
 
 
 
 
 
 
 

https://theses.gla.ac.uk/ 
 
 
 

 

Theses Digitisation: 

https://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/ 

This is a digitised version of the original print thesis. 

 

 
 
 
 
 
 
 

Copyright and moral rights for this work are retained by the author 
 

A copy can be downloaded for personal non-commercial research or study, 

without prior permission or charge 
 

This work cannot be reproduced or quoted extensively from without first 

obtaining permission in writing from the author 
 

The content must not be changed in any way or sold commercially in any 

format or medium without the formal permission of the author 
 

When referring to this work, full bibliographic details including the author, 

title, awarding institution and date of the thesis must be given 
 
 
 
 
 
 
 
 
 
 
 
 

 
Enlighten: Theses 

https://theses.gla.ac.uk/ 

research-enlighten@glasgow.ac.uk 

http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
http://www.gla.ac.uk/myglasgow/research/enlighten/theses/digitisation/
https://theses.gla.ac.uk/
mailto:research-enlighten@glasgow.ac.uk


THE OOCULTATION OF POLARISED LIGHT

FROM STELLAR ENVELOPES

By

G eoffrey  K evin Fox

T h esis  

su b m itted  to  th e  

U n iv e rs i ty  o f  Glasgow 

fo r  th e  d eg ree  o f 

Ph.D

D epartm ent o f  P h y s ic s  and Astronomy

U n iv e r s i ty  o f  Glasgow

Glasgow

G12 8QQ A p r il  1990



ProQuest Number: 11007369

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest
ProQuest 11007369

Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode

Microform Edition © ProQuest LLC.

ProQuest LLC.
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106- 1346



I  h o p e  y o u  d o n ’t th in k  th a t I  h a v e  been  s p e a k in g  too lo n g  a b o u t 

a stro n o m ica l m a tte rs , fo r  th e re  is  one o th e r  im p o r ta n t th in g  co n n e c te d  

w ith  a s tro n o m y  th a t I  m u s t sp e a k  o f. You see , I  h a v e  had  alm ost 

n o th in g  p r a c tic a lly  to do w ith a stronom y , a n d  h e n c e  I  h a v e  a s tr o n g  

in t e r e s t  in  th e  s u b je c t .  I t  is  v e r y  cu r io u s , b u t  q u ite  tru e , th a t men

p r a c tic a lly  e n g a g ed  in  a n y  p u r s u i t  a re  a lm ost u nab le  to  see  th e

rom ance o f  it .  T h is  is  w hat th e  im ag in a tive  o u ts id e r  see s . B u t th e

o v e r w o r k e d  a s tro n o m er  h a s  a d i f fe r e n t  p o in t o f  v iew . A s  soon a s  i t

becom es o n e ’s  e v e r y -d a y  w ork, th e  th in g  lo se s  a g r e a t deal o f  i t s  

i n t e r e s t ".

Spinning Tops and Gyroscopic Motion 

By John P erry, 1957 (D over).



Summary

Follow ing th e  d isc o v e ry  of th e  s p e c tra l  v a r ia b ili ty  in  a n u m b er of

em ission  line B ty p e  s ta r s  (so called  Be s ta r s )  a t  a ro u n d  th e  tu r n  of

th is  c e n tu ry ,  ex ten siv e  th e o re tic a l an d  o b se rv a tio n a l cam paigns hav e  

s in ce  b een  an  ongo ing  p ro c e s s  in  an  a tte m p t to  u n d e r s ta n d  th e  

co n tro llin g  p h y s ic s  of th e  s ta r  an d  i ts  en v iro n m en t. A lthough  it  is  now 

know n th a t  v a r ia b ili ty  o c c u rs  on all time sca le s  th e  m echanism s 

re sp o n s ib le  fo r  th e  v a r ia b ili ty  a re  s till n o t well u n d e rs to o d . The 

c o n se n su s  is  th a t  th e  s ta r s  a re  ra p id ly  ro ta t in g  (app rox im ate ly  u p  to  

80% of th e  c r it ic a l ro ta tio n a l v e loc ity ) w hich a p p e a rs  to  h av e  a  m ajor 

in flu e n c e  u p o n  th e  c h a ra c te r is t ic s  of th e  s ta r  an d  i ts  e n v iro n m en t a s  

is  in fe r re d  b y  th e  o b se rv e d  s p e c tra l  v a r ia b ili ty .

The o b se rv e d  h ig h  in tr in s ic  p o la risa tio n  of Be s t a r s  a lso  im plies 

th a t  th e  ra p id ly  ro ta t in g  s ta r  ro ta tio n a lly  d is to r t s  th e  s u r ro u n d in g  

c irc u m ste lla r  envelope. T his s u g g e s ts  th a t  by  u s in g  c u r r e n t

geom etrica l model en v e lo p es  to g e th e r  w ith  p o la risa tio n  th e o ry ,

c o n s tr a in ts  u pon  th e  d is tr ib u tio n  of s c a tte r in g  m ateria l, th e  geom etry  

an d  m ass of th e  s c a t te r in g  envelope  could  be in fe r r e d  from  

p o la rim e tric  o b se rv a tio n s .

In  th is  th e s is  th e  th e o ry  of o p tica lly  th in , Thom son (or R ayleigh) 

s c a t te r in g  p o la risa tio n  from s te lla r  en v e lo p es  fo r bo th  s in g le  and  

b in a ry  s ta r  sy stem s (Brown and  McLean, 1977; Brown e t  a l. t 1978) a re  

c o n s id e re d  an d  ex ten d ed  to  in c lu d e  f in ite  l ig h t so u rc e s  in  o rd e r  to  

p ro v id e  m ore s t r in g e n t  c o n s tr a in ts  u p o n  Be s ta r  en v e lo p es  a n d  also  to  

en ab le  in fe re n c e s  to  be made a s  to  th e  d e n s ity  s t r u c tu r e  of r e g u la r  

p o la rim e tric  v a r ia tio n s  in  s in g le  an d  b in a ry  s ta r  sy stem s.



The s p e c tr a l  v a r ia b ili ty  c h a ra c te r is in g  th e  Be s ta r  p h e n o n e n a  is  

rev iew ed  in  c h a p te r  1 w ith  p a r t ic u la r  r e fe re n c e  to  y  Cas. C u rre n t 

sp e c tro sc o p ic  g eom etric  m odels a re  a lso  d isc u sse d  in  some d e ta il. 

Follow ing th is ,  th e  p o la rim e tric  th e o ry  an d  o b se rv a tio n s  re la te d  to  Be 

s ta r s  a r e  d is c u s s e d  w hich also  in c lu d es  a b r ie f  sec tio n  on  b in a ry  

d ia g n o s tic s  a s  Be s ta r s  a re  f re q u e n tly  o b se rv e d  in  b in a ry  sy s tem s  an d  

a q u a lita tiv e  a c c o u n t of th e  o b se rv a tio n a l c o n seq u en c es  of s c a t te r e r  

o c cu lta tio n  in  b in a ry  sy stem s is  also  in c lu d ed .

C o n tin u in g  w ith  p o la rim etric  v a r ia b ili ty  in  b in a ry  sy stem s, in  

c h a p te r  2 th e  p o la rim e tric  v a r ia b ili ty  o f th e  B e /X -ra y  t r a n s ie n t  

A0538-66 is  in v e s tig a te d  w ith  a view  to  u n d e rs ta n d in g  th e  m ass 

t r a n s f e r  from  th e  p rim a ry  (Be) s ta r  d isc  envelope to  th e  se c o n d a ry  

(n e u tro n )  s ta r .  T h is c h a p te r  is  in  a  s lig h tly  d if fe re n t  v e in  to  th e  

rem a in d e r of th e  th e s is  in  th a t  th e  s c a tte r in g  m ateria l is  assum ed  no t 

to  be  o ccu lted  (in fa c t d u e  to  th e  s c a n ty  d a ta  s e t  th is  q u e s tio n  can n o t 

ev en  be a sk e d ) . I t  is  in c lu d ed  h e re  p a r tia lly  b eca u se  Be s ta r s  in  

b in a ry  sy s tem s  seem  to  ex h ib it s p e c tra l  b eh av io u r sim ilar to  th a t  of 

s in g le  s ta r s  an d  h en ce  th is  may th ro w  some lig h t u p o n  p o ssib le  

u n d e r ly in g  m echanism s an d  also  as  an  exam ple of how th e  d e n s ity  

s t r u c tu r e  w ith in  a  b in a ry  system  can  be in fe r re d  from  th e  p o la rim etric  

d a ta  w hich is  one of th e  q u e s tio n s  a d d re s s e d  in  th is  th e s is .

In  c h a p te r s  3 - 5  th e  e f fe c ts  of in c o rp o ra tin g  a  f in ite  size 

(sp h e ric a l)  l ig h t  so u rc e  in to  th e  o p tica lly  th in , s in g le  Thom son 

s c a t te r in g  p o la rim e tric  th e o ry  is  developed  fo r  v a r io u s  geom etrica l 

m odels w ith  p a r t ic u la r  re fe re n c e  to  u n d e rs ta n d in g  w hat c o n s tr a in ts  a re  

n eed ed  to  be im posed u p o n  Be s ta r  m odels in  o rd e r  to  p ro d u c e  th e  

n e c e s s a ry  d e g re e  of o b se rv e d  in tr in s ic  p o la risa tio n . Also a d d re s s e d  is  

th e  q u e s tio n  to  w h at e x te n t th e  d e n s ity  s t r u c tu r e  can  be in fe r re d



from  th e  p o la rim e tric  v a r ia b ili ty  of a  sy stem  w hen  th e r e  is  on ly  one 

im p o rta n t l ig h t so u rce . T his may be c o n s id e re d  a s  a  d e n s ity  

p e r tu rb a t io n  in  a  s te l la r  envelope  a ro u n d  a  s in g le  s t a r  o r  a  b in a ry  

sy stem  in  w hich  th e  se c o n d a ry  is  im p o rtan t a s  a  l ig h t  so u rc e  (eg. a 

n e u tro n  s ta r ) .

In  c h a p te r  6 th e  e f fe c ts  of o ccu lta tio n  in  o b liq u e ly  ro ta t in g  

en v e lo p es  a re  d isc u sse d  an d  th e  e r r o r  in  in f e r r in g  th e  in c lin a tio n  an d  

o b liq u ity  an g le  b y  F o u rie r  a n a ly s in g  th e  p o la rim e tr ic  d a ta  of su ch  

sy s tem s  is a s s e s se d  w hen no a c c o u n t of o ccu lta tio n  is  m ade b u t  is  

p r e s e n t  w ith in  th e  d a ta .

F inally  in  c h a p te r  7 a b r ie f  sum m ary of th e  co n c lu s io n s  of th is  

th e s is  is  made an d  su g g e s tio n s  a re  p u t  fo rw a rd  fo r  f u tu r e  w ork  w ith  

p a r t ic u la r  r e fe re n c e  to  th e  ap p lica tio n  of p o la ris a tio n  th e o ry , a s  an  

in d e p e n d e n t m ethod, to  u n d e rs ta n d in g  th e  u n d e r ly in g  s t r u c tu r e  o f UV 

d is c re te  a b so rp tio n  line  com ponen ts is  d is c u s se d  .



i v

Preface

T his th e s is  is  p rim arily  co n c e rn e d  w ith  th e  co n se q u e n c e s  of 

in c o rp o ra tin g  f in ite  lig h t so u rc e s  in to  th e  Thom son (or R ayleigh) 

s c a t te r in g  p o la risa tio n  in  an  o p tica lly  th in  media. The e f fe c ts  a re  two 

fo ld . F ir s t ,  a cc o u n t m ust be made of th e  fa c t th a t  each  s c a t te r e r  s e e s  

a  f in ite  lig h t so u rc e , th e  e f fe c t b e in g  a  ra n g e  of p erm issib le  s c a t te r in g  

a n g le s  th ro u g h  w hich  lig h t from  th e  so u rc e  may be s c a tte re d  to w ard s  

th e  o b s e rv e r  (C assinelli e t a l ., 1987; Carlow, 1988). Second, th e re  e x is ts  

th e  p o ss ib ili ty  of s c a t te r e r  o ccu lta tio n  i.e. th e re  e x is ts  s c a t te r e r s  th a t  

a re  n o t v is ib le  to  th e  o b s e rv e r  (Milgrom, 1978). Both c o n tr ib u tio n s  a re  

c o n s id e re d  an d  th e ir  com bined e ffe c ts  a re  in v e s tig a te d  fo r  v a r io u s  

g eo m etrie s , p ro g re s s in g  from  a  p la n a r  d is tr ib u tio n  (c h a p te rs  3 an d  4) 

to  g e n e ra lis e d  ax isym m etric  en v e lo p es  in  c h a p te r  5.

T he m odified p o la rim e tric  th e o ry  is  th e n  u se d  to an sw er two 

q u e s tio n s . F ir s t ,  w hat is  th e  p e rm issib le  p a ra m e te r  space  fo r  each  of 

th e  geom etrica l m odels r e p re s e n t in g  Be s ta r s  in  o rd e r  to  a cc o u n t fo r

th e  o b se rv e d  in t r in s ic  p o la risa tio n  ? Second, from  th e  o b se rv e d

p o la rim e tric  v a r ia tio n  from  sin g le  an d  b in a ry  s ta r  sy stem s, to  w hat 

e x te n t can  th e  g eo m etry  of th e  enve lo p e  be in fe r re d  an d  can  th e  

in c lin a tio n  of th e  sy stem  be d e te rm in ed  ?

In  c h a p te r  6 th e  o ccu lta tio n  of o b liq u e ly  ro ta t in g  en v e lo p es  (ORE) 

is  c o n s id e re d . The tre a tm e n t is  b y  no m eans r ig o ro u s , b u t is  in te n d e d  

to  exam ine w ith  w h at c e r ta in ty  th e  in c lin a tio n  an d  o b liq u ity  an g le  of 

a n  ORE can  be e s tim ated  u s in g  th e  p o in t lig h t so u rce  tre a tm e n t of

Brow n e t  a l . (1978) (cf. McGale, 1988).

The w ork of c h a p te r  2 w as c a r r ie d  o u t in  co o p era tio n  w ith  Dr. G.C. 

C lay ton , P ro f. J.C . Brow n an d  Dr. I.B. Thom pson a t  W isconsin 

U n iv e rs ity  (M adison) d u r in g  O ctober 1987 an d  is  p u b lish e d  in  Mon.



Not. Roy. A s tr .  Soc. (236, 901). W hilst in  W isconsin c h a p te r  3 was 

fo rm u la ted  b y  P ro f. J.C . Brow n an d  m yself an d  is  now p u b lish e d  in  Ap. 

J. (347, 468). C h a p te rs  4 an d  5 a re  in te n d e d  to  be su b m itte d  to  Ap. J. 

a s  c o n tin u a tio n  p a p e r s  of c h a p te r  3.

The w ork  of th is  th e s is  b eg an  in  th e  A stronom y D epartm en t of 

G lasgow a n d  co n tin u e d  th ro u g h  th e  m e rg e r of th e  N a tu ra l P h ilo so p h y  

a n d  A stronom y D ep artm en ts  to  form  th e  D epartm en t of P h y s ic s  and  

A stronom y.

I am g ra te fu l  th a t  I h av e  b een  ab le  to  c a r r y  o u t th is  r e s e a rc h  

u n d e r  th e  su p e rv is io n  of P ro f. Jo h n  C. Brow n who, am o n g st h is  m any 

ta le n ts ,  h a s  a  w orld  w ide re p u ta tio n  fo r  th e  d ev elopm en t of 

p o la rim e tr ic  th e o ry  th a t  b e g a n  d u r in g  th e  la te  s e v e n tie s .

I w ould like  to  th a n k  th e  a s tro n o m e rs  a t  W isconsin who made my 
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Dr. Geoff C layton , Dr. Ja so n  C ardelli an d  Dr. R egina S c h u lte -L a d b e c k .
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C h ap ter 1.

Observations and Theory Relevant to Understanding the 

Underlying Structure of Be star Circumstellar Envelopes. 

1.1 Introduction.

Be s ta r s  ex h ib it tem poral sp e c tro sc o p ic  v a r ia tio n s  on all tim e-sca les . 

T h ese  v a r ia tio n s  a re  g e n e ra lly  i r r e g u la r  an d  o ften  extrem e w ith  th e  

p o s s ib il i ty  of s p e c tra l  lin es  a l te rn a t in g  from  em ission to a b so rp tio n  

lin e s  o v e r  a perio d  of y e a rs  (Baldwin, 1941). Be s ta r s  have also  been  

o b s e rv e d  p o la rim e trica lly  (S hakovsko i, 1963, 1965; Coyne and  G ehrels, 

1967). I t  h a s  b een  found  th a t  th e se  s ta r s  can  ex h ib it h ig h  d e g re e s  of 

p o la ris a tio n  (up  to  1.5% fo r EW Lac, P o e c k e rt an d  M arlborough, 1976). 

The v e ry  fa c t th a t  th e se  s ta r s  a re  in tr in s ic a l ly  p o la rised  im plies th a t  

th e  en v e lo p e , w hich g iv e s  r is e  to th e  p o la risa tio n , is asym m etric  w ith 

r e s p e c t  to th e  o b s e rv e r ,  c o n tra ry  to s ta n d a rd  w ind model ca lcu la tio n s  

(C asto r A bbot an d  Klein, 1975; h e n c e fo r th  CAK; see  also  H earn, 1988 fo r 

a r e c e n t  rev iew ) w hich assum e sp h e r ic a l en v e lo p es .

1.2 Be Star Phenomena.

Exam ples of anom alous em ission lin es  from  s ta r s  can be fo u n d  

th ro u g h o u t  th e  HR d iag ram . S ta r s  a re  on ly  n o ted  fo r th e ir  em ission 

c h a ra c te r i s t ic s  if, in  th e  v is ib le  w av e le n g th s , em ission lin es  a re  

o b s e rv e d  w hen th e  c la ss ica l th e o ry  of s te l la r  a tm o sp h eres  in s te a d  

p re d ic ts  a b s o rp tio n  lin es , im ply ing  th e  p re s e n c e  of some (hot) m a tte r  

b ey o n d  th e  norm al a tm o sp h ere .

Be s ta r s  a re  of p a r t ic u la r  in te r e s t  b eca u se  th e y  a re  th e  m ost 

f r e q u e n t ly  o b se rv e d  em ission s ta r s ,  w ith  o b s e rv a tio n s  sp an n in g  o v e r  a 

c e n tu r y  from  th e  f i r s t  o b se rv a tio n s  of th e  Be s ta r  y  Cas in  1866 by



S ecch i (1867). Today o v e r  3000 Be s ta r s  a re  know n (W ackerling , 1970), 

m aking u p  ab o u t 20% of th e  to ta l B s ta r  p o p u la tion . From su c h  a la rg e  

sam ple of s ta r s  an d  o b se rv a tio n s  it  shou ld  be p o ssib le  to  c o n s tru c t  

m odels r e p re s e n t in g  th e  p h y s ic a l cond itions  w ith in  th e  env e lo p e . The 

r e s u l t in g  models shou ld  a lso  be app licab le  to ra p id ly  ro ta t in g  em ission 

line  s ta r s  of h ig h e r  (Oe) and  low er (Ae, Fe) te m p e ra tu re s .

1.2.1 The Definition of a Be Star.

A ccord ing  to Collins (1987) Be s ta r s  a re  d efin ed  a s  B s ta r s  of 

lum inosity  c la sse s  III-IV  (non s u p e rg ia n ts )  w hose s p e c tr a  h av e , o r 

hav e  had  a t  one time, one o r more Balmer lines  in em ission su p e rp o se d  

on th e  norm al B s p e c tra .  (L um inosity  c la sse s  I and  II a re  excluded  a s  

Balm er em ission lines  a re  c o n s id e re d  to be a norm al c h a ra c te r is t ic  of B 

s u p e rg ia n ts ) .  This d e fin itio n  is som ew hat am biguous in  th a t  i t  d e p e n d s  

u p o n  (i) th e  in s tru m e n t b e in g  u sed  (i.e. w h e th e r o r no t th e  in s tru m e n t 

is  s e n s itiv e  enough  to  d e te c t  em ission); (ii) how well th e  o b s e rv e r  can  

id e n tify  p o ssib le  w eak em ission and  (iii) th e  epoch  a t  w hich  th e  

o b se rv a tio n s  a re  m ade, a s  m ost em ission f e a tu re s  a re  re la tiv e ly  s h o r t  

lived  phenom ena. On co n s id e ra tio n  of th e  am b igu ity  in  th e  d e fin itio n , 

th e  20% v alue  q uo ted  fo r th e  Be/B s ta r  ra tio  m ust be c o n s id e re d  as  an  

u n d e re s tim a te .

Be s ta r s  a re  su b d iv id e d  acco rd in g  to  th e ir  (h ig h  re so lu tio n ) 

s p e c tr a  :

(i) Be sp ec tru m ; em ission  lin es  show ing e i th e r  no r e v e r s a l  o r  more 

o r le s s  c e n tra l  r e v e r s a l  (U nderh ill and  Doazan, 1982, p. 280). T hese 

s ta r s  a re  o ften  r e f e r r e d  to  as  "C lassical" Be s ta r s .  T hey a re  know n to 

be f a s t  ro ta to r s  (S le tte b a k , 1976) an d  o ften  ex h ib it Fe II in  em ission 

(S le tte b a k , 1982). In  ad d itio n  th e re  is also a s u b g ro u p  w hich a lso  show



m any fo rb id d e n  lin es  in em ission (eg. 0  I, Fe II, N II, S II a n d  Fe III) 

an d  a re  d e s ig n a te d  Bep o r B[e].

(ii) Be sh e ll sp ec tru m ; H ydrogen  Balmer lin e s  ex h ib it s h a rp , v e ry  

d eep  a b s o rp tio n  c o re s  (g e n e ra lly  b o rd e re d  b y  em ission w ings) and  

io n ised  m etal lin e s  (eg. Fe II, Ti II, Cr II) a p p e a r  as  s h a rp  a b so rp tio n

lin e s  w ith  (or w ithou t) em ission w ings (see F ig. 1.1 fo r a  com parision

of line  p ro f ile s ) .

T h is d e fin itio n  fo r th e  "she ll"  sp e c tru m  is re la tiv e ly  new.

H isto rica lly  th e  te rm  sh e ll was r e s e rv e d  fo r Be s ta r s  ex h ib itin g  th e  

m ost p ro n o u n c e d  a b so rp tio n  fe a tu re s  (e.g . P lieone, 48 Lib) in d ic a tin g  

th a t  th e y  a re  b e in g  o b se rv e d  e q u a to ria lly  (S le tte b a k , 1988).

1.2.2 Variability.

S p e c tro sc o p ic  o b s e rv a tio n s  of Be s ta r s  hav e  show n th a t  a t  an y  

g iv e n  tim e a s ta r  c la ssed  a s  Be may ex h ib it B o r B e /sh e ll s p e c tr a  and  

in d e e d  some s ta r s  (eg. y  Cas; Cowley e t  a l., 1976: P leione; G ulliver, 

1977) h av e  re p e a te d ly  ex h ib ited  each c h a ra c te r is t ic  sp ec tru m  o v e r  a

n u m b e r of d e c a d e s  (n o n -p e rio d ic ) . I t  seem s alm ost c e r ta in  now th a t  

s in ce  su ch  ex trem e s p e c tra l  v a r ia b ili ty  e x is ts , th a t  th e  s p e c tra l  ty p e s  

(Be, B e /sh e ll)  a re  m erely  d if fe re n t a s p e c ts  of a s ing le  phenom enon 

(U n d e rh ill an d  Doazan, 1982, p. 286) -  so called  p h ase  c h a n g e s  -  

r a th e r  th a n  r e p re s e n t in g  in tin s ic a lly  d if fe re n t  k in d s  of o b je c ts  o r 

d i f f e r e n t  s ta g e s  of evo lu tio n  (i.e. p h ase  ch an g e  time sca le s  a re  m uch 

s h o r te r  th a n  ev o lu tio n a ry  tim e-sca les).

A ssocia ted  w ith th e se  s p e c tra l  v a r ia tio n s  in  a n y  p a r t ic u la r  s ta r  a re  

c h a n g e s  in  m agn itude , co lour te m p e ra tu re , ra d ia l v e loc ities  of lin es , 

th e  V/R (v io le t to  re d )  an d  E/C (em ission to  continuum ) ra tio s  fo r 

exam ple. How th e se  c h a n g e s  a re  re la te d  to  each  o th e r  d e p e n d s  upo n
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th e  in d iv id u a l s ta r .

The s p e c tra l  p h a se  c h a n g e s  (and asso c ia ted  c h a n g e s)  a re

p a r t ic u la r ly  well i l lu s tra te d  in  th e  case  of y  Cas (Baldwin, 1940;

E d w ard s , 1956; Cowley and  M arlborough , 1968; U n d erh ill a n d  Doazan, 

1982, p. 326 e t seq ).

From th e  f i r s t  s p e c tra l  o b se rv a tio n s  of y  Cas in  1866 an d  u n til  

1915, th e  s ta r  w as seen  to be in  a q u ie sc e n t Be p h a se  e x h ib itin g  

em ission  in  th e  Balmer s e r ie s  u p  to H 8 and  th e  He I(D3 ) line.

T h e re a f te r  small v a r ia tio n s  w ere  noticed  in th e  V/R of Hy  an d  on ly  

m inu te v a r ia tio n s  in  th e  v isu a l m agn itude (mean 2.2) w ere  re c o rd e d

u n ti l  1932 w hen su d d e n ly  la rg e  v a r ia tio n s  in  th e  V/R of th e  Balmer 

em ission  lin e s  w ere  o b se rv e d , in d ica tin g  th a t  th e  ro ta t in g  ex ten d ed  

a tm o sp h e re  was ex p an d in g  (V/R > 1 expand ing ; V/R < 1

c o n tra c tin g ) .  The em ission lin es  becam e in c re a s in g ly  s tro n g  a n d  th e  

tw o em ission p eak s  (o b se rv ab le  on ly  in  h igh  re so lu tio n  sp e c tro m e try )  

becam e n a rro w  and  c lo se r to g e th e r  u n til  th e  a p p e a re d  on ly  a s  a  s in g le  

line . Em ission reac h ed  a maximum in 1934, by  w hich time th e re  was 

em ission in  th e  Balmer s e r ie s  u p  to  H 18 (w ith th e  em ission w id th s

g r e a te s t  fo r th e  low est m em bers) and  also  s tro n g  em ission in  Fe II, He

I, Mg II, Si II and  Ca II. W hilst em ission had  in c re a se d , th e

p h o to sp h e r ic  a b so rp tio n  lin es  had  w eakened due to  v e ilin g  (line 

in fillin g ) from th e  con tinuum .

By 1935 a d ram atic  d e c re a se  in em ission o c c u rre d , le av in g  on ly  th e  

low est Balmer lin es  in  em ission an d  th e  whole p ro c e s s  w as re v e r s e d  

w ith  th e  V/R ra tio  and  th e  v isu a l m agnitude d e c re a s in g . The 's in g le  

l in e ’ a p p e a ra n c e  of th e  em ission lines  tran sfo rm e d  in to  two em ission 

p e a k s  and  th e  p h o to sp h e ric  lin e s  s tre n g th e n e d . T h e re a f te r  He I (388.9 

nm) a p p e a re d  as  a s h a rp  a b so rp tio n  co re  line w hich w as followed by



d ev e lo p in g  d eep  a b s o rp tio n  co re s  in th e  Balmer and  th e  helium 

em ission lin es . By mid 1936 y  Cas had lo s t all t r a c e s  of p h o to sp h e ric  

v e ilin g  an d  ex h ib ited  a fu lly  developed  sh e ll sp ec tru m . T h ree  m onths 

la te r ,  how ever, th is  sp ec tru m  had com plete ly  d isa p p e a re d  and  th e  

s p e c tra l  v a r ia tio n s  o b se rv e d  from  1933 -  1936 w ere th e n  im m ediately 

re p e a te d  b u t w ith much g re a te r  in te n s ity ,  su ch  th a t  th e  v isu a l 

m ag n itu d e  in c re a se d  to  a maximum of 1.7 w h ils t th e  co lour te m p e ra tu re  

re d d e n e d  to  8 x l0 3 K. (The re d d e n in g  is  due  to  an  ex cess  ra d ia tio n  in  

th e  P asch en  con tinuum  cau sed  by  f r e e - f r e e ,  f re e -b o u n d  em ission from 

an  ion ised  g as  th a t  is o p tica lly  th in  in  th e  con tinuum .) At th e  time of 

maximum em ission th e  Balmer lines  w ere in  em ission u p  to  H 32 and  

m any ion ised  m etals w ere  also  seen  in  em ission.

Follow ing th is  em ission p h ase  a f u r th e r  sh e ll ep isode  o c c u rre d  

re a c h in g  a  maximum in  1940 w h ereb y  th e  v isu a l m agn itude had  

d e c re a se d  to 3.3 an d  th e  co lour te m p e ra tu re  had  become b lu e s t

(3 x l0 4K). By 1942 th e  she ll sp ec tru m  had  com plete ly  d isa p p e a re d  

le a v in g  a norm al B sp ec tru m  s ta r  (w ith s lig h t em ission in  H^).

P e rh a p s  th e  m ost im p o rtan t (and som ew hat overlooked) fe a tu re

d u r in g  th e se  s p e c tra l  c h a n g e s  is th e  v a r ia tio n  a sso c ia ted  w ith  th e

p h o to sp h e r ic  line p ro file s  b ecau se  th e se  lines e s se n tia lly  a f fe c t th e  

d e te rm in a tio n  of s p e c tra l c la ss ifica tio n , th e  e ffe c tiv e  g ra v i ty  and  Vsini. 

S ince it is assum ed  th a t  th e  p h o to sp h e ric  lin es  a re  no t m odified by  

th e  p re s e n c e  of th e  envelope , s ta n d a rd  model a tm o sp h e re s  of norm al B 

s t a r s  can  be ap p lied  to  Be s ta r s .

To d a te , th e  v a lu e  of Vsini (for a n y  s ta r )  h as  no t been  ca lcu la ted  

d u r in g  all i ts  v a r io u s  p h a se s  b u t i ts  v a ria tio n  w ith  time h as  been

o b s e rv e re d  in  some Be s ta r s ,  p a r tic u la r ly  d u r in g  maximum em ission, 

(e .g . jS1 Mon; Cowley an d  G ugula, 1973). Such a v a r ia tio n , how ever, is



in  c o n tra d ic tio n  to th e  m ethod of c o n s tru c tio n  of em pirica l m odels fo r 

Be s ta r s ,  w hereb y  th e  em ission w id th  is  fixed  by  Vsini. F u r th e rm o re , 

n e i th e r  th e  ro ta tio n a l sp eed  (V) n o r th e  inc lina tion  (i) can  re a so n a b ly  

be ex p ec ted  to ch an g e  ra p id ly  as  e i th e r  im plies th e  a p p lic a tio n  of a 

h u g e  to rq u e  to th e  s ta r .  The v e ry  fa c t th a t  th e  p h o to sp h e r ic  line 

p ro f ile s  do ch an g e  would in d ic a te  th a t,  in  th e  a b sen ce  of d e ta ile d  

a tm o sp h e ric  models, v e ry  li t t le  m eaning can  be a tta c h e d  to  th e  D oppler 

h a lf  w id th  of th e se  lines  w hich is in te rp r e te d  as Vsini. The p o ss ib le  

v a r ia tio n  of Vsini (with time) would exp lain , to  some e x te n t, w hy th e re  

a p p e a rs  l i ttle  co rre la tio n  of (th e  mean) Vsini value  w ith  c e r ta in  

p a ra m e te rs  w hen a s tro n g  c o rre la tio n  m ight be e x p ec ted  (e.g . 

P o la risa tio n  v e rs u s  Vsini -  P o e c k e rt an d  M arlborough , 1977, McLean 

an d  Brow n, 1978). However i t  m ust be b o rn e  in  mind th a t  a c c u ra te  

d e te rm in a tio n  of Vsini is a d iff ic u lt one (S le tteb ak , 1976) an d  d u r in g  

tim es of ve ilin g  it  may not be  p o ssib le  to  de te rm in e  th e  v a lu e  of Vsini 

w ith  a n y  c e r ta in ty .

S p e c tra l v a r ia b ili ty  is  a lso  o b se rv e d  on s h o r te r  time sca le s  of 

m onths to m inu tes, most of w hich is chao tic  in n a tu re  an d  on th e  

s h o r te r  tim e-sca les  may in fa c t be u n re a l (C larke and  Wyllie, 1977). In  

p a r t ic u la r ,  small rap id  p ro file  v a r ia tio n s  on time scales  of th e  o rd e r  of 

m in u tes  hav e  been o b se rv e d  a c ro ss  Hjg (H utch ings, 1976) an d  Hq. 

(S le tte b a k  and  Snow, 1978) fo r  s e v e ra l s ta r s .  The v a r ia tio n s  on th e se  

s h o r t  tim e-sca les  a re  w eak an d  in  g e n e ra l ir r e g u la r .  T hey  a re  

im possib le  to  o b se rv e  w ith o u t good s p e c tra l  and  time re so lu tio n  and  

m erely  a f fe c t th e  s t r u c tu r e  of th e  line r a th e r  th an  th e  to ta l line 

in te n s i ty .

The m ost f re q u e n tly  o b se rv e d  v a r ia tio n s  a re  of th e  o rd e r  of a 

d ay . T hey  can be n o n -p e rio d ic , su ch  as th o se  o b se rv e d  in  th e  ra d ia l



v e lo c itie s  of some lines, w hich have been  exp la ined  in  te rm s of 

ex p an sio n  an d  co n tra c tio n  in th e  envelope of th e  s ta r  — m ass e jec tio n  

follow ed b y  fa llb ack  -  (Doazan, 1965; Doazan an d  P eton , 1970) an d  by  

th e  ro ta tio n  of an  o b je c t w ith triax ia l d efo rm atio n s  (C h a n d ra se k h a r, 

1969; B ossi e t  a l ., 1982). However most v a r ia tio n s  a re  s t r ic t ly  perio d ic  

a n d  h av e  b een  a t t r ib u te d  to  v a rio u s  m echanism s. Baade (1982, 1984a) 

found  r e g u la r  sp e c tro sc o p ic  v a r ia tio n s  in  28 CMa w ith  a p e rio d  of 1.37 

d ay  w hich he a t t r ib u te s  to n o n -ra d ia l p u lsa tio n s  (NRP). S tag g  (1987) 

h a s  confirm ed  th is  period  pho tom etrica lly  (d u r in g  1983-4). However 

Balona and  E n g e lb re c h t (1986, 1987) w ere u n ab le  to  fin d  su ch  a

p e r io d ic ity  pho tom etrica lly  d u r in g  1985-6. NRP h av e  been  s u g g e s te d  

fo r  th e  s h o r t  r e g u la r  v a r ia tio n s  in many Be s ta r s  eg. X E ri (Bolton, 

1982; B aade, 1984a), S Cen and  ju Cen (Baade, 1984b). I t  is a s  y e t 

u n k n o w n  w h at ro le  NRP p lay  in  Be s ta r s ,  th e y  may be e i th e r  an  

u n d e r ly in g  c a u se  o r an  e ffec t of th e  Be phenom ena (or th e y  may in 

f a c t  be s u p e r f lu o u s  to  th e  Be phenom ena; fo r a  re c e n t  rev iew  of NRP 

see  Baade, 1987).

P e rio d ic  sp e c tra l  a n d /o r  pho tom etric  v a r ia tio n s  how ever can  

u su a lly  be exp la ined  in te rm s of sp o t fe a tu re s  o r ro ta tio n a l m odulation 

(see d isc u ss io n  a t  the  end  of Baade, 1987; Balona and  E n g le b re c h t, 

1986; S a re y a n  e t  al., 1987), b in a ry  motion o r m agnetic e ffe c ts  (see 

rev iew  a r tic le  b y  B a rk e r, 1987). In p a r tic u la r ,  fo r a small num ber of 

Be s ta r s ,  w hich ex h ib it am om alously s tro n g  helium  ab u n d an c es , i t  is 

becom ing e v id e n t th a t  the  m agnetic field  of th e  s ta r  can  p lay  an 

im p o rta n t ro le  in d e te rm in in g  th e  s t r u c tu r e  of th e  s te lla r  w ind. T hese 

helium  s tro n g  s ta r s  have d ip o la r kiloG auss fie ld s  in w hich th e  

o b s e rv e d  lo n g itu d in a l m agnetic field  v a r ie s  s t r ic t ly  w ith th e  ro ta tio n  of 

th e  s ta r  (e.g . Land s t r e e t  and  B orra, 1978; B a rk e r e t a l., 1982). For one



s ta r  (HD 37776) Thom pson an d  L a n d s tre e t  (1985) have fo u n d  e v id en ce  

fo r  a q u a d ru p o le  fie ld . The p ro to ty p e  s ta r ,  o  Ori E, h a s  a lso  been  

o b se rv e d  p h o to -p o la rim e tr ica lly  by  Kemp an d  Herman (1977) and  

in te r p r e te d  by  C larke an d  McGale (1988 b) a s  an  o f f - c e n tre  o b liq u e ly  

ro ta t in g  m agnetic  dipole w ith  a p o la r fie ld  s t r e n g th  of -12 ± 1 kG.

1.3 The Modelling of Stellar Envelopes.

In  o rd e r  to explain  th e  v isu a l s p e c tr a l  o b se rv a tio n s  of Be s ta r s ,  

S tru v e  (1931) s u g g e s te d  th a t  b eca u se  la rg e  V sini v a lu es  (close to  th e  

th e o re tic a l c r it ic a l velocity ) a re  o b se rv e d , th e n  th e  e scap e  v e lo c ity  a t  

th e  s u r fa c e  of th e  s ta r  w ould be le a s t a t  th e  e q u a to r  an d  g r e a te s t  a t  

th e  po les. T his led him to  th e  conclu sion  th a t  p re fe re n t ia l  e q u a to r ia l 

m ass lo ss  en h ancem en t would o ccu r.

S tr u v e ’s geom etrical model h as  s in ce  b een  e lab o ra ted  u p o n  b y  m any 

a u th o rs  (see Sec. 1.3.1 below) all of w hich  assum e e q u a to r ia l e n h an c ed  

m ass lo ss .

T hese  ad hoc geom etrica l m odels a re  ab le  to  explain  th e  v is u a l and  

IR sp e c tro m e try  and  th e  d e g re e  of p o la risa tio n  o b se rv e d  from  Be s ta r s  

b u t  g e n e ra lly  fail to  exp la in  th e  V/R v a r ia tio n s  an d  h ig h  e n e rg y  

sp ec tru m .

An a l te rn a t iv e  m ethod to  m odelling s te l la r  a tm o sp h e re s  is  to 

c o n s id e r  th e  possib le  p h y s ic a l m echanism s th a t  dom inate th e  (global) 

s t r u c tu r e  of th e  w ind (fo r a rev iew  of w ind m echanism s see  H oltzer, 

1988).

In  th e  p a r t ic u la r  case  of h o t s ta r s  CAK m odelled ra d ia tiv e ly  d r iv e n  

w inds in  0  s ta r s  by  c o n s id e r in g  th e  b as ic  hyd ro d y n am ic  eq u a tio n s . 

T hey  assum e th a t  th e  ra d ia tiv e  fo rce , r e s u l t in g  from  a  m ix tu re  of 

o p tica lly  th ic k  and  th in  a b s o rb in g  lin es , is  p ro p o rtio n a l to  th e  v e lo c ity
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g ra d ie n t  ra is e d  to some pow er [ ( d v /d r ) a  , w h ere  a  is a f re e  p a ra m e te r  

(0 < oc <1)] th a t  is fixed b y  o b se rv a tio n s . T hey  a lso  assu m e th a t  th e  

Sobolev approx im ation  (Sobolev, I960; i.e. p ro b a b il ity  of a p h o to n  b e in g  

a b so rb e d  is  p ro p o rtio n a l to  th e  re c ip ro c a l of th e  v e lo c ity  g ra d ie n t  of 

th e  w ind) to  be va lid  th ro u g h o u t th e  w ind. T h e ir  th e o ry  p re d ic ts  a 

sim ple v e lo c ity  d is tr ib u tio n  fo r th e  w ind, v iz

v 2 = v |  + (vco -  v * )2 (1 -  R * /r) (1.1)

w h ere  v , vw, v# a re  th e  ra d ia l ouflow v e lo c itie s  a t  r  , in f in ity  a n d  a t  

th e  su r fa c e  of th e  s ta r  re sp e c tiv e ly . S ince vw >> v# th e n

v  = vM (1 -  R * /r)^  (1.2)

w h ere  vM = (1 /a  -  1)“^  v esc  

In  th e  in te rp r e ta t io n s  of o b se rv a tio n s , th e  v e lo c ity  d is tr ib u t io n  (eq. 

1.2) is  u su a llly  p a ra m e te r ise d  by  s e tt in g  th e  pow er of th e  d is ta n c e  

fu n c tio n  eq u a l to  j3. T h e re fo re  in  th e  CAK th e o ry  £ = 0.5 in  a g ree m en t 

w ith  o b s e rv a tio n s . U sing  a la rg e  num ber of UV line  d a ta  (250,000 lines) 

th e y  p re d ic t  th a t  a  ~ 0.7 an d  th u s  Voo/vesc  ~ 1.5. O b se rv a tio n s ,

h ow ever, (e.g . A bbot, 1982) in d ica te  a v a lu e  b e tw een  2 an d  4.

P a u ld ra c h  e t a l. (1986) an d  Poe an d  F rie n d  (1986) fo u n d  th a t  th e  

in c lu s io n  of a f in ite  size s ta r  c o rre c tio n  in to  th e  b asic  CAK th e o ry  

a g re e s  well w ith  o b se rv a tio n s  . By in c o rp o ra tin g  m agnetic  f ie ld s  an d  

ro ta tio n  (F rien d  and  M cG regor, 1984; M cGregor an d  F rie n d , 1987) i t  has 

a lso  b een  p o ssib le  to a c c o u n t fo r th e  o b s e rv e d  d isp e rs io n  in  th e  

e s tim a te s  of m ass lo ss  an d  vM fo r O s ta r s .

F u r th e r  in v e s tig a tio n s  of th e  e f fe c ts  of ro ta tio n  an d  m agnetic  

f ie ld s  h as  show n th a t  a two com ponent w ind may in  fa c t e x is t (Poe a t 

a l., 1988; M ahesw aren  and  C assinelli, 1988) w ith  an  en h an cem en t of m ass 

lo ss  (and low er te rm inal ve lo c ity ) from  th e  e q u a to r ia l re g io n  com pared  

to  th e  p o la r reg io n s .



T h ere  a re , how ever, s e v e ra l p rob lem s th a t  a r is e  w hen a p p ly in g  

th e se  s ta n d a rd  models to  Be s ta r s .  A p r im a ry  o b je c tio n  is  th a t  th e  

m odels assum e th a t  mass lo ss  is s p h e r ic a lly  sym m etric  w h e reas  

p o la rim e tric  and  TR o b se rv a tio n s  show  u n eq u iv o ca lly  th a t  Be w inds a re  

h ig h ly  n o n -sp h e r ic a l (Dachs e t al, 1986; W aters, 1986; McLean and  

Brow n, 1978). A second o b je c tio n  a r is e s  in  th e  v a lid ity  of a p p ly in g  

ra d ia tiv e  d r iv e n  w inds to  Be s ta r s  b eca u se  su ch  a m echanism  is  no t 

s e lf - in i t ia t in g  fo r Be s ta r s  w hich w ould in d ic a te  th a t  th e re  a re  o th e r  

m echanism s a t  w ork (H earn, 1988; H oltzer, 1988).

We sh a ll now d is c u s s  in m ore d e ta il S t ru v e 's  ro ta tio n a l model 

(b eca u se  of its  h is to r ic a l im po rtan ce  an d  sim plicity ) an d  two c u r r e n t  

com peting  geom etric  models of Be en v e lo p es , nam ely th e  M arlbo rough  

e t  a l . (1978) ro ta tio n a lly  en h an c ed  m ass lo ss  model an d  th e  Doazan and  

Thom as (1982) sp h e ro id a l/e llip so id a l m ass lo ss  model.

1.3.1 The Rotational Model.

S tru v e , S hajn  and  E lvey had  b y  1930 (S h a jn  an d  S tru v e , 1929; 

E lvey , 1930; S tru v e , 1930) e s ta b lis h e d  th a t  th e  b ro a d e n in g  of s p e c tra l  

lin e s  in many ho t s ta r s  a re  due  to D oppler b ro a d e n in g  p ro d u c e d  by  

ro ta tio n  of th e  s ta r  an d  i ts  envelope . By c o n s id e r in g  th e se  

o b se rv a tio n s  and co n c lu sio n s S tru v e  s u g g e s te d  (S tru v e , 1931) th a t  

ra p id ly  ro ta t in g  s ta r s  will be o b la te  sp h e ro id s  (or in h is  w o rd s  " len s  

sh ap ed  b o d ie s” ) w hich e je c t m a tte r p re fe re n t ia l ly  a t  th e  e q u a to r  (h is 

o r ig in a l id ea  be ing  th a t  th is  w as a one-tim e e jec tio n ) fo rm ing  an  

e q u a to r ia l r in g , o r d isc , th a t  is  re s p o n s ib le  fo r th e  o b se rv e d  em ission 

lin e s . V ariation  in  th e  o b se rv e d  in c lin a tio n  of su ch  sy stem s w ould th e n  

g iv e  r is e  to th e  ra n g e  of w id th s  in  th e  em ission lin es  (Fig. 1.2) 

o b s e rv e d  in th e se  em ission s ta r s .



12

Figure 1.2

S k e tc h  of S tru v e ’s  R otational model. The d if fe re n t ty p e s  of p ro file s , 

A, B a n d  C, a re  in te r p r e te d  in  te rm s of th e  line of s ig h t on th e  

ro ta t io n  axis.
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The she ll ab so rp tio n  line s p e c tr a  a re  explained  w ith in  th e  

fram ew o rk  of th is  model by  th e  fa c t th a t  th e se  (shell) s ta r s  (eg.

P le io n e ) show  th e  la rg e s t  line b ro a d e n in g  ( la rg e s t Vsini) and  th e re fo re  

p re su m a b ly  view ed eq u a to ria lly . S uch  sh e ll lines exh ib it n arrow  

a b s o rp tio n  co res , in d ica tin g  th a t  th e  envelope  d isc is op tica lly  th ick  

a c ro s s  th a t  line. S tru v e ’s model h as  s in ce  been  e lab o ra ted  upon by  

L im ber an d  Huang.

L im ber (1964, 1967, 1969) c o n s id e re d  m ass loss th ro u g h  ro ta tio n a lly  

fo rced  e je c tio n  of m atter c o n se q u e n t to s t r u c tu r a l  ch an g es  in th e  body  

of th e  s ta r  (eg. s te lla r  c o n tra c tio n ). From such  m odelling Limber was 

ab le  to  re p ro d u c e  th e  rad ia l v e lo c ity  v a r ia tio n s  of the  Balmer H 5, H 

15 an d  H 25 sh e ll lines in ad d itio n  to  th e  v a ria tio n  of th e  line

in te n s i t ie s  with time fo r P leione’s sh e ll ep isode  (1938 -  1954). A pparao 

e t  a l. (1987) have su g g e s te d  th a t  su ch  fo rced  e jec tio n s  a re  due to th e  

t r a n s p o r t  of a n g u la r  momentum from  th e  co re  of the  s ta r  to th e  

s u r fa c e  la y e rs  w hich a re  confined  b y  th e  m agnetic field  of th e  s ta r .  

T hey  s u g g e s t  th a t  th e  s ta r  d if fe re n tia lly  ro ta te s , w hich tw is ts  th e

m agnetic  field  and  th e  re su ltin g  fo rc e  en ab les  th e  a n g u la r  momentum 

to be t r a n s p o r te d  to th e  su rfa c e . In  do ing  so, th e  o u te r  la y e rs  of th e  

s ta r  expand  due to  the  ad d itio n a l c e n tr ifu g a l force. E ven tually  th e  

s u r fa c e  la y e rs  become u n s ta b le  and  r e s u l ts  in episodic mass lo ss  

from  th e  s ta r .  T hey estim ate  th e  f re q u e n c y  of such  e v e n ts  to be of 

th e  o r d e r  of d ecad es  in ag reem en t w ith th e  o b se rv ed  Be phase  chan g e  

tim e-sca le .

H uang (1972, 1973, 1977) c o n s id e re d  v a riab le  (and con tinuous) mass 

e je c tio n s  from th e  e q u a to ria l re g io n s  of th e  s ta r  which re s u lt  in a

ro ta t in g  e llip tica l r in g  of m ateria l th a t  is q u a s i-s ta b le . This gave a 

n a tu ra l exp lanation  to  th e  q u a s i-p e r io d ic  p h ase  ch anges of Be s ta r s  as



well a s  th e  perio d ic  v a r ia tio n s  o b se rv e d  in th e  V/R ra tio .
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1*3.2 Rotational Model of Marlborough, Snow and Slettebak (1978)

T h e ir model is th e  la te s t  g e n e ra tio n  of S tru v e ’s o rig in a l ro ta tio n a l 

model and  is b ased  on a p re v io u s  geom etric model by  P o e c k e rt and  

M arlb o ro u g h  (1978a) w hich was c o n s tru c te d  in  o rd e r  to  exp lain  th e  

v a r ia tio n  of p o la risa tio n  a c ro s s  th e  and  lin es  fo r y  Cas.

M arlb o ro u g h  e t al. (1978; h e n c e fo rth  MSS) ex ten d ed  th e  model to 

exp la in  th e  h igh  e n e rg y  s p e c tra  (UV lines and  x ray s)  from  y  Cas. 

A lthough  th e ir  model is  sp ec ifica lly  in ten d ed  to  exp lain  th e

o b s e rv a tio n s  re la te d  to y  Cas, th e ir  model shou ld , a t  le a s t in  g e n e ra l 

te rm s , be ab le  to  re p ro d u c e  th e  main fe a tu re s  of th e  Be s ta r

phenom ena (va lues  q u o ted  a re  th o se  u sed  by  MSS fo r y  Cas).

MSS e n v isa g e  a  cool (T ~ 104 K) e q u a to ria lly  en h an ced  envelope , 

w ith  a h ig h  d e n s ity  (n jj ~108 -1 0 13 cm-3 ) and  low outflow  v e lo c ity  (Vr  

< 20 km s- 1 ) ex ten d in g  to  a ra d iu s  of 3 -  15 R* in th e  e q u a to r ia l p lane

(Fig. 1.3). The envelope  in c re a se s  in geom etrical th ic k n e s s  w ith

in c re a s in g  ra d iu s  to  a h e ig h t of ~± 5 R*. This reg io n  is  re sp o n s ib le  

fo r  th e  sh e ll lines and  Balmer em ission, fo r th e  IR excess and  (due to 

th e  a sy m m etry  of th e  envelope) th e  in tr in s ic  p o la risa tio n .

The in n e r  p a r t  of th is  envelope ro ta te s  ra p id ly  and  d if fe re n tia lly  

w hich c a u se s  tu rb u le n c e  th a t  is  su p e rso n ic  along th e  d isc  ed g e  (w here 

th e  d e n s ity  falls ra p id ly )  an d  sh o ck s form. (It is assum ed  by  MSS th a t  

Be s ta r  d isc s  can  be co n sid e re d  as  analogous to a cc re tio n  d iscs .)  The

sh o c k s  r e s u l t  in th e  n on therm al h ea tin g  of th e  o u te r  ed g e  of th e  d isc

(called  th e  tra n s i tio n  zone).

Out of th e  d isc  a co ro n a  e x is ts  (Icke, 1976) w ith a h igh  te m p e ra tu re

(Tc -v 106 K), h igh  outflow  veloc ities  (Vr  ^ 1000 km s- 1 ) and  a low
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C o r o n a

Coot Cnvelopc 
^ & o i n \ e r

Figure 1.3

S k e tc h  of MSS d isc  model. (See tex t.)
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d e n s ity  (n jj ~ 10 cm 3). W ithin th e  co ro n a  h ig h ly  ionised  sp e c ie s  (N5"*", 

0 6+) a re  p ro d u ced  by  collisional io n isa tio n  g iv in g  r is e  to th e  o b s e rv e d  

UV line s p e c tr a  (M arlborough, 1977a).

In  th e ir  model, MSS sp e c u la te  th a t  th e  x - ra y  em ission is  p ro d u c e d  

v ia  m ass acc re tio n  on to a n e u tro n  s ta r  an d  it  is th ro u g h  th is  m ass 

flow th a t  th e  v a riab le  V/R ra tio  is exp la ined . In th e  co n tex t of a 

g e n e ra lis e d  model, how ever, we m ust acc o u n t fo r th e  x - ra y  em ission 

o b se rv e d  from Be s ta r s  (P e te rs , 1982) in  a n o th e r  way. M arlbo rough  

(1977b) show ed th a t th e  x - ra y  flux p ro d u ced  in an  o p tica lly  th in  

M axwellian plasm a s u r ro u n d in g  th e  s ta r  (a corona) com posed of 

com plete ly  ionised h y d ro g e n  would r e q u ire  a tem peratu re  of T ~ 107 K 

an d  a d e n s ity  ne < 1011cm-3  (again  th e  ca lcu la tio n s  a re  fo r y  C as). To 

d a te , how ever, it is unknow n w here  th e  x - ra y  em ission is  p ro d u c e d  

w ith in  th e  envelope (Vaiana and  S cio rtino , 1988). C u rre n t th e o rie s  

c o n c e rn in g  x - ra y  em ission in c lu d e  a co ronal o rig in  (H earn, 1975; 

W aldron, 1984) and  shock  s t r u c tu r e s  v ia  d e n s ity  p e r tu rb a t io n s  

th ro u g h o u t th e  wind (Lucy, 1982).

The V/R ra tio  has been  o b se rv e d  fo r some Be s ta r s  o v e r a  long  

p e rio d  of time and h as  been  found  to be q u as i-p e rio d ic . (The same 

phenom enon h as  also been  o b se rv e d  in o th e r  em ission s ta r s ,  n o ta b ly  T 

Tau s ta r s  [e .g . DR Tau, K ra u tte r  and  B astien , 1980] and  so th e re  may 

p o ss ib ly  ex is t a sing le  p h y sica l m echanism  fo r  th e  V/R v a ria tio n .)  The 

V/R ra tio  in d ica te s  th a t th e  envelope ex p an d s  (V/R > 1) and c o n tra c ts  

(V/R < 1) w ith time. In th e  p re s e n t  MSS model th e  s te lla r  enve lo p e  is 

in dynam ic equ ilib rium  and  so no time d e p e n d e n t phenom ena o c c u r .

T h e ir ad hoc model is ab le  to  exp lain  all th e  main o b se rv ed  f e a tu re s  

of Be s ta r s  (in c lu d in g  th e  o b se rv in g  an g le  d ep en d e n cy , P o e c k e rt and  

M arlbo rough , 1976, 1978b). T heir model im plicitly  assum es, v ia  th e
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g e o m e try  a d o p te d  for th e  envelope, th a t  all Be s t a r s  a re  ra p id ly  

ro ta t in g ,  a s  in f e r r e d  from o b se rv a tio n a l  d a ta  (S le t tebak , 1976; W arren, 

1976). S ince th e  model is s ta t ic  it c an n o t explain a n y  of th e  time 

d e p e n d e n t  phenom ena assoc ia ted  with Be s t a r  such  as V/R c h a n g e s  o r  

th e  so -ca lled  p h a se  c h a n g e s  i.e Be -  B e /she ll  -  B (and not n e c e s s a r i ly  

in t h a t  o rd e r ) .  On a more basic  level, a s  the  a u th o r s  admit, th e i r  

model is p r im ar ily  geom etrical in c o n s tru c t io n  and  has not been  te s te d  

fo r  p h y s ic a l  s e lf -c o n s is te n c y .

R ecen t sp ec tra ]  o b s e rv a t io n s  (Dachs e t  a l ., 1986; W aters, 1986) 

s u p p o r t  th is  cool Ha  em itting  disc  envelope  scenerio  of MSS and  

in te r f e ro m e t r ic  o b se rv a t io n s  of y  Cas (G ranes e t  a l ., 1987) in d ica te  th a t  

th e  Hq, enve lope  e x ten d s  to ~7 R# c o n s is te n t  with th e  MSS model.

1.3.3 Spheroidal/E llipsoidal Model o f Doazan and Thomas (1982).

Doazan and  Thomas (1982; h e n c e fo r th  DT) in i ta l ly  assum e a 

s p h e r ic a l ly  sym m etric  so la r- l ike  ex tended  s te l la r  a tm osphere .  By u s in g  

th e  c o n s e rv a t io n  laws of mass, momentum and  e n e rg y  to g e th e r  with 

s p e c t r a l  o b s e rv a t io n s  th e y  c o n s t ru c t  an  em pirical model w hich th e y  

claim is therm odynam ically  an d  hydrodynam ica lly  s e l f - c o n s is te n t  (for 

th e  m athem atical de ta ils  see Doazan and  Thomas, 1982, Ch. 13 an d  fo r  a 

com plete  rev iew  of th e  model see Doazan, 1987). In  a c tu a l i ty  th e y  w rite  

down the  c o n se rv a t io n  laws in th e i r  most g e n e ra l  form and  th e n  define  

re g io n s  in which c e r ta in  phys ica l  mechanisms dominate (eg. 

r a d ia t iv e / th e r m a l  equilibrium ). They th e n  estimate (o rd e r  of 

m a g n itu d e ) ,  u s in g  th e  de ta iled  num erical r e s u l t s  of Mihalas (1972), how 

th e  d e n s i ty  v a r ie s  (i.e. r “ 2, by  the  co n se rv a t io n  of mass) th ro u g h o u t  

th e  a tm o s p h e re  and  g ive  ty p ica l  va lues  fo r  th e  d en s ity ,  te m p e ra tu re  

and  outflow  ve loc ity  in each reg ion . T hey  do not solve th e  eq u a t io n s
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g o v e rn in g  the  p h y s ic s  of th e  a tm osphere .

In th e i r  ana ly s is ,  th e y  b re a k  down th e  a tm osphere  in to  s e v e ra l  

p h y s ic a l ly  d i f f e re n t  re g io n s  (Fig. 1.4) of which th e  exac t size and  

o b s e rv e d  phenom ena in a n y  reg io n  a t  a n y  epoch will d ep en d  not only 

u p o n  each  o th e r  reg ion  b u t  also upon  p re v io u s  epochs.

The model a tm o sp h ere  c o n s is t s  of a p h o to sp h e re ,  which is in bo th  

ra d ia t iv e  and  therm al equ ilib rium  (Tp ^ ~ 30,000 K , outflow veloc ity  -  

lm s -1 an d  njj ~ 1014cm- 3 ). T hey  s u g g e s t  th a t  within th is  p h o to s p h e re  

th e  c h a ra c te r i s t i c  shell s p e c t r a  is p ro d u c e d  by  enhanced  mass outflow 

(Doazan e t  al., 1986). However, no ra d ia t iv e  t r a n s f e r  modelling is 

c a r r i e d  o u t  to p ro v e  th is  an d  fu r th e rm o re  s p e c tra l  o b se rv a t io n s  show 

th a t  th e  shell s p e c t r a  can n o t  be p ro d u c e d  in  th is  reg ion  by  th e  line 

w id th s  (Collins, 1989; P r iv a te  communication).

