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The uncertain nonlinear systems can be modeled with fuzzy differential equations (FDES)
and the solutions of these equations are applied to analyze many engineering problems.
However, it is very difficult to obtain solutions of FDEs.

In this paper, the solutions of FDEs are approximated by utilizing the fuzzy Sumudu
transform (FST) method. Here, the uncertainties are in the sense of Z-numbers. Important
theorems are laid down to illustrate the properties of FST. The theoretical analysis and
simulation results show that this new technique is effective to estimate the solutions of

1. Introduction

This paper is an extension of work originally presented in [1].
In many physical and dynamical processes, mathematical
modeling leads to the deterministic initial and boundary value
problems. In practical the boundary values may be different from
crisp and displays in the form of unknown parameters [2]. When
the parameters or the states of the differential equations are
uncertain, they can be modeled with FDE. In recent days, many
methods have used FDE for modeling and control of uncertain
nonlinear systems [3-5]. The basic idea of the fuzzy derivative was
first introduced in [Chang]. Then it is extended in [6]. The first-
order fuzzy initial value problem, as well as fuzzy partial
differential equation, have been studied in [7]. By generalizing the
differentiability, [6] gave an analytical solution. The Lipschitz
condition, as well as the theorem for existence and uniqueness of
the solution related to FDEs, are discussed in [10-12]. In [13], the
analytical solutions of second order FDE are obtained. The
analytical solutions of third order linear FDE are found in [14]. By
the interval-valued method, [15] examined the basic solutions of
nonlinear FDEs with generalized differentiability.

A novel technique in order to solve FDEs is laid down based
on the Sumudu transform. Sumudu transform along with broad
applications has been utilized in the area of system engineering and
applied physics [16-18]. In [19], some simple and deeper
fundamental theorems, as well as properties of the Sumudu
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Transform, were generalized. In [20], Sumudu transform is applied
to the system of differential equations. In [21], Sumudu transform
is used in order to find the solution of the fuzzy partial differential
equation. In [22], Sumudu transform has been used to solve
fractional differential equations.

In this paper, we use FST to approximate the Z-number
solutions of the FDEs. The FST reduces the FDE to an algebraic
equation. A very important property of the FST is that it can solve
the equation without resorting to a new frequency domain. The
procedure of switching FDEs to an algebraic equation is cited in
[10] and is stated as an operational calculus. We extend our
previous work [1] by generating more theorems for describing the
properties of FST and displaying the uncertainties with Z-numbers.
The Z-number is a new concept that is subjected to a higher
potential to demonstrate the information of the human being as
well as to utilize in information processing [23]. Z-numbers can be
regarded as to answer questions and carry out the decisions [24].
There exist few structure based on the theoretical concept of Z-
numbers [25]. [26] gave an inception, which results in the
extension of the Z-numbers. [27] generated a theorem to convert
the Z-numbers to the usual fuzzy sets.

In this paper, initially, some preliminary definitions along with
properties related to FST are demonstrated. After that, solving
FDEs by using the methodology of FST has been discussed. At the
end, two examples along with comparisons are utilized in order to
demonstrate the effectiveness of our proposed method.
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2. Preliminaries

Prior to the introduction of the FST, some concepts related to
the fuzzy variables and Z-numbers are laid down in this section
[28, 29].

Definition 1: A fuzzy number B is a function of
BeE : R—>[0,1] , in such a manner, 1) B is normal, (there
exists a, € R in such a manner B(ay) =1; 2) B is convex,
B(ya + (1 —y)c) = min{B(a),B(c)}, Va,ce R,Vy €[0,1];

3) B is upper semi-continuous on R , i.e., B(a) < B(a,) + ¢ ,
VaeN(a,), va,eR, V&>0, N(a,) is a neighborhood; 4)
Theset B" ={a € R, B(a) > 0} is compact.

Definition 2: The r -level of the fuzzy number B is defined as
follows

[B]' ={acR : B(a)>r} 1)
where 0<r <1, BeE.

