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Abstract. In this work we consider modified versions of quadratic double circulant and quadratic
bordered double circulant constructions over the binary field and the rings F2 +uF2 and F4 +uF4
for different prime values of p. Using these constructions with extensions and neighbors we are able
to construct a number of extremal binary self-dual codes of different lengths with new parameters
in their weight enumerators. In particular we construct 2 new codes of length 64, 4 new codes
of length 66 and 14 new codes of length 68. The binary generator matrices of the new codes are
available online at [8].

1. Introduction

Self-dual codes are a special class of codes that have algebraic and combinatorial properties, which
connect them to many different structures such as lattices, invariant theory, designs, cryptography
and recently with quantum codes ([11]). There are many different approaches of constructing self-
dual codes in the literature. One particular construction makes use of quadratic residues modulo a
prime p.

Let R be a finite commutative Frobenius ring of characteristic 2 and p be prime. Let γi ∈ R,
A be a p × p circulant matrix, Qr(a, b, c) be the p × p circulant matrix with three free variables,
obtained through the quadratic residues and non-residues modulo p. Thus, the first row of r =
(r0, r1, . . . , rp−1) of Qp(a, b, c) is determined by the following rule:

ri =

a if i = 0
b if i is a quadratic residue modulo p
c if i is a quadratic non-residue modulo p.

This type of quadratic circulant matrix and a bordered version were first introduced by Gaborit in [7]
to construct self-dual codes over fields and later were extended over rings in [13] and [16] to construct
self-dual codes over different alphabets. The main construction used in the works mentioned was to
take a matrix of the form [Ip|A] where A is either Qp(a, b, c) or its bordered version. Note that the
quadratic circulant matrix is a special case of a double circulant matrix which produces self-dual
quasi-cyclic codes ([20]).

In this work, we modify this construction by replacing Ip with an arbitrary circulant matrix in
the double circulant case, and we do a similar replacement in the bordered case. More precisely, we
consider the following type of matrices:

M = (Qp(a, b, c)|A) ,

where A is a p× p circulant matrix and

M =


γ1 γ2 · · · γ2 γ3 γ4 · · · γ4
γ2 γ4
... Qp(a, b, c)

... A
γ2 γ4

 ,

where A is a p× p circulant matrix.
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We consider these constructions for different prime values p and over the binary field as well as
the ring extensions F2 + uF2 and F4 + uF4. This is a novel construction method for self-dual codes,
that combines several approaches in the literature. The strength and novelty of the constructions
are demonstrated by the numerous new extremal self-dual codes that we are able to obtain using
these methods. In particular, we are able to construct 14 new extremal binary self-dual codes of
length 68, 4 new extremal binary self-dual codes of length 66 and 2 new extremal binary self-dual
codes of length 64. The new beta values and the weight enumerator classes of the codes are given
in section 4.

The rest of the work is organized as follows. In section 2, we give some background on self-dual
codes, and the different alphabets that we use. In section 3 we give the constructions. In section
4, we give the numerical results obtained from the constructions. We finish by recapitulating the
results and pointing out possible directions for future research.

2. Preliminaries

Let R be a commutative Frobenius ring of characteristic 2. A code C of length n over R is an
R-submodule of Rn. Elements of the code C are called codewords of C. Let x = (x1, x2, . . . , xn)
and y = (y1, y2, . . . , yn) be two elements of Rn. The duality is understood in terms of the Euclidean
inner product; 〈x, y〉E =

∑
xiyi. The dual C⊥ of the code C is defined as

C⊥ = {x ∈ Rn | 〈x, y〉E = 0 for all y ∈ C} .
We say that C is self-dual if C = C⊥. Two self-dual binary codes of dimension k are said to

be neighbors if their intersection has dimension k − 1. A binary self-dual code is called Type II (or
doubly even) if the weights of all codewords are divisible by 4, otherwise it is called Type I (or singly
even). The best upper bound on the minimum Hamming distance of a binary self-dual code was
proved in [19].

Theorem 2.1. ([19]) Let dI(n) and dII(n) be the minimum distance of a Type I and Type II binary
code of length n, respectively. Then

dII(n) ≤ 4b n
24
c+ 4

and

dI(n) ≤
{

4b n
24c+ 4 if n 6≡ 22 (mod 24)

4b n
24c+ 6 if n ≡ 22 (mod 24).