The p h o to s p h e re  is followed by  a ch rom osphere  w here  therm al 

equ ilib r ium  holds b u t  ra d ia t iv e  equ ilib rium  does not. E n e rg y  is 

c o n s e rv e d  by  th e  d is s ip a t io n  of mechanical e n e rg y  (eg. acous tic  noise) 

w hich h e a t s  up  the  c h ro m o sp h e re  to a te m p e ra tu re  of Tc h r  ~ 80,000 K. 

(In th e  s u n  th e  c h ro m o sp h e re  is believed  to be hea ted  b y  acoustic  

noise th a t  has  i ts  o r ig in  in the  con v ec tiv e  zone [D u rra n t ,  1988]. In 

s te l la r  evo lu tion  modelling it  has  become a p p a re n t  th a t  such  a 

c o n v e c t iv e  zone also ex is ts  in B s t a r s  [Hofmeister e t  a l ., 1964].) 

T h ro u g h o u t  the  ch ro m o sp h ere  (which ex te n d s  to ~1.01 R*) th e  d e n s i ty  

(v a ry in g  a s  r - 2 ) d e c re a se s  (njj ~ 1011 cm-3 and  th e  rad ia l  outflow 

v e lo c ity  in c re s e s  to Vr  ~ 10 km s- 1 .

Beyond th e  ch ro m o sp h e re  lies th e  lower corona (Tc ~ 5x l06 K, 

outflow  ve loc ity  Vr  > lOOkrns-1 and  n H -  108cm-1 ) w here  non rad ia t iv e  

a n d  n o n -h y d ro d y n a m ic  equ ilib r ium  ex is ts  an d  th e  outflow is t ra n s so n ic .  

Within th i s  reg ion  su p e r io n ise d  spec ie s  ex ist and  non the rm al x - r a y
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Figure 1.4

Sketch of DT spheroidal model. (See text.)
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em ission o ccu rs .  The lower co rona  en d s  w here  the  ouflow ve loc ity  

becom es s u p e rs o n ic  {called th e  u p p e r  corona) and  is te rm in a ted  w hen 

n o n - ra d ia t iv e  e n e rg y  d is s ip a t io n  becomes in s ign if ican t .

From th e  p h o to s p h e re  to th e  u p p e r  corona, the  flow is a c c e le ra te d .  

Beyond th e  co rona  th e  flow cools {no rad ia t iv e  heating) b u t  it  can  s till 

be  a c c e le ra te d  by  the  rad ia tio n  field a r is in g  from the  

c h ro m o s p h e re -c o ro n a l  reg ion . T h e re a f te r  shocks  form and th e  d e n s i ty  

in c re a s e s  to njj ~ 10lo cm-3  an d  the  flow d ece le ra tes .  Beyond th is

reg io n  lies a cool, low ve loc ity  envelope  w here  Hq. emission an d  the

co lour  excess  o r ig ina te .  The location of th is  envelope is su ch  th a t  th e

outflow  ve loc ity  is close to th e  e scape  speed  (Vr  ~ lOOkms- 1 ). The 

am oun t of momentum th a t  is t r a n s f e r r e d  from th e  shock form ing reg ion  

to  th e  H^ em itt ing  envelope will be v a r iab le  {because mass lo ss  from 

th e  s t a r  is var iab le )  and  th u s  a t  some epochs  the  t r a n s f e r r e d

momentum will be su ff ic ien t  to d r iv e  th e  m ateria l up  to e scap e  speed  

an d  th u s  mass loss  will o ccu r  (Vr  > Ve s c ). At o th e r  epochs, how ever ,  

t h e r e  will be in su f f ic ien t  momentum to d r iv e  th e  material u p  to  e scap e  

s p eed  (i.e in su f f ic ie n t  momentum to overcome g rav i ty )  and  so th e  

enve lope  will ac t  as  a ’s to ra g e  balloon’ th a t  will expand {V/R > 1) and  

c o n t ra c t  (V/R < 1) with time (Doazan et al., 1985). DT invoke su c h  a 

mechanism in o r d e r  to explain th e  o b se rv a t io n a l  fac t th a t  th e  in f e r r e d  

m ass lo ss  r a te s  in th e  UV and  Hq; a re  not th e  same. However, s ince  the  

m ass loss  r a te s  for the  UV and  H^ depend  on a knowledge of th e  exact 

ion isa tion  ba lance  and  composition of the  wind, one canno t expec t 

a g re e m e n t  (see Snow, 1982 for a d iscu ss io n  of th e  problem s c o n c e rn in g  

th e  in t e r p r e ta t io n s  of mass loss).

DT s u g g e s t  th a t  the  shell l ines  a re  formed in th e  p h o to s p h e re  of 

th e  s ta r .  However, o b s e rv a t io n s  show (cf. Sec. 1.2) th a t  th e  shell
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e p iso d e s  a r e  c h a ra c te r i s e d  by  a develop ing  narrow  a b s o rp io n  line 

(ce n tra l ly )  s u p e rp o s e d  upon  th e  emission line and  would th e re fo re  

in d ic a te  t h a t  the  shell lines  a re  p ro d u ced  in a reg ion  close to th e  

em itt ing  reg io n ,  which in th e  DT model is likely  to be th e  shock  

fo rm ing  reg io n  b ecau se  it  is h e re  th a t  i t  is possib le  fo r  a ve loc ity  

p la te a u  to ex is t  (Mullan, 1984) an d  th u s  th e  ve loc ity  g r a d ie n t  a c ro s s  

th is  reg io n  becomes small. For such  a reg io n  th e  op ac i ty  of a line 

in c re a s e s  (Sobolev, I960; th e  opac i ty  of a line is in v e rse ly  p ro p o r t io n a l  

to th e  v e lo c ity  g ra d ie n t)  and  th e re fo re  th e  n e u t ra l  h y d ro g e n  in  th is  

reg ion  will a p p e a r  as  deep  n a rro w  a b so rp t io n  lines, g iv ing  r i s e  to th e  

o b s e rv e d  shell sp e c tr a .  If, once the  shell s p e c t r a  a p p e a r ,  in c re a s e d  

mass loss  o c c u r s  from th e  s ta r ,  the  sh o ck s  w ith in  th e  shock  form ing 

reg ion  will become s t r o n g e r  and  r e s u l t  in th e  h ea t in g  of th e  n e u t r a l  

h y d ro g e n  g a s  to h ig h e r  excited  s ta te s  which will r e s u l t  in emission. 

T h e re fo re ,  once emission b eg in s ,  the  Balmer lines will s tead i ly  ch an g e  

from a shell line to an emission line. O b se rv a tio n s  in th e  UV and  

v is ib le  s p e c t r a l  reg io n s  fo r  59 Cyg (Snow and  M arlborough , 1980; 

Doazan e t  a l ., 1980a, b; B a rk e r ,  1979) ind ica te  th a t  d u r in g  th e  shell 

p h a s e  of 59 Cyg (~ 1974) the  expansion  ve loc ity  of the  shell lines  w ere 

g r e a t e s t  (~ 50 kms- 1 ) when th e  UV a b so rp t io n  lines of h ig h ly  ionised 

s p ec ie s  w ere  le a s t  (~ 180 km s-1 fo r  N V) an d  w eakest. The o n s e t  of 

Balmer em ission was c h a ra c te r i s e d  by  an  in c re a se d  d isp lacem en t and  

s t r e n g t h  of th e  UV a b s o rp t io n  lines  (Doazan e t  a l., 1985) w hich in fe r s  

an  e n h a n c e d  mass loss  from th e  s ta r .  The in c re a sed  mass flux th e n  

p ro d u c e s  a s t r o n g e r  shock  w hen it  r e a c h e s  th e  cool enve lope  

b o u n d a r y  w hich h e a ts  th e  g as  and  r e s u l t s  in Balmer emission. In  

ad d i t io n ,  UV o b s e rv a t io n s  also  ind ica te  th a t  th e  expansion  ve loc ity  is 

v a r ia b le  an d  th u s  one can  expec t th a t  th e  velocity  p la teau  in the



22

shock  fo rm ing  reg ion  may n o t be e s ta b l ish e d  an d  so th e  o p ac i ty  of th e  

line d e c r e a s e s  (i.e. a v e loc ity  g r a d ie n t  ex its  in the  shock  form ing 

reg ion ) .

The model of DT does not r e q u i r e  a f a s t  ro ta t in g  s ta r ,  b u t  in o rd e r  

th a t  some asym m etry  is p r e s e n t  the  s t a r  m ust indeed  ro ta te .  The 

e f fec t  of ro ta t io n  will be to c a u se  an  asy m m etry  in th e  p h o to s p h e r ic  

mass outflow  with th e  to ta l  ve loc ity  a t  th e  e q u a to r  be ing  g r e a t e r  th a n  

th a t  a t  th e  poles and  so shock  in te ra c t io n s  will also be s t r o n g e r  a t  

th e  e q u a to r  and  th is  reg ion ,  to g e th e r  w ith th e  cool envelope , will be 

ellipso ida l in shape  which th e y  claim will g ive  r i s e  to th e  o b s e rv e d  n e t  

d e g re e  of po la risa tion .

On th e  bas is  of s p e c t r a l  o b s e rv a t io n s  alone it  is no t possib le  to 

d i s t in g u is h  be tw een  th e  MSS an d  th e  DT models b eca u se  th e y  u se  

th e se  o b s e rv a t io n s  a s  a b a s is  fo r  th e i r  models an d  th u s  o b s e rv a t io n s  

o th e r  th a n  s p e c tra l  o b s e rv a t io n s  m ust be u sed .  P o la r im e try  is 

p a r t i c u la r ly  u se fu l  in th is  case  a s  it  en ab les  (from po la rim etric  th e o ry  

and  o b s e rv a t io n s )  im p o rtan t  in fe re n c e s  to be d raw n  r e g a r d in g  the  

geom etry  an d  mass of th e  s c a t t e r in g  envelope . In  p a r t i c u la r ,  g iven  a 

specif ic  geom etrical s h ap ed  enve lope  (eg. an  eq u a to r ia l  d isc  o r  an 

e llipsoid) th e n  by  com paring  the  th e o re t ic a l  v a r ia t io n  of po la risa tion  

with c e r t a in  s te l la r  p a ra m e te rs  to o b s e rv a t io n s  (McLean an d  Brown, 

1978) it  is possib le  to in fe r  th e  typ ica l mass and  o b la te n e s s  of the  

enve lope  r e q u i re d  which may th e n  be te s te d  a g a in s t  model p re d ic t io n s  

(see Sec tion  5.4 fo r  a com paris ion  of th e  MSS model to DT model 

p re d ic t io n s ) .
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1.4 Polarised  Radiation.

In  o r d e r  to ca lcu la te  th e  th eo re tica l  in t r in s ic  p o la r isa t io n  from a 

c i rc u m s te l la r  envelope  one has  to solve th e  eq u a t io n s  of r a d ia t iv e  

t r a n s f e r  th ro u g h  th e  envelope (C h an d rasek h a r ,  1950). The so lu tions  

a re  fo u n d  num erically  (Hummer e t  al, 1973; P o eck e r t  and  M arlborough , 

1977; Kalkofen, 1987). This p a r t ic u la r  method of so lu tion  is model 

d e p e n d e n t  and  r e q u i r e s  ex tensive  com puting  time. The r e s u l t s ,  

h ow ever ,  simplify in the  case of optically  th ick  and  th in  limits. In  th e  

op tica l ly  th in  limit (which we shall co n ce rn  o u rse lv e s  w ith), w hen  th e  

op tica l  d e p th  is so small th a t  sing le  s c a t t e r in g  is an  a d e q u a te  

approx im ation , the  eq u a t io n s  of rad ia t iv e  t r a n s f e r  a re  minimised as  it  

is  th e n  no t n e c e s s a ry  to co n s id e r  th e  s c a t t e r in g  of po la rised  ra d ia t io n  

(p ro v id ed  th a t  th e  l ig h t  sou rce  is u n p o la r ised )  and  a b s o rp t io n  may 

also be  n eg lec ted .

Brown and  McLean (1977) f i r s t  g en e ra l is e d  th e  th e o ry  of op tica lly  

th in  s c a t t e r in g  (with a po in t l igh t  sou rce ) .  They found  th a t  fo r  

Thompson s c a t t e r in g  in an  axisym metric envelope  the  n e t  p o la r isa t io n  

d e p e n d s  on th e  inc lination  of the  system  and  th e  envelope g eom etry  in 

a v e r y  simple way, viz

P = t (1 -  3y)s in2i (1-3)

w h ere  i is th e  inc lination  (defined as the  ang le  be tw een  th e  o b s e rv e r  

and  th e  ro ta t io n  axis of th e  s ta r ) ,  T is a m easure  of th e  op tica l d e p th  

(a v e ra g e d  o v e r  th e  e n t i re  envelope) and  y  is a shape  fa c to r  th a t  

d e p e n d s  on th e  envelope geom etry . O ther a u th o r s  (e.g Dolginov an d  

S i la n t’ev , 1974; Shakovskoi, 1965, P o eck er t  and  M arlborough, 1977) had 

p re v io u s ly  ob ta ined  similar r e s u l t s  fo r  specific  geom etries  b u t  had  

th e n  n o t  g e n e ra l is e d  th e i r  r e s u l t s .

Brown e t  al. (1978; h e n c e fo r th  BME) g en e ra lised  th e  th e o ry  to



24
g e n e ra l  envelope  d i s t r ib u t io n s  an d  multiple (point) l ig h t  s o u rc e s .  T hey  

fo u n d  th a t  fo r  a ro ta t in g  sy stem  th e  norm alised S tokes  p a ra m e te rs  

could  be w r i t te n  as  a F o u r ie r  (time) s e r ie s  (up to th e  second  

harm onics)  which has  enab led  im p o r tan t  conc lu s ions  to be d raw n  from 

th e  po la rim etric  d a ta  (see Sec. 1.4.2).

The an a ly s is  of Brown amd McLean (1977) n e g le c ts  a b s o rp t io n  in  th e  

enve lope  and  th e re fo re ,  th e i r  r e s u l t s  a r e  on ly  a p p l ic a b le  to b ro ad  

b an d  pho tom etry . Haisch an d  Cassinelli (1976) in v e s t ig a te d  th e  

th e o re t ic a l  w aveleng th  d e p e n d e n c e  of th e  po la risa t io n  a c ro s s  th e  

con tinuum  fo r a d is to r te d ,  ex ten d ed  e le c tro n  s c a t t e r in g  envelope  th a t  

p ro d u c e s  th e  o b se rv e d  po la risa tion .  The p o la r isa t io n  is modified by  an  

a b s o r p t iv e  opac i ty  due  to b o u n d - f r e e  an d  f r e e - f r e e  a b so rp t io n ,  which 

r e d u c e s  th e  d e g re e  of p o la r isa t io n  b y  th e  a b s o rp t io n  of p o la r ised  l ig h t  

an d  s u b s e q u e n t  the rm al em ission of u n p o la r i s e d  ligh t.  They  num erically  

ca lcu la ted  th e  ra d ia t iv e  t r a n s f e r  of p o la r ised  flux th ro u g h  model 

a tm o s p h e re s  and  found  th a t  fo r  d isc  models a maximum p o la r isa t io n  of 

~ 1.2% is p re d ic te d  s h o r tw a rd  of 500 nm which is s ig n if ican t ly  le ss  

th a n  is sometimes o b se rv e d .  McLean (1979) co n s id e re d  th e  w av e len g th  

d e p e n d e n c e  of po la risa tion  fo r  b o th  th e  con tinuum  and  a c ro s s  s p e c t r a l  

l ines  u s in g  the  an a ly s is  of Brown an d  McLean (1977). In  th i s  way he 

was ab le  to de term ine  th e  w av e le n g th  d e p e n d e n c e  fo r  a n y  axisym m etric  

enve lope  b y  inc lud ing  op tica lly  th in  a b s o rp t io n  and  enve lope  emission. 

His r e s u l t s  a g re e d  with th o se  of Haisch an d  Cassinelli (1976) an d  also 

w ith  o b se rv a t io n s .  By in v e s t ig a t in g  th e  c h a n g e  in po la risa t io n  a c ro s s  

em ission lines  he found  th a t  th e  p o la r isa t io n  d e c re a se s  from th e  w ings 

to  th e  line c e n t r e  w here  a p o ss ib le  in c re a s e  may occu r .  F u r th e rm o re ,  

he p re d ic te d  th a t  th e  ch an g e  in position  an g le  could  be ~ 5 ' ,  a g re e in g  

w ith  th e  o b s e rv a t io n s  of P o e c k e r t  an d  M arlborough  (1977) fo r  th e  Ha



25

em ission line  in y  Cas.

In  g e n e ra l  it  is im possib le  to se p a ra te  th e  inc lination  d e p e n d e n c e  

from th e  po la rim etr ic  o b s e rv a t io n s .  Cassinelli e t  al. (1987), how ever, 

hav e  s u g g e s te d  a novel w ay of an a ly s in g  th e  po la rim etric

b e h a v io u r  w ith w av e le n g th ,  in d e p e n d e n t  of th e  inc lina tion  and  

geom etr ica l  f a c to r s  by  a n a ly s in g  th e  'Colour* po la risa tion , viz

* 2) = I P ( \ )  -  P(>2)} /P (>1) (1.4)

w hich  d e p e n d s  on th e  w av e len th  and  th e  e lec tro n  d e n s i ty  s t r u c t u r e .  

This  h a s  th e  r a th e r  in t e r e s t in g  r e s u l t  th a t  in th e  con tinuum  if 

s c a t t e r in g  w ith in  th e  enve lope  is due  e n t i re ly  to Thomson s c a t t e r in g  

th e n  C(>.1,X2) = 0 w hils t fo r  Rayleigh s c a t te r in g  C(>1,X2) = 1 ~ ( ^ i / ^ 2)4* 

Simmons (1982, 1983) g e n e ra l is e d  the  w ork of Brown an d  McLean 

(1977) an d  Brown e t  al. (1978) to a r b i t r a r y  s c a t te r in g  mechanisms 

(p ro v id ed  th a t  th e  d e n s i ty  an d  s c a t te r in g  matrix a re  smoothly v a ry in g  

fu n c t io n s ) .  He found  th a t  u n d e r  c e r ta in  conditions  th e  S tokes  

p a r a m e te r s  (to a f i r s t  approxim ation) a re  e q u iv a len t  to th e  r e s u l t s  of 

Brown a n d  McLean (1977) w ith  Rayleigh sc a t te r in g .

Complex num erical s tu d ie s ,  invo lv ing  multiple s c a t t e r in g  and  

a b s o rp t io n  (Daniel, 1980; Dolan, 1984; P o eck e r t  and  M arlborough , 1976; 

Haisch an d  Cassinelli, 1976) h av e  verif ied  th a t  th e  single  s c a t t e r in g  ( T 

< 1, no a b s o rp t io n )  approx im ation  c o r re c t ly  p re d ic ts  th e  po la rim etric  

d e p e n d e n c e  on c e r ta in  p a ra m e te rs  (eg. time, w aveleng th , envelope 

sh ap e )  o n ly  th e  p re d ic te d  a b so lu te  po la risa tion  is overes tim ated  (in the  

op tica l ly  th in  approxim ation).

One in a d e q u a c y  of th e  s ing le  s c a t te r in g ,  optically  th in  t re a tm e n t  

(Brown an d  Mclean, 1977; BME), how ever, is th e  assum ption  of a po in t

l ig h t  s o u rce .  Cassinelli e t  al. (1987), u s in g  ra d ia t iv e  t r a n s f e r

te c h n iq u e s ,  found  th a t  fo r  a  f in i te  sp h e r ica l  iso trop ic  l ig h t  so u rc e  th e
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p o la r is a t io n  from each  e le c t ro n  is r e d u c e d  com pared  to  th a t  fo r  a po in t  

l ig h t  so u rc e  b ec a u se  with th e  inc lus ion  of a f in i te  l ig h t  so u rce  th e re  

now ex is ts  a ra n g e  of poss ib le  s c a t t e r in g  a n g le s  th ro u g h  which a  r a y  

le av in g  the  su r fa c e  of th e  s t a r  may be d ire c te d  to w ard s  th e  o b s e r v e r  

and  th u s  n e t  p o la risa t ion  (summing o v er  all possib le  r a y s )  will be

re d u c e d .  This d ep o la r isa t io n  fa c to r  d e p e n d s  solely on th e  rad ia l

d is ta n c e  from the s t a r ,  v a ry in g  from 0 a t  the  su r fa c e  of th e  s t a r  

( to ta lly  u n p o la r i s e d  ligh t)  to 1 a t  in f in i ty  w here  th e  s c a t t e r e r  sees  a 

po in t  l ig h t  sou rce .

BME o b ta ined  g e n e ra l  e x p re s s io n s  fo r  th e  po la risa t ion  expec ted  

from an  enve lope  illum inated b y  a n y  num ber of po in t l ig h t  so u rces .  In  

p r in c ip le ,  a t  le as t ,  i t  is th e re fo re  possib le  to ca lcu la te  th e  po la risa tion  

from an  enve lope  w ith  an ex ten d ed  l ig h t  so u rc e  from th e i r  r e s u l t s  by  

sum ing  o v e r  all p o in ts  on th e  l ig h t  sou rce .  Carlaw (1988), how ever, 

re fo rm u la te d  th e i r  w ork  to exp lic it ly  inc lude  a n y  a r b i t r a r i l y  sh ap ed  

l ig h t  s o u rce .  She was able , from th e se  g e n e ra l  r e s u l t s ,  to ob ta in  

exp lic it ly  not on ly  th e  depo la r isa t io n  fa c to r  fo r  th e  second  S tokes  

p a ra m e te r  b u t  a lso  an  in te n s i ty  modification fac to r  fo r  th e  d ire c t

s c a t t e r e d  l ig h t  (I*), e q u iv a le n t  to th e  dep o la r isa t io n  fac to r ,  for a 

sp h e r ic a l  and  a d isc  l ig h t  so u rce  a ssum ing  th a t  th e  po la risa t ion  was 

d u e  to Thomson o r  Rayleigh s c a t t e r in g  (see Brown e t  a l ., 1989, fo r  a 

d isc u s s io n  of d ep o la r isa t io n  f a c to rs  fo r  non Rayleigh s c a t te r in g

m echanism s).

1.4.1 S ta tistica l S tu d ie s .

McLean and  Brown (1978) in v e s t ig a te d  th e  s ta t i s t ic s  of in t r in s ic  

c i rc u m s te l la r  p o la r isa t io n  with a p p a r e n t  ro ta t io n  sp eed s  (Vsini) fo r  67 

Be s t a r s .  T he ir  a n a ly s is  of th e  ro ta t io n a l  sp e e d s  a g re e  with p re v io u s
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i n v e s t ig a t io n s  (C h a n d ra s e k h a r  an d  Munch, 1950; S le t t le b a k ,  1976) -  see 

below. By s u b d iv id in g  th e i r  po la rim etric  d a ta  in to  two s p e c t r a l  re g io n s  

(06 -  B4 an d  B5 -  AO) McLean and  Brown (1978) fo u n d  th a t  th e  

p o la r is a t io n  h is to g ra m s  a re  only  s l igh t ly  d i f f e r e n t  from  each  o th e r ,  b u t  

th e y  no te  th a t  in  th e  s p e c t r a l  g ro u p  B5 -  AO no s t a r  w ith  a 

p o la r isa t io n  g r e a t e r  th a n  1.2% ex is ts .  The Vsini h is to g ra m s  fo r  th e  two 

g r o u p s  show ed no s ig n if ican t  d if fe re n ces ,  h ow ever ,  (S le t teb ak ,  1976) 

a n d  b o th  h is to g ra m s  exib ited  a maximum Vsini a t  300 km s- 1 . Assuming 

th a t  th e  ro ta t io n  ve loc ity  in someway d e te rm in e s  th e  geom etry  of

th e  s te l la r  e n v e lo p e  (MSS, DT), th e n  s ince  t h e r e  a p p e a r s  to be no 

s ig n if ic a n t  d i f f e re n c e s  be tw een  th e  d is t r ib u t io n  of Vsini fo r  th e  e a r ly  

(06 -  B4) an d  th e  la te r  s t a r s  (B5 -  AO), th e  lower o b s e rv e d

p o la r is a t io n  fo r  th e  la te r  s t a r s  h a s  been  exp la ined  a s  a co n se q u e n c e  of 

th e  fa c t  t h a t  th e  la te r  s te l la r  enve lopes  a r e  coo ler  an d  c o n s e q u e n t ly  

will h av e  a  low er f re e  e lc tro n  d e n s i ty  and  in c re a s e d  a b s o rp t io n  

(McLean an d  Brown, 1978).

McLean an d  Brown (1978) p lo t the  in t r in s ic  p o la r isa t io n  a g a in s t  

Vsini fo r  th e i r  p ro g ram  s t a r s  ( th e i r  Fig. 2, see  Fig. 1.5). With 

r e f e r e n c e  to th i s  f ig u re ,  one can  see th a t  s t a r s  w ith  low Vsini v a lu es  

c o n s is te n t ly  e x h ib it  a low d e g re e  of po la risa t ion  w h e re a s  fo r  h igh  Vsini 

th e  in t r in s ic  p o la r is a t io n  is on th e  whole h ig h e r  th a n  com pared  to 

s t a r s  of low Vsini, b u t  show a g r e a t e r  s c a t te r .  F o r a n y  g iven  Vsini 

th e r e  a p p e a r s  to be a maximum in t r in s ic  p o la r isa t io n  g iven  

app ro x im ate ly  by

P max ~ °-006 Vsini <%> (1,5)

(with Vsini m e asu re d  in kms- 1 ) which would in d ica te  th a t  th e  maximum 

o b s e rv e d  p o la r isa t io n  would be P max ~ 2.5% (for Vsini ~ 400 kms 1).

A n o th e r  in t e r e s t i n g  f e a tu r e  of Fig. 1.5 is th a t  t h e r e  a p p e a r s  to be
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100 200 300 400 U*Vsini (**.*•)
Plot of values of P R versus U  =  Psin i for the stars of Table 1. 

Solid dots are for the “best” stars (with the largest filled circles 
indicating data of the highest quality) and open circles for the less 
reliable data as discussed in the text. The two superposed lines are 
from the theoretical Equation (10) with the displayed values of k  
corresponding to P R as a decimal fraction (not %) and U - V s i n i  in 
k m s " 1

Figure 1.5

Plot of polarisation v ersu s  Vsini for 67 Be stars. (From McLean and 

Brown, 1979: Fig. 2.) The upper and lower cu t-o ff lines are indicated

by the broken (-  -  - )  lines.



29

a low er limit c u t -o f f  for s t a r s  with Vsini > 320 k m s"1. The g r a d ie n t  of 

th is  line  is th e  same as  th a t  fo r  P max, th u s

p low ~ °-006 (Vsini -  320) (%) (Vsini > 320 k m s"1) (1.6)

This  low er exclusion zone may j u s t  be an  a r t i f a c t  of th e  limited sample 

of d a ta  availab le . If rea l,  how ever, it may in someway be re la ted  to the  

Be p h en o n en a .

One te s t  fo r  an y  model s te l la r  a tm osphere  is th u s  to expla in  Fig.

1.5 . We r e c o n s id e r  th e re fo re  th e  models of MSS and  of DT in th e  l ig h t  

of th e s e  da ta .

The Doazan and  Thomas model explains th e  s ta t is t ic a l  po la rim etr ic  

d a ta  of McLean and  Brown (1978) by  co n s id e r in g  a  com plete (b u t  

o th e rw ise  un sp ec if ied )  d is t r ib u t io n  of ro ta t iona l  velocities  fo r  Be s t a r s  

th a t  will g ive  r is e  to a c e r ta in  d e g re e  of envelope  asym m etry

(d e p e n d in g  on the  ro ta t iona l velocity  and  also the  inc lina tion).  S ta r s  

w ith low v a lu es  of Vro j. will exh ib it li ttle  po la risa tion  e v e n  a t  h igh

in c lin a t io n s  b ecau se  the  envelope will be approx im ate ly  sp h er ica l .  S ta r s  

w ith h ig h  Vro t, on th e  o th e r  hand , will have  h igh ly  d is to r t e d  

en v e lo p es  and  will exh ib it a la rge  var ia t io n  in th e  d e g re e  of 

p o la r isa t io n  d e p e n d in g  on the  inc lination  and  the  d en s i ty .  The r e s u l t  

would q u a l i ta t iv e ly  be a Po larisa tion  a g a in s t  Vsini plot as  o b s e rv e d

(fig. 1.5).

The d isc  model of M arlborough e t  al. explains th e  s ta t i s t ic a l

po la rim e tr ic  d a ta  somewhat d if fe re n t ly .  I t  assum es th a t  all Be s t a r s  

r o ta t e  c lose to  the  c r i t ic a l  ro ta t iona l ve loc ity  (Vro  ̂ ~ 400 kms- 1 ). Now 

su ch  a h igh  d e g re e  of asym m etry  means th a t  a t  h igh  inc lination  th e s e  

s t a r s  will exh ib it  a h igh  d e g re e  of po la risa tion  and th e re  will ex is t  a 

s c a t t e r  in th e  po la risa tion  due to d if fe re n ces  in the  envelope d en s i t ie s .  

At low inc lina tion  (low Vsini) th e  d e g re e  of po la risa tion  will a lso  be low
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(P sin  i). The va r ia t ion  in th e  d e g re e  of po la risa tion  fo r  a g iven  

Vsini can  be explained in th e  d e g re e  of f la t te n in g  and  d e n s i ty  of the  

en v e lo p e .  One would th e re fo re  expec t th a t  fo r  h igh  Vsini (ie. viewed 

e q u a to r ia l ly )  th e re  shall be no s t a r s  exh ib iting  low d e g re e s  of 

p o la r is a t io n  -  a s  o b se rv ed .  E ssen tia l ly  th e  only  d iffe rence  be tw een  the  

two e x p lan a tio n s  is th a t  in th e  DT model th e  geom etry  of th e  envelope 

is allowed to v a ry  (from sp h e r ic a l  to p lan a r)  w hereas  in  MSS th e  

g e o m e try  is fixed as  n ea r  p la n a r .

Cote an d  W aters (1987) p r e s e n te d  a p lo t of in t r in s ic  po la risa tion  

(%, A = 425 nm) a g a in s t  12/i co lour excess  ( th e i r  Fig. 4, see Fig. 1.6) 

fo r  46 of th e  Be s t a r s  c o n s id e re d  by  McLean and  Brown (1978). They 

f in d  th a t  fo r  a n y  g iven  12/i excess  th e re  is a la rge  s c a t t e r  in th e  

i n t r in s i c  p o la r isa t io n  and  a well de f ined  u p p e r  limit ex is ts  fo r  th e

in t r in s ic  p o la r isa t io n  g iven  by

p max " °*83 CE<V> C123> d * 7)

Both th e  in t r in s ic  po la risa t ion  and  co lour excess d ep en d  on th e

inc lina t ion  of the  system , th e  geom etry  and  d en s i ty  of th e  envelope. 

The P max c u t -o f f  line r e p r e s e n t s  th e  op tically  th in  s c a t t e r in g  limit ( t  

~ 1). For op tica lly  th ick  enve lopes  ( t  > 1) multiple s c a t t e r in g  and

a b s o rp t io n  become im portan t  a n d  th e  n e t  po la risa tion  is re d u c e d .

The co lour excess  is defined  as

CE(V, [12]) = CE(V, [12])obs -  CE(V, [12])* (1.8)

= (m>=0.425ju ~ mi2/j)obs “ (m>=0.425/i “ mi2 u h  

w h e re  CE(V, [12])obs is  th e  o b s e rv e d  colour excess and  CE(V, [12])*

is  th e  p h o to sp h e r ic  colour excess  es tim ated  from the  o b se rv a t io n s  of

"norm al"  OBA s ta r s .  W aters e t  a l . (1987) found  th a t

CE(V, [12]) = (4.22 ± 0.1)(B-V)o + (0.22 ± 0.04), (B -  V)Q < -0.09

CE(V, [12]) = (2.35 ± 0.09)(B-V)0 + (0.07 ± 0.01), (B -  V)Q > -0.09.
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12 n Colour Exc ess
(V-[12J) co lour  ex cess  CE(V,[12]) versus I n t r i n s i c  l in e a r  
p o la r i s a t io n  a t  V •> 4250 A ( taken  from Mclean and Broun, 1978). 
Dots In d ic a te  BO to  B4 s t a r s ,  squares B5 to  89.5 s ta r s .  A p o in t  
betueen b ra c k e ts  I n d ic a te s  an uncer ta in  p o la r i s a t io n  
measurement. The numbers g iv e  the  va lues  o f  v s l n l  f o r  each s t a r .  
N otice  the  t r l a n g l e - l l k e  shape o f  the  d i s t r i b u t i o n ,  u l th  a 
u e l I -d e f in e d  upper l i m i t  to  the I n t r i n s i c  p o la r i s a t io n .  The 
upper l i m i t  I s  approximated by the  dashed l in e  (Eq. ( 10) ) .

Figure 1.6

Plot of polarisation v e r su s  colour excess CE(V,[12]). (From Cote and 

Waters, 1987: Fig. 6).



In  o b ta in in g  th e se  r e s u l t s  th e y  exclude all s u p e rg ia n ts ,  p e c u l ia r  and  

em ission line s t a r s  and  all s t a r s  with [12] -  [25] > 0.25 mag. T heir  

de f in i t io n  of a "normal" s t a r  is, th e re fo re ,  one th a t  r a d ia te s  (at le as t  

approx im ate ly )  a s ingle  te m p e ra tu re  b lackbody  spec trum . In  th e  v isua l  

w av e le n g th  reg ion ,  Be s t a r  s p e c t r a  a re  a f fec ted  by  th e  p r e s e n c e  of 

ion ised  c i rc u m ste l la r  material em itting f re e  -  bound  rad ia t io n  (Schild, 

1978; S le t teb ak ,  1985). They estim ate th a t  fo r  ea r ly  ty p e  s t a r s  (BO -  

B3) th e  IR excess  may be u n d e re s t im a ted  b y  up  to 0.45 mag . For la te  

ty p e  s t a r s  how ever it is neglig ible  (Schild, 1978). Also a t  12U th e re  is 

a  h y d ro g e n  tr a n s i t io n  line in the  Humphrey se r ie s  (n = 6 «-» 7) th a t ,  if 

p r e s e n t ,  will a f fec t  th e  m agnitude  estim ate a t  12/Li.

Collins (1987) has  cha llenged  the  whole m eaning of such  p lo ts  (both  

McLean an d  Brown as  well as  Cote and  W aters) because  fo r  ra p id ly  

r o ta t in g  emission line s t a r s  (i.e Be s ta r s )  th e  defin ition  of Vsini and  (B 

-  V)Q a re  somewhat am biguous. In  p a r t i c u la r  Vsini is s t r i c t ly  the  

D oppler ha lf  w id th  of a b ro ad en e d  s h a rp  line and  is m easu red  as  a 

ve loc ity  on ly  b ecau se  S t r u v e ’s ro ta t iona l model p re d ic ts  th a t  th e  half 

w id th  is p ro p o r t io n a l  to Vsini. For rap id ly  ro ta t in g  em ission s t a r s  

( ro ta t ion  sp e e d s  g r e a t e r  th a n  80% crit ica l velocity) th e  su r fa c e  

d is t r ib u t io n  of te m p e ra tu re ,  lum inosity , g r a v i ty  etc. v a r y  with the  

co la t i tu d e  of the  s ta r  due  to ro ta t ion  (e i th e r  d if fe re n tia l  o r  r ig id  

body) which will a f fec t  the  Dopper w id ths  of lines  (Collins, 1987) and  

h en ce  th e  Doppler w id th  will no longe r  be p ropo rt iona l  to Vsini. In  the  

case  of Be s t a r s ,  which a re  believed to be ro ta t in g  in excess  of 50% 

c r i t ic a l  ve loc ity ,  th e re  will be some Be s t a r s  in which th e  Doppler 

w id th s  will be a f fec ted  by  the  ro ta t ion  of th e  s ta r .  The s ta t is ica l  

a n a ly s is  of McLean and  Brown (1978) will, th e re fo re ,  need  to be 

re -exam ined  in th e  l ig h t  of a possib le  d i f f e re n t  dependence  of th e  half
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w id th  w ith  inc lination  (i.e no t « sini).

Collins (1987) has  also  d e m o n s tra te d  th a t  the  o b s e rv e d  (B—V)Q 

d e p e n d s  on th e  inc lination  of th e  s t a r  fo r  ra p id ly  ro ta t in g  s t a r s  an d  

so th e r e  ex is ts  no in t r in s ic  va lue  of (B-V)Q fo r  the  s ta r .  S ince (B-V)0 

may no t be p h y s ica l ly  in t e r p r e t e d  in the  same way as  fo r  slowly 

ro ta t in g  s ta r s ,  th e n  th e  c o r re c t io n s  (equation  1.7) th a t  Cote an d  

W aters make to the  colour e x ce sse s  a re  dub ious .

1.4.2 B inary S ystem s.

Out to a d is ta n c e  of 20pc app rox im ate ly  50% of all s t a r s  a r e  know n 

to be com ponen ts  of b in a ry  o r  m ultiple sy stem s  (Voigt, 1974). I t  is 

th e re fo r e  of g r e a t  im portance  to  be able  to de term ine  th e  o rb i ta l  

p a ra m e te r s  of su ch  sy s tem s  in o r d e r  to u n d e r s ta n d  th e  p h y s ic a l  

n a tu r e  of th e  system .

The most simple (easiest)  method by  which th e  o rb i ta l  e lem en ts  of 

b in a ry  sy s te m s  a re  e s ta b l ish e d  is  to o b s e rv e  th e  motion of th e  s t a r s  

v isua lly .  U n fo r tu n a te ly  only  a b o u t  700 su ch  v isu a l  sy stem s  a r e  know n 

(F insen  an d  Worley, 1970) b e c a u se  th e  com ponents  m ust be w idely 

s e p a ra te d  and  hence  m ust be long  period  b in a r ie s  a n d /o r  close to  the  

o b s e r v e r .  Long term o b s e rv a t io n s  of su ch  v isual sy s tem s  allow 

a c c u ra te  and  u n iq u e  d e te rm ina tion  of all the  o rb ita l  e lem ents  (excep t 

fo r  th e  s ign  of th e  inc lination  of th e  o rb it ,  i.e. canno t d is t in g u is h  

be tw een  r e t r o g r a d e  and p ro g ra d e  motion).

In  general > how ever, th e  com ponen ts  a re  too close to be re so lv e d  

v isu a l ly  an d  so the  o rb ita l  e lem ents  a re  de term ined  sp ec tro sco p ica l ly  

by m e asu r in g  th e  rad ia l  ve loc ity  of th e  s t a r s  which, w ith su f f ic ie n t  

o b s e rv a t io n s ,  allows the  o rb i t  of one o r  bo th  com ponents  a b o u t  th e  

c e n t r e  of mass to be de te rm ined .  By an a ly s in g  the  va r ia t io n  of rad ia l
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velocity  with time it is on ly  possib le  to d e te rm ine  fo u r  of th e  o rb ita l  

e lem ents  namely, the  per iod ,  the  e c c e n tr ic i ty  (e), th e  time of 

p e r ia s t r o n  p a s sa g e  and  the  p e r ia s t ro n  lo n g itu d e  (u). The inc lina tion  of 

th e  o rb i t  to g e th e r  with th e  semi-major axes of th e  o rb i t s  (and hence 

th e  m asses  of th e  s ta r s )  a r e  le ft  unknow n (Heintz, 1978; p. 85 e t  seq .).

In  o rd e r  to e s ta b l ish  reliable  o rb ita l  e lem ent v a lu es ,  th e  rad ia l 

ve loc ity  v a r ia t io n  must be g r e a te r  th an  the  e r r o r  in th e  m easu rem en ts  

and  so typ ica lly  the  o rb i ta l  period  of a sp ec tro sc o p ic  b in a ry  is 

be tw een  1 and  100 d ay s  (note th a t  de tec tion  also re l ie s  on th e  b in a ry  

b e in g  viewed a t  re la t iv e ly  h igh  inclinations).

Many sp ec tro sco p ic  v a r ia b le  s ta r s  a re  s in g le - l in ed  (Heintz, 1978; p. 

78 e t  seq .) which may ind ica te  th a t  the  m agn itude  d if fe re n c e  be tw een  

th e  com ponents  is g r e a t e r  th an  ~1 mag. such  th a t  th e  s e c o n d a ry  lines 

a re  swamped by  th e  p r im ary  and c o n se q u e n t ly  d o u b le - l in ed  

sp ec tro sc o p ic  b in a r ie s  h ave  com ponents of approx im ate ly  th e  same 

m ass. H is to rica lly ,  th e  s in g le - l in e  v a r ia b i l i ty  of rad ia l  p u ls a to r s  

(eg. $ Cep, RR L yr)  w ere  i n t e r p r e te d  as  b in a ry  sy s tem s , g iv in g  c e r ta in  

c h a r a c te r i s t i c  w an d  e v a lu e s  (so -ca lled  B a r r  effec t; B arr ,  1908). I t  is 

now know t h a t  s u c h  an  in t e r p r e ta t io n  is w rong b e ca u se  R0rb i ta l  ^

For a m inority  of sy s tem s  th e  l ig h t  c u rv e  v a r ie s  w ith time, 

in d ica t in g  th e  ec lips ing  of one (or both) of th e  com ponents  an d  hence 

i ~ 90*. For doub le -l ined  sp ec tro sco p ic  b in a r ie s  th is  en a b le s  b o th  th e  

m asses  and  rad ii  of the  b in a ry  com ponents  to be re l iab ly  es tim ated . 

(The s tu d y  of pho tom etric  b in a ry  an a ly s is  is a le n g th y  and  complex 

one and  can n o t be d is c u s s e d  here .  The in te r e s te d  r e a d e r  is r e f e r r e d  

to th e  t r e a t i s e  by  Kopal, 1959.)

S hakhovsko i (1965) c a r r ie d  ou t po larim etric  o b s e rv a t io n s  of the  

known ec lip s ing  b in a ry  sy s tem s  L yr and  RY P er  and  fo u n d  th a t  the



norm alised  S tokes  p a ra m e te rs  exh ib ited  p h ase - lo c k ed  v a r ia t io n s .  Similar 

v a r ia t io n s  w ere  la te r  o b s e rv e d  in AO Cas and  u Her by  R udy  and  

Kemp (1976, 1977). By c o n s id e r in g  th e  th e o re tic a l  po la rim etric

v a r ia t io n s  a r is in g  from a g e n e ra l  b in a ry  system  in which e x t ra - s t e l l a r  

c lo u d s  d isp la y  m irro r  sym m etry  th r o u g h o u t  th e  o rb ita l  p e r io d  (i.e 

c o ro ta t in g  envelope) BME w ere  able  to show, assum ing  p o in t  l ig h t  

s o u rc e s  an d  optically  th in  c i rc u m s te l la r  m aterial, th a t  th e  po la rim etric  

v a r ia t io n s  from su ch  a b in a ry  sy stem  a re  s t r ic t ly  period ic  an d  may be 

e x p re s s e d  as  a te rm in a t in g  (second o rd e r )  F o u r ie r  (time) s e r ie s .  By 

ta k in g  th e  ra t io s  of th e  f i r s t  a n d / o r  second o rd e r  harm onic 

co e ff ic ien ts  th e y  (BME) w ere  ab le  to show th a t  it  is p oss ib le  to 

d i r e c t ly  o b ta in  th e  inc lina tion  of th e  system . Rudy and  Kemp (1978) 

came to th e  same conclusion  ev e n  w hen th e  assum ptions  of BME w ere 

re laxed  b y  in c lu d in g  f in i te  size l ig h t  so u rc e s  w ith limb d a rk e n in g  laws.

The a n a ly s is  of BME (and R udy and  Kemp, 1978) has  s ince  been  

e la b o ra te d  u p o n  to inc lude  e c c e n tr ic  o rb i t s  (Brown e t  a l . t 1982) which 

allows th e  de te rm ina tion  of th e  o rb i ta l  elem ents. These canonical models 

h av e  b een  s u c c e ss fu l ly  ap p l ied  to d a ta  in o rd e r  to d e te rm ine  the  

in c lina t ion  of many b in a ry  sy s tem s  (e.g. S t.-L ou is  e t  al., 1988; Dolan 

and  Tapia, 1984; Huovelin e t  a l ., 1987).

D espite  th e  su c c e s s fu l  u s e  of th e  canonical models, i t  has  been  

found  th a t  for some b in a ry  sy s tem s  th e  canonical po la rim etric  

v a r ia t io n s  d is a g re e  w ith o b s e rv a t io n s .  In  p a r t i c u la r  th e  s y n c h ro n o u s  

po la rim etr ic  v a r ia t io n s  of Cyg X -l with i t s  5.6^ ro ta t iona l pe r iod  (Kemp 

e t  al.. 1978) have  b een  a n a ly se d  by  many a u th o r s  u s in g  th e  canonical 

models (BME, Kemp e t  al., 1978, 1979; Dolan and  Tapia, 1989) and  th e y  

all r e a c h  th e  same conclusion  th a t  th e  po la rim etric  v a r ia t io n s  a re  not 

c o n s i s te n t  w ith  th e  canonical models. The in c o n s is ten cy  be tw een  th e o ry
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and  o b s e rv a t io n  has  b een  a t t r ib u t e d  to the  occu l ta t ion  of p a r t  of th e  

c i rc u m s te l la r  enve lope  by  th e  s t a r s  as  th e y  ro ta t e  (Milgrom, 1978) 

which is not acc o u n ted  fo r  by  th e  canonical models. Such  occu l ta t ion  

e f fe c ts  can  lead to tem poral e n h a n c e m e ts / re d u c t io n s  in th e  p o la r isa t io n  

com pared  to th e  p re d ic te d  va lues ,  th e  exac t c h a n g e  d e p e n d in g  u p o n  

th e  d is t r ib u t io n  of material. The overa ll e f fec t of in c lu d in g  o ccu l ta t ion  

(which th e  canonica l models neglect)  is th a t  th e  canon ica l r e s u l t s  no 

lo n g e r  hold and  so th e  o rb ita l  p a ra m e te rs  a re  no t c o r r e c t ly  in f e r r e d  

from th e  da ta .

By c o n s id e r in g  a b in a ry  system  with a p r im ary  a n d  s e c o n d a ry  of 

lum inosity  h lt L 2 and  a ra d iu s  of R*, R2 re s p e c t iv e ly ,  in c i rc u la r  

o rb i t s ,  th e  e f fe c ts  of occu lta t ion  can  be an a ly se d  q u a l i ta t iv e ly  by  

assu m in g  th a t  th e  o b s e r v e r  lies in th e  p lane of th e  o rb i t  (i = 90) and  

th a t  th e  c i rc u m s te l la r  envelope  co ro ta te s  with th e  s t a r s .  I t  is a p p a r e n t  

(Fig. 1.7) th a t  th e r e  a r e  two s e ts  of reg io n s  th a t  a r e  of i n t e r e s t  (by  

v i r t u e  th a t  th e  s t a r s  a r e  of f in i te  size) which a r e  n eg lec te d  b y  th e  

canonica l models. The f i r s t  co n seq u en c e  of in c lu d in g  f in i te  s ize s t a r s  

is th a t  th e r e  will be reg io n s  and  A2 which rec e iv e  a re d u c e d  flux 

com pared  to c o n s id e r in g  po in t l ig h t  so u rces .  T ha t is, reg io n  A 1 

re c e iv e s  a r e d u c e d  flux from th e  p r im ary  due  to ec l ip s ing  of th e  

p r im ary  b y  th e  s e c o n d a ry  and  similarly A2 re c e iv e s  a r e d u c e d  flux 

from th e  s e c o n d a ry  due  to ec l ip s ing  of the  s e c o n d a ry  by  th e  p r im ary .  

Such  phenom ena ewe. well known and  most commonly o b s e rv e d  d u r in g  

so la r  an d  lu n a r  ec l ip ses  (see fo r  example Green, 1985, Ch 12). In  th e  

po in t  s o u rc e  t r e a tm e n t  th e  S tokes  p a ra m e te rs  fo r  a  b in a ry  sy stem  a re  

g iv e n  b y  BME ( th e i r  eq. 5 - 7 )  with

j  = 1, 2 (1 .9 )
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Observer

Figure 1.7

Schem atic view  of a binary system  (looking down into the orbital 

plane) with a primary (radius Rt ) and secondary (radius R2) separated  

by a d istan ce d from their cen tres, with an observer (E) in the

equatoria l plane.

The occulted  regions (Alf A2, Bj, B2) are indicated. Â  is  a region  

rec e iv in g  a reduced flux from the primary. A2 is a region receiving a 

red u ced  flux from the secondary. Bj and B2 are regions of the

circum stellar envelope not v isib le to the observer due to the

occu ltation  of the envelope by the primary and secondary

r esp ec tiv e ly .
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To in c lu d e  th e  e f f c t s  of r e d u c e d  flux in and  A2 (n eg le c tin g

d ep o la r isa t io n ,  C assinelli e t  al., 1987) we may in t ro d u c e  a  g e n e ra l  

fu n c t io n  CJj(r*j, © )  w hich  r e p r e s e n t s  th e  f rac t io n  by  w hich th e  flux 

from th e  s t a r  a t  a g e n e ra l  po in t  is r e d u c e d  b y  (com pared

to th e  po in t l ig h t  so u rc e  tre a tm e n t) .  The fun c tio n  C j(r  j,© j ,<J>j ) = 1 

o u ts id e  th e  reg io n  Aj an d  v a r ie s  be tw een  0 and  1 in s id e  Aj. We may 

th e n  rep la c e  eq. (1.9) by

Since eq. (1.10) is  s t i l l  in d e p e n d e n t  of time ( in d e p e n d e n t  of >) th e n  

on ly  th e  m agn itude  of th e  po la risa t io n  will be ch an g e d  a n d  n o t  th e  

v a r ia t io n  of p o la r isa t io n  w ith  time. T h ere fo re ,  th e  canonical r e s u l t s  s till 

hold a n d  th e  num ber  d e n s i ty  in  BME may be rep laced  by  an  e q u iv a le n t  

e f fe c t iv e  num ber  d e n s i ty  w ith o u t a n y  loss  of g en e ra li ty .

The o th e r  two re g io n s  of in t e r e s t  (Bj  ̂ and  B2) a re  th e  r e g io n s  of 

th e  enve lope  not v is ib le  to  th e  o b s e rv e r  (and c o n se q u e n t ly  o b s e r v e r  

d e p e n d e n t )  due  to  th e  o ccu l ta t ion  of m ateria l by  the  two s t a r s .  The 

e f fe c ts  upo n  th e  n e t  p o la r isa t io n  (at a n y  g iven  time) d e p e n d s  explicitly  

u pon  th e  d is t r ib u t io n  of m ateria l. For example, in the  scen a r io  of Fig 

1.7 (i r  90 ’ ) if all th e  m ateria l lies o u t  of th e  o rb ita l  p lane  th e n  no 

o ccu lta t io n  e f fe c ts  will be o b se rv e d .  On th e  o th e r  h an d ,  if  th e  

s c a t t e r in g  m ateria l can  be c o n s id e re d  a s  a  localised g lobule  in th e  

p lane  of th e  o rb i t  th e n  th e  po la risa t io n  v a r ia t io n  will be a s  in  th e  

canon ica l p re d ic t io n  ex ce p t  a t  th o se  p h a s e s  w hen occu lta t ion  o c c u rs  

a n d  th e  o b s e rv e d  p o la r isa t io n  will be  ze ro  fo r  th e  d u ra t io n  of the  

o ccu l ta t io n  (i.e. e f fe c t iv e ly  a s te p  fu n c tio n ) .  In  g en era l ,  how ever,  th e  

m a teria l  will be c o n t in u o u s ly  d i s t r ib u te d  th ro u g h o u t  space  and  th u s
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occu l ta t io n  will o ccu r  con tinuous ly  su ch  th a t  h ig h e r  th a n  p re d ic te d  

o r d e r s  of v a r ia t io n  (i.e. g r e a te r  th a n  second  o rd e r  b y  th e  BME 

a n a ly s is )  will be o b se rv e d .

In  th e  scen a r io  dep ic ted  in Fig. 1.7, fo r  a g e n e ra l  s c a t te r in g  

enve lope ,  a  ra p id  in c re a se  in the  o b se rv e d  po la risa tion  will occur  

d u r in g  times of m utual s te l la r  ec lips ing . The ch an g e  in po la risa tion  

d u r in g  th e s e  times will be of the  o rd e r  of a  fac to r  -  (1^ + L2) /L j 

l a r g e r  th a n  th e  p r e -  and  p o s t-ec l ip se  v a lu es  du e  to a ra p id  decline of 

th e  d i r e c t  ( u n s c a t te re d )  l igh t  (Pfeiffer and  Koch, 1988) an d  th e  fac t  

th a t  th e  re g io n s  Aj, and  B2 will co incide  so minimising an y

o c c u l ta t io n  e f fe c ts .  (In th e  fo rego ing  c h a p te r s  d iscu ss io n s  conce r ing  

th e  o ccu l ta t io n  e ffe c ts  in b in a ry  sy s tem s will be confined  to  those  

sy s te m s  in w hich  th e  se c o n d a ry  is dim ensionally  small and  u n im p o r tan t  

a s  a  l ig h t  so u rce ,  com pared to th e  p r im ary ,  s u c h  th a t  r e g io n s  Alf  A2 

an d  B2 can  be neg lec ted .)

1.5 Discussion.

S p e c t ra l  an d  pho tom etric  o b se rv a t io n s  of Be s t a r s  have  shown th a t  

v a r ia b l i t  y  o c c u r s  on all time scales (seconds  to  decades) .  The s h o r t  

time scale  v a r ia b i l i ty  is in g en e ra l  pe r iod ic  and  is a t t r ib u t e d  to 

s u r f a c e  f e a t u r e s  of th e  s ta r ,  such  as global oscilla tions (Baade, 1987), 

localised  s p o ts  (Harmanec, 1989), o r  s t r u c t u r a l  c h an g e s  in th e  s te l la r  

wind (P r in ja  an d  Howarth, 1988; Bates and  Halliwell, 1986). The longe r  

tim e-sca le s  on th e  o th e r  h and  a re  n o n -p e r io d ic  and  ind ica te  a long 

te rm  v a r ia b le  mass loss  from th e  s ta r  (Limber, 1967).

P o la r im etric  s tu d ie s  have  so f a r  in v e s t ig a te d  only th e  s h o r t  term  

v a r ia b i l i ty  of Be s t a r s  (Clarke and  Brooks, 1983; Clarke and  McGale 

1988a, b; C larke , 1989). The ind ica tions  a re  th a t  th e  polarim etric
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v a r ia b i l i ty  is c o n s is te n t  w ith  c o ro ta t in g  sp o t  fe a tu re s .

C oord ina ted  s p ec tro p o la r im e tr ic  o b s e rv a t io n s  a re  p o te n tia l ly  th e  

b e s t  method fo r  u n d e r s ta n d in g  th e  p h y s ica l  ch an g es  w ith in  s te l la r  

en v e lo p es .  (This is b eca u se  s p e c tro m e try  on th e  one h and  o b s e rv e s  

p h o to n s  p a s s in g  th ro u g h  m ateria l a long th e  line of s ig h t  w h ils t 

p o la r im e try ,  on th e  o th e r  h an d ,  d e te c ts  ph o to n s  th a t  a re  s c a t t e r e d  in to  

th e  line of s igh t .)  T here  a r e  two m ethods in which th is  may be done. 

One may e i th e r  s tu d y  th e  con tinuum  po la risa tion  with s p e c tr a l  c h a n g e s  

(S o n n eb o rn  e t  al., 1988) w hich enab les  th e  global s t r u c t u r e  of th e  

e n v e lo p e  to  be s tu d ie d  (Brown and  H enrichs , 1987) o r  th e  po la rim etric  

c h a n g e s  a c ro s s  s p e c tra l  l ines  may be in v e s t ig a ted  (P o eck er t  and  

M arlb o ro u g h , 1977; McLean, 1979). This allows, to some ex ten t ,  th e  local 

s t r u c t u r e  of th e  envelope  to be s tu d ie d  since th e  v a r ia t io n  of 

p o la r is a t io n  a c ro s s  a  line will d ep en d  on th e  ab u n d an c e  and  ion isa tion  

f r a c t io n  of th a t  species.

The mass loss  mechanism fo r  Be s t a r s  is s till somewhat unknow n. 

O b se rv a t io n s  of Be s t a r s  in b in a ry  sy tem s have  been  found  to exh ib it  

v a r ia b i l i ty  similar to s ing le  Be s ta r s .  This has  been  in t e r p r e t e d  as  

m ean ing  th a t  all Be s t a r s  a r e  members of b in a ry  system s (Kriz and  

Harm anec, 1975). This h y p o th e s i s  has  s ince  been  r e je c te d  (Harmanec, 

1989).

In Be b in a ry  s t a r  sy s tem s  mass t r a n s f e r  is believed to  o c c u r  in 

some p r e f e r r e d  plane (cf. C h a p te r  2). Since th e  Be phenom enon is 

sim ilar fo r  bo th  s ingle  a n d  b in a ry  Be s t a r s  th is  has  led to  th e  

con c lu s io n  th a t  su ch  a p r e f e r r e d  p lane may also ex ist in s ing le  s ta r  

s te l la r  w inds  (eg. eq u a to r ia l  mass enhancem en ts :  MSS; A pparao  e t  al. t 

1987; M ahesw aren  and  Cassinelli,  1988).
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Chapter 2 

Polarimetric Analysis of Mass Transfer 

in the X-ray Transient A0538-66

2.1 Introduction

The X -ra y  t r a n s ie n t  A0538-66, more p ro p e r ly  know n a s  0535-668 

(H u tch ings  e t  a l . t 1985) in th e  Large Magellanic Cloud h a s  been  

o b s e rv e d  e x ten s iv e ly  s ince  i t s  d isco v e ry  in 1977 (White an d  C a rp e n te r ,  

1978; J o h n s to n  e t  a l ., 1979), la rg e ly  due  to i t s  well e s ta b l ish e d  op tica l 

c o u n t e r p a r t  an d  the  16.65 day  r e g u la r i ty  of i t s  o u tb u r s t s  w hen  in  th e  

'o n '  s ta te .  T hese  o u tb u r s t s ,  w ith an  X -ray  lum inosity  a p p ro a c h in g  1039 

e r g / s e c  a n d  a  b r ig h te n in g  of 2 mag or  more in th e  V -band , a r e  well 

f i t te d  w ith  th e  ephem eris  of S k in n e r  (1981),

N = (JD -  2443423.46)/16.6515 .