Definition 3: Let B,B, €E and £ € R , the operations

addition, subtraction, multiplication and scalar multiplication are
defined as

[B,®B,] =[B] +[B,] =[B; + B}, B: + Be] @)

[B,?B,]' =[B] -[B,] =[B; -B} Bi-B:] (3

[Bl?Bz]r: min@lgz,gl?iyigz’i?i} (4)
max{B! B, B! B>, B: B}, B1 B2}
r r Br, Er , >0
[£B,]" =<[B,] ={(§:1 ¢ Ilr) = 5)
(gBLgEl)’ é:SO

Definition 4: The Hausdorff distance between two fuzzy
numbers B; and B, is defined as [30,31]

D(B,,B,) = sup{max(| B{ - B} |,| B — Bz |)} (6)

0<r<1

D(B,,B,) has the following properties

i) D(B, ®u,B, ®u) = D(B,,B,), VB,,B,,ucE

(i) D(&B,, &B,) || D(B,,B,), VEeR,B,B, ¢ E

(iii) D(B, @ B,,u®V) < D(B,,u) + D(B,,V),
VB,,B,,u,veE

(iv) (D, E) is stated as complete metric space.

Definition 5: The function i :[&,,a,] — E is integrable on
[a,,a,] , if it satisfies in the below mentioned relation

Www.astesj.com

j:y/(x)dx =( j:;z(x, r)dx, j:z;(x, Nndx) ()

If y(X) be a fuzzy value function, as well as q(X) be a fuzzy
Riemann integrable on [a,,00] so y/(X) @ q(X) can be a fuzzy
Riemann integrable on [a,, 0] . Therefore,

[, w@aqeix= [ y(x)dxe ["adx  ©

According to the fuzzy concept or in the case of interval
arithmetic, equation B, =B, ®s is not equivalent with

s=B,?B,=B, ®(-1)B,orto B, =B,?s=B, ®(-1)s and thisis

the main reason in introducing the following Hukuhara difference
(H-difference).

Definition 6: The definition of H-difference [32,9], is proposed
by B,?,B,=s< B =B,®s . If B ?, B, prevails, its r -
level is [B, ?,, B,]" =[B!} — B}, B — B3].

Precisely, B,?, B, =0 but B,?B, #0.

Definition 7: Suppose  :[a,,a,]— E and X, =[a,,a,] .
w s strongly generalized differentiable at X,, if for all kK >0
adequately minute, '(X,) € E exists in such a manner that

() 3 w(x+k)?, w(X) , w(%)? w(X —k) and

¥ (%) %4 ¥ (X —k)

: v (X +K)?q v (X0) _ i
lim LTl — |Imk_)0+ 3

k—0* k
=y (%)
or (i) 3y (%) 25 w (X +K), w(X —k)?, w(X) and

v (%K) 2?4 v (%)

: v (X)?q v (%+K) _ 3
lim —_Ilmkw =

k—0* (=k)
= l//’(xo)v
or (i) I w(x, +k)?2, w(X,), w(x,—Kk)?, w(X,) and

lim v (oK) p (%) _ lim v (%0—K)?% v (%)

k—0" k k—0* (=k)
= ‘//,(Xo)
or () 3 (%) 2 w (% +K) 9 (%) %y (%, —k) and
: y (%) v (Xo+k) _ q; y (%) ?n ¥ (X% —K)
“mk—>o+ e (f(li/)Xo - “mk—>o+ - kw =

=y’ (%)

Remark 1:It is clear that case (i) is H-derivative. Furthermore, a

function is (i)-differentiable only when it is H-derivative.
Remark 2: It can be concluded from [32] that, the definition of
differentiability is noncontradictory [33].

Let us consider i : R — E where y(t) has a parametric
formas [y (t,r)] =[w(t, r),w(t,r)] , forall 0<r <1, thus
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(i) If ¥ be (i)-differentiable, so y(t,r) and w(t,r) are

differentiable functions, moreover y/'(t)=(1Z(t,r),y_/'(t,r)) :
(i) If ¥ be (ii)-differentiable, so w(t,r) and r/_/(t,r) are

differentiable functions, moreover y'(t) = (1/7(t, r),xZ(t, r)).
Suppose f :(a,a,) >R is differentiable on (a,a,) .
furthermore ' has finite root in (a,,a,) , and m e E, therefore,
w(x)=mf (x) is strongly generalized differentiable on (a,,a,)
along with y/'(x) =mf'(x) , Vxe(a,a,).

