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Abstract

Mesh generation has been an important topic of research for the past four decades,
primarily because 1t 1s one of the cntical elements 1n the numerical simulation of fluid
flows One of the main current 1ssues in ths regard 1s mesh generation and flow solution
on domains with moving boundaries In this research a novel scheme has been proposed
for mesh generation on domains w1th moving boundaries. with the location of boundary
nodes known at any particular time A new set of linearized equations 1s deriv ed based on
a full nonlhinear elliptic gnd generation system The basic assumption in dernving these
new equations 1s that each node experiences only a small amount of disturbance when the
mesh moves from one time to the next Comparison with grnds generated by the full
elliptic system shows that this new method can generate high quality gnds with

significantly less computational cost

Inherently, the flow on such a domain will be unsteady The Navier-Stokes equations for
unsteady 2D laminar mcompressible flow are expressed in the primitine ariables
formulation A SIMPLE-like scheme 1s applied to link the pressure and velocity fields
and ensure conservation of mass 1s satisfied The equations are discretized n a pure finite
difference formulation and solved by mmplicitly marching in time The flow solver 1s
vahdated against results in the literature for flow through a channel with a moving

indentation along one wall
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APTER 1
INTRODUCTION

1.1 Grid Generation

Mesh generation is an interdisciplinary area, and researchers from different disciplines.
including mathematicians, computer scientists and engineers are working on developing
improvements to the existing methodologies. One of the major applications of mesh
generation is in computational fluid dynamics. Since the fluid flow equations will be
discretized on the mesh that has been generated, the quality of the mesh generally plays a
significant role in the accuracy of the results obtained from the numerical solution of the
flow equations. One of the main issues of current interest is generating the grid on
domains with moving boundaries, referred to as dynamic grid generation. The motivation
for grid generation on domains with moving (deforming) boundaries is its application in
many fluid mechanics problems such as free surface flow, simulating blood flow in
carotid arteries, scour problems (Figure 1.1) and airfoil’'wing shape optimization. In
general, grid movement may be because of the change of the shape of the boundaries of
the domain, or for the purpose of adapting the grid with the physical solution of the
problem at hand.

Different methods for grid generation on domain with deforming boundaries have been
introduced in the literature. The method proposed here applies an elliptic grid generator

for generating the basic (initial) grid. The boundary points are then assumed to be

1



perturbed by very small amounts. A new set of linear equations is obtained which, upon
solution, give the x and y displacement of the interior nodes due to the motion of the
boundaries. Since the displacement of the grid points is assumed to be very small, the
second order terms in the equations can be ignored. For the purpose of avoiding
entanglement of the grid in some regions, which is caused by the accumulation of errors
after a few successive grids have been generated by the perturbed equations, a full elliptic
grid generation can be applied once. The significant decrease in the number of grid
generations by the full elliptic equations is the main advantage of this method, saving a

noticeable amount of computational time.
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Figure 1.1: Scour by Water Surface Jet, Showing the Deformed Bed

1.2 Flow Solution

Navier-Stokes equations were formulated in the 19th century. They are one of the most

useful sets of equations because they describe the physics of a large number of fluid flow

phenomena. The Navier-Stokes equations are nonlinear partial differential equations.



They can be expressed in conservative or non-conservative, dimensional or non-
dimensional form.

The governing equations for an incompressible flow may be expressed in primitive
variable formulation or vorticity-streamfunction formulation. The primitive variable
formulation uses velocity and pressure, while the vorticity-streamfunction formulation
introduces vorticity and streamfunction to re-formulate the flow equations. The primitive
variable formulation is a mixed elliptic-parabolic system of equations and there is no
direct link between continuity and momentum equations. To resolve this limitation, two
procedures exist, that is, there are two ways to link the continuity and momentum
equations. The first method is to apply a Poisson equation for pressure and the second is
to introduce artificial compressibility into the continuity equation. The advantage of the
primitive variable formulation is that its extension to three dimensions is straightforward.
In the vorticity-streamfunction formulation, the Navier-Stokes equations are decoupled
into an elliptic and a parabolic equation. Extension of this method to three dimensions is
not easy, since a simple streamfunction does not exist in three dimensions.

