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Effect of potential screening on the H2 autoionizing states
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We study the behavior of autoionizing states of the hydrogen molecule subject to screened Coulomb interactions
using an ab initio Feshbach configuration interaction method. Special attention is given to the algorithms
developed for the evaluation of (i) screened molecular orbitals expressed in terms of one-center expansions using
B-spline polynomial basis functions and (ii) screened two-electron integrals between configurations expressed in
terms of such molecular orbitals, by solving the screened Poisson equation. As an illustration of the method we
focus on the lowest Feshbach resonance of the Q1

1�+
g series of doubly excited states of H2, which lies between

the first H2
+ (1sσg) and the second H2

+ (2pσu) ionization thresholds. We show that Coulomb screening in the
electron-proton interaction and between electrons may significantly alter the resonance position and autoionizing
decay as a function of internuclear distance. In general, screening increases the resonance lifetime. However, when
electron-proton screening dominates over electron-electron screening, we find that the Q1 resonance acquires
a pronounced shape-resonance character at internuclear distances where the resonance approaches the lower
ionization threshold, thus leading to a pronounced decrease of its lifetime.

DOI: 10.1103/PhysRevA.96.052503

I. INTRODUCTION

The screening of Coulomb interactions appears as a
fundamental concept that arises ubiquitously in the electronic
structure of many-body systems, from atoms to molecules,
from clusters to metals, and from plasma to electrochemical
environments. The screening of the long-range Coulomb
forces in those systems may produce effects on their structure
and dynamics, still unexplored or unexpected. For instance,
the electroweak addition to the interaction between electrons
and nuclei mediated by the exchange of a boson (still to
be measured in high-precision atomic spectroscopy) has the
form of a Yukawa potential. In this work we are interested
in screening effects on few-body molecular systems. For
instance, there is already a vast literature on plasma screening
in atoms, and specifically in the analysis of superexcited
resonance states in two-electron atoms (see [1] and references
therein). On the contrary, screening effects on molecular
resonance states have not been addressed so far, even in the
most simple case of two-electron diatomic molecules.

The coupling constant for a plasma (ratio between the
average Coulomb-interaction energy and the average kinetic
energy) that obeys the classical statistics at temperature T

is γ = (Ze)2/kBT a, where Z is the atomic charge, kB is
the Boltzmann constant, and a = (4n/3)−1/3 is Wigner-Seitz
radius of the ion sphere with volume 1/n [2]. Classical plasmas
with γ � 1 are named weakly coupled plasmas. Screening in
this case may be appropriately accounted for with the Debye-
Hückel model [3]. In this model, the screening parameter can
be expressed in terms of the density and the temperature of
the plasma in the form λ = [4π (Ze)2n/kBT ]

1/2
. Since this
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screening parameter depends on the ratio between the plasma
density n and temperature, the same λ value can meet the
conditions of a variety of plasmas. In the present study of
resonances in H2, the values for λ are limited within the range
[0,0.25], since beyond the upper limit the Feshbach resonant
states lying below the second ionization threshold cease to
exist.

Our results may be useful in the analysis of weakly ionized
molecular plasmas, under conditions of weak coupling with
medium-high temperatures and high densities (hot dense plas-
mas), and for those cases in which the Debye approximation
for a plasma remains valid [2,4]. These conditions may be
met in laser-produced plasmas, stellar atmospheres, or at
the edges of Tokamaks in the inertial confinement fusion,
where the molecular hydrogen H2 and its ionized form H2

+ are
typical chemical species. In these plasmas electron-molecule
collisions take place as a fundamental process. In this respect,
resonances in H2 can be readily formed by collisions of
low-energy electrons with the parent molecular ion H2

+.
Very recently, we have explored the simplest of all

molecules, H2
+, subject to screened Coulomb interactions

and we have found unreported shape resonances, Borromean
states, and an unusual Stark mixing at intermediate inter-
nuclear distances [5]. In the simple Debye-Hückel approx-
imation, screening is described by replacing the Coulomb
potentials by Yukawa-like potentials (V = qiqj e

−λrij /rij ) for
each pair of charged particles {qi,qj } separated by a distance
rij . The lack of exactly solvable problems, including screening
effects, has been perhaps the reason for the little attention
paid in the literature to solve, from first principles, complex
molecular systems under the effect of screening interactions.
Moreover, the vast majority of molecular computational
packages are based on (one-center and multicenter) molecular
integrals with Coulomb interactions. Only a few works have
dealt with these integrals in molecules. Previous work has
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made use of (multicenter) Gaussian basis functions to evaluate
screened nuclear attraction and electron repulsion molecular
integrals [6]. This methodology has been used to study the
variation of the ground-state energy of the hydrogen molecule
under Yukawa screening by using full configuration interaction
methods (FCI) [7].

In this work we are interested in superexcited states that
lie in the electronic continuum, for which Gaussian basis
sets are not well suited in general, since they are not able to
describe their asymptotic oscillatory behavior. Instead we use
one-center B-spline basis functions (piecewise polynomials)
enclosed in a large electronic box. Thus, a big deal of
attention is invested here in devising an efficient and accurate
method for the evaluation of screened nuclear attraction and
two-electron integrals using one-center molecular orbitals
described with B-splines. With this aim, we have extended
a method previously designed for pure Coulomb interactions
[8,9] by solving the corresponding Poisson equation for an
auxiliary function entering in the two-electron integrals. In this
work we derive the radial screened Poisson equation and its
corresponding solution for the screened case. This procedure
has been introduced in our suite of molecular configuration
interaction codes [10], reducing the computational effort by
orders of magnitude against a direct numerical evaluation of
the screened integrals.

To give support to our method of solution, we have applied
it to the analysis of the lowest lying, doubly excited state of
the Q1

1�+
g Rydberg series, for which resonance parameters,

energies, and widths are computed under different conditions
for the electron-proton and electron-electron screenings. The
variation of the resonance parameters with the amount of
screening is understood by means of simple models, which
also provide effective potentials that, under specific screening
conditions, can exhibit potential barriers for the continuum
electron.

The paper is organized as follows. In Sec. II we describe
our methodology. The first part is devoted to the construction
of screened molecular orbitals (Sec. II A), the second one to
the method for calculating energies and widths for molecular
resonance states (Sec. II B), and the third one to the method de-
veloped to compute screened two-electron repulsion integrals
(Sec. II C). In Sec. III we apply these methods to study the
lowest molecular resonance in H2 under different screening
conditions. We end up with some conclusions in Sec. IV.
Atomic units (a.u.) are used throughout unless otherwise
explicitly stated.