Theorem 1: [9] Assume y : RxE — E is taken to be a

continuous fuzzy function. If X; € R | the fuzzy initial value
constraint

{qﬁ 0=y (x4) o

¢(Xo) = ¢o

is incorporated with two solutions: (i)-differentiable, also (ii)-
differentiable. Hence the successive iterations

) =dy+ [y AWML Vxelx ] o)

and

X
20 =0,% (D] pto, @)t Vxelx,x] (D)
approaches towards the two solutions sequentially.
Definition 8: A Z-number has two components Z = [B(a), p]-
The primary component B(a) is restriction on a real-valued

uncertain variable a. The secondary component |3 is a measure of
the reliability of B. p can be reliability, the strength of belief,
probability or possibility. When B(a) is a fuzzy number and p is
the probability distribution of a, the Z-number is stated as Z*-
number. When B(a) as well as p are fuzzy numbers, the Z-
number is stated as Z~ -number.

The Z* -number carries more information when compared
with Z~ -number. In this paper, we utilize the definition of Z* -
number, i.e, Z=[B,p] B is a fuzzy number and § is a
probability distribution.

To express the fuzzy number the most common membership
functions are utilized in this paper. The popular membership
functions are the triangular function

= A<asi,
¢

iseu. =0(12
%Sagﬂ?othermsey,g 0(12)

Hy = F(%%AF{

Aa~%

and trapezoidal function

Www.astesj.com

= L <a<i
Hy = Fdy Ay, 2, Ag) = {455 4, <a< 4, otherwiseu, =0 (13)

1 A, <a<ij,

The probability measure is defined as
P = 1(2)P(a)da (14)

where P is the probability density of @ , also R is the restriction
on P. For discrete Z-numbers

P(B)=> us(a)p(a) (15)
i=1
Definition 9: The r -level of the Z-number Z = (B, IS) is

illustrated as
(21" =(BI".[pT') (16)

where 0 <r <1.[P]" is computed by the Nguyen's theorem
[F]" = B(BI') = B(IB".B']) =[E’, P } (17)

where p([B]") = {ﬁ(a) lae [B]'}. So [Z]" can be demonstrated
as the form r -level of a fuzzy number

(21 =(Z,Zr){(ﬁr,ér)(ﬁ',srjj (18)

where P =B"f(a,"), P =B'B(a) [a] =(a".a ).

Similar with the fuzzy numbers, the Z-numbers are also
incorporated with three primary operations, addition, subtraction,
and multiplication. The operations in this paper are different
definitions with [34]. The r -level of Z-numbers is applied to
simplify the operations.

Suppose z, =(B,, p,) and z, =(B,, p,) be two discrete Z-
numbers expressing the uncertain variables @, and a,,
>rp(a,)=1 X", p,(a,)=1. The operations are displayed
as

ZlZZZl*ZZZ(Bl*BZI§1*52) (19)
where * €{®,?,?

For all p,* P, operations, we use convolutions for the
discrete probability distributions

P B =2 Bu(a)Pa(a ) = P(d)  (20)
The above definitions satisfy the Hukuhara difference [35],

Zl ?H Zz = le

(21)
2,=2,®Z7,
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If Z,?, Z, prevails, the r -level is
(2.2, 2.1 =[2{-2;,2:-Z2] @)

Obviously, Z,?,Z,=0,2,?Z, #0 .

Also the above definitions satisfy the generalized Hukuhara
difference [7]

)2,=2,82,

2?7 =7, 23
Lo . {2) Zzzzl@(_l)ZlZ( :

It is easy to display that 1) and 2) in combination are genuine if
and only if Z,, is a crisp number. With respect to I -level we
have
12,2, Z,] =[min{Z} — 2}, Z1 — Z2}, max{Z] — Z§,Z1 — Z2}]
and If &4 g 42 and Z, Ay Z; subsist, 7,2, Z, =2,%,,Z, The
circumstances for the inerrancy of 7, =7, ? P Z, €E are
r r r S _Zr or
1) Z,=2,-Z,andZp=2Z1-2;
with ZLincreasin g, Z.decreasing, Z., < Z1 24)

Z,,=21-Zsand Z, =2 -7}

2)
with Z;,increasin g, Z1,decreasin g, Z,, < Z1
where Vr €[0,1]