The focus of this research is on developing a solution algorithm for the unsteady two-
dimensional incompressible equations in dimensional, non-conservative form, expressed
in primitive variables. The basic idea proposed in this research is to implement a
SIMPLE-type algorithm for the pressure field calculation, similar to that used in a finite
volume method, whereas the discretized equations are developed as a purely finite

difference formulation.



HAPTER 2
LITERATURE REVIEW

2.1Introduction

Computational fluid dynamics (CFD) is one of the branches of fluid mechanics that uses
numerical methods and algorithms to solve and analyze problems that involve fluid
flows. The equations to be solved in many CFD problems are the Navier-Stokes
equations, which govern any single-phase fluid flow. The need for grid generation arises
when the numerical solution of the Navier-Stokes equations is sought on a non-
rectangular physical domain. In this case, the domain 1s discretized into cells or elements.
and the flow equations are approximated on the discretized domain based on the applied
numerical method, that is, the finite difference, finite volume, or finite element method.
Finite difference method is a numerical method for approximating the solutions to
differential equations using finite difference formulae to approximate derivatives. Values
of the flow variables are calculated at discrete nodes on a meshed geometry.

Finite volume method is similar to the finite difference method. But, instead of
approximating derivatives, the flow equations are written in integral form and the
integrals are approximated. Values are calculated on discrete volumes, surrounding each
node, on a meshed geometry. In the finite volume method, volume integrals in a partial
differential equation that contain a divergence term are converted to surface integrals,

using the divergence theorem.



In the finite element method the solution approach is based on rendering the PDE into an
approximating system of ordinary differential equations. by approximating the integrand
in terms of some basis functions. These ODEs are then solved using standard techniques
such as Euler's method, Runge-Kutta, etc.

The focus of the research in this thesis is on mesh generation for domains with deforming
boundaries, and subsequently solving the unsteady Navier-Stokes equations using the

finite differencing method.
2.2Moving Grid Techniques

Grid (or mesh) generation has been around since the appearance of computational fluid
dynamics. Grid generation can be viewed as distributing nodes on the physical domain
and specifving the connectivity between these nodes. In structured grid generation this
connectivity is accomplished by mapping the grid points from the computational domain
onto the physical domain. With this definition Brackbill and Saltzman [1] noted that the
differential properties of the mapping define the properties of the grid. They introduced
three functionals that are measures of the accumulation of different grid properties:
namely a measure of spacing between the grid lines (smoothness) Is. a measure of the
orthogonality of the grid lines I,, and a measure of the area of the mesh cells I,,.
Minimizing any combination of these functional produces a grid with good qualities.
such as smooth transition in the spacing between grid lines. reduced skewness and cell
areas which are not too small. Applving the calculus of \ariations to minimize these
functionals leads to a set of partial differential equations for the positions of the nodes.

If the solution domain has regions with high spatial activity. a fixed gnd will be

inefficient. In this situation, as the flow field evolves. the regions where the flow



gradients are large may shift with time, and thus a good mesh at one time may not be
appropriate at some later time. Meshing procedures which allow the nodes to adjust their
location to respond to the evolution of the flow are referred to as adaptive techniques. In
the realm of adaptive techniques for time-dependent PDEs, one can roughly distinguish
between two classes of methods [2], A-refinement and r-refinement. In the A-refinement
method the grid is adapted at discrete time levels and the partial differential equations are
discretized on a grid which is kept fixed over the entire time level. The r-refinement
methods have the advantage of moving continuously in time in such a way that the
discretization of the PDEs and grid movement are coupled. The number of grid points is
usually kept fixed.

Various major moving grid techniques will now be briefly introduced.