P h y s ica l ly  th e s e  o b se rv a t io n s  a re  in te rp r e te d  in te rm s of a  n e u t ro n  

s t a r  in  a  h ig h ly  ecc en tr ic  o rb i t  a b o u t a  B s t a r  p r im ary ,  th e  o u tb u r s t s  

o c c u r r in g  n e a r  p e r ia s t ro n  as  th e  n e u t ro n  s t a r  skims th e  o u te r  la y e rs  

of th e  B s t a r  (Charles  e t  a l ., 1983; S k inner  e t  a l., 1982). However, th e  

sy s tem  sometimes t u r n s  in to  an  'off* s ta te  showing no o u t b u r s t s  fo r  

s e v e ra l  y e a r s .  This may be in te r p r e te d  in te rm s of small r e a d ju s tm e n t s  

in th e  p r im a ry  ra d iu s  c o r re sp o n d in g  (for small v a lu es  of th e  

a tm o sp h e r ic  scale  h e ig h t  as  a f rac t io n  of rad iu s )  to la rg e  c h a n g e s  in 

th e  p r im a ry  a tm ospheric  d e n s i ty  a t  the  p e r ia s t ro n  po in t (Brown and  

Boyle, 1984). A nalysis  of th e  optical and  near-UV d a ta  (C harles  e t  al.,

1983; Densham e t al., 1983) s u g g e s t  th a t  th e  p r im ary  in c re a s e s

c o n s id e ra b ly  in  e ffec t ive  size d u r in g  o u tb u r s t  and  rem ains  la rg e  well 

a f t e r  p e r i a s t r o n  p assag e .  A nalysis  of th e  X -ray  l igh t  c u rv e ,  a n d  in
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p a r t i c u la r  i t s  asym m etry  a b o u t  p e r ia s t ro n ,  has  led A pparao (1985) to 

p ro p o s e  a  model in which th e  n e u t ro n  s t a r  o rb i t s  a B s t a r  w ith a 

c h a r a c te r i s t i c  eq u a to r ia l  d isc  b u t  with th e  o rb i t  h igh ly  inclined to  th e  

d isc  p lan e  (cf. J o h n s to n  e t  a l . t 1979). However it  is not c lea r  th a t  an  

in c lin ed  o rb i t  is n e c e s s a ry  to p ro d u ce  asym m etry  in the  X—r a y  l ig h t  

c u r v e  w hen  accoun t is ta k e n  of th e  d if fe r in g  rad ia l  velocities p r e -  and  

p o s t - p e r i a s t r o n  and of th e  fa c t  th a t  a c c re te d  m atte r  m ust have  a  f in i te  

r e s id e n c e  time in th e  acc re t io n  d isc  so th a t  Lx « Mx is not 

p ro p o r t io n a l  to -  Mpr imar y  a t  each  in s ta n t  (Brown and  Boyle, 1984), as  

a ssu m e d  b y  A pparao (1985). Such conclusions  abou t th e  system  

(Densham e t  al., 1983; A pparao, 1985) r e s t  to some ex ten t  on ad  hoc 

a s s u m p tio n s  a b o u t th e  geom etric  in te rp re ta t io n  of the  

s p e c tro p h o to m e tr ic  data .  In  p r in c ip le ,  how ever,  more d i re c t  in form ation 

a b o u t  th e  geom etry  of th e  system  is ob ta inab le  by  means of 

p o la r im e tr ic  o b se rv a t io n s  (Brown e t  a l ., 1982; Boyle, 1984).

C lay ton  and  Thompson (1982; h e r e a f t e r  CT) re p o r te d  v a r iab le  l inear  

p o la r i s a t io n  co inc iden t with th e  optical o u tb u r s t .  They found  th a t  th e  

b r o a d - b a n d  optical po la risa tion  ro se  from n e a r  zero  to almost 2% n ea r  

p h a s e  0.0 of the  o u tb u r s t  of March 10 1981 [o u tb u r s t  no. 75 acco rd in g  

to  th e  ephem eris  of S k in n er ,  (1981)]. The po la risa tion  s u b se q u e n t ly  

d e c a y e d  b u t  more g ra d u a l ly  th a n  th e  op tica l b r ig h tn e s s ,  b e ing  still 

o v e r  1% w hen  the  system  had  r e tu r n e d  to nea r  its  p r e - o u tb u r s t

b r ig h t n e s s .  CT also no ted  th a t  the  position  ang le  of th e  po la risa tion  

v a r ie d  d u r in g  th e  o u tb u r s t .  T hey  s u g g e s te d  an  e lec tron  s c a t te r in g  

model fo r  th e i r  po la risa tion  d a ta  in w hich most of th e  excess  l igh t

o c c u r s  n e a r  p e r ia s t ro n ,  w hen th e  com pact companion in a  h ig h ly  

inc lined  o rb i t  in te r s e c t s  a  gaseo u s  d isc  s u r ro u n d in g  th e  B s ta r ,

a c c o u n t in g  fo r  th e  su d d e n  o n s e t  of th e  po la risa tion  in c re a se .  An
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e n h a n c e d  mass loss  to th e  d isc  from the  B s t a r  was p ro p o s e d  to 

a c c o u n t  q u a l i ta t iv e ly  fo r  th e  su s ta in e d  po la risa tion  en h an c em en t .  

C hang ing  s c a t t e r in g  geom etry , due  to o rb ita l  motion of th e  s e c o n d a ry  

an d  sh if t in g  of th e  main c e n t r e  of th e  l igh t emission from th e  p r im a ry  

to  th e  s e c o n d a ry  and  back, w ere  su g g e s te d  as  so u rces  of v a r ia t io n  in 

th e  p o la r isa t io n  d irec tion .

Simmons an d  Boyle (1984; h e re a f te r  r e f e r r e d  to a s  SB) g av e  an  

a l te rn a t iv e  in te rp re ta t io n  of th e  CT d a ta  in which the  v a r ia b le  d e g re e  

of p o la r isa t io n  was shown to be in te rp re ta b le  e n t ire ly  in te rm s  of the  

v a r ia b le  s c a t t e r in g  geom etry  of th e  system , as  th e  com panion sw u n g  

r a p id ly  th r o u g h  p e r ia s t ro n ,  w ithou t an y  change  in the  p h y s ic a l  am ount 

o r  d is t r ib u t io n  of s c a t te r in g  m a tte r .  The SB ana ly s is  ig n o re d  c h a n g e s  

in  po la rim etr ic  position  ang le  an d  re q u ire d  a  p e r ia s t ro n  lo n g i tu d e  Xp 

s a t i s fy in g  270’ Xp 360’ o r  90 ’ ^ Xp ^  180’ , and  th e  o c c u r r e n c e  of 

a n  op tica l l ig h t  maximum su b s ta n t ia l ly  before  p e r ia s t ro n  (phase  « 0.86).

S ince th e  CT d a ta  and  SB an a ly s is ,  we have  ob ta ined  po la rim etr ic  

d a ta  d u r in g  a f u r t h e r  o u tb u r s t  of A0538-66 and  th e re  have  b een  two 

f u r t h e r  a t te m p ts  a t  de te rm in ing  th e  spec tropho tom etr ic  o rb i ta l  e lem ents  

(C orbet e t  a l .. 1984; H utch ings e t  a l ., 1985). I t  is the  p u rp o s e  of th is  

c h a p te r  to  re c o n s id e r  th e  CT an d  SB in te rp re ta t io n s  of th e  p o la r im e try  

of th i s  sy stem  in th e  l igh t  of th e s e  new da ta  and  o rb ita l  e lem ents .

2.2 New Observations.

F u r th e r  po larim etric  o b se rv a t io n s  w ere ob ta ined  in A pril 1982 on 

th e  2.5m D upont te lescope a t  Las Campanas O b se rv a to ry .  The 

U n iv e r is i ty  of W estern O ntario’s tw o-channe l pho toe lec tr ic  P ockels  cell 

po la rim e te r  (Angel and  L a n d s t re e t ,  1970) was u sed  to m easure  l in ea r  

p o la r isa t io n .  The o b se rv a t io n s  w ere u n f i l te re d  so th e  b a n d p a s s



(320 860 nra) was de term ined  by  th e  a tm ospheric  t ran sm iss io n  and  

r e s p o n s e  of th e  GaAs pho tom ultip lie rs  (RCA 31034A). The o b s e rv a t io n s  

w ere  c o r r e c te d  for in s tru m e n ta l  eff ic iency  and  sk y  po la risa tion . 

O b se rv a t io n s  of th e  in te r s te l l a r  po la risa tion  and  null s t a n d a r d s

(S erkow sk i,  1973; Serkow ski e t  al.. 1975) w ere  u sed  to re d u c e  the

posit ion  an g le  to th e  s ta n d a rd  equa to r ia l  system  and  to ch eck  for

in s t ru m e n ta l  po la risa tion , re sp ec t iv e ly .  The e r r o r s  r e p o r te d  below a re  

l in ea r  e r r o r  e s tim ates  for pho ton  coun ting  s ta t i s t ic s  only. U n c e r ta in t ie s  

in th e  s k y  co rrec t io n ,  in te r s te l l a r  po la risa tion , and  rap id  s to ch as t ic  

v a r ia t io n s  in  th e  so u rce  i tse lf  (cf. Simmons and  S tew art,  1985) will

in c re a se  th e s e  e r r o r s  s u b s ta n t ia l ly  a t  times of low po la rised  flux  p r io r  

to th e  o u tb u r s t s .  Galactic fo re g ro u n d  po la risa tion  was de te rm ined  

th r o u g h  o b s e rv a t io n s  of Dachs No. 20, a s t a r  ly ing  only 2 a rcm in  from 

th e  A0538-66 l in e -o f - s ig h t .  An a v e ra g e  of fo u r  o b se rv a t io n s  of th is  

s t a r  g iv e s  p  = 0.24 ± 0.04%, <J> = 7 .1’ ± 4.4’ . This  is v e ry  close to the  

fo r e g ro u n d  va lue  u sed  by  CT.

The o b s e rv a t io n s  c o r re c te d  fo r  fo re g ro u n d  a re  g iven  in Table 2.1. 

O b se rv a t io n s  made while th e  moon was u p ,  which a re  c o n s id e re d  

somewhat u n c e r ta in ,  a re  m arked with a colon in Table 2.1. F igs  2.1 and

2.2 show, re sp e c t iv e ly ,  th e  va lues  of p, 4>, Q and  U (in th e  eq u a to r ia l  

system ) p lo t ted  a g a in s t  b in a ry  p h ase  (us ing  th e  S k in n e r  ephem eris)  in 

which th e  CT o b se rv a t io n s  (filled sq u a re s )  a r e  from o u tb u r s t  75, while 

th e  new d a ta  (open sq u a re s )  a re  from o u tb u r s t  99. In  Fig. 2.3, we 

show th e  c o r re s p o n d in g  pho tom etric  v a r ia t io n s  d u r in g  o u t b u r s t s  75 

a n d  99. The re la t iv e  'photom etry* from CT has  been  re -p lo t te d .  These 

o b s e rv a t io n s  have  now b een  scaled u s in g  some co inc iden t B—b an d  

p h o to m e try  (Tuohy, 1981, p r iv a te  communication). D ifferen tia l 

p h o to m e try  be tw een  A0538-66 an d  Dachs No. 20 was ob ta ined  co inc iden t
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F ig u re  2.1

A p lo t of th e  m agnitude and position  ang le of po la risa tio n  fo r bo th  

o u tb u r s ts  p lo tted  a g a in s t phase  u s in g  th e  ephem eris of S k in n er (1981). 

The filled  s q u a re s  r e p re s e n t  o b se rv a tio n s  from o u tb u rs t  75 (CT) and  

th e  op en  s q u a re s  r e p re s e n t  the  new d a ta  re p o rte d  h e re  from o u tb u r s t  

99. The e r r o r  b a rs  p lo tted  h e re  re p re s e n t  1 o. The p lo tted  

o b se rv a tio n s  a re  c o rre c te d  fo r fo reg ro u n d  in te rs te lla r  p o la risa tion  (see 

tex t) .
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Figure 2.2

A p lo t of Q and  U a g a in s t p h a se  fo r th e  same o b se rv a tio n s  

sp ec if ied  in  Fig. 2.1. The sym bols a re  th e  same as  in Fig. 2.1
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Figure 2.3

P h o to m etry  of A0538-66 ta k en  d u rin g  o u tb u rs ts  75 and  99. The 

filled  s q u a re s  a re  m agn itudes d e riv e d  from polarim etric c o u n t r a te s  

from  th e  o b se rv a tio n s  of o u tb u r s t  75 (see tex t). The tr ia n g le s  a re  

B -b an d  pho tom etry  ta k en  d u r in g  the  same o u tb u rs t  (Tuohy, 1981 

P r iv a te  comm.). The open  sq u a re s  a re  d iffe re n tia l pho tom etry  ta k en  

a long  w ith th e  po la rim etry  of o u b u rs t  99.
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w ith  th e  new  o b se rv a tio n s  u s in g  a  10.4 a rc se c  a p e r tu r e  an d  th e  

p o la rim e te r  c o u n t ra te s .  The peak  m agnitude a g re e s  well w ith  th e  V -

13.1 ± 0.2 re p o r te d  by  v an  P a ra d ijs  e t al. (1984). To a s s is t  in  th e

in te rp re ta t io n ,  we show in  Fig. 2.4 a p lo t of th e  d a ta  fo r  th e  two

o u tb u r s t  in  te rm s of th e  locus d e s r ib e d  in  th e  (Q,U) p lane.

R e fe re n ce  to  Fig. 2.1 show s th a t  in  b o th  o u tb u r s ts  th e  main

fe a tu re  is  a  ra p id  r is e  in  th e  d e g re e  of p o la risa tio n  in  th e  p h ase

ra n g e  0.00 -  0.05 followed (a f te r  p h ase  0.1) by  a  co m p ara tiv e ly  slow 

d ec lin e  on  a  tim e-scale  co n s id e ra b ly  lo n g e r th a n  th a t  fo r  th e  

b r ig h tn e s s  of th e  system  to  decline (see Fig. 2.3). T h ere  is  some 

in d ic a tio n  th a t  th e  p o la risa tio n  r is e  in  o u tb u r s t  99 o c c u rs  a t  a  la te r  

p h a se  an d  h a s  more p ro lo n g ed  lig h t maximum th a n  o u tb u r s t  75, b u t 

th e  p h a s e  sam pling  of th e  d a ta  is too s p a rs e  to q u a n tify  th e se  

d if fe re n c e s . Note th a t  th e  q u ie sc e n t b r ig h tn e s s  of th e  A0538-66 system  

d if f e r s  b y  m ore th a n  1 mag betw een  o u tb u r s ts  75 and  99.

Fig. 2.1 s u g g e s ts  an  a p p a re n tly  d is c re p a n t b eh av io u r in  th e

p o sitio n  a n g le  betw een  th e  two o u tb u r s ts .  However, th e  p r e - o u tb u r s t  

p o s itio n  a n g le s  in  o u tb u r s t  75 a re  r a th e r  p oo rly  de te rm in ed  (no ted  by  

CT an d  SB) a s  can  be seen  from  th e  (u n d eres tim a ted ) form al e r r o r s  in 

Fig. 2.1 a t  th o se  p h ases . T h e re fo re , we will h e n c e fo rth  d isc o u n t th e se  

d a ta  fo r  p o sitio n  ang le  in te rp re ta t io n . (If th e  p r e - o u tb u r s t  <t> v a lu es  

w ere  t r u ly  d if fe re n t th e  im plications would be fa sc in a tin g  b u t 

p ro b lem atic . T hey  would im ply a  90 ’ ro ta tio n  on th e  sk y  of th e

p r in c ip a l s c a t te r in g  p lane in  th e  n o n -o u tb u rs t  system , w hich w ould be 

norm ally  ta k e n  as  th e  p lane  of a Be s ta r  d isc . Such a ro ta tio n  m ight 

be a t t r ib u te d  to  m ajor d is ru p tio n  of th e  d isc  in a p re c e d in g  o u tb u r s t  

b y  th e  ac tio n  of a  com panion in  an  o rb it  h ig h ly  inc lined  to  th e  

p re c e d in g  d isc  p lane. I t  is  h a rd  how ever, to  see w hy re p e tit io n  of
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F ig u re  2.4

A (Q,U) diagram  show ing th e  same o b se rv a tio n s  as  p lo tted  in  Fig. 

2.2. T he sym bols a re  th e  same. To follow th e  po larisa tion  evo lu tion  w ith 

tim e o f th e  two o u b u rs ts ,  th e  p o in ts  a re  connected  by sh o r t d a sh e s  

(o u tb u r s t  75) and  long  d ash es  (o u tb u rs t  99). Also plotted} a re  th e  Q0 

a n d  Uq ax es  re p re s e n t in g  th e  n a tu ra l axes of the  A0538-66 system . 

T h ey  a r e  ro ta te d b y  12* on th e  sk y  and  24* in the  (Q>U) plane.
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su c h  d is tu rb a n c e s  would no t hav e  q u ick ly  led to a lignm ent of th e  d isc  

a n d  o rb ita l  axes). T hen  th e  main fe a tu re  in  th e  b eh av io u r of <t> w ith  

p h a s e  is  a  p o ss ib le  s lig h t in c re a se  ju s t  b efo re  p h ase  0.0, followed b y  a 

r a p id  ro ta t io n  th ro u g h  ab o u t —90 a t  p h ase  0.00—0.05, an d  th e n  b y  a 

slow re c o v e ry . In  te rm s of th e  Q—U plane in  Fig. 2.4, th is  can  be  seen  

in  th e  form  of a  ra p id  n e a r - l in e a r  tran sfo rm a tio n , m ainly in  th e  -Q 

d ire c tio n , c h a n g in g  Q from p o sitiv e  to  n eg a tiv e  va lu es  (180* ro ta tio n  in  

th e  (Q,U) p lan e  a 90* in <J>) followed by  a tr e n d  a t  ab o u t r ig h t  a n g le s  

to  th is  lin e  ( i.e. ro u g h ly  in  th e  -U  d irec tio n ), w ith Q m oving b ack  to  

le s s -n e g a t iv e  v a lu es . Again th e  d a ta  a re  too und ersam p led  to  see 

d e ta ile d  b e h a v io u r  n e a r  p h ase  ze ro  o r  to  see deta iled  d if fe re n c e s  

b e tw ee n  o u tb u r s ts .  In  Fig. 2.4, we also  show a se t of axes (Qo»Uq), 

u se d  la te r ,  w hich a re  ro ta te d  b y  12' from  (Qq»U) on th e  sk y  [24* in  

th e  (Q,U) p lan e! so th a t  ra p id  c h a n g e s  in  p  lies along th e  Q q axis.

2.3 Qualitative Interpretation.

As is  th e  case  w ith sp ec tro p h o to m e try , th e  po larim etric  l ig h t- c u rv e  

m odelling  of an  e c c e n tr ic  b in a ry  is  a m u lti-p a ram ete r problem , 

d em an d in g  in te n s iv e  o b se rv a tio n a l co v era g e  fo r an  unam biguous 

so lu tio n . T h u s, ev en  w ith th e  im proved  sp ec tro p h o to m etric  d a ta  an d  

a n a ly s is  of r e c e n t  y e a rs  (H u tch ings e t  al., 1985, C orbet e t  al., 1984) 

th e r e  rem a in s  co n s id e ra b le  d o u b t ab o u t th e  va lues of th e  o rb ita l 

e lem en ts , some of th e  elem ents ca lcu la ted  by  th e  two g ro u p s  no t 

a g re e in g  a t  all, th o u g h  a la rg e  e c c e n tr ic ity  seem s to be unan im ously  

r e q u ir e d .  B ecause of th e  ac tiv e  n a tu re  of th e  A0538-66 system , th e  

p re s e n c e  of small am ounts of em ission may a ffec t th e  ra d ia l v e lo c ity  

m e asu re m en ts . In  p a r tic u la r ,  H u tch in g s e t  a l. (1985) comment th a t  th e  

m ean sp e c tru m  of C orbet e t  a l. (1984) co n ta in s  b lu e sh ifted  em ission a t
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Ĥ g, in d ic a tin g  th a t  th e  s ta r  s till had  s ig n if ic a n t em ission w hen th e ir  

o b s e rv a tio n s  w ere  made. Smale e t  a l. (1984) re p o r te d  sim ilar p rob lem s 

w ith  sp e c tro sc o p ic  d a ta  th e y  o b ta in ed  a ro u n d  th e  same time. The 

H u tch in g s  e t  a l . d a ta  may be le ss  a ffec ted , a s  th e  d a ta  w ere ta k en  

la te r  w hen th e  system  may have  been  more d eep ly  in  th e  *off* s ta te . 

The H u tch in g s  e t a l. and  C orbet e t  a l. o rb ita l e lem ents a re  sum m arised 

in  T able 2.2.

In  th e  ca se  of p o la rim etry , th e  problem  will invo lve no t on ly  the  

g eo m etrica l e f fe c ts  re la te d  to  th e  o rb ita l e lem ents (cf. Brown e t  a l., 

1982) b u t  a lso  th e  v a ria b le  re la tiv e  c o n tr ib u tio n s  of th e  two lig h t 

s o u rc e s  (cf. CT, SB) and  th e  v a r ia b le  am ount and  sp a tia l d is tr ib u tio n  

o f th e  s c a t te r in g  m ateria l, w hich has no t been  co n s id e re d  

q u a n ti ta t iv e ly  in  an y  of th e  p re v io u s  an a ly se s . G iven, th e re fo re ,  th e  

lim ited  p o la rim e tric  co v erag e  of A0538-66 ev en  w ith o u r  new d a ta , a 

v a r ie ty  of p o ss ib le  in te rp re ta t io n s  is  to  be expec ted .

O ur aim h e re , how ever, is to  show th a t  th e  availab le  d a ta  a re  

a d e q u a te  to  ru le  o u t c e r ta in  in te rp re ta t io n s ,  r e g a rd le s s  of th e  o rb ita l 

e lem en ts  a d o p te d , and  to p u t some lim its on th e  p a ra m e te rs  of one 

p o ss ib le  in te rp re ta t io n .  Specifically , we will r e s t r i c t  o u rse lv e s  to  an  

in te r p r e ta t io n  in  w hich th e  sy stem  com prises a Be s ta r  p rim ary  

s u r ro u n d e d  b y  a d isc  accom panied by  a  n e u tro n  s ta r ,  in  a  co p lan a r 

o rb it ,  w hich  d is tu r b s  and  c a p tu re s  g as  from  th e  d isc  d u r in g  close 

p a s sa g e  a t  p e r ia s tro n . While o th e r  in te rp re ta t io n s  would u n d o u b te d ly  

be p o ss ib le , we will show th a t  no more e lab o ra te  model is dem anded by  

c u r r e n t ly  av a ilab le  d a ta . S c a tte r in g  of Be lig h t from th e  d isc  is  ta k e n  

to  be  re sp o n s ib le  fo r th e  p o la risa tio n  o u tb u r s t ,  th e  d ire c tio n  of th is  

p o la risa tio n  d e fin in g  th e  p ro je c tio n  of th e  system  axis on th e  sky . 

V aria tio n s  in  th e  e x te n t of th e  q u ie sc e n t d isc , w hich a p p e a r  to  be a
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Table 2.2 Orbital elem ents.

C orbet e t  a l . 

E c c e n t r i c i ty  (e) 0 .9 6 +O’° 4
- o . 23 

+30 *L ong itude  o f  p e r ia s t r o n  330* .

Maas fu n c tio n  4 .7x10“ 7 Mq

Orbital elem ents of A0538-66 calculated with  

d ays.

H utchings e t  a l . 

0 .82±0.04

222*±21*

0.027 Mq 

assum ed p e rio d  of 16.6515
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common Be phenom enon  (Coyne, 1976; Hayes an d  G uinan, 1984), will 

c a u se  v a r ia t io n s  in  th e  q u ie sce n t p o la risa tio n  (su ch  a re  seen  in  Fig. 

2.1). Disc v a r ia tio n s  will a lso  cause  co n sid e ra b le  v a r ia tio n  in  th e  size 

an d  p ro p e r t ie s  o f d if fe re n t o u tb u r s ts ,  s ince th e  m ass t r a n s f e r  an d  loss 

a t  p e r ia s t ro n  p a s s a g e  is v e ry  sen s itiv e  to  th e  size of th e  p rim ary  

en v e lo p e  (Brow n an d  Boyle, 1984; Boyle and  W alker, 1986). In d eed  su ch  

v a r ia tio n s  may be re sp o n s ib le  fo r th e  'on-off* s ta te s  in  A0538-66

o u tb u r s t  b e h a v io u r  (Brown and  Boyle, 1984). M ajor en hancem en t of th e  

d isc  b y  th e  d is ru p t iv e  e ffec t of th e  p e r ia s tro n  p a ssa g e  may c o n tr ib u te  

to  th e  a p p a r e n t  en la rg em en t of th e  o p tica l p rim ary  a t o u tb u r s t  

(C h arle s  e t  a l ., 1983; Densham e t  a l., 1983) an d  to  th e  am ount of m ass

c a p tu re d  b y  th e  n e u tro n  s ta r  lead ing  to  th e  X -ray  o u tb u r s t .

One sp e c if ic  e lab o ra tio n  of th e  above model, p ro p o sed  by  CT and  

A pparao  (1985) is  th a t  th e  o rb it is  h ig h ly  inc lined  to th e  d isc  p lane. 

CT p ro p o se d  th is  a s  an  exp lanation  fo r th e  su d d e n  o n se t of th e  

p o la ris a tio n  a s  th e  n e u tro n  s ta r  e n te r s  th e  p lane  of th e  d isc  while 

A pparao  claim s th e  inc lined  o rb it is  n e c e s s a ry  to  explain  th e  

a ssy m m e try  o f th e  X -ray  and  op tica l lig h t c u rv e s  n e a r  p e r ia s tro n . 

H owever, th e  s te e p  ra d ia l d e n s ity  g ra d ie n t in  th e  d isc  an d  th e

ra p id i ty  o f s e c o n d a ry  ap p ro ac h  alone will g u a ra n te e  a  s te e p  r is e  in 

th e  l ig h t c u rv e s  and  p o la risa tio n , even  fo r a co p lan a r o rb it. S econdly , 

A p p arao ’s a rg u m e n t r e s t s  on th e  assum ption  th a t  th e  X -ray  lum inosity  

is  a fu n c tio n  on ly  of seco n d a ry  location, w hich is  sym m etric ab o u t 

p e r ia s t ro n  in  th e  co p lan a r case . In  re a lity , th e  m ass ac c re tio n  ra te  on 

to  th e  n e u tro n  s ta r  (and hence th e  X -ray  lum inosity) is asym m etric 

a b o u t p e r ia s t ro n  b ecau se  i t  is  also  a ffec ted  by  th e  s ig n  of th e  ra d ia l 

v e lo c ity  an d  b y  th e  s to ra g e  time of th e  c a p tu re d  m a tte r in  th e  

t r a n s ie n t  a c c re tio n  d isc  (Brown and  Boyle, 1984).
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Q uantitatively, the possible contributions to the polarisation are 

sca tter in g  of light from:

(i) th e  p rim ary , Xt ;

(ii) th e  seco n d ary , X2;

(iii) a d isc , S j,  a ro u n d  Xt ;

(iv) a c c re tin g  g as , S2, a ro u n d  X2, and

(v) an y  ad d itio n a l gas, S3, to rn  from  X^ and  d u r in g  p e r ia s t ro n  

p a s sa g e .

F o r re a so n s  of sym m etry, lig h t from  X± s c a tte re d  a ro u n d  X2 , an d  

l ig h t  from  X2 sc a tte re d  a ro u n d  Xt show  id en tica l p o la risa tio n  

v a r ia tio n s  w hen th e  num ber of s c a t te r e r s  does no t ch an g e  w ith  tim e. 

H ow ever, th e  n e t o b se rv ed  p o la risa tio n  d e p e n d s  on th e  re la tiv e  

c o n tr ib u tio n s , a s  a  fu n c tio n  of time, of th e  two so u rc e s  of d ilu tin g  

u n p o la ris e d  s ta r l ig h t  (SB). U sing on ly  th e  e a r l ie r  d a ta  (CT), SB a rg u e d  

th a t  th e  o b se rv e d  v a ria tio n  in  th e  d e g re e  of p o la risa tio n  could  be 

ex p la in ed  p u re ly  geom etrically  in  te rm s of s c a tte r in g  in a  fixed m ass 

a ro u n d  XA of lig h t and  L2, from  bo th  X± and  X2. Both L2 an d  th e  

p o s itio n  of X2 v a ry  rap id ly  th ro u g h  p e r ia s tro n , w ith fixed. T his 

model is  u n re a lis tic  in  th a t i t  d is r e g a rd s  th e  envelope re d is t r ib u tio n  

w hich  is  bound  to  accom pany th e  o u tb u r s t .  F u rth e rm o re , due to  th e  

h ig h  e c c e n tic ity , th e  lig h t so u rces  re c e d e  v e ry  ra p id ly  from  th e  

s c a t t e r e r s  a ro u n d  th e  o th e r  o b je c t so th a t  th e  p o la risa tio n  can  on ly  be 

su s ta in e d  fo r v e ry  specific  s c a tte r in g -a n g le  geom etries soon a f te r  

p e r ia s t ro n ,  i.e. fo r v e ry  specific  w v a lu es  fo r w hich SB also p re d ic t  

th e  p o sitio n  ang le  v a ria tio n  expec ted  in  th e ir  model. We show below 

th a t  th e  more com plete o b se rv a tio n a l m ateria l now availab le  do no t 

a g re e  w ith  th e se  SB p red ic tio n s ; see Fig. 2.6.

We have th e re fo re  co n s id e re d  a w ide v a r ie ty  of l ig h t
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s o u r c e /s c a t te r e r  geom etries, in c lu d in g  v a ria tio n  in  th e  am oun t of 

s c a t te r in g  m ateria l to see w hat k in d  of cop lanar s itu a tio n s  can  f i t  th e  

o b se rv a tio n s . In  doing  b o , we have  assum ed th a t  th e  s c a t te r in g  

p o la risa tio n  can  be a d eq u a te ly  d esc rib e d  b y  th e  s in g le  s c a t te r in g  

tre a tm e n t of Brown e t a l. (1978), c o rre c te d  by  th e  d ep o la risa tio n  fa c to r  

r e q u ir e d  b ecau se  of th e  la rg e  size of th e  p rim ary  (C assinelli e t  al., 

1987). Daniel (1980) and  Dolan (1984) have show n th a t  ev en  m ultip le  

s c a t te r in g  s itu a tio n s  a re  qu ite  a c c u ra te ly  d e sc rib e d  by  th is  s im p ler 

tre a tm e n t. (We have  neg lec ted , how ever, an y  e ffe c ts  of v a r ia b le  

o c cu lta tio n  o r ec lip s in g  by  th e  la rg e  p rim ary . If th e se  w ere im p o rta n t 

th e y  shou ld  also  hav e  shown u p  in  th e  X -ray  and  op tica l l ig h t c u rv e s .  

M oreover, th e  p o la rim etric  d a ta  ure too scan ty  an d  noisy  fo r o ccu lta tio n  

e f fe c ts  to  be o b se rv e d  o r s tu d ie d .)  In  d isc u ss in g  th e  p re d ic tio n s  of 

v a r io u s  models, we will re fe r  th e  p o la risa tio n  to th e  n a tu ra l axis of th e  

sy stem  i.e . th e  p ro jec tio n  of th e  o rb ita l/d is c  norm al on to  th e  sk y . 

T his is  of c o u rse  unknow n a p r io r i  and  in t ry in g  to f it  th e  v a r io u s  

m odels we have  ta k e n  th e  system  o rien ta tio n  on the  sk y  to  be a  f re e  

p a ra m e te r . We have  done likew ise w ith th e  system  inc lin a tio n  i, b u t  

fo u n d  model p re d ic tio n s  to be in se n s it iv e  o v e r a wide ra n g e  of i. 

Q u an tita tiv e  r e s u l t s  a re  th e re fo re  g iven  only  fo r i = 6 0 '. In  th e

follow ing, all of th e  conclusions hold fo r an y  o rb it  w ith  la rg e  

e c c e n tr ic ity , re g a rd le s s  of th e  o th e r  o rb ita l elem ents.

The sim ple s itu a tio n  we c o n s id e re d  was one in w hich all of th e  

l ig h t v a r ia tio n  w as a t tr ib u te d  to ch an g e s  in th e  lum inosity  Lx in th e  

n e ig h b o u rh o o d  of Xĵ  and  all of th e  po larim etric  v a ria tio n s  d u e  to  

c h a n g e s  in  th e  to ta l num ber of s c a t te re r s  in  th e  d isc  S1. S uch  a 

d e sc r ip tio n  could fo r su itab le  N1(t), reaso n ab ly  d esc rib e  th e  r is e  and  

fa ll of th e  d e g re e  of po la risa tio n . However th e  position  ang le  of th e
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p o la risa tio n  shou ld  n e v e r  chan g e  from th a t  of th e  p r e - o u tb u r s t  Be 

s t a r / d i s c  sy stem , in  co n tra d ic tio n  to th e  o b se rv a tio n s  (Fig. 2.1).

S eco n d ly , we tr ie d  a t t r ib u t in g  th e  lig h t enh an cem en t e n t ire ly  to  th e  

c h a n g in g  lum inosity  L2 of X2 and  th e  po la rim etric  c h a n g e s  to  

s c a t te r in g  of L2 on N2 e le c tro n s  in S2 a ro u n d  X2 . This does g ive  r is e  

to  c h a n g e s  in  p o sition  ang le  (though  more ra p id  th a n  th o se  o b se rv e d ) . 

H ow ever th e  e x tra  lig h t L2 m ust decline on th e  s h o r t  d ecay  tim e-sca le  

of th e  o p tica l l ig h t c u rv e  so th a t  Lj will ag a in  p red o m in ate  an d  will 

d ilu te  th e  p o la risa tio n  of L2 s c a tte re d  on N2 fa s te r  th a n  th e  d e g re e  of 

p o la risa tio n  is  o b se rv e d  to  decay  (cf. F igs 2.1 an d  2.3). S im ilarly , th e  

p o s itio n  an g le  does n o t r e tu r n  to its  p r e - o u tb u r s t  v a lu e  on th is  time 

sca le  (Fig. 2.1).

T h e re fo re , we conclude th a t  th e  p o la risa tio n  can n o t be d e sc r ib e d  in  

te rm s  of th e  p redom inance of L4 on S i n o r of L2 on S 2< Next we 

c o n s id e r  th e  c o n tr ib u tio n  of LA sc a tte re d  on N2 and  of L2 on NA. One 

can  a t  once conclude th a t  th e  la t te r  connot be p red o m in an t fo r  th e  

same re a so n  a s  above i.e. th e  decline of L2 dem anded by  th e  lig h t 

c u rv e  w ould cau se  th e  p o la risa tio n  to decline an d  th e  p o sitio n  an g le  to  

r e v e r t  back  to  i ts  p r e - o u tb u r s t  value much f a s te r  th a n  is  o b se rv e d . 

The s c a t te r in g  of h 1 on S 2 does no t su ffe r  from  th e  same o b jec tio n  

s in ce  th e  dec line  of th e  lig h t c u rv e  does no t ch an g e  th e  p o la risa tio n  

a s  th e  p o la rise d  flux an d  th e  d ep o la ris in g  flux  (both  « L±) decline  

to g e th e r .  The problem  w ith th is  option  is th a t  th e  d is ta n c e  an d  ang le  

Xi a n d  S2 a ro u n d  X2 ch an g e  so qu ick ly  in  a  h ig h ly  e c c e n tr ic  o rb it . 

The c o n se q u e n c e s  of th is  a re  b e s t seen  in th e  q u a n tita t iv e  tre a tm e n t 

below  w h ere  we ta k e  to  p redom inate  th ro u g h o u t.
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2*4 Quantitative interpretation with primary light source dominant.

In  view of th e  prob lem s p o sed  b y  a l te rn a tiv e  in te rp re ta t io n s ,  we 

c o n s id e r  h e re  th e  p o ss ib lity  of ex p la in in g  th e  po la rim etric  d a ta  w hen 

th e  p rim ary  lum inosity  L± (t) is  p red o m in an t th ro u g h o u t. In  th is  model, 

th e  p o la risa tio n  a r is e s  from  s c a t te r in g  in  th e  n e ig h b o u rin g  d isc  

m ateria l (w hich may be e n la rg e d  d u r in g  o u tb u r s t) ,  and from  some 

ad d itio n a l s c a tte r in g  m ateria l S3. T h is m ateria l S3 may, b u t need  not, 

be id e n tica l w ith  S 2 a c c re tin g  on  to  X2 so th a t  th e  la s t scen a rio  

d e sc r ib e d  in Section  2.3 is in c lu d ed  in  th is  an a ly sis .

The an a ly sis  of Brown e t a l. (1978) in  fa c t show s th a t  th e  S tokes 

p a ra m e te rs  of an y  e lec tro n  d is t r ib u tio n  n e a r  th e  o rb ita l p lane may be 

d e sc r ib e d  b y  th o se  of an  e q u iv a le n t id ea lised  s c a t te re r  a t  an

a p p ro p ia te  s ite . Our p ro c e d u re  will be to  co n s id e r  the  p o la risa tio n  

ex p ec ted  from  an  ‘e q u iv a le n t s c a t te r in g  volum e’ S co n ta in in g  N 

e le c tro n s  and  located  a t  a d is ta n c e  R from  XA a t an  ang le  (long itude) A

in  th e  o rb ita l p lane  from  th e  p lane  XxEZ co n ta in in g  th e  E a rth  E and

th e  o rb ita l axis Z (see Fig. 2.5). th e  p a ra m e te rs  N, R and  A will be 

allow ed to  v a ry  w ith  time an d , will id e n tify  th e  ‘s c a tte r in g  c e n tro id ’ 

p ro p e r t ie s  w hen m atched to  th e  o b se rv a tio n s . T hese p ro p e r tie s  will 

th e re fo re  r e p re s e n t  th e  sum of th e  c o n tr ib u tio n s  from  Sj_, S2 and  S3.

A cloud of N e le c tro n s  (R, A) in  th e  o rb ita l p lane illum inated 

dom inan tly  by  X  ̂ w ith lum inosity  will r e s u l t  in  th e  S tokes

p a ra m e te rs  Qq, an d  Uq, w ith  Qq m easu red  along  th e  p ro je c tio n  of X^Z 

on th e  sk y , g iv en  by ,

Qo = p cos2<t>0 = ^  ( 1 -  | |  ] H ( s in 2A -  co s2i  c o s2A) (2.1)

U0 = p sin24>0 = ^  ( 1 -  | |  J ^ c o s i sin2A ( 2 . 2 )
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Figure 2.5

Two schem atic view s of th e  A0538-66 o rb it .  The p o s itio n s  of th e  

p rim ary , th e  seco n d ary  and  p e r ia s tro n  a re  g iv e n  b y  X ^  X2 a n d  P 

re sp ec tiv e ly . The la rg e  double a rro w  show s th e  p o la risa tio n  o f th e  

’eq u iv a len t s c a tte r in g  volum e’ S co n ta in in g  N e le c tro n s  an d  lo ca ted  in 

th e  o rb ita l p lane a t  a d is ta n ce  R from  X  ̂ an d  a t  an  an g le  (lo n g itu d e ) A 

from  th e  p lane XAEZ con ta in in g  th e  e a r th  E an d  th e  o rb ita l  ax is Z. The 

line Xĵ AX is th e  p ro jec tio n  of XAE in th e  o rb ita l  p lane. The s c a tte r in g

ang le  is g iven  by  x. The position  of th e  s e c o n d a ry  is  r ,  in  o rb ita l

po la r coo rd in a tes . The lo ng itude  of p e r ia s tro n  is  w an d  th e  t r u e

anom aly is  X,
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w here <t>0 is  th e  p o sition  ang le  in th is  system , aQ -  (3/1617)0^ w ith  oT 

the  Thom son c ro s s - s e c tio n , and  R# is th e  s te llla r  ra d iu s  w hich a r is e s  

in th e  d e p o la r is a tio n  fa c to r , D = (1 -  R |/R 2)^ (Cassinelli e t a l., 1987).

E q u a tio n s  (2.1) and  (2.2) can  be used  to p re d ic t th e  Qq and  U0

from a model w h ere  N, R and  A a re  g iven  (or from a sum of su ch

c o n tr ib u tio n s )  fo r  com parison  w ith da ta , o r to deduce th e  co nb ination  

of N, R a n d  A n eed ed  from th e  d a ta . We have u sed  th e  eq u a tio n s  bo th

ways an d  we p r e s e n t  h e re  th e  r e s u lts  w here th e  o b se rv ed  Q and  U of

F igs 2,2 a n d  2.4 have been  ro ta ted  th ro u g h  A<J> = 12* on th e

assum ption  th a t  th e  p r e - o u tb u r s t  position  angle indeed  in d ica te s  th e  

d irec tio n  of th e  n a tu ra l system  Q0 axis, i.e. th a t  p r e - o u tb u r s t  

p o la risa tio n  is  th e  r e s u l t  of s c a tte r in g  from SA w hich can  be

c o n sid e red  a  Be s ta r  d isc  in  th e  o rb ita l p lane. In  fac t we have

experim en ted  w ith  A<|> as  a f re e  p a ram eter and found th a t none of th e  

conclu sions s ta te d  below a re  modified, i.e. th e  A<t> value ad o p ted  g iv e s  

the  most s e lf - c o n s is te n t  in te rp re ta tio n .

F ir s t  we u se d  (2.1) and  (2.2) to examine the  p hysica lly  p lau sib le  

h y p o th e s is  th a t  th e  v a ria b le  po la risa tio n  a r is e s  from th e  s c a tte r in g  of 

on b o th  S 1 an d  S2, co n ta in in g  and  N2 e lec tro n s , re sp e c tiv e ly . 

Both th e  d isc  an d  th e  cloud s c a tte r in g  mass can be rep laced  b y  an

e q u iv a len t u n ifo rm  r in g  of e lec tro n s  a t ra d iu s  Rj and by  a v e ra g in g

(1.2) an d  (2.2) o v e r  Ar  The s c a tte r in g  acc re tio n  cloud of N2 e le c tro n s  

m ust h av e  R2 « r ,  A2 = V + w w here r  and X) a re  th e  o rb ita l po la r 

co o rd in a tes  of th e  seco n d a ry  a t  a time t  (see Fig. 2.5). The to ta l

p re d ic te d  p o la ris a tio n  is th e n  g iven  by,
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(2.3)

+o
[s in 2 (u + w) -  c o s2i  co s2 (\) + w)]

c o s i s in [2 (l)  + w) ] , (2.4)

w here  r  = a ( l  -  e 2) / ( l  + e cosD). If  we e x p re s s  a, Rlf and  R2 in u n its  

of th e  p r im a ry  s ta r  ra d iu s  R#, th e n  fo r  an y  g iven  s e t of o rb ita l

e lem en ts  th e  on ly  unknow n fu n c tio n s  of time on th e  r ig h t  s id es  of

(2.3) an d  (2.4) a re  V 1 -  o ^ / R f  and  V2 = o0N2/R | , With fixed and  

V2 th is  is  e s s e n tia lly  th e  model d isc u sse d  by  SB. T hus fo r  a g iven  s e t

of d a ta , Q0 (t)i U o(0  and  an  assum ed o rb it ,  th e  eq u a tio n s  (2.3) and

(2.4) can  b e  so lved  fo r  Nt (t) and  N2 (t) fo r a g iven  o rb it , and  g iven  

va lu es  o f  R # /a  an d  Rj^/R^. In  p rin c ip le , th is  so lu tion  could yield

va lu ab le  in fo rm atio n  on th e  re d is tr ib u tio n  of g as  d u rin g  th e  acc re tio n  

o u tb u r s t .

We h av e  c a r r ie d  o u t th is  so lu tion  of th e  d a ta  in  Table 2.1 fo r a 

v a r ie ty  of v a lu e s  of A<|>, i, R */a and  Ri/R* u s in g  bo th  C orbet e t al.

(1984) a n d  H u tch in g s  e t al. (1985) o rb ita l elem ents. We u se  th e se  fo r 

i l lu s tra t io n  of th e  p ro c e d u re  only. They a re  so d iffe re n t th a t  n e ith e r  

can  y e t be ta k e n  se rio u s ly . On th e  o th e r  hand , th e  fa c t th a t  

co n c lu sio n s  below  a re  th e  same in bo th  c a se s  shows them  to  be v e ry  

in se n s it iv e  to  th e  o rb ita l elem ents a p a r t  from  high  e c c e n tr ic ity . We 

found  i t  im possib le  to  ob ta in  a  p h y sica lly  accep tab le  so lu tion , i.e. N^(t) 

and  N2 (t) b o th  p o s itiv e  a t  all times. In  th o se  so lu tions w ith N^, N2 ^ 0 

fo r a s  m any p o in ts  as  po ssib le  (namely w ith  A<t> » 12 ), we found  th a t  

follow ing p e r ia s t ro n  N2(t) became much la rg e r  (by 2 o rd e rs )  th a n
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and co n tin u e d  to  in c re a se  w ith phase. Such b eh av io u r seem s 

u n p h y s ica l s in ce  N2 p resu m ab ly  is draw n from and  th e  t r a n s f e r  

should d ec lin e  r a p id ly  a s  r / a  in c re ases . The n eg a tiv e  N v a lu es  in  fa c t 

a rise  b e c a u se  of th e  incom patib ility  of p red ic tio n s  (2.3) and  (2.4) w ith  

the o b s e rv e d  p o s itio n —ang le  changes. This is  most c lea rly  seen  by  

co n s id e rin g  th e  c o n tr ib u tio n s  of Q2, and U2 in  (2.3) and  (2.4) which 

would a r is e  from  N2 alone if th is  w ere fixed in time, as follows. (These 

conclusions a re  u n c h a n g e d  fo r o th e r  w values.) In  Fig. 2.6 we show 

p lo tted  a g a in s t  p h a se  th e  o b se rv ed  po larisa tion , p , and  th e  ro ta te d  

position  an g le  4>0 . S u p e rp o sed  a re  th e  (a rb itra r ily  scaled) p and  <t> 

p re d ic te d  fo r  an  a c c re tio n  cloud of fixed N2 a ro u n d  X2 (SB), fo r  th e  

o rb ita l e lem en ts  of bo th  C orbet e t a l. (1984) and  H utch ings e t  a l. 

(1985). In  b o th  of th e  p re d ic te d  c u rv e s , we have u sed  th e  la rg e s t  

value of R # /a ( l -  e 2 ) (namely 0.5) com patible w ith th e  a b sen ce  of 

ec lip ses fo r  i = 6 0 ’ (cf. H utch ings e t a l., 1985). This has th e  e f fe c t of 

maximising th e  re d u c tio n  of th e  sh a rp  peak  in  p (t) d u e  to  f in ite  

source  d e p o la r isa tio n . D espite th e  e r ro r  b a rs  and  u n d ersam p lin g  of th e  

data , i t  is  c le a r  th a t  a  fixed N2 in o rb it w ith X2 can n o t p o ssib ly  

explain th e  o b se rv a tio n s  fo r e ith e r  o rb it, o r indeed  fo r an y  

h ig h -e c c e n tr ic ity  o rb it .  The reaso n , as can be seen  in  (2.3) and  (2.4), 

is sim ply th a t  h ig h  e c c e n tr ic ity  implies a more rap id  v a ria tio n  in  <t>0 

th an  o b s e rv e d  b e c a u se  of th e  (\) + w) fa c to rs  and  a much more rap id  

decline in  p  th a n  is  o b se rv e d  of th e  1 / r 2 fac to r. To o ffse t th e  1 / r 2 

v a ria tio n  in  p( t )  w ould dem and a c o rre sp o n d in g ly  la rg e  r is e  in  N2 as  

found above .

We co n c lu d e  th e r fo re  th a t  and  N2 alone canno t explain  o u r 

o b se rv a tio n s  fo r  a n y  o rb it . The only  rem ain ing  way to  in te r p r e t  th e  

su s ta in e d  p( t )  well beyond  p e r ia s tro n  and  th e  n e a r  co n stan c y  of 4>0 a t
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A p lo t sim ilar to  Fig. 2,1, ro ta te d  in to  th e  n a tu ra l system  of 

A0538-66 show n in Fig. 2.4. In  th is  fram e of re fe ren c e , p  is  u n ch an g e d  

and  th e  position  ang le , <D0 = 0 + 12*. Only th e  po in ts  from bo th  

o u tb u r s ts  o c c u rin g  n e a r  p h ase  0.0 a re  p lo tted . The p red ic tio n s  of th e  

Simmons and  Boyle model fo r th e  o rb ita l elem ents of H utch ings e t  al.

(1985) (solid line) and  C orbet e t al. (1984) (dashed  line) a re  also  

show n.
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th a t time is  to  in v o k e  a th ird  sc a tte r in g  reg io n  S3, th e  location  of 

which c h a n g e s  o n ly  g ra d u a lly . I t  should  be no ted  th a t  th is  conclusion  

does no t co n flic t w ith  th e  m assive acc re tio n  cloud S2 a ro u n d  X2 , as  

found in s im u la tions  (e.g. Boyle and W alker, 1986) and  n eed ed  to 

explain th e  X -ray  lig h t cu rv e . R ather it ju s t  means th a t  th is  S2 

reced es  from  X4 so qu ick ly  th a t it  soon makes a  neg lig ib le  

co n trib u tio n  to  p  com pared to a p e rs is te n t  (possib ly  le ss  m assive) 

cloud th a t  is  lo ca ted  much n e a re r  th e  lig h t sou rce .

To es tim ate  th e  location  and  mass of S3, we r e tu r n  to  eq u a tio n s  

(2.1) and  (2.2) an d  in v e r t  them  to  give,

w here p 0 is  g iv e n  by  e i th e r  (2.1) o r (2.2) once A is  o b ta in ed  from

We h av e  u se d  e q u a tio n s  (2.5) and  (2.6) to  in fe r  th e  lo n g itu d e  A 

and th e  q u a n t i ty  N of th e  'e ffec tiv e  s c a tte r in g  c e n tro id ’ need ed  to  f it  

the  ( ro ta te d )  d a ta  of Table 2.1 w ith w ell-defined  <t>Q* The r e s u l t s  fo r  

i -  60* a re  show n in  Table 2.3. The num ber of s c a tte r e r s ,  N, h a s  been  

shown in  th e  sca led  form ,

fN = ~ 1Q2^ Pq = 1 .5x l046 p0 (p er c e n t )  (e le c tro n s )  (2. 7)
°o

where th e  f a c t o r ,

. A • f cos2<l>o ±tanA = c o s i  I r—I sin2<!>0
cos2<l>0 ± 1 (2. 5)

( 2 . 6 )

(2.5).

( 2 . 8 )
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JD Cycle Phase p* k  fN(xtO-<S) A A+180®

4668.58 0.745 0.39 116.9 2.05 345.8 165.8
4670.57 0.865 0.28 80.4 1.67 4.6 184.6
4671.62 0.928 0.21 100.0 1.30 355.3 175.3
4672.62 0.988 0.64 85.1 3.79 2.4 182.4
4673.52 0.042 1.84 88.9 11.03 0.5 180.5
4673.76 0.056 1.41 89.4 8.54 0.2 180.2
4674.52 0.102 1.68 103.8 9.73 353.1 173.1
4674.72 0.114 1.83 103.4 10.61 353.2 173.2
4675.69 0.172 1.46 108.3 8.20 350.6 170.6
4676.68 0.232 1.18 104.5 6.83 352.7 172.7
4677.59 0.286 1.14 105.1 6.47 352.4 172.4

5062.5 98 0.402 0.35 166.9 0.60 295.0 115.0

5063.49 98 0.462 0.49 148.4 1.33 320.9 140.9

5070.48 98 0.881 0.52 139.6 1.76 329.6 149.6

5071.5 98 0.943 0.50 158.8 1.05 307.8 127.8

5072.48 99 0.001 0.51 175.5 0.78 278.9 98.9

5072.5 99 0.002 0.30 184.0 0.46 82.0 262.0

5073.5 99 0.062 0.44 89.3 2.66 0.3 180.3

5073.52 99 0.063 0.53 97.9 3.13 356.0 176.0

5074.5 99 0.123 1.33 92.2 7.96 358.9 178.9

5074.52 99 0.124 1.28 90.5 7.70 359.7 179.7
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w hich r e f le c ts  th e  fa c t th a t  an  N value a t  one R v a lu e , is 

po la rim etrica lly  e q u iv a le n t to a d if fe re n t N a t a d if fe re n t R. The 

maximum p o ss ib le  v a lu e  of f  is 0.38 (1012/R * )2 a tta in e d  w hen R* = 1.5R* 

so th a t  N m ust ta k e  a  va lue  g re a te r  th e n  tho se  show n in  Table 2.3 by  

a fa c to r  ~ 3(R #/10*2)2 . The ab so lu te  va lues of N can n o t be d e te rm in ed  

by th e  p o la rim e try  since  R is  unknow n (and may v a ry  w ith time) b u t 

the  n u m b ers  in  Table 2.3 imply a value of N, n e a r  th e  p o la risa tio n  

peak, ex ceed in g  3x10*^ e lec tro n s . For ion ised  h y d ro g e n  th is  

c o rre sp o n d s  to  a  s c a tte r in g  m ass of 5x l023 g. If a  com parable m ass is 

a cc re ted  b y  a  n e u tro n  s ta r  (X2) of 2Mq th e  re s u lt in g  X -ray  o u tb u r s t  

should co n ta in  a b o u t 1044 e rg  o r a peak  lum inosity  of ab o u t 1039 e rg  

s -1 o v e r an  X -ra y  b u r s t  peak  of one day , c losely  com parable to  th a t  

o b se rv ed  (S k in n e r  1980). Our d a ta  imply th a t  com parable f ra c tio n s  of 

the  m ateria l d ra w n  from  th e  Be s ta r  and  its  d isc  a re  a c c re te d  b y  X2 

and rem ain  in  th e  v ic in ity  of X1, th o u g h  th e  re la tiv e  p ro p o rtio n s  may 

v a ry  g re a t ly  from  one p e r ia s tro n  p assag e  to th e  next. C arefu l 

po larim etric  m on ito ring  w ith sim ultaneous X -ray  co v erag e  could th u s  

rev ea l th e  v a r ia b ili ty  of th is  ep isod ic  m ass-loss  frac tio n .

As f a r  a s  th e  a n g u la r  location of th e  s c a tte r in g  c e n tro id  is  

co n ce rn ed , th is  is  m ost re a d ily  seen  from Fig. 2.7(a) and  (b) w hich 

p o r tra y  in  p o la r co o rd in a te s  th e  polar ang le  A of th e  s c a t te r e r s ,  an d  a 

rad ia l c o rd in a te  m easu rin g  th e  am ount of s c a tte r in g  m ateria l (in te rm s 

of 10“ 46fN) fo r  th o se  p o in ts  in Table 2.3 w here  it  is  a d e q u a te ly  

determ ined . Of c o u rs e  e v e ry  po in t can tak e  th e  v a lu e  A o r A + tt, b u t 

in p lo ttin g  them  we have ad o p ted  so lu tions in th e  same q u a d ra n t on 

the g ro u n d s  of c o n tin u ity . The loci of two s e ts  of so lu tion  p o in ts  a re  

shown in  Fig. 2.7(a) an  (b) fo r  th e  d a ta  in  Table 2.3 in  w hich A is 

ad eq u a te ly  d e te rm in e d . For bo th  o u tb u rs ts ,  p h ase  p o in ts  a re  m arked
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Figure 2.7a

The c u rv e s  in th e  u p p e r  p a r t  of th e  f ig u re  a re  th e  p o la r  p lo ts  of 

th e  p ro p e r tie s  of th e  'e ffe c tiv e  s c a tte r in g  c e n tro id ’ in fe r r e d  from  th e  

d a ta . The rad ia l co o rd in a te  h e re  is  fN(xlO“ 46), a  m easu re  of th e  

num ber of s c a tte re r s ,  and  th e  po la r an g le  A, th e ir  lo n g itu d e ,fo r  th e  

H u tch ings e t a l. o rb it. While th is  can n o t show w here  th e  s c a t t e r e r s  a re  

located , in c reased  d is ta n ce  from  th e  o rig in  in  th is  p lo t in d ic a te s  an  

in c re a se  in  th e  op tical d e p th  of th e  s c a tte r in g  c e n tro id  w hile A 

in d ica te s  its  an g u la r location . The filled  c irc le s  d e r iv e  from  th e  

o b se rv a tio n s  of o u tb u r s ts  75 and  99 a t  th e  follow ing p h a se  p o in ts  

co rre sp o n d in g  to th e  a d ja c e n t labels, ( th e  f i r s t  th re e  o b se rv a tio n s  

w hich have th e  la rg e s t e r r o r s  have no t b een  in c lu d ed ).

P hase P o in ts  O u tb u rs t 75

a = 0.987, b = 0.056, c = 0.101, d = 0.114, e = 0.172, f  = 0.232,

g = 0.286

P hase P o in ts  O u tb u rs t 99

1 = 0.40, 2 = 0.46, 3 = 0.88, 4 = 0.94, 5 = 0.001, 6 = 0.002 

7 = 0.062, 8 = 0.063, 9 = 0.122, 10 = 0.124 

The e llip se  in  th e  low er half of th e  f ig u re  is  a  po la r (r,X) p lo t of th e  

A0538-66 o rb it u s in g  th e  H u tch ings e t a l. p a ra m e te rs  w ith  th e  location  

of th e  seco n d ary  m arked fo r each d a ta  po in t. P e ia s tro n  lie s  n e a r  the  

m arked num ber 6. Com parison of th e  u p p e r  an d  low er p a n e ls  p o in t by  

po in t enab les  com parison of th e  evo lu tion  of th e s c a t te r e r  loca tion  and  

e ffec tiv e  mass w ith th e  o rb ita l motion of th e  n e u tro n  s ta r .
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The sam e a s  F ig .2 .7a b u t  fo r th e  elem ents of C orbet e t al. 

(p e r ia s tro n  lie s  b e tw een  th e  p o in ts  m arked a an d  5 in  th e  low er 

panel). In  th is  ca se  th e  o rb ita l e llip se  is  in  th e  u p p e r  p a r t  o f th e  

diagram  an d  th e  a l te rn a t iv e  s c a t te r e r  lo n g itu d es  A (sh ifted  b y  180 ) 

have b een  a d o p te d  so th a t  th e  s c a tte r in g  c e n tro id  locus lies  in  th e

lower p a r t  o f  th e  f ig u re .
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on th e  loci. Also show n a re  th e  p h ased  p o s itio n s  of X2 a ro u n d  its  o rb it 

fo r  b o th  C o rb e t e t  a l. an d  H u tch in g s e t  a l . p a ra m e te rs .

A ssum ing on  p h y s ic a l g ro u n d s  th a t  th e  s c a t te r in g  m ateria l em erges 

n e a r  th e  p e r ia s t r o n  r a th e r  th a n  th e  a p a s tro n  lo n g itu d e , we in te rp r e t  

th e  r e s u l t s  a s  m eaning  th a t  th e  s c a t te r in g  m ass is e i th e r  e jec te d

a ro u n d  A « 180* c lose to  th e  e n c o u n te r  w v a lu e  of H u tch in g s  e t_al.

(Fig. 2.7a) o r  a ro u n d  A « 0 ’ c lose to  th e  w v a lue  of C orbet e t  al.

(Fig. 2 .7b). P r io r  to  o u tb u r s t  99, th e  A v a lu e  is  in  th e  n e ig h b o u rh o o d  

of 90* (or 270*) w hich is  th a t  of a  p o in t- s c a t te r in g  e q u iv a le n t to a 

d isc . T his is  no t co n firm a to ry  of th e  model p ro p o sed , b u t on ly  

au to m atica lly  c o n s is te n t  w ith  i t  b y  o u r  o r ig in a l choice of th e  <t>Q axis. 