II. THEORY

We are interested in how screening effects affect the physics
of molecular resonance states. These states, although partially
localized in space, belong to the molecular electronic contin-
uum. Here we solve the nonrelativistic electronic Schrödinger
equation for a two-electron diatomic system AB (we firstly
assume the validity of the Born-Oppenheimer approximation)
for a state in the electronic continuum. This equation for two
electrons in the screened field of two nuclei (A and B) with
charges ZA and ZB reads

[Ĥ ({r}; R,{λ}) − E]�({r}; R,{λ}) = 0, (1)

with the Hamiltonian given by

Ĥ ({r}; R,{λ}) =
∑
i=1,2

ĥ(ri ; R,λp) + e−λer12

r12

+ ZAZBe−λN RAB

RAB
, (2)

where {r} compactly indicates the coordinates for the two
electrons, i.e., {r1,r2}, and similarly {λ} is the set {λp,λe,λN }
of electron-nuclei, electron-electron, and nucleus-nucleus
screening parameters, respectively. Also, r12 and RAB cor-
respond to the interelectronic and internuclear distances,
respectively. Each one-electron Hamiltonian is given by

ĥ(ri ; R,λp) = −1

2
∇2

ri
− ZAe−λpriA

riA
− ZBe−λpriB

riB
, (3)

for i = 1,2, where riA and riB stand for the electron-nucleus
distances. The latter Hamiltonian is also associated to an
eigensystem for the screened molecular orbitals, i.e.,

[ĥ(ri ; R,λp) − εk]ψk(ri ; R,λp) = 0. (4)

The one-electron two-center screened Coulomb problem
represented by Eq. (4) has been comprehensively studied by
us in a recent work [5]. Our approach to solve that problem
was based on a partial-wave expansion in terms of confocal
elliptic coordinates, naturally adapted to solve two-center
problems. However, to solve the two-electron two-center
screened Coulomb problem for the electronic continuum using
confocal elliptic coordinates is rather complicated, although
feasible for bound and quasibound states [11,12]. It has been
shown that one-center spherical partial-wave expansions are
better suited for the description of the molecular electronic
continuum [10,13]. Since we are interested here in resonances
immersed in the electronic continuum, we adopt this approach.

The nuclear repulsion term in Eq. (2) will be removed
in the following since here we are only concerned with the
electronic structure. Nevertheless, it may play a significant role
when considering the nuclear motion due to the removal of the
Coulomb long-range interaction (see, for instance, our work
on screened H2

+ [5]). In principle, the screening parameter λ

should be physically different for the three types of Coulomb
interaction terms (electron-nucleus λp, electron-electron λe,
and among nuclei λN ) due to the different mobility of the
charged particles involved. Therefore, we expect λp > λe

because, due to their different masses, nuclei have longer
reaction times than electrons to induce screening.

To unveil the influence of screening on resonances in two-
electron diatomic molecules, one must be aware in advance
that the resonance autoionization process is purely due to
electron correlation, so that the electron-electron repulsion
term in the Hamiltonian plays a fundamental role. Screening
enters in two levels: first, the electron-nucleus screening
(with λp) modifies the nature of the molecular orbitals that
enter into the two-electron configuration interaction; second,
the screened interelectronic term (with λe) is evaluated not
only to obtain electron-correlated resonance and continuum
two-electron wave functions (both resonance states and the
underlying continuum are treated on equal footing with respect
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to screening), but also to obtain the resonance widths by using
Fermi’s golden rule as shown below.

A. One-center screened molecular orbitals

We make use of one-center partial-wave expanded molec-
ular orbitals ψ(r) of the form [13]

ψmπ (r,θ,φ) =
∑

�

u�(r)

r
Ym

� (θ,φ), (5)

where the reduced radial part u� is expanded using NB B-
splines with polynomial order k, i.e., u�(r) = ∑NB

i=1 ci,�B
k
i (r).

For homonuclear molecules, ZA = ZB, and for nuclear masses
MA = MB, the symmetry with respect to the inversion center
operator î classifies molecular orbitals as gerade with π = g

(ungerade with π = u), so that only partial waves with
even (odd) values of angular momentum � contribute to the
expansion. Molecular orbitals for different values of λ =
|m| (λ = 0,1,2 . . . correspond to σ,π,δ . . . , respectively) are
computed separately. B-splines are built within an electronic
box in the interval [0,rmax] satisfying the boundary conditions
by ensuring Bk

i (0) = 0 and Bk
i (rmax) = 0 ∀i. For a detailed

discussion of the properties and applications of B-splines the
reader is referred to Ref. [13]. The projection of Eq. (4) on this
basis set transforms its solution into an algebraic eigenvalue
form (T + V)C = ESC. The matrix elements of the overlap S
and the kinetic operator T,

Si�,j�′ = δ�,�′

∫ rmax

0
dr Bk

i (r)Bk
j (r) (6)

Ti�,j�′ = δ�,�′
1

2

[ ∫ rmax

0
dr ∂rB

k
i (r)∂rB

k
j (r)

+ �′(�′ + 1)
∫ rmax

0
dr

Bk
i (r)Bk

j (r)

r2

]
, (7)

are independent of the screening parameter λ and block-
diagonal in angular momentum. These radial integrals are
evaluated very efficiently using Gaussian quadratures [13].

To calculate the nuclear attraction potential we make use of
the expansion (see Appendix A) [14]

e−λ|r−r′|
|r − r′| =

∞∑
�=0

f�

(
r,r ′; λ

)
P�(r̂ · r̂′), (8)

with

f�(r,r ′; λ) = λ
2

π
[�]i�(λr<)k�(λr>), (9)

where i�(x) and k�(x) are the modified spherical Bessel
functions of the first and second kind, respectively, and P�(x) is
a Legendre polynomial, r< = min(r,r ′), and r> = max(r,r ′).
Throughout this work we use the contracted notation [�] =
(2� + 1), whenever an angular momentum label is inside the
square brackets. Although formally this screened expression
for f� reduces identically to the well-known unscreened one
r�
<

r�+1
>

in the limit λ → 0, it is not appropriate for numerical
evaluation of the unscreened case since it may lead to overflows
because k�(x → 0) → ∞. We have evaluated successfully
and accurately the function f�(r,r ′; λ) for a large array of

(r,r ′) quadrature points within the box [0,rmax], for different
screening parameters λ, and for several values of the angular
momentum �. It is definitely a well-behaved function for our
computational tasks, and thus we adopt this expression to
solve our problem. The internuclear distance R is oriented
along the z axis, and the origin of coordinates is located at
the nuclear center of mass, with nucleus A on the negative z

axis and nucleus B on the positive side. Thus the electron
with position vector r feels the nucleus A with screened

charge ZAe
−λp |r+ MB

MA+MB
Rẑ| and nucleus B with a charge

ZBe
−λp |r− MA

MA+MB
Rẑ|. In the present work we deal with H2, so

that ZA = ZB = 1 and MA = MB and thus the nuclear center
of mass coincides with the geometrical midpoint.

Consequently, the nuclear attraction potential V has matrix
elements in the form

Vi�,j�′ =
∫

dr
Bk

i (r)

r
Ym∗

� (�)
e−λp |r± R

2 ẑ|∣∣r ± R
2 ẑ

∣∣
Bk

j (r)

r
Ym

�′ (�)

=
∞∑

�′′=0

I
ang
�,�′′,�′I

rad
i,�′′,j , (10)

where the plus (minus) sign is taken for the proton on the
negative (positive) z axis. The angular integral I

ang
�,�′′,�′ in

Eq. (10) has the closed form

I
ang
�,�′′,�′ =

∫
d�Ym∗

� (�)P�′′ (± cos θ )Ym
�′ (�)

= (±1)�
′′
(−1)m[�,�′]1/2

(
� �′′ �′
0 0 0

)(
� �′′ �′

−m 0 m

)
,

(11)

where we have used the shortened notation [k1,k2, . . .] =
(2k1 + 1)(2k2 + 1) . . . From Eq. (11) it is clear that the length
of the partial-wave expansion for the molecular orbital in
Eq. (5) determines the representation of the nuclear potential.
The matrix V is not block-diagonal in angular momenta, but
from our analysis of the behavior of the f� function the matrix
elements closer to the diagonal � = �′ are the ones more
affected by the screening. The radial integral I rad

i,�′′,j in Eq. (10)
can be evaluated by splitting the integral in the symmetric form