Method of Characteristics (MoC): One of the simplest choices is to let the grid move
based on the characteristic equations of the PDEs that govern the flow. This method is
primarily used for high speed compressible inviscid flows, since the governing equations
are hyperbolic and therefore have a set of distinct characteristic curves which move with
time and can be used to provide the grid system.

Equidistribution: One of the most widely used methods to move the grid in one

dimension is to consider solution of the equation,

d (ox
> (Em)=o0 Q.1
where M > 0 is called a monitor or control function. Manipulating this equation gives a

formula that describes equidistribution

AX;_ M, =AX;M;1<i<N-1 (2.2)



Moving Finite Differences (MFD): This is an extension of the equidistribution method
which generates smoother grid results.

Moving Finite Elements (MFE): This method is a two-dimensional moving grid
technique based on the minimization of the PDE residuals, and is obtained by
approximating the PDE solution with finite element basis functions.
Lagrangian-Eulerian Methods

A fundamentally important consideration in coping with problems with strong distortion
of the continuum is determining the relationship between the deforming continuum and
the mesh of the computing domain. Two classical descriptions of motion can be used, the
Lagrangian approach and the Eulerian approach. Originally, Arbitrary Lagrangian-
Eulerian (ALE) methods were developed by Noh [3], Franck and Lazarus [4]. Trulio [5].
Hirt et al. [6]. Donea et al. [7] surveyed this approach and the applications in fluid
dynamics.

Lagrangian Algorithms:

In Lagrangian based algorithms, widely used in solid mechanics. each node of the
computational grid follows the material particle during motion. In this approach the grid
points are connected to the same material points at all times.

Eulerian Algorithms:

In algorithms based on the Eulerian approach, commonly used in fluid dynamics. the
computational mesh is fixed and the continuum moves with respect to the grid.
Lagrangian-Eulerian Algorithms:

The ALE algorithms allow the nodes of the computational mesh to move as in the

Lagrangian fashion or be fixed as in the Eulerian fashion or in some arbitrary way. The



advantage of this approach is that greater distortions can be handled with more resolution.

The fundamental ALE equation is

ar, _af, Lo _¥ ,
X =5y tos e =5l H e Vf (2.3)
The function f represents a physical quantity for the particle X with the reference
coordinate y held fixed. and c is the relative speed between the material and the reference

system.
2.3 Unsteady Incompressible Flow Equations

Generally. the incompressible Navier-Stokes equations are formulated in vorticity -
streamfunction formulation or the primitive variables formulation. the variables being
velocity components and pressure. Since there is no direct link between ‘elocity and
pressure in the continuity and momentum equations for incompressible flow. the major
issue in solving the Navier-Stokes equations is pressure-ielocity coupling. From a
physical point of view. Navier-Stokes equations can be categorized as steady and
unsteady. Numerical procedures are essentially the same for both categories. There are
two points worth mentioning here. First. the “time™ in steady problems is not a physical
time, while time has a physical meaning in unsteady problems. Therefore. for unsteady
flow simulations, the time step should match the actual physical time increment. and the
maximum allowable time step may be determined by the desired accuracy or a stability
criterion. If an unsteady solver is used to simulate steady flow problems. the maximum
allowable time step is indicated only by the stability criterion. The process of marching in
time to a steady-state is closely associated with the iterative solution of the steady flow

equations. Secondly. it is important to note that for an unsteady problem the initial
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conditions are real physical conditions at time = 0, while for a steady problem it is just an
initial guess.

2.3.1 Vorticity-Streamfunction Method

The main advantage of the vorticity-streamfunction formulation is that there is no need
for pressure-velocity coupling, since the momentum equations are combined to eliminate
the pressure gradient terms, yielding an equation for vorticity. Ghia et al. [8] proposed a
direct method for the solution of unsteady incompressible flow equations in generalized
curvilinear coordinates based on the vorticity-streamfunction formulation. The transport
equation was solved by an alternating direction implicit method and the streamfunction
equation was solved by direct block Gaussian elimination.