T h e re a f te r  th e  sm all p r e - o u tb u r s t  (d isc) p o la risa tio n  is  ra p id ly  

sw am ped b y  th e  la rg e  p o la risa tio n  a sso c ia te d  w ith th e  la rg e  

en h an c em en t of s c a t t e r e r s  N3 n e a r  th e  p e r ia s t ro n  po in t. I t  is  also  

w orth  n o tin g  th a t  th e  p r e - o u tb u r s t  v a lu e  of fN « 1046 im plies th e re  

a re  ~ 1047 e le c tro n s  in  th e  q u ie sc e n t d isc  (again  ta k in g  f  ^ 0.3 and  

allow ing fo r  th e  fa c to r  of 1/ 3 d e p o la r isa tio n  d u e  to th e  a v e ra g in g  of 

s c a t te r in g  a n g le s  a ro u n d  a  f la t d isc  (cf. Brow n and  McLean, 1977). If  

th e se  d isc  e le c tro n s  a re  s p re a d  th ro u g h o u t a volum e of o rd e r  Rf th e  

im plied d isc  e le c tro n  d e n s ity  is  n e (cm“ 3) ~ 1011 (10i2 /R ^ )3, ty p ic a l of

Be s t a r  d isc  d e n s ity  e s tim a te s  (P o eck e rt an d  M arlborough , 1978a). At

th e  p h a se  p o in ts  well a f te r  p e r ia s t ro n  in  o u tb u r s t  75, F ig. 2.7 show s a  

d ec lin e  in  N b ack  to w ard  th e  o rig in , p re su m a b ly  in d ic a tin g  th a t  th e  

c irc u m s te lla r  m a te ria l is  s e t t l in g  b ack  to w ard  i ts  q u ie sc e n t s ta te . In  

th e  p r e - p e r i a s t r o n  p o in ts  of o u tb u r s t  99, th e re  may also  be an  

in d ic a tio n  th a t  th e  c irc u m ste lla r  m ateria l is  s till r e v e r t in g  to  i ts  

p r e - o u tb u r s t  s ta te  a f te r  o u tb u r s t  98 of th e  p re v io u s  o rb it ,  by  

r e d is t r ib u t io n  in  b o th  lo n g itu d e  an d  ra d iu s .
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The m ajo r f e a tu re s  of p h y sica l in te r e s t  in  th e se  r e s u l t s  is  th e  

re m a rk a b le  p e rs is te n c e  of th e  mass an d  th e  d irec tio n  A of th e  

s c a t te r in g  c e n tro id  m ateria l. T hus, a lth o u g h  X2 p resu m ab ly  c a r r ie s  off 

an d  a c c re te s  a la rg e  m ass w hich ra p id ly  becom es po la rim etrica lly  

n eg lig ib le  a s  a lre a d y  d isc u sse d , a com parable m ass en h ancem en t has to  

p e r s is t  n e a r  th e  Be s ta r ,  close to th e  p e r ia s tro n  position  fo r  a long 

time (com pared  to  th e  decay  time of th e  pho tom etric  lig h t c u rv e ) . This 

time is lo n g e r  th a n  th e  o rb ita l time fo r m ateria l close to th e  Be s ta r  

a n d  th e re fo re  lo n g e r th a n  th e  in n e r  Be s ta r  d isc  K eplerian ro ta tio n  

tim e-sca le , an d  m ore com parable to  th e  tim e-sca le  of th e  hyd rodynam ic 

t r a v e l  a c ro s s  th e  d isc  « R * /v s a 10 d ay s  fo r  a te m p e ra tu re  of 104 K. 

F inally , i t  w ould be e n tire ly  c o n s is te n t w ith th e  d a ta  if th e  s c a tte r in g

cloud  w ere  no t a  s in g le  m ateria l e n t ity  b u t  r a th e r  a  localised

d is c -d e n s i ty  en h an cem en t su s ta in e d  by  n o n -ra d ia l o sc illa tions in  and  

m ass lo ss  from , th e  s te lla r  envelope s e t  u p  b y  i t s  d is to r tio n  a t

p e r ia s t ro n .  The r e s u lt in g  outflow  speed  would have to be well above 

th e  e scap e  sp eed  so th a t  ro ta tio n  would no t d e fle c t th e  e je c ta  g re a tly . 

S econd ly , th e  im pulse d e liv e red  to th e  m ateria l in  th e  d isc  and  th e  

s ta r  n e a r  th e  p e r ia s t ro n  po in t, d u r in g  th e  ra p id  fly b y  of th e  n e u tro n  

s ta r ,  will be  e s s e n tia lly  rad ia l and  along th e  p e r ia s tro n  line, th u s  th e  

v e lo c ity  fie ld  s e t  u p  in th e  Be s ta r  m atter will, a t  le a s t in itia lly , be in 

th e  d ire c tio n  of th e  en h ancem en t re q u ire d  po la rim etrica lly .

2.5 D iscu ssio n  a n d  C onclusions.

W hilst th e  d a ta  p re se n te d  h e re  a re  c lea rly  undersam p led  com pared 

to  th e  r a p id i ty  w ith  w hich th e  system  geom etry  ch an g e s  n ea r

p e r ia s tro n , o u r  a n a ly s is  show s th e  va lue  of ev en  limited p o la rim etric  

d a ta  a s  a  d ia g n o s tic  of r e c u r r e n t  t r a n s ie n t  m ass d is tr ib u tio n . The
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a n a ly s is  u se d  h e re  can  be re -a p p lie d  w hen  more d e fin itiv e  o rb ita l 

e lem en ts  an d  b e t te r  p o la rim etric  d a ta  a re  o b ta in ed  fo r th is  system . 

C learly , f r e q u e n t  m on ito ring  th ro u g h  th e  c r it ic a l  p e r ia s tro n  e n c o u n te r  

cou ld  be m uch m ore in fo rm ativ e  s till, p o ss ib ly  co n ta in in g  th e  s ig n a tu re  

o f th e  ra p id ly  m oving m ateria l a c c re te d  b y  th e  n e u tro n  s ta r .  W hatever 

th is  may re v e a l, we have  e s ta b lish e d  th e  n e c e s s i ty  fo r th e re  to  be an  

ad d itio n a l m ajo r g as  outflow  from  th e  Be s ta r  reg io n  n e a r  th e  

p e r ia s t ro n  p o in t an d  p e r s is t in g  th e re  long  a f te r  th e  n e u tro n  s ta r  has 

m oved aw ay. T h is r e s u l t  is  s tro n g ly  s u g g e s tiv e  th a t  m ass lo ss  and  

t r a n s f e r  in  a  h ig h ly  e c c e n tr ic  b in a ry  m ust be tr e a te d  in  te rm s of tid a l 

s t r ip p in g  r a th e r  th a n  as  a  q u a s i- s te a d y  Roche lobe overflow  o r  w ind 

a c c re tio n  phenom enon  a s  su g g e s te d  b y  some a u th o rs  (Brown and  Boyle, 

1984; A p p arao , 1985). An im p o rtan t th e o re tic a l q u es tio n  is  w h e th e r  th e

tid a lly  s t r ip p e d  cloud p ro d u c in g  th e  p o la risa tio n  could also  be ho t

e n o u g h  to  c o n tr ib u te  s ig n if ic a n tly  to  th e  X -ra y  em ission? C learly  th e  

v a lu e  of p o la rim e tric  co v e ra g e  would also  be g re a t ly  en h an ced  if  good 

s im u ltan e o u s  o p tica l and  X -ray  p h o to m etry  w ere  ach ieved .

I t  is  u n fo r tu n a te  th a t  o u r  p r e - o u tb u r s t  d a ta  a re  so sc a n ty  an d , in 

th e  ca se  of o u tb u r s t  75, of low p rec is io n . B e tte r  co v erag e  of th is  

p h a se  w ould t e s t  o u r  in te rp re ta t io n  th a t  th e  p r e - o u tb u r s t  p o la risa tio n  

is  th a t  of th e  norm al Be s ta r  d isc , and  e lu c id a te  how fixed th e  p lane  

of th e  d isc  is , an d  how v a r ia b le  i t  is in  ex ten t. The well know n

v a r ia b il i ty  o f s in g le  Be s ta r  d isc s  in fe r re d  from  po larim etric  m onitoring  

cou ld  well p la y  a  k ey  ro le  in  d e te rm in in g  th e  fo n -o ff’ b eh av io u r of 

o u tb u r s t s  in  A0538-66 by  p re s e n tin g  v e ry  d if fe re n t  gas c o n fig u ra tio n s  

to  th e  n e u tro n  s ta r  a t  i t s  p e r ia s tro n  p a s sa g e s . Indeed  a  perio d  of

r is in g  p o la r is a tio n  in  th e  q u ie sc e n t s ta te  cou ld  well p re sa g e  a  r e tu r n  

of th e  sy s tem  to  i ts  'o n ’ s ta te .
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Chapter 3 

Stellar Occultation of Polarised Light 

from Circumstellar Electrons:

I. Flat Envelopes Viewed Edge On.

3.1 In tro d u c t io n .

O ver th e  p a s t  d ecad e  th e re  h a s  b een  e x te n s iv e  u se  of lig h t 

s c a t te r in g  o ff of c irc u m s te lla r  e le c tro n s  a s  a  d ia g n o stic  of geom etric  

a n d  p h y s ic a l co n d itio n s  a t  th e  so u rce . A pp lica tions  (P o eck ert and  

M arlb o ro u g h , 1977; Brow n e t  al., 1978; Dolan an d  Tapia, 1984, 1989; 

D risse n  e t  al., 1986a, b; H uovelin e t  al. t 1987; Brow n an d  H enrichs, 

1987) h av e  b een  la rg e ly  b a se d  on th e  p o in t s o u rc e /s in g le  s c a tte r in g  

a n a ly tic  t r e a tm e n t fo rm u la ted  by  Brown an d  M e.Lean (1977), Brow n e t 

a l. (1978) a n d  b y  R udy an d  Kemp (1978). I t  h as  been  show n by  

d e ta ile d  n u m erica l s im u la tions th a t  th e  r e s u l t s  of th is  sim plified 

tre a tm e n t rem ain  re a so n a b ly  a c c u ra te  ev en  w h ere  m ultiple s c a tte r in g  

an d  f in ite  s ize  l ig h t so u rc e  e f fe c ts  a re  in c lu d e d  (Daniel, 1980; Dolan, 

1984) an d  e v e n , in  some c a se s , fo r n o n -R ay le ig h  s c a tte r in g  fu n c tio n s  

(Simmons, 1982, 1983). M ost r e c e n tly  C assine lli e t  a l. (1987) hav e  show n 

how a  sim ple a n a ly tic  d e p o la risa tio n  c o r re c tio n  can  be made to  th e  

p o in t s o u rc e  r e s u l t s  fo r  a  f in ite  lig h t so u rc e  (cf. more g e n e ra l 

d is c u s s io n  b y  Brow n, 1989).

T h u s  f a r  a lm ost no a t te n tio n  h as  b een  p a id  to  th e  second  e ffe c t of 

a  f in ite  s te l la r  l ig h t so u rc e , nam ely i ts  o ccu lta tio n  of some of th e  

s c a t te r in g  re g io n , th o u g h  Milgrom (1978) d rew  a t te n tio n  to  i ts  p o te n tia l 

im p o rtan ce  in  com plica ting  th e  in te rp re ta t io n  of po la rim etric  v a r ia tio n s  

b y  c o n s id e r in g  one sp ec ia l g eo m etry  an d  a p p ly in g  it  to  C ygnus X -l.

In  th is  c h a p te r  we p r e s e n t  th e  r e s u l t s  of th e  f i r s t  s ta g e  of a
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g e n e ra l s tu d y  of s c a t te re r -o c c u l ta t io n  e f fe c ts , exam ining th e  sp ec ia l 

c a se  of o sc il la to rs  co n fined  c lose to  th e  p lane co n ta in in g  th e  o b s e rv e r .  

We will assum e th ro u g h o u t th a t  th e  l ig h t so u rce  is  u n p o la rise d  

(Collins, 1989) an d  th a t  th e  envelope  is  p u re ly  a  s c a tte r in g  one.

From p re v io u s  a n a ly se s  of p o la rim etric  o b se rv a tio n s  (Brown e t  a l . , 

1978; Simmons e t  a l., 1980; D rissen  e t  a l., 1986a, b) i t  a p p e a rs  th a t

s c a t t e r e r s  a re  d is tr ib u te d  q u ite  sym m etrica lly  ab o u t th e  o rb ita l p lane  

in  a  num ber of b in a rie s . In d e e d , p h y s ic a lly  we ex p ec t s c a t te r e r s  to  be 

c o n c e n tra te d  c lo se  to th e  o rb ita l  p lan e , in  su ch  case s  as  a c c re tio n

d isc s , a c c re tio n  s tream s, a c c re tio n  w akes an d  fo cu ssed  s te l la r  w inds. 

In  th e  case  of s in g le  s ta r s  (p a r tic u la r ly  Be s ta r s )  jo in t s p e c tra l  an d  

p o la rim e tric  a n a ly s is  (P o e c k e rt an d  M arlborough , 1977, 1978a; Brow n 

a n d  H en rich s , 1987) a lso  p o in t to  alm ost p la n a r  d isc  d is tr ib u tio n s  of 

c irc u m s te lla r  g as . We th e re fo re  believe  th a t  a th e o re tic a l s tu d y  of th e  

p o la rim e tric  e f fe c t of o c cu lta tio n  of s c a t te r e r s  confined  to  a  p lane is  a 

so u n d  s ta r t in g  p o in t. C learly  th e  r e s u l t s  of su ch  a  s tu d y  will d ep en d  

on th e  o b s e rv e r s  d ire c tio n . Our ad o p tio n  in  th is  c h a p te r  of a 90 ' 

in c lin a tio n  (i) -  i.e. o b s e rv e r  in  th e  p lan e  of th e  s c a tte r in g  m ateria l -  

is  b a sed  on a d e s ire  to  see  w hat a re  th e  maximal e ffe c ts  of o ccu lta tio n  

a n d  to o b ta in  a n a ly tic a l s im plification  to  re v e a l th e  p rim ary  fe a tu re s  of 

o ccu lta tio n  e f fe c ts  b e fo re  p ro c e e d in g  to  a  more g e n e ra l a n a ly s is  fo r 

a r b i t a r y  in c lin a tio n  (c h a p te r  4) and  g e n e ra l axisym m etric en v e lo p es  

(c h a p te r  5). In  an  a c tu a l case  of i = 90 ' in  an  a r b i t r a r y  sy stem , 

th e re  will in e v ita b ly  also  be th e  p o ss ib ly  im p o rtan t e f fe c ts  of s te l la r  

e c lip se s  an d  s c a t te r e r  o ccu lta tio n  b y  bo th  s ta r s  (even  if th e  com panion 

is  fa in t an d  u n im p o rta n t a s  a lig h t so u rc e  -  cf. Sec. 1.4.2). O ur 

a n a ly s is  th e re fo re ,  is  to  be  u n d e rs to o d  a s  ap p ly in g  d ire c tly  to  th o se

b in a ry  o rb ita l  p h a s e s  w hen s te l la r  ec lip s in g  an d  se c o n d a ry  s c a t te r e r
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o c cu lta tio n  a re  no t im p o rtan t.

A fte r a g e n e ra l fo rm ulation  of th e  problem  (sec tio n  3.2) we will 

in v e s tig a te  (section  3.3) how Be s ta r  p o la risa tio n  is  a ffe c te d  w hen we 

in c lu d e  s te lla r  o ccu lta tio n  of a  un iform  d isc  s c a tte r in g  reg io n , and  how 

b in a ry  po la rim etric  v a r ia tio n s  could be u sed  to  in fe r  p ro p e r t ie s  of th e  

ra d ia l an d  azim uthal s c a t te r e r  d is tr ib u tio n s  in  th e  ca se  of a  one 

d im ensional (plum e like) s c a tte r in g  reg io n  (sec tion  3.4) and  a  two 

d im ensional (g en era l p la n a r) s c a tte r in g  reg io n  (sec tion  3.5).

3.2 Polarisation o f an Occulted Plane Electron D istribution .

C onsider a n e a r  p lane d is tr ib u tio n  of e le c tro n  (or R ayleigh)

s c a t t e r e r s  of su rfa c e  d e n s ity  &(x,e) (cm”2) a t  po la r c o o rd in a te s  (r,0)

(r  = xR*) c e n tre d  on a unifo rm  sp h e ric a l s ta r  of r a d iu s  R* and  

lum inosity  L*. By sym m etry , all p o la risa tio n  v e c to rs  a re  norm al to  th e

p lan e  o f Cl when th e  sy stem  is o b se rv e d  in th is  p lane. An e lem en ta ry

a re a  dA = r d r d e  a t  (r,e ) in  th e  sing le  Thom son s c a tte r in g  lim it,

c o n tr ib u te s  a p o la rised  flux  a t  th e  e a r th , d is ta n c e  d, of

d F ^  ^ 0  ft (x,e)  c o s2e dxde (3 .1)
P  4T7d* X

D(x) = , Oo = 3gc_ , 3 . 2)

w here  D(x) is th e  d ep o la risa tio n  fac to r  to allow fo r a f in ite  ra n g e  of 

in c id e n t lig h t d ire c tio n s  from  th e  s ta r  (C assinelli e t a l., 1987), an d  ctj< 

is  th e  Thom son c ro s s  sec tion .

The d ire c t flux  of u n p o la rise d  s ta r l ig h t  is F# = L ^/4nd^, w hich 

will m uch exceed th e  to ta l s c a tte re d  flux in  th e  s ing le  s c a tte r in g  limit, 

so th a t  th e  n e t p o la risa tio n  o b se rv e d  will be
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r = xR

dA

Figure 3.1

The c o o rd in a te s  (x,0) a re  c e n te re d  on th e  s ta r ,  a t  O, of r a d iu s  R*< 

The o b s e rv e r  is  a t  E (along  th e  x -ax is) in th e  p lane  of th e  d isc . The 

d isc  e x te n d s  from  th e  s te l la r  su rfa c e  to a  f in ite  ra d iu s , w hich is  ta k e n  

as  aR*. e is  m easu red  an tic lockw ise  from th e  y -ax is . The o ccu lted  

reg io n  is  th e  h a tc h e d  a re a .
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(3 .3 )

i.e. P = oQ - - x-  G (x ,e )c o s2e dedx (3 .4 )

w h e re  A = to ta l a re a  of Cl seen  b y  o b s e rv e r .

In sp e c tio n  of F ig. 3.1 show s th a t  th is  can  be  w ritte n  as

oo 277

P = |  |  f ( x , e ) ( l  + cos2e) dedx

l o
(3 .5 )

00 7 7 - s e c  1 X

|  ^ - ^ f ( x , e ) ( l  + cos2e) dedx j
i s e c “ 1x

w h ere  f(x ,e) = Cl(x,e)/Cl0 , m easu res  Cl in  u n its  of a  c o n v en ien t (e.g. 

m ean) s u r fa c e  d e n s ity  ClQ. The o u te r  u p p e r  in te g ra l  limit h as  been  s e t 

a t  oo. in  p ra c t ic e  th is  is  to be u n d e rs to o d  to  mean e i th e r  th e  f in ite  

d isc  r a d iu s  o r  th e  maximum d is ta n c e  to w hich s in g le  s c a tte r in g  s till 

a p p lie s  -  p h o to n s  m ultip ly  s c a tte re d  along  la rg e  o p tica l d e p th s  will 

c o n tr ib u te  li t t le  to  th e  p o la risa tio n .

3.3 Polarisation from a Single Be Star Disc with Cl -  0(x).

Be s ta r  en v e lo p es  h av e  been  m odelled in  te rm s  of e q u a to ria l d isc s  

o f m a tte r  (P o eck e rt an d  M arlborough , 1976; R udy and  Kemp, 1978; 

Kemp, 1980; P o e c k e rt, 1982; W aters, 1986 an d  Dachs e t a l., 1986), w hich 

w ere  in itia lly  p ro p o se d  b y  S tru v e  (1931), an d  sometimes in  te rm s of 

ap p ro x im ate ly  s p h e r ic a lly  sym m etric sh e lls  (c.f. Doazan an d  Thomas, 

1982; Doazan, 1987). In  th e  la t te r  case  i t  is  claim ed th a t  li ttle  d ev ia tio n  

from  s p h e r ic a l is  n eed ed  to  exp lain  th e  o b se rv e d  p o la risa tio n s  of ~ 2%
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fo r  Be s ta r s .  T his w as sim ilarly  claimed by  McLean an d  Brow n (1978), 

who co n c lu d ed  from  th e  s ta t is t ic s  of th e  o b se rv e d  p o la ris a tio n s  th a t  

ex trem ely  o b la te  en v e lo p es  p re su m ab ly  do n o t ex ist. We w ish  to  

em phasise  th a t  th is  is  n o t c o r re c t  fo r  all s ta r s .  For a d isc  w ith  a 

p o in t so u rc e  illum ination  from  its  c e n tre , th e  h ig h e s t ( th eo re tic a l)  

p o la risa tio n  a c h iev ab le  is ~14% b efo re  m ultip le s c a t te r in g  b e g in s  to  

re d u c e  th e  p o la risa tio n  (see Sec. 3.3.3). S ince m ost of th e  s c a t te r in g  

o c c u rs  n e a r  th e  s ta r ,  how ever, th e  e f fe c ts  of f in ite  so u rce  

d e p o la risa tio n  an d  of s c a t te r e r  o ccu lta tio n  will b o th  be s u b s ta n tia l ,  and  

th is  .14% f ig u re  is  a  g ro s s  o v e r  estim ate .

H ere we will exam ine th e se  two e ffe c ts  q u a n ti ta t iv e ly  an d  show 

th a t  in d e ed  f la t  d isc s  a re  e s s e n tia l  to  o b ta in  th e  o b se rv e d  d e g re e  of 

p o la risa tio n  (c .f. C assinelli, 1987).

We ta k e  th e  env e lo p e  to  be ax isym m etric w ith  f(x,0) = F(x) an d  to  

h av e  an  o u te r  b o u n d a ry  a t  x = a . T hen  th e  in te g ra tio n  of th e  o ccu lted  

re g io n  (see F ig . 3.1) can  be w r itte n  exp lic itly  a s

<x TT-sec *x
(3 .6 )

l sec_1x

Then,

a

s e c 1x + } ]  dx (3 .7 )

1

For co m parison  p u rp o s e s  we no te  th a t  w hen no acc o u n t is  ta k e n  of 

d e p o la r isa tio n  o r  o ccu lta tio n , th e  p o la risa tio n  is ,
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<x

po = TOo °o j dx (3 .8 )
1

When acc o u n t is  ta k e n  of d e p o la r isa tio n , b u t no t o ccu lta tio n  i t  is ,

and when account is taken of occultation but not depolarisation it is,

In sp e c tio n  of (3.7)-(3.10) show s th a t  P 2 and  P a re  a lw ays 

sm aller th a n  P Q w h a te v e r F(x) is . We now ca lcu la te  how la rg e  th e  

re d u c t io n  is  fo r  two spec ia l c a se s  of in te r e s t .

3.3.1 Uniform Finite Disc.

We s e t  F(x) = 1 fo r 1 < x < <x an d  ze ro  o th e rw ise .

T hen  fo r  eq u a tio n s  (3.7)-(3.10) we o b ta in  th e  follow ing,

(i) p o in t so u rce  w ith  no o ccu lta tio n ,

a

(3 .9 )
l

a

(3 .1 0 )

l

PD = Tro0ft0ln a (3.11)

(ii) E x tended  so u rce  w ith  no o ccu lta tio n ,

P l = 7TO0G0 [ln(a + (a2 - 1)*) (a2 - 1 (3 .1 2 )

(iii) P o in t so u rce  w ith  o ccu lta tio n ,

l



D/sk Rad/us/R^

F ig u re  3.2

A p lo t o f  th e  p o la risa tio n  v a lu e s  P, P lf  P2 com pared  

fu n c tio n  o f d is c  r a d iu s  (oc) fo r  a  f in i te  ax isym m etric  d isc .
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(iv) E x tended  so u rce  w ith  o ccu lta tio n .

[ |{ln<« + (oc* - 1)*> - !~2a~ 1)>f)
a

(3 .1 4 )
1

In  Fig. 3.2, we show th e  v a lu e s  of P, P lf  P 2 com pared to  PQ a s  a 

fu n c tio n  of a. I t  is c lea r th a t  e v en  w hen a d isc  h as  uniform  d e n s ity  

o v e r  a  c o n s id e ra b le  ra n g e  (x ~ 2) th e  re a l p o la risa tio n  is  a  fa c to r  of 

~2 le ss  th a n  o b ta in ed  by  a  p o in t l ig h t so u rc e  approx im ation . As oc 

a p p ro a c h e s  1, th e  p o la risa tio n  P2 " P0 /2  w hen  on ly  o ccu lta tio n  is  

c o n s id e re d  (b ecau se  p re c ise ly  h a lf  of th e  s c a t te r e r s  a re  h id d en ) an d  

te n d s  to  ze ro  (i.e. P A, P —> 0) w hen d e p o la risa tio n  is  in c lu d ed , a s  

ex p ec ted  fo r  m ateria l v e ry  c lose  to  th e  s te l la r  su rfa c e .

3.3.2 Infinite Disc with F(x) ~ x~p.

In  a  re a l s te l la r  m ass lo ss  s itu a tio n  th e  s c a tte r in g  d e n s ity  will

w ind in  th re e  d im ensions -  W aters, 1986).

H ere we will exam ine th e  e f fe c ts  of d e p o la risa tio n  and  o ccu lta tio n  

on su ch  a s t r u c tu r e  in two d im ensions, p a ra m e te r is in g  th e  d e n s ity  

p ro file s  a s  ■vr~ n , th a t  is  we a d o p t

w h ere  ClQ is  now th e  s u r fa c e  d e n s ity  a t  th e  s te l la r  b o u n d a ry . We 

th e n  o b ta in  fo r ,

(i) p o in t so u rc e  w ith  no o ccu lta tio n ,

fa ll o ff w ith  d is ta n c e  from  th e  s ta r  ( fa s te r  th a n  r  2 fo r  an  a c c e le ra te d

F(x) = x "n (3.15)

PQ-  TTOono/ n (3.16)
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Figure 3.3

A p lo t of th e  p o la risa tio n  v a lu es  P, P*, P 2  com pared to  PQ as  a 

fu n c tio n  o f pow er index  n , fo r  an  in fin ite  ax isym m etric d isc .
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(ii) E x tended  so u rce  w ith  no o ccu lta tio n , ( s e tt in g  x = secS)

pl = noon<4B<n/2>3/ 2) (3.17)

(iii) P o in t so u rce  w ith  o ccu lta tio n ,

p2 = TOo«o[^ + 25SB( (n+l)/2 -1/ 2) + | ^ ( < n+1) /8,3/ 2) ] (3.18)

( iv )  Extended so u rce  w ith  o c c u l ta t io n ,

p = ™0no[lB(n/ 2,3/ 2) + ^ ( (n+l)/ 2,D
(3.19)

7T/2

+ 7T(n+l)(n+3) + j b j  5 c ° sIl+1(5 d? ]
o

w h ere  B is  th e  b e ta  fu n c tio n .

In  F ig. 3.3 we show  th e  v a lu e s  of P, P ^  P 2 com pared  to  PQ a s  

fu n c tio n s  of n. As a n t ic ip a te d  on th e  b a s is  of Sec. 3.3.1 th e  e f fe c t of 

d e p o la r isa tio n  is  to  g re a t ly  re d u c e  th e  p o la risa tio n  re la tiv e  to  th e  

p o in t so u rc e  case , in c re a s in g ly  so a s  n in c re a se s .

3.3.3 Implications for the Shape of Single Star Envelopes.

The r e s u l t s  of C assine lli e t  al. (1987) an d  of th e  above  se c tio n s , 

show  th a t  th e  com bined e ffe c t of f in ite  l ig h t so u rce  s ize  an d  of 

en v e lo p e  o ccu lta tio n  is  to  re d u c e  th e  s c a t te r in g  p o la risa tio n , in  fa c t  by  

a fa c to r  of ab o u t 2 fo r an y  re a lis tic  ra d ia l d is tr ib u tio n  of d e n s ity . 

T h is m eans th a t  th e  d e g re e  of envelope  f la t te n in g  needed  to  p ro d u c e  

o b se rv e d  p o la risa tio n s  (fo r a g iv en  o p tica l d e p th )  is  in c re a se d  

com pared  to  e s tim a tes  b ased  on p o in t s ta r  m odels. S ince th e  n e c e s s a ry  

d e g re e  of f la t te n in g  of c irc u m s te lla r  en v e lo p es  is  c o n tro v e rs ia l  (cf. 

Doazan an d  Thom as, 1982; C assine lli, 1987; S le tte b a k , 1988). We exam ine 

h e re  th e  im plications of th e se  new  r e s u l t s  fo r  th e  is su e , assu m in g  th a t
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a sim ilar fa c to r  of 2 re d u c tio n  a p p lie s  to  en v e lo p es  w hich d ev ia te  from  

th e  p lan e  (see c h a p te r  5).

A cco rd ing  to  Brown and  McLean (1977) th e  d e g re e  of p o la risa tio n  

in  th e  o p tica lly  th in  s c a tte r in g  reg im e and  fo r  a  p o in t l ig h t so u rce  is

l oo

P°  * l l TI  J  " 3V2 ) d r  djU (3 .20)
- l  o

(e q u a lity  a p p ly in g  fo r in c lin a tio n  i = 9 0 ')  w h ere  n(r,/Li) is  th e  d e n s ity  

a t  ra d ia l d is ta n c e  r  an d  co la titu d e  co s_1£/. The p o la risa tio n  can n o t be 

in c re a se d  a r b i t r a r i l y  b y  in c re a s in g  n b eca u se  th e  o n se t of s u b s ta n tia l 

o p tic a l d e p th  r e d u c e s  th e  p o la risa tio n  b y  m ultip le s c a tte r in g  (Daniel, 

1980). To m odel th is  app rox im ate ly  we assum e th a t  n (r)  is  un iform  in  

la t i tu d e  o v e r  a n  e q u a to r ia l w edge of h a lf  an g le  s in ” 1/ ^  fo r  w hich 

e q u a tio n  (3.20) becom es

po < I  T*KoU ~ K§ > <3 -21>

where T# = n dr is the scattering optical depth, 
o

R eq u irin g  ro u g h ly  th a t  T# < 1 to  avoid  m ultip le s c a tte r in g  along  a n y  

lig h t  p a th  a n d  m axim ising th e  r ig h t  han d  side  of eq u a tio n  (3.21) o v er 

JUq, we fin d  th a t  th e  maximum PQ is ,

po < 473 “ 14* <3 -22>

o c c u r r in g  fo r  a  w edge of ha lf an g le  s in “ 1(1/v'3) -  35 (for an

o p tica lly  th ic k  d isc , a maximum th e o re tic a l va lue  of 11.7% was ob ta in ed

b y  B o ch k arev  a n d  K aritsk ay a , 1983). When a c c o u n t is ta k e n  of th e
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re d u c tio n  in  p o la r is a tio n  fo r  a  f in ite  s te lla r  l ig h t so u rc e  th is  g iv e s

P < 7* (3.23)

The in t r in s ic  p o la ris a tio n s  of B s ta r s  w ith  P C ygni w inds h as  

b een  r e p o r te d  to  be  a s  h ig h  a s  5% (Sw ings, 1981) an d  so th e se  would 

a p p e a r , on th e  b a s is  o f e q u a tio n  (3.23), to  r e q u ire  c o n c e n tra tio n  of th e  

w ind in to  an  e q u a to r ia l  s e c to r  a s  d e sc r ib e d  ab o v e . On th e  o th e r  h an d , 

m ost Be s t a r s  h av e  p o la ris a tio n s  < 2% and  so, on th e  s t r e n g th  of th e  

a rg u m e n t ab o v e  i t  m igh t be b e lieved  th a t  th e se  could  be c o n s is te n t 

p o la rim e trica lly  w ith  en v e lo p es  e i th e r  n o n -p la n a r  o r  more sp h e r ic a l 

th a n  n eed e d  in  th e  ex trem e P C ygni case . To p ro b e  th is  p o in t f u r th e r ,  

i t  is  n e c e s s a ry  to  c o n s id e r  a  se lf  c o n s is te n t tre a tm e n t in  w hich th e  

in flu en ce  of g eo m e try  on  th e  d e p o la ris in g  e f fe c t of m ultip le  s c a tte r in g  

is  ex p lic itly  in c lu d e d . Such  a  tre a tm e n t h as  n o t b een  c a r r ie d  ou t. 

H ow ever, we c a n  o b ta in  a  f a ir  f i r s t  estim ate  b y  u ti lis in g  th e  r e s u l t s  of 

Daniel (1980) who h a s  o b ta in ed  c o n to u rs  of c o n s ta n t  p o la risa tio n  in  th e  

p lan e  o f e q u a to r ia l  o p tica l d e p th  and  envelope  o b la te n e s s , u s in g  a 

th ic k  o b la te  e llip so id  a s  th e  envelope  model. Here we will su p p o se  

D aniels’ r e s u l t s  a p p ly  w hen  f in ite  s ta r  e f fe c ts  a re  in c lu d ed  by  

r e c a lib ra t in g  th e  v a lu e s  of h is  iso p o la risa tio n  c o n to u rs  dow nw ard  by  a 

fa c to r  of 2. T h en  from  Daniel (1980, f ig u re  5) we fin d  th a t  P C ygni 

p o la ris a tio n s  o f 5% (10% on h is  c u rv e s )  can  on ly  be ach iev ed , w ith  

op tim ised  o p tic a l d e p th  T, fo r  f la t te n in g  fa c to rs  E (p o la r /e q u a to r ia l 

ra d iu s )  < 1/7  w hile fo r  m ore norm al Be s ta r  p o la risa tio n s  of 2% (4% on 

D aniels’ c u rv e s )  f la t te n in g  fa c to rs  of < 1/3  a re  n eed ed .

G iven th a t  en v e lo p e  g eo m etrie s  and  d e n s itie s  a re  h a rd ly  lik e ly  to 

c o n sp ire  to  p ro v id e  th e  m ost optim al com bination of E an d  t  an d  th a t  

m ost s t a r s  w ill n o t be  seen  a t  i ~ 90°, it  is  th e re fo re  c lea r  th a t  th e  

p o la ris a tio n s  of Be s ta r s  do dem and h ig h ly  e q u a to r ia lly  f la tte n e d
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e n v e lo p es . T his conclu sion  will be f u r th e r  s tr e n g th e n e d  w hen 

a b s o rp tio n  e f fe c ts  a re  in c lu d ed .

3.4 Variable Occultation as a Diagnostic of Scatterer Distribution 

in a Corotating System.

3.41 General Principle.

As is  c le a r  from  sec tio n  3.3 (and  from  Brown an d  McLean, 1977) 

p o la rim e try  of a  s in g le  ax isym m etric  so u rce  y ie ld s e s se n tia lly  on ly  one 

n u m b er d e s c r ib in g  th e  s c a t te r in g  envelope (th e  po la rim etric  p o sition  

an g le  d e te rm in in g  th e  o r ie n ta tio n  of th e  sym m etry  axis on th e  sk y ). 

F u r th e r ,  th is  num ber p e rm its  a  m u ltip lic ity  of in te rp re ta t io n s  

d e p e n d in g  on th re e  d is t in c t  fa c to rs  -  envelope sh ap e , d e n s ity  and  

in c lin a tio n  (Brown an d  M cLean, 1977).

In  sy s te m s  w h ere  th e  envelope  is  non-ax isym m etric  an d  rev o lv e s  

a b o u t th e  l ig h t  so u rce , d u e  to  b in a ry  o rb ita l motion o r a c c re tio n  d isc  

p re c e s s io n  fo r  exam ple, th e  s itu a tio n  is b e t te r  b ecau se  th e  v a ria b le  

s c a t te r in g  g eo m etry  in  th e  o b s e rv e r ’s fram e e sse n tia lly  en ab le s  an  

a n g u la r  sc a n  to  be made o v e r  th e  envelope geom etry  and  some of i ts  

p a ra m e te rs  to be d e r iv e d  (Brown e t al., 1978; Rudy and  Kemp, 1978; 

K a ritsk y a  an d  B o chkarev , 1983; Carlaw  and  Brown, 1989). However only  

a  r a th e r  small num ber of in te g ra l  moments (or s e r ie s  expansion  

c o e ffic ie n ts)  can  be d e r iv e d  from  o b se rv a tio n s  in th is  case . This is 

e s s e n tia lly  b eca u se  th e  Thom son s c a tte r in g  fu n c tio n  w hich a c ts  a s  th e  

k e rn e l of an  in te g ra l  eq u a tio n  re la tin g  th e  envelope a n g u la r  

d is t r ib u t io n  to  th e  S to k es  p a ra m e te r  v a ria tio n  (cf. Simmons, 1982, 1983) 

is  slow ly v a ry in g  an d  of s e p a ra b le  form  (cf. C raig and  Brow n, 1986) 

su ch  th a t  all h ig h  sp a tia l f re q u e n c y  com ponents of th e  envelope



d is tr ib u t io n  a re  a b s e n t  from  th e  p o la risa tio n  (cf. Brown, 1989).

H ow ever w hen  we in c lu d e  s c a t te r e r  o ccu lta tio n  e f fe c ts , we may 

a n t ic ip a te  th a t  th e  s itu a tio n  may be f u r th e r  im proved  b eca u se  th e

s h a rp  b o u n d a ry  o f th e  o ccu ltin g  s ta r  will scan  a c ro s s  th e  s c a tte r in g

d is tr ib u t io n  a s  i t  ro ta te s ,  so p ro v id in g  a  one d im ensional "n a rro w  

b a n d "  sp a tia l  f i l te r  w ith  w hich to s tu d y  th e  s t r u c tu r e .  I t  is  a lso  c lea r 

th a t  th e  ca se  of a  f la t d is tr ib u tio n  seen  ed g e  on is  th e  e a s ie s t  to  t r e a t  

th e o re tic a lly  in  th is  prob lem  and  we il lu s tr a te  th e  p o te n tia l of th e

te c h n iq u e , s ta r t in g  w ith  a  one d im ensional s c a t te r e r  d is tr ib u tio n  w hich 

p e rm its  a  u n iq u e  in v e rs io n  of th e  problem  (sec tio n  3.4.2), an d  th e n  

p ro c e e d in g  to  r e s t r i c te d  an d  g e n e ra l two dim ensional d is tr ib u tio n s  

(A ppendix  A).

3.4.2 Structure of One Dimensional (Plume Like) Envelope.

In  th e  case  of a  m a s s - tr a n s f e r r in g  b in a ry , th e  c irc u m ste lla r  m a tte r 

may, in  some c a se s , approx im ate  q u ite  c losely  to  an  axisym m etric 

d is t r ib u t io n  of m ass lo s t from  th e  p rim ary  lig h t so u rc e  w ith  a

s u p e rp o s e d  one d im ensional plum e like s t r u c tu r e .  Such  would be th e  

c a se  fo r  exam ple fo r  a c c re tio n  v ia  a  fo cu ssed  s te l la r  wind (F rien d  and  

C assin e lli, 1986) o r  a Roche lobe overflow  ac c re tio n  stream  (Haisch 

an d  C assine lli, 1976), o r  fo r  s te l la r  je ts  (e.g . Carlaw  an d  Brown, 1989).

In  th e  i = 90 ' ca se  we a re  co n s id e r in g , th e  ax isym m etric d isc  

com ponen t will p ro v id e  a  c o n s ta n t p o la risa tio n  (cf. sec tio n  3.3) w hich 

we will d e n o te  b y  P p , p ro v id e d  o ccu lta tio n  e f fe c ts  b y  th e  seco n d a ry  

a r e  sm all (if n o t th e n  a  g e n e ra lis a tio n  of th e  a n a ly s is  in  ap p en d ix  A to 

th e  ca se  of two o c c u l te r s  would be n e c e ssa ry ) .

The one d im ensional plum e we will r e p re s e n t  in te rm s of a  lin ea r 

d e n s i ty  A(x) (cm- 1 ) of e le c tro n s  p e r  u n it  ra d ia l le n g th  (i.e. A(x)R^dx =
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nu m b er of e le c tro n s  in  dx) g iv in g  r is e  to  a time d e p e n d e n t p o la risa tio n  

P L (t). I f  time t  is  ch o sen  su c h  th a t  th e  plum e is  a t  0 = 0 a t  time t  = 0 

(cf. la te r  d iscu ss io n ) an d  ro ta te s  u n ifo rm ly  in  p e rio d  T (cf. fig . 3.1), 

th e n  in  (3.4) we m ust le t

G (x,e)R fxdxde -> A(x)S(e-wt)R#dxde , 

w h e re  w = 2tt/T  an d  S is  th e  d e lta  fu c tio n .

In  th is  in s ta n c e  (3.4) becom es a t  p h ase  an g le  0 = u t

P k (e )= An °n (1 + cos20)

|  G(x) dx rr < 0 < 2tt (3 .2 4 )
l

00

|  G(x) dx 0 < 0  < tt (3 .2 5 )

|s e c 0 |

A(x W   i
w here G(x) =  r~ aqx3 "  and Aq = A (l) (3 .2 6 )

O b se rv a tio n s  of su ch  a  sy stem  shou ld  th e re fo re  e x h ib it p u re  

seco n d -h a rm o n ic  (cos20) p h a se  v a r ia tio n s , ty p ic a l of a n  u n o ccu lted  

b in a ry  (Brown e t a l ., 1978) on top  of a c o n s ta n t c o n tr ib u tio n ,

00

Pd + \  Ao°oJ G<x ) ^  (3 .2 7 )
l

d u r in g  h a lf  th e  ro ta tio n  p e rio d  (77 < 0 < 2tt), an d  more com plex

v a r ia t io n s  [d e p e n d in g  on G(x)] d u r in g  th e  o th e r  half a s  th e  v a lu e  of 

sec0  in  th e  in te g ra l  limit of (3.25) ch an g e s . G iven a n y  model of A(x), 

P (t)  can  be com puted  th ro u g h o u t perio d  T b y  m eans of (3.24) -  (3.26).

I t  is  a lso  p o ssib le  how ever, to  in v e r t  th is  problem  ex p lic itly , 

th e re b y  allow ing in fe re n c e  of A(x) from  th e  d a ta  on P (t) a s  follows.

The time a t  w hich P (t) s t a r t s  to  ex h ib it v a r ia tio n s  o th e r  th a n  on 

p e rio d  T /2  id e n tif ie s  th e  time of ze ro  p h ase . Once th is  is  know n we
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can  c o n s tru c t  from  th e  d a ta , P (t) , th e  fu n c tio n  2 P ( t ) / ( l  + cos2e) and  

on d if fe re n tia t io n  of (3.25) we g e t,

A (x)or> _
R* (x^rry[ if tr v ^ y  ] o < e < „ 0.2s)

0=COS 1 ( l /x )

Once th e  fu n c tio n  A (x)/R* i s  found i t  can  be in te g r a te d  to  g iv e

00

|  G(x) dx , and hence th e  d is c  p o la r i s a t io n  c o n t r ib u t io n  PptAqOq

In  o rd e r  to  i l lu s tr a te  th e  p o te n tia l of th is  in v e rs io n  m ethod, we 

sh a ll c o n s t ru c t  a  sim ple model ca lcu la tio n  b y  c o n s id e r in g  a n  in fin ite ly  

th in  plum e w ith  e ffe c tiv e ly  in fin ite  ra d ia l e x te n t (r  > 60R# in  o u r 

n u m erica l sim ulation) g

We le t  th e  plum e d e n s ity  v a ry  as  x "2 a n d  le t  th e  d isc  p o la risa tio n  

Pj) = 1.0% . T hen  th e  to ta l p o la risa tio n  may be w r itte n  as

P ( t )  = 0 .01  + t -g gg-M
R* *

TT
16 7T < e < 2tt 

(3 .29 ) 

< e < tt

We s e t  A0 ( l ) a 0/R :(: = 0.001 an d  so th e  p o la rim e tric  v a ria tio n  d u e  to  th e  

plum e is  ~ ± 2x l0” 4 (or 0.02%). We th e n  e v a lu a te d  P (t) fo r  e v e ry  

1/ 36^̂ 1 of th e  p h a se  (F ig . 3.4a).

U tilis in g  (3.28) an d  m aking th e  approx im ation

d f i e l  s  f h ) ^  f.(e -  h I  f w ith  h = V i e  (3 .30 )

we o b ta in  A(x)o0 /R^ as  a fu n c tio n  of x (Fig. 3.4b). In  th is  p a r tic u la r  

ca se  we need  on ly  a p p ly  (3.28) fo r  0 < 0  < 1T/ 2 -  due  to  sym m etry .
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Figure 3.4a

A p lo t of th e  v a r ia tio n  of p o la risa tio n  (%) w ith p h ase  fo r  a 

co ro ta tin g  plum e w ith o ccu lta  tion  inc lu d ed  (solid line) an d  w ith  

o ccu lta tio n  n e g lec te d  (d ash ed  line).
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F ig u re  3.4b

D isc re tized  (d ash ed  line) and  b e s t  f i t  (solid line) so lu tio n s  fo r  th e  

v a r ia tio n  of d e n s ity  w ith  d is ta n c e  o b ta in ed  from  th e  in v e rs io n  

p ro c e d u re .
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From Fig. 3.4b we see  th a t  th e  m ethod re c o v e rs  a d is c re te  form  of 

A(x) (d ash ed  c u rv e )  c lose to  th e  t r u e  x” 2 d is tr ib u tio n  an d  w ith 

A (l)o0/R* = 9 .75xl0“ 4, v e ry  close to  th e  c o r re c t  va lue . F ina lly  we fin d  

th e  d isc  p o la risa tio n  to  be Pp = 0.10 (1.00%).

In  th is  p a r t ic u la r  exam ple we hav e  n eg lec ted  noise an d  th u s  o u r  

in v e rs io n  r e s u l t s  a re  in  exce llen t ag ree m en t w ith  th e  in p u t model. In  

p ra c tic e  p rob lem s may a r is e  d u e  to d a ta  no ise , p a r t ic u la r ly  if  an  

a tte m p t is  made to  p u sh  th e  d is c re te  re c o v e re d  so lu tion  to w ard  th e  

co n tin u o u s  lim it (h —> 0), s in ce  th e n  th e  approx im ation  (3.30) to  d f /d 0  

may becom e sw am ped b y  c h a n g e s  in  Af d u e  to  no ise  r a th e r  th a n  re a l 

c h a n g e s . (On th e  o th e r  h an d , too la rg e  a  sam pling  in te rv a l,  h , g iv e s  a  

poo r re c o v e ry  b e c a u se  of c o a rse  d is c re tis a tio n  e r ro r s ) .  In  su c h  c a ses  

i t  will be n e c e s s a ry  to  a p p ly  a  sm oothness c o n s tra in t  on  th e  so lu tio n  

to  s ta b iliz e  th e  in v e rs io n  (d iffe re n tia tio n ) p ro c e d u re  a g a in s t  th e  

e f fe c ts  of no ise , a s  d is c u s s e d  b y  C raig  and  Brown (1986).

3.5 C onc lu sio n s.

We h av e  show n in  o u r  a n a ly s is  th a t  th e  n eg lec t of th e  f in ite  size 

o f th e  lig h t so u rc e  le ad s  to  a  g ro s s  o v e re s tim a te  of th e  p o la risa tio n  

fo r  a  g iv e n  d isc  g eo m etry . By in c lu d in g  o ccu lta tio n  an d  d e p o la risa tio n  

we fo u n d  th a t  B s t a r  en v e lo p es  a re  n e c e ssa r ily  h ig h ly  f la t te n e d  d isc  

ty p e  s t r u c tu r e s .

F or a  d isc  v iew ed  ed g e  on we fin d  th a t  th e  e ffe c t o f o ccu lta tio n  

re d u c e s  th e  p o la risa tio n  more th a n  th e  in c lu s io n  of th e  d e p o la risa tio n  

fa c to r  a lone. T his h ow ever is  d u e  to  th e  fa c t th a t  we hav e  maximised 

th e  o ccu lted  re g io n  an d  one can  ex p ec t th a t  fo r a g e n e ra l in c lin a tio n  

an g le , th e  d e p o la risa tio n  fa c to r  will hav e  th e  same re d u c in g  e ffe c t 

u p o n  th e  o b se rv e d  p o la risa tio n , w h ereas  o ccu lta tio n  will become
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d e c re a s in g ly  im p o rtan t a s  i d e c re a se s .

The a n a ly s is  of a one d im ensional plum e led to  a  p o w erfu l 

te c h n iq u e  th a t  allow s one to  ex p lic itly  o b ta in  th e  e le c tro n  d e n s ity  

d is tr ib u tio n  from  th e  p o la rim e tric  d a ta . A lthough  we on ly  in v e r te d  th e  

prob lem  fo r  an  in fin ite  plum e, it  is  a  t r iv ia l  m a tte r to  c a r r y  o u t a 

sim ilar a n a ly s is  fo r a  f in ite  plum e (u se  of o u r  fo rm ula tion  w ould j u s t  

g iv e  A(x) = 0 fo r x > <x in  su ch  a  case).

The ap p lica tio n  of o u r  p r e s e n t  a n a ly s is  is  r e s t r ic te d  to  h ig h  

in c lin a tio n  so u rc e s  on ly . For Be s ta r s  th e re fo re ,  su ch  a n a ly s is  will be 

lim ited  to  th o se  s ta r s  w ith  th e  la rg e s t  a p p a re n t  ro ta tio n a l v e lo c itie s  

(Vsini ~ 400 k m s '1) .
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C h ap ter 4

II. Flat Envelopes Viewed at Arbitrary Inclination.

4.1 Introduction.

In  C h ap te r 3, we c o n s id e re d  on ly  th e  e ffec t of s c a t te r e r

o c c u lta tio n  on c irc u m ste lla r  s c a t te r in g  p o la risa tio n  fo r th e  case  of an  

e q u a to r ia l  env e lo p e  seen  a t  an  in c lin a tio n  of 90*. In  th is  c h a p te r  we 

g e n e ra lis e  th is  prob lem  to  a r b i t r a r y  in c lin a tio n  while re ta in in g  th e  

o th e r  a ssu m p tio n s  ad o p ted  a n d  d is c u s s e d  in  C h a p te r  3, nam ely

(i) O ptically  th in , s in g le  e le c tro n  s c a t te r in g  envelope w ith  no 

a b so rp tio n .

(ii) A f in ite  size , sp h e r ic a l l ig h t  so u rc e  th a t  is  u n p o la rise d  w ith  

c o n s ta n t  in te n s i ty  o v e r  i t s  s u r fa c e .

(iii) In  a  b in a ry  s itu a tio n  we assu m e th e  se c o n d a ry  is u n im p o rta n t a s  

a  l ig h t so u rc e  an d  we c o n s id e r  o n ly  th o se  p h a se s  of th e  o rb i t  w hen 

th e  s e c o n d a ry  n e i th e r  o c c u lts  p a r t  of th e  s c a tte r in g  re g io n , n o r

e c lip se s  th e  p rim ary .

T he lim ita tio n s  of th e s e  a s su m p tio n s  will be d isc u sse d  in  Sec. 4.6.

A fte r a  g e n e ra l fo rm u la tio n  of th e  p roblem  we sh a ll o b ta in

e x p re s s io n s  fo r  th e  p o la risa tio n  ex p ec ted  from  th e  spec ific  ty p e s  of 

e le c tro n  d is tr ib u t io n s  c o n s id e re d  in  C h a p te r  3.

4.2 General Theory.

C o n sid er (Fig. 4.1) a  n e a r  p la n e  d is tr ib u tio n  of e le c tro n s  of su rfa c e  

d e n s i ty  ft(x,<J>) (cm- 2 ) a t  p o la r  c o o rd in a te s  (r,<t>) (w here r  = xR#) 

c e n tr e d  on a  un ifo rm  s p h e r ic a l s ta r  of ra d iu s  R# an d  lum inosity  L*. 

L et th e  o b s e rv e r  (E) h av e  an  in c lin a tio n  i be tw een  th e  line of s ig h t
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R* seci

X

x

F ig u re  4.1

A s ta r ,  cen te red  a t  0 , w ith  a ra d iu s  R* ro ta te s  un ifo rm ly  a b o u t th e  

Z ax is. A n ear p lane d is tr ib u tio n  of e le c tro n s  lie in th e  s ta rs*

e q u a to r ia l  (XY) p lane. The e lec tro n  d is tr ib u tio n  ex ten d s  to  a  ra d iu s

oR*.

An o b se rv e r  (E) is  inc lined  a t an  ang le  i to  th e  ro ta tio n  (Z) axis

o f th e  s ta r .  The o b s e rv e r - s k y  (x,y,E) axes (also c e n tre d  on  0) a re

o rien ted  i  such th a t  th e  y -ax is  co incides w ith th e  Y-axis of th e  s te l la r  

r e fe re n c e  frame.

A ccording to th e  o b s e rv e r ,  m ateria l d ire c tly  beh ind  th e  s ta r  is 

o ccu lted . This occu lted  reg io n  (shaded  area ) is  a half e llip se  w ith  a 

sem im ajor axis = R*seci and  a semiminor axis -  R*.

An electron  at position  P is d escr ib ed  in sp h e r ic a l polar

co o rd in a tes  in the Btellar fram e by (r ,ff/ 2i^) and in the o b s e r v e r  fram e  

b y  (r,X,+).
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a n d  th e  norm al to  th e  p lane  co n ta in in g  Cl (Z ax is).

In  th e  fram e of th e  o b s e rv e r ,  w ith  a sso c ia te d  sp h e r ic a l p o la r  

c o o rd in a te s  (r,X,#)» we can  w rite  th e  c o n tr ib u tio n  to  th e  S to k es  f lu x es  

a t  th e  e a r th  a sso c ia te d  w ith  a  s c a t te r in g  a re a  dA, a t  a  d is ta n c e  d

s in 2x cos2#
(4 .1 )

s i n 2X s in 2 #

We tra n s fo rm  from  th e  (X,#) o b s e rv e r  o r ie n te d  c o o rd in a te s , to  th e  (0,0) 

s t a r  c e n tre d  c o o rd in a te s  w hich allow s d e riv a tio n  of th e  p o la ris a tio n  

from  a  g e n e ra l p la n a r  d is tr ib u tio n  of e le c tro n s .

The a p p ro p ia te  tra n s fo rm a tio n s  a re  (Fig. 4.2) 

cosx  = - s in i  s in#

s in x  cos#  = cos#  (4.2)

s in x  sin #  = cosi sin#

The d ir e c t  flux  o f u n p o la rise d  s ta r l ig h t  is  F# = L*/4TTd2 a t  th e  E a r th  

so th a t  th e  o b se rv e d  norm alised  S to k es  p a ra m e te rs  a re  Q = F q/F *  a n d  

U = F u /F *

w hich  may co n v e n ie n tly  be w ritte n  a s ,

cib,Q

dFiT T

Q = TQs in 2i  + Tt ( l  + c o s2i )  (4 .3 )

U = 2T2c o s i (4 .4 )

w h e re ,

T° = 1 ° J T  d<J>dx
Ao

= ~ °JJ  n ( x ,# ) D̂ X - cos2# d#dx (4 .6 )
Ao

t 2 = ^ ° | |  Q(x >#)" " ~  s in 2 #  d#dx (4 .7 )
Aq X
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X

Figure 4.2

S p h e ric a l t r ia n g le  from  Fig. 4.1 fo r  th e  tran s fo rm a tio n  from  (r,x#t) 

to  (r tTT/ 2,<t>) co o rd in a te s .
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with D(x) = (1 - x“2)̂  and on =
°  167T

o-p is  th e  Thom son e le c tro n  c ro s s -se c tio n , D(x) is  th e  d e p o la risa tio n  

fa c to r  (C assine lli e t  a l ., 1987) an d  Aq is  th e  o b se rv e d  (u n o ccu lted ) a re a  

o f th e  e le c tro n  d is tr ib u tio n .

The in te g ra ls  t q , T l t  t 2 a re  analogous to  th e  in te g ra l  m om ents t q , 

To y3> t o ^ 4  Brow n e t  al. (1978). In  th is  ca se  T Q m e asu re s  th e  

e ffe c tiv e  s c a t te r in g  d e p th . Tj and  t 2 a re  m easu re s  of th e  ro ta tio n a l 

sy m m etry  a n d  a n tisy m m e try  ( re sp e c tiv e ly )  of th e  s c a t te r in g  m a te ria l in  

th e  s ta rs*  r e fe re n c e  fram e, th u s  if th e  m ateria l is  ro ta tio n a lly  

sym m etric  t 2 = 0 .

The a r e a  Aq is  th e  to ta l a re a  of th e  d isc  m inus th e  o ccu lted  reg io n . 

From  F ig . 4.1 an d  F ig. 4.2 th is  may be w ritte n  a s

a  21T JB tt—<t>(x)
(4 .8 )

Aq l o l <t>(x)

where,
13 = seci for a ^ seci
13 -  a for a < seci

with the radius of the disc being a (in units of stellar radii)

and
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4.3 Axjsymmetric Disc.

R ecen t o b s e rv a tio n s  (D achs e t  a l ., 1986 an d  W aters, 1986) s u g g e s t  

th a t  B ty p e  s ta r s  h av e  e x ten d ed , h ig h ly  f la tte n e d  c irc u m ste lla r  

en v e lo p es . In  g e n e ra l su c h  en v e lo p es  will be non-ax isym m etric  and  

th u s  g iv e  r is e  to  p o la rim e tric  v a r ia tio n s  d u r in g  th e  ro ta tio n  of th e  

sy s tem  (see  sec tio n  4.4).

In  th is  sec tio n , how ever, we a re  co n c e rn e d  on ly  w ith a v e ra g e  

p o la r is a tio n  e x p ec ted  from  su c h  a  d isc  r a th e r  th a n  its  v a r ia tio n  w ith 

p h a se  an d  so we may w rite  G(x,<t>) = Cl(x). In  th is  r e s tr ic te d  case  we 

h av e  U ■ 0 a n d  so we may d ire c tly  w rite  P = Q. U sing e q u a tio n s  (4.3) 

-  (4.8) we can  o b ta in  th e  ex p re ss io n  fo r  th e  p o la risa tio n  of an

ax isym m etric  d isc , v iz

P = TQsin2i + t a (1 + cos2i) (4 .9 )

with r2 = 0 and

<x 2TT /3 71—4>(x)

t 0 = |  |  G (x) - “—■ d<t>dx -  |  |  f t(x )-£ —■ d<Ddx j (4 .10 )

1 0  l <t>(x)

a  27T tt—<|>(x)

Tj = |  |  f t(x )P^X -̂cos2<l> d<t>dx fl(x )-^ —oos2<E d<l>dx j (4 .11 )

1 0  l <l>(x)

Note th a t  in  e q u a tio n  (4.9) th e  Tt  te rm  v a n ish e s  if o ccu lta tio n  is  

ig n o re d , re c o v e r in g  th e  P « s in 2i r e s u l t  o f Brow n an d  McLean (1977).
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4.31 Uniform Finite Disc.

We se t ft(x) = 0o for 1  ̂ x 4 <x 

-  0 otherw ise,

and su b stitu te  into equations (4.9) -  (4.11) to obtain  the follow ing

ex p ressio n s for the polarisation,

(i) Point source with no occultation,

p o  = Tr°0fto s i n 2 i  l n a  ( 4 . 1 2 )

(ii) Extended source with no occultation ,

Pi = 7TOonos in 2i|ln {o c  + (<x2-  1)^} -  l^ 2-  l)**j (4 .1 3 )

( i i i )  P o i n t  s o u r c e  w i t h  o c c u l t a t i o n ,

P 2  = 7T00f l0 { s i n 2 i [ l n a  -  + i j  £  j

1
( 4 . 1 4 )

P
. / i  2 * \ f c o s i  I l f  , 2 i  vU ( s e c 2 i  -  x 2 )**, 1+ ( 1  + c o s 2 i ) [ - i n 5I j - J  (X 2 -  1 ) *  i ^  L d x  j

l

( i v )  E x t e n d e d  s o u r c e  w i t h  o c c u l t a t i o n ,

P  = TTOo n o | a i n 2 i  T i n  { a  + ( a 2 -  1 )**} -  (<*2 ~  1 )  -  | l n ( P  + ( £ 2 -  1 ) ^ }

+ + sin- t f M z _ L a  dx 1 <4.15)
2j3 ttJ x  I x  s i n i  J J

l

P
+ (1 + c o s 2 i )  [■ ( s e c 2 i  -  x 2 ) ^  *X - 4- * ■ d x  }

In  F ig. 4.3 PQ, P 1} P 2, P a re  p lo tted  as  fu n c tio n s  of in c lin a tio n  fo r 

v a r io u s  d isc  ra d ii (<x).