Self-dual codes meeting these bounds are called extremal.

2.1. The ambient rings. While all of the theoretical results we obtain throughout the paper are
valid for all Frobenius rings of characteristic 2, we will be focusing mainly on the binary field F2
and the rings F2 +uF2, F4 +uF4 for computational purposes. Similar rings have been considered in
coding theory in many different works, e.g. [21] and [22].

Let F4 = F2 (ω) be the quadratic field extension of the binary field F2 = {0, 1}, where ω2+ω+1 =
0. The ring F4 + uF4 defined via u2 = 0 is a commutative binary ring of size 16. We may easily
observe that it is isomorphic to F2 [ω, u] /

〈
u2, ω2 + ω + 1

〉
. The ring has a unique non-trivial ideal

〈u〉 = {0, u, uω, u+ uω}. Note that F4 + uF4 can be viewed as an extension of F2 + uF2 and so we
can describe any element of F4 + uF4 in the form ωa+ ω̄b uniquely, where a, b ∈ F2 + uF2.

(F4 + uF4)
n

ψF4+uF4−−−−−−−−→
(F2 + uF2)

2n

↓ ϕF4+uF4
↓ ϕF2+uF2

F2n
4 ψF4−−−−−−−−−→

F4n
2

Let us recall the following Gray Maps from [7,18] and [6];

ψF4 : aω + bω 7→ (a, b) , a, b ∈ Fn
2

ϕF2+uF2
: a+ bu 7→ (b, a+ b) , a, b ∈ Fn

2

ψF4+uF4
: aω + bω 7→ (a, b) , a, b ∈ (F2 + uF2)

n

ϕF4+uF4
: a+ bu 7→ (b, a+ b) , a, b ∈ Fn

4
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Note that these Gray maps preserve orthogonality in the respective alphabets, for the details we
refer to [18]. The binary codes ϕF2+uF2

◦ ψF4+uF4
(C) and ψF4

◦ ϕF4+uF4
(C) are equivalent to each

other. The Lee weight of an element in F4 + uF4 is defined to be the Hamming weight of its binary
image under any of the previously mentioned compositions of the maps. A self-dual code is said to
be of Type II if the Lee weights of all codewords are multiples of 4, otherwise it is said to be of Type
I.

Proposition 2.2. ([18]) Let C be a code over F4 + uF4. If C is self-orthogonal, so are ψF4+uF4 (C)
and ϕF4+uF4 (C). C is a Type I (resp. Type II) code over F4 + uF4 if and only if ϕF4+uF4 (C) is a
Type I (resp. Type II) F4-code, if and only if ψF4+uF4

(C) is a Type I (resp. Type II) F2 +uF2-code.
Furthermore, the minimum Lee weight of C is the same as the minimum Lee weight of ψF4+uF4

(C)
and ϕF4+uF4

(C).

Corollary 2.3. Suppose that C is a self-dual code over F4 + uF4 of length n and minimum Lee
distance d. Then ϕF2+uF2

◦ ψF4+uF4
(C) is a binary [4n, 2n, d] self-dual code. Moreover, C and

ϕF2+uF2
◦ ψF4+uF4

(C) have the same weight enumerator. If C is Type I (Type II), then so is
ϕF2+uF2

◦ ψF4+uF4
(C).

In subsequent sections we will be writing tables in which vectors with elements from the rings
F2 + uF2 and F4 + uF4 will appear. In order to avoid writing long vectors with elements that
can be confused with other elements, we will be describing the elements of this ring in a short-
hand way, which will make the tables more compact. For the elements of F2 + uF2 we will use
0→ 0, 1→ 1, u→ u and 1 + u→ 3.

For the elements of F4 + uF4, we use the ordered basis {uω, ω, u, 1} to express the elements of
F4 +uF4 as binary strings of length 4. Then we will use the hexadecimal number system to describe
each element:

0↔ 0000, 1↔ 0001, 2↔ 0010, 3↔ 0011, 4↔ 0100, 5↔ 0101, 6↔ 0110, 7↔ 0111, 8↔ 1000,
9↔ 1001, A↔ 1010, B ↔ 1011, C ↔ 1100, D ↔ 1101, E ↔ 1110, F ↔ 1111.