Ewing et al. [9] proposed a fourth-order equation for streamfunction and solved the
equations by finite differencing on a uniform grid. A multilevel technique was applied for
treating the ill-conditioned system of linear algebraic equations representing the fourth-
order system.

There is a large body of literature using the vorticity-streamfunction formulation to test
important issues that arise in CFD, such as the capability and limitations of new solution
algorithms, effects of meshing, comparisons of different discretization techniques,
implementation of boundary conditions, etc. However, extension of this formulation to
3D is extremely cumbersome, and hence it is not useful for practical application to
realistic flow situations.

2.3.2 Artificial Compressibility Method

Artificial compressibility method was first introduced by Chorin [10] for steady flows,

and extended to unsteady flows by Peyret [11]. This method is still very popular for the



simulation of steady imcompressible flows. and the evolution of the method has been
outlined 1n [12]
The artificial compressibility scheme involves adding a time denvative of pressure to the

continuity equation,

o 1(ou o) _ )
6t+r(6x+ay)—0 4

The quantity T can be nterpreted as artificial compressibility of the fluild The continuity

equation along with the momentum equations are solved until convergence to the steady-
d
state 1s reached. which imphes that 3’:1 vanishes, which means divergence of velocity

becomes zero Merkle and Athavale [13] extended the application of artificial
compressibility method to three-dimensional unsteady calculations Tang and
Sotiropoulos [14] introduced a fractional step artificial compressibility method for
unsteady. three-dimensional, incompressible Navier-Stokes equations This approach
applies the ideas from both the standard, dual-time stepping artificial compressibihity
iteration scheme and pressure-based fractional step formulations To obtain time-accurate
solutions, pseudo-time dernivatives of pressure and velocity fields are introduced into the
continuity and momentum equations, respectively The resulting system 1s iterated until
convergence 1s reached at each time step The CPU time per physical time step for
artificial compressibility methods 1s considerably large This deficiency 1s somewhat
overcome by applying fractional step methods In fractional step methods, an
mtermediate velocity field 1s calculated first This velocity field 1s projected into the

divergence free space by solving a Poisson equation.

10



2.3.3 SIMPLE Method

SIMPLE stands for Semi-Implicit Method for Pressure Linked Equations, introduced by
Patankar and Spalding [15] in 1972. In this method, a pressure field is guessed. The
momentum equations are solved but the resulting velocity field does not satisfy the
continuity equation due to the inaccurate pressure guess. The pressure and velocity fields
are then corrected successively until a converged solution is obtained. The words semi-
implicit in the name SIMPLE has been used to acknowledge the omission of the
summation of velocity corrections of neighbouring points. This represents an indirect
influence of the pressure correction on velocity.

Van Doormaal and Raithby [16] have introduced some enhancements for the SIMPLE
method. As mentioned before, the summation of velocity corrections at neighbouring
points is neglected from the velocity correction equations in the SIMPLE method. In an
effort to enhance the SIMPLE method, Doormaal and Raithby suggest that this term can
be subtracted from both sides of the equation and hence a new velocity correction
equation is obtained. This method is called SIMPLE Consistent (SIMPLEC). Setting the
pressure correction to be zero where pressure is specified is another recommendation
made by them.

Raithby and Schneider [17] introduced a method of treating the velocity-pressure
coupling for internal flows that are parabolic in one coordinate direction. They introduced

the following equation. where subscript P denotes the point at which differencing is done,

6vp

__0or _
Q= andfp—aQ

oy
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The momentum equations are solved. which gnes vp. and consequently f, 1s calculated
Then AQ. which 1s chosen 1n a way to make the total mass flow rate correct. 1s calculated.
follow ed by a correction to the velocity field.