I rad
i,�′′,j =

∫ rmax

0
drBi(r)f�′′

(
r,R/2; λp

)
Bj (r)

= k′
�(λp,R/2)

∫ R/2

0
drBi(r)i ′�(λp,r)Bj (r)

+ i ′�(λp,R/2)
∫ rmax

R/2
drBi(r)k′

�(λp,r)Bj (r), (12)

where we have dropped the index k for the polynomial order
of B-splines, and we have defined the auxiliary functions
i ′�(λ,r) = i�(λr) and k′

�(λ,r) = 2
π
λ[�]k�(λr). The integrals

included in Eq. (12) can be performed numerically with the
same quadratures used for Eq. (7), since the evaluation of the
modified spherical Bessel functions i�(x) and k�(x) [which are
real valued in contrast with other known alternative expansions
of Eq. (8) (see Appendix A)] can be obtained using standard
numerical libraries [15] at any required real-valued grid point.
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B. The two-electron problem with screening: Feshbach method

In the present work we deal with H2, a homonuclear
diatomic molecule, that belongs to the continuous point group
D∞h. Accordingly, the eigenstates � (for bound, resonance
and continuum states) of Eq. (1) are classified according to
spin, inversion parity, and an irreducible representation of
D∞h, i.e., we use the notation 2S+1�π , where S corresponds
to spin (singlet S = 0 or triplet S = 1), � = |ML| takes the
values 0 (�), 1 (�), 2 (�), . . . and for the inversion parity,
states can be gerade (π = g) or ungerade (π = u). For �

states, there exists also a distinction between eigenstates being
symmetric (�+) or antisymmetric (�−) against a reflection
through any plane containing the internuclear axis. Our present
study will report only energies and widths of the lowest
resonance with symmetry 1�+

g in H2.
To compute resonance energies and widths we closely

follow the L2 multichannel close-coupling method developed
in [10,16], as adapted from the two-electron atomic context
[17] (see also Ref. [13]). The method is inspired by the
stationary Feshbach projection method, which has recently
been applied by us to three-electron atoms [18] (in a complete
form) and even to screened atomic helium using explicitly
correlated coordinates [1]. Since the theory is explained in
detail in the previous references we only give some guidelines.
The total resonance wave function � in Eq. (1) is separated
into a boundlike part (Q half-space) and a scatteringlike part
(P half-space) in the form � = Q� + P�, where Q and P
are projection operators satisfying completeness (P + Q =
1), orthogonality (PQ = 0), and idempotency (P2 = P and
Q2 = Q). The working equations derived from Eq. (1) with the
molecular Hamiltonian (2) projected onto these half-spaces are

(QĤQ − Es)�s = 0, (13)

P
[
Ĥ + ĤQG

(s)
Q (E)QĤ − E

]
P�0−

μE = 0, (14)

for a boundlike part �s ≡ Q� of the resonance with energy
Es and for the nonresonant scatteringlike part P�0−

μE of the
continuum at energy E ≈ Es satisfying incoming boundary
conditions for the scattering channel μ. The energy-dependent
operator G

(s)
Q (E) for the resonance �s is explained below.

The molecular continuum has intrinsically a multichannel
character. Each channel index μ in Eq. (14) is a contraction
of labels, e.g., μ = {ν,�,λ,π,σ,S,MS}, where ν collects the
quantum numbers of the target (H2

+ ion) state, � is the angular
momentum of the escaping electron, λ is the absolute value
of the z component of the total angular momentum, π is the
label for the inversion parity, σ the reflection symmetry with
respect to a plane containing the internuclear axis, and S and
MS refer to total spin and its z projection, respectively. The
autoionization width of a resonance with energy Es

1 is given
by Fermi’s golden rule:

�s =
∑

μ

�sμ = 2π
∑

μ

∣∣〈Pψ0−
μE=Es

∣∣PHQ|�s〉
∣∣2

, (15)

1Formally, the resonance energy is corrected by an energy shift such
that Es = Es + �s . This energy shift �s is rather small for H2, and it
has not been included in this work.

where �sμ is the partial width contribution from
channel μ.

The solution of the boundlike equation (13) can be obtained
using the configuration interaction (CI) method, in terms
of symmetry-adapted products of molecular orbitals ψmπ

previously computed from Eq. (4) in the form

�s =
∑
i,j

cij�
[
ψ

miπi

i (r1)ψ
mj πj

j (r2)
]
, (16)

where the angular projections must satisfy ML = mi + mj

and the total inversion symmetry is given by π = πi × πj . �

is the operator that performs the appropriate combinations
to ensure the correct spin and reflection (for �± states)
symmetries. For example, in the latter case, configura-
tions of the type [niσg/u(1),njσg/u(2)], [niπg/u(1),njπg/u(2)],
[niδg/u(1),nj δg/u(2)], etc., contribute to the �±

g/u symmetry.

In this case �[ψmiπi

i (r1)ψ
mj πj

j (r2)] produces the following
combinations:

1
2

{[
ψ

mi,πi

i (r1)ψ
−mj ,πj

j (r2) ± ψ
−mi,πi

i (r1)ψ
mj ,πj

j (r2)
]

±[
ψ

mi,πi

i (r2)ψ
−mj ,πj

j (r1) ± ψ
−mi,πi

i (r2)ψ
mj ,πj

j (r1)
]}

,

(17)

where the ±’s inside the square brackets correspond to the
reflection symmetry and the ± between squared brackets
allows for the spin-adapted symmetry. As usual, in many
practical applications of Feshbach-like methods in atoms and
molecules, we do not calculate explicitly the projection opera-
torsQ andP . For the boundlike part of resonant doubly excited
states lying above the first ionization threshold and below
the second one, the Hamiltonian is implicitly Q-projected by
excluding the ψ

0,g

1 ≡ 1σg molecular orbital from the config-
urations used in Eq. (16) (truncated diagonalization method),
thus (i) avoiding a variational collapse to the ground state
and producing the lowest eigenvalues for the doubly excited
states, and (ii) guaranteeing orthogonality with the continuum
P� built using a static exchange approximation (as detailed
below) with configurations of the form [1σg(1),ε�im�i

(2)].
G

(s)
Q (E) in Eq. (14) is the Green operator (resolvent)

1/Q(E − Ĥ )Q for the Q half-space, but devoid of any
contribution coming from the resonance state �s , i.e., this
Green operator expanded in the eigenstates of QĤQ reads
G

(s)
Q (E) = ∑∫

n�=s
|�n〉〈�n|/(E − Es).

