cal parameter selection we examined the predicted CMB an-
gular power spectra measurements of Planck. The result of
this can be seen in Fig. A1 and demonstrate that the adopted
cosmologies are indistinguishable with regards to current
Planck measurements12 for high-multipoles (` & 100), and
consistent with Planck measurements at low-multipoles (` .
100).

Lastly here, we present results from allowing both Alens
and αs to be free. As mentioned in the main text, for a stan-
dard ΛCDM cosmology, Alens assumes the value of 1. How-
ever, when also treated as a free parameter in the standard
model there is a mild preference for a value greater than
unity (Planck Collaboration XIII 2016), which has a knock
on effect on other cosmological parameters, such as H0, σ8,
and Ωm. Therefore, we test whether the mild preference for
a non-zero negative running which also exists in the Planck
2015 results is mitigated if you no longer fix Alens and αs
to their assumed values of: 1, and 0 respectively. To do this,
we create a new set of chains using the publicly available
Planck 2015 likelihood function. We give these parameters
the following flat prior ranges:

Alens ∈ [0.0,10.0]

αs ∈ [−1.0,1.0]

We then select values for αs and the other important
cosmological parameters, including Alens this time, in the
same way as that described in Section 2. The results on the
1D density distribution for αs are shown in Fig. A2, with the
effects on other key parameters for LSS shown in Table A.
Looking at Fig. A2, it can be seen that when allowing Alens
to also be free, the mild preference for a negative running
value is maintained, although the maximum likelihood value
is shifted slightly closer to 0.

As allowing Alens to be free does not drastically impact
the resultant values for αs one would simulate, we focus this
study on the one parameter extension to ΛCDM where we
only allow αs to vary.

12 https://pla.esac.esa.int/

Table A1. (1) Simulation label, (2) the dark matter particle mass
in the full hydro simulations, (3) the dark matter particle mass

in the dark matter only simulations and (4) the initial baryonic
particle mass in the hydro simulations.

(1) (2) (3) (4)

Label MDM,HYDRO MDM,DMONLY Mbar,init

(109 M� h−1) (109 M� h−1) (108 M� h−1)

-2σ 4.37 5.19 8.2

-1σ 4.31 5.12 8.11

Planck ML 4.32 5.15 8.25
no-running 4.36 5.17 8.11

+1σ 4.44 5.26 8.13
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Figure A1. The angular power spectrum of temperature

anisotropies of the CMB. Data points here are the measure-

ments made by the Planck satellite, and the solid lines repre-
sent the theoretical prediction for the different cosmological mod-

els. All models are virtually indistinguishable at high-multipoles,

with the results at low-multipoles still within observational er-
rors. The corresponding k−scales which the Planck observations

cover are indicated at the top of the plot. The Planck pivot scale
(k = 0.05Mpc−1) is indicated by the vertical grey dashed line.
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Figure A2. Posterior distribution for the running of the spectral
index parameter when included in the Planck MCMC analysis,

along with Alens. Here, the black curve corresponds to constraints
on αs using the Planck 2015 TT + lowTEB dataset, while the
red curve shows the same only now Alens is also allowed to vary.

The vertical dashed lines correspond to the maximum likelihood
value for each distribution. This shows how allowing Alens to also
vary in the cosmological model does not affect the constraints on
αs much.
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Figure A3. The fractional change in halo mass for a matched set of haloes across the 5 different cosmologies for 3 separate redshifts

(indicated in the top-left corner of each panel). This shows that a halo in a negative running cosmology is more massive than it would
be in a no-running cosmology, with this effect amplified with redshift. Conversely a halo in a positive running cosmology is more massive

at the present day, but less massive as you go back in redshift.

Table A2. Cosmological parameter values obtained when treat-

ing both Alens and αs as free parameters. All symbols have their

previous meaning, with definitions for all excluding (3) Alens (the
lensing amplitude of the CMB TT angular spectrum) present in

Table 1.