For example 1+uω corresponds to 1001, which is represented by the hexadecimal 9, while ω+uω
corresponds to 1100, which is represented by C.

3. The Constructions

We will discuss the constructions in two classes. The first will be the pure double circulant and
the second will be the bordered one.

3.1. Generalized quadratic double circulant. Define the matrix M = (Qp(a, b, c) |A) where A
is a p× p circulant matrix. Let C be the linear code of length 2p, generated by the matrix M . Then

(1) MMT = Qp(a, b, c)Qp(a, b, c)T +AAT .

Note that Qp(a, b, c)Qp(a, b, c)T has previously been calculated in [7] where Qp(a, b, c) is a p × p
circulant over a finite field. When Qp(a, b, c) is a p × p circulant over a ring of characterisitc 2, we
can see that

Qp(a, b, c)Qp(a, b, c)T =

{
Qp(a2, b2 + k(b+ c)2, c2 + k(b+ c)2) if p = 4k + 1
Qp(a2 + b2 + c2, ab+ ac+ k(b2 + c2) + bc, ab+ ac+ k(b2 + c2) + bc) if p = 4k + 3

(2)

Combining this with (1), and considering the characteristic we get the following main result:

Theorem 3.1. If C is a linear code generated by M over a ring of characteristic 2, then C is a
self-orthogonal code if and only if:

AAT =

{
Qp(a2, b2 + k(b+ c)2, c2 + k(b+ c)2) if p = 4k + 1
Qp(a2 + b2 + c2, ab+ ac+ k(b2 + c2) + bc, ab+ ac+ k(b2 + c2) + bc) if p = 4k + 3

.
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3.2. Generalized bordered quadratic residue construction. We will now define a bordered
version of the construction. Define the following matrix:

M =


γ1 γ2 · · · γ2 γ3 γ4 · · · γ4
γ2 γ4
... Qp(a, b, c)

... A
γ2 γ4

 ,

where γi are some elements from the ambient ring R, which we assume to be a ring of characteristic
2 (including the binary field).

Let C be a code that is generated by the matrix M over R. Then, the code C has length 2p+ 2.

To make the computations easier, we let M =

(
B1 B2 B3 B4

BT
2 Q BT

4 A

)
where B1 = (γ1), B2 =

(γ2, . . . , γ2), B3 = (γ3), B4 = (γ4, . . . , γ4) and Q = Qp(a, b, c). Then,

MMT =

(
B1B

T
1 +B2B

T
2 +B3B

T
3 +B4B

T
4 B1B2 +B2Q

T +B3B4 +B4A
T

BT
2 B

T
1 +QBT

2 +BT
4 B

T
3 +ABT

4 BT
2 B2 +QQT +BT

4 B4 +AAT

)
where

• B1B
T
1 +B2B

T
2 +B3B

T
3 +B4B

T
4 = γ21 + (γ2, . . . , γ2)(γ2, . . . , γ2)T + γ23 + (γ4, . . . , γ4)(γ4, . . . , γ4)T

= γ21 + pγ22 + γ23 + pγ24

=

(
4∑

i=1

γi

)2

.

• B1B2 +B2Q
T +B3B4 +B4A

T = γ1(γ2, . . . , γ2) + (γ2, . . . , γ2)QT + γ3(γ4, . . . , γ4) + (γ4, . . . , γ4)AT

= (γ1γ2, . . . , γ1γ2) + (γ2(a+ bλp + cλp), . . . , γ2(a+ bλp + cλp))

+ (γ3γ4, . . . , γ3γ4) + (γ4µ, . . . , γ4µ)

= (γ1γ2 + γ2(a+ bλp + cλp) + γ3γ4 + γ4µ, . . . ,

γ1γ2 + γ2(a+ bλp + cλp) + γ3γ4 + γ4µ)

where µ is the sum of the elements in the first row of A and λp = p−1
2 .

• BT
2 B

T
1 +QBT

2 +BT
4 B

T
3 +ABT

4 =

γ2...
γ2

 γ1 +Q

γ2...
γ2

+

γ4...
γ4

 γ3 +A

γ4...
γ4


=

γ1γ2...
γ1γ2

+

γ2(a+ bλp + cλp)
...