The nonresonant equation (14) can be solved in its integral
Lippmann-Schwinger form

P�0−
μE = χ0

μE + G
(s)−
P (E)V χ0

μE, (18)

where G
(s)−
P (E) = P( 1

E−PĤ ′P ) + iπδ(E − PĤ ′P) is the

Green function for the P half-space [Ĥ ′ indicates the full
operator appearing in Eq. (14) and the P(x) symbol stands for
the Cauchy principal value] using uncoupled continuum states
(UCS) χ0

μE . The latter UCS states are eigenfunctions of the un-
coupled molecular Hamiltonian for a given specific channel μ,

(PμĤPμ − E)χ0
μE = 0, (19)

where Pμ is a projector for the channel μ. The solution
of the Lippmann-Schwinger equation requires the UCS,
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the evaluation of the Green function G
(s)−
P (E), and the

interchannel coupling V = ∑
μ �=μ′ PμĤPμ′ . The UCS are

built using a static exchange approximation of the form χ0
μE =

�[ψμ(r1,r̂2)ξμE(r2)], where � is again the full operator that
enforces symmetrization (antisymmetrization) for spin-singlet
(triplet) and correct inversion and reflection parities. ξμE is
the radial wave function for the electron in the continuum, and
ψμ is the channel function, a composition of the target state
with the angular momentum of the ejected electron, coupled
to provide the total correct symmetry of the channel. In
practice, for instance, for the electronic continuum above the
first ionization threshold H2

+ (1sσg), our UCS wave functions
are constructed using the CI method, but keeping the first
electron fixed to the state 1sσg with the orbital ψ

0,g

1 (obtained
as the lowest eigenstate from the eigensystem (4) for |m| = 0
and π = g). The second electron occupies quasiorbitals ϕ

m,π
�

characterized by a fixed angular momentum value �. They are
obtained by solving the same eigensystem (4) but only within
a diagonal block with size NB × NB for a given �. The CI
method provides the Kronecker-δ normalized eigenstates

χ̃0
�,n = �

⎡
⎣ψ

0,g

1 (r1)
NB∑
j=1

cjnϕ
mj ,πj

�,j (r2)

⎤
⎦, (20)

with n = 1, . . . ,NB and cjn is the CI expansion coefficient.
These UCS states, properly Dirac-δ normalized with the
density of states ρμ(E), are introduced in the Lippmann-
Schwinger equation to produce the correct coupled continuum
states for a discretized set of continuum energies {En} that read

Pψ0−
μEn

= ρ1/2
μ (En)

⎡
⎣χ̃0

μn +
∑
μ′n′

∑
μ′′n′′

〈
χ̃0

μ′n′
∣∣G(s)−

P (En)
∣∣χ̃0

μ′′n′′
〉

× 〈
χ̃0

μ′′n′′
∣∣V ∣∣χ̃0

μn

〉
χ̃0

μ′n′

⎤
⎦. (21)

The computation of the Green’s function matrix elements in
(21) is reduced to an algebraic problem and it is described in
detail in [17,19].

C. Two-electron integrals with screening

The computation of the CI matrix elements with the
Hamiltonian (2) requires the efficient computation of the

electron repulsion integrals 〈ψaψb| e−λe |r−r′ |
|r−r′| |ψcψd〉, which may

be rewritten as

∑
�a,�b

�c,�d

∫
dr

∫
dr′�B(r)

e−λe|r−r′|

|r − r′| �A(r′), (22)

in terms of the electron distribution �A(r′) expressed with
one-center molecular orbitals

�A(r′) = ub,�b
(r ′)ud,�d

(r ′)
r ′2 Y

m∗
b

�b
(�′)Ymd

�d
(�′), (23)

and the distribution �B(r) (with an analogous expression
with indices a and c). The rr ′ radial integral in (22) can
be transformed into an r radial integral by introducing

the potential function φA, e.g.,
∫

dr�B(r)φA(r; λe), with

φA(r; λe) = ∫
dr′ e−λe |r−r′ |

|r−r′| �A(r′), a potential generated by the
charge distribution �A. By introducing the expansion (8) in φA

and making use of the addition theorem for P�(x) we obtain

φA(r; λe) =
∫

dr′ ∑
�,m

4π

[�]
f�(r,r ′,λe)Ym

� (�)Ym∗
� (�′)�A(r′),

=
∑
�,m

4π

[�]

qm
� (r; λe)

r
Ym

� (�), (24)

where we have defined the multipole coefficients qm
� =

y�(r; λe) · Im
ang [using also Eq. (23)], which contains

y�(r; λe) = r

∫
dr ′f�(r,r ′; λe)ρA(r ′) (25)

as the auxiliary function, with ρA(r ′) = ub,�b
(r ′)ud,�d

(r ′) [sim-
ilarly, ρB(r) = ua,�a

(r)uc,�c
(r)], and the Gaunt angular integral

for spherical harmonics

Im
ang =

∫
d�′Ym∗

� (�′)Ymb∗
�b

(�′)Ymd

�d
(�′). (26)

The potential φA satisfies the screened Poisson equation[∇2 − λ2
e

]
φA(r; λe) = −4π�A(r) (27)

for the charge distribution �A. By replacing the multipolar
expansions (24) for the potential and (23) for the charge
distribution, we easily arrive at the radial screened Poisson
equation2

[
dr,r − �(� + 1)

r2
− λ2

e

]
y�(r; λe) = −[�]

ρA(r)

r
. (28)

Once this radial differential equation is obtained, we solve it
subject to the use of B-spline basis functions for the expansion
and within an electronic radial box [0,rmax]. Here we follow
a procedure outlined in [9] for the pure Coulomb case and
adapted here for the screened case. A solution for Eq. (28) is
proposed in the form

y�(r; λe) = y
(0)
� (r; λe) + ỹ�(r; λe), (29)

such that y
(0)
� and ỹ� correspond to the particular and to

the homogeneous solutions, respectively, of the second-order
differential equation (28), subject to the boundary conditions
of the radial box [0,rmax], namely,

y�(0; λe) = y
(0)
� (0; λe) = ỹ�(0; λe) = y

(0)
� (rmax; λe) = 0 (30)

and

y�(rmax; λe) = ỹ�(rmax; λe)

= rmax

∫ rmax

0
dr ′f�(rmax,r

′; λe)ρA(r ′). (31)

The particular solution y
(0)
� is determined by expanding the

solution of Eq. (28) on the same B-spline basis {Bk
i } already

2An alternative and interesting derivation for the radial screened
Poisson equation is given in Appendix B.
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used in Sec. II A that satisfies the previously stated boundary
conditions, i.e.,

y
(0)
� (r; λe) =

∑
i

CiB
k
i (r). (32)

Now, by projecting with
∫ rmax

0 Bk
j (r) one arrives to a corre-

sponding matrix equation∑
i

T
�,λe

j i Ci = [�]UA
j , (33)

where

T
�,λe

ji = −
∫ rmax

0
Bk

j (r)

(
dr,r − �(� + 1)

r2
− λ2

e

)
Bk

i (r)dr, (34)

and

UA
j =

∫ rmax

0
Bk

j (r)
1

r
ρA(r)dr. (35)

Consequently, the expansion coefficients are found to be

Ci = [�]
∑
j=1

[
T

�,λe

ij

]−1
UA

j . (36)

The homogeneous differential equation for the screened
Poisson equation[

dr,r − l(l + 1)

r2
− λ2

e

]
ỹl(r; λe) = 0 (37)

can be readily obtained from the differential equation
[z2dz,z + 2zdz − �(� + 1) − z2]w(z) = 0, which is satisfied by
the modified spherical Bessel functions i�(z) and k�(z) [14],
if we define w(z) = v(z)/z and use the change of variables
z = λr for v(λr). Thus the particular solution can be written
as

ỹ�(r; λe) = Aλeri�(λer) + Bλerk�(λer). (38)

The boundary conditions [Eqs. (30) and (31)] imply that
B = 0 and that A = y�(rmax; λe)/[λermaxi�(λermax)], so that
the homogeneous solution is given by