(1) (2) (3) (4) (5) (6)

σ αs Alens Ωm σ8 S8
-2 -0.02232 1.19141 0.29153 0.82160 0.80991

-1 -0.01442 1.19927 0.29681 0.81539 0.81104
Max Likelihood -0.00652 1.21847 0.29476 0.80750 0.80042

+1 0.00138 1.22956 0.29371 0.80025 0.79182

+2 0.00928 1.24425 0.28979 0.79459 0.78094

Finally in this section we show in Fig. A3 the redshift
evolution of the fractional change in halo mass. This helps
explain the results which were seen in the redshift evolution
of the HMF (Fig. 7).

APPENDIX B: APPROXIMATE METHODS

Although a systematic exploration of the effects a running
scalar spectral index on LSS in the Universe using large
cosmological hydrodynamic simulations has not been con-
ducted, research has went into the effects of running using
semi-analytic models (e.g. Fedeli et al. (2010)). Here, we ex-
plore how well these approximate methods work in repro-
ducing the HMF, and the redshift evolution of dark matter
haloes.

B1 Halo mass function

First, we look at how well the prescription for the HMF
provided in Tinker et al. (2008) (T08) is able to describe the
HMF that we measure for the 5 separate cosmologies from
the simulations. The resultant plot can be seen in Fig. B1,

which shows the HMF at three separate redshifts generated
using the prescription of T08, represented with the different
curves. Also shown is the actual HMF measured from the
simulations. Note that here, we plot the HMF as a function
of M200,mean instead of M200,crit as was done previously.
Here M200,mean describes the mass enclosed in a spherical
overdensity, whose radius contains an overdensity equal to
200 × the mean density of the Universe (ρcΩm). The bottom
panel of this plot shows the HMFs normalised with respect
to the αs = 0 model, for each case, and at each redshift. This
plot shows that the T08 HMF can reproduce the measured
HMF remarkably well at z = 0,1,2. There is a hint from the
top plot that there is a slight under prediction of the number
of high-mass haloes at z = 2, but the relative effect shown
in the bottom panel is almost perfectly reproduced.

It is important to highlight that, the above T08 mass
function was computed by using the linear matter power
spectrum output using CAMB to compute the mass variance
σ(M). Off the shelf packages such as HMFCALC13 are not able
to reproduce the observed HMF, due to the fact that they are
hardwired to use the transfer function when computing the
power spectrum at a certain redshift, with their primordial
matter power spectrum assuming a constant power law.

B2 Mass accretion histories

We now look at the effects a running scalar spectral index
has on the the evolution of dark matter haloes. We do this
using the method developed by Correa et al. (2015a) (see
also Correa et al. 2015b,c) to reproduce the mass-accretion
histories of haloes, along with the concentration-mass rela-
tion.

13 http://hmf.icrar.org/
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Figure B1. Top: the halo mass function (HMF) for the 5 sepa-

rate cosmologies looked at in this study. Here, the lines represent

the halo mass function calculated according to the Tinker et al.
(2008) prescription, with the linestyles indicating the different

redshifts for which the HMF was computed. Also shown in this
plot is the HMF measured from the simulations themselves, in-

dicated by the crosses. Note that here, unlike the HMF shown in

Fig. 7, the HMF is plotted in terms of M200,mean and not M200,crit.
The bottom panel shows the HMF normalised with respect to the

αs = 0 case, for each respective method, at each redshift. It can
be seen that the Tinker et al. (2008) HMF reproduces the effects
due to a running scalar spectral index remarkably well.

We used a slightly modified version of the python pack-
age developed by Correa et al. (2015a): COMMAH14. We mod-
ify it to account for a running scalar spectral index in its
calculation of the z = 0 linear matter power spectrum. Fol-
lowing Correa et al. (2015c), we also calculate a value for
Acosmology, for each cosmology in order to compute the c-M
relation.