If B is a triangular function, the absolute value of the Z-number
Z = (B, p) isdefined as

|Z(a)|=(|j'11|+|i12|+|)‘13|1’5(M’21|+M~22|+|/123|)) (25)

If B, as well as B, are triangular functions, the supremum metric
for Z-numbers Z, = (B,, p,) and Z, = (B,, p,) is illustrated as

D(Zl’zz):d(Bl’Bz)+d(51152) (26)
in this case d(-,) is defined as the supremum metrics with fuzzy
sets[3]. D(Z,,Z,) is incorporated with the following possessions

D(z,+72,2,+7Z)=D(Z,,Z,)
D(Zz' Z1) = D(Z:L’ Zz)
D(ézlaézz) :| gl D(le Zz)
D(Z,,Z,)<D(Z,,2)+D(Z,Z,)

where £ eR , Z=(B,p) is Z-number and B is triangle
function, for proof refer to [36].

Definition 10: Suppose Z demonstrates the space of Z -
numbers, then the r— level of Z -number valued function

¥ :[a,,a,] > Z isdefined as
P(gr) =[L(1), ¥ (4.0

Www.astesj.com

where g Z ,and r e[0,1] .

Based on the definition of Generalized Hukuhara difference,
the gH-derivative of ¥ at ¢, is defined as

1
Y'(py) = L'_'EE[\P(% +h) [ ¥(p,)] @7)

In (27), W (¢, +h) and ¥(4,) represents similar style with Z;
and Z,respectively defined in (laiop).

By implementing the r — level (16) to initial value problem,
@' (t) =w(t, #(t)) , we generate two Z-number valued functions:

wlt. 4@ n.g@ ] and ylt.g(a,r). 4@ n)

The initial value problem can be equivalent to the following
relation

){qs vt #(a,r),4(a,r)
§ =ylt.g@r).ga,r)
){qﬁ =ylt.g(ar).d@r)
§ =yt g@r).ga,r)

3. Fuzzy Sumudu transform

(28)

Fuzzy initial and boundary value problems can be resolved by
utilizing fuzzy Laplace transform [10]. In this paper, the FST
methodology for Z-number is illustrated, furthermore the
properties of this methodology is stated. By applying the FST
methodology, the FDE based on Z-number is reduced to an
algebraic equation. The main advantage of the FST is that it can
resolve the equation without resorting to a new frequency domain.
The methodology of converting FDEs to an algebraic equation is
expressed in [10].

Definition 11: Suppose /(t) be a continuous Z-number
valued function, also, y/(Bt)?e™
Riemann integrable on [0, 0) . Accordingly, [7(Bt)?e™dt is
expressed as FST and it is defined by
Q(B) =S[y (t)] = [sw(Bt)?e 'dt , where 0< B <K, K>0

be an improper Z-number

, also e" is a real-valued function. Based on the Theorem 3 we
have the following relation

[ :y/(Bt)?e“dt =( :y_/(Bt, ryedt, | :’f/?(Bt, retdt) (29)

Let
S[y (t.r)]=[;w(Bt,r)edt
Sl (t, 1] =[;w (Bt r)e 'dt

hence we obtain the following relation

(30)

Sly 1= Sy . ),Syt.N) @Y
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Theorem 2: Suppose ¥'(t) be a Z-number valued integrable
function, as well as  (t) be the primitive of ¥'(t) on [0,) .
Therefore,

Sy O1= 2 S 1 2y @) 62
where X is considered to be (i)-differentiable, or

Sl 1= = 12D 69
where v is considered to be (ii)-differentiable.
Proof. For arbitrary fixed I € [0,1] we have
L2y (O 2w 0)
= (Sl N1-4Sly N 3Sly (. Nl-§ Sl .1
We have the following relations
STy (t.]= Sl (. )] -4 [v (O.1)]
Sly (&, "]=5 Sy (t,N]-5lw(0.1]

Hence, we obtain

35)

228l O 2p(0) = Sly LSy @0 39)
If X is considered to be (i)-differentiable, so
1 1
5 Sy OIAG 2w (@) =S'®] @)