Lp = vp + fpAQ
2.4Unsteady Flow Solution on Domains with Moving Boundaries

Whilst many solutions of the unsteadv \avier-Stokes equations have been described.
there are only a limited number with moving boundartes [18] \1ecell: [19] applied the
marker-and-cell method to ~oh e free-surface problems Peskin [20. 21] modeled cardiac
flows He replaced the boundary movement by a distnibution of forces that satisfv the
boundary conditions Daly [22] used a mixed Lagrangian-Eulenan approach for studving
the pressure distribution 1n flexible tubes

Ralph and Pedley [18] modeled the flow 1n a channel with a moving indentation using the
vorticity-streamfunction formulation and the finite difference method They incorporated
the boundary movement into the flow equations by applying a time-dependent
transformation 1n such a way that the computational domain remains a fixed rectangle
Since they applied an explicit scheme. thev had to use small time steps to presene
stability

In 1990, Demirdzic and Penc [23] simulated the same problem b\ integrating the
governing equations for an arbitrary moving control yolume. with pressure and Cartesian
velocity components as dependent vanables Since they used fullv imphicit temporal
differencing the method 1s stable at all me steps SINPLE algonthm was used for

pressure-\ elocity coupling
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Strigberger [24] proposed a perturbation method to solve the Poisson equation, which is
widely used in the computation of unsteady incompressible Navier-Stokes equations, on a
moderately deforming grid.

Wu and Rath [25] proposed a finite difference solution of incompressible Navier-Stokes
equations for flows with rotation and moving boundary on a nonstaggered grid. based on

a SIMPLE-like method.
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HAPTER 3

DYNAMIC GRID GENERATOR

(RS ——— o % - s A S 0

3.1 Goals of Grid Generation

Numerical grid generation arises from the need to discretize the partial differential
equations of fluid dynamics in order to compute their solutions on physical regions with
complex geometry [26].

A mesh is a discretization of a geometric domain into small simple shapes called
elements or cells. Numerical grid generation, in terms of geometry, is categorized as
structured or unstructured.

Structured Grids:

Structured grid generation has its roots in the U.S. with the work of Winslow and
Crowley at Lawrence Livermore National Lab in the late 1960s and in Russia by
Godunov and Prokopov at about the same time [26]. Structured numerical grid generation
1s an algorithm procedure that orderly distributes a finite number of computational nodes
over a physical field in such a way that some coordinate (grid) lines are coincident with
each segment of the boundary of the physical domain [27]. Structured grids can be
generated algebraically or as the solution of PDEs [2].

A structured mesh is characterized by regular connectivity that can be expressed as a two-
or three-dimensional array. This restricts the element choices to quadrilaterals in 2D or
hexahedral in 3D. Some advantages of structured meshes that generally hold for most

14



applications are simplicity, availability of code, and suitability for multigrid and finite
difference methods. From a flow solution point of view, structured grids usually allow
more effective grid clustering in regions of high flow gradients, such as boundary layers
or shock regions. thereby improving the accuracy of the numerical solution. The main
disadvantage is that it is often difficult to construct a good structured mesh in highly
irregular domains. This problem is somewhat alleviated by using muitiblock structured
grids.

Unstructured Grids:

An unstructured mesh is characterized by irregular connectivity which is not readily
expressed as a two- or three-dimensional array in computer memory. This allows for any
possible element that a flow solver might be able to use. Compared to structured meshes,
the storage requirements for an unstructured mesh can be substantially larger since the
neighbouring connectivity must be explicitly stored. A hybrid mesh is a mesh that
contains structured portions and unstructured portions and, as such, could be classified as
a special case of a totally unstructured mesh.

The main advantages of unstructured meshes are that they conform to the flow domain
more easily and allow element sizes to vary more dramatically.

3.2Dynamic Grid Generation

One of the areas of research interest has been grid generation as a function of time,
generally referred to as dynamic grid generation. In other words, grid points are allowed
to move within the flow domain as the solution proceeds. Grid movement can be because
of the change of the shape of the boundaries of the domain. or for the purpose of adapting

the grid with the physical solution of the problem at hand. The first scenario usually
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occurs for unsteady flow problems, where forces are acting on the domain boundaries,
causing them to move or deform. The second case occurs in problems in which the grid
points adjust themselves in response to the development of the solution of the physical
problem being solved on the grid, known as adaptive gridding. The goal is to concentrate
the grid points in the regions where the gradients of the physical variables of the problem
are large.