γ2(a+ bλp + cλp)

+

γ3γ4...
γ3γ4

+

µγ4...
µγ4


=

γ1γ2 + γ2(a+ bλp + cλp) + γ3γ4 + µγ4
...

γ1γ2 + γ2(a+ bλp + cλp) + γ3γ4 + µγ4

 .
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• BT
2 B2 +QQT +BT

4 B4 +AAT =

γ2...
γ2

 (γ2, . . . , γ2) +QQT +

γ4...
γ4

 (γ4, . . . , γ4) +AAT

= (γ2 + γ4)2

1 · · · 1
...

. . .
...

1 · · · 1

+QQT +AAT .

Using (2) for QQT , we see that

BT
2 B2+QQT +BT

4 B4+AAT =


Qp((γ2 + γ4)2 + a2, (γ2 + γ4)2 + b2 + k(b+ c)2, (γ2 + γ4)2

+c2 + k(b+ c)2) +AAT if p = 4k + 1
Qp((γ2 + γ4)2 + a2 + b2 + c2, (γ2 + γ4)2 + ab+ ac
+k(b2 + c2) + bc, (γ2 + γ4)2 + ab+ ac+ k(b2 + c2) + bc) +AAT if p = 4k + 3

Combining all these results and factoring in the characteristic of the ambient ring, we arrive at the
following results:

Theorem 3.2. Assume that p = 4k+1. Then, C is a self-orthogonal code if and only if the following
conditions hold:

(1)

4∑
i=1

γi = 0,

(2) γ1γ2 + γ2a+ γ3γ4 + γ4µ = 0,
(3) AAT = Qp((γ2 + γ4)2 + a2, (γ2 + γ4)2 + b2 + k(b+ c)2, (γ2 + γ4)2 + c2 + k(b+ c)2).

Theorem 3.3. Assume that p = 4k+3. Then, C is a self-orthogonal code if and only if the following
conditions hold:

(1)

4∑
i=1

γi = 0,

(2) γ1γ2 + γ2(a+ b+ c) + γ3γ4 + µγ4 = 0,
(3) AAT = Qp((γ2 + γ4)2 + a2 + b2 + c2, (γ2 + γ4)2 + ab+ ac+ k(b2 + c2) + bc, (γ2 + γ4)2 + ab+

ac+ k(b2 + c2) + bc).

4. Numerical results

We will apply the construction methods described in section 3 to obtain extremal binary self-dual
codes of various lengths. We need to point out that the theorems in section 3 provide us with
necessary and sufficient conditions for when the codes generated are self-orthogonal. This is one of
the points of distinction that our constructions have from those introduced in [7]. Using a random
circulant matrix A instead of In means that the rank of the codes might not always be that of a
self-dual code. However, we believe using a random circulant matrix brings more variety and helps
us find more self-dual codes as has been demonstrated by our computations. All the computations
are run on Magma ([2]).

4.1. New Codes of lengths 64. The possible weight enumerators for a self-dual Type I [64, 32, 12]-
code is given in [4, 5] as:

W64,1 = 1 + (1312 + 16β) y12 + (22016− 64β) y14 + · · · , 14 ≤ β ≤ 284,

W64,2 = 1 + (1312 + 16β) y12 + (23040− 64β) y14 + · · · , 0 ≤ β ≤ 277.

With the most updated information, [1], extremal singly even self-dual codes with weight enu-
merator W64,1 are known

β ∈
{

14, 16, 18, 20, 22, 24, 25, 26, 28, 29, 30, 32,
34, 35, 36, 38, 39, 44, 46, 53, 59, 60, 64, 74

}
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and extremal singly even self-dual codes with weight enumerator W64,2 are known for

β ∈
{

0, 1, ..., 42, 44, 45, 48, 50, 51, 52, 56, 58, 64, 65,
72, 80, 88, 96, 104, 108, 112, 114, 118, 120, 184

}
\ {31, 39}.

In this section, we obtain the codes with weight enumerators for β = 48 and 50 in W64,1. We
apply Theorem 3.3 for p = 7 over F4 + uF4 and obtain Type I codes of length 64 as binary images.