Let X is (ii)-differentiable. For arbitrary fixed « €[0,1] we
abtain %?[l/f_(O)]?(%?S[t/i(t)]) 38)
=(Fw(O.N+5Swt.N].FyO.r+5Sw(tn])
The above equation can be written as the following relation
5w (0175 ?Sly ()]
= (SIy (. N]-$w (0.1, £ Sly (. N]-$¥(0,1))
We obtain

(39)

Sy (t,1)]=£S[y (¢, 1)]-Lw(0,r)
SIy (t, 1)1 =3 Sly (t, NI - 2w (0, 1)

So, we have

(40)

CrO S O) =S €DLSy €r) - @D
Hence
CrOCSO) =S (Ol 60D @2

Since s (ii)-differentiable, therefore,
www.astesj.com

(v O A28y (D) =Sy ') @3)

Theorem 3: Taking into consideration that Sumudu transform
is a linear transformation, so if i/ (t) and 9(t) be continuous Z-

number valued functions, moreover K, aswell as K, be constant,
therefore the following relation can be obtained

SI(k, 2y (1)) ® (k, 29(t)] = (k, ?S[y (O]) ® (k, ?S[9(1)])  (44)
Proof. We have
S[(k, 2y (1)) ® (k, 2.9(1))]
= j;“(k1 ?2¢(Bt) DKk, 2 9(Bt))?edt
= j;°k1 2w (Bt)?e'dt® jka2 ?9(Bt)?edt
=k, ?(j;on//(Bt)?e"dt) DKk, ?(jjS(Bt) ?e7'dt)
=k, ?S[w ()] Dk, ?S[I(1)]
Therefore, we conclude
SI(k, 2w (1) ® (k, 29(t)] = (k, ?S[y (O)]) ® (k, ?S[9(1)]) ~ (46)
Lemma 1: Assume that y (t) is a continuous Z-number value
function on [0,0) , also ¥ > 0 , thus
Sy 2w ()] =y ?S[w (1)] (47)

Proof. Fuzzy Sumudu transform y ?y/(t) is defined as

(45)

Sy ?y ()] = j:ﬂl//(Bt) ?e'dt (48)
furthermore, we have
[ :y?y/(Bt)?e’tdt =7?| :W(Bt)?e’tdt (49)
therefore,
S[y ?w ()] = 7 ?Sly (V)] (50)

Lemma 2: Assume that(t) is a continuous Z-number valued
function, and $(t)>0 . Furthermore, if we suppose that
(w(t)?9(t))?e™" is improper Z-number Reiman integrable on

[0,00) , then
[3(w(Bt)?9(Bt))?edt -
= ([79(Bt)w (Bt, r)e 'dt, [79(Bt)y (Bt, r)edt)

Theorem 4: Suppose /(t) is a continuous Z-number valued
function, also S[y (t)]= D(B) , therefore,
1 B

S[e* 2y ()] = Y D(l—alB) (52)

at . . .
where €™ is considered to be a real value function, also

1-aB>0.
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Proof. We have the following relation
S[e™ 2y (1)] = [,*"e "y (Bt)dt

_ (53)
= (Jze 'y (Bt, r)dt, [re ¥y (Bt, r)dt)

Let us consider Z=1—a,Bt , then
S[e™ 2y (1)]
= 5 (0w (25 e dz, [y (25 r)e"dz) (54)
={r%s D(r2p). 45 D(2p)} = 5 D(=2p)

4. Solving fuzzy initial value problem with fuzzy Sumudu
transform method

Consider the following fuzzy initial value problem based on Z-
numbers

55
O0<r<i1 (5)

#(0) = (4(0, ), $(0, 1)),

where w(t,4(t)) is a Z-number function. By utilizing FST
method for Z-numbers, we obtain

S[¢' ()] =Sl (t, #(1))] (56)

The solving process of Eq. (56) is based on the following cases.