ỹ�(r; λe) = 2

π
[�]

k�(λermax)i�(λer)λer

i�(λermax)

×
∫ rmax

0
dr ′i�(λer

′)ρA(r ′). (39)

With the full solution for y�(r; λe), back substitution in
the two-electron integral

∫
dr�B(r)φA(r,λe) yields a final

expression for the bielectronic radial integral

Ir = λe

2

π
[�]

∫ rmax

0
dr

∫ rmax

0
dr ′ρB(r) i�(λer<)k�(λer>)ρA(r ′),

(40)

of the form

Ir =
∑

i

CiU
B
i + λe

2

π
[�]

k�(λermax)

i�(λermax)
QB

� QA
� , (41)

where

UB
i =

∫ rmax

0
Bk

i (r)
1

r
ρB(r)dr, (42)

and

QA
� =

∫ rmax

0
dr i�(λer)ρA(r), (43)

QB
� =

∫ rmax

0
dr i�(λer)ρB(r). (44)

These algorithms were included in our suite of CI
codes to compute both resonance and continuum states.
To check the correctness of our integration algorithm we
have computed some tabulated two-electron direct integrals
Fk(n�,n′�′) [20] with k = 0,2,4,6, and n� and/or n′�′ =
1s,2s,2p,3d,4s,4d,4f for the unscreened case by using λe =
10−9 obtaining 9–10 correct figures. For the screened case we
have compared the results from our screened Poisson equation
method with those obtained with integration by double
quadrature, comparing well with eight to nine significant
digits, for λe = 0.1 a.u. Of course, the procedure to evaluate
two-electron integrals in terms of the Poisson equation speeds
up our CI computations by orders of magnitude compared to
using a crude 2D quadrature formula.

III. RESULTS

First we have computed one-electron molecular orbitals
using a B-spline basis set, following the guidelines of Sec. II A.
The radial part of the H2

+ orbitals was described using 180
B-splines of degree k = 8 on a linear breakpoint sequence
inside an electronic box of size rmax = 60 a.u., and for the
angular part the maximum angular momentum used for each
inversion symmetry (gerade or ungerade) was �max = 16. The
integrals with polynomial integrands were calculated with
exact quadratures and the rest using 12 quadrature points.

We calculate the lowest resonances of symmetry 1�+
g ,

located below the second ionization threshold. The 236 config-
urations used in Q space for the boundlike part of the resonant
state, of the form [n1λ

±m
π (1); n2λ

∓m
π (2)], are summarized in

Table I. We remark here that throughout the text we make use of
the familiar notation for unscreened (united atom) one-electron
diatomic molecule orbitals to name screened orbitals, so that
1sσg ≡ 1σg , 2sσg ≡ 2σg , 2pσu ≡ 1σu, 3pσu ≡ 2σu, etc.

For the complementary P space, we first compute the
UCS for which we have used configurations in the form

TABLE I. Configurations used to calculate energies and wave
functions for the doubly excited states of symmetry 1�+

g in screened
H2. Here ni indicates the index of the molecular orbital (ordered in
ascending energy). There are 236 configurations in total.

λ±m
π (1) λ∓m

π (2) n1 n2

σu σu 1 1–70

π+
u π−

u 1 1–70

σg σg 2 2–35

σu σu 2 2–18

σg σg 3 3–18

π+
g π−

g 1 1–10

δ+
g δ−

g 1 1–10

π+
u π−

u 2 2–10
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TABLE II. Comparison of resonance energies and widths be-
tween the lowest resonance of symmetry 1�+

g in H2 for the
internuclear distance R = 0.01 a.u. and the lowest resonance of
symmetry 1Se in He [1].

λp = λe = 0 λp = λe = 0.2 a.u.

State Es (a.u.) �s (a.u.) Es (a.u.) �s (a.u.)

H2 11�+
g –0.77615 5.74 × 10−3 –0.30772 4.63 × 10−3

He 11Se –0.77794 4.53 × 10−3 –0.31114 3.13 × 10−3

[1sσg,nσ �
g ], where nσ�

g denotes the nth molecular orbital
(ordered in ascending energy) obtained from the solution of
the Schrödinger equation for screened H2

+ using only a single
value of angular momentum � in the basis. We have computed
UCS with angular momenta � = 0,2,4,6 by including the
lowest 75 states n = 1–75 of σ �

g symmetry for each value �.
To check our computational procedure for the molecular

resonant states of H2 under screened Coulomb potentials, we
first compare our H2 results with those obtained for screened
He (united atom limit of H2) using also a Feshbach formalism
and an explicitly correlated atomic basis [1]. For that purpose
we set the internuclear distance close to zero in our molecular
code. The lowest resonance of 1�+

g symmetry in H2 (with a
leading configuration [2sσg]2 at short internuclear distances)
must correlate to the lowest resonance of 1Se in He (with
a dominant configuration [2s]2) when R → 0. Table II shows
the comparison of energies and widths of this lowest resonance
for R = 0.01 a.u. and λp = λe = 0 and λp = λe = 0.2 a.u.
The comparison is quite satisfactory, especially considering
the unpaired precision of the results obtained in He because
of using explicitly correlated bases and the sensitivity of the
Auger widths to the details of the wave functions.

In the following we analyze the effect of introducing a
different screening in the electron-nucleus (λp) and electron-
electron (λe) Coulomb interactions. We will consider that
the upper limit of electron screening is given by the nuclear
screening parameter, so that 0 � λe � λp, and we take the
boundary values λe = 0 and λe = λp for the calculation of the
lowest resonanceQ1

1�+
g . This molecular resonant state, under

pure Coulomb interactions, is embedded in the continuum
between the first H2

+ (1sσg) and the second H2
+ (2pσu)

ionization thresholds. The energies for H2
+ states subject to

screening have been calculated quite accurately with another
separate code based on confocal elliptic coordinates [5]. At the
internuclear distance R ≈ 2.7 a.u. the resonance crosses the
lower limit 1sσg , thus losing its resonance character and be-
coming a Rydberg bound state (see Fig. 1). Screening changes
the binding properties among particles, and in molecules
this effect also depends upon the internuclear distance. To
keep the character of the molecular resonance, we have
limited the values of the screening parameters λe and λp

so that the resonance always lies below the second screened
ionization threshold. With unscreened electron-electron inter-
action (λe = 0), the limiting screening value for the electron-
proton interaction is λp = 0.11 a.u., for which the resonance
energy still remains below the upper ionization threshold H2

+
(2pσu) at any internuclear distance. It is worth noting here that
higher resonances in the Q1

1�+
g series disappear. However,

FIG. 1. Electronic energy of the lowest Q1
1�+

g doubly excited
resonance state (solid lines) along with the first H2

+ (1sσg) and the
second H2

+ (2pσu) ionization thresholds (dashed lines) as a function
of internuclear distance for different values of λp and λe. Thick red
lines correspond to the unscreened case, λp = λe = 0; green lines to
electron-proton screening, λp = 0.11 a.u. and λe = 0 a.u.; and thin
blue lines to the case when both electron-proton and electron-electron
interactions are screened, with λp = λe = 0.25 a.u.

if screening is also introduced among electrons, this critical
value increases up to λp = λe = 0.25 a.u.