In  g e n e ra l,  i t  is  fo u n d  th a t  fo r  low in c lin a tio n , o ccu lta tio n  e n h a n c e s  

th e  o b s e rv e d  p o la risa tio n  (P2 > p o » p  ̂ an<* ^o r  h ig h  in c lin a tio n
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Figure 4.3

The variation of polarisation with inclination for a d isc with uniform  

d en sity  fl0 (cm“2) and of fin ite  radial extent (ocR*). The defin itions of 

P0, Plf  P2 and P are g iven  in the text.
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the polarisation is  reduced  (P2 < PQ , P < P1). For <x > 2 it  is  found  

that the " cross-over  points" (i.e. when PQ = P 2 , P i = P) occur at a 

con stan t inclination independent of d isc  s ize , nam ely i ~ 58 ’ for point 

lig h t source calcu lations and i ~ 63 ’ for extended  lig h t source

calcu lations (we shall refer  to the inclination at w hich th is  cro ss  over  

occu rs as the 'null* inclination).The explanation of th is  phenomenon  

re su lts  from the vector  nature of polarisation and can understood  

geom etrically.

C onsider an equatorial d isc of material view ed by a d istan t  

o b serv er  at an inclination  i. At low inclinations the in tegrated  

polarisation of the whole d isc will be near to zero, with the  

polarisation  v ector  ly in g  in a plane parallel to the system  axis 

projected  on the sk y  (see Brown, 1989; Poeckert and M arlborough, 

1978a, th eir  Fig. 13) w hilst the occulted  part of the d isc  w ill be 

polarised  perpendicu lar to the projection  axis. So when th is  is  

su b stra cted  from the net polarisation of the whole d isc , the ob servab le  

polarisation  is  enhanced and lies  along the p rojected  axis.

At h igh  inclinations the plane of polarisation of the occu lted  region  

will be in  th e same plane as that of the d isc as a whole (parallel to 

the projection  axis) and so the net ob served  polarisation will be 

reduced .

There will be an inclination, th erefore , when the plane of 

polarisation  for the occulted  region  will sw itch  orientation  and at th is  

inclination  (the null inclination) the net polarisation of the occulted  

region  will be zero, th u s P = P*, P0 = P 2* If is  clear that for a 

su ffic ien tly  large d isc  radius the null inclination will be independent 

of the d isc  s ize  because the occulted  region  (a half e llip se  with a 

semi-major axis of R^seci) will be filled  with sca tter in g  material (if the



104

rad iu s of the d isc  is  greater than R^seci). In the point ligh t source

treatm ent th is  null inclination is  5 8 ’ (from Fig. 4.3). Thus for a disc

rad iu s r > 1.9R* the null inclination will be alw ays 58 ’ . In the case of 

an extended  lig h t source treatm ent the em itted flux will be depolarised  

and th u s in order for the polarisation of the occulted  region  to be

zero th is  reg ion  will need to be larger than in the point lig h t source

approxim ation and th erefore the null inclination will also be larger (i ~ 

63* and so the sem i-m ajor axis of the occulted  region  will be 2.2R#).

4.32 Infinite Disc with Q(x) ~ x~~n.

In a real ste llar  mass lo ss  situation  the sca tter in g  d en sity  will fall 

o ff w ith d istan ce  from the star.

We se t  G(x) = &0x“n , 

w here &0 is  th e  su rface d en sity  at the ste llar  boundary and in th is  

in sta n ce  a  = »  and /B = seci. S u b stitu tin g  into equations (4.9) -  (4.11) 

we th en  obtain ,

( i )  P o in t source w ith  no o c c u lta t io n ,

PQ = TT0o&0sin2i/n (4 .16 )

( i i )  Extended source w ith  no o c c u lta t io n ,

Pjl = TT00G0sin2i B(n/ 2 , 3/ 2 ) /2  (4 .17)

(iii) Point sou rce with occultation ,

seci
P2 = no,

(4 .18 )
seci

+ (1 + o o s n j g P j j i j  (sec2i - X2 )* dx }
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(iv) Extended source with occultation,

seci
P = TTOoao{ s i n 2 i [  f B<n /2 > 3/2 )  “ ■

l

seci
(4 .1 9 )

l

seci
sec2i - x2

l

w here B is  th e  beta  function .

In Fig. 4.4 the polarisation values PQ, P1, P2, P are plotted  as a 

fu n ction  of inclination  for power ind ices n = 1, 2 and 4 .

In general it is  again found that at low inclination the net 

polarisation  is  enhanced by including occultation , w hilst at high  

inclination  the n et polarisation  is  reduced  when occultation  is  included.

For any g iven  power index, the null inclination for a point lig h t  

sou rce (i.e. PQ = P2 ) is  alw ays le ss  than the corresponding null point 

for the extended  source case (i.e P = Pj )̂. This is  again due to the  

d epolarisation  of the occulted  region  by the extended source which  

th u s req u ires  a greater  inclination (i.e. a larger occu lting  region) than  

that of the point lig h t source treatm ent in order for the net 

polarisation  of the occu lted  region  to be zero.

It should  also  be noted that as the power index in creases the null 

inclination  d ecrea ses. This can be ph ysica lly  explained by considering  

a star  with most of the sca tter in g  material ly in g  near the stellar  

boundary. S ince most of the polarisation will arise near the star, it is  

reasonable to exp ect that the occulted  region  need only  be small to
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Figure 4.4

The v a r ia tio n  of p o la risa tio n  w ith inc lina tion  is  show n fo r  a  d isc  

w ith  a  n u m b er d e n s ity  of th e  form  G(x) =00x_n . The d e fin itio n s  of 

P0,P i ,P 2, a n d  P Eire g iv e n  in  th e  tex t.
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m ake a  s ig n if ic a n t c o n tr ib u tio n  to  th e  p o la risa tio n . So th e  g r e a te r  

th e  c o n c e n tra tio n  of th e  m ateria l a b o u t th e  s ta r ,  th e  sm aller th e  

o c c u lte d  reg io n  n eed ed , an d  h en ce  th e  sm aller th e  n u ll in c lin a tio n  fo r  

in c re a s in g  pow er index .

4.4 One Dimensional (Plume Like) Density Structure.

We co n s id e r th e  p h a se  v a r ia tio n s  of a  ro ta t in g  p lum e-like

s t r u c tu r e  (e.g . a c c re tio n  s tream ) su p e rp o se d  u p o n  a n  axisym m etric  

d isc .

C o nsider a  plum e in  th e  e q u a to r ia l p lan e  of th e  s t a r  w hich ro ta te s  

a t  a  un ifo rm  a n g u la r  f re q u e n c y , w. I f  th e  plum e h a s  lin e a r  d e n s ity  

A(x), th e n  we m ust le t

O(x,0)R§xdxd<t> — > A(x)S(0 -  wt)R#dxd<J>.

At p h a se  an g le  <l> = wt a n  e le c tro n  is  j u s t  o ccu lted  a t  a  d is ta n c e  

(r  = xR#) w h ere

x -  : "g-t—:—2~r~ (4 .2 0
V I -  s in ^ is in * #

Note th a t  e le c tro n s  a t  a  d is ta n c e  x > sec i a re  n e v e r  o ccu lted , an d  fo r  

a  plum e of to ta l le n g th  le ss  th a n  sec i to ta l o ccu lta tio n  will o ccu r 

th ro u g h  some p h a se  of th e  o rb it .

In  g e n e ra l a t  p h a se  <t> = wt -  2TTt/T (w here  T is  th e  o rb ita l  p e rio d ) we 

h a v e  fo r  th e  plum e

l
G(x) dx , tt  < <t> < 2tt (4 .2 1 )

Q = ■|o0A0 ( s in 2i  + (1 + c o s2i)c o s2 0 )

f G(x) dx , 0 < 0 < tt (4 .2 2 ) 
. x (0 )
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|  G(x) dx , 77 < <J> <
1

TT < <J> < 2Tr (4 .2 3 )

U = O oA ^cosi sin2<|))

[ G(x) dx , 0 < <t> < tt 
x(<D)

(4 .2 4 )

■o R*x'

E q u a tio n s  (4 .2 2 ) and (4 .2 4 ) can  be in v e r te d  to  o b ta in  A(x) and i ,  v iz

E q u a tio n s  (4.26) an d  (4.27) g ive  two so lu tio n s  fo r  A(x) fo r  a n y  

c h o se n  v a lu e  of i. The g e n e ra l m ethod of so lu tion  will be to  seek  

s im u ltan eo u s  so lu tio n s  o f (4.26) an d  (4.27) in  te rm s of A(x) to  n o isy  

d a ta , w ith  i a s  a n  a d ju s ta b le  p a ram e te r w ith a  ra n g e  c o n s tra in e d  by  

th e  co n d itio n  th a t  on ly  so lu tio n s  A(x) ^ 0  fo r  all x a re  acc ep tab le .

I f  th e re  is  s u f f ic ie n t co v era g e  o v e r th e  p h a se  in  w hich no 

o c c u lta tio n  o c c u rs , th e n  it  is  p o ssib le  to  fin d  th e  in c lin a tio n  of th e  

sy stem  b y  u se  of e q u a tio n s  (4.21) an d  (4.23) and  th e re fo re  th is  will 

lim it th e  p a ra m e te r  s e a rc h  re q u ire d  in  (4.26) and  (4.27). F or low 

in c lin a tio n  sy s tem s  i t  is  a p p a re n t  th a t  th e  in v e rs io n  p ro c e d u re  will no t 

b e n e f i t  u s  in  a n y  w ay a s  th e  d e n s ity  d is tr ib u tio n  will be d e te rm in ed  

o v e r  o n ly  a  v e ry  s h o r t  ra n g e . In  fa c t in  o rd e r  to  find  th e  d is tr ib u tio n  

to  1R# b ey o n d  th e  s te l la r  s u r fa c e  an  in c lin a tio n  of 60° is  re q u ire d .

s in 2i  + (1 + c o s2i)cos2<t>.

0 < <t> < TT

QpAn(x) _   ________x 2   f-d  f
R* (x*- 1 )(1  -  x 2c o s^ i)^ L  d<|>t,c o s i . sin2<t> (4 .2 7 )

where Qq , Uq are th e  observed p o larim etric  data

and
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When n o isy  d a ta  is  b e in g  in v e r te d  th e r e  is  a  lim it (oversam pling ) to  

th e  n u m b er of d a ta  p o in ts  th a t  may be u se d  to  o b ta in  m ean ing fu l 

r e s u l t s  (C raig  an d  Brow n, 1986). In  g e n e ra l th e  tim e la p se  be tw een  a n y  

two m easu rem en ts  m ust be s u ff ic ie n tly  la rg e  th a t  th e y  a re  s ig n if ic a n tly  

d if f e r e n t  (i.e. Q(t + St) -  Q(t) ^ 2SQ). T h is co n d itio n  will d e p e n d  u p o n  

b o th  th e  in c lin a tio n  an d  th e  p h a se  of th e  o rb it .  However i t  d oes  m ean 

th a t  one c a n n o t hope to  o b ta in  a r b i t r a r i ly  m ore in fo rm ation  a s  to  th e  

d e n s ity  s t r u c tu r e  by  in c re a s in g  th e  d a ta  s e t.  On th e  o th e r  h a n d , 

h o w ev er, if  th e  d a ta  aos, s ig n if ic a n tly  u n d e rsam p led  o r u n e v e n ly  

d is t r ib u te d  th ro u g h o u t th e  p e r io d , th e n  th e  d e n s ity  s t r u c tu r e  may be  

p o o rly  in f e r r e d  (u n d ersam p lin g ) -  th a t  is , a  w ide ra n g e  of d e n s ity  

s t r u c tu r e s  may hav e  s ig n if ic a n t f i t s  to  th e  d a ta .

We now i l lu s tr a te  th e  u se  of th is  in v e rs io n  p ro c e d u re  b y  

c o n s tru c t in g  no isy  d a ta  fo r  a  plum e v iew ed a t  an  in c lin a tio n  i = 70 *, 

w ith  a  d e n s ity  d is tr ib u tio n  of th e  form  A(x) = A o(l)x-n  w ith  A (l)o0 /R :j: 

= 0*32/77 a n d  n = 2.0. We will assum e, fo r  sim plic ity , th a t  th e  d a ta  is

eq u a lly  sp a c e d  (in time) in  w hich case  e q u a tio n s  (4.21) an d  (4.23) can  

be  m an ip u la ted  so th a t  th e  in c lin a tio n  of th e  sy stem  is  o b ta in e d  b y  

c a lc u la tin g  d if fe re n c e s , th e re b y  rem oving  all c o n s ta n t p o la rim e tric  

c o n tr ib u tio n s ,  v iz

8 i t  : $ ! ■ : { $  = » - » « • >  * > » > " «  <4-“ >

In  e q u a tio n s  (4 .2 6 ) and (4 .2 7 ) we make th e  app rox im ation

d f  „ f ( x  + h) -  f ( x  -  h) (4 29)
dx " 2h

T hus once  th e  in c lin a tio n  h as  been  fo u n d  from  e q u a tio n  (4.28), th e  

d e n s ity  fu n c tio n s  o 0Aq(x)/R* an d  O qA^xVR# can  be s im u ltan eo u sly  

o b ta in ed  from  e q u a tio n s  (4.26) an d  (4.27).
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In  p ra c tic e  it  h as  been  fo u n d  th a t  th e  u se  of e q u a tio n  (4.29) 

m akes e q u a tio n s  (4.26) an d  (4.27) se n s itiv e  to  th e  a b so lu te  v a lu e  o f th e  

p o la ris a tio n  a n d  so all c o n s ta n t c o n tr ib u tio n s  sho u ld  be rem oved  from  

th e  d a ta  b e fo re  u tilis in g  th is  p ro c e d u re  (e ffec tiv e ly  th e  e q u a tio n s  

becom e dom inated  by  th e  c o n s ta n t c o n tr ib u tio n s ) . T his is  a ch iev ed  by  

r e c o n s tru c t in g  th e  p o la rim e tric  d a ta  d u r in g  o u t-o f-o c c u lta tio n  p e r io d s  

v ia  (4.21) a n d  (4.23) so th a t  one is  ab le  to  o b ta in  th e  c o n s ta n t  

p o la rim e tric  c o n tr ib u tio n s  (Q0, U0 = 0) due  to  th e  d isc .

We w ish  th e n  to fin d  w hat is  th e  s ing le  b e s t f i t  d e n s ity  fu n c tio n  

of th e  form  (o0Aq(1)/R%),x~n  fo r  th e  d a ta . We do th is  b y  v a ry in g  

0oAo(1)/R# an d  n , in  o rd e r  to  minimise X2 (Simmons e t a l., 1980) w h ere

X2 = [ | j ]  }  (4 .3 0 )

j= i

w h e re  = A ( l ) x j n  is  th e  th e o re tic a l d e n s ity  d is tr ib u tio n  w ith  f re e

p a ra m e te rs  A ( l )  an d  n , AqJ is  th e  b in n ed  a v e ra g e  d e n s ity  of A q ( x ) ,  

A y ( x )  a n d  Oj is  th e  s ta n d a rd  d ev ia tio n  of th e  b in n ed  d a ta . (In  o u r  

p a r t ic u la r  ca se  th e re  a re  tw o s e ts  of A q  an d  Au  in  each  b in  b eca u se  

th e  d a ta  is  sym m etric  a b o u t p h a se  0.25.)

In  F ig . 4.5 we show  th e  p o la rim etric  v a r ia tio n s , due to  th e  plum e 

(in th e  a b se n c e  o f no ise), p re s e n te d  in  th e  (Q,U) p lane. The d iag ram  

b e a rs  m uch resem b lan ce  to  th o se  of Brown e t al., (1978; th e ir  F ig s  5 

and  6). The g e n e ra l form  will a lw ays be one e llip se  to ta lly  enc lo sed  

w ith in  a  seco n d  e llip se . The o u te r  e llip se  d e sc r ib e s  th e  p o la rim etric  

v a r ia tio n  of th e  plum e d u r in g  p h a se  0.5 -  1.0 w hen no o ccu lta tio n  

o c c u rs . The in n e r  e llip se , how ever, is  fo r  p h ase  p erio d  0.0 -  0.5
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U(%)

0-6250*6

0125

0 *2 -

0-75 , ,0-25
— - j -̂---- j ---------- 1--------- 1--------- 1---------(—

r  -0-2 '  , 0-2 0-4 0-6 0-8

0-375- O *

0-875

Figure 4.5

The v a r ia tio n  of th e  Norm alised S to k es  p a ram e te rs  w ith  p h a se  fo r  a 

plum e of m ateria l v iew ed a t  i -  70 ’ w ith  a  lin ea r  d e n s ity  d is tr ib u tio n  

A(x) = A o(l)x” 2 (Aq(1) = O;32/tt). F id u c ia ry  m arks a re  show n fo r  e v e ry  

H th  of th e  p h ase .
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d u r in g  w hich o ccu lta tio n  of th e  plum e does o c c u r . The p o la rim e tric  

d if fe re n c e  be tw een  th e  o u te r  an d  in n e r  e llip se  is  th e re fo re  th e  

p o la rim e tric  c o n tr ib u tio n  of th e  o ccu lted  p a r t  of th e  plum e. The 

d ev ia tio n  be tw een  th e  tw o e llip se s  will d ep en d  u p o n  th e  in c lin a tio n  an d  

th e  d e n s ity  s t r u c tu r e  of th e  plum e.

In  Table 4.1 we p r e s e n t  th e  r e s u l t s  fo r  i = 7 0 ’ w ith  a  no ise  lev e l of 

8Q = 0.001% an d  SQ = 0.01% (SQ r  SU) w ith  180 d a ta  p o in ts

In  b o th  c a se s  we hav e  n eg lec te d  d a ta  co llec ted  a ro u n d  p h a se  0.0 

(1.0) b e c a u se  a t  th is  p a r t ic u la r  p h a se  th e re  is  no m easu rab le  

d if fe re n c e  be tw een  Q(t + T /2) an d  Q(t) (and  sim ilarly  fo r  U) d u e  to  

th e  e r r o r  in  th e  m easu rem en ts  a n d /o r  a  n eg lig ib le  am ount of m ateria l 

is  b e in g  o ccu lted . We h av e  a lso  n eg lec te d  d a ta  co llec ted  a t  p h a se  ~0.25 

w hen  th e  se c o n d a ry  may be o ccu lted  an d  a t  ~ 0.75 w hen  th e  se c o n d a ry  

may a lso  p la y  an  im p o rta n t ro le  in  o ccu ltin g  some of th e  p lum e, o r  in  

ec lip s in g  th e  p rim ary .

We h av e  p u rp o s e ly  u se d  o v ersam pled  d a ta , i.e. 180 d a ta  p o in ts , to 

em p h asise  th e  fa c t th a t  th e re  is  a  lim it to  th e  num ber of d a ta  p o in ts  

th a t  m aybe m ean in g fu lly  in v e r te d . In  th e  case  of SQ = 0.001% we fo u n d  

i t  w as p o ss ib le  to  in v e r t  th e  d a ta  on ly  if e v e ry  o th e r  d a ta  p o in t was 

n e g le c te d  th ro u g h  th e  scan n ed  p h a se s . We can  see (tab le  4.1 a n d  Fig. 

4.6a) th a t  th e  d e n s ity  d is tr ib u tio n  is  re c o v e re d  v e ry  well w ith  on ly  

s ig n if ic a n t d ev ia tio n  in  th e  re c o v e re d  d a ta  o c c u rr in g  n e a r  p h a se  0.25. 

By in c re a s in g  th e  no ise  lev e l to  SQ ~ 0.01% we found  th a t  th e  s te p  

le n g th  had  to  be d o ub led  an d  th e  sam pling  p h a se  re d u c e d  n e a r  p h a se  

0.25 a s  some of th e  A q ( x )  w ere  n eg a tiv e . T his is  due  to  th e  fa c t th a t  

th e  Q d a ta  a ro u n d  p h a se  0.25 a re  app rox im ate ly  ze ro  ( th e re fo re  

s e n s itiv e  to  a n y  e r r o r  p re s e n t)  a n d , coup led  w ith  th e  approx im ation  of 

(29) can  r e s u l t  in  A ( x )  4 0* Fig* 4.6b show s th e  re c o v e re d  d e n s ity
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F igure 4.6a

The re c o v e re d  d e n s ity  fu n c tio n  is  shown as  a fu n c tio n  of d is ta n c e  

(x) w ith  an  e r r o r  in  th e  in d iv id u a l S tokes p a ram eters  of SQ = SU = 

0.001% . The in fe r re d  d e n s ity  p a ra m e te rs  a re  g iven  in  Table 4.1
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F igure 4.6b

As Fig. 4.6a excep t w ith SQ = 0.01%.
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Table 4.1

R ecovery  of th e  in p u t p a ra m e te rs  w ith no isy  data .

Recovery

In p u t SQ = 0.001% SQ = 0.01%

I n c l in a t io n 70.0 7 0 .0 ± 0 .1 6 9 .9±0.9

A (1 )o0/R< 0*32/tt 0.10090 0.10045

n 2.00 2.00 2.20

X2 co n fid en ce ----- 97.5% 50%

Sam pling V 18 -  4/ 10 v 18 -  35/

p hase 6/ 18 -  ®/l8 S5/ ie o  -  9



d is tr ib u t io n  fo r  th e  plum e w ith  a  no ise  lev e l of SQ 0.01%. In  th is  

c a se  th e re  is  a  m arked  in c re a s e  in  th e  s c a t te r  of th e  re c o v e re d  

d e n s ity  d is tr ib u t io n  com pared  to  P ig. 4.6a.

4.5 The Structure of Two Dimensional Envelopes.

We now re c o n s id e r  e q u a tio n s  (4.3) -  (4.8) an d  p e rm it ft(x,<t>) = 

ft0f 0 (x,<t>) to  be  d is tr ib u te d  in  $ a s  well a s  x, an d  m ain tain  th e  

c o ro ta tio n  c o n d itio n  f0 (x,<l>,t) = f Q(x,<t>-cot), w h ere  f0 (x,<&0 ) is  ft(x,<l>0 )/G0 

w ith  <t>Q m e asu re d  in  a  fram e ro ta t in g  w ith  th e  en v e lo p e  from  a  

re fe re n c e  ax is  w hich  co in c id es  w ith  th a t  of <|> w hen  t  = 0.

We c o n s id e r  th e  e x te n t to  w h ich  p ro p e r t ie s  of f Q can  be o b ta in ed  

from  th e  o b s e rv a tio n s  of Q (t), U (t) (c.f. C h a p te r  3).

4.51 f0(x.4>) Separable With Known x -  Dependence.

In  t h i s  c a s e  we suppose

w h ere  g Q(x) is  know n b u t h0 (<!>0 ) is  no t.

We p ro c e e d  in  th is  case  b y  th e  F o u rie r  a n a ly s is  of h0 (<t>0 ) (c.f.

C h a p te r  3), v iz

and  o b ta in  a f te r  some re d u c t io n , a  F o u rie r  s e r ie s  fo r Q an d  U a s  a 

fu n c tio n  o f u t,  v iz

(4 .3 2 )

00

h0 (<t>o) = xo + {xjcosj<l>0 + yjsinj<D0 } (4 .3 3 )

00
(4 .34 )Q = p0 + E { p jc o s ju t  + q js in jw t  }

00
(4 .35 )U = Uq + E { u jc o s jw t + v j s i n j u t  }
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w ith ,

Po = a ^ T r t  “ C )sin 2i  + A2 ( l  + c o s2i ) ]  (4 .3 6 )

{q j l  = { - £ )  CA2s in 2 i  + | ( " I  -  C + A4 ) ( l  + co s2i )  ] j  = 2 (4 .3 7 )

= (_ ^ j)[A js in 2i  + 5^(1 + c o s2i ) ]  fo r  even j  ( j .2 )  (4 .3 8 )

|^ jJ=  -  |^ jJ [B js in 2i  + 7^(1 + c o s2i ) ]  fo r  odd j  (4 .3 9 )

Uo = 0 (4 .4 0 )

{v2} = {a2}^171 “ C -  A ^ c o s i  fo r  j  = 2 (4 .4 1 )

= J^jjMjCosi fo r  even j  ( j*2)  (4 .42)
0 0

| ^jjN jC osi fo r  odd j  (4 .43)
J J

where,

a j  = o0(l0x j  , b j = o0n0yj (4.44)

00

I  = J gQ(x)fo dx (4 .4 5 )

l

seci
aj = I  S o W  ^  <* <4 -4®>

seci
b j

s e c i

= |  So<x ) (^ i — dx <4 -47>

seci
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Jj  = Aj+2 + Aj-2

(4 .4 9 )
Mj ~ Aj-2  “ Aj+2

and

(4 .5 0 )

(4 .5 1 )

where S j ( x ) ,  Tj(x)  are th e  congruous r e la te d  Chebyshev polynom ials.

In  o r d e r  to  fin d  th e  c o e ff ic ie n ts  a j ,  b j we need  to  know  th e  

in c lin a tio n  of th e  sy stem . We can  o b ta in  th e  in c lin a tio n  b y  ta k in g  th e  

r a t io s  of th e  F o u rie r  c o e ff ic ie n ts  of th e  d a ta  (Brown e t  a l ., 1978; 

Sim m ons, 1983), v iz

S ince  Q j/v j , P j / Uj an<* th e  form  of gQ(x) a re  know n th e n  th e  

fu n c tio n s  G2, Gj an d  Hj will u n iq u e ly  d e te rm in e  th e  in c lin a tio n  of th e  

sy s tem . Once th e  in c lin a tio n  h as  b een  fo u n d  th e  F o u rie r  co e ffic ien ts  

(a j, b j)  o f th e  <l>0 d is tr ib u t io n  a re  th e n  o b ta in ed .

In  F ig s  4 .7 a -h  we show  a s  exam ples G2 , Gj, Hj fo r  th e  f i r s t  e ig h t 

h a rm o n ics  w ith  gQ(x) ~ x” n , fo r  n  = 2.0 -  4.0 . We show  u p  to  th e  

e ig h th  h arm on ic  on ly  b e c a u se  a c c o rd in g  to  th e  Riemann -  L eb esq u e

‘2A?s in 2i  -  (tt! -  C + A4 ) ( l  + c o s2i )  
2(ttI -  C -  A4 )c o s i ■] j  = 2 (4 .52)

‘2A jsin2i  + + c o s 2i )
2Mjcosi

fo r  even j
( j  2) (4 .5 3 )

2B jsin 2i  + Kj ( l  + c o s2i )  
2N jcosi ■]

fo r  odd j (4 .5 4 )
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0.5

1.0

n =3-5u s

n = 3 0

n = 2 0

9080<0 705030 4020100

Inclination (i°)

F igure 4.7a

The F o u r ie r  ra tio  HA is show n a s  a fu n c tio n  of inc lin a tio n  (i) fo r  

pow er in d ic e s  n  = 2.0, 2.5, 3.0, 3.5 an d  4.0.
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n = 4 0

50 7050 40 8010 20 900

Incl ination (i°)

F igure 4.7b

As Fig 4.7a b u t for the  F o u rie r ra tio  G2
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F igure 4.7c

As Fig 4.7a b u t fo r the  F ourier ra tio  H3.
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5.0

n = 2 0
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F igure 4.7d

As Fig 4.7a b u t for the F ou rier ra tio  G4.
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h5

n = 2 0

n = 2-5

n = 3 0

n =3*5

n = 4 0

40 50

Incl ination (i°)

Figure 4.7e

As Fig 4.7a b u t for the  F ou rier ra tio  H5.
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n = 2-5

n = 3 01 5 -

n = 3-5

n= 4 0

n= 4 0

n = 3*5

-30 - -  
0 80 9070605040302010

Incl ination (i°)

Figure 4.7f

As Fig 4.7a b u t  fo r  th e  F o u rie r  r a tio  G6.



125

5.0

n=3-5

n = 4 0

0.0
30 50 70 00 900 10 20 60

Inclination ( i °)

F igure 4.7g

As F ig  4.7a b u t fo r  th e  F o u rie r  ra tio  H7. Note th a t  th e  c u rv e  fo r 

n = 2 h a s  been  om itted  since  it  is  of in d e te rm in a te  form  (see te x t) .
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5.0

4.5 n = 4 0

4.0 --

n = 3 0

n=2-5

n = 2 0

1.5 --

80 9060 70500 2010 30

Inclination (i)

F igure 4.7h

As Fig 4.7a b u t fo r the  F ourier ra tio  G0.
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Lemma th e  in te g ra ls  Aj, Bj -> 0 a s  j  -> »  (se e S n eddon , 1972) and  

th is ,  co u p led  w ith  th e  fa c t th a t  we h av e  a  f in i te  d a ta  s e t  m eans th a t  

th e  b e s t  we can  hope  to  ach iev e  will be ty p ic a lly  th e  harm onics u p  to

j  ~ 8.

In  F ig . 4.7f we see  th a t  Gs (fo r n  = 3.5 an d  4.0) becom es in fin ite  

a ro u n d  i ~ 60 ’ . T h is  is  d u e  to  th e  fa c t  th a t  M6 ~ 0 a t  th is  in c lin a tio n  

a n d  so [from  e q u a tio n  (4.53)] G6 becom es in f in ite  ( th is  may be v e rif ied  

a n a ly tic a lly  fo r  n  = 4.0 , w h ere  M6 = 0 a t  s in 2i = 13/ iq )*

In  F ig . 4.7g th e  c u rv e  of H7 (n = 2) h a s  b een  exc luded  b ecau se

th is  fu n c tio n  is  o f in d e te rm in a te  form  (i.e 0 /0 ) fo r  all i an d  is  d u e  to  

th e  fa c t th a t  Bj = 0 fo r  j ^ 5 [see  e q u a tio n  (4.54)]. In  fa c t  fo r  n  = 2.0,

Hj = 0 /0  fo r  j  ^ 7, w h ils t fo r  n  = 4, Hj = 0 /0  fo r  j  > 9.

With th e  ex ce p tio n  o f th e se  s in g u la r  c a se s , th e  F o u rie r  co effic ien t 

r a t io s  (Gj, Hj) a re  in s e n s it iv e  to  th e  pow er law index , ex ce p t fo r  th e  

h ig h  o rd e r  ra t io s  a t  h ig h  in c lin a tio n s .

We p r e s e n t  now some model ca lc u la tio n s  w ith  n o isy  d a ta  u s in g  64 

d a ta  p o in ts  fo r  a  d isc  w ith  a pow er in d ex  n  = 2.0 an d  w ith  c o ffic ien ts  

a0 = 1, aj=  bj= j -2  (fo r  j  ^ 1) v iew ed  a t  an  in c lin a tio n  i = 70*.

In  o r d e r  to  f in d  th e  F o u r ie r  c o e ff ic ie n ts  p j ,  q j ,  U j ,  Vj we make 

u se  of th e  ap p ro x im atio n  (C ham peney, 1985)

©=rYgs <4-55>
n=i

© = s Y ®  c°s( ^ ]  < 4- 5 6 )
J n=i

N -i
(4 .57 )

J n=i n
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(fo r m ore com plicated  tra n s fo rm s  see fo r  exam ple P re s s  e t  a l ., 1986 an d  

re fe re n c e s  th e re in ) .

U sing  e q u a tio n s  (4.55) -  (4.57) w ith  64 d a ta  p o in ts  i t  is  p o ss ib le  to  

o b ta in  (w ith a n y  c e r ta in ty )  th e  F o u rie r  c o e ff ic ie n ts  u p  to  j  = 8. From 

th e s e  co e ff ic ie n ts  th e  F o u r ie r  ra tio s  a re  th e n  o b ta in e d . T able 4.2 show s 

th e  ra tio s  fo r v a r io u s  am oun ts of no ise . I t  can  be se e n  (and  is  

in tu it iv e ly  obv io u s) th a t  a s  th e  noise in c re a se  th e  h ig h  o rd e r  F o u rie r  

ra t io s  become in c re a s in g ly  u n c e r ta in  (i.e. Pj/vj * -
When th e  F o u r ie r  r a t io s  h av e  b een  ca lc u la te d  i t  is  th e n  p o ssib le  

(by  u s in g  F ig s  4.7a -  h) to  f in d  th e  in c lin a tio n  o f th e  sy s tem , w hich  

we show  in  ta b le  4.3 w h e re  we hav e  ca lcu la ted  th e  a v e ra g e  in c lin a tio n  

fo r  each  av a ilab le  pow er in d ex  in  o rd e r  to  i l lu s t r a te  how s e n s itiv e  th e  

cho ice  o f th e  pow er in d ex  is  in  d e te rm in in g  th e  in c lin a tio n . As c a n  be 

seen  from  T able 4.3, th e  in fe r r e d  in c lin a tio n  is  c o n s is ta n t  w ith  th e  

in p u t v a lu e  of i = 70* an d  is  q u ite  in se n s it iv e  to  th e  p a r t ic u la r  choice 

of th e  pow er index .

Once th e  in c lin a tio n  of th e  sy stem  h as  b een  e s ta b l is h e d , i t  is  th e n  

p o ss ib le  to  o b ta in  th e  F o u r ie r  co e ffic ien ts  of th e  en v e lo p e  d is tr ib u tio n  

(i.e a j ,  b j)  v ia  e q u a tio n s  (4.36) -  (4.43). The r e s u l t s  a re  p re s e n te d  in  

Table 4.4 fo r  n  = 2.0 an d  n = 4.0 an d  a re  com pared  w ith  th e  t r u e  

v a lu e s . We a lso  show  th e  e r r o r  ( s u p e r -  an d  s u b s c r ip t  v a lu es) 

in tro d u c e d  b y  ta k in g  th e  u p p e r  an d  low er lim it of th e  in c lin a tio n  (as 

o b ta in ed  in Table 4.1). One can  see th a t ,  in d e p e n d e n t of th e  pow er 

in d ex  o r  th e  e r r o r  in  th e  d a ta , th e  low j  v a lu e  c o e ff ic ie n ts  a re  m ost 

s e n s it iv e  to  th e  v a lu e  of th e  in c lin a tio n . One can  see  th a t  th e  e r r o r s  

a s so c ia te d  w ith  th e  c o e ffic ie n ts  fo r th e  pow er in d ex  n = 4.0 a re  

g r e a te r  th a n  th o se  fo r  n  ~ 2.0 w hich w ould in d ic a te  th a t  we a re  t r y in g  

to fo rc e  a  f i t  in  th e  ca se  o f n = 4.0 . S ince H7 = 0 /0 , i t  is  n o t p o ss ib le
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Table 4.2

F o u rie r  ra tio  values o b ta in ed  from d a ta  w ith  v a ry in g  am ounts of 

noise.

Error
SQ = 0.001% SQ = 0.01% SQ = 0.1%

Fourier Ej -  aj Ej -  aj Ej -  ajR atio vj uj vj ” j VJ

g2 1.90 1.90 1.90 1.90 1.90 1.90

°4 1.22 1.22 1.21 1.22 1.21 1.26

Ge 2.03 2.03 2.48 1.71 -6 .5 5 0.30

°8 2.80 2.80 2.29 1.85 0.79 0.93

Hi -0.61 -0.61 -0 .61 -0 .6 1 -0 .6 1 -0 .61

h3 0.77 0.77 0.77 0.77 0.78 0.75

Hs 1.63 1.63 1.65 1.67 1.83 2.11

h7 0/0 0 /0 0 /0 0 /0 0 /0 0 /0
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Table 4.3

In fe r r e d  inclination  from  F igs 4.7 u s in g  th e  F o u rie r ra tio s  of Table 

4.2.

Index SQ = 0.

oo

Error 

SQ = 0.01% SQ = 0.1%

2.0 68* ± 6* 67* ± 9* 70* ± 7*

2 .5 e v  ± 7* 66* ± 5* 68 ’ ± 5*

3.0 es* ± 8* 64* ± 7* 70* ± 6*

3 .5 63* ± l o  62* ± 8* 65* ± 6*

4 .0 61* ± i r 60* ± 10* 64* ± 7*



Table 4.4

The r e s u l ta n t  F o u rie r c o e ffic ien ts  (aj, b j)  of th e  envelope  d e n s i ty  

d is tr ib u t io n  fo r  pow er in d ices  n = 2.0, n = 4.0 .
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to  c a lcu la te  th e  v a lu es  fo r a 7 an d  b 7. The fa c t  th a t  H7 = 0 /0  [see  

e q u a tio n  (4.54)], how ever, im plies e i th e r  a 7 = b 7 = 0 o r  th a t  th e  pow er 

in d ex  is  n = 2.0 . As th e re  is  no re a s o n  to  p re su m e  th a t  a 7 = b 7 = 0 

th e n  n = 2.0. T his in fe re n c e  is  s u p p o r te d  b y  th e  fa c t th a t  th e  e r r o r s  

a s so c ia te d  w ith  th e  F o u rie r  c o e ff ic ie n ts  (Table 4.4) a re  le a s t  fo r  n  = 

2.0 .

4.6 Discussion and Conclusions.

In  o u r  a n a ly s is  we have m ade c e r ta in  s im p lify ing  assu m p tio n s  a b o u t 

th e  th e  l ig h t  so u rc e  and  th e  s c a t te r in g  m a te ria l in  o rd e r  to  a n a ly se

th e  e f fe c ts  of o ccu lta tio n  alone.

We h av e  c o n s id e re d  th e  l ig h t  so u rc e  to  be sp h e ric a lly  sym m etric  

d e s p ite  th e  fa c t  th a t  Be s t a r s  a re  b e liev ed  to  be f a s t  r o ta to r s  a n d  

th u s  lik e ly  to  be ellip so ida l in  sh a p e . T his w ould p rim arily  m odify th e  

geo m etrica l f a c to rs  of th e  problem , nam ely th e  d ep o la risa tio n  fa c to r  

an d  th e  o cc u lte d  reg io n , m aking th e  c a lcu la tio n s  d iff ic u lt b u t  n o t 

c h a n g in g  th e  q u a n ta tiv e  r e s u l t s  . A se c o n d a ry  e f fe c t how ever w ill be 

th a t  th e  s t a r  i ts e lf  will be in tr in s ic a l ly  p o la rise d  (w ith th e  n e t 

p o la ris a tio n  v e c to r  ly in g  in  a  d ire c tio n  p a ra lle l to  th e  e q u a to r ia l p lan e  

-  C assine lli, 1987). By co n fin in g  o u r  a n a ly s is  to  e a r ly  ty p e  s ta r s ,  

h o w ev er, p h o to sp h e r ic  p o la risa tio n  can  be n eg lec te d  in  th e  v is ib le  

re g io n  (see  Collins, 1989).

The e f fe c t o f limb d a rk e n in g  is  to  d e c re a se  th e  e ffec tiv e  s te l la r

a n g u la r  r a d iu s  an d  th u s  in c re a se  th e  n e t p o la risa tio n , and  a lth o u g h  we

have  n e g le c te d  limb d a rk e n in g  i t  can  be  in c o rp o ra te d  in to  th e  th e o ry  

(Brow n, C arlaw  an d  C assinelli, 1989).

The c irc u m s te lla r  m ateria l is  c o n s id e re d  to  be o p tica lly  th in  an d  

th u s  a b s o rp tio n  e f fe c ts  may be n e g le c te d . I f  a b so rp tio n  w ith in  th e
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en v e lo p e  w ere  to  be in c lu d ed  th e  problem  would become w av e le n g th  

d e p e n d e n t (e.g . McLean, 1978; Haisch an d  C assinelli, 1976) an d  so o u r  

a n a ly s is  is  ap p licab le  to b ro ad  ban d  p h o to p o la rim e try  on ly .

O ur r e s u l t s  show  th a t  fo r  an  ax isym m etric d isc  o ccu lta tio n  e n h a n c e s  

th e  n e t p o la risa tio n  (com pared to  w hen o c cu lta tio n  is  n e g le c te d ) a t  low 

in c lin a tio n , w h e reas  a t  h ig h  in c lin a tio n  o ccu lta tio n  re d u c e s  th e  n e t 

p o la risa tio n .

In  th e  case  w hen a m ass t r a n s f e r r in g  b in a ry  can  be  app ro x im ated  

to  a n  ax isym m etric  d isc  w ith  a  su p e rp o se d  one d im ensional plum e, i t  is  

th e n  p o ss ib le  to  o b ta in  th e  in c lin a tio n  of th e  system , th e  p o la ris a tio n  

of th e  d isc  an d  (fo r su ff ic ie n tly  h ig h  inc lin a tio n ) th e  d e n s ity  s t r u c tu r e  

o f th e  plum e from  th e  p o la rim etric  d a ta .

In  g e n e ra l a  c irc u m ste lla r  d isc  will be asym m etric  an d  we h av e  

fo u n d  th a t  b y  F o u rie r  a n a ly s in g  th e  d a ta  i t  is  p o ssib le , w hen  th e  

ra d ia l  s t r u c tu r e  of th e  d isc  is  of of a  p re su m ed  form , to  o b ta in  th e  

in c lin a tio n  of th e  sy stem  an d  th e re b y  o b ta in  th e  F o u rie r  ex p an sio n  fo r  

th e  d e n s ity  d is tr ib u tio n .
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C hapter 5.

III. General Axjsymmetric Envelopes. 

5.1 Introduction.

So fa r ,  th e  e f fe c ts  of o c c u lta tio n  u p o n  th e  s c a t te r in g  of l ig h t from  

c irc u m s te lla r  en v e lo p es  h as  b een  r e s t r ic te d  to  en v e lo p es  th a t  a re  

co n fin ed  to  th e  e q u a to r ia l p lan e  of th e  s t a r  (i.e. p la n a r  d is tr ib u tio n s ) .  

I t  h a s  b een  fo u n d  th a t  w hen o c c u lta tio n  an d  th e  f in ite  size of th e  s ta r  

a re  in c o rp o ra te d  in to  th e  s in g le  s c a t te r in g  tre a tm e n t of Brow n an d  

M cLean (1977; h e n c e fo rth  BM) th e  n e t th e o re tic a l p o la risa tio n  is  

re d u c e d  b y  u p  to  a  fa c to r  of two co m pared  to  th e  p o in t l ig h t so u rc e  

tre a tm e n t.

I t  can  be a n tic ip a te d  th a t  fo r  g e n e ra l s c a t te r in g  env e lo p e  

d is tr ib u t io n s  th e  n e t p o la risa tio n  will ag a in , in  g e n e ra l, be re d u c e d . 

The am oun t of re d u c tio n  will d e p e n d  u p o n  th e  envelope  sh ap e , th e  

d e n s ity  d is tr ib u tio n  an d  also  th e  in c lin a tio n  of th e  system .

In  th e  follow ing S ec tio n s  th e  n o rm alised  S to k es  p a ra m e te rs  a re  

o b ta in e d  fo r  a  g e n e ra l en v e lo p e  d is tr ib u t io n  w ith  th e  in c lu s io n  of 

d e p o la r is a tio n  an d  o c cu lta tio n  (Sec. 5.2). We th e n  co n s id e r  th re e  

sp ec if ic  (ax isym m etric) d is tr ib u t io n s  (Sec. 5.3) an d  in v e s tig a te  w h at th e  

e f fe c ts  of o c cu lta tio n  an d  d e p o la r is a tio n  a re  upon  th e  o b s e rv e d  

p o la ris a tio n  com pared  to  th e  p o in t l ig h t  so u rc e  tre a tm e n t of BM.

5.2 The General Theory.

C o n sid er a  s ta r  ( ra d iu s  R#, lu m in o sity , L*) c e n tre d  a t  0  (Fig. 5.1) 

s u r ro u n d e d  b y  an  ex ten d ed  en v e lo p e  of s c a t te r in g  m ateria l w ith  a  

n u m b er d e n s ity  n (x ). In  th e  fixed  s te l la r  fram e (X,Y,Z) th e  Z-axis
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z

Figure 5.1

A s ta r  c e n tre d  a t  0  w ith  a  r a d iu s  R* (no t show n) ro ta te s  un ifo rm ly  

a b o u t th e  Z -axis. An o b s e rv e r  (E) is  inc lined  a t  an  an g le  i to  th e  

ro ta tio n  (Z) ax is  of th e  s ta r .

A g e n e ra l s c a t te r in g  p o in t, P, a t  a d is ta n c e  r  from  th e  c e n tre  o f th e  

s ta r ,  h a s  p o sitio n  (r,Xi+)» in  sp h e ric a l p o la rs , in  th e  o b s e r v e r - s k y  

(A,B,E) fram e an d  h as  p o sitio n  (r,e,<t>) in th e  s te l la r  fram e. The 

o b s e rv e r - s k y  axes a re  o r ie n ta te d  su ch  th a t  th e  A -axis co in c id es  w ith  

th e  X -axis of th e  s te l la r  fram e.
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d e fin e s  th e  ro ta t io n  axis of th e  s ta r .  An o b s e rv e r  (E) is in c lin ed  to  

th e  ro ta t io n  ax is of th e  s ta r  b y  an  a n g le  i ( th e  inc lina tion ) an d  th e  

o b s e r v e r - s k y  fram e (A,B,E) is  o r ie n te d  su c h  th a t  th e  Z-axis lies in  th e  

EB p lan e .

A g e n e ra l s c a t te r in g  p o in t, P, a t  a  d is ta n c e  r  from  0 , in  sp h e r ic a l 

p o la r s h as  p o s itio n  (r,e,<|>) in  th e  s te l la r  fram e and  (r,X,Y) in  th e  

o b s e r v e r - s k y  fram e.

In  th e  fram e of th e  o b s e rv e r ,  th e  no rm alised  S to k es  p a ra m e te rs  can  

be w r it te n  a s

sp h e r ic a l l ig h t  so u rc e  (C assinelli e t_ a l., 1987) an d  oQ = 3ap/167T , Op is  

th e  Thom son s c a t te r in g  c ro s s -s e c tio n .

E q u a tio n s  (5.1) an d  (5.2) a re  in te g ra te d  o v e r  th e  o b se rv e d  s c a t te r in g  

volum e (F ig . 5.2), w hich  is  th e  to ta l volum e of th e  s c a tte r in g  re g io n  

m inus th e  o c c u lte d  re g io n  th a t  lies  b e h in d  th e  s ta r ,  a cc o rd in g  to  an  

e x te rn a l o b s e rv e r .  In  th e  o b s e r v e r ’s fram e th e  norm alised  S to k es  

p a ra m e te rs  a re

In  th e  p o la rim e tr ic  m odelling of s te l la r  w inds th e  d e n s ity  is  g e n e ra lly

V
(5 .1 )

v

w h ere  D (r) = (1 -  R | / r 2)^ is  th e  d e p o la r isa tio n  fa c to r  fo r  a  f in ite

f Jy
J D(r)n(r,x,*k)sin2x sin24» ^ (5.2)

277 »  tt — s i n - 1 (R */r)
(5 .3 )

o R* o
t  r  X

277 oo tt -  s i n " 1 (R # /r)

s i n 2X sin24' (5 .4 )
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E

Figure 5.2

O ccu lting  c y lin d e r  in  th e  o b s e rv e r ’s fram e.
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of some p re su m ed  form  in th e  s te l la r  fram e an d  it  is , th e re fo re , more 

c o n v e n ie n t to  tra n s fo rm  from  th e  o b s e r v e r ’s fram e to  th e  s te l la r  

(n a tu ra l)  fram e v ia  th e  follow ing re la tio n s  (Fig 5.3)

c o s x  = c o s ©  c o s i  -  s i n e  s i n i  sin<t>

s i n x  s i n 4» = c o s e  s i n i  + s i n e  c o s i  sin<t>

s i n x  c o s Y  = s i n e  cos<t>

(5 .5 )

S u b s t i tu t in g  equations (5 .5 )  in to  (5 .1 )  and ( 5 .2 ) ,  we obtain

Q = ( T o  ~ 3T 0y 0 ) s i n 2 i  -  t c/ 2 s i n 2 i  +  T0y 3 ( l  + c o s 2 i )  (5 .6 )

U = 2 ( T 0y 1 s i n i  + T ^ c o s i )  (5 .7 )

where

t q = D(r) n(r,e,<l>) ^  ( 5 . 8 )

Toyo = D(r ) n(r,e,4>) c o s 2e (5 .9 )

r Qy 1 -  D(r) n ( r , e ,0 )  s in 2 e  cos<t> 5-r (5 .10)^ J y  r

r o y 2  - 2°J D(r ) n ( r , e ,« )  s in 2 e  sin<D ^  (5 .11)

T Qy 3 = D(r) n ( r , e ,0 )  s in 2e cos2<t> Sp (5 .12)
6 J V r

Toy 4 -  ° ( r ) n(r,e,<t>) s in 2e sin2<t> (5 .13)
V

dV
a n d  —5- = s in e d e d < t> d r  . r*

In  th e  s te l la r  fram e th e  d e n s ity  d is tr ib u tio n  is  sim plified a t  th e  

e x p e n se  of com p lica tin g  th e  in te g ra l  lim its. The volum e in te g ra l can  be 

e x p re s s e d  a s  th r e e  s e p e ra te  volum e in te g ra ls ,  v iz



Figure 5.3

S p h e r i c a l  t r i a n g l e  f r o m  F i g .  5 .1  f o r  t h e  t r a n f o r m a t i o n  f r o m  (r ,X ,^ )  

(r,e,<l>) c o o r d i n a t e s .
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i  = j  -  j  -  jJV T JOt 02

where

» 77 277

i - i i i
R# 0 o
r 0 0

R * /s in i  277 77

f  ■ f  j  i
Oi R* o e (0 ,r )

0 0

J =
00 77-(i-G) 77-<D(0,r)

J J I
R * /s in i  77— ( i+Q) 0 ( 0 , r)

r 0 0

w ith C = s in - 1 (R#/r)

. v . _i f cos0 cosi + cosG 10(0,r) = sin 1   : ■ ■ .-----I sin0 sini J

6(0,r)= cos-i fcosi cosG - sini sin0 (sin2G - sin2i cos20)s inn cos20 -  1

(5 .14 )

The f i r s t  volum e in te g ra l  (JVp) is th e  to ta l volum e of th e  envelope . The 

seco n d  volum e in te rg a l  (Tqi) r e p re s e n ts  th e  volume enclosed  b y  th e  

o c c u ltin g  c y lin d e r  o u t to  a  ra d iu s  R*coseci (Fig. 5.4) w hich is  th e  

o u te rm o s t r a d iu s  to w hich th e  ro ta tio n  axis of th e  s ta r  p a s s e s  th ro u g h  

th e  o c c u ltin g  c y lin d e r . The th i rd  in te g ra l  (X0 2 ) i® v ° lume of th e

o c c u ltin g  c y lin d e r  beyond  r  = R*coseci.
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F igure 5.4

In  th e  s te l la r  fram e, th e  o c c u ltin g  c y lin d e r  is  in d ic a te d  a t  th r e e

d if f e r e n t  ra d ii  by  th e  p ro je c tio n  of th e  s te l la r  d isc  (as v iew ed  from  E

-  see  F ig. 5.2) on to  th e  h em isp h e rica l su rfa c e s .

The to ta l volum e of th e  o c c u ltin g  c y lin d e r  in th e  s te l la r  fram e is  m ost 

c o n v e n ie n tly  c o n s id e re d  as  two s e p a ra te  volum es (see te x t) . The f i r s t  

volum e is  th a t  in  w hich th e  s te l la r  ro ta tio n  ax is of th e  s ta r  c u ts

th ro u g h  th e  o c c u ltin g  c y l in d e r  (i.e. o u t to  a  ra d iu s  R#coseci. The 

in te g ra l  lim its a re  in d ic a te d  w ith  a s u b s c r ip t  1). The second  volum e is  

th e n  th a t  in  w hich  th e  s te l la r  ro ta t io n  axis does no t c u t  th ro u g h  th e  

o c c u ltin g  c y lin d e r . ( In te g ra l  lim its a re  in d ica te d  b y  a s u b s c r ip t  2.)

«
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F i g u r e  5 . 4

R* Coseci

X
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5.3 A xisym m etric D is tr ib u tio n s .

P o la rim e tric  o b se rv a tio n s  of Be s ta r s  (C larke and  McGale 1988a, b; 

C la rk e , 1990) h av e  show n th a t  th e  in tr in s ic  p o la risa tio n  of Be s t a r s  is 

v a r ia b le  an d  f lu c tu a te s  ab o u t some mean value. This in d ic a te s  th a t  

th e r e  e x is ts  an  u n d e r ly in g  ax isym m etric  envelope s u r ro u n d in g  th e  s ta r  

(w hich g iv e s  r is e  to  th e  mean o b se rv e d  p o la risa tio n ) th a t  is  s u b je c t  to  

tem p o ra l d e n s ity  en h an cem en ts . T hese  en h an cem en ts  may be  s to c h a s tic  

(C larke  an d  McGale, 1986, 1987) o r  p e rio d ic  (C larke and  McGale, 1988a, 

b) in  n a tu re .

In  Sec. 5.6 we sh a ll in v e s tig a te  th e  v a r ia b ili ty  of p o la risa tio n  d u e  

to  some d e n s ity  p e r tu b a tio n . H ere, how ever, we w ish to c o n s id e r  th e  

tim e a v e ra g e  p o la risa tio n  from  an  axisym m etric envelope.

F o r a n  ax isym m etric  d is tr ib u tio n  [n(_r) = n (r ,e )]  th e  p o la risa tio n  lies 

in  a  p la n e  p a ra lle l to  th e  axis of sym m etry  (i.e. th e  ro ta tio n  ax is). The 

n e t  p o la r is a tio n  is  th e re fo re  P = Q (U = 0) and  hence

P = Q = (tq -  3T0y 0 ) s i n 2 i  -  T Qy 2 s i n 2 i  + T0y 3 ( l  + c o s 2 i )  ( 5 . 1 5 )

The th e o re tic a l d e p e n d e n c e  of p o la risa tio n  w ith  c e r ta in  

o b s e rv a tio n a l p a ra m e te rs  can  be u se d  to  in fe r  th e  geom etry  of th e  

en v e lo p e  (McLean an d  Brow n, 1978) o r  to  te s t  th e  v a lid ity  of envelope  

m odels (su ch  a s  th o se  of Doazan an d  Thomas, 1982; M arlborough e t  a l . t 

1978) b y  c o n s tra in in g  th e  p a ra m e te r  sp ace  (e.g. envelope sh a p e  an d  

m ass) to  a g re e  w ith  p o la rim etric  o b se rv a tio n s . Once th e  c o n s tr a in ts  of

th e  m odel a re  e s ta b lish e d , i t  is  th e n  po ssib le  to  decide w h e th e r  th e

model is  to  be r e je c te d  o r not. For exam ple, if a model p ro p o se s  th a t  

th e  s c a t te r in g  en v e lo p e  is  alm ost sp h e ric a l, th e n  fo r Be s ta r s  th e

model h a s  to  be re je c te d  on th e  g ro u n d s  th a t  th e  m ass of th e

en v e lo p e  r e q u ire d  is  too la rg e  (com pared  to th e  in fe rre d  m ass from
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s p e c tra l  o b s e rv a tio n s ) . The p o la rim e tric  v a lid a tio n  of envelope  m odels 

iB m ost e a s ily  ach iev ed  u s in g  th e  s in g le  s c a t te r in g ,  p o in t l ig h t so u rc e  

tre a tm e n t of BM. I t  h a s  been  show n (Ch. 3 an d  4) th a t  th e  BM a n a ly s is  

o v e re s tim a te s  th e  p o la risa tio n  com pared  to  w hen  o ccu lta tio n  an d  

d e p o la r is a tio n  a re  in c lu d ed  an d  th e re fo re  th e  BM a n a ly s is  p e rm its  a 

g r e a te r  (and  p o ss ib ly  d if fe re n t)  ra n g e  in  th e  p a ra m e te r  sp ace  th a n  

w hen  d e p o la r isa tio n  an d  o ccu lta tio n  a re  ta k e n  in to  acc o u n t.

In  o rd e r  to  i l lu s tr a te  th e  e f fe c ts  of o c c u lta tio n  an d  d e p o la risa tio n  

u p o n  th e  p o la risa tio n  from  c irc u m ste lla r  en v e lo p es  (com pared to  th e  BM 

tre a tm e n t)  th r e e  g eom etries, sim ilar to  th o se  of BM a re  c o n s id e re d . 

T hese  a re :

(i) A sp h e r ic a l sh e ll w ith  a  su rfa c e  d e n s ity  th a t  d e p e n d s  on  th e  

c o la titu d e , v iz

0  = S (r -  R) exp-iS| cose  | . 

w h ere  G0 is  th e  e q u a to r ia l su rfa c e  d e n s ity , R is  th e  ra d iu s  of th e  sh e ll 

an d  £ is  a  f re e  p a ra m e te r  ( -«  < jB < ») th a t  d e s c r ib e s  th e  v a r ia tio n  of 

th e  s c a t te r in g  m ateria l o v e r  th e  su rfa c e .

(ii) An o b la te  sp h e ro id a l she ll w ith  un ifo rm  d e n s ity ,

_______ Rj_________  R1 + hRt
✓ 1 + (A2 -  1) c o s2e r  ✓ 1 + (A2 -  1) cos^e

otherwise

w here  A > 1 (fo r an  ob la te  sp h e ro id )  an d  R^ is  th e  e q u a to r ia l r a d iu s  

of th e  en v e lo p e . In  a d d itio n  (fo r th e  p u p o se s  of in te g ra tio n )  we will 

a ssum e th a t  th e  sh e ll is  th in , h << 1.

(iii) A w edge sh a p e d  e q u a to r ia l d isc  (cy lin d rica l s e c to r  geom etry ) of 

in f in ite  e x te n t w ith  a  ra d ia l pow er law d is tr ib u tio n , n = n 0 (r/R ^) ^  and  

a h a lf o p e n in g  an g le  <x, w here  nQ is th e  e le c tro n  num ber d e n s ity  a t

n ( r , e )  = nQ 

n ( r ,6 )  = 0
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t h r  s u r fa c e  of th e  s ta r  [nQ = n ( r  = R#) a n d  n  is  th e  pow er index .

5.3.1 Axisymmetric Envelopes View in the Equatorial Plane (i = 90).

B efore p ro c e e d in g  to  th e  g e n e ra l in c lin a tio n  case , i t  is  in s t ru c t iv e  

to  com pare th e  p o in t lig h t so u rc e  p o la risa tio n  w ith  th a t  w hen  

d e p o la r isa tio n  an d  o ccu lta tio n  a re  in c lu d ed  fo r  en v e lo p es  v iew ed  in  th e  

e q u a to r ia l p lan e .

5.3.2 Spherical shell.

(a) P o in t l ig h t  so u rc e .

From th e  BM a n a ly s is  th e  p o la risa tio n  is ,

(b) E x ten d ed  l ig h t  so u rc e  w ith o u t o ccu lta tio n .

F or th is  p a r t ic u la r  g eo m etry  d ep o la risa tio n  is  ta k e n  in to  a c c o u n t b y  

m u ltip ly in g  P Q b y  th e  d ep o la risa tio n  fa c to r  w hich  is  un ifo rm  o v e r  th e  

she ll, v iz

w here  X = R/R* an d  R is  th e  r a d iu s  of th e  shell.

(c) E x ten d ed  l ig h t  so u rc e  w ith o ccu lta tio n .