{ #'(t) =y (t 4(t)),

Case 1: Assume that ¢'(t) is (i)-differentiable. Base on the
Theorem 3 we extract

#(t) = (4 )6 (t,r) (57)

, 1 1
Sle'(H)]= (E ?Slp()]) ’s ¢(0) (58)
Eqg. (58) can be displayed as the following relation

{S[g (t, ¢(t), 1= S[g(t, N1 -5 4(0,2)

= = = (59)
Sy (t, 4(t), 1] = 5 S[¢(t. )] -5 4(0.1)

where

w(t, (), r) = min{y (t, B) | B  (¢(t, 1), #(t, 1))} (60)
v (t, (1), r) = maxfy (t, B) | B € (4(t, 1), #(t, 1))}

Accordingly, Eq. (60) can be resolved on the basis of the
following assumptions

S[g(t,r)]=U,(B,r) (62)
S[g(t,r)]=U,(B,r) (62)

where U,(B,r) , as well as U, (B, ) are the Z-number solutions
of the Eq. (60). By applying inverse Sumudu transform, ¢(t,r) as

well as g(t, r) are computed as

Www.astesj.com

¢(t,r) =S7[U,(B,r)] (63)

#(t,r) =S7U,(B,1)] (64)

Case 2: Assume that ¢'(t) is (ii)-differentiable. Based on the
Theorem 3 we extract

#(1) =@ E.g ) 65)
Sl (0] = (5 20O A ?Slp®) (69
Eq. (66) can be displayed as the following relation
{S[g(t,w),r)]=%S[g<t,r)]—%g(o, D e
STy (t, ¢(t), )] = £ S[A(t, 1)] - £ #(0, )

where

w(t, 4(),r) = min{y (t, B) | B e (4(t, 1), 4(t, 1)}
w(t, (), r) = maxfy (t, B)| B e (4(t,1), 4(t, 1))}

Accordingly, Eq. (68) can be resolved on the basis of the following
assumptions

S(a(t,r) =V,(B,r)
S(#(t,r) =V,(B.r)

where V,(B,r) , and V,(B,r) are the Z-number solutions of the
Eq. (68). By applying inverse Sumudu transform, @(t,r) as well

(69)

as @(t, r) are computed as

$(t.1) =S[V;(B,1)]
p(t.r) =SV, (B,1)]

(70)

5. Examples

The following examples have been used to narrate the
methodology proposed in this paper.

5.1. Example 1

A tank with a heating system is dlsplayed in Figure 1, where

R=0. 5 , the thermal capacitance is C =2 alsothe temperature is
v . The model is formulated as follows[10, 37],

{ ¢'(t) =—2= (1), 0<t<T -

$(0) = [($(0,1),$(0.1)), p(0.8,0.9,1)]

By utilizing the FST method based on Z-number we obtain
S[g'(D)] = S[-¢(1)] (72)
S[¢'(Bt)]©etdt (73)

where 0 < B < K . By considering case 1 for Z-numbers the
following relation is obtained

71


http://www.astesj.com/

S. Razvarz et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 3, No. 1, 66-75 (2018)

S[e'(t)] = %?(S[w(t)]?(p(o)) - ésw(t)]?%mm (74)

Therefore
1 1
=S[p(t)]= ES[(/J(t)]?E 9(0) (75)
Based on the Eq. (59), we have
=S[4(t.N] =5 S[4(t. N1~ ¢(0.1) 76)
—S[¢(t, )] =5 S[4(t,)]-5¢(0.r)

Thergfore, the Z-number solution of Eqg. (76) is extracted as
[(S[#(t, r)],S[Q(t, r)]), p(0.8,0.94,1)] where

> Output flow
A

Mixer

&\\\\\\\\\\\\\\\\\\\\\\\\\\‘

7
Input flow 3

Fig. 1. A tank with a heating system

= (77)
S[B(t, 1] = (L), 1) + (L) (0, 1)

By utilizing the inverse Sumudu transform for Z-numbers, we
have

{sm, Nl=(2)0.1) + (:2)¢(0,1)

S[A(t, 1] = $(0.1)S () +4(0.NS ™ (52) 9
S[g(t,r)]=$(0,1)S™ () +4(0,1)S (-2~
where
a(t’ r) _ et ({E(O,I’);Q(O,I’)) n eft (;(OYV)ZQ(O:V)) 79

?(t, r) — et (Q(O,I’);MO,I’)) + e—t (Q(O,I’);—MO,I’))

By considering case 2 for Z-numbers the following relation is
obtained

Sl (t)] = (‘El Slp(®)]) ?(‘El o(0)  (60)

Hence

-1 -1
—Sle] = (5 SleMD A5 #(0) 6
Based on the above relations, Eq. (71) is illustrated as