Figure 1 shows the electronic energy of the lowest Q1
1�+

g

resonance and of the lower (1sσg) and upper (2pσu) ionization
thresholds for the different combinations of screening param-
eters mentioned previously: (i) λp = λe = 0, (ii) λp = λe =
0.25 a.u., and (iii) λp = 0.11 a.u. with λe = 0. It can be seen
that the introduction of screening shifts all energies upwards by
approximately a constant value independent of R and, as in the
He case previously reported [1], the energy of the resonance
moves up by a larger amount than the thresholds do. This can
be easily understood from a Taylor expansion of the molecular
potential up to first order in λp and λe,

V1e(λp) =
N∑

A=1

(
−e−λpr1A

r1A

)

≈
N∑

A=1

(
− 1

r1A

+ λp

)
= V1e(0) + Nλp, (45)

which shows that for one-electron molecular systems the
potential is shifted by a quantity Nλp, where N is the number
of nuclei in the molecule, while for two-electron systems, the
Taylor expansion

V2e(λp,λe) =
N∑

A=1

(
−e−λpr1A

r1A

− e−λpr2A

r2A

)
+ e−λer12

r12

≈
N∑

A=1

(
− 1

r1A

− 1

r2A

+ 2λp

)
+ 1

r12
− λe

= V2e(0,0) + 2Nλp − λe (46)
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FIG. 2. Total width � (panel a, solid lines) and partial widths ��=0

(solid lines) and ��=2 (dashed lines) (panel b) of the lowest Q1
1�+

g

resonance as a function of the internuclear distance for different values
of λp and λe. Thick red lines correspond to the unscreened case,
λp = λe = 0, green lines to the electron-proton screened case, with
λp = 0.11 a.u. with λe = 0 a.u., and thin blue lines to electron-proton
plus electron-electron screening, with λp = λe = 0.25 a.u. The partial
widths ��=4 and ��=6 are approximately zero and are not shown here
for the sake of clarity. Widths are plotted only up to the internuclear
distance R at which the resonance energies plotted in Fig. 1 cross the
lower threshold H2

+ (1sσg).

indicates that the potential is shifted by 2Nλp − λe. In our
present case N = 2, and the energies of the ionization thresh-
olds and of the resonance are shifted up by approximately
2λp and 4λp − λe, respectively. In conclusion, two-electron
energies increase faster than one-electron energies. Equations
(45) and (46) explain the main features3 of Fig. 1, namely,
(i) the energies are shifted by an amount approximately
independent of R, and (ii) the energy spacing between the
quasiparallel curves depend upon the number of electrons and
the two screening parameters λp and λe.

Although the screening effects on energy shifts are similar
to the atomic case [1], in molecular resonances it may
have implications on their nuclear dynamics because the
uneven increase of the energies for the resonance and the
ionization thresholds lead to resonance states that eventually
survive for considerably larger internuclear distances (see

3The exact values of the energies are, however, considerably
different from those predicted by Eqs. (45) and (46), because for
r ≈ 1 a.u. and λ ≈ 0.1 a.u., the product λr �� 1.

Fig. 1). Furthermore, as explained below, it also has important
implications on the resonance autoionization widths.

Figure 2 shows the total and partial widths of the lowest
resonance as a function of the internuclear distance. Although
we used even partial waves up to � = 6 for the continuum,
the contribution of partial widths ��=4 and ��=6 (we use here
� to shorten the notation for channel μ) to the total width is
very small and therefore they are not shown in Fig. 2. In the
region of internuclear distances 0.7 � R � 2.7 a.u. the partial
width ��=2 dominates. If only the electron-proton interaction
is screened, the width is barely reduced in comparison with
the unscreened case. However, when both electron-proton
and electron-electron interactions are screened, the width is
considerably reduced. This is because the electron-electron
interaction is mainly responsible for the bound-to-continuum
transitions and, consequently, its reduction due to screening
causes a similar effect in the width.4 At R ≈ 2.7 a.u. the
unscreened resonance encounters the lower threshold and,
beyond that, only the resonances under screening conditions
survive.

Beyond R = 2.7 a.u. we can see how, in both cases of
screening under study, ��=2 reaches its maximum and then
decreases to zero while ��=0 increases and becomes domi-
nant. Moreover, in the case where only the electron-proton
interaction is screened, ��=0 displays a prominent peak in the
region 3.6 � R � 3.8 a.u., after which it goes to zero and
remains so until it reaches the lower threshold at R = 4.2 a.u.
In the case where both electron-proton and electron-electron
interactions are screened, the total width is reduced overall but
increases monotonically with increasing R, with the exception
of a small plateau due to the combined effect of the decrease of
partial width ��=2 and the increase of ��=0. It is worth noting
that the modification of the electron-electron interaction by
screening allows us to partially uncover the nature of molecular
resonances beyond the internuclear distance at which the
resonance dissappears in the pure Coulomb case.

Figure 3 shows the weights [|cij |2 in Eq. (16)] of the
three most important CI configurations present in the lowest
resonance Q1

1�+
g . Although the orbitals used in the CI

method come from the solution of the screened H2
+ problem

and therefore depend on λp, the screened orbitals with the
lowest energies (and with higher CI weights) remain more or
less similar to the unscreened ones, and the comparison of
CI weights under different screening conditions is still mean-
ingful. In addition to the already known change of character
from the dominant configuration [2sσg]2 to the [2pσu]2 one
at R ≈ 0.6 a.u. [10,16], Fig. 3 shows that screening does not
substantially modify the weights of the configurations and
hence cannot explain the behavior of the partial widths beyond
R ≈ 2.7 a.u. in Fig. 2. However, given that the configuration
[2pσu]2 clearly dominates for R > 1.0 a.u., we can assume
that it will play the key role in explaining the behavior of the
partial widths.

Thus we propose a simplified model aiming at explaining
the qualitative behavior of the widths in Fig. 2 in terms of

4However, this is not always the case. In the helium atom, the widths
of some resonances increase along with the screening parameter
within a certain region of λe values [1].
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FIG. 3. Weights of the four most important CI configurations
of the lowest resonance Q1

1�+
g as a function of the internuclear

distance. At short internuclear distances (2sσg)2 dominates over
(2pπ+

u )(3pπ−
u ) (both with solid lines). Above R ≈ 1 a.u. the

configuration (2pσu)2 (dashed lines) dominates over (2pσu)(3pσu)
(dotted lines). Thick red lines correspond to the unscreened case,
λp = λe = 0, green lines to the electron-proton screening, with
λp = 0.11 a.u. and λe = 0, and thin blue lines to electron-proton
plus electron-electron screening, with λp = λe = 0.25 a.u.

the radial parts of the 2pσu orbital and of the main UCS
involved. The partial width for the decay into channel μ can
be approximately written

�μ = 2π

∣∣∣∣ 〈ψμEn
| e−λer12

r12
|�s〉

∣∣∣∣
2

≈ 2π

∣∣∣∣ 〈χμEn
| e−λer12

r12
|�s〉

∣∣∣∣
2

,

(47)

where our first approximation has been to neglect the con-
tribution of interchannel coupling

∑
μ′ �=μ 〈χμ′En

| e−λer12

r12
|�s〉

to the partial width from the continuum wave function (18).
The integral inside Eq. (47) can be further approximated by
retaining only the dominant configuration for the resonance,
i.e.,