There are some considerations to be taken into account in dynamic mesh generation. A
major issue is that the grid generation algorithm should be done in a way which ensures
that no region will be void of points. For practical applications, it is also essential to keep

the computational time spent on the grid generation as low as possible.
3.3Grid Generation Techniques

The use of numerical techniques to generate curvilinear grids is considered to be one of
the most important enabling technologies in computational fluid dynamics [28]. These
techniques can be divided into three categories, conformal mapping system, algebraic
systems, and partial differential equations systems. Conformal mappings are limited to
2D problems and require knowledge of complex variables, whereas algebraic and PDE
methods are applicable in either 2D or 3D. Algebraic grid generation involves computing
the nodal coordinates by interpolation of the boundary points. Different interpolation
functions can be used for this purpose, the most popular method being transfinite
interpolation. Partial differential equations systems can be elliptic, parabolic or
hyperbolic. There are several important considerations when using partial differential
equations to generate the grid system:

e  Most numerical solution algorithms for PDEs must be applied on grids describing

16



the physical domain of interest
e  Accurate application of boundary conditions requires that grid lines coincide w1th
physical boundaries This also tends to reduce the logic mn computer codes
applying the numerical techniques
e Solution accuracy and finite computational resources require grids to be
concentrated 1n regions where there are high gradients of the flow varnables
3.3.1 Transformation of Coordinates
The primary goal of transforming the physical coordinates to a simpler computational
region 1s to remove the complexity of the shape of the physical region The
computational domain 1s also referred to as the logical domain An effectin e approach to
solving PDEs with complex boundary geometry and different scales of motion 1n the
solution domain 1s to transform the physical domain and equations of motion to an
1dealized rectangular computational domain, where a flow solution algorithm can be
applied In the terminology of transformations, the Jacobian of the transformation 1s
required to be nonzero to ensure that the transformation 1s invertible (Figure 3 1) A
rectangular gnd system 1s first generated in the computational space and then mapped to
physical space Transformations containing a point with zero Jacobian are called folded,
avoiding a folded transformation 1s a major objective of grid generation algorithms Also,
1t 1s well known that the error 1n the approximations of the flow equations depends not
only on the derivatives of the solution but also on the rate of change of grid spacing and

the departure from orthogonality [29]
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Figure 3.1 Grid System in 2D Physical and Computational Space

3.3.2 Elliptic Grid Generation

Elliptic grid generation., based on solving a system of elliptic PDEs. is the most
commonly used method for generating a structured curvilinear grid on domains with
known boundary. One of the advantages of an elliptic grid generator is that it will
generate a smooth grid. Smoothness of the grid, which provides a measure of spacing
between the grid lines, is an important factor when solving the flow equations on that
domain. For 2D elliptic grid generation, suppose that § and n are the two coordinates
which define the curvilinear coordinate system: x and y define the rectangular
coordinate system. The goal is to generate a distribution of points such that { and 7
obtain their maximum and minimum values on the boundaries and change monotonically

in the interior. This can be achieved by solving the elliptic Poisson equations

$xx + Syy = P(E,m)