Table 1. Self-dual codes over F4 + uF4 when p = 7

Ci (γ1, γ2, γ3, γ4) (a, b, c) rA |Aut(Ci)| W64,1

1 (0, 1, B,A) (B, 4, F ) (A, 4, 6, 5, E, 7, F ) 22 · 7 β = 18
2 (0, 1, B,A) (1, 6, 7) (A, 4, 6, F, E, 5, 7) 22 · 7 β = 32
3 (0, 1, B,A) (1, 6, 7) (A, 4, 6, 7, E, F, 5) 22 · 7 β = 46
4 (0, 1, B,A) (1, 6, 7) (A, 4, 6, 5, E, 7, F ) 22 · 7 β = 60

Self dual binary codes C and D of length n are said to be neighbors if dim (C ∩D) = n/2− 1. In

order to consider some neighbors of a code C we pick a vector x ∈ Fn
2−C and let D =

〈
〈x〉⊥ ∩ C, x

〉
.

We use the standard form of the generator matrix of C, which lets us to fix first n/2 entries of x
without loss of generality. We set the first 32 entries of x to be 0. We consider the neighbours of the
binary images of the codes in Table 1 and obtain new codes of length 64 which are listed in Table 2.

Table 2. New codes of length 64 (W64,1) as neighbours of codes in Table 1

D64,i Cj (x33, x34, ..., x64) β |Aut(D64,i)|
1 4 (00001100111100110111000000001110) 48 2
2 4 (01110111100100101111100100110111) 50 2

4.2. New extremal self-dual codes of lengths 66. The weight enumerator of an extremal self-
dual code of length 66 is given in [5] as follows:

W66,1 = 1 + (858 + 8β)y12 + (18678− 24β)y14 + · · · where 0 ≤ β ≤ 778,

W66,2 = 1 + 1690y12 + 7990y14 + · · · and

W66,3 = 1 + (858 + 8β)y12 + (18166− 24β)y14 + · · · where 14 ≤ β ≤ 756.

Together with the codes recently obtained in [1] and the ones from [12], [14], [15] and [16], extremal
singly even self-dual codes with weight enumerator W66,1 are known for

β ∈ {0, 1, 2, 3, 5, 6, . . . , 94, 100, 101, 115}
and extremal singly even self-dual codes with weight enumerator W66,3 are known for

β ∈ {22, 23, . . . , 92} \ {65, 68, 69, 72, 89, 91}.
In this section, we construct the codes with weigth enumerators for β=65, 68, 69 and 72 in W66,3

as extensions of codes in Section 4.1.
We recall the following extension theorem that helps us construct self-dual codes of length 2n+ 2

from self-dual codes of length 2n:

Theorem 4.1. ([17]) Let C be a binary self-dual code of length 2n, G = (ri) be an n× 2n generator
matrix for C, where ri is the i-th row of G, 1 ≤ i ≤ n. Let X be a vector in F2n

2 with 〈X,X〉 = 1.
Let yi = 〈ri, X〉 for 1 ≤ i ≤ n. Then the following matrix

1 0 X
y1 y1 r1
...

...
...

yn yn rn

 ,
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generates a binary self-dual code of length 2n+ 2.

We apply Theorem 4.1 to the codes of length 64 tabulated in Table 1 and 2 to find extremal
self-dual codes of length 66, with X = (032|x), where 032 denotes that the first 32 bits of X are 0’s.
The new codes of length 66 that we obtain are tabulated in the following table:

Table 3. Extremal Self-dual code of length 66 from binary extensions of codes of
length 64

N66,i Code x W66,3 |Aut(N66,i)|
1 C3 (10101101111000010010011001101101) β = 65 1
2 D64,2 (11010111011111000001101111100100) β = 68 1
3 C3 (00011111011010110011100110110000) β = 69 1
4 C4 (00001111111011001101011110101001) β = 72 1

4.3. New extremal self-dual codes of length 68. The possible weight enumerator of an extremal
binary self-dual code of length 68 (of parameters [68, 34, 12]) is in one of the following forms by [3,10]:

W68,1 = 1 + (442 + 4β) y12 + (10864− 8β) y14 + · · · , 104 ≤ β ≤ 1358,

W68,2 = 1 + (442 + 4β) y12 + (14960− 8β − 256γ) y14 + · · ·

where 0 ≤ γ ≤ 9. Recently, Yankov et al. constructed the first examples of codes with a weight
enumerator for γ = 7 in W68,2. The new codes we have constructeed all have γ = 0, 1 or 2 in W68,2.
So, in order to save space we only give the list of known values for γ = 0, γ = 1 and γ = 2 in W68,2.
For a full list of known codes we refer to [9].