{—S[g(t,r)]=%S[g(t,r)]—%g>(0, 2
-S[p(t, ] = £ SIH(t. NI £ 40.1)

Www.astesj.com

So, the Z-nuTber solution of Eq. (82) is displayed as
[(S[¢(t,r)1.S[4(t, 1)), p(0.8,0.9,1)] where

{S[g(t,rn:g(o, k)
SIp(t. 1)1 =961

By utilizing the inverse Sumudu transform for Z-numbers, we have

(83)

{g(t,r)=g(o, NS (%) "
#(t.r)=4(0.1)S" (5
where
{Q(t, r=e"¢0r) -
p(t.1) =" $(0,r)

If the initial condition is taken to be a symmetric triangular Z-
number as ¢(0) =[(-a(L-r),a(l-r)), p(0.8,0.9,1)], so

Case 1:

t,r)=e'(-a(l-r
#(t.r) =€ (-a(t-1)) )
g(t,r)=e'(all-r))
Case 2:
Table 1. Approximation errors based on Z-numbers
a FST Average Euler
0 0.0078,0.0195),p(0.8,0.86,0.94)] | [(0.0138,0.0215),p(0.7,0.8,0.87)]
0.2 0.0085,0.0169).,p(0.75,0.8,0.9)] | [(0.0188,0.0286),p(0.7,0.8,0.87)]

0.8 0.0091,0.0123).p(0.7,0.75,0.8)] | [(0.0148,0.0189),p(0.6,0.7,0.8)]
0.0132,0.0132),p(0.7,0.8,0.9)] (0.0710,0.0710),p(0.6,0.75,0.87)]

[( [
[( [
0.6 | [(0.0058,0.0115)p(0.8,09,)] | [(0.0182,0.0198),p(0.7,0.8,0.92)]
[( [
[( [

g(t.,r)=e"(a(-r))

Approximation errors based on Z-numbers are shown in Table 1.
These errors are the differences between the exact and the
approximation solutions, for two different methods: FST and
Average Euler method [38].

The following formula is utilized to transfer the Z-numbers to
fuzzy numbers,

{q_ﬁ(t, r=e'(-al-r) @)

o 197:()dg

[ 70 ($)d¢b
By taking in to considerationZ = (B, p) =[(0.0078,0.0195),
p(0.8,0.86,0.94)] , we obtain Z° =[0.0078,0.0195;0.86]

accordingly 7'=[+/0.86 0.0078,/0.86 0.0195]. Approximation errors
based on fuzzy numbers are shown in Table 2.

Figure 2 shows the corresponding error plots based on fuzzy
numbers. FST is more accurate than the Average Euler method.
Figure 3 and Figure 4 demonstrate the corresponding solution plots
based on fuzzy numbers.

72


http://www.astesj.com/

S. Razvarz et al. / Advances in Science, Technology and Engineering Systems Journal Vol. 3, No. 1, 66-75 (2018)

By implementing Z-numbers the degree of reliability of the
information can be increased [39, 40]. The comparison between
the Z-number Z =[(0.0078,0.0195), p(0.8,0.86,0.94)] and fuzzy
number [0.0072,0.0180] is displayed in Figure 5. It can be seen
that the Z-number incorporates with several information, also the
solution related to the Z-number is more precise. The membership
function regarding the restriction in the Z-number is considered to
be s, =[0.0078,0.0195]. It can be in probability form.

Table 2. Approximation errors based on fuzzy numbers

a FST Average Euler
0 [0.0072,0.0180] [0.0123,0.0192]
0.2 [0.0076,0.0151] [0.0168,0.0255]
0.6 [0.0055,0.0109] [0.0162,0.0177]
0.8 [0.0078,0.0106] [0.0123,0.0158]
1 [0.0118,0.0118] [0.0614,0.0614]
4 x10° ~8— Average Euler method
3.6 = FST method
32
= 28
£ 24
E 2
1.6
Z 12
“oos
0.4
[
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Alpha

Fig. 2. The lower and upper bounds of absolute errors based on fuzzy numbers
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Fig. 3. The solution of FDE under case 1 consideration based on fuzzy
numbers

0.8
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0.4
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-
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Fig. 4. The solution of FDE under case 2 consideration based on fuzzy
numbers
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Fig. 5. The comparison between the Z-number and fuzzy number