Mxx + Myy = Q&) 3.1
where P(&,n) and Q(€,7n) are control functions, to be specified by the user in order to

achieve some desirable characteristics for the resulting grid system, such as clustering
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around some point or line, or orthogonality near the boundaries.
Grid metrics are calculated as
g1 = x§ +¥§
G12 = XgXy + VeV
G22 = X + V5 (3.2)
and the Jacobian is given by | = xgy, — X, ¥¢
It is not convenient to solve Equations (3.1), since they are formulated in the physical
space where the domain is irregular. Hence, these equations are transformed to the
computational space, taking the form
G22Xgg — 2g12Xen + G11%Xmm = —J*(Pxg + Qxy)
922Yss — 2912Yen + 911V = —J*(Pys + Qy,) (3.3)
These are two nonlinear coupled elliptic PDEs for functions x(¢,n) and y(&, 7).
The straight boundaries in the computational domain must be the images of the curved
boundaries of the physical region. Discretization of this set of equations must conform to
the boundaries of the region. The boundary conditions for Equations (3.3). which are

solved on the rectangular computational domain, are the known boundary values in the

physical domain, as illustrated in Figure 3.2.
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Figure 3.2: Boundary Conditions for Elliptic Grid Generation

3.3.3 Control Functions

Control functions are functions used to control the specific distribution of grid points in
the domain. In the absence of control functions. i.e.. when P = @ = 0. the generation
system tends to produce the smoothest possible uniform grid. with a tendency for grid
lines to concentrate over convex boundary regions and to spread over concave regions
[2]. Generally speaking. the P function controls spacing in the ¢ direction and the @
function controls spacing in the 1 direction. Various forms of these control functions
have been suggested in the literature [2. 30].

3.4 Perturbation Method for Dynamic Grid Generation

For a static gnd. the Cartesian coordinates x and y are functions of ¢ and n. For a
dynamic grid. x and y are also function of time ¢t. In general. the grid movement could be

caused by changes in the boundaries of the physical domain. or by requiring the grid to
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adapt to the development of the flow. In this section we devise a technique that is
applicable to mesh generation on domains for which the boundaries of the domain are
gradually deforming. The boundary shape is allowed to deform slightly over one time
step Az, from one time #, to the next time #,:;. Knowing the boundary nodes
displacements from one time to the next, the aim is to obtain the location of the interior
nodes at the new time. Elliptic grid generation method is used as the fundamental tool for
the grid generation.
Assume that an interior point with coordinates (x,y) at time #, moves to a new
location (x + x',y + ") at time #,-;. Elliptic grid generation, Equations (3.3), is used as
the basis to generate the gnid at time ¢,-;. However, the system of equations is simplified
by assuming that x" and y’ are small, resulting in a new system of linear equations which,
upon solution, gives the amounts of perturbation of all interior nodes. The elliptic system
(3.3) at time #,+; takes the form
973 M (xge + X'ge) — 2975 (xgy + X)) + 977 (g + X )
=~ (P (g + X'e) + QM (xy + X)) (3.4)
953 Oee +V'ee) — 2915 Ogn + Y en) + 975 Oy + V')
= —(™I2P™ (7 +9') + Q™ Oy + Y1) (3.5)
where superscript #+1 indicates the quantity is evaluated at time #,.;. Using Equations
(3.2) and neglecting quadratic terms in the small quantities x" and y’, the grid metrics and
the Jacobian of the transformation are approximated as follows:

n+1l

v 72 P V2 . . . ,
gt = (g +x) + (ye+y'y) =xf +22+ 2xpx's + ¥ + 32+ 2y,

~xf +yE+ 2xex s + 2yey, (3.6)
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g5 = (xe +x'e )t +x'0) + (ve +v) (m +9',)
= XgXp + XXy + XXy F X+ Yoy, + ygy’,7 + y’fy,, +—y‘Ty‘—ﬁ
R XeXy + VeV + xe X'y + X' x, + yey', + YV (3.7
g5t = (x, + x’,,)2 + (y,, + y’n)2 = x5+t + 2x,x ) + y7 +35E+ A
~ x5+ Y+ 2xpxy + 2y’ (3.8)
U2 = +)) = UM 4+ 2 (3.9)
The term J can be evaluated in terms of derivatiy es.

n+l (x; + xlf) (y,, +y'n) - (xn + x’n) (yf +y,§)