In  F ig. 5.5 th e  o ccu lted  reg io n  of th e  sh e ll is  show n a s  th e  h a tc h e d  

a rea . T h is  is  th e  p ro je c tio n  of th e  s te l la r  d isc  (as seen  from  E) u p o n  

th e  s u r fa c e  o f th e  sh e ll (see also  F ig. 5.4). The p o la risa tio n  is  th e n ,

(5 .1 6 )

Pt = (1 -  X -2)« PQ (5 .1 7 )

P2 = <t 0 -  3T0y0 ) + T0y3 (5 .1 8 )

where
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E

F ig u re  5.5

Schem atic  d iagram  of a  sp h e ric a l sh e ll ( ra d iu s  R) s u r ro u n d in g  a  s ta r  

( ra d iu s  R#) w ith  an  o b s e rv e r  (E) in  th e  e q u a to r ia l p lane. The h a tc h e d  

a re a  is  th e  o ccu lted  reg io n  of th e  envelope  (as seen  a t  E).
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1 /X
2TTÔ 0r

^  ( 1  -  X ” 2 ) ^  {  I  -  e ~ P  + |  ^  ^  |  e “ £  <D(iLi) dju

V o .  s j a m i  -  x - 2 ,«  { I 2 -  e -*  ( 1  + 1  + y  + f * *  ( I 2+ + y

i A
+ |  J /i2 e " ^  <t>(/i) dju J

i/X

V 3 = -27T?gQn (1 -  X"2 )^ { ^  J (1 -  u2 ) e “*M sin{20>(/Li)} dju

o

1 -  X-2f 1 -  X~2 1 and <t>(ji) = j ^  = cose

The v a r ia tio n  of an d  P2 (com pared to  P0 ) a re  show n in  F ig . 5.6 

an d  5.7 a s  fu n c tio n s  of P an d  th e  ra d iu s  of th e  sh e ll (X = R/R*) 

re sp e c tiv e ly ^  I t  can  be seen  th a t  o c cu lta tio n  is  u n im p o rta n t w hen  th e  

sh e ll is  e i th e r  d is ta n t  from  th e  s ta r  (X > 3) o r w hen th e  s c a t te r in g  

m a te ria l is  c o n c e n tra te d  to w ard s  th e  po les  of th e  s ta r  (P < 0) b e c a u se  

in  b o th  c a se s  v e ry  li ttle  m ateria l is  b e in g  o ccu lted  an d  th u s  th e  

p o la ris a tio n  is  a d e q u a te ly  app rox im ated  b y  th e  in c lu s io n  o f th e  

d e p o la r isa tio n  fa c to r  alone (i.e. P2 ~ ^ i)*  M oreover a t  la rg e  d is ta n c e s  

th e  p o in t l ig h t  so u rc e  a n a ly s is  is  va lid  (P2 ~ P0 ). From Fig. 5.6 i t  

a p p e a r s  th a t  o c cu lta tio n  is  u n im p o rta n t com pared  to  th e  c o rre c tio n  fo r 

d e p o la r isa tio n . H ow ever, fo r  re la tiv e ly  close sh e lls  (X < 2) w ith

e q u a to r ia l ly  c o n c e n tra te d  s c a t te r in g  d is tr ib u tio n s  (P > 0) th e

p o la ris a tio n  is  o v e re s tim a ted  b y  ~20% (a t X ^ 1.2) w hen d e p o la r isa tio n  

is  in c lu d e d  b u t  o c cu lta tio n  is  not.
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Pi (X= 2*5)

P-j (X = 1*2)

aiss is•is *ii41

f

Figure 5.6

Plo t of p o la ris a tio n  va lu es  P j an d  P 2 com pared  to  PQ a s  a  fu n c tio n  of 

P fo r  sp h e r ic a l sh e lls  of fixed ra d ii (X).
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 1 1 > ( ) 1 1 1 1

P1---------------------------------------- P2(p=100)

/Z f   p2(p = 10)
---------------P2 (p = 10)

/ f T ------------------- p 2  (p=40)f f f ------------------------  P2(p=-100)

■■ H f-----------------------------P2((J=-10)

+--------- 1--------- (--------- 1---------- 1--------- 1----------(----------1--------- »--------- 1 4
h i h i l.* h i  h i t l  M  I I  I I  I I  M

Radius of Shel l  (X)

F ig u re  5.7

P lo t o f p o la risa tio n  v a lu es  P 4 and  P 2 com pared  to PQ as  a fu n c tio n  of 

ra d iu s  (X) fo r sp h e r ic a l sh e lls  w ith fixed P.
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6.3.3 Oblate Spheroid.

(a) P o in t l ig h t so u rce .

From  th e  a n a ly s is  of BM,

P0 = 2rro0n0hR*{ l n »A+ <A2 ~ ^

(5 .1 9 )

2(A* -  1 ) [A (A^ -  1 )^  ln ,A  + (A* “

(b) E x ten d ed  L ig h t so u rc e  w ith o u t o ccu lta tio n .

i  x 2 (/ i)

Pt  = 2 7 7 0 ^ ,  J J (1 -  x~2 )H (1 -  3*i2 ) dxdw (5 .2 0 )

o X1 (jU)

w h ere  x 1>2(/i) a re  g iv e n  below.

(c) E x ten d ed  l ig h t  so u rc e  w ith  o ccu lta tio n .

In  F ig . 5.8 th e  o ccu lted  re g io n  of th e  sp h e ro id /e llip so id  is  show n a s  

th e  h a tc h e d  a re a , w hich  is  th e  p ro je c tio n  of th e  s te lla r  d isc  u p o n  th e  

s u r fa c e  o f th e  shell. Notice th a t  th e  re g io n  is  e lo n g a ted  to w ard s  th e  

po les a s  th e  p o la r re g io n s  a re  c lo se r  to  th e  s ta r  th a n  th e  e q u a to r ia l 

re g io n . T he p o la risa tio n  is  fo u n d  to  be (w ith th e  aid of Fig. 5.3)

P2 = (t q -  3T0y0 ) + TQy3 (5 .21 )

w h ere

i x 2 (/i)

3 7 -0 X0  = 27TOonoR* [ |  |  (1 -  x“ 2 )^  (1 -  3/i2 ) dxd/i
O X i ( / i )

)** (1 -  3/i2 ) {tt -  2<t>(/i)l dxd/i j
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Rl/A

E

Figure 5.8

S chem atic  d iag ram  of an  e llip so id a l she ll (eq u a to ria l r a d iu s  R j, 

o b la te n e s s  A) s u r ro u n d in g  a  s ta r  ( ra d iu s  R*) w ith an  o b s e rv e r  (E) in  

th e  e q u a to r ia l p lan e . The h a tc h e d  a re a  is  th e  o ccu lted  reg io n  of th e  

s u r fa c e  (as seen  from  E).
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Uq x2 (*i)
r ^ y 3 = 27700n0Rj [  ^  J  J  (1 -  x "2 )* (1 -  U2 ) sin2<l>(*/) dxcU/j

O X 1 (/K)

with x = r/R* and

Xl<w) = n  + i ) / a2 ’ X2 (,J) =

(A» - 1 ) ^  ( h < < 1 )

Ua = [ (R j/R * )2 -  (A2 -  1 ) ]*  (h «  1)

We ta k e  h << 1 (i.e. a n  e llip so id  of f in ite  th ic k n e s s  b u t  co m p ara tiv e ly  

th in  co m p ared  to  i t s  e q u a to r ia l o r p o la r rad ii)  in  o rd e r  to  sim plify  th e  

com plex ity  of th e  problem . The prob lem  is  f u r th e r  sim plified a s  th e  

in n e r  in te r g r a l  may th e n  be  approx im ated  b y  a  T aylor expansion .

T he v a r ia tio n s  of an d  P 2 (com pared to  P 0) a re  show n in  F ig s  5.9 

an d  5.10 a s  fu n c tio n s  o f th e  o b la te n e s s  (A) and  th e  e q u a to r ia l r a d iu s  

(XA = R j/R #) re sp e c tiv e ly . The m ost s t r ik in g  th in g  to  n o tice  is  th a t  

c o n t r a r y  to  w h at w ould be ex p ec ted , th e  inc lu sio n  of "d ep o la risa tio n "  

a c tu a lly  e n h a n c e s  th e  p o la risa tio n  b y  alm ost a fa c to r  of two com pared  

to  w hen  d e p o la r isa tio n  is  n eg lec te d . T his phenom enon is d u e  to  th e  

v e c to r  n a tu re  of p o la rise d  lig h t. C on sid er th e  case w hen an  e llip so id a l 

e n v e lo p e  to u c h e s  th e  po les of th e  s ta r  (cf. Fig. 5.8). In  th e  p o in t l ig h t 

so u rc e  ca se , s c a t t e r e r s  th a t  lie in  th e  eq u a to ria l p lane will p ro d u c e  

p o la r is e d  l ig h t  th a t  is  p a ra lle l to th e  ro ta tio n  ax is, w h ils t s c a t te r e r s  a t  

th e  p o le s  will p ro d u c e  p o la rised  l ig h t th a t  is  p e rp e n d ic u la r  to  th is  

p lan e . S ince th e se  re g io n s  p ro d u ce  o p p o s ite ly  po la rised  lig h t p a r tia l  

c a n c e lla tio n  o c c u rs . S ince m ore s c a t te r e r s  lie in  th e  e q u a to r ia l p lane  

th e  n e t  p o la ris a tio n  will lie in  a p lane  p a ra lle l to  th e  ro ta tio n  axis an d
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l.t

u i

i.«

Oblatenes s ,  A

F ig u re  5.9

P lo t o f p o la risa tio n  v a lu es  P x and  P 2 com pared to  PQ as  a  fu n c tio n  

of o b la te n e s s  (A) fo r  e llip so id s of fixed e q u a to ria l rad ii (X*).
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Pi(A=30)

1 11 1  i t
Equatorial Radius  X̂ j

u iu t

Figure 5.10

P lot o f p o la risa tio n  v a lu e s  P j an d  P 2 com pared to  PQ as  a  fu n c tio n  of 

e q u a to r ia l r a d iu s  (X4) fo r  e llip so id s  w ith fixed o b la te n e ss  (A).
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will be re d u c e d  com pared  to  th e  p o la risa tio n  from  th e  eq u a to ria l reg io n  

alone. F o r a  f in ite  l ig h t so u rc e  m ateria l c lo se s t to  th e  s ta r  (i.e. th e  

po les) will be m ost a ffe c te d  by  d e p o la r isa tio n  w h ils t s c a tte r in g  m ateria l 

in  th e  e q u a to r ia l  p lane will e s s e n tia lly  see  a  p o in t lig h t so u rce  and  

th e re fo re  w ill no t be much re d u c e d  (com pared  to  th e  p o in t l ig h t 

s o u rc e  c a lc u la tio n s ) . The n e t p o la risa tio n  of th e  whole ellipso id  will 

th e n  be ap p ro x im ate ly  equ a l to  th a t  of th e  e q u a to r ia l reg io n s  b ecau se  

th e re  is  l i t t le  o r  no c o n tr ib u tio n  from  th e  po les (i.e little  cancella tion ) 

and  c o n s e q u e n tly  th e  p o la risa tio n  will be e n h an c ed  (com pared to  th e  

p o in t l ig h t  so u rc e  approx im ation) an d  lies  in  a  p lane  p a ra lle l to  th e  

ro ta t io n  ax is.

The e f fe c t  of o ccu lta tio n  is  to re d u c e  th e  p o la risa tio n  (com pared 

w ith  P A) b u t  th is  is  a  r a th e r  m inor c o rre c tio n  an d  on ly  s ig n if ic a n t 

w hen  th e  en v e lo p e  is  ob la te  an d  th e  e q u a to r ia l r a d iu s  is  small (X1 < 4) 

su c h  th a t  a  s ig n if ic a n t num ber of s c a t t e r e r s  a re  o ccu lted .

5.3.4 Wedge Shaped Disc.

(a) P o in t l ig h t  so u rc e .

From  th e  a n a ly s is  of BM th e  p o la risa tio n  is

P0 = 2TJ00n0R* 3 ln ” ! ° f g  (5-22)

(b) E x ten d ed  l ig h t  so u rc e  w ith o u t o ccu lta tio n .

P l = B ( ( n + i ) /2 , */ z ) P0 (5 .23 )

w h e re  B is  th e  b e ta  fu n c tio n .

(c) E x ten d ed  lig h t  so u rc e  w ith  o ccu lta tio n .

In  F ig . 5.11 th e  o ccu lted  re g io n  of th e  d isc  is  show n. The p o la risa tio n  

a r is in g  from  th e  volum e V2 is  ze ro  b eca u se , acc o rd in g  to  an  o b s e rv e r
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F igu re 5.11

C ro s s -s e c tio n  th ro u g h  a  w edge sh a p e d  d isc  (op en in g  a n g le  <x) 

s u r ro u n d in g  a  s ta r  (R adius R*) w ith th e  o b s e rv e r  (E) in  th e  e q u a to r ia l  

p lan e . T he h a tc h e d  reg io n  is  th e  to ta l o c c u lte d  volum e (V4 + V2). S ince 

V2 is  ro ta tio n a lly  sym m etric, a c c o rd in g  to  th e  o b s e rv e r ,  th e  n e t 

p o la r is a tio n  of V2 is ze ro  an d  th e n  th e  o n ly  c o n tr ib u tin g  volum e to  th e  

p o la r is a tio n  in  th e  o ccu lted  reg io n  is  V 1.
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a t  E, th e  re g io n  is  ro ta tio n a lly  sym m etric a b o u t th e  line of s ig h t .  The 

n e t p o la risa tio n  is  th e n ,

P2 = ( t q -  3 ^ 0 )  + r 0y 3 (5 .2 4 )

where

To ” 3t c / o  = 27TOonoR* [ \  B( (^+1 ) / 2 , 3 / 2 ) s in 2a  cosoc 

1 s in a

"  hr j }  ( !  “  y2 )^  Z 1-2 (1  -  3w 2 ) {tt -  2 4 >( i A , y ) }  d jud y j  

s in a  o

1 s in a

t c / 3  “ ZttOoHoR* [  j |  ( 1  “  y 2 )^  y ^ ” 2 s in 2 < t> ( / i ,y )  d jJd y  j

s in a  0

a n d

4>(*i,y) = s in ” 1 1 [ - f - r ^ s ] ^ )  » y = R* /r

The v a r ia tio n  of Pĵ  and  P2 (com pared to P0 ) a re  show n is  F ig s  5.12 

a n d  5.13 a s  fu n c tio n s  of o p en in g  ang le (a) and  pow er index  (r\). F or a 

d isc  of in f in ite  e x te n t, in o rd e r  th a t  th e  mass of th e  envelope  is  f in ite  

th e  pow er index  m ust be r\ > 3 (see section  5.4).

I t  can  be seen  th a t  th e  e ffec t of o ccu lta tion  is to  re d u c e  th e  

o b se rv e d  p o la risa tio n  (com pared to  Pĵ  and P0 ) and  is most s ig n if ic a n t 

fo r small o p en in g  ang le  and  h igh  va lues of t\ s ince th e n  volum e 

co n ta in s  a  s ig n if ic a n t num ber of s c a tte re r s .  By in c re a s in g  th e  o p en in g  

an g le  th e  o ccu ltin g  volum e becomes in s ig n if ic a n t and  o c cu lta tio n  

e f fe c ts  a re  th e n  neg lig ib le  (i.e P 2 —> P* as a  —> 90 ). S im ilarly a s  T\ —> 

3, th e  s c a tte r in g  d is tr ib u tio n  is  le ss  co n c e n tra te d  n ea r th e  s ta r  an d  so 

th e  volum e is  le s s  s ig n if ican t.
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Figure 5.12

P lo t o f p o la risa tio n  v a lu es  P j and  P 2  com pared to  PQ as  a  fu n c tio n  of 

h a lf  o p e n in g  an g le  (oc) fo r  d isc s  w ith  fixed pow er ind ices (r\).
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5.4 Absolute Polarisation*

Be s ta r s  a re  o b s e rv e d  to  be h ig h ly  in tr in s ic a l ly  p o la ris e d  e a r ly  

ty p e  s ta r s  ex h ib itin g  p o la risa tio n s  of u p  to  2% (c.f. Sec. 1.5). In  o rd e r  

to  o b s e rv e  su ch  a h ig h  d e g re e  of p o la risa tio n  th e  s c a t te r in g  en v e lo p e  

s u r ro u n d in g  th e  s t a r  m ust be h ig h ly  asym m etric  a s  v iew ed b y  an  

o b s e rv e r .  To a c c o u n t fo r  su ch  a h igh  d e g re e  o f p o la risa tio n  th e  

s c a t te r in g  en v e lo p e  h as  b een  m odelled b y  some a u th o rs  a s  an  

e q u a to r ia l m ass en h an cem en t (M arlborough e t  a l., 1978; D achs e t  a l.« 

1986; W aters, 1986) w h ils t o th e rs  hav e  in te rp r e te d  th e  en v e lo p e  to  be 

e llip so id a l (Doazan an d  Thom as, 1982; McLean an d  Brow n, 1978).

In  o u r  m odelling o f s c a t te r in g  en v e lo p es  we h av e  im plic itly  

assu m ed  th ro u g h  o u t th a t  th e  envelope  is  o p tica lly  th in , i.e . T < 1

where T = ^  (5.25)

an d  Ne is  th e  to ta l nu m b er of s c a tte r in g  e le c tro n s . For T ~ 1 we may 

p u t  an  u p p e r  lim it on  th e  m ass of th e  envelope  to  be Me n v  ~ 10“® Mq 

(assu m in g  th e  en v e lo p e  to  be p u re ly  100% ion ised  h y d ro g e n ) . 

S p e c tro sc o p ic  o b s e rv a tio n s  of Be s ta r s  s u g g e s t  a  m ass lo ss  v a lu e  of 

ty p ic a lly  10“® -  10“ 10 M©/yr from  UV o b se rv a tio n s  (Snow an d

M arlbo rough , 1976; Lam ers an d  R ogerson , 1978) w h ils t IR o b s e rv a tio n s  

in d ic a te  m ass lo ss  r a te s  sy stem a tica lly  a  fa c to r  of 10 -  102 h ig h e r  

(W aters e t a l . t 1988). The in fe r re d  m ass lo ss  r a te s ,  th e re fo re ,  in d ic a te  

an  en v e lo p e  lifetim e of ty p ic a lly  of th e  o rd e r  of d eca d es . T his is  

c o n s is te n t  w ith  th e  o b se rv e d  tim escale of Be s ta r  p h a se  c h a n g e s  

(U n d erh ill an d  Doazan, 1982 p. 317) and  th e o re tic a l e s tim a tes  (A pparao 

e t  al. t 1987) w hich s u g g e s t  a  s h o r t  p erio d  of en h an c ed  m ass lo ss  from  

th e  s t a r  follow ed b y  a  slow er s te a d y  m ass lo ss  of th e  r e s u lt in g
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en v e lo p e  w hich r e -o c c u rs  on tim escales of ap p ro x im ate ly  a d ecade .

A u s e fu l q u a n tity  w ith  w hich to  com pare th e s e  g eo m etrie s  w ith  

each  o th e r  is  th e  p o la risa tio n  p e r  u n it  m ass (P 2 /M e n v ). T h is can  be 

c o n s id e re d  a s  a m easure of how e ff ic ie n tly  an  en v e lo p e  of g iv e n  m ass 

will p ro d u c e  a n e t p o la risa tio n . If  we c o n s id e r  a  s t a r  w ith  a 

p o la ris a tio n  of 2% (i.e th e  maximum p o la risa tio n  of a Be s ta r )  th e n

P 2 = 2% = 0.02.

Me n v  = mpNe (kg) so s u b s t i tu in g  fo r  Ne from  eq . (5.25) we h av e

^ e n v  ~ mp ^ l T/ 0 o (kfi) 

an d  h e n c e  P 2 /Men v  ~ 0*^4 (o0/2m pR f) k g -1 fo r  T ~ 1.

F o r a  sh e ll o f r a d iu s  X (= R/R*) th e  m ass of th e  en v e lo p e  is  g iv en

b y

Mgnv = 4irf!0mpR|X2 ( 1 -  e~£)//3 (kg) (5 .2 6 )

In  F ig. 5.14 th e  v a r ia tio n  of th e  fu n c tio n  P2/Men v  i® shown as a 

fu n c tio n  of th e  sh e ll ra d iu s . The c u rv e  r e p r e s e n t s  th e  o b se rv e d  

p o la r is a tio n  from  a  sh e ll of c o n s ta n t m ass (and  &) e x p an d in g  o u t from  

th e  s ta r .  As th e  envelope  ex p an d s , th e  p o la risa tio n  in c re a s e s  an d  

re a c h e s  a maximum a t  X ~ 1.2 (due to  a  t r a d e -o f f  be tw een

d e p o la r isa tio n  an d  th e  in v e rs e  s q u a re  law) an d  th e r e a f te r  d e c re a se s , 

fa llin g  o ff  a s  X“ 2. The d is ta n c e  a t  w hich P 2/ Me n v  re a c h e s  a  maximum 

can  be fo u n d  b y  d if fe re n tia t in g  P 2 /^ e n v  wi^h r e s p e c t  to  X a n d  s e t t in g  

d (P 2/M e n v )/dX  = °» v iz

dfP? 1 _ 1 _ J  ,  fo _ 3 1
dXlMenvJ x3 ^  ~ x~* I X*'

so  — J = 0 when X = *'3/ 2 ~ 1-2
dx '■^env'

P o la rim e tric  o b se rv a tio n s  of w Ori (S o n n eb o rn  a t_d .., 1988, Brow n 

an d  H en rich s , 1987) show s th a t  th e  s ta r  e x h ib its  tem pora l v a r ia tio n s  

sim iliar to  th o se  of Fig. 5.14. T his w ould s u g g e s t  th a t  th e  tem pora l
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F igure  5.14

The v a r ia tio n  of p o la risa tio n  p e r  u n i t  m ass (P 2 /^ e n v )  r a d iu s  (X)

for a sh e ll w ith  fixed v a lu e s  of
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F igu re  5.15

The v a r ia tio n  of p o la risa tio n  p e r  u n it  m ass (P2 /^ e n v )  with  & fo r  a  

shell w ith  fixed v a lu e s  of ra d iu s  (X).

Legend; c u rv e  A: X = 1.02, B: X = 1.05, C: X = 1.1, D: X = 1.5 

E: X = 3.0, F: X = 4.0
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p o la rim e tric  v a r ia tio n s  of u> Ori may be in te rp re te d  a s  an  ex p an d in g  

sh e ll of m a te ria l (fo r a fu ll d isc u ss io n  co n c e rn in g  th e  in te rp re ta t io n  of 

th e  p o la rim e tric  v a r ia tio n s  see  Brown an d  H enrichs, 1987). In  th is  

in te rp r e ta t io n ,  th e  peak  in  th e  p o la rim etric  d a ta  o c c u rs  b e c a u se  th e  

sh e ll h a s  ex p an d ed  to  a ra d iu s  of ~ 1.2R^. I t  is  possib le , from  th is ,  to  

e s tim a te  th e  ex p an sio n  v e lo c ity  of su ch  an  envelope (assum ing  th e  

en v e lo p e  is  ‘lif ted  o ff’ from  th e  s te l la r  su rfa c e  and  ex p an d s  a t  a 

un ifo rm  ra te )  v ia

v  ~ l«2R #/tmax (5.27)

w h e re  R# ~ IORq an d  t max ~ lx l 0 6s (time ta k e n  fo r p o la risa tio n  to  

ch a n g e  from  th e  q u ie sc e n t to  maximum value , S o nnebo rn  e t  al., 1988) 

a n d  h e n c e  v  ~ 8.4 km s-1 , w hich  is  approx im ate ly  th e  th e rm al (sound ) 

sp e e d  of th e  cool w ind (v ~ 10 km s-1 a t  104 K). The p o la rim e tric  

v a r ia t io n s  o c c u r r in g  w ith in  th e  w ind of w Ori would th e re fo re  a p p e a r  to  

be  a s s o c ia te d  w ith  a  low v e lo c ity  com ponent of th e  w ind, w h e reas  th e  

UV sp e c tro sc o p ic  v a r ia tio n s  a re  a sso c ia ted  w ith a  h ig h  v e lo c ity  

com ponen t ( ty p ica lly  v u v  ~ 100 km s- 1 ). T his would s u g g e s t  (b u t n o t 

p ro v e  -  see  Brow n an d  H enrichs , 1987) th a t  th e  p o la risa tio n  a r is e s  

from  a  re g io n  d if f e re n t  from  th a t  of th e  UV line v a r ia tio n s

F ig . 5.15 show s th e  v a r ia tio n  of P 2 /^ e n v  as  a fu n c tio n  of p. Note

th a t  fo r  P -  0 th e  n e t p o la risa tio n  is  zero  b ecau se  th e  envelope  is

sp h e r ic a lly  sym m etric . When P < 0, th e  s c a tte r in g  m ateria l is

c o n c e n tra te d  to w a rd s  th e  p o la r re g io n s , th e  p o la risa tio n  v e c to r  lies in  

a  p la n e  p e rp e n d ic u la r  to  th e  ro ta tio n  axis and  hence th e  p o la risa tio n  

is  n e g a tiv e  in  s ig n  (by  d e fin itio n ). From F igs 5.14 and  5.15 i t  can  be 

se e n  th a t  in  o rd e r  to  p ro d u c e  a maximum p o la risa tio n  of 2% th e  ra d iu s  

of th e  sh e ll m ust lie betw een  ~ 1.1 an d  4.0 (R*) and  th e  m ateria l m ust 

be  c o n c e n tra te d  to w ard s  th e  p o la r o r  eq u a to ria l reg io n s  (i.e. |/3| > 5).
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F or a g eom etrica lly  th in  (h << 1) o b la te  ellipso id  of eq u a to ria l

r a d iu s  ( = R^/R^) an d  o b la te n e ss  A, th e  m ass of th e  envelope  is 

g iv e n  b y

Menv = 47Tn0mpR|hXf/A (kg) (5 .27 )

In  F ig . 5.16 th e  v a r ia tio n  of th e  I ^ / ^ e n v  18 show n as  a fu n c tio n  of 

th e  e q u a to r ia l  r a d iu s  (X^). The c u rv e s  can  be c o n s id e re d  a s  en v e lo p es  

(w ith  c o n s ta n t  o b la ten ess )  u n ifo rm ly  ex p an d in g  aw ay from  th e  s ta r  and  

in  d o in g  so th e  p o la risa tio n  m onotonically  d e c re a se s , fa lling  

ap p ro x im a te ly  a s  XJ2. In  Fig. 5.17 th e  v a r ia tio n  of P2/Me n v  as  a 

fu n c tio n  of o b la te n e ss  is  show n. Here th e  c u rv e s  in d ica te  th e  v a r ia tio n  

o f p o la r is a tio n  fo r  en v e lo p es  w ith  a fixed e q u a to r ia l ra d iu s  ex p an d in g  

in  th e  p o la r  d ire c tio n s  (d e c re a s in g  A). As th e  p o la r r a d iu s  in c re a se s  

th e  en v e lo p e  becom es in c re a s in g ly  sp h e r ic a l (A —> 1) an d  h en ce  th e  

p o la r is a tio n  te n d s  to  zero . I t  is  a p p a re n t  (from F igs 5.16 an d  5.17) 

th a t  in  o r d e r  to  p ro d u c e  a maximum p o la risa tio n  of 2% th e  envelope 

m u st be  v e r y  o b la te  fo r a g iv e n  e q u a to r ia l ra d iu s  (i.e. envelope  m ust 

be  to u c h in g , o r  alm ost to u c h in g , th e  s te l la r  su rfa c e  a t  th e  poles) and  

y e t th e  e q u a to r ia l  enve lo p e  c a n n o t be too la rg e  (i.e th e  a b so lu te  va lue  

of th e  o b la te n e s s  can n o t be too g re a t) .  In  e ssen ce  o u r r e s u l t s  a g re e  

w ith  th e  co n c lu sio n s  of Doazan and  Thom as (1982) and  McLean and  

Brow n (1978) who s u g g e s t  th a t  ex trem ely  ob la te  en v e lo p es  a re  no t 

n e c e s s a ry  in o rd e r  to  exp la in  th e  o b se rv e d  p o la risa tio n  of Be s ta r s .  In  

fa c t  ex tre m ely  ob la te  en v e lo p es  (approx im ate ly  A > 5) a re  u n ab le  to 

p ro d u c e  a  p o la risa tio n  of 2%. I t  m ust be rem em bered , how ever, th a t  

a l th o u g h  th e  a b so lu te  v a lu e  of th e  o b la te n e s s  may no t be la rg e , in  

o r d e r  to  p ro d u c e  a  p o la risa tio n  of 2%, th e  envelope m ust be n e a r  i ts  

maximum o b la te n e s s  (i.e. th e  envelope  alm ost to u ch in g  th e  s te lla r  

s u r fa c e  a t  th e  p o les).
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A=T5
A= 2 0

A=2-5
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Equatorial Radius

Figure 5.16

The v a r ia tio n  of p o la risa tio n  p e r  u n it  m ass ( l^ /^ e n v )  with  e q u a to r ia l 

r a d iu s  (X4) fo r  an  ellip so id  w ith fixed v a lu es  of o b la ten ess  (A).
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Oblateness (A)

Figure 5.17

The v a r ia tio n  of po la risa tio n  p e r  u n it  mass ( P 2 ^ e n v )  o b la te n e s s

(A) fo r  an  e llipso id  w ith  fixed v a lu e s  of e q u a to ria l ra d iu s  (Xx).
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In  Sec. 5.3.3 it  w as show n (fo r an  ellip so id ) th a t  th e  e f fe c t of 

in c lu d in g  o ccu lta tio n  w as a  n eg lig ib le  c o rre c tio n  com pared  to  in c lu d in g  

d e p o la risa tio n  in to  th e  BM tre a tm e n t. One could  e n v isa g e  th a t  th is  

would a lso  be th e  case  fo r  a geom etrica lly  th ic k  (h > 1) e llip so id . For 

su c h  an  e llip so id  (in th e  p o in t lig h t so u rc e  tre a tm e n t)  th e  p o la risa tio n  

is  s till g iv e n  by  eq.(5.19) w h ils t th e  m ass of th e  env e lo p e  is  g iv e n  

(exactly ) b y

^env = 4,nn0mpP|Xj[ 3Xf) (kfa) (5 .2 8 )

T h e re fo re , assum ing  th a t  fo r  a geom etrica lly  th ic k  e llip so id , o ccu lta tio n  

e f fe c ts  a re  s till n eg lig ib le , th e n  th e  fu c tio n  P a /^ e n v

c o rre s p o n d in g ly  sm aller th a n  show n in  F ig s 5.16 and  5.17 b y  a  fa c to r

(1 + h / X 1 + h 2/3X f). Hence a  geom etrica lly  th ic k  ellip so id  is  u n lik e ly , 

fo r  a n y  v a lu e s  of Xx an d  A, to  be ab le  to  p ro d u c e  a p o la risa tio n  of u p  

to  2%.

The m ass of a w edge sh a p e d  d isc  is  g iv e n  b y

Menv = -ImiompRi ^ 3  (5 .2 9 )

an d  th e re fo re  in  o rd e r  th a t  th e  enve lo p e  h a s  f in ite  m ass r\ > 3 (r\ <( 3 

is  p e rm itte d  on ly  w hen th e  d isc  h as  a f in ite  ra d iu s ; see W aters, 1986).

In  fig . 5.18 th e  v a r ia tio n  of P 2/M env *s s h ° wn as  a fu n c tio n  of th e  

ha lf o p en in g  an g le  (oc). As is  in tu it iv e ly  o b v io u s , as  oc in c re a s e s  th e  

p o la risa tio n  d e c re a se s  b e c a u se  th e  enve lo p e  becom es le ss  o b la te . The 

p o la risa tio n  is  zero  w hen oc = 90* a s  th e  envelope is  sp h e r ic a lly  

sym m etric . I t  is  a lso  a p p a re n t  th a t  fo r  sm all oc th e  p o la risa tio n  (fo r 

c o n s ta n t  m ass an d  pow er index) is  app ro x im ate ly  in d e p e n d e n t of th e  

ha lf  o p en in g  an g le  w hich w ould s u g g e s t  th a t  th e  env e lo p e  cou ld  be 

ap p rox im ated  b y  a p la n a r  d is tr ib u tio n  su c h  a s  th a t  c o n s id e re d  in  Ch. 3 

an d  Ch. 4. Notice also  th a t  th e  fu n c tio n  P 2/M en v  is  a  m onotonically
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F ig u re  5.18

The v a r ia tio n  of p o la risa tio n  p e r  u n it  m ass (1?2/Menv) w ith  ha lf 

o p en in g  an g le  (oc) fo r a  d isc  w ith fixed v a lu es  of pow er index  (r\).
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Figure 5.19

The v a r ia tio n  o f p o la risa tio n  p e r  u n it m ass (P2 /^ e n v )  w ith  pow er 

index  (r\) fo r  a  d isc  w ith  fixed v a lu es  of ha lf op en in g  ang le  (a).
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d e c re a s in g  fu n c tio n  fu n c tio n  of <x. At f i r s t  s ig h t  th is  would a p p e a r  to  

be a t  v a r ia n c e  w ith th e  a n a ly s is  of Sec. 3.3.3 w h ere  i t  w as claim ed 

th a t  th e  maximum p o la risa tio n  of a  d isc  is  a ch iev ed  fo r  oc = 35*. 

H ow ever, i t  m ust be b o rn e  in  mind th a t  in  th e  la t te r  case  th e  d e n s ity  

of th e  en v e lo p e  w as assum ed to  be c o n s ta n t w h e reas  we a re  now 

c o n s id e r in g  th e  m ass of th e  env e lo p e  to  be a  c o n s ta n t. The r e s u l t s  

show n in  Fig. 5.18 (and 5.19) a re , how ever, c o n s is te n t w ith  o u r  

p re v io u s  r e s u l t s  of Sec. 3.3.3. T his can  be d e m o n s tra te d  b y  f in d in g  

th e  maximum p o la risa tio n  a t  oc = 35*, g iv in g  P max " 6.5%, c o n s is te n t  

w ith  th e  in e q u a lity  of eq .(3 .23).

In  F ig . 5.19 th e  v a r ia tio n  of P2/M env *s show n a s  a  fu n c tio n  of th e  

pow er index . I t  can  be seen  th a t  th e  fu n c tio n  P 2 /Men v  in c re a s e s  w ith  

in c re a s in g  pow er index . This may be in te rp r e te d  in  two e q u iv a le n t 

w ays. One could  c o n s id e r  an  envelope  of c o n s ta n t m ass, w h e re b y  

in c re a s in g  th e  pow er index  of th e  envelope  r e s u l t s  in  an  in c re a se d  

n u m b er of s c a t te r e r s  close to th e  s ta r  (e.g  28% of all s c a t te r e r s  a re  

c o n ta in e d  w ith in  a ra d iu s  of 5R*, fo r  r\ = 3.2, w h e reas  fo r r\ = 4.0 th is  

f ig u re  is  80%) an d  h en ce  th e re  a re  more s c a t t e r e r s  th a t  c o n tr ib u te  

s t ro n g ly  to  th e  n e t o b se rv e d  p o la risa tio n . A lte rn a tiv e ly , one could  

c o n s id e r  th e  m ass of th e  env e lo p e  re q u ire d  to  p ro d u c e  a  g iv e n  

p o la ris a tio n . T hen , by  th e  same a rg u m e n t a s  b e fo re , h ig h e r  pow er 

in d ic e s  r e s u l t  in  a g r e a te r  c o n c e n tra tio n  of s c a t t e r e r s  c lose to  th e  

s t a r  w hich  a re  th e  main c o n tr ib u to r s  to  th e  p o la risa tio n . Hence b y  

in c re a s in g  th e  pow er index  th e  evelope will need  to be le ss  m assive 

(com pared  to  low pow er in d ices) in  o rd e r  to  p ro d u c e  th e  same 

p o la risa tio n  an d  th e re fo re  th e  fu n c tio n  P 2 /^ e n v  in c re a se  w ith

in c re a s in g  pow er index.

In  o rd e r  to  p ro d u c e  a p o la risa tio n  of 2% it can  be seen  (F ig s 5.18
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For exam ple, <x may be a s  m uch a s  60 ’ fo r  h ig h  d e n s ity  pow er in d ices  

(n > 3.6) i.e. m ateria l h ig h ly  c o n c e n tra te d  to w a rd s  th e  s u r fa c e  of th e  

s ta r .  E ven  fo r  low pow er in d ic e s  (r\ ~ 3.2) h a lf  o p en in g  an g le s  of u p  to  

30* a re  p e rm is s ib le .

On th e  b a s is  of th e se  r e s u l t s  i t  w ould a p p e a r  th a t  e i th e r  a

sp h e r ic a l sh e ll w ith  a p o la r /e q u a to r ia l  c o n c e n tra tio n  o r  an  e q u a to r ia l 

d isc  a re  lik e ly  to be re sp o n s ib le  fo r  p ro d u c in g  th e  in tr in s ic

p o la risa tio n  of Be s ta r s  r a th e r  th a n  an  e llip so id a l sh e ll (p a r tic u la r ly  if 

T < 1 o r  th e  env e lo p e  is  g eo m etrica lly  th ic k ).

5.5 AxiBymmetric Envelopes Viewed at Arbitrary IncKn»tir»n.

We now c o n s id e r  th e  p o la risa tio n  from  a n  envelope v iew ed a t  

a r b i t r a r y  in c lin a tio n . For b o th  th e  p o in t l ig h t so u rce  (P0 ) an d

ex te n d e d  l ig h t  so u rc e  w ith o u t o c cu lta tio n  (P 4) c a se s  th e  r e s u l t s  of Sec. 

5.3 a re  sim ply  m ultip lied  b y  s in 2i. F or an  ex ten d ed  lig h t so u rc e  w ith  

o c c u lta tio n  th e  n e t p o la risa tio n  (a t a r b i t r a r y  inc lina tion ) is  n o t so 

ea s ily  fo u n d  b u t  may be w r itte n  in  th e  g e n e ra l form  of

P 2 = ( t q -  3T0y0 )s in 2i -  TQy 2sin2 i + (1 + c o s 2i)T0y 3 (5.30)

w h ere  th e  w e ig h ted  in te g ra l  m om ents a re  g iv e n  in  eq. (5.8 -  5.13) and  

a re  c a lc u la te d  in ap p en d ix  B fo r  th e  th r e e  geom etries  u n d e r

c o n s id e ra tio n .

In  F ig s  5.20 -  5.23 th e  fu n c tio n  P2/Me n v  is  show n as  a fu n c tio n  of 

in c lin a tio n  fo r  th e  th r e e  geom etrie s . Also show  is  th e  fu n c tio n  

(P2/M e n v ) / s in 2i w hich  is  a m easu re  of th e  im p o rtan ce  of o ccu lta tio n . If  

o c cu lta tio n  is  u n im p o rta n t th e n  (P2/M e n v ) / s in 2i will be in d e p e n d e n t of 

in c lin a tio n  su c h  th a t  th e  BM r e s u l t  (P = c o n s ta n t .s in 2i) will be  valid  

an d  th e  p o la ris a tio n  of th e  en v e lo p e  can  be a d e q u a te ly  approx im ated



Incl ination (i)

F ig u re  5.20

The v a r ia tio n  of p o la risa tio n  p e r  u n it mass (P a /^ e n v )  w ith  in c lin a tio n  

fo r  a  sh e ll (of ra d iu s  X = 1.5) w ith  fixed v a lu es  of /3.

The d o tte d  c u rv e s  in d ica te  th e  dev ia tio n  of th e  v a r ia tio n  of 

p o la risa tio n  from  th e  BM re s u l t  (p e rfe c t ag reem en t w ith th e  BM re s u l t  

would b e  a  s t r a ig h t  line).
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Figure 5.21

As F ig . 5.20 ex ce p t fo r  an  e llip so id  (o b la ten ess  A = 2.0) w ith  fixed 

v a lu e s  o f e q u a to r ia l r a d iu s  (X4).
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Figure 5.22

As F ig . 5.20 ex ce p t fo r  a  d isc  (r\ = 3.5) w ith  fixed v a lu e s  of half 

o p en in g  an g le  (a).
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F or a s p h e r ic a l sh e ll i t  can  be seen  (Fig. 5.20) th a t  fo r po la r 

c o n c e n tra te d  d is tr ib u t io n s  (13 < 0) o ccu lta tio n  is  im p o rtan t a t  low

in c lin a tio n s  w h ere  a  s ig n if ic a n t num ber of s c a t te r e r s  a re  o ccu lted  (i.e. 

p o la r  re g io n  o cc u lte d ) . F or e q u a to r ia l c o n c e n tra te d  d is tr ib u tio n s  (jB > 

0) o c c u lta tio n  is  im p o rta n t a t  h ig h  in c lin a tio n s  w here  a  s ig n if ic a n t 

n u m b er of s c a t t e r e r s  a re  o ccu lted . T his is  p a r tic u la r ly  exem plified fo r 

th e  c u rv e  of 13 -  100, w hich  can  be co n s id e re d  to  be an  e q u a to r ia l 

r in g  of m ateria l. In  th is  case  o ccu lta tio n  does no t o ccu r u n ti l  i > 

co s- 1 (i / x ) an d  h en ce  th e  v a r ia tio n  of th e  p o la risa tio n  w ith  in c lin a tio n  

g oes  a s  s in 2i (d o tte d  c u rv e )  u n ti l  i ~ 48* w hen o ccu lta tio n  of p a r t  of 

th e  r in g  o c c u rs  an d  th e  BM re s u l t  no lo n g e r ho lds. Notice th a t  

o c c u lta tio n  is  u n im p o rta n t fo r  e le c tro n  d is tr ib u tio n s  w ith \P\ < 10 and  

so th e  p o la ris a tio n  of su ch  d is tr ib u tio n s  may a d e q u a te ly  be 

ap p ro x im ated  b y  th e  BM a n a ly s is  w hen d ep o la risa tio n  is  in c lu d ed .

F o r a g eo m etrica lly  th in  e llip so id  (h < 1) i t  can  be seen  (Fig. 5.21) 

th a t  th e  e f fe c ts  of o c c u lta tio n  can  in  g e n e ra l be n eg lec te d . I t  is  on ly  

w hen  th e  envelope  is  to u c h in g  (or alm ost to u ch in g ) th e  s te l la r  su rfa c e  

a n d  th e  e q u a to r ia l r a d iu s  of th e  envelope  is  small th a t  a t  h igh  

in c lin a tio n s  o ccu lta tio n  e f fe c ts  a re  no ticeab le . E ven in  th is  case  th e  

e f fe c t is  small an d  n eg lig ib le  (as found  in  Sec. 5.3.3). T h e re fo re , th e  

p o la r is a tio n  of an  e llip so id  can  be a c c u ra te ly  approx im ated  by  

in c o rp o ra tin g  d e p o la r isa tio n  in to  th e  BM an a ly s is .

I t  can  be seen  (F ig. 5.22) th a t  fo r a  w edge sh ap ed  d isc  o ccu lta tio n  

is  im p o rta n t a t  all in c lin a tio n s . As th e  ha lf open in g  an g le  in c re a se s  

o c c u lta tio n  e f fe c ts  becom e le ss  s ig n if ic a n t b u t  can n o t be n eg lec ted  and  

th e re fo r e  th e  BM a n a ly s is  can n o t be u se d  to  d e sc r ib e  th e  v a r ia tio n  of 

p o la r is a tio n  w ith  in c lin a tio n  fo r a d isc . I t  may also  be seen  th a t  th e
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maximum p o la ris a tio n  o c c u rs  a t  i ~ 8 5 ’ an d  n o t a t  90* as  w ould be 

e x p ec ted . T he fa c t  th a t  th is  ’anomaly* o c c u rs  on ly  w hen o ccu lta tio n  is 

in c lu d e d  s u g g e s ts  th a t  th e  en h an cem en t a r is e s  d u e  to  th e  s u p p re s io n  

of p o la ris a tio n  th a t  is  o p p o s ite ly  p o la rise d  to  th a t  of th e  whole d isc . 

T h a t is , th e  o ccu lted  reg io n  is  o p p o s ite ly  p o la rise d  to  th a t  o f th e  

w hole d isc  an d  b y  s u p p re s s in g  th is  p o la rim e tric  c o n tr ib u tio n  le ad s  to 

a  s u p p re s s io n  of can ce lla tio n  th a t  in  th e  a b se n c e  of o ccu lta tio n  would 

n o t o c c u r.

5.6 The S tru ctu re  o f General Three dim ensional E nvelopes.

W hilst fo r  s in g le  s ta r s  i t  is  re a so n a b le  to  assum e th a t  th e  s te l la r  

en v e lo p e  is  ax isym m etric , i t  may o f te n  in  re a l i ty  n o t be t ru e .  Such  

w ould be th e  ca se  fo r  in s ta n c e  if  th e  en v e lo p e  is  g ra v ita tio n a lly  

p e r tu r b e d  b y  an  u n s e e n  com panion (eg. a  n e u tro n  s ta r )  o r c o ro ta tin g  

w ind s t r u c t u r e s  (eg . c o ro ta tin g  in te ra c t in g  re g io n s  -  M ullan, 1984). In  

su c h  c a s e s  th e  s te l la r  envelope  may be m odelled a s  an  ax isym m etric 

e n v e lo p e  w ith  a  p e r tu rb a t io n  te rm  th a t  d e p e n d s  u p o n  th e  ro ta tio n  

r a te ,  th is  may be m odelled by  r e p re s e n t in g  th e  nu m b er d e n s ity  

fu n c tio n  of th e  en v e lo p e  b y  a F o u rie r  s e r ie s , v iz

00

n(r,e,<t>) = n ( r ,e ) £  ^ xjcosj<J>0 + yjsinj<t>0 j (5 .31 )

j= °

where

<Dq = <D -  wt

w is  th e  r a te  of ro ta tio n , t  is  th e  tim e from  tQ w hen <J>0 = 0. By 

s u b s t iu t in g  eq . (5.31) in to  eq.(5 .5) we may F o u rie r  a n a ly se  th e  

p o la rim e tr ic  d a ta  v ia
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{u} ~ l  f t }  c o sj wt + s in jw t (5.32)
j=o 0  J

In  o rd e r  to  sim plify  th e  p rob lem  we c o n s id e r  on ly  su ff ic ie n tly  h ig h  

in c lin a tio n  sy s tem s  su ch  th a t  th e  volum e in te g ra l  (eq. 5.14) Xo1 may be 

n e g le c te d  com pared  to  th e  o th e r  volum es. At h ig h  in c lin a tio n s  th is  is  

ju s t i f ie d  b eca u se  th e  volum e 0 1 (cf. eq . 5.14) is  g eom etrica lly  sm all 

com pared  to  th e  o th e r  re g io n s  an d  a lso  it  is  h ig h ly  d e p o la rise d  (as i t  

c o n ta in s  m ateria l th a t  lies  c lose to  th e  s ta r ) .  At low in c lin a tio n s , on 

th e  o th e r  h an d , th e  a b so lu te  v a lu e  of th e  p o la risa tio n  will be  small (P 

« s in 2i). M oreover a t  low in c lin a tio n s  th e  volum e in te g ra l  0 A will 

a p p e a r  to  be alm ost ro ta tio n a lly  sym m etric  an d  th u s  ag a in  o n ly  th e  

re g io n s  0 2 an d  T will c o n tr ib u te  s ig n if ic a n tly  to  th e  p o la risa tio n  

(d e p e n d in g  som ew hat u p o n  th e  env e lo p e  d is tr ib u tio n )  By s u b s t i tu t in g  

(5.31) in to  (5.6), in te g r a t in g  w ith  r e s p e c t  to  <t> a n d  e q u a tin g  to  (5.32) 

we f in d  th e  F o u rie r  co e ff ic ie n ts  to  be

p0 = a 0 [(TTA -  B )s in 2i  + G is in 2 i + X2 ( l  + c o s2i ) ]  j  = 0 (5 .3 3 )

{Pi} = - j ^ 1} [C iS in 2!  + >2(ttE -  F ) s in 2 i  + >iY1 ( l  + c o s2i ) ]  (5 .3 4 )

(q 2) = { -b 2} ^ 2S^n2^ ~ ^ 2 s;in2 i + ~ N )( l + c o s2i ) ]  (5 .3 5 )

{ P jj = -{ ^ j}  [C js in 2i  + >fL jsin2i + J*Yj(l + c o s 2i ) ]  (5 .3 6 )

{ P jj = { ^*i} [D js in 2i  -  >ffijsin2i + **Zj(l + c o s2i ) ]  8j 8^  2 ) ( ^ . 37)
^ J J

Uq = 0 (5 .3 8 )

{v1} = { b 1} ^ 7715 “ P^s i n i  + Y ic o s i]  (5 .3 9 )
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{v2} = ~{a2}^K2 s i n i  “ ("M “ N )cosi] (5 .40 )

{vj} = { -b ^ } [LJ s i n i  + YJ c o s i]  

( v i )  = "~{a'0 [Kj s i n i  “ Z jc o s i]
J

where

odd j  ( j  > 1) (5 .41 )

even j  ( j  > 2) (5 .42 )

a j  = °o noxj  > = acP6yj

A = n e f f ( r , e ) ( l  -  3cos2e) s in e  dedr 
T

B = |  ne f f ( r , e ) ( l  -  3cos2e ) ^  -  <t>(r,e)J s in e  dedr 
° 2

Cj= J ne f f ( r , e ) ( l  -  3cos2e) -j-  s in e  ded r 
° 2

Dj= J ne f f ( r , e ) ( l  -  3cos2e) s in e  ded r 
° 2

E = n g f f ( r ,e ) s in 2 e  s in e  d ed r 
T

F = J ne f f ( r , e ) s i n 2 e  -  <|>(r,e) + s in e  d ed r
° 2

F = |  ne f f ( r , e ) s i n 2 e  -  <t>(r,e) -  s in e  d ed r
° 2

Gj= |  H g f f ( r ,e ) s in 2 e  s in e  ded r
° 2

Hj= J n g f f ( r , e ) s in 2 e  s in e  ded r

(5 .43 )

(5 .4 4 )

(5 .45 )

(5 .46 )

(5 .47 )

(5 .48 )

(5 .49 )

(5 .50 )

(5 .51 )

(5 .52 )

Kj  = Gj - i  + GJ+ i 

h  = GJ - i  " GJ+ i

(5 .53 )
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Lj  = Hj - i  + Hj+ i 

4  = HJ “ i “ Hj+ i

M = i^ e ff (r ,0 )s in 2e sin© dedr 
T

N = |  n g f f ( r ,e ) s in 2e -  <t>(r,e) + s in e  dedr

N = |  n g f f ( r ,e ) s in 2e -  4>(r,e) -  s in e  dedr

Wj= J r ig f f ( r ,e ) s in 2e -?«$■ s in e  dedr 
0 2

Xj= J ngff( r ,e ) s in 2e ^  s in e  dedr

Yj = Wj-2 + Wj+2 '

YJ = Wj-2 M+P1
Zj = XJ-2 + Xj+2

ZJ = Xj-2 -  XJ+2 ■

ne f f ( r ,e )  = n ( r , e ) ( l  -  R j/r 2 )**/!^

Sj = s in {  j<t>(r,e)}

Tj = co s{  j<t>(r,e)}

and

^  • _i f cose  c o s i  + (1 -  R l/r 2 )**!0 ( r , e )  = s m  1j --------------. ■------ .— 4----- -  I' I s in e  s in i  J

(5 .5 4 )

(5 .5 5 )

(5 .5 6 )

(5 .5 7 )

(5 .5 8 )

(5 .5 9 )

(5 .6 0 )

(5 .6 1 )

(5 .6 2 )

(5 .6 3 )

(5 .6 4 )

By tak in g  r a t io s  o f  the observed Fourier c o e f f ic ie n t s  the envelope  

Fourier c o e f f ic ie n t s  may be e lim in ated , v iz

r .5 = EJ = -  Sj fo r  a l l  j  > 0
J vj  uj

(5 .6 5 )
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F or d is t r ib u t io n s  in  w hich occu lta tio n  is  u n im p o rta n t th e  volume 

in te g ra l  Sq 2 may be n eg lec te d  and

~ ~ 1 + c o s2ir t = c o s i ,  r2 =  2COSi

a g re e in g  w ith  th e  r e s u l t s  of Brown et_al.(1978) an d  Simmons (1983).

The F o u r ie r  co e ffic ien t ra tio s  and  r 2 a re  show n a s  fu n c tio n s  of

in c lin a tio n  in  F ig s  5 .23(a-c) and  5.24(a-c) re s p e c tiv e ly . In  each  case  

th e  BME r e s u l t s  a re  show n fo r com parision.

In  F ig. 5.23a i t  can  be see th a t  fo r a sp h e r ic a l sh e ll d ev ia tio n  from 

th e  BME r e s u l t  ( r A = cosi) is  s ig n if ican t fo r  all v a lu e s  of P a t  

m od era te -lo w  in c lin a tio n  (i < 60’ ). I n te rp r e t in g  th e  o b se rv e d  IsA in  

te rm s  of th e  BME a n a ly s is  would r e s u l t  in  a  sy stem a tica lly  h ig h e r  

in f e r r e d  in c lin a tio n  th a n  is  a c tu a lly  th e  case . At h ig h e r  in c lin a tio n s  (i 

> 60 ’ ) th e  c o n v e rs e  is  t r u e  fo r  e q u a to ria lly  c o n c e n tra te d  d is tr ib u tio n s  

(P >0) w h ils t fo r  P < 0 th e  c u rv e s  follow th e  BME re s u l t ,  w hich is  

e x p ec ted  from  th e  a n a ly s is  of Sec. 5.5 w h ere  i t  w as fo u n d  th a t  

o c c u lta tio n  is  u n im p o rta n t a t  h igh  in c lin a tio n s  fo r  p o la r c o n c e n tra te d  

d is tr ib u t io n s .  F o r p -  100 (e ffec tiv e ly  P -  «*>) fo r  a  g iv e n  o b se rv e d  r A a 

m u ltip lic ity  of in c lin a tio n s  is po ssib le  (i.e a maximum of fo u r  eq u a lly  

v a lid  in c lin a tio n s  a re  p o ssib le ). For an  ellipso id  (Fig. 5.23b) i t  can  be 

seen  th a t  th e  F o u r ie r  ra tio  T  ̂ follows c losely  th e  p re d ic te d  c u rv e  of 

BME a g re e in g  w ith  th e  p re v io u s  se c tio n s1 f in d in g s  w h e reb y  o ccu lta tio n  

w as fo u n d  to  be n eg lig ib le . When th e  envelope is  a  w edge sh ap ed  d isc  

i t  is  fo u n d  (Fig. 5.23c) th a t  th e  o b se rv ed  v a lu e s  of T* a re  alw ays 

sy s te m a tic a lly  la rg e r  fo r a  g iven  inc lina tion  th a n  th e  c o rre sp o n d in g  

BME r e s u l t  (i.e. if th e  o b se rv e d  is  in te rp re te d  as  b e in g  eq u a l to

cosi th e  in f e r r e d  in c lin a tio n  would be sy stem a tica lly  low er th a n  th e  

re a l in c lin a tio n  of th e  system ). For en v e lo p es  w ith  small half op en in g
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j) = - 10 -

e  = - 1 0 0

P=100

p=10

8=1>

Inclination (i)

Figure 5.23a

The v a r ia tio n  of r A w ith  in c lin a tio n  fo r a  sh e ll ( ra d iu s  X = 1.5) w ith  

fixed v a lu e s  of JB.

The d o tte d  c u rv e  in d ic a te s  th e  BME re su lt ,  r l = cosi.
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«k 70

4 0

=3*5

X1=3 0

Ob 55

a so

fO807015 75M959045

Incl ination ( i )

Figure 5.23b

As F ig . 5.23a ex cep t fo r an  ellipso id  (o b la ten ess  A = 2.0) w ith  fixed 

v a lu e s  of e q u a to r ia l  ra d iu s  (X j).
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U9

1.4

1*9

I I

I I
m m m m m is 19 m99 99

Incl ination (i)

Figure 5.23c

As F ig . 5.23a ex cep t fo r a  d isc  (pow er in d ex  n = 3.5) w ith  fixed 

v a lu e s  o f h a lf  op en in g  ang le  (<x).
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a n g le s  it  can  be seen  th a t  th e  in c lin a tio n  d e p e n d e n c e  of F j is

d e f in ite ly  no t v a ry in g  as  cosi. For exam ple fo r  a  =20’ is  p ra c tic a lly  

in d e p e n d e n t of in c lin a tio n , w h ils t fo r  sm aller o p en in g  a n g le s  s til l F j > 

1 an d  can  on ly  be in te r p r e te d  by  th e  canon ical m odels in  te rm s  of an  

e c c e n tr ic  b in a ry  o rb i t  (Brown e t a l.,1982).

The v a r ia tio n  of r 2, u n lik e  th e  v a ria tio n  of F1} fo r  each  of th e  

geo m etrie s  (F igs 5 .24a-c) show s a rem ark ab le  a g re e m e n t w ith  th a t  of 

th e  BME re s u l t  (ex cep t fo r  a  sh e ll view ed a t  low in c lin a tio n s  a re  th e re  

a n y  p rob lem s in in te r p r e t in g  th e  th e  v a lue  of r 2 ). T his w ould in d ic a te  

th e re fo re  th a t  T2 is  a  re liab le  in d ic a to r  fo r th e  in c lin a tio n  o f th e

sy stem  in d e p e n d e n t of g eo m etry  un lik e  T± w hich d e p e n d s  s ig n if ic a n tly  

u p o n  th e  d e n s ity  d is tr ib u tio n .

In  Sec. 4.5 i t  w as show n th a t  i t  is  p o ssib le  b y  u s e  of h ig h e r

F o u r ie r  co e ffic ien t ra tio s  (Tj) to  o b ta in  th e  in c lin a tio n , th e  enve lo p e  

F o u r ie r  harm onic co e ffic ien ts  and  th e  ra d ia l en v e lo p e  d e n s ity  

d is tr ib u tio n  of th e  sy stem . T his was made p o ssib le  on ly  b e c a u se  th e  

en v e lo p e  was of a p re su m ed  know n s t r u c tu r e .  In  th e  a b se n c e  o f su ch  

know ledge  th e  b e s t  th a t  one may ach ieve  is  th e  in c lin a tio n  of th e

system . In  o rd e r  to  in fe r  th e  envelope  d e n s ity  s t r u c tu r e ,  s h o r t  of 

c o n s tru c t in g  h ig h  o rd e r  F o u rie r  co effic ien t (Tj) c u rv e s  fo r  v a r io u s  

en v e lo p e  geom etrie s  (cf. Sec. 4.5) one could g e n e ra lis e  th e  d e n s ity  

d is tr ib u tio n  a s  an  ex p an sio n  of L eg en d re  polynom ials (Simmons, 1982, 

1983). The g e n e ra l m ethod would be to  p lo t th e  c u rv e s  of Tj u p  to  th e  

s ix th  o rd e r ,  say  fo r  th e  low est o rd e r  L eg en d re  polynom ials an d  th e n  

b y  f in d in g  th e  v a r io u s  F o u rie r  co e fficen t ra tio s  (Tj) to  o b ta in  a b e s t  

f i t ,  i.e  to  o b ta in  c o n s is te n t in c lin a tio n  v a lu es  an d  th e re b y , a t  le a s t to  

some e x te n t, in fe r r in g  th e  d is tr ib u tio n  of m ateria l w ith  in  th e  env e lo p e  

(eg. p o la r o r e q u a to r ia l en h an cem en ts) w hich c a n n o t be in fe r r e d  by
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-10

* « isM m mnm u m

Inclination (i)

Figure 5.24a

The v a r ia tio n  of r 2 w ith  in c lin a tio n  fo r  a  sh e ll (ra d iu s  X = 1.5) w ith  

fixed  v a lu e s  of

The d o tte d  c u rv e  in d ic a te s  th e  BME re s u lt ,  r 2 = (1 + co s2i)/2 co s i.
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IP '*4*

- 3 0

ot= 20

O t-10
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N J 3 t f 4 S 9 P S « < S J t J S M « t t

Inclination (i)

Figure 5.24b

As F ig . 5.24a ex ce p t fo r  a n  ellipso id  (o b la ten ess  A = 2.0) w ith  fixed 

v a lu es  o f e q u a to r ia l r a d iu s  (X*).
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m m nao71S 40 7041w

Inclination (i)

Figure 5.24c

As Fig. 5.24a except for a d isc (power index a = 3.5) with fixed  

va lu es of half opening angle (a).
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th e  canon ica l a n a ly s is .