5.2. Example 2

A tank system is displayed in Figure 6. Suppose | =t+1 is
inflow disturbances of the tank that generates vibration in liquid
level ¢ , also H =1 is the flow obstruction, which can be curbed
utilizing the valve. Q =1 is the cross-section of the tank. The
liquid level is illustrated as following relation [41, 42],

#(t)=—a7 (1) +3, 0<t<T

#(0) =[(#(0,r),4(0,r)), p(0.85,0.91,1)]

By utilizing the FST method based on Z-number we obtain

i;—lﬂ

Valve

Fig. 6. Liquid tank system

~S[(t)] = (%?S[qo(t)]) ?(% SO (©9)

SIF ([, (BH)e "t (%0)

By considering case 2 for Z-numbers the following relation is
obtained

S/ (] = (7Sl 25 SlpOD) @1
So
~S[p(V]+SIt1+ S = (5 2Slp ) 25 Slp(0)) (42)

Based on the Eq. (59), we have
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~S[g(t, NI+ S[t]+ S[1] = § S[4(t. 1] - 5 4(0.1)
—S[g(t, r)]+ S[t]+ S[1] = § S[¢(t, )] - 5 (0, 1)
Therefore, the Z-number solution of Eq. (93) is extracted as
SLg(t,r)]=S[t] + S[U] + 5 S[g(t. )]~ 3 4(0.7)
S[g(t, r)]=S[t]+ S[1]+ 5 S[#(t, )] -5 4(0,1)

hence,

(93)

(94)

S[p(t.1)] = (s:)$(0.1) + B
SIA(t.N)] = ()(L.) + B

By utilizing the inverse Sumudu transform for Z-numbers, we
obtain

(95)

#(6,1) = 4(0.1)S ™ (5) +S7(B)
#(t,1)=¢(0,1)S ™ (537) +S 7 (B)

z(t, r= eftg(o, r)+t (97)
p(t,r)=e"¢(0,r) +t

If the initial condition is taken to be a symmetric triangular Z-
number as ¢(0) =[(-a(l-r),a(l-r)), p(0.85,0.9,1)], , so
j— —t — —
Q_(t, r)=e " (-all-r))+t (98)
gt,r)=e"(al-r)+t
Approximation errors based on Z-numbers are shown in Table
3. These errors are the differences between the exact and the
approximation solutions, for two different methods: FST and

Max-Min Euler method [38]. Figure 7 shows the Corresponding
solution plot based on fuzzy numbers.

(96)

Where

Table 3. Approximation errors based on Z-numbers

a FST Max-Min Euler
0 | [(0.0053,0.0128),p(0.8,0.85,0.9)] | [(0.0108,0.0195),p(0.8,0.9,1)]
0.2 | [(0.0019,0.0127),p(0.7,0.81,0.9)] | [(0.0072,0.0138),p(0.6,0.7,0.8)]

[ [
[ [
0.4 | [(0.0031,0.0089).p(0.8,0.9,1)] [(0.0113,0.0123),p(0.7,0.8,0.91)]
0.6 | [(0.0008,0.0027).p(0.8,0.9,1)] [(0.0043,0.0078),p(0.7,0.8,0.9)]
[ [
[ [

0.8 | [(0.0049,0.0079).p(0.7,0.8,0.86)] | [(0.0069,0.0099),p(0.6.0.7,0.8)]
(0.0109,0.0109),p(0.7,0.8,0.9)] | [(0.0587,0.0587),p(0.6,0.75,0.8)]

0.8

0.6

0.4

0.2

X 0 -05 y(x) for a=0.5

Fig. 7. The solution of FDE under case 2 consideration based on fuzzy
numbers
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6. Conclusion

In this paper, a novel method based on the FST is proposed in
order to find the solution of the first order FDESs on the basis of the
Z-numbers. The new method is clarified by utilizing the concept
of strongly generalized differentiability. By using the FST method,
the FDE converts to an algebraic problem. Some essential
theorems are laid down in order to demonstrate the properties of
the FST. Two real examples are applied to demonstrate the
effectiveness of the proposed technique. This work has a
significant contribution in initializing a superior starting point for
such extensions.
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