〈
1sσg,ξμEn

Ym
l

∣∣e−λer12

r12
|2pσu,2pσu〉 =

∫
dr�A(r)f (r), (48)

where f (r)=∫
dr′ e−λer12

r12
�B(r′), with �A(r)=1sσg(r)2pσu(r)

and �B(r) = ξμEn
(r)Ym

l (r̂)2pσu(r). Since �A(r) is the product
of the wave functions of two deeply bound states and thus it
is not very much dependent on the interelectronic interaction,
Eq. (48) suggests that the features in Fig. 2 must be encoded
in the distribution f (r). To find simple arguments, we can
simplify the evaluation of the latter function f (r) by fixing
the vector r at the origin, i.e., r = 0, for which the integral is
simplified considerably,

f (0) =
∫

d3r′ e
−λer

′

r ′ �B(r′) =
[ ∫ ∞

0
dr ′ r ′e−λer

′
ρB(r ′)

]
Ia,

(49)

FIG. 4. Approximate partial widths �model
� after Eq. (51), plotted

as a function of the internuclear distance for partial waves � = 0
(solid lines) and � = 2 (dashed lines). Thick red lines correspond
to the unscreened case, λp = λe = 0, green lines to the electron-
proton screening, with λp = 0.11 a.u. and λe = 0, and thin blue lines
to electron-proton plus electron-electron screening, with λp = λe =
0.25 a.u.

where ρB(r) is the radial part5 of �B(r) and Ia is the angular
integral. Note that �B(r) is an odd function of r (� is even in
order to satisfy the overall gerade symmetry of the UCS), and
thus Ia = 0, and consequently, f (0) = 0. However, the value
of f (r) at small distances from the origin (where Ia is different
from zero) must also be approximately given by Eq. (49). In
addition, the analysis of the coefficients of the 2pσu orbital
shows that the angular distribution remains almost unchanged
for 1 � R � 5 a.u. so that the R dependence of f (r) will be
on the radial part of the integral, while the angular part Ia will
remain mostly constant as R varies.

Having pinpointed the source of the (strongest) R depen-
dence, the integral in Eq. (47) can be recast in the simplified
form

〈χμEn
|e

−λer12

r12
|φn〉 ∝

∫ ∞

0
dr ′ r ′e−λer

′
ρB(r ′), (50)

where the integration over r is assumed to add up to a constant
approximately independent of R. Finally, inserting Eq. (50) in
Eq. (47) we get

�model
μ ∝

∣∣∣∣
∫ ∞

0
dr re−λerρB(r)

∣∣∣∣
2

. (51)

Figure 4 shows the right-hand side of the above equation
as a function of internuclear distance. ρB(r) is calculated as
the product of ξμEn

(r) times 2pσu(r), both evaluated along
the z axis. The striking similarity between the ab initio partial
widths plotted in Fig. 2 and the widths predicted using Eq. (51)
and plotted in Fig. 4 is very remarkable, not only because of the
number of approximations made to arrive at Eq. (51), but also
because of its plain simplicity. Note that each curve in Fig. 4 is

5Actually, 2pσu(r) is not exactly separable into a radial and an
angular part, but the latter is mostly Y 0

1 (r̂), so it is approximately
separable into a radial and an angular part.
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correct only up to a constant (not necessarily the same constant
for each curve). We obtain for the partial widths not only the
leading behavior as a function of the internuclear distance,
but also that their absolute values are close to the computed
ab initio ones. Although this simplified model works well
for the lowest Q1

1�+
g resonance, its validity is uncertain for

higher-lying resonances.
To finish the discussion on widths, we will address the sharp

peak in �0 (see Figs. 2 and 4), which appears in the case where
only the proton-electron interactions are screened. In the static
exchange approximation that we use to build the UCS, the
effective Schrödinger equation for the wave function ξμE of
the continuum electron can be written as [21][

−1

2
∇2

r + V (r)

]
ξ (r) = k2

2
ξ (r),

where the potential is

V (r)ξ (r) = [VZ(r) + V1sσg
(r)]ξ (r) +

∫
d3r ′K(r,r′)ξ (r′)

(52)

and whose components are

VZ(r) = −e−λp |r−rA|

|r − rA| − e−λp |r−rB |

|r − rB | , (53)

V1sσg
(r) =

∫
d3r′ e

−λe |r−r′|

|r − r′| |1sσg(r′)|2, (54)

and

K(r,r′) = 1sσ ∗
g (r)1sσg

(
r′)[e−λe |r−r′|

|r − r′| − (E − k2)

]
, (55)

where E corresponds to the total energy, k is the momentum of
the continuum electron, VZ is the potential due to the nuclei,
V1sσg

is the potential due to the 1sσg electron distribution,
and K is the exchange potential. Figure 5 shows the direct
potential Vd (r) = VZ(r) + V1sσg

(r) along the internuclear z

axis for the different cases of screening. As can be seen, in the
case where only the electron-proton interaction is screened,
Vd (r) displays a potential barrier. Like in the hydrogenic case
[22] or in H2

+ [5], the presence of this barrier leads to shape
resonances. However, in the present case, the electron-electron
interaction plays the role that the centrifugal potential does in
the one-electron case, in the sense that even for � = 0 it decays
slower (as ∼1/r) than the nuclear potential (as ∼ −e−λpr/r).
The reason we ignore K(r,r′) in Fig. 5 is because it also
decays as ∼1/r when only the electron-proton interaction is
screened, and therefore it does not have a strong influence on
the existence of a potential barrier. The height of the Vd barrier
in Fig. 5 and the value of the continuum electron energy at the
center of the peak located at R = 3.7 a.u. in Fig. 2 are both
approximately 0.04 a.u. (∼1 eV), which is in agreement with
our reasoning. In conclusion, the peak present in Fig. 2 is very
likely due to the partial decay of the Feshbach resonance into
a temporary shape resonance when it approaches the lower
ionization threshold, which, to our knowledge, is a metastable
process not previously discussed in the literature.

Finally, it is worth pointing out that, although a previous
study [23] of unscreened H2 doubly excited states in the same

FIG. 5. (Panel a) Direct potential Vd and its components VZ

and V1sσg
seen by the ionizing electron within the static exchange

approximation at the internuclear distance R = 3.7 a.u. and as a
function of z (along the internuclear axis). The black solid line
corresponds to the 1sσg wave function. Solid lines: direct potential
Vd (r) = VZ(r) + V1sσg

(r). Dashed lines: potential due to the H2
+

ground state V1sσg
(r) and potential generated by the nuclei VZ(r).

Thick red lines correspond to the unscreened case, λp = λe = 0,
green lines to the electron-proton screening, with λp = 0.11 a.u. and
λe = 0, and thin blue lines to electron-proton plus electron-electron
screening, with λp = λe = 0.25 a.u. (Inset, panel b) Detail of the
direct potential Vd where a potential barrier appears only when the
electron-proton interaction is screened. Note that VZ only depends on
λp and V1sσg

only on λe, so that only two curves are drawn for both
potentials.

region of internuclear distances has suggested that interaction
with neighboring resonances could be important, the present
model (which takes into account just a single resonance) shows
that they are not responsible for the pronounced peak appearing
in the autoionization width.

IV. CONCLUSIONS

We have presented a general method to evaluate resonance
parameters in diatomic molecules where Coulomb interactions
are replaced by Yukawa-like ones. We have adopted one-center
partial-wave expansions for both the bound and the continuum
molecular orbitals with their radial parts described in terms
of B-spline polynomials. The electron-nucleus interaction
requires the evaluation of matrix elements involving modi-
fied spherical Bessel functions. The two-electron repulsion
integrals are calculated through an auxiliary function that
satisfies the screened Poisson equation subject to the boundary
conditions provided by the electronic box. Details on the
derivation of the radial screened Poisson equation have been
given in the main text and Appendix B, where we have made
use of a mathematical relation for the Bessel functions, yet
unreported to our knowledge.