5.7 D iscussion  and C onclusions.

The g e n e ra l com bined e ffe c t of in c o rp o ra tin g  b o th  o ccu lta tio n  and  

d e p o la r isa tio n  in to  th e  s in g le  s c a t te r in g  p o la rim etric  th e o ry  of Brown 

an d  McLean (1977) h a s  b een  fo u n d  to  re d u c e  th e  n e t p o la risa tio n  b y  

u p  to  a fa c to r  of two (com pared  to  p o in t l ig h t so u rc e  ca lcu la tio n s), 

e x ce p t fo r  e llip so id a l en v e lo p e  g eo m etrie s  w h ere  th e  n e t p o la risa tio n  is  

fo u n d  to  be in c re a se d  by  a  sim ilar fa c to r .

One im p o rta n t f e a tu r e  of in c o rp o ra tin g  o c cu lta tio n  in to  th e  

p o la risa tio n  th e o ry  of BM is  th a t  th e  v a r ia tio n  of p o la risa tio n  w ith  

in c lin a tio n  is  no lo n g e r  P <* s in 2i ( th is  is  s till c o r re c t  if  d e p o la risa tio n  

alone is  in c lu d e d ) , b u t  in s te a d  is  m ore com plicated  [cf. eq . (5.15)] 

w h e re  a p a r t  from  th e  ex p lic it com plexity  of th e  in c lin a tio n  d ep en d e n ce  

th e r e  is  a lso  an  im plic it d e p e n d e n c e  a r is in g  from  th e  w eigh ted  

in te g ra ls  a s  th e y  too a re  in c lin a tio n  d e p e n d e n t. The ex ac t v a r ia tio n  of 

p o la risa tio n  w ith  in c lin a tio n  th e re fo re  becom es model d e p e n d e n t (much 

in  th e  same w ay a s  fu ll ra d ia tiv e  t r a n s f e r  tre a tm e n ts  a re  model 

d e p e n d e n t) .

By u s in g  geom etrica l m odels to  r e p r e s e n t  th e  en v e lo p es  of Be s ta r s ,  

i t  w as fo u n d  th a t  an  e q u a to r ia l  e n h an c ed  d e n s ity  d is tr ib u tio n  (i.e. an  

e q u a to r ia l d isc  o r  a sh e ll w ith  ]S > 5) o r  a po la r e n h an c ed  d is tr ib u tio n  

(she ll w ith  P < -5) a re  ab le  to  p ro d u c e  p o la risa tio n s  in  ex cess  of th e  

o b s e rv e d  maximum p o la risa tio n  of Be s ta r s  (2%). E llipso idal en v e lo p es , 

on th e  o th e r  h an d , w ere  u n ab le  to  p ro d u c e  su ch  a h ig h  d e g re e  of 

p o la risa tio n . I t  w ould a p p e a r ,  th e re fo re ,  th a t  th e  g eo m etrica l model of 

M arlbo rough  e t a l. (1978) is ,p o la rim e trica lly , an  a cc ep tab le  model fo r Be 

s ta r  en v e lo p es , w h e reas  th e  Doazan an d  Thomas (1982) model is  not.

One som ew hat o v e rlo o k ed  geom etrica l model cap ab le  of p ro d u c in g



p o la ris a tio n s  in  excess of 2% is a p o la r en h ac ed  d e n s ity  d is tr ib u tio n . 

In  Be s ta r s  su ch  a scen e rio  is  p o ssib le  by  th e  fa c t th a t  th e se  s ta r s

a re  ra p id ly  ro ta t in g . The ra p id  ro ta tio n  of th e  s ta r  le ad s  to  a  low er

local s u r fa c e  g ra v i ty  a t  th e  e q u a to r  th a n  a t  th e  poles (cf. Sec. 1.3.1) 

an d  h en ce  one a n tic ip a te s  e q u a to r ia l en h a n c e d  m ass loss. H owever, it  

m u st be b o rn e  in  mind th a t  th e  e q u a to r ia l re g io n s  will co n se q u e n tly  

h av e  a low er local te m p e ra tu re  com pared  to  th e  po la r reg io n s . I t  is 

co n ce iv ab le  th a t  th e  h ig h e r  te m p e ra tu re  a t  th e  poles could lead to  a 

re d u c tio n  in  th e  local g ra v i ty  su ch  th a t  m ass lo ss from  th e  po la r 

re g io n s  becom es m ore p ro b ab le .

By c o n s id e r in g  c o ro ta tin g  d e n s ity  p e r tu rb a tio n s  w ith in  a 

c irc u m s te lla r  envelope  it  h as  b een  fo u n d  th a t  by  F o u rie r  (time) 

a n a ly s in g  th e  p o la rim etric  v a r ia b ili ty  w ith  o ccu lta tio n

e f fe c ts  in c lu d e d , th e  in c lin a tio n  of th e  sy stem  can  be re lia b ly  

es tim a ted  b y  u s in g  th e  ra tio  of th e  second  harm onic co e ffic ien ts . In  

s in g le  s ta r s  th is  h as  th e  im p o ran t co n seq u en c e  of e s ta b lish in g  th e

e q u a to r ia l  v e lo c ity  of th e  s ta r  from  know ing th e  a p p a re n t  ro ta tio n a l 

v e lo c ity  (Vsini) w hich can n o t be o th e rw ise  e s ta b lish e d .
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CHAPTER 6

Obliquely Rotating Envelopes of Single Stars.

6.1 Introduction.

R eg u la r p o la rim e tr ic  (and  pho tom etric ) v a r ia tio n s  of s ta r s  a re  

g e n e ra lly  in te r p r e te d  a s  a r is in g  due  to b in a ry  motion d e s p ite  th e  fa c t 

th a t  in  some c a se s  th e  b in a ry  n a tu re  does n o t re v e a l i ts e lf  in  

sp e c tro sc o p ic  a n a ly s is . A r e c e n t  a l te rn a t iv e  ex p lan a tio n  fo r  th e  re g u la r  

v a r ia tio n s  h as  b een  g iv e n  b y  H arm anec (1984) who s u g g e s te d  th a t  th e  

v a r ia tio n s  a r is e  from  an  o b liq u e ly  ro ta t in g  en v e lo p e  (ORE) a b o u t th e

s ta r .  The m echanism  g iv in g  r is e  to  an  ORE is  p re su m ed  to  be be due

to  th e  m agnetic  fie ld  of th e  s ta r  w hose ro ta t io n  ax is is  n o t a lig n ed  

w ith  th e  m agnetic  fie ld  ax is. In d eed  C larke an d  McGale (1988a, b:

h e n c e fo r th  CM) hav e  s u c c e s s fu lly  in te rp r e te d  p o la rim e tric  d a ta  in th is  

w ay fo r  o  Ori E an d  X P e r  b y  c o n s id e r in g  two loca lised  s p o ts  of 

s c a t te r in g  m ateria l p laced  a t  th e  poles of an  o b liq u e ly  ro ta t in g  

m agnetic  d ipole  fie ld .

In  a b in a ry  sy stem  th e  e x te rn a l to rq u e  re q u ire d  to  d r iv e  and

m ain ta in  an  ORE is  p ro v id e d  by  tid a l fo rc e s  w hen th e  o rb ita l  p lane  of 

th e  se c o n d a ry  does n o t lie in  a p lane p e rp e n d ic u la r  to  th e  ro ta tio n  

ax is  of th e  p r im a ry  w ith  th e  ex ten d ed  envelope . Such  a  scen e rio  has 

b een  s u g g e s te d  by  A pparao  (1985) fo r th e  X -ray  t r a n s ie n t  A0538-66 in 

w hich  th e  p r im a ry  s ta r  h a s  an  ex ten d ed  d isc - lik e  env e lo p e  an d  th e  

com panion - a  n e u tro n  s t a r -  o rb its  th e  p rim a ry  o u t of th e  p lane of th e  

d isc . T his model, h o w ev er, h as  been  fo u n d  u n n e c e s s a ry  in  th e  

in te rp e ta t io n  o f th e  p o la rim e tric  d a ta  fo r  A0538—66 (b u t n o t excluded) 

in  C h a p te r  2.
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K aritsk ay a  (1981) h as  c o n s id e re d , fo r  Cyg. X -l, an  o b lique  and  

p re c e s s in g  a c c re tio n  d isc  a ro u n d  a  n e u tro n  s t a r  o rb it in g  th e  lum inous 

p rim a ry  and  f in d s  th a t  th e  p re d ic te d  p o la rim e tric  v a r ia tio n s  a re  

in c o n s is te n t w ith  th e  d a ta  of Kemp e t a l . (1978) an d  Kemp e t  a l. (1979). 

H owever, i t  is  po ssib le  in  K a ritsk a y a ’s model fo r  th e re  to  be 

com plicated  o ccu lta tio n  e f fe c ts  b eca u se  a s  th e  d isc  p ro c e s se s  a 

v a r ia b le  am ount of th e  d isc  will be o ccu lted  b y  th e  p rim ary  (w ith 

r e s p e c t  to  th e  o b s e rv e r )  w hich w as n e g le c te d  in  th e  a n a ly s is . Brown 

e t al. (1978: h e n c e fo rth  BME) h av e  a lso  a n a ly se d  th e  p o la rim etric

v a r ia tio n s  of Cyg. X -l and  th e y  too f in d  th a t  th e  p o la rim etric  

v a r ia tio n s  a re  in c o n s is te n t w ith  th e ir  model. Milgrom (1978) s u g g e s te d  

th a t  su c h  o ccu lta tio n  of s c a t te r e r s  w ould lead  to  in c o n s is te n c e s  w hen 

th e  p o la rim e tric  d a ta  is  in te rp r e ta te d  in  te rm s  of th e  canon ica l models 

(w hich h as  b een  v e r if ie d  -  cf. Sec. 5.6).

In  th is  c h a p te r  we w ish to  a n a ly se  how s ig n if ic a n t th e  e f fe c ts  of 

o c cu lta tio n  a re  u p o n  th e  in te rp re ta t io n  o f p o la rim e tric  d a ta  w hen th e  

p o in t l ig h t so u rc e  a n a ly s is  of BME is u se d  (cf. McGale, 1988) b u t 

o c cu lta tio n  is  p r e s e n t  w ith in  th e  d a ta .

F ir s t ,  we ex ten d  th e  s in g le  s c a t te r in g ,  p o in t l ig h t so u rc e  

approx im ation  fo r  ORE to  in c lu d e  en v e lo p es  th a t  ex h ib it some sym m etry  

su ch  th a t  th e  envelope  a p p e a rs  s ta t io n a ry  in  th e  o b liq u e ly  c o ro ta tin g  

s te l la r  fram e an d  is  a p re v io u s ly  u n p u b lish e d  re s u lt .  Follow ing th is , 

en v e lo p es  w ith  ax isym m etry  in  th e  o b liq u e ly  ro ta t in g  fram e a re  

co n s id e re d .

We th e n  c o n s id e r  th e  e f fe c ts  of in c lu d in g  o ccu lta tio n  an d  f in ite  

l ig h t so u rc e s  u p o n  th e  th e  o b se rv e d  p o la rim e tric  v a r ia b ili ty . B ecause 

th e  v a r ia b lity  d e p e n d s  u p o n  th e  env e lo p e  g eo m etry  (cf. Ch. 5) we 

c o n s id e r  on ly  two sp ecific  g eo m etries  an d  a s s e s s  how re liab le  p re v io u s
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p o in t l ig h t so u rc e  tre a tm e n ts  (eg. CM) hav e  in fe r re d  th e  in c lin a tio n  

an d  o b liq u ity  a n g le s  of ORE w hen o ccu lta tio n  is  n eg lec te d  b u t  i ts  

e f fe c t a re  p r e s e n t  in  th e  p o la rim e tric  d a ta .

F ina lly , we c o n s id e r  to  w h at e x te n t sp e c tro sc o p ic  v a r ia b ili ty  could  

be  u se d  to  d if fe re n tia te  be tw een  envelope  geom etries.

6.2 G en era l E n v e lo p es .

C o nsider a  p o in t l ig h t  so u rc e  a t  0  (Fig. 6.1). L et th e  s t a r  h av e  

some fixed c a r te s ia n  c o o rd in a te  system  (X,Y,Z) su ch  th a t  th e  Z axis 

d e f in e s  th e  ro ta t io n  ax is of th e  s ta r .  An o b s e rv e r  a t  E w ith  co o rd in a te  

sy stem  (A,B,E) is  d e fin e d  su c h  th a t  th  X -axis lies  in  th e  p lan e  AE an d  

th e  an g le  b e tw een  OZ an d  OA is  i, th e  in c lin a tio n  of th e  s ta r .  The 

s c a t te r in g  en v e lo p e  is  s ta t io n a ry  in  a fram e (x,y,z) w h ere  th e  z axis is 

some sym m etry  ax is (e .g  th e  m agnetic  axis) an d  sha ll be r e f e r r e d  to  a s  

th e  p r in c ip a l o b liq u ity  ax is an d  th e  an g le  (zOZ) betw een  th e  p r in c ip a l 

o b liq u ity  axis an d  th e  s te l la r  ro ta tio n  axis is  th e  an g le  of o b liq u ity  

(£). We sh a ll assum e th a t  th e  envelope ro ta te s  un ifo rm ly  a b o u t th e  

ro ta t io n  ax is of th e  s ta r ,  a t  a ra te  w = w here  T is  th e  o rb ita l

p e rio d  and  X = cot w ith  t  b e in g  th e  time a f te r  w hich th e  y -a x is  lay  in 

th e  X Z-plane.

In  th e  o b s e r v e r ’s fram e th e  positio n  of a g e n e ra l s c a t te r in g  po in t, 

P, in  sp h e r ic a l p o la rs  is  g iv e n  b y  (r,X,9), w h ils t in  th e  s ta r  fram e it  

will h av e  p o s itio n  (r,e,<t>) an d  ( r ,a ,£) in  th e  c o ro ta tin g  (oblique) fram e. 

F or a n  ensem ble  of su c h  s c a t te r e r s ,  w ith  num ber d e n s ity  n ( r ) ,  th e  

S to k es  Flux p a ra m e te rs  in  th e  o b s e r v e r ’s fram e a re  g iv e n  by
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Figure 6.1

The s c a t te r in g  geom etry  fo r a  g e n e ra l p o in t, P, a t  a  d is ta n c e  r  

from  0 . In  th e  o b liquely  ro ta t in g  fram e (x,y,z) th e  s c a t te r in g  p o in t (in 

sp h e r ic a l p o la rs )  h as  position  (r,<x,£). In  th e  fixed s te l la r  (X,Y,Z) fram e, 

P is  g iv e n  (r,0,<t>). The Z-axis d e fin e s  th e  ro ta tio n  axis of th e  s ta r ,  th e  

z -ax is  is  th e  p r in c ip a l o b liq u ity  axis and  th e  an g le  zOZ (S) is  th e  

an g le  of o b liq u ity .
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s i n 2x cos24> —* r *

Fu = 4 T ^  sin 2 x  sin2^

w h ere  o0 = 30^/1677, Op is  th e  Thom son e le c tro n  s c a t te r in g

c ro s s - s e c tio n ,  L# is  th e  lum inosity  of th e  s ta r ,  d is  th e  d is ta n c e

b e tw een  th e  o b s e rv e r  a n d  th e  s ta r  an d  dV = r 2sin x  d x d ^ d r.

I t  is , h o w ev er, m ore co n v e n ie n t to  tra n s fo rm  from  th e  o b s e rv e r  to 

th e  c o ro ta tin g  en v e lo p e  fram e (x,y,z) b y  c h a n g in g  th e  d e p e n d e n t

c o o rd in a te s  (in  sp h e r ic a l p o la rs )  from  (x /t) to  (<x,jB) v ia  (©,<!>) b y  u se  of 

F ig . 6.2.

The re le v a n t  tra n fo rm s  from  (X/V) to  (6,<t>) a re  

cosx  = cose  cosi -  sin© sin i sin<t>

sin x  c o s t  -  s in e  cos<J> (6.2)

s in x  s in 't = cose  s in i + s in e  cosi sin<J>.

The tra n s fo rm a tio n s  r e q u ire d  fo r (e,<|>) to  (oc,£) a re  fo u n d  from  Fig. 6.1

a n d  F ig . 6.2 in  th e  form  of a  ro ta tio n  m atrix , v iz

' s i n e  cos<J>' s i h X  c o s ?  c o s X s i n ?  c o s * s i n a  c o s /3 ‘

s i n e  sin<t> = - c o s X  c o s ?  s i n X s i n ?  s i n * s i n a  s i n / 3 ( 6 . 3 )

c o s e 0 - s i n ? c o s ? c o s a

S u b s t i tu t in g  th e  r e le v a n t tra n s fo rm a tio n s  in to  e q u a tio n  (6.1) we 

o b ta in  a f te r  some m an ipu la tion ,
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F igure 6.2

The sp h e r ic a l tr ia n g le  from  Fig. 6.1 fo r  th e  tran sfo rm a tio n  of (r,<x,jB), 

(^ 0 ,$ )  to  (r,X»40 co o rd in a tes .
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F i  = f *  f  2 { t q  + T 0 y 0 ) ( 3 c o s 2 ?  -  1 )

+ ( To  ~  S t ^ o )  £ s i n 2 i  ( 3 c o s 2 ?  + 1 )  + s i n 2 i  s i n 2 ?  s i n X  

+ s i n 2 i  s i n 2 ?  c o s 2xJ

+ 2T 0y 1 | s i n 2 i  c o s ?  c o s X  -  s i n 2 i  s i n ?  s i n 2 x j  

+ T0y 2 £ ( 3 s i n 2 i  -  2 )  s i n 2 ?  -  2 s i n 2 i  c o s 2 ?  s in X

-  s i n 2 i  s i n 2?  c o s 2x j

+ T q / 3  £ ( 3 s i n 2 i  -  2 )  s i n 2 ?  -  s i n 2 i  s i n 2 ?  s in X  

+ s i n 2 i  (1 + c o s 2 ? )  c o s 2x j

-  2TQX4 £ s i n 2 i  s i n ?  c o s X  + s i n 2 i  c o s ?  s i n 2x j  J

F q  = ^  j (T0  -  ^T c / o )  Jj3i n 2 i  ( 3 c o s 2 ?  -  1 )  + s i n 2 i  s i n 2 ?  s i n X  

-  (1 + c o s 2 i )  s i n 2 ?  c o s 2x j

+ 2 t 0x 1 j j s i n 2 i  c o s ?  c o s X  + (1  + c o s 2 i )  s i n ?  s i n 2 x j  

+ T0y 2 |^ 3 s in 2 i  s i n 2 ?  -  2 s i n 2 i  c o s 2 ?  s in X  

+ (1 + c o s 2 i )  s i n 2?  c o s 2xJ  

+ T0y 3 ^ 3 s i n 2 i  s i n 2 ?  -  s i n 2 i  s i n 2 ?  s in X

-  (1 + c o s 2 i )  (1 + c o s 2 ? )  c o s 2x j

-  2T 0y 4 [ s i n 2 i  s i n ?  c o s X  -  ( 1  + c o s 2 i )  c o s ?  s i n 2 x j  |

(6 .4 )

(6 .5 )
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Fu = F*[ “ (To ~ STqX q)^sini s in 2 ?  cosX + c o s i  s i n 2? s in 2 x j 

+ 2TQy 1 |js in i  co s?  sinX -  c o s i  s in ?  cos2xj

+ TQy 2 |^2sini cos2? cosX + c o s i  s in 2 ?  s in 2 x j (6 .6 )

+ ToX g^sini s in 2 ?  cosX -  c o s i  (1 + c o s2?) s in 2 x j

+ 2T0y 4 | s i n i  s in ?  sinX + c o s i  co s?  cos2xj J

w h e re  th e  w e ig h ted  in te g ra l  m om ents t0 , TQy0 , T0 ylf  TQy 2, TQy 3 and  

T0y4 a r e  g iv e n  in  C h ap te r  5 CD(r) = 1U, F* = L*/4TTd2 w ith  d b e in g  th e

d is ta n c e  b e tw een  th e  so u rc e  an d  th e  e a r th .

I t  is  e v id e n t th a t  in  th e  p o in t l ig h t so u rc e  approx im ation  th e

p o la rim e tr ic  v a r ia tio n s  fo r  a  g e n e ra l en v e lo p e  a re  r e p re s e n te d  b y  a

F o u r ie r  s e r ie s  u p  to  2X as  in  th e  case  of BME. T his m eans th a t

p o la rim e tr ic a lly  i t  is  n o t p o ssib le  to d is tin g u is h  be tw een  o rb ita l and

ro ta t io n a l motion. In  o rd e r  to  make su ch  a  d is tin c tio n  will r e q u ire  th e  

aid  of s p e c tr a l  a n a ly s is .

6.3 A xisym m etric D is tr ib u tio n s .

H ere we sh a ll c o n c e rn  o u rse lv e s  w ith  th e  p o la rim e tric  v a r ia tio n s  of 

an  ORE w ith  d e n s ity  d is tr ib u tio n s  th a t  a re  ax isym m etric  a b o u t an  axis 

o b liq u e  to  th e  ro ta t io n  axis. For an y  su ch  ax isym m etric  d is tr ib u tio n , 

n ( r )  = n(r,oc). In  th e  (BME) p o in t lig h t so u rc e  approx im ation  th e  on ly  

n o n -v a n is h in g  in te g ra l  m om ents a re  T0 an d  *£y0 an d  th e  norm alised  

S to k e s  p a ra m e te rs  (Q = Fq /F * , U = Fu /F * ) sim plify  to

Q = | ( To “ 3T0y0 ) [ s i n 2i  (3cos2?  -  1) + s in 2 i  s in 2 ?  sinX

- (1 + cos2i) sin2? cos2xJ (6 .7 )
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U -  -  (T0 -  3r0y 0 ) s i n i  s in2S  cosX  + c o s i  s i n 2S sin> ( 6 . 8 )

In  F ig  6.3 (Q,U) loci a re  show n fo r  v a r io u s  v a lu e s  of i and  £. I t  can  

be se e n  th a t  th a t  th e  loci v a ry  in  sh a p e  from  a  doub le  looped e llip se , 

fo r  h ig h  v a lu e s  of £, to  a re n a l sh a p e  an d  fin a lly  to  a p o in t ly in g  on 

th e  Q -axis fo r  £ ~ O’ (i.e th e  p o la risa tio n  is in d e p e n d e n t of tim e). The 

geo m etrica l f a c to rs  a re  c o n ta in ed  w ith in  th e  ex p re ss io n  (t0 -  TQyQ) and  

a c ts  a s  a  sca lin g  fa c to r  (cf. Brown an d  McLean, 1977) th a t  does n o t 

a l te r  th e  sh a p e  of th e  (Q,U) loci fo r a  g iv e n  i an d  £.

By F o u r ie r  a n a ly s in g  th e  p o la rim e tric  d a ta  i t  is  p o ssib le  from  

e q u a tio n  (6.7) to  fin d  th e  v a lu e s  of i, £ an d  (r Q -  3T0y0 ), v iz

u A = - ( t 0 -  3r^y0 ) s i n i  sin2S

v 2 = - ( T0 -  3tc/ o ) c o s i  s i n 2S

If  i = 0* th e n  on ly  s e c o n d -o rd e r  harm onics ex is t an d  S an d  (tq -

3t 0X0 ) c a n n o t be d e te rm in e d . I f  pQ * 0 b u t  q A = u t = 0 th e n  £ = 0 o r

90*. In  g e n e ra l,  how ever, i t  will be p o ssib le  to  d e te rm in e  i, S an d  (t0 

-  3TQy0 ) b y  ta k in g  ra tio s  of th e  F o u rie r  co e ffic ien ts , v iz

2
(6 .9 )

J = 1

w h ere  th e  on ly  n o n -z e ro  co e ffic ie n ts  a re ,

Po = | ( To “ V o )  s i n 2i  (3cos2S -  1)

%  = | ( To “ 3Toyo) s in 2 i  sin2S

P2 = -  | ( To " V o )  ^  + c o s 2 i ) s i n 2^ ( 6 . 10 )
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Figure 6.3

(Q,U) loci fo r an y  ax isym m etric  envelope fo r  th e  v a lu es  of in c lin a tio n  

(i) an d  o b liq u ity  an g le  (S) in d ica te d .

The loci v a ry  in sh a p e  a c c o rd in g  to  th e  va lue  of £. As S v a r ie s  from  

h ig h  v a lu e s  (~90’ ) to  low v a lu e s  ('v1 0 ')  th e  loci ch an g e  g ra d u a lly  from  

an  e llip se  to  a doub le loop e llip se  th ro u g h  to  re n a l sh a p e s  an d  fina lly , 

fo r S * 0*, a p o in t (i.e. th e  p o la risa tio n  is  a  c o n s ta n t an d  lies  along  

th e  Q -axis)
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= - c o s i  (6.11)U4

E q  -  f  1  -  3co3 2£ -| f s i n 2 i |
v2 '  I s i n2S J  IcosT J <6' 12)

And f i n a l l y  ( r 0 -  3T0y0 ) = -  (1 t  Co ^ i ) s i n Sg (6-13)

I t  is  in s tru c t iv e  to  e s ta b lis h  how re liab le  th is  F o u rie r  a n a ly s is  is  in

r e tu r n in g  th e  v a lu e s  of th e  in c lin a tio n  an d  o b liq u ity  a n g le s  and  in  

o rd e r  to  do so p o la rim etric  d a ta  w ere  c o n s tru c te d  fo r v a r io u s  v a lu es  

of in c lin a tio n  an d  o b liq u ity  an g le s  (w hich sh a ll be r e f e r r e d  to  as  th e  

re a l v a lu es)  usi ng  64 eq u a lly  sp aced  (in time) d a ta  po in t. The 

p o la rim e tric  d a ta  w ere  th e n  F o u rie r  an a ly se d  to  o b ta in  th e  inc lina tion  

a n d  th e  o b liq u ity  a n g le s  (w hich sh a ll be r e f e r r e d  to  a s  th e  in fe r re d  

v a lu e s ) . I t  was fo u n d  th a t ,  in  th e  ab se n c e  of noise, th e  in fe r re d  

v a lu e s  of in c lin a tio n  an d  o b liq u ity  a re  c o n s is te n t w ith  th e  re a l (inpu t)

v a lu e s  (i.e. £, i r e al “ ^inferred)*

S ta r s  ex h ib itin g  p o la rim etric  v a r ia tio n s  c o n s is te n t w ith  ORE have 

a lso  b een  in te rp r e te d  in  te rm s of b in a ry  sy stem s, e .g . o  Ori E (BME). 

I t  is  p o ssib le  now to  see w hy, p o la rim etrica lly  a t  le a s t, th a t  th e  

v a r ia t io n s  of an  ORE a re  c o n s is te n t w ith b in a ry  v a r ia tio n s  by  

co m p arin g  th e  r e s u l t s  of BME w ith  th o se  of eq u a tio n s  (6.7) an d  (6.8).

In  BME we s e t

= ~ ^ / 2 1 X2 = 0 o r TT

G = sin2£  , H = s in 2£ , A = J4tan£

an d  s u b s t i tu te  o u r  H(t q -  r Qy Q) an d  3cos2S -  1 fo r th e ir  TQ and  (tq 

-  TqXq) re s p e c tiv e ly . The v e ry  fa c t th a t  b in a ry  motion an d  ORE a re  

p o la rim e tric a lly  e q u iv a le n t m eans th a t  ro ta tio n  p ro d u c e s  th e  same 

e f fe c t w h e th e r  i t  is  due  to  ro ta tio n  a b o u t a body  axis o r an  o rb ita l
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axis.

F or th e  p a r t ic u la r  ca se  of o  Ori E b o th  CM an d  BME u sed  th e  d a ta  

of Harm an (1977). CM, u s in g  th e ir  ‘m ethod of m om ents1 fo r  th e  

p o la rim e tric  a n a ly s is , f in d  th a t  i s 80 ’ an d  £, » 85 ’ g iv e s  th e  b e s t  f it. 

BME, u s in g  F o u r ie r  a n a ly s is ,  f in d  a  b e s t  f i t  fo r  i s  76° an d  A > 2, 

im ply ing  £ > 76*. Both m odels a re  th u s  c o n s is te n t w ith  each  o th e r  

w ith in  th e  a c c u ra c y  of th e  av a ilab le  d a ta .

CM, u s in g  th e i r  v a lu e  fo r  th e  in c lin a tio n , in fe r  from  m ag n e to g rap h ic  

d a ta  an  o b liq u ity  an g le  of th e  m agnetic  axis to  th e  ro ta t io n  ax is of ~ 

50*. Now p re v io u s ly  th e y  had  o b ta in ed  from  th e  p o la rim e tric  d a ta  an  

an g le  of £ ~ 85*. T h is an g le  r e f e r s  to  an  axis th a t  e x h ib its  ro ta tio n a l 

sy m m etry  w ith  r e s p e c t  to  th e  s c a t te r in g  envelope  an d  th e re fo re  i t  

a p p e a r s  th a t  th e  s c a t te r in g  env e lo p e  is  n o t co n n ec ted  w ith  th e  

m agnetic  ax is of th e  s ta r .  In d e e d , if one in te r p r e t s  th e  s c a t te r in g  

en v e lo p e  to  be two d ia m etrica lly  o p p o s ite  s p o ts  (as in  CM) th e n  th e  

p o la rim e tric  d a ta  a re  c o n s is te n t  w ith  two sp o ts  ro ta t in g  a b o u t th e  

e q u a to r  of th e  s ta r  (i.e. £ = 90 ’ ). I t  m ust be s t r e s s e d  how ever th a t  in  

th e  p o in t l ig h t  so u rc e  app rox im ation  su ch  an  in te rp r e ta t io n  r e g a rd in g  

th e  en v e lo p e  g eo m etry  is  u n ju s ti f ie d  from  th e  p o la rim e tric  d a ta  alone.

6.4 E x ten d ed  S o u rc e s  a n d  O ccu lta tio n .

I t  h a s  b een  show n th a t  in  th e  p o in t l ig h t so u rc e  approx im ation  it  is  

n o t p o ss ib le  to  sa y  a n y th in g  a b o u t th e  g eom etry  of th e  s c a tte r in g  

m a te ria l (i.e. one c a n n o t d is t in g u is h  be tw een  d if fe re n t  g eo m etrie s  a s  TQ 

-  3TQyQ is  a  n u m b er th u s  allow ing a  m u ltip lic ity  of in te rp re ta t io n s ) .  

H ow ever, b y  allow ing th e  l ig h t  so u rc e  to be of f in ite  e x te n t th e n  some 

o f th e  s c a t te r in g  m a te ria l a t  a n y  g iv e n  time may be o ccu lted  b y  th e  

s t a r  th u s  allow ing some p ro b in g  of th e  envelope  g eo m etry  a s  i t
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ro ta te s .  The o ccu lta tio n  of o p tica lly  th in , Thomson s c a tte r in g , 

en v e lo p es  h as  been  in v e s t ig a te d  in  C h a p te rs  3 -  5. In  th e  case  of an  

ORE th e  o ccu lted  s c a tte r in g  m ateria l will ch an g e  w ith time an d  in  

g e n e ra l th e  problem  is a  com plex one so on ly  two specific  geom etrie s  

a re  c o n s id e re d  to  i l lu s tra te  th e  e f fe c ts  of o ccu lta tio n  nam ely localised  

p o la r s p o ts  an d  a n e a r  p la n a r , e q u a to r ia l d isc .

6.4.1 P o la r S p o ts .

S te lla r  sp o ts  a re  a common phenom ena to  s ta r s  of all s p e c tra l  

c la sse s . F or s ta r s  of s p e c tra l  c la sse s  G -  M it  is  believed  th a t  s te l la r  

s p o ts  a re  co n n ec ted  w ith  co n v ec tio n  ce lls  th a t  have  th e ir  o r ig in  deep  

w ith in  th e  co n v ec tio n  zone of th e  s ta r .  The sp o ts  a p p e a r  to  be of 

v a r io u s  s iz e s , w hich in  la te r  ty p e  s ta r s  (eg. RS CVn ty p e s)  may co v er 

a  la rg e  p o rtio n  of th e  s te l la r  d isc . A ttem p ts have b een  m ade a t

m odelling su ch  phenom ena (S tra ssm e ie r , 1988) how ever th e  re c o v e ry  of 

su c h  s u r fa c e  fe a tu re s  from  th e  p ho tom etric  v a r ia b ili ty  is  a d iff ic u lt 

one.

F or e a r ly  ty p e  s ta r s  (w hich we sh a ll co n s id e r) th e  m echanism

p ro d u c in g  sp o t fe a tu re s  is  unknow n. I t  is  th o u g h t u n lik e ly  to  be 

ca u se d  b y  a convec tion  zone as  th is  has been  found  to  be neg lig ib le  

in  size  com pared  to  la te  ty p e  s ta r s  (H ofm eister e t  al., 1964). In s te a d

d ipo le  m agnetic  f ie ld s  a re  o f te n  invoked  (U nderh ill and  F eh ey , 1984) 

b u t  th is  a p p e a rs  to be u n n e c e s s a ry  (cf. above  and  CM). W hatever th e  

m echanism , o b se rv a tio n s  h av e  show n th a t  re g u la r  pho to m etric  

v a r ia b ili ty  can  be in te rp r e te d  in te rm s of localised  s te l la r  sp o ts  

(Balona an d  E n g le b re c h t, 1986).

F o r one p a r t ic u la r ly  well o b se rv e d  s ta r ,  o  Ori E, sp e c tro sc o p ic

(Bolton e t  ah , 1987), ra d ia l v e lo c ity  (Groote an d  H unger, 1982) an d
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R a d i a l  D i s t a n c e  ( X )
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Figure 6.4

(Q,U) loci fo r  a  f in i te  sp h e rica l l ig h t sou rce  w ith  two localised  po la r 

s p o ts  a t  a  d is ta n c e  x from  th e  c e n tre  of th e  s ta r ,  w ith  th e  v a lu es  of 

x, i an d  S in d ic a te d . As x in c re a se s , th e  p erio d  th ro u g h  w hich 

o c c u lta tio n  o c c u rs  d e c re a se s .
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p h o to m etric  v a r ia tio n s  (L a n d s tre e t and  B orra , 1978) in d ic a te  th a t  two 

lo ca lised , d iam etrica lly  o p p o site , sp o ts  a re  c o ro ta tin g  w ith  th e  s ta r .  In  

th e  l ig h t  of su ch  o b se rv a tio n s  we c o n s id e r  two localised  s c a t te r in g  

re g io n s  (in th e  o b liquely  ro ta t in g  fram e) p laced  a t  <x -  0 an d  a  = tt. We 

will assu m e th a t  th e y  have  th e  same n um ber of s c a t t e r e r s  (nQ) an d  a re  

a t  th e  same d is ta n c e  r  = xR# (R* b e in g  th e  ra d iu s  of th e  s ta r ) .

F or a  p o in t so u rce  th e  p o la rim etric  v a r ia tio n s  will be a s  in  

e q u a tio n s  (6.7) and  (6.8) w ith  ( t q -  3r QyQ) = -Na0/(x R * )2 an d  N = 2n0 .

F or an  ex ten d ed  so u rce  we have 

(To -  3TQy Q) -  -  No0 (l -  x""2)/(xR *)2 an d  N = 2n0 ex cep t w hen one of 

th e  s p o ts  is  o ccu lted , v iz

c o s i  c o s ?  -  s i n i  s i n ?  s i n X  -  (1 -  x - 2 )^  0 4. ^  4. 71

(6 .1 4 )

o r  c o s i  c o s ?  -  s i n i  s i n ?  s i n >  > (1 -  x ” 2 )^  tt <  27T

th e n  N = n Q.

The r e s u l t in g  Q,U v a ria tio n s  a re  show n in  Fig. 6.4 fo r  v a r io u s  i, ? 

a n d  d is ta n c e  x (= r/R #) I t  can  be seen  th a t  th e  p e rio d  th ro u g h  w hich 

a s p o t is  o ccu lted  d e c re a se s  w ith  in c re a s in g  d is ta n c e . For sp o ts  v e ry  

c lose to  th e  s te l la r  su rfa c e  it is  p o ssib le  th a t  each  of th e  s p o ts  may 

u n d e rg o  o ccu lta tio n  th ro u g h  some p a r t  of th e  p e rio d . In  re a l i ty  th e  

s p o ts  w ill be sp a tia lly  ex ten d ed  an d  so o ccu lta tio n  will be a  g ra d u a l 

p ro c e s s  r a th e r  th a n  be ing  d isc o n tin u o u s  as  show n in  Fig. 6.4.

I t  is  o b v io u s  th a t  by  F o u rie r  a n a ly s in g  po la rim etric  d a ta  in  w hich  

o c cu lta tio n  is  e v id e n t, b u t  no acc o u n t is  made of it, will r e s u l t  in  

in c o r re c tly  in fe r re d  d ia g n o stic s . In  o rd e r  to i l lu s tr a te  th is , 

p o la rim e tric  d a ta  w ere c o n s tru c te d  u s in g  eq u ally  sp aced  d a ta  (e v e ry  

1/6 4 t *1 p h a se )  w ith  o ccu lta tio n  p r e s e n t  fo r  sp o ts  located  a t  a  ra d ia l
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x =r i

X= 2 0

10 20 30 40 50 0 0 7 0 8 0 9 0

i (Real)

F igure 6.5a

T he F o u r ie r  in fe r re d  in c lin a tio n  p lo tted  a g a in s t th e  rea l in c lin a tio n  

fo r  s p o ts  a t  a  ra d ia l d is ta n c e  x = 1.1, 1.5 and  2.0 and  S = 45*
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§  ( R e a l )

Figure 6.5b

The F o u r ie r  in fe rre d  o b liq u ity  p lo tte d  a g a in s t th e  re a l o b liq u ity  fo r  

sp o ts  a t  a  ra d ia l d is ta n c e  x = 1.1, 1.5 an d  2.0 an d  i = 45*
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d is ta n c e  of x = 1.1, 1.5 an d  2.0 fo r fixed o b liq u ity  (S = *+S ’ ) and  

v a r ia b le  in c lin a tio n . The re s u lt in g  d a ta  w ere  th e n  F o u rie r  an a ly se d  

(u s in g  th e  m ethod of Sec. 6.3). The r e s u lt in g  in fe r r e d  in c lin a tio n  is  

show n in  Fig. 6.5a a g a in s t th e  a c tu a l ( in p u t) v a lu e . A sim ilar p lo t is 

show n in  Fig. 6.5b fo r  v a ria b le  o b liq u ity  an g le  w ith  fixed  in c lin a tio n  (i 

= 45*).

I t  can  be seen  th a t  fo r  sp o ts  d is ta n t  from  th e  s ta r  (x > 2) th e  

in f e r r e d  v a lu es  of in c lin a tio n  an d  o b liq u ity  are  c o n s is te n t  w ith  th e  re a l 

( in p u t)  v a lu es , im ply ing  th a t  o ccu lta tio n  is  n eg lig ib le  a s  show n 

p re v io u s ly  (Fig. 6.4). For small ra d ia l d is ta n c e s  th e  in c lin a tio n  o r  

o b liq u ity  an g le  c a n n o t be d e te rm in ed  fo r  s ta r s  w ith  small in c lin a tio n s  

o r  s p o ts  w ith  small o b liq u ity  an g le s  [i.e. in fe r re d  F o u rie r  ra tio s  a re  

in c o n s is te n t  w ith  e q s  (6.11)—(6.13)]. For la rg e  v a lu e s  of th e  in fe r re d  

in c lin a tio n  (ob liqu ity ) an g le  th e  in fe r re d  v a lu e  is  c o n s is te n t  w ith  th e  

re a l ( in p u t)  v a lue  to  w ith in  an  e r r o r  of ±5*. In  th e  p re s e n c e  of no ise, 

h o w ev e r, th is  u n c e r ta in ty  will be in c re a se d . I t  sh o u ld  be no ted  th a t  

th e  c u rv e s  of F ig s  6.5a and  b v a ry  sm oothly ex ce p t a t  c e r ta in  well 

d e fin e d  p o in ts  w hich a re  a re fle c tio n  of th e  in c lin a tio n  an d  o b liq u ity  

a n g le s  re q u ire d  in  s a tis fy in g  th e  co n d itio n s  of eq.(6.14) i.e. th e  v a lu e s  

o f i an d  £ a t  w hich th e re  is  a  c h a n g e -o v e r  in  th e  num ber of sp o ts  

b e in g  o ccu lted  d u r in g  one ro ta tio n a l p erio d .

6.4.2 P re c e s s in g  D isc.

In  b in a ry  sy s tem s  w here  th e  p rim ary  is  s u r ro u n d e d  b y  an  

e n h a n c e d  (c irc u m ste lla r)  d e n s ity  reg io n  cau sed  (fo r exam ple) b y  th e  

tid a l p u ll o f th e  se c o n d a ry  (cf. C h ap te r 2), th e  en h an c ed  d e n s ity  

re g io n  may be m odelled as  a  d isc - lik e  s t r u c tu r e .  A lte rn a tiv e ly , a 

d is c - l ik e  s t r u c tu r e  may a r is e  from  m ass a c re tio n  on to  a  s ta r .  In
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sy s tem s  su ch  th a t  th e  ro ta t io n  axis of th e  s ta r  (w ith th e  d isc  

en v e lo p e) is  no t a lig n ed  w ith  th e  o rb ita l  ro ta t io n  axis, th e  en v e lo p e

an  axis o b lique  to th e  s te l la r  ro ta t io n  ax is. C learly  su ch  a sc e n a rio  will 

be ap p licab le  to young  sy s te m s  su c h  th a t  th e  o rb ita l and  ro ta tio n a l 

axes hav e  no t y e t had time to  a lig n .

In  s in g le  s ta r s  o b liq u e ly  ro ta t in g  d is k - l ik e  s t r u c tu r e s  may o c c u r  b y  

th e  con fin em en t of m ateria l to  th e  e q u a to r ia l  re g io n  of a  m agnetic  fie ld  

ro ta t in g  o b liq u e ly  to  th e  s te l la r  ro ta t io n  axis.

We sh a ll c o n s id e r  su ch  an  en v e lo p e  an d  assu m e th a t  th e  en v e lo p e  is 

a  n e a r  p la n a r  d is tr ib u tio n  of m a te ria l in  th e  ORE fram e w ith  s u r fa c e  

d e n s ity  of th e  form  A(_r) 3  ^ £ { 0 : -  7r/ 2 )/x J - c f .  S ec .4 .3- e x te n d in g  to  

in f in ity , w h ere  x = r /  R*, j  is  th e  pow er in d ex  an d  Aq is  th e  s u r fa c e  

d e n s ity  a t  th e  s te l la r  su r fa c e . F u r th e r ,  we sh a ll assum e th a t  in  a 

b in a ry  s itu a tio n  th e  on ly  im p o rta n t l ig h t so u rc e  is  th e  one s u r ro u n d e d  

b y  th e  d isc . The norm alised  S to k es  p a ra m e te rs  a re  g iv en  b y  e q s  (6.7) 

an d  (6.8). F or a p o in t l ig h t so u rc e  T0 = OqAqTT/J an d  all o th e r  w e ig h ted  

in te g ra ls  a re  zero . For an  ex te n d e d  l ig h t  so u rc e  o ccu lta tio n  will g iv e  

r is e  to  m ore com plicated  e x p re s s io n s  fo r  Q an d  U w ith  ad d itio n a l 

in te g ra l  m om ents a r is in g  b e c a u se  of th e  v a r ia b le  o ccu lta tio n  (hence  th e  

g e n e ra l e q s  6.5 and  6.6 a re  em ployed). The w eig h ted  in te g ra ls  a r e  

g iv e n  by

(con fined  to  th e  o rb ita l p lan e) will a p p e a r  to  ro ta te  (or p re c e ss )  a b o u t

(6 .1 5 )

i o 1 £ 1  (x)

(6 .16)

1 /Mx)



E

A.X

Figure 6.6

The ro ta te d  o b s e rv e r  fram e (A^B^E) show n in  re la tio n  to  th e  

o b s e rv e r  (A,B,E) an d  o b liq u e  fram e (x,y,z). The B’-ax is  is  p a ra lle l to  

th e  p ro je c tio n  of th e  p r in c ip a l o b liq u ity  axis on th e  sk y .
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z

F ig u re  6.7

The B pherical tr ia n g le  fo r th e  tra n s fo rm a tio n  o f th e  S to k es  

p a ra m e te rs  from  th e  p r iv ile g e d  o b s e rv e r  fram e to  th e  s k y -o b s e rv e r  

fram e.
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d  ^ i x )
t o X 4  =  - Y ° {  J  ( i  r x x - 2 ) ^  s i n 2 p  d ^ c  ( 6 > 1 7 )

1 P l(x )

W o  = V i  = v 2 = °. (6.18)

Wh6re ** = |5 5 i l  co sg  - ' s i n i  s in g  ,iriX | <6 - 19>

The fu n c tio n s  (x) , /32 (x) a r e  found from 

(1 -  x” 2 )^  = s in /3 (s in ?  c o s i  + s i n i  co s?  sin>0 -  co s£  s i n i  cos>^ 

hence

cos/3(x) :  . r f r d  -  x - 2 )*  *a )B |( A W  B2 + x -»  -  !)»« (6 20)

w here A = s i n i  cosX

and B = s i n i  co s?  sin>v + s in ?  c o s i

In  p ra c t ic e  /^ (x )  an d  P2 (x ) a re  n° t  e a s ily  d e te rm in e d  from  eq . (6.20).

S ince , how ever, we a re  on ly  in te re s te d  h e re  in  d e te rm in in g  th e  

v a r ia t io n s  of th e  S to k es  p a ra m e te rs  i t  is  e a s ie r  to  d e te rm in e  th e  

o b s e rv e d  p o la risa tio n  of th e  env e lo p e  in  a  p r iv ile g e d  o b s e rv e r  ro ta te d  

(A^B’jE) fram e (Fig. 6.6) su c h  th a t  th e  p lan e  of p o la ris a tio n  lie s  in  th e  

p lan e  c o n ta in in g  EB’ an d  th e n  to  tra n s fo rm  th e  o b s e rv e d  S to k es  

p a ra m e te rs  back  to  th e  o b s e rv e r  (A,B,E) fram e, v ia

f Q ( t)*) _ fcos2n sin2 rn  f Q ( t) l  91 .
l u ( t ) '(A ,B ,E ) I- S in2n °os2nJ lU = 0j (A, )B, iE)

w h ere  n  is  th e  (time d e p e n d e n t)  an g le  BOB1, m easu red  an tic lo ck w ise  

from  B*E to  BE (Fig. 6.6) g iv e n  b y  (Fig. 6.7) 

s in n  = cos>* s in ? /sin V  (6.21)

cosn  = (cos?  -  cosV co s i)/(s in V  sin i) (6.22)
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Figure 6.8

(Q,U) loci fo r  a  f in ite  s p h e r ic a l l i g h t  so u rce  w ith  an  o b l i q u e l y  

r o ta t in g  d isc  fo r th e  v a lu e s  of i an d  S in d ic a te d . Note th a t  th e  loci 

re sem b le  th o se  of F ig .6.3.
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F igu re 6.9a

T he F o u rie r  in f e r r e d  in c lin a tio n  v e r s u s  th e  ’real* in c lin a tio n  u s in g  

th e  d a ta  of Fig. 6.8. T he d iag o n a l line  in d ic a te s  p e r fe c t  ag reem en t.
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Figure 6.9b 

As fig . 6.9(a) b u t fo r  th e  o b liq u ity  ang le .
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The p o la risa tio n  in  th e  fram e (A’jB^E) is c a lcu la ted  u s in g  th e  a n a ly s is  

of C h ap te r  4 w ith  a time d e p e n d e n t in c lin a tio n , V, g iv en  b y  (Fig. 6.7) 

cosV = cosi cos£  -  s in i s in £  sinX (6.23)

The r e s u l t in g  (Q,U) loci fo r  v a r iu s  i, £ (w ith th e  pow er index  j = 

2.5) a re  show n in  F ig. 6.8.

C om paring Fig. 6.8 to  F ig. 6.3 it  is  no t v isu a lly  o bv ious  th a t  th e re  

a re  a n y  p e rc e p ta b le  c h a n g e s  in  th e  loci d u e  to  o ccu lta tio n , u n lik e  th e  

d iam etrica lly  o p p o s ite  sp o ts , in  w hich  d isc o n tin u itie s  w ere e v id e n t.

In  o rd e r  to  a s s e s s  th e  e r r o r  invo lved  in  in fe r r in g  th e  in c lin a tio n  

an d  o b liq u ity  an g le  from  p o la rim e tric  v a r ia tio n s  due  to  an  o b liq u e ly  

ro ta t in g  d isc , eq u a lly  (time) sp aced  p o la rim etric  d a ta  w ere c o n s tru c te d  

from  th e  d a ta  of F ig. 6.8 fo r  e v e ry  p h a se  an d  th e n  F o u rie r

a n a ly se d  u s in g  th e  a n a ly s is  o f Sec. 6.3 ( th e  r e s t r ic te d  n u m b er of 

p e rm u ta tio n s  fo r  i an d  S w ere  co n s id e re d  in  th e  a n a ly s is  to  sav e  on 

c o m p u te r tim e). The in fe r re d  v a lu e s  of th e  in c lin a tio n  an d  o b liq u ity

a n g le s  a re  p lo tte d  a g a in s t  th e  re a l ( in p u t) v a lu e s  in  F ig . 6.9a an d  b 

re s p e c t iv e ly . I t  can  be seen  th a t  in  g e n e ra l th e  in fe r re d  v a lu e s  (for 

b o th  i an d  £) a re  c o n s is te n t w ith  th e  re a l v a lu e s  to w ith in  ±5* (sim ilar 

to  th e  e r r o r  found  in Sec. 6.4.1). If  a h ig h e r  pow er index  (j) had  been  

c h o sen  one could  ex p ec t th a t  th e  F igs 6.8, 6.9a and  b w ould be

q u a lita t iv e ly  sim ilar ex ce p t fo r  la rg e  v a lu es  of i and  £, w h ere  an  

in c re a s e  in  th e  d is c re p a n c y  b e tw een  th e  in fe r re d  and  re a l v a lu e s

could  be ex p ec ted  d u e  to  th e  fa c t  th a t  b y  in c re a s in g  j  m ore m ateria l

will be  o ccu lted  (as more m a te ria l lies  c lo se r to  th e  s te l la r  su rfa c e ) .

6.5 S p ectroscop ic  V ariations.

A p art from  th e  p o la rim e tric  v a r ia tio n s  a r is in g  from  an  ORE th e re  

will a lso  be  th e  p o s s ib ili ty  of o b se rv in g  su ch  an  enve lo p e
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sp ec tro sco p ica lly .

S p e c tra l lines a r is in g  from  p o la r s p o ts  will have a v e ry  com plicated  

b u t  c h a ra c te r is t ic  s ig n a tu re . In  g e n e ra l th e re  will be a b lu e -s h if te d  

em ission line (a r is in g  from  a  sp o t a p p ro a c h in g  th e  o b se rv e r )  an d  a 

r e d - s h if te d  em ission line (due to  a sp o t re c e d in g  from  th e  o b s e rv e r ) .  

The re la tiv e  sh if ts  of th e se  two lin e s  from  th e  r e s t  w av e len g th  will 

v a ry  (period ica lly ) w ith time. I f  one of th e  sp o ts  p a s se s  a c ro s s  th e  

d isc  of th e  s ta r  th e  line  will in itia lly  a p p e a r  as  a b lu e -s h if te d  

a b so rp tio n  line  w hich will becom e in c re a s in g ly  re d - s h if te d  a s  th e  sp o t 

c ro s s e s  th e  d isc  of th e  s ta r .  W hilst one sp o t a p p e a rs  a s  an  a b s o rp tio n  

f e a tu re  th e  o th e r  sp o t will be o ccu lted  (assum ing  th a t  th e  s p o ts  a re  

e q u id is ta n t  from  th e  c e n tre  of th e  s ta r )  an d  so on ly  one (a b so rp tio n ) 

line  will be o b se rv e d . Once th is  a b s o rp tio n  p h ase  p a s s e s , th e  

a b so rp tio n  line will a p p e a r  a s  a r e d - s h if te d  em ission line  an d  th e  

o ccu lted  sp o t will a p p e a r  a s  a  b lu e -s h if te d  em ission line (n eg le c tin g  

l ig h t t r a v e l  time e ffec ts ).

The sp e c tra l  v a r ia b ili ty  of su ch  sp o t f e a tu re s  will on ly  be made 

p o ss ib le  if th e y  a re  su ff ic ie n tly  m assive an d  h av e  a  small r a n g e  in  

v e lo c itie s  (i.e. no tu rb u le n c e ) . O b se rv a tio n s  of Be s ta r s  hav e  in d eed  

show n su ch  d is c re te  m oving a b so rp tio n  lin es  (see Sec. 7.2) b u t  

f e a tu re s  ch a n g in g  from a b so rp tio n  to  em ission h as  on ly  b een  o b s e rv e d  

in  one s ta r ,  V Cen (Baade, 1984b). The o v e ra ll lack  of o b s e rv a b il i ty  of 

sp o ts  a s  em ission fe a tu re s  is  p ro b a b ly  d u e  to  te c h n ic a l/o b s e rv a tio n a l 

d iff ic u ltie s  r a th e r  th a n  due  to  a  g en u in e  lack  of su ch  f e a tu re s .

In  th e  case  of an  o b liq u e ly  ro ta t in g  d isc  th e  ang le  b e tw een  th e  

norm al of th e  d isc  and  th e  o b s e rv e r  will v a ry  w ith time an d  th e re fo re  

a c c o rd in g  to th e  a n a ly s is  of S tru v e  (1930), th e  D oppler b ro a d e n e d  

em ission  w id th  of th e  d isc  will v a ry  w ith  p h ase . In  S tru v e ’s a n a ly s is
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^  = 90

m

c
CL

Phase

F igure 6.10a

The em ission  w id th  (norm alised  su ch  th a t  i t  is  eq u a l to  1 w hen  th e  

d isc  is  v iew ed in  th e  e q u a to r ia l p lane, i = 90 an d  S -  0 ) v e r s u s  

p h a se  fo r  i = 30* an d  £ = 0*, 30 , 60 and  90 .
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n

€>=60

Phase

F igure 6.10b

As Fig. 6.10a b u t w ith i = 60*



Em
ission 

W
idth

221

1 . 0

Phase

Figure 6.10c 

As Fig. 6.10a but with i = 90*



h is  d e fin itio n  of i (th e  in c lin a tio n ) will be rep la c e d  b y  th e  time

d e p e n d e n t in c lin a tio n , V, of e q u a tio n  (6.24). In  F ig. 6.10 th e  v a r ia tio n

of s in  V (w hich is  p ro p o rtio n a l to  th e  em ission  w id th ) w ith  p h a se  is  

show n fo r  v a r io u s  v a lu es  of i an d  S. I t  can  be seen  th a t  la rg e  

v a r ia tio n s  in  th e  em ission w id th  can  o c c u r , e sp e c ia lly  fo r la rg e  v a lu es  

of i an d  £. As £, te n d s  to ze ro  (no o b liq u ity )  th e  em ission te n d s  to  a 

c o n s ta n t  v a lu e  (i.e. a s  S — > 0, V —> i). P ro v id e d  th a t  th e  am p litude  of 

th e  v a r ia tio n  is m easu rab le  an d  th a t  th e  ro ta t io n  p erio d  is  much 

g r e a te r  th a n  th e  o b se rv a tio n  tim e, th e n  su c h  v a r ia b ili ty , if p re s e n t ,  

will be  d e te c ta b le . In d eed , su c h  v a r ia b ili ty  h a s  b e e n  re p o r te d  fo r  <x E ri 

(Balona e t  al., 1986) w here  in  th e i r  F ig. 5c i t  can  be seen  th a t  th e  

e q u iv a le n t w id th  of th e  Mg II (448.1 nm) lin e  v a r ie s  in  a  p e rio d ic  

m an n er. The d a ta  a re  som ew hat no isy , p a r t ic u la r ly  a t  a ro u n d  p h a se  

0.25 w h ere  i t  a p p e a rs  th a t  th e re  a re  tw o "p eak s"  in  th e  d a ta

s im u ltan e o u sly  (one peak  o c c u rin g  a t  ~ 0.004nm, th e  o th e r  a t  0.007 nm)

s u g g e s t in g  p o ss ib ly  th a t  la rg e  s t r u c tu r a l  c h a n g e s  w ith in  th e  envelope  

h av e  o c c u r r e d  d u r in g  th e  in te rv a l  b e tw een  o b se rv a tio n a l se ss io n s . 

H ow ever, p en c illin g  in  a ro u g h  c u rv e  to  th e  d a ta  a s in u so id  can  be 

f i t te d  th a t  re sem b les  th e  c u rv e s  of F ig. 6.10c. T h is s u g g e s ts  th a t  i ~ 

9 0 ’ , a g re e in g  w ith  th e ir  co n c lu sio n s . The d a ta  a re  too no isy  to  a tte m p t 

f u r th e r  a n a ly s is  b u t it  does s u g g e s t  th a t  th e  e q u iv a le n t w id th , w ith 

c a re fu l a n a ly s is ,  could be a u se fu l d ia g n o stic  tool.

6.6 Discussion and Conclusions.

I t  h a s  b een  show n th a t  th e  p o in t l ig h t so u rc e  tre a tm e n t of an  ORE 

ca n n o t d is tin g u is h  be tw een  d if f e re n t  en v e lo p e  g eo m etries  (Brown and  

M cLean, 1977) an d  th a t  an  ORE is  p o la rim e trica lly  e q u iv a le n t to  a 

b in a ry  sy stem  w ith  a  sp ec ia l cho ice of p a ra m e te rs . By in c o rp o ra tin g  an
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ex ten d ed  lig h t so u rce  a n d  o c cu lta tio n  in to  th e  a n a ly s is , i t  is  th e n  

p o ss ib le  to  show  th a t  o b s e rv a b le  d iffe re n c e s  can  e x is t fo r  d if fe re n t  

g eo m etrie s  in  th e  (Q,U) p lan e  com pared  to  th e  p o in t l ig h t  so u rc e  

p re d ic tio n s . In  th e  case  of p o la r sp o ts  th e  d if fe re n c e s  a re  re a d ily  

a p p a re n t  d u e  to th e  d isc o n tin u o u s  n a tu re  of th e  p rob lem . F or an  

o b liq u e ly  ro ta t in g  d isc , h o w ev er, th e  d if fe re n c e s  a re  n o t so a p p a re n t  

b e c a u se  th e  occu lted  re g io n  v a r ie s  sm oothly w ith  time. In  fa c t  we can  

a n tic ip a te  th a t  fo r an y  ORE w ith  a  co n tin u o u s  sp a tia l d is tr ib u t io n  th e  

(Q,U) loci will v a ry  sm oothly  su c h  th a t  on ly  w hen th e  d a ta  is  F o u rie r  

a n a ly se d  will d e v ia tio n s  from  th e  p o in t lig h t so u rc e  a n a ly s is  be 

e v id e n t (i.e harm onics g r e a te r  th a n  second  o rd e r  will e x is t cf. Sec. 