γ = 0, β = 0, 7, 11, 14, 17, 21, 22, 28, 33, 35, 42, 44, . . . , 158,159, 161, 163, 165,
175, 187, 189, 203, 209, 221, 231, 255, 303 or

β ∈ {2m|m = 17, 20, 102, 110, 119, 136, 165 or 80 ≤ m ≤ 99} ;

γ = 1, β = 49,51,53,55, 57, 59, . . . , 160,161,163,165,167,169,171 or

β ∈ {2m|m = 22,24, . . . , 29, 81, . . . , 90, 92, . . . , 96} ;

γ = 2, β = 58,65,69,71,73,75,77,79,81,157,159, 206, 208 or β ∈ {2m|30 ≤ m ≤ 100} or

β ∈ {2m+ 1|41 ≤ m ≤ 77}

In the following table, we list self-dual codes of length 68 as Gray images of codes over F2 + uF2 via
Theorem 3.1 for p = 17.

Table 4. Self-dual codes of length 68 via F2 + uF2 when p = 17 (W68,2)

Di (a, b, c) rA |Aut(Di)| α β
1 (1, u, u) (0, 0, 0, u, u, 1, 3, 3, 0, u, 1, 3, u, 3, 3, 1, 3) 22 · 7 0 β = 204
2 (1, u, u) (u, u, u, 0, 0, 3, 3, 3, 0, u, 1, 3, 0, 3, 3, 1, 1) 22 · 7 0 β = 238
3 (1, u, u) (0, u, 0, 0, 0, 1, 3, 1, 0, u, 3, 3, 0, 1, 1, 3, 3) 22 · 7 0 β = 272

By considering the neighbours of codes in Table 4 we construct 14 new codes of length 68, which
are listed in Table 5. The generator matrix of Dj is used in standard form. Therefore, we assume
the first 34 entries to be 0 without loss of generality.
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Table 5. New codes of length 68 (W68,2) as neighbours of codes in Table 4

N68,i Dj (x35, x36, ..., x68) γ β |Aut(N68,i)|
1 1 (1110111011010001001101010001000010) 0 167 2
2 3 (1010111000110100000100110101100110) 0 169 2
3 2 (1111001010000110011001100100001000) 0 171 1
4 3 (0010001101101100001011101001111110) 0 173 1
5 2 (1101000110101100010001001011110111) 0 177 1
6 2 (1001000000100110010011100110010011) 0 179 1
7 3 (0001100001110011001101010011001110) 0 181 2
8 3 (1001101101101001110101000100111100) 0 202 2
9 3 (1001011000110010011010011010110010) 0 217 2
10 1 (1110110110110001110001000000001101) 1 183 2
11 3 (0110011100110101010110111101011111) 1 199 2
12 3 (0100001000110111001011000001100000) 1 207 1
13 3 (1100111101100001111011110011110000) 1 214 2
14 2 (1011101010010000110010110000100111) 2 216 2

5. Conclusion

In this work, we introduced modified versions of quadratic double circulant and bordered qua-
dratic double circulant constructions for self-dual codes. We demonstrated the relevance of this new
construction by constructing many binary self-dual codes, including new extremal binary self-dual
codes of length 64, 66 and 68.

• Codes of length 64: We were able to construct the following extremal binary self-dual
codes with new weight enumerators in W64,1:

β = {48, 50}.
• Codes of length 66: We were able to construct the following extremal binary self-dual

codes with new weight enumerators in W66,3:

β = {65, 68, 69, 72}.
• Codes of length 68: We were able to construct the following extremal binary self-dual

codes with new weight enumerators in W68,2:

(γ = 0, β = {167, 169, 171, 173, 177, 179, 181, 202, 217}).
(γ = 1, β = {183, 199, 207, 214}).
(γ = 2, β = {216}).

A possible direction for future research could be considering different primes p and dif-
ferent alphabets that could result in self-dual codes of different lengths.

Acknowledgment: The authors would like to thank the anonymous referees and the editor for
their valuable remarks that improved the presentation of this paper.
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