The redshift evolution of halo mass can be seen in Fig.
B2. Here the dashed curves show the result obtained using
the modified COMMAH code, with crosses representing the evo-
lution of halo mass with redshift computed from the actual
simulations. To compute this, we choose haloes in a narrow
mass bin centered on the desired redshift 0 mass. We then
find that halo’s progenitor at each snapshot up to z = 3.
This is done by matching the 50 most bound particles from
the z = 0 halo, and selecting the halo at each redshift which
contains the most of these particles. It can be seen that there
is a qualitatively good agreement between the simulation’s

14 https://bitbucket.org/astroduff/commah/src/master/
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Figure B2. Evolution of halo mass, with redshift. Top: the

dashed lines here indicate the predicted M (z). The crosses show
the results obtained directly from the simulations. The general

trend of these results are in qualitative agreement. Bottom: the

ratio of the COMMAH predicted M (z), with respect to the no-running
cosmology, for three separate halo masses, indicated in each panel.

It appears to show again, that a running scalar spectral index has

a mass dependent effect on haloes. With larger-mass haloes being
more massive at early times in a negative running cosmology, and

lower-mass haloes, less massive. This effect is reversed somewhat

for the positive running cosmology.

result and that predicted using COMMAH. The bottom panels
on this plot show the predicted redshift evolution of three
haloes of different mass, normalised with respect to the no-
running evolution for that mass. It can be seen that the
introduction of a running spectral index affects how these
haloes evolve. For example, the −2σ cosmology predicts a
1015 M� halo to be around 10% more massive at z = 3, com-
pared with a no-running cosmology. Whereas, for that same
cosmology, a 1013 M� is near 5% under-massive compared
with a no-running cosmology. This general trend agrees with
the mass-dependent effects seen in this study for the HMF.
It also implies that the MAH of these objects are going to
be different, which we examine next.

The predicted MAH for the same set of halo masses as
examined previously is shown in Fig. B3. The bottom panels
in this plot show the MAH for the 5 cosmologies, normalised
with respect to the result in the no-running cosmology at
that mass. This result helps explain Fig. B2. For example,
looking at the 1015 M� halo’s MAH, it can be seen that for
the −2σ cosmology, it accretes a lot of its mass at early
times, causing it to be more massive earlier on. Conversely,
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Figure B3. Mass accretion histories (MAHs) predicted using

the slightly modified version of the COMMAH python package for
3 different halo masses for each cosmology examined here. Top:

MAH predicted for 3 different halo masses, indicated above each

curve. The bottom panels how the MAH of each halo normalised
to its respective no-running counterpart. How a halo forms in a

cosmology which has a running scalar spectral index depends on

both the sign and magnitude of the running, along with the mass
of the object.

in the positive running cosmology, it has a steady incline
in its mass accretion rate, compared with the no-running
cosmology, and has a higher accretion rate at present. This
allows haloes of this mass, in a positive running cosmology,
to start with a smaller seed mass, compared to no-running.
Similarly, for the 1013 M� halo, for all negative running cos-
mologies, M (z) is lower than the no-running prediction, but
this is made up for, by an increase in the MAH of these
haloes as z approaches 0.

Finally, we show the predicted halo concentration-mass
relation for these 5 separate cosmologies in Fig. B4. The
bottom panel shows the halo concentration-mass relation
normalised with respect to the no-running cosmology. Qual-
itatively, the results are similar to what was found from
the simulations. For example, a positive running cosmol-
ogy predicts all haloes in the mass-range examined here to
have a higher concentration, compared to the no-running
cosmology. Alongside lower-mass haloes (M . 2 × 1013M�)
having lower concentrations in a negative running cosmol-
ogy. However, whereas in the simulations all haloes above
M ≈ 1014M� were found to have higher concentrations, here
they are predicted to have slightly lower concentrations, with
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Figure B4. The halo concentration-mass relation for the dif-
ferent running cosmologies predicted using the slightly modified

COMMAH python package. The bottom panel of this plot shows the

result normalised with respect to the no-running cosmology. A
negative running cosmology is predicted to have less concentrated

lower-mass haloes, whereas a positive running yields higher con-

centrations. This is in qualitative agreement to the results found
in this study (see Fig. 12). Conversely, for larger-mass haloes

only a positive running cosmology predicts higher concentrations,
whereas it was found in this study that all cosmologies with a non-

zero running spectral index had higher concentrations compared

to the no-running result.

the results converging towards (but not exceeding) the no-
running prediction at the high-mass end.
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