4 . 5 ) .

In  ad d itio n  to  an  ORE p ro d u c in g  p o la rim e tric  v a r ia tio n s , 

sp e c tro sc o p ic  v a r ia tio n s  may a lso  be o b se rv a b le  an d  h en ce  if  jo in t 

sp e c tro sc o p ic  an d  p o la rim e tric  o b se rv a tio n s  a re  m ade, i t  m ay be 

p o ss ib le  to  in fe r  som eth ing  a b o u t th e  geom etry  of th e  sy stem  in  

a d d itio n  to  th e  d e te rm in a tio n  of th e  in c lin a tio n  an d  o b liq u ity  an g le .
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C hapter 7 

F uture Work. 

7.1 In trodu ction .

The in c lu s io n  of o ccu lta tio n  an d  d e p o la r isa tio n  in to  th e  s in g le  

s c a t te r in g  th e o ry  of Brown an d  McLean (1977) e n ab le s  a  g r e a te r  

u n d e r s ta n d in g  of th e  tem poral c h a n g e s  w ith in  ' s te l la r  en v e lo p es , by  

th e  v ir tu e  th a t  a  g r e a te r  num ber of c o n s tr a in ts  a re  im posed u p o n  th e  

in te r p r e ta t io n  of th e  d a ta . In  sec tio n  7.2 we w ish to  o u tlin e  th e  

p o ss ib le  a p p lic a tio n  of th e  p re v io u s  c h a p te r s  to  th e  in te rp re ta t io n  of 

p o la rim e tric  d a ta  from  s te l la r  w inds th a t  e x h ib it UV d is c re te  a b so rp tio n  

lin e s , s u b je c t  to  m odels th a t  p re p o se  to  exp la in  th e  sp e c tro sc o p ic  

o b s e rv a tio n s .  Follow ing th is  th e  main co n c lu sio n s  of th e  p re v io u s  

c h a p te r s  a re  re c o u n te d  and  f u r th e r  s u g g e s tio n s  fo r  f u tu r e  w ork  a re  

o u tlin e d .

7.2 D iscrete  A bsorption L ines.

T h e o re tic a l m odelling of s te l la r  w inds u su a lly  assum e th a t  th e  w ind 

s t r u c t u r e  is  time in d e p e n d e n t (see Section  1.3). Much d a ta  h as  been  

co llec ted , h o w ev er, w hich show s th a t  th is  is  no t th e  case . In  p a r t ic u la r  

th e  C o p e rn icu s  and  IUE s a te lli te s  h av e  show n th a t  th e  s t r u c tu r e  of 

s te l la r  w inds v a ry  on time sca les  of H h r  (approx im ate ly  th e  flow time 

^ R*/v,x>) to  m onths (H enrichs, 1988).

I t  h a s  b een  found  th a t  fo r h o t s ta r s  c e r ta in  lin es , su ch  a s  0  VI 

(103.2 nm, 103.8 nm), N V (123.9nm, 124.3nm) re so n a n c e  lin es  an d  C III 

(117.6 nm) n o n -re s o n a n c e  lin es , o f te n  ex h ib it b lue  s h if te d  n a rro w  

a b s o rp tio n  lin e s  s u p e rp o s e d  upon  th e  b ro ad  u n d e r ly in g  P C ygni 

p ro file . S u ch  lin e s  a re  r e f e r r e d  to  a s  n a rro w  d is c re te  a b so rp tio n  lines
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and  ty p ica lly  hav e  b lue sh if te d  v e lo c itie s  of u p  to 1000 km s-1 in  0 

s ta r s  (M orton, 1976; Sm ith, 1972; U n d erh ill, 1975) and  also  in  Be s ta r s ,  

su ch  a s  y  Cas (H am m ersch lag -H ensberge , 1979) and  59 Cyg. (Doazan e t 

a l., 1980b; Doazan e t a l., 1985). In  th e  case  of Be s ta r s  th e se  n a rro w  

a b so rp tio n  f e a tu re s  a re  su p e rp o s e d  upo n  th e  asym m etric  a b s o rp tio n  

w ings of th e  su p e rio n ise d  line . The s t r e n g th  an d  v e lo c ity  of th e se  

d is c re te  a b so rp tio n  fe a tu re s  c h a n g e s  o v e r p e r io d s  of time. T his h a s  

b een  p a r t ic u la r ly  o b se rv e d  b y  H en rich s  e t  al. (1980), H en rich s  (1982) 

in wrh ich  th e re  a p p e a rs  to be a c o rre la tio n  be tw een  th e  v e lo c ity  an d  

th e  s t r e n g th  of th e  a b so rp tio n  in  th e  lin es  nam ely, th e  w eak er th e  

a b so rp tio n  th e  h ig h e r  th e  v e lo c ity . H en richs (1988) a lso  fo u n d  th a t  

e v en  follow ing a p erio d  of no n a rro w  a b so rp tio n  fe a tu re s ,  w hen  th e y  

d id  r e tu r n  th e  c o rre la tio n  w as th e  same (H enrichs ca lls  th is  th e  

"m em ory" of th e  s ta r  an d  may la s t  u p  to  5 y rs .) .

S ta t is tic a l s tu d ie s  (H en richs , 1988) show  th a t  th e  n a rro w  

a b so rp tio n  lin es  a re  more lik e ly  to  be o b se rv e d  in  th e  m ost lum inous 

of s t a r 8 (M^qJ < -7 ). T h ere  is , h o w ev er, a lack  of c o rre la tio n  w ith  a n y  

o th e r  p h y s ic a l a s p e c t of th e  s ta r ,  su ch  a s  Vsini, x - r a y  em ission , 

b in a ry  motion e tc . The lack  of c o rre la tio n  w ith  Vsini in  p a r t ic u la r  

would in d ic a te  th a t  th e se  UV a b s o rp tio n  com ponen ts o c c u r th ro u g h o u t 

th e  w ind r a th e r  th a n  in  some p re f e r r e d  p lane . The on ly  s t a r s  to  

ex h ib it a b so rp tio n  com ponen ts w ith  M^q] > -7  a re  Be s ta r s  and

th e re fo re  th e  d is c re te  a b so rp tio n  com ponen ts w ould a p p e a r  to  be 

a n o th e r  fe a tu re  an d  in d ic a to r  of th e  Be phenom enon (see B a rk e r  an d  

M arlbo rough , 1985).

The n a rro w  a b so rp tio n  lin e s  of su p e rio n ise d  sp ec ie s  in d ic a te  one 

of s e v e ra l p o ss ib litie s ;

(a) The ex isten ce  of a  v e lo c ity  p la te a u  in  w hich th e  e sc a p e
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p ro b a b il i ty  (Sobolev, 1960) of a  p h o to n  is  c o n s ta n t o v e r a  la rg e  

d is ta n c e . T h is r e s u l t s  in  an  in c re a s e d  p a th  le n g th  of a b so rb in g  ions 

(as seen  by  th e  pho ton) and  h en ce  a d eep  n a rro w  a b so rp tio n  line 

form s.

(b) S u p e rio n ise d  sp ec ie s  may ex is t a t  a p r e f e r r e d  v e lo c ity  d u e  to  

io n isa tio n  e f fe c ts  w hich fa v o u r  th e  o b s e rv e d  io n isa tio n  f ra c tio n  a t  th a t  

v e lo c ity , i.e . a d e n s ity  en h an cem en t of su p e r io n ise d  sp e c ie s  a t  a 

p r e f e r r e d  v e lo c ity .

(c) A non-m onoton ic  v e lo c ity  law cau sed  by  sh o ck s  o ccu rin g  

w ith in  th e  w ind and  th e re b y  en ab lin g  v e lo c ity  p la teau  to  ex ist 

(B a rk e r , 1987).

M odels so fa r  su g g e s te d  in  ex p la in in g  th e  UV a b so rp tio n  

co m ponen ts  h av e  in c lu d ed  c o ro ta tin g  in te ra c t in g  reg io n s  (Mullan, 1984; 

B ates an d  Halliwell, 1986; P r in ja  an d  H ow arth; 1988), e je c te d  p a rc e ls  of 

m a te ria l (U n d erh ill and  F ahey , 1984) and  enve lo p e  e jec tio n  (Brown and 

H en rich s , 1987). T h u s fa r  th e  m odelling of th e  UV a b s o rp tio n  

co m ponen ts  h a s  been  p rim arily  b ased  u p o n  th e  UV s p e c tr a  alone. 

H ow ever, m uch m ore could be sa id  of th e  envelope  g eo m etry  (and 

s t r u c tu r e )  b y  in c lu d in g  th e  p o la rim e tric  v a r ia tio n s  p re d ic te d  b y  th e  

m odels (Brow n an d  H enrichs, 1987). The main re a so n  fo r th e  n e g le c t of 

p o la rim e tric  c o n s id e ra tio n s  has been  th e  lack  of sim ultaneous UV and 

p o la rim e tric  o b se rv a tio n s . H ow ever, w ith  th e  fo rthcom ing  A stro  M ission 

th is  s itu a tio n  will ch an g e  (WUPPE G uest O b se rv e r  M anual, 1985). I w ish 

h e re , th e re fo re ,  to  make an  e x p lo ra to ry  in v e s tig a tio n  of th e  

p o la rim e tr ic  v a r ia tio n s  p re d ic te d  by  th e  models of U nderh ill an d  F ahey  

(1984) and  M ullan (1984) in  o rd e r  to  d e te rm in e  w hat may be ex p ec ted  

from  th e  p o la rim e tric  v a r ia tio n s  of th e se  models.
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7.21 C o ro ta tin g  In te r a c t in g  R eg io n s .

M ullan (1984) s u g g e s te d  th a t  a v e lo c ity  p la te a u , u sed  to  exp la in  th e  

UV a b so rp tio n  lin es , can  e x is t w hen two g as  s tream s, w ith  d if f e re n t  

in itia l sp e e d s , a re  e je c te d  from  th e  su rfa c e  of a s ta r  an d  in te r a c t  to 

form  a shock  reg io n  th a t  r e s u l t s  in a s in g le  v e loc ity  flow b y  th e  

r e d is t r ib u t io n  of momentum. S uch  p h en o n en a  h a s  been  o b s e rv e d  in  th e  

so la r w ind from  th e  M ariner 2 p ro b e  (N eugebauer and  S n y d e r , 1967) 

and  a re  b e lieved  to  be co n tro lled  b y  th e  so la r m agnetic  fie ld . 

N um erical s tu d ie s  (H u n d h au sen , 1973, S u ess  e t  a l., 1975; Pizzo, 1978, 

1980, 1982) and  a n a ly tic a l in v e s tig a tio n s  (C arovillano  and  S iscoe, 1969; 

S u e ss , 1972; S iscoe and  F in ley , 1970) hav e  a tte m p te d  to q u a n tify  and  

exp lain  th e  c o ro ta tin g  in te ra c t in g  re g io n s  (CIR) in  th e  so la r w ind . The 

a n a ly tic a l tre a tm e n ts  c o n s id e r  th e  h y d ro d y n am ic  e q u a tio n s  fo r  a 

n o n - ro ta t in g  s ta r  an d  th e n  in c lu d e  ro ta tio n  a s  a p e r tu rb a t io n .  By 

c o n s id e r in g  on ly  th o se  p e r tu rb a t io n s  th a t  c o ro ta te  w ith th e  su n , th e  

v e lo c ity  fie ld  an d  th e  d e n s ity  d is tr ib u tio n  fo r th e  CIR a re  o b ta in ed .

Mullan (1984) c o n s id e rs  on ly  CIR th a t  a re  form ed in th e  e q u a to r ia l 

p lan e  of th e  s ta r .  The CIR form s a t  some d is ta n c e  from  th e  s ta r  (called 

th e  ra d iu s  of in te ra c tio n , r j)  and  sp ira l  o u tw a rd s  in to  th e  in te r s te l la r  

medium. As th e  CIR p a s s e s  b e tw een  an  o b s e r v e r ’s line of s ig h t  an d  th e  

d isc  of th e  s ta r  a d eep  a b s o rp tio n  line  form s w hich s h if ts  in  

w av e le n g th  in acc o rd a n c e  w ith  th e  motion of th e  CIR (P r in ja  and  

H ow arth , 1988).

In  o rd e r  to  p ro b e  th e  g eo m etry  of th e  w ind v ia  th e  p o la rim e tric  

o c c u lta tio n  a n a ly s is  of th e  fo reg o in g  c h a p te r s ,  th e  CIR m u st be 

o ccu lted  b y  th e  d isc  of th e  s ta r  a c c o rd in g  to  an  e x te rn a l o b s e rv e r .  

S ince th e  CIR ex is t a t  some f in ite  d is ta n c e  from  th e  s ta r s ,  on ly  

o b s e rv e r s  a t  su ff ic ie n tly  h ig h  in c lin a tio n s  will o b se rv e  a n y  o ccu lta tio n
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e ffe c ts .

A ccord ing  to  Mullan, an  approx im ation  to  th e  u p p e r  limit fo r  th e  

b e g in n in g  of th e  in te ra c tio n  is g iv e n  by

w h ere  Vw is th e  a v e ra g e  sp eed  of th e  w ind n e a r  th e  su face  of th e  

s ta r ,  Vro t  is  th e  eq u a to ria l v e lo c ity  of th e  s ta r  an d  R* is  th e  s te l la r  

ra d iu s .

The in c lin a tio n  a t w hich o ccu lta tio n  e f fe c ts  will be o b se rv a b le  is  

g iv e n  b y

sec i > rj/R #  (7*2).

T y p ica lly  fo r  Be s ta r s  Vro j. * 400 k m s"1, Vw ~ 40 k m s"1 and  th u s  i 

> 40 fo r  th e  o ccu lta tio n  of CIRs to  o ccu r.

Q u a n tita tiv e ly  eq. (7.1) s ta te s  th a t  th e  g r e a te r  th e  in itia l w ind 

sp e e d  is  com pared  to th e  ro ta tio n  of th e  s ta r ,  th e  g re a te r  th e  d is ta n c e  

th a t  CIR a re  form ed (i.e ra d ia lly  f a s t  m oving p a r tic le s  will 'see* a 

s ta t io n a ry  s ta r  and  will th e re fo re  n o t d ev ia te  from  th e  in itia l ra d ia l 

t r a je c to r y ) .  F or Be s ta r s  th e  outflow  v e lo c ity  of th e  w ind is 

c o m p a rita tiv e ly  la rg e  com pared to  s ta r s  of la te r  s p e c tra l  c la sse s . This 

la rg e  outflow  v e lo c ity  is , how ever, o f f - s e t  b y  th e  ra p id  ro ta tio n  of 

th e s e  s ta r s .

In  o rd e r  to  ca lcu la te  th e  p o la rim e tric  v a r ia tio n s  from a CIR we need  

to  know  th e  d e n s ity  d is tr ib u tio n . In  th e  so la r wind th e  is o -d e n s it ie s  

fo r  th e  CIRs a re  A rchim edian sp ira ls . We sh a ll assum e th a t  th is  is  th e  

ca se  fo r  Be s ta r s  and  th a t  th e y  a re  con fined  to  th e  e q u a to r ia l p lan e  of 

th e  s ta r .  In  th is  case  we may u se  th e  fu n c tio n a l form  fo r th e  d e n s ity  

from  th e  a n a ly s is  of C arvillano  an d  S iscoe (1969). The exact ex p re ss io n  

o b ta in ed  b y  them  can n o t be u se d  b eca u se  th e  p h y s ic s  of Be s ta r

(7 .1 )
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w in d s a re  d if fe re n t  from  th a t  of th e  su n  (i.e. th e  ro ta tio n  of th e  s ta r  

c a n n o t be c o n s id e re d  a s  a  p e r tu rb a t io n ) .  However, by  u s in g  th e  

fu n c tio n a l form  fo r th e  d e n s ity  we a re  in  fa c t m erely  r e p re s e n t in g  th e  

d e n s ity  p e r tu b a tio n  b y  A rch im edian  s p ira ls . The d e n s ity  of th e  CIR is 

th e n ,

w h e re  j  is  th e  num ber of s tre a m s , u  is  th e  ro ta tio n  ra te  of th e  s ta r ,  

is  th e  num ber d e n s ity  of e le c tro n s  a t  a  g e n e ra l p o in t (r,<t>) in  

th e  CIR, g ( r )  is  th e  (assum ed know n) ra d ia l d e n s ity  d is tr ib u tio n  an d  X 

is  th e  lo n g itu d e  of th e  fo o tp o in t of th e  s tream  a t  r j (Fig. 7.1). The 

form  of eq . (7.3) is  an a lo g o u s  to  th e  d e n s ity  p e r tu rb a tio n  c o n s id e re d  

in  Sec. 4.5 an d  th is  th e re fo re  s u g g e s ts  th a t  th e  p o la rim etric  d a ta  from  

a s u sp e c te d  CIR s ta r  sho u ld  be F o u rie r  (time) an a ly se d . If  th e  

p o la rim e tr ic  v a r ia tio n s  a re  in d e ed  d u e  to  CIRs, th e n  only  one s e t  of 

F o u r ie r  harm on ics will ex ist, i.e. th e  j ^h harm onic (note th a t  a  ze ro  

o rd e r  te rm  will a lso  ex is t w hich  r e s u l t s  from  th e  c o n s ta n t p o la risa tio n  

term  o f th e  w ind). By follow ing th e  a n a ly s is  of Sec. 4.5 w ith  th e  

d e n s ity  d is tr ib u tio n  a s  g iv e n  b y  eq . (7.3) th e  co e ffic ien ts  a j , b j  will 

be

By F o u r ie r  (time) a n a ly s in g  th e  o b se rv e d  p o la rim etric  d a ta  (cf. Sec.

ft(r,4>) = ClQg ( r )  s i n j  + <t> -  >] 

= 0

r  >

(7 .3 )

(7 .4 )

4.5) of a CIR we may obtain  th e  harm onic F ourier coeffic ien ts (pj,
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Observer

F igu re 7.1

A CIR a s  o b se rv e d  in  th e  eq u a to ria l p lane of th e  s ta r ,  v iew ed  above  

th e  s te l la r  ro ta tio n  axis (S ta r  ro ta tin g  an ticlockw ise).

T he CIR is  an  A rchim edian sp ira l. The foo t p o in t of th e  CIR is  a t  

p o s itio n  (rj,X) and  is  th e  p o in t of in te ra c tio n . A g e n e ra l p o in t P on th e  

CIR h a s  po sitio n  (r,<t>).
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Qji u j,  v j) .  In  o rd e r  to do th is  how ev er r e q u ir e s  know ledge of th e  

ro ta t io n  p e rio d . T his is  g a in ed  b y  ta k in g  a pow er sp ec tru m  of th e  

p o la rim e tric  d a ta  (see P re s s  e t  a l .. 1986 fo r  d e ta ils ) . For a CIR w ith  j 

s tre a m s , a f te r  a time P = T / j  (T b e in g  th e  ro ta tio n  period  of th e  s ta r )  

th e  CIR will look id e n tica l to  th a t  a t  time t  = 0 (cf. Harm anec, 1989; h is  

fig . 13) an d  h ence  d u p lic ity  o c c u rs  w ith  a p erio d  P. The pow er

sp e c tru m  of th e  p o la rim etric  d a ta  will th e re fo re  co n s is t of eq u a lly  

sp a c e d  p e a k s , s e p a ra te d  by  a p e rio d  P. W ithout know ledge of T o r j 

th e  on ly  p e rio d  know n will be P. For a  CIR we know  th a t  on ly  th e  j^h

h arm o n ics  ex is t and  th e re fo re  in  o rd e r  to  fin d  th e  j^h co e ffic ien ts  we

may (fo r co n ven ience) s e t  j  = 1 an d  fin d  th e  f i r s t  o rd e r  co e ffic ien ts  

(Pi» u i> v l) o v e r th e  tim e in te rv a l  t  = 0, P. (If we ch o se  j

a r b i t r a r i ly  th e n  we w ould find  th e  j t h  harm onics b u t  th e  d a ta  would 

be a n a ly se d  o v e r th e  time in te rv a l  t  = 0, jP  and  h ence  th e  co e ffic ien ts  

w ould be th e  same.) Once th e  co e ffic ien ts  p lf q A, u A and  v A a re  

e s ta b l is h e d  it  is p o ssib le , b y  d e te rm in in g  th e  ra tio s  P j/q *  (HP j /q j )  and  

v i / u i  (■ v j/u j)  to  es tim ate  th e  ra tio  Vw/V ro  ̂ from  Sec. 4.5, v iz

l(|qfl+ 1̂ 1) = <7'5)
R ew ritin g

£i“ _ Ei Vrnt
vw ‘ R* vw

th e n  from eq . (7 .3 )  we have th e  in e q u a l i ty

< Y x v t + „  (7 .6)
''w Vw

T h e re fo re

[ t a n - i {  i ( | f i * | +  | ^ | }  ]  (7-7)

a n d  h en ce  th e  in c lin a tio n  of th e  sy stem  may be in fe r re d  from  eq s
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(7.1) an d  (7.2). S ince j has no t been  d e te rm in ed  th e n  we may o b ta in  

u p p e r  lim its to Vro ^/Vw and  th e  in c lin a tio n  b y  s e t t in g  j = 1 in eq . 

(7.7). The ro ta tio n  period  of Be s ta r s  is  ty p ica lly  of th e  o rd e r  of 1 

d ay  (Vro j. ~ 400 km s- 1 , R* ~ IORq ) and  th e re fo re  th e  v a lu e  of j  m aybe 

g u e s s e d  a t  b y  j -  I n t ( l /P )  w ith P m easu red  in  d ay s .

If , in  a d d itio n  to  th e  po la rim etric  v a r ia tio n s  UV a b so rp tio n  line  

v a r ia tio n s  a re  a lso  o b se rv e d  th e n  sin ce  we have  assum ed  th a t  th e  CIR 

a re  con fin ed  to th e  e q u a to ria l p lane , th e n  th e  s ta r  is  b e in g  v iew ed 

e q u a to r ia lly .

UV o b s e rv a tio n s  of Be s ta r s  show th a t  n a rro w  a b s o rp tio n  lin e s  a re  

o b s e rv e d  in  s ta r s  w ith Vsini > 150 km s-1 and  th e re fo re  some s ta r s  a re  

c le a r ly  n o t b e in g  view ed eq u a to ria lly . T his w ould in d ic a te  th a t  e i th e r  

CIR form  th ro u g h o u t th e  wind ( th is  is  a  d iff ic u lt problem  an d  h a s  y e t 

to  be done) o r some o th e r  exp lanation  is  re q u ire d .

7.22 E je c te d  P a rc e ls  o f M aterial.

U n d e rh ill an d  F ehey  (1984; h e n c e fo rth  UF) c o n s id e re d  th e  e je c tio n  

of a p a rc e l of m ateria l h igh  above th e  p h o to sp h e re  (~ 2R#) of e a r ly  

ty p e  s t a r s  an d  s u g g e s te d  th a t  su ch  e je c tio n s  may o ccu r v ia  loca lised  

m agnetic  d ipole reg io n s . Once th e  p a rc e ls  a re  e je c te d , by  c o n s id e r in g  

th e  c o n se rv a tio n  of a n g u la r  momentum, th e  tra je c to r ie s  can  be follow ed 

(once a v e lo c ity  law is p re s c r ib e d ) .  P a rce ls  p a s s in g  th ro u g h  th e  

o b s e r v e r ’s line of s ig h t and  th e  d isc  of th e  s ta r  will a p p e a r  a s  

d is c re te  a b so rp tio n  com ponents. P a rce l e jec tio n  h as  been  c r it ic iz e d  by  

H en rich s  (1988) on th e  g ro u n d s  th a t  a p a rce l is  r e q u ire d  to  be 

re le a s e d  a t  p r iv ile g e d  tim es and  p laces fo r  th e  th e o ry  to  c o rre sp o n d  

to  o b s e rv a tio n s  (see H enrichs, 1988; h is  fig . 4.47) b eca u se  fo r  a 

g e n e ra l p a rc e l i t s  f lig h tp a th  will be su ch  th a t  i t  will a p p e a r  a s  a  UV
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d is c re te  a b so rp tio n  com ponent fo r  on ly  a s h o r t  period  of time w h ereas  

o b s e rv a tio n s  show  them  to  be long  lived  fe a tu re s  an d  a s  a 

c o n se q u e n c e  H enrichs (1988) claim s th e  UF model to  be an  u n lik e ly  

m echanism  on th e  g ro u n d s  th a t  so m any s ta r s  exh ib it UV d is c re te  

a b s o rp tio n  com ponents.

A ccord ing  to  th e  UF model, in itia lly  a  p a rc e l has a  fixed p o s itio n  

ab o v e  th e  p h o to sp h e re  of th e  s ta r  ( la titu d e  0O, say ). P o la rim etrica lly , 

a s  th e  s ta r  ro ta te s ,  th e  r e s u l t in g  (Q,U) loci p re sc r ib e d  will be th e  

same a s  fo r  an  ob lique  ro ta to r ,  w ith  o b liq u ity  ang le  0O (Ch. 6). Once 

th e  p a rc e l is  re le a se d  th e  p o la rise d  flux  will d ec re a se  as  th e  p a rc e l 

m oves aw ay from  th e  s ta r  (« r~2 fo r  r  >> R*) and  c o n se q u e n tly  th e  

(Q,U) lo cu s  will sp ira l  in to  th e  o rig in . The exact way in  w hich  th e  

(Q,U) loci will c h an g e  w ith time will d ep en d  upo n  th e  tr a je c to ry  o f th e  

p a rc e l. Now a c c o rd in g  to  th e  UF model, a s in g le  p a rce l p ro d u c e s  th e  

UV a b s o rp tio n  line , c o n se q u e n tly  th e  p a rc e l lies  d ire c tly  be tw een  th e  

o b s e r v e r  an d  th e  s te l la r  d isc  and  th e re fo re  (w ith a s c a tte r in g  an g le , 

X, ~ 0) th e  n e t o b se rv e d  p o la risa tio n  of th e  p a rce l will be zero . T h a t 

is  th e re  shou ld  be a lack  of p o la risa tio n  v a r ia b ili ty  d u rin g  tim es w hen 

UV d is c re te  a b so rp tio n  com ponents a re  o b se rv e d  and  sim ilarly  a lack  

of UV d is c re te  a b so rp tio n  w hen po la rim etric  v a r ia b ili ty  is o b se rv e d . To 

t e s t  th is  p re d ic tio n  we r e f e r  to  th e  one and  on ly  se t of p o la rim etric  

an d  UV c o rre la te d  o b se rv a tio n s  (S o n n eb o rn  e t al., 1988) w hich has 

a l re a d y  been  p o la rim etrica lly  a n a ly se d  by  Brown and  H enrichs (1987). 

With re fe re n c e  to  Fig. 1 an d  Table 1 of S o nnebo rn  e t al. (1988) one 

can  see  th a t  a ro u n d  JD 2,405,335 ra p id  c h an g e s  in th e  Si IV line 

o c c u re d  w ith o u t an y  ch an g e  in th e  d e g re e  of po la risa tio n . At a ro u n d  

JD 2,405,355 s u b s ta n tia l  p o la rim etric  v a r ia tio n s  w ere o b se rv ed  b u t  th is  

tim e no UV c h a n g e s  w ere re c o rd e d  (how ever, th e  UV d a ta  fo r  th is
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p e rio d  is  r a th e r  sp a rc e ) . The a n tic o rre la tio n  of th e s e  o b s e rv a tio n s  a re  

ex ac tly  a s  p re d ic te d  b y  th e  UF model. The a n tic o r re la tio n  of th e  

p o la rim e tric  an d  UV d a ta  has also  been  in te r p r e te d  in  a d if f e re n t  w ay 

b y  Brow n an d  H enrichs (1987).

Looking more c losely  a t  th e  p o la rim e tric  d a ta  fo r w Ori (Table 1, 

S o n n e b o rn  e t  a l.) i t  can  be seen  th a t  th e  p o la risa tio n  is  e n h an c ed , 

w hich in  o rd e r  to  a g re e  w ith  th e  UF model r e q u ir e s  th a t  th e  p a rc e l is 

re le a se d  close to th e  s ta r  su ch  th a t  in itia lly  th e  p a rc e l is  d ep o la rised  

[P « (1 -  R |/R 2)^ /R 21 an d  as  it  in itia lly  m oves aw ay from  th e  s ta r  th e  

p o la ris a tio n  will in c re a se  to a maximum (a t a ro u n d  R = 1.2R#, cf. Sec. 

5.4). At th e se  close d is ta n c e s  th e  speed  of th e  p a rc e l is  Vp ~ O.OIV*, 

(UF) an d  h en ce  Vp ~ 10 km s-1 a g re e in g  w ith  th e  v a lu e  g iv e n  in  Sec. 

5.4 (eq . 5.27). B eyond th is  d is ta n c e  th e  p o la risa tio n  b e g in s  to  d e c re a se  

(« 1 /R 2 a s  th e  p a rc e l b e g in s  to  e ffe c tiv e ly  see  a  p o in t l ig h t  so u rce ) . 

D u rin g  th e  p e rio d  of p o la rim etric  v a r ia tio n , th e  p o sitio n  an g le  c h a n g e s  

b y  Ae ~ 20* c o n s is te n t w ith  th e  v a r ia tio n  in  p o s itio n  an g le  fo r  p a rc e l 

e je c tio n  (B ates an d  Halliwell, 1986) o v e r th is  ra n g e  in  d is ta n c e . Notice 

th a t  p r io r  to  th e  p o la rim etric  o u tb u r s t  th e  p o la rim e tric  v a r ia tio n s  do 

n o t a p p e a r  to  v a ry  a s  one would a n tic ip a te  fo r  an  o b liq u e ly  ro ta t in g  

en v e lo p e . T his is  d u e  to  th e  fa c t th a t  th e  d a ta  a re  too w idely  sp re a d  

in  time fo r  th is  to be s tu d ie d . To d a te  th e  s h o r t  te rm  p o la rim etric  

v a r ia tio n s  (w ith a p e rio d  of ~1 day) of w Ori h av e  no t b een  s tu d ie d  

b u t  w ould c le a rly  be of g r e a t  im p o rtan ce  fo r v a lid a tin g  th is  

in te rp r e ta t io n  of th e  w Ori po la rim etric  d a ta .

7.3 C onclu sions.

In  th is  th e s is  we hav e  show n th a t  th e  p o la rim e try  of th e  X -ray  

t r a n s ie n t  A0538-66 in d ic a te s  th a t  w hen th e  se c o n d a ry  p a s s e s  th ro u g h
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p e r ia s t ro n  th e  q u ie sc e n t envelope  a ro u n d  th e  p rim ary  is tid a lly  

d is tu rb e d .  T his is c o n tra ry  to  th e  Roche lobe overflow  o r w ind 

a c c re tio n  m odels th a t  have  b een  p re v io u s ly  su g g e s te d  (Brown an d  

Boyle, 1984; A pparao, 1985). The s p e c tr a l  v a r ia b ili ty  of A0538-66 d u r in g  

i t s  ’o n ’ s ta te  is  sim ilar to  th a t  of s in g le  Be s ta r s  w hich s u g g e s ts  th a t  

some m echanism  ak in  to  tid a l s tr ip p in g  may a lso  be w ork ing  in  s in g le  

Be s ta r s  (A pparao e t a l ., 1987).

I t  h as  been  show n th a t  th e  e f fe c ts  of in c o rp o ra tin g  bo th  

d e p o la r is a tio n  and  o ccu lta tio n  in to  th e  o p tica lly  th in , s ing le  (Thom son) 

s c a t te r in g  p o la risa tio n  th e o ry  re d u c e s  th e  n e t th e o re tic a l p o la risa tio n  

b y  u p  to  a  fa c to r  of two com pared to  th e  p o in t lig h t so u rce  a n a ly s is  

o f Brow n an d  McLean (1977) fo r ax isym m etric  en velopes. F u rth e rm o re , 

th e  sim ple d e p en d e n ce  of p o la risa tio n  w ith  inc lin a tio n  from  th e  p o in t 

l ig h t  so u rc e  tre a tm e n t is found  to  be no lo n g e r valid  w hen o ccu lta tio n  

is  in c lu d ed  in to  th e  s c a tte r in g  th e o ry .

In  o rd e r  to  acc o u n t fo r th e  o b se rv e d  maximum p o la risa tio n  of Be 

s t a r s  (~2%) it  is  p o ssib le , by  c o n s id e r in g  geom etrical models ap p licab le  

to  Be s ta r s ,  to  ga in  more s t r in g e n t  c o n s tr a in ts  upon  th e  p e rm itted  

p a ra m e te r  sp ace  by  in c o rp o ra tin g  f in ite  l ig h t so u rce  e ffe c ts  in to  th e  

p o la rim e tric  th e o ry  th a n  is  po ssib le  b y  u s in g  th e  an a ly s is  of Brow n 

an d  M cLean (1977).

In  sy s tem s  in  w hich re g u la r  p o la rim etric  v a r ia tio n s  can  be m odelled 

in  te rm s of a c o ro ta tin g  d e n s ity  p e r tu rb a t io n  w ith  one (p redom inan t) 

l ig h t  so u rc e , i t  h as  been  found  th a t  by  F o u rie r  an a ly s in g  th e  

p o la rim e tric  v a r ia tio n s  th e  inc lina tion  of th e  system  can  be in fe r re d  

from  th e  second  o rd e r  harm onics and  is  c o n s is te n t w ith th e  r e s u l t s  of 

Brow n e t  al. (1978) and  Simmons (1983) ev en  w hen o ccu lta tio n  is 

in c lu d e d . T his h as  im p o rtan t c o n seq u en c es  in  sing le  s ta r s  w h ere
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know ledge of th e  in c lin a tio n  en ab le s  th e  e q u a to r ia l ro ta tio n a l v e lo c ity  

to  be e s tim a ted  from  th e  a p p a re n t  ro ta tio n a l v e lo c ity  w hich  c a n n o t be 

o th e rw ise  in fe r re d .

We hav e  th ro u g h o u t th is  th e s is  co n ce rn ed  o u rs e lv e s  w ith  s p h e r ic a l 

l ig h t  s o u rc e s , w hich w hen in c o rp o ra te d  in to  th e  s in g le  s c a t te r in g  

th e o ry  w as fo u n d  to be a  more im p o rtan t c o r re c tio n  th a n  o ccu lta tio n , 

th o u g h  o c c u lta tio n  its e lf  w as found  no t to  be u n im p o rta n t. For ra p id ly  

ro ta t in g  s ta r s ,  how ever, a sp h e r ic a l lig h t so u rc e  is  on ly  a  f i r s t  

ap p rox im ation  to  th e  sh ap e  of th e  s te l la r  s u r fa c e  and  o b v io u sly  th e  

n ex t s te p  w ould be to  in c o rp o ra te  o b la te  sp h e r io d a l lig h t so u rc e s  in to  

th e  a n a ly s is  in  o rd e r  to  es tim ate  how o b la te  th e  s ta r  is  r e q u ire d  to  be 

b e fo re  th e  sp h e r ic a l l ig h t so u rc e  approx im ation  becom es in a d e q u a te . I t  

is  no t a t  all c le a r  w hat th e  n e t e ffe c t w ould be b eca u se  th e  

d e p o la r isa tio n  fa c to r  will now d ep en d  on th e  la t i tu d e  of th e  e le c tro n  as  

well a s  i ts  ra d ia l d is ta n c e  from  th e  so u rce . M oreover, th e  flux  from  th e  

s ta r  its e lf ,  fo r  an  e x te rn a l o b s e rv e r ,  will a lso  d ep en d  on  th e  

in c lin a tio n  an d  so th e  problem  will become a com plex one, p a r t ic u la r ly  

if  o c c u lta tio n  is  a lso  in c lu d ed .

We h av e  i l lu s tra te d  to some e x te n t th e  n e c e s s ity  fo r c o rre la te d  

sp e c tro sc o p ic  and  con tinuum  o b se rv a tio n s  in  o rd e r  to  he lp  d is tin g u sh  

be tw een  d if f e re n t  geom etrica l s t r u c tu r e s  p o ssib le  w ith in  s te l la r

en v e lo p es  (cf. Sec. 6.5 an d  7.2). A p art from  jo in t con tinuum  

p o la ris a tio n  an d  s p e c tra l  v a r ia tio n s  one could a lso  u se

s p e c tro p o la r im e try  to  s tu d y  envelope  g eo m etrie s  an d  geom etrica l 

c h a n g e s  o c c u r in g  w ith in  th e  w ind. So f a r ,  how ever, few su ch

o b s e rv a tio n s  e x is t (P o eck e rt an d  M arlborough , 1978; McLean, 1979;

C larke an d  B rookes, 1983, 1984) and  a s  y e t no long te rm  s tu d y  has 

b een  m ade fo r  a n y  s ta r .  The lack  of an y  su ch  s tu d y  can  be a t t r ib u te d
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to  the  fa c t th a t  no sim ple th e o ry  fo r th e  th e o re tic a l w av e len g th  

d e p e n d e n c e  of p o la risa tio n  a c ro s s  s p e c tra l  lin es  e x is ts . McLean (1979) 

a tte m p te d  th e  problem  to some e x te n t an d  w as ab le , in  a q u a lita tiv e  

w ay, to  acc o u n t fo r  th e  ch an g e  in  p o la risa tio n  (and  p o sition  ang le) 

a c ro s s  s p e c tra l  lines. The problem  could  be ad v an c ed  f u r th e r  b y  

in c o rp o ra tin g  th e  Sobolev approx im ation  (Sobolev, 1960) in to  M cLean’s 

a n a ly s is . The p o la risa tio n  a t a w av len g th  AX from  th e  line c e n tre  w ould 

th e n  re d u c e  to c a lcu la tin g  th e  p o la risa tio n  from  a  su rfa c e  of c o n s ta n t 

a p p a re n t  ra d ia l ve loc ity . For a ro ta t in g  s ta r  th e se  su r fa c e s  a re  

u n fo r tu n a te ly  complex (P o eck ert an d  M arlbo rough , 1978; Mazzali, 1988) 

b u t  it is  p re c ise ly  th is  n o n -sp h e ric a l s t r u c tu r e  th a t  g iv e s  r is e  to th e  

o b se rv e d  p o la risa tio n . Such sp e c tro sc o p ic  s tu d ie s  would th e n  en ab le  

th e  m ass flow in  th e  s te lla r  wind to  be s tu d ie d  on a  local scale .

One im p o r ta n t app lica tio n  of sp e c tro p o la r im e try  could be th e  s tu d y  

of Be s ta r s  th a t  u n d e rg o  p h ase  c h a n g e s  (eg. y  Cas, 88 Her, P leione, 59 

Cyg: cf Ch. 1). T his would o b v io u sly  need  to  be a  long te rm  s tu d y , 

b u t  su c h  o b se rv a tio n s  could p o ss ib ly  p in  dow n th e  c h a n g e s  in th e  

d e n s ity  s t r u c tu r e  w hich a p p e a r  to  o ccu r (K ogure, 1990).
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Appendix A.

A .l S tru ctu re  o f Two Dimensional E nvelopes.

By u se  of eq u a tio n  (3.4) we p erm it Cl -  ClQf(x,6) to  be d is tr ib u te d  in

e as  well as  x, b u t  we s till ad o p t th e  c o ro ta tio n  co n d itio n  f(x ,0 ,t) =

f0 (x,e-w t), w here  f0 (x,e0 ) is Cl(x,eQ)/ClQ w ith  0O m easu red  in  a  fram e 

ro ta t in g  w ith  th e  envelope  from a  re fe re n c e  ax is w hich  co in c id es  w ith  

th a t  o f e w hen t  = 0. We co n s id e r th e  e x te n t to  w hich  p ro p e r t ie s  of f Q 

can  be o b ta in ed  from  o b se rv a tio n s  of P ( t) ,  b u t  we sh a ll d e fe r  model 

ca lc u la tio n s  to  a s u b se q u e n t p a p e r.

A .l (a) fp (x,e) Separable with Known x -D ependence.

In  th is  r e s t r ic te d  case  we su p p o se

fo (x>eo) = h o(eo )£o (x ) <A1)

w h ere  g Q(x) is  know n b u t  h0 (e0 ) is  n o t. T h is w ould be th e  case  fo r

exam ple fo r  a  c o ro ta tin g  eq u a to ria l w ind of know n v e lo c ity  p ro file , th e

same in all d ire c tio n s  b u t th e  w ind d e n s ity  (^hj-,) v a ry in g  w ith

d ire c tio n .

We p ro cee d  in th is  case  by  F o u rie r  a n a ly s is  o f h0 (©0 ) v ia  

00

h o (0o) = aG + E { a jc o s je 0 + b js in je 0 } (A2)
j= l

an d  w ritin g  cosj©0= co s je  c o s j u t  + sinj© sin jw t e tc .

T hen  in s e r t in g  (Al) w ith  (A2) in to  (3.5) an d  u s in g  th e  

o r th o g o n a lity  co n d itio n s ,

2TT
cosj©  cosk© d© = 0  u n le s s  j=k

o
(A3)

f 27T
cosj©  sink© d© = 0 f o r  a l l  j  and k

o



28 0

we o b ta in  a f te r  some re d u c tio n , a  F o u rie r  s e r ie s  fo r  P a s  a fu n c tio n  of 

0 = wt , v iz

2 P (0)—  = p0 + E { p jc o s jo  + q js in j0 } (A4)

with

Po ~ ao ̂ 2ttI — Jq ) (A5)

P2 = a 2 (7Tl

= —b 2 ( ttI

Pj = _aj J j

= b 0J J

P j = - b JKJ

= - a j Kj

for even j  ( j* 2 )

f o r  odd j

(A6)

(A7)

(A8)

where

00

= J g0 (x )
(x2 -  1)*
 ^ —  oxX ‘

(A9)

» 7T-sec~1x
f f (x 2 -  1 ^J j  = gQ(x) -— ^ —  (1 + cos20) c o s j0  d0 dx

i sec  1x

K-

» TT-sec-1x

= J |  g0(x) —— ^( 1 + cos20) sin j©  d0 dx 

l s e c -1x

(A10)

(A ll)

Jj and Kj can be simplified by integrating with respect to 0, viz

JQ = ttI - J gQ(x) |2cos1(l/x) + S2(l/x)J dx (A12)



251

= - J  2o<x > - x2x i  ^ { o o g ^ l /x )  -  2  + S2 ( l / x )  + M l / x l j  dx (A13) 
1

J j  = - J  g0 (x) i x L g J ^ p S j i l / x ) .  + S j_ g ( l /x )  + S j+ 2 | l / x >j dx (A14)

i f o r  even j
( j* 2 )

J j  = 0 f o r  odd j  (A15)

Kj = f g o ( x )  + ♦ * * $ £ > }  dx (A16)
i f o r  odd j

K j  = 0 f o r  even j  (A17)

where T j ( l / x )  = c o s ( jc o s 1 ( l / x ) ) a re  th e  Chebychev po lynom ials

and S j ( l / x )  = s i n ( j c o s 1 ( l / x ) ) .

E q u a tio n s  (A5)-(A8) can  be in v e r te d  ex p lic itly  to  o b ta in  th e  F o u rie r  

c o e ff ic ie n ts  of th e  enve lo p e  0O d is tr ib u tio n  in  te rm s of th e  F o u rie r  

co e ffic ie n ts  of th e  o b se rv e d  p o la risa tio n  P(©) v iz

aQ = p0/ (2ttI -  J Q) (A18)

a2 = P 2 /(^ J  “ J 2 ) 

b 2 = *“<1 2 /  “ *̂ 2̂

“ j  = 

b j  =

Sj  =

b j  = -P j/K j

I, J j  an d  Kj a re  com puted  from  (A9)-(A11) (or from  (A9) an d  

(A12)-(A17)) fo r th e  know n fu n c tio n  g Q(x). ^ s  examp les  we show  in  Fig.

A .la , b th e se  in te g ra ls  a s  fu n c tio n s  of n  fo r  th e  form  g Q(x) = x“ n u se d

(A19)

f o r  even j  ( j* 2 )  (A20)

f o r  odd j  (A21)
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0-8
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0 0

2 5 3 0

Power Index (n)

Figure A. la

In te g ra l  m om ents I and  J j  (fo r th e  f i r s t  e ig h t harm onics) show n a s  

fu n c tio n s  of th e  pow er index  (n).
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- 0-2
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Power Index (n)

Figure A.lb

In te g ra l  m om ents I and  Kj (for th e  f i r s t  e ig h t harm onics) show n as  

fu n c tio n s  of th e  pow er index  (n).
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e a r l ie r  fo r  th e  f i r s t  e ig h t harm onics, w hich  is  ab o v e  th e  maximum 

lik e ly  to  be ach iev ab le  in a m ean ing fu l f i t  to  a n y  p o la rim e tr ic  d a ta . (In 

fa c t fo r  in te g e r  n th e se  in te g ra ls  can  be e x p re s s e d  in  an a ly tic  form  

b u t  a re  cum bersom e an d  d ir e c t  nu m erica l com p u ta tio n  is as  

c o n v e n ie n t) .

A.l(b) General f0(xteQ).

In  th is  case  we ag a in  F o u rie r  a n a ly se  f0 (x,60 ) o v e r  0O b u t  a t 

each  x, i.e

f0(x,e0) = aQ + E { aj(x)cosje0 + bj(x)sinje0 }
j - 1

(A22)

w h ere  a j ,  b j  now d ep en d  on x.  Follow ing th e  sam e p ro c e e d u re  a s  in  

ca se  4.3(a) we d e r iv e  re la tio n s  b e tw een  a j ,  b j an d  th e  F o u rie r  

c o e ff ic ie n ts  p j ,  q j  of P(6). T h is time h o w ev er, th e s e  re la tio n s  on ly  

en ab le  u s  to  d e r iv e  a  s e t of w e ig h ted  in te g ra l  m om ents of th e  a j ( x ) ,  

b j(x ) fu n c tio n s  from  th e ir  re la tio n s  to  Pj><lj nam ely

p0 - 2Trta - Aq

p 2 =

q2 =

=  771Q -  A-

-7Tlb  + B2 
2

P j = 

=

= -A-

= B
f o r  even j  ( j* 2 )

(A23)

(A24)

(A25)

Pj = - B

= -A-
f o r  odd j (A26)

A gain we h av e  in te g ra te d  th e  moment in te g ra ls  w ith  r e s p e c t  to  e to  

o b ta in ,
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00

= j aj<x> (X2 -  1 )**,
a . -  | ° .] \A/ Z? dx

J  l

Ib. = J bj(x) — x 2 !) ^
J J i x

Aq = TTla  -  J aQ(x) .^ .D ^ c o s ^ l / x )  + S2 ( l / x ) J  dx

(A27)

(A28)

(A29)

Bo = WIbo ” { bQ(x) |2cos1(l/x) + S2 (l/x)j  dx (A30)

A2 = -j a2(x) g'—1 ̂ j c o s 1 (l/x) - ^ + S2 ( l/x) + j dx (A31)

B2 = -J b2(x) ~ ^ i --)H{cos1 (l/x) - | + S2 (l/x) + ^  (A32)

Aj  ̂~j ” a j (x ) + + dx

(A33)

Bj = -j bj(x) ^jggjll/x.) + sj-2^/x) + Sj±2ll/xlJ dx

for even j (j*2)

AJ = 0

BJ = 0 ,

«v
AJ

for odd j (A34)

~k j = j  , I j ^ i i z a  , U a i p ) )

i , , fb jW . S M i « i . U ^ r n ]  *

(A35)

for odd j

for even j (A36)

'V <v
Thus Aj, Bj,  Aj and Bj can again be found directly from pj and qj .

Aj = 0

Bj = 0
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Appendix B.

B.1.1 S p herica l Shell o f A rbitrary D en sity .

In  o r d e r  to  ca lc u la te  th e  n e t p o la risa tio n  fo r  a sh e ll i t  is  e a s ie r  to 

ca lc u la te  th e  w e ig h ted  in te g ra l  m om ents in  two d if f e re n t  reg im es

(a) X ^ co sec i (p o la r re g io n  of th e  sh e ll is  o ccu lted ) th e n  th e  in te g ra l 

m om ents a re

2TT

Tq = 2rro0ft0i  (1 -  X"*)* [l -  § -  ^  J ex p { -^ 0 (*)} do ] (Bl)

T0y0 = 2TTOono|  (1 - r-2)« [ | 2 - | _A(l + |  ♦ | 2)

(B2)
2TT

" I n  I  [>% *  ^ j ° +  f z j d ®  ]

2TT 1

r o>’z =2ncoao ^  ( 1 -  X-2 )» [  | j j  |  |*J ( 1 -  (J"2 )^exp{-/3 |/J |} s i n O  d/idO  J
0 (Ja

(B3)

zrr

Toy 3 = 2nooQo | d  -  X_2)H[ Jex p { -^ o (0)}(H§ + ^j°+ | 2 -  l]cos20 do]

° (B4)

where

(1 -  X~2 )^ c o s i -  s i n i  sin<fr(l -  X 2 -  s i n 2i  c o s 2<t>)̂  
~ 1 -  s in ^ i  cos^4> ~



(b) X > c o se c i (p o la r  re g io n  o f  s h e l l  n o t o c c u l te d ) , th e n
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To -  ^ o ^ o ^ 1 “ X-2 ) ^ [ l  -  e “£ -  ~  J ex p { -£ |ju |l (tt -  2<t(ju))dju j  (B5)

^a

W o  = 27TOo 0 o i ( l  -  X - 2 ) « g 2 -  e - * ( l  + |  +  | 2 ]

(B6)

J /J2 e x p { - /3 |ju |}  ( tt -  2<t>(iu) )djL£ J- i
4tt

^a

T0y2 = ^ o ^ o ^ 1 “ X"2 )* [  f  J A*(l -  A<2 )^exp{-£ |A i|} cos<J>(jU)dju j  (B7)

Âb
V s  = 2noo0oi ( l  -  X -2 )* [ 4 !  I  (1 -  uz ) e x p { -£ |ju |} sin2<KM)dju j  (B8) 

ua

where

ba  -  -  c o s ( i  -  s e c _1X)

IJfr = -  co s( i  + s e c -1 X)

j  A . _i fA/ c o s i  -  (1 -  X 2 )^1and <t> = sin M -;— :—  ravtt- rI sini (1 - u * )n J

B.1.2 E llip so ida l sh e ll.

We again  c o n s id e r  a  th in  e llip so id a l sh e ll su ch  th a t  th e  g eom etrica l 

th ic k n e s s  of th e  sh e ll is  m uch le ss  th a n  th e  ra d iu s  of th e  s ta r  (w hich 

allow s th e  app rox im ations  of Sec. 5.33 to  be c a r r ie d  o v e r  to th e  

g e n e ra l inc lin a tio n  case ). As in  th e  p re v io u s  exam ple of th e  sh e ll i t  is 

e a s ie r  to  ca lcu la te  th e  w eig h ted  in te g ra l  m om ents in  two d if fe re n t  

reg im es. The n e t p o la risa tio n  a t  a  g iv e n  in c lin a tio n  is  th e n  g iv e n  by
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eq. (5.25) an d  th e  w ig h ted  in te g ra l  m om ents a re

(a) P o la r r a d iu s  of ellip so id  ^ coseci

1 277 l
To = 2iro0n0hR*[ [ N(y) dju - ^  J | N(5) d5d<t> ] (B9)

o 0 ?(♦)

1 277 1
T0y0 = 2Jro0n0hR*[ j  N(ai)w* di< - J | N(5)52 dSd* 1 (BIO)

o o £($)

277 1
TqXj = 27TO0n0hR*[ ij | J N(5) 5(1 - S2)>* sin* dSd* ] (Bll)

o £(<t>)

277 1
W a  = 2no0n0hR*[ - ^  | J N(5) (1 - 52) cos2*dSd* ] (B12)

o 5(<t)

x2(jLf)
where N(ju) = N(S) = ^ J (1 - x”2)̂  dx (B13)

Xj_ {u)

w ith x l<"> = (1 + (A* -

X2<W) = (1 + (A2 -  D u 2 )*

X± i s  th e  e q u a to r ia l  r a d iu s ,  /i = cose  and £ = - /i 

and

Tab + 2c2 -  2 c (c 2 + ab -  a 2 )**!>*
e(<l>) = L + 4 ? ----------------- J

where

a  = 1 -  X^2 -  s i n 2i  s i n 2<t> 

b  = (A2 -  1 )/X f + c o s 2i  -  s i n 2i  s i n 2<t> 

c  = c o s i  s i n i  sin<t>
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(b) P o la r  e l l i p s o id a l  r a d iu s  ^ c o s e c i

1 Ui
To = 2 7 7 0 0 ^ * ^  |  N(n) d*l + |  N(w) dju -  i  |  N(*j )<J>(*j) dw 1 (B14)

0 **2 «2

1 ^1 V i
T̂ oZ 2no0n0hR*[ |  N(m)ju2 dju + l j  |  N(K)H2 djj -  -jj N(H)/J2<D(jLi) d^ 1

U2 U2

and

f ab + 2c2 - 2c (c2 +ab -a2)**]J*
Wl = ' L -------b* + 4c5--------  J

f ab + 2c2 + 2c(c2 +ab -a2)**l&
"2 = “ L -b* T l c *   J

(B15)

TQy2 = 27roonohR*[- N(A!)/i (1 -  A<2 )* cos<D(/J) cUi j  (B16)

^2

V 3 = 27700n0hR*[ N(/i)/i (1 -  *i2 ) sin2<l>(/i) djU j  (B17)

»2

w here

4>«i) = a i n - » f (1 ~ X' 2 '  ^ 2<A2. :  + u c o s i |' ' I s i m  (1 -  vFy* J

w ith

a  = 1 -  XJ2 -  s i n 2i  

b  = (A2 -  1 )/X f + c o s 2i  -  s i n 2i  

c  = c o s i s i n i
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B.1.3 Wedge Shaped D isc.

F or a  d isc  th e  n e t p o la risa tio n  a t  a g iv en  in c lin a tio n  is  ag a in  g iv e n  

b y  eq .(5 .29 ). The w eig h ted  in te g ra ls  a re  m ost c o n v e n ie n tly  ca lcu la ted  

b y  c o n s id e r in g  th re e  s e p a ra te  reg im es, viz

(a) i  < <x

27r 1

td = 2rro0n0R»[ B (<n+*) / 2 , 3/ 2 ) -  ^  |  | (i _ y 2 ) K  yA-2 dyd*

o y(<t>)
(B18)

277 1

“ Itt 1 j ^ " y2̂  yTV"2 cos0 >̂y) dyfo ]
o y(<t>)

277 1

T0y0 = 27TOonOR* B((rl+i)/2>3/2) _ | J(1 - y2)** ŷ - 2

0 y(<D)
(B19)

277 1

- J |  {l -  y2)^ y1"^2 ^3(<t>,y) dyd<*> J
o y(<t>)

277 1

r c/ 2 = 27TOonoR* [  |  ~ y2 )^  y^-2 cos<t> [1 —iLi2 (<t>,y)33 dyd<&

o y(<t>)
(B20)

277 1

- CQ̂ 7T'" J |  (1 “ y2)^ y^-”2 cos0 dyd<|> j 
o y(<t>)
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2T7 1

T o y 3  -  2TlOonoR*[ |  J (1  “  Y2 )^  y^“ 2 sin2<t> /L73 (<t>,y) dyd<l>

o y(<t>)

27T 1
~ I t t  I  J (1 “ y2)H  ^  2 sin2<t> (B21)

O y($)

277 1
\2t

+ “ i]  |  | ( 1  -  y 2 )*  Z 1”2 sin2<J> dyd<l>j

o y(<t>)

w here

,,/a \ ~ cosi (1 - y2)^ + sini sin<l> (y2 - sin2i cos2<l>)̂u\vty)  ------------------------- 71-~ -~i ------------------------------------(1 - s m h  cos4<p)

and

y(<l>) = (1 - {sinoc cosi + cosoc sini sin<t>}2)^

(b) <x < i < l t / 2 - <x

i e t (y)
r 0 = ZnOoBoRtf -2 |2 Z  B ( ( n + D / 2 , 3 / 2 ) -  - L .  J  J (1  _ y2)K yn-2 dSdy

y2 ^2 <y)
(B22)

1 Si(y)
+ I  J (1 -  7z )h  y^~ z <0(y,5) d6dy ] 

y2 ^2 <y)

i ^ i(y )
T0y0 = 2T700n0R»[ Ŝ1g -  B ( ( n + i ) /2 , 3/ 2 ) -  I  J J ( l  -  y2 )^ Z^-2  s 2 dSdy

y2 S2 (y)
(B23)

i S i(y )

■  I  I (1 _ y2)*  ylV2 e2 <l><y,s) dedy ]
y2 S2 (y)
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i S i(y )

’0y z = 27T00n0R*[ ^  |  J(1 - y2 )** y^-2 S(1 - S2)** cos<t>(y»S) dSdy j
y2 S2 (y) (B24)

i ?i(y)
Toy3 = 2TTOonoR*[ J | (1 - y2)̂  J^-2 (1 - S2) sin2<t>(y,£I) dSdyJ

y2 e*(y) (B25)

where

y2 = cos(i + a)

^ i(y) = sina  and S2 = cos(i +sin-1y)

(c) i  > w/ 2 -  a
i

To = 2Tro0n0R*£ ^  B( ( W  ) / 2 , 3/ 2 ) -  J (1 -  y2)** y^-2 dy 

y i

y± y isinoc ̂ |  (1 -  y2)^ y^ “ 2 dy + J (1 -  y2)^ y1̂ "2 c o s ( i  + s in ~ 1y) dy

Y2 y2
(B26)

l s ina

+  ̂J J (l - y2)̂  y^~ 2 <*>(y,u) djudy

y i o

y i w2 (y)

+ h r j j ^ ” 72 ^  d)Ldy ]
y2 Vi(y)
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W o  = 2TT00 n0R * [ B ( ( n + D / 2 , 3 / 2 ) _ s i n f a  J (1 __ y 2 ) *  ^ _ 2 d y

y i

y i  y i

-  — |  (1 -  y2)** y^“2 dy + ^  { (1 ~ y2)^ y1̂”2 cos3{i + s in -1y) dy
Y2 Y2

(B27)

i  s i n a

+ w { { ^  ” y 2 ^  yA~2 d*Jdy
yi o

yi A<2(y)
+ iir 1 I ^  “ y2^  yn"2 ^ y ^ )  ^2 d/idy ]

y2 A/i(y)

i  s i n a

V 2 = ZTTOonoR*̂ - ^  J J (1 -  y2)^ y^-2 ju(l -  u 2 )H  cos<D(y,/i) d/idy

y i  o

(B28)

y i  n 2 ( y )

~ w I I (1 “ y2 )^ y ^ ' 2 A*(l -  A/2 cos<t>(y,ju) cUidy J 
y2 Vi (y)

l  s i n a

T q X 3 = 2 1 7 0 ^ ^ , [  ~  |  |  ( 1  -  y 2 ) ^  y n ~2 (1  -  U2 ) s i n 2 0 ( y , A i )  d A d y

y i  o

(B29)

y i  A/2 ( y )

+ J J (1 - y2)^ y1’1-2 (1 - A*2) sin2<t>(y,A*) cUdy J 
y2 A^y)

w h e r e  y ± = c o s ( a  -  i ) ,  y 2 = ~ c o s ( a  + i )

/J± = - s i n a ,  iu2  = - c o s ( i  + s i n - 1y )

• _i f ( 1  -  y 2 ) ^  + A< c o s i l  
8,1(1 * = sin ‘ t (1 .  Mi)*i sin i j