We have shown that screening of the electron-electron
and electron-nucleus interactions plays a different role in
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determining the metastability of H2 molecular resonances. As
expected, the main effect on the autoionization widths comes
from the shielding of the electron-electron repulsion. However,
screening effects can also lead to an interesting behavior:
molecular resonances may extend their metastable character at
internuclear distances larger than in the unscreened case, due
to the different energy shifts of the two-electron resonance
state and the one-electron ionization thresholds. This effect
has allowed us to unveil the resonance structure beyond those
critical internuclear distances where unscreened resonances
cease to exist.

The variation of the autoionization widths with internuclear
distance has also been analyzed by using a simplified model
in which both the multichannel character of the electronic
continuum and the multiconfigurational correlated nature of
the resonance are neglected. In spite of its simplicity, the
results of this model reproduce fairly well those obtained from
ab initio calculations. Finally, we have also shown that, in the
case of prevalent electron-proton screening, prominent peaks
appearing in the autoionization widths at internuclear distances
where the resonance approaches the lower ionization threshold
are due to the presence of potential barriers in the effective
screened Coulomb potential felt by the scattered electron.
These barriers are eventually able to generate molecular shape
resonances to which the lowest H2 resonance can decay.
Extension of this study to the full Q1 Rydberg series of
resonances and to other molecules is under consideration
for future work. We hope that the tools developed here and
our analysis of these emerging physical effects in molecular
resonances under screening conditions can be useful in future
studies concerning, for example, molecular plasmas.
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APPENDIX A: EXPANSION OF THE SCREENED
COULOMB POTENTIAL

If in the well-known formula for an outgoing spherical wave
eik|r−r′ |
|r−r′| [24] one sets k = iλ with λ ∈ R, the expansion for the

Yukawa potential reads

e−λ|r−r′|

|r − r′| = −λ

∞∑
�=0

[�]j�(iλr<)h(1)
� (iλr>)P�(r̂ · r̂′) (A1)

in terms of the spherical Bessel function j�(z) and the spherical
Hankel function of the first kind h

(1)
� (z), with P�(x) as

the Legendre polynomials. Note that the arguments of the
spherical functions are pure imaginary complex numbers. To
keep the arguments in real space for computational purposes,
we can rewrite (A1) in terms of the modified spherical Bessel
functions of the first kind i�(x) and second kind k�(x), with x ∈
R. For this we use the relations between the Bessel functions
{Jα,H (1)

α }, the modified Bessel functions {Iα,Kα}, the spherical
Bessel functions {j�,n�}, and the modified spherical Bessel
functions {i�,k�} as follows [14,25]:

j�(x) =
√

π

2x
J�+ 1

2
(x); and h

(1)
� (x) =

√
π

2x
H

(1)
�+ 1

2
(x), (A2)

i�(x) =
√

π

2x
I�+ 1

2
(x); and k�(x) =

√
π

2x
K�+ 1

2
(x), (A3)

Iα(x) = i−αJα(ix); and Kα(x) = π

2
iα+1H (1)

α (ix). (A4)

By employing these formulas we arrive at the useful
relations

j�(ix) = i�i�(x); and h
(1)
� (ix) = − 2

πi�
k�(x), (A5)

that can be directly substituted in Eq. (A1) to give

e−λ|r−r′ |

|r − r′| = λ
2

π

∞∑
�=0

[�]i�(λr<)k�(λr>)P�(r̂ · r̂′), (A6)

which corresponds to the expansion used in this work.

APPENDIX B: ANOTHER EXCURSION TO THE RADIAL
SCREENED POISSON EQUATION

For completeness, here we derive the radial screened
Poisson equation otherwise. In this Appendix we drop the
subscript e (electronic) in the screening parameter λ. The radial
2D integral (40) may be written in the form of a 1D integral

Ir =
∫ rmax

0
drρB(r)

1

r
y�(r; λ), (B1)

where the auxiliary function y�(r; λ) (already defined in
Eq. (25) and widely used in the atomic context [8]) contains
two separate definite integrals

y�(r; λ) = λrC�

[
k�(λr)

∫ r

0
dr ′i�(λr ′)ρA(r ′)

+ i�(λr)
∫ rmax

r

dr ′k�(λr ′)ρA(r ′)
]
, (B2)

with C� = 2
π

[�]. To find a second-order differential equation
for y� we first find its first and second derivatives using the
Leibnitz integral rule6 and the recurrence relations for the

6The Leibnitz integral rule reads:

dx

[ ∫ h(x)

g(x)
f (t,x)dt

]
= f (h(x),x)dxh(x) − f (g(x),x)dxg(x)

+
∫ h(x)

g(x)
dxf (t,x)dt.
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modified spherical Bessel functions

i�−1(x) − i�+1(x) = [�]

x
i�(x), (B3)

k�−1(x) − k�+1(x) = − [�]

x
k�(x), (B4)

and their derivatives [14,25]

�i�−1(x) + (� + 1)i�+1(x) = [�]dxi�(x), (B5)

�k�−1(x) + (� + 1)k�+1(x) = −[�]dxk�(x). (B6)

The latter recurrences allow us to produce some alternative
expressions for the derivatives,

dxi�(x) = i�−1(x) − � + 1

x
i�(x)

= i�+1(x) + �

x
i�(x) (B7)

and

dxk�(x) = −k�−1(x) − � + 1

x
k�(x)

= −k�+1(x) + �

x
k�(x). (B8)

We can use these expressions at convenience to calculate the
second radial derivative of expression (B2) which, after a
lengthy algebra, has the form

dr,ry�(r; λ) = C�{−λ[�]i�(λr)k�(λr)ρA(r) − λ2[i�(λr)k�−1(λr) + i�+1(λr)k�(λr)]rρA(r)} +
[
�(� + 1)

r2
+ λ2

]
y�(r; λ). (B9)

We can rearrange the previous differential equation in the form of a Poisson-like equation as follows:[
dr,r − �(� + 1)

r2
− λ2

]
y�(r; λ) = −C�λ[�]ρA(r)

{
i�(λr)k�(λr) + λr

[�]
[i�(λr)k�−1(λr) + i�+1(λr)k�(λr)]

}
, (B10)

which with the use of the recurrence relation for i� in Eq. (B3) can be recast in the form[
dr,r − �(� + 1)

r2
− λ2

]
y�(r1; λ) = −C�λ

2rρA(r)[k�(λr)i�−1(λr) + k�−1(λr)i�(λr)]. (B11)

This expression for the Poisson equation still looks quite inconvenient because the inhomogeneous term on the right-hand side
depends explicitly on the modified spherical Bessel functions for specific values of �. Fortunately, we have found empirically the
following mathematical identity:

z2[k�(z)i�−1(z) + k�−1(z)i�(z)] = π

2
∀�, z ∈ Z, (B12)

which, to our knowledge, is not reported in the literature on Bessel functions and it can be transformed to the Bessel pairs
{Jα,H (1)

α }, {Iα,Kα}, {j�,n�} using Eqs. (A2), (A3), and (A4). Now, by introducing this identity in Eq. (B11), the radial screened
Poisson equation results in the compact form of Eq. (28).
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