X XgYy = XnVe + XgY [ F XYy = XY ¢ = Xy ¥s (3.10)
ITl I,
Therefore,
]'=x5y'n +xeyy —x,,y'st—x',,yf (3.11)

Substitution of these grid metrics and the Jacobian into the elliptic grid generation
system, Equation (3.4) results in the following equation for x at time 7,

LHS. =
(2 + 93 )xge + 2 (xqx'y + ¥y ) xee + (22 + ¥2)x g = 2(xexy + yevn)xey
= 2 (xex'y + X g + Ve, + Y ') Xen = 2(xe%y + Vo)X gy
+ (xF + y?)x,m +2 (xfx'sc + y;y'f) Xy + (xF + ¥E)x'
= (%2 + y2)xz — 2(xexy + Ye¥y)Xey + (X + ¥E)Xgy + 2 (x,,x',, + y,,y'n) Xge +
2 (xfx'f + yfy'f) Xy — 2 (xgx',, +xyx'e + ey, + y,,y'f) xen + (2 +y2)x s +

(x¢ + 8 )x'ny — 2(xgxy + yeyn)x'ey (3.12)
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and RH.S. =
(™2 + 2" + PY(xg +x'e) + (@™ + Q) (xy + x7)]
= ~(U™? + 2J"))|[Pmxs + PMxs + Pxg +B%e+ Q"xy + Q"% + Q'xy + 554
~ —(J"2(P™xg + Q"xy) — U™ (P™x ¢ + Pxg + Q™x ' + Q x,) + 2] '(P"x¢ +
Q"xy) (3.13)
where we have written P"*1 = P" + P and Q"1 = Q" + Q
The bold terms on the L.H.S. and R.H.S. define the basic full elliptic grid generation
equation, which has been satisfied at the previous time and therefore are canceled out.

Hence, using (3.11) and collecting all the x' terms on the left, the equation which should

be solved for x (&,7) 1s,

(2 +92)x gg = 2(xgxn + yeyn )X gy + (xF + ¥E)x 'y + 20xg29y — XnXgn)x' +
2Qxnxgg — xgxgn)x’ + (M (PTxg + Qx ') + 2 (P xg + QMxy ) x's — yexy) =
—2YnY 'y Xge = 2VEY Xnn + 2YVnY ¢ Xen t+ nyy'nxfn - (Jn)? (x;P + an') -

2" (P™xg + Qxp ) (xeY ) = XY'e) (3.14)
The derivatives of x and y on the R.H.S. are known values from the grid at the previous
time, and the derivatives of y’ will be taken as known from the previous iteration during
the iterative solution process. This equation is a linear elliptic PDE for the displacement
of the x-coordinate of the grid nodes. Note that this equation also involves the known

displacement of the v-coordinate, i.e. y’, from the previous iteration.

A similar equation applies for y (¢, 7).
(xf + 3’%)3’155 — 2(xgxy + y;y,,)y'fn +(xf + yfz)ylrm + 20Ynn = Yn¥en)¥'s +

20mYee — YeYen)y'y + U™ (Pmy's + @™y, ) + 2" (P ye + Q) (xey', -
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xny'f) = —2xp X'y Ve — 2XeX g Yoy + 2Xn X ¢ Ven + 2% X 0 Ven — UMV (yeP + ¥,Q) -
2J*(P™ye + QM ) Vex 'y — Yyx ¢) (3.15)

The x and y derivatives on the R.H.S. are known values from the grid at the previous
time and the x" derivatives are known from the previous iteration.

The amount of perturbation of the boundaries, which defines the boundary conditions on

x' and y’, is known prior to the solution of Equations (3.14) and (3.15). Figure 3.3 depicts

this concept.

( \ , (Xp = Xp.Vp + V5)
Xp: Vb,

Figure 3.3: Illustration of Boundary Conditions for Domains with Moving
Boundaries
Hence, we use an iterative procedure to solve for x* and '~ Second order central
differencing is applied for all derivatives of x' on the L.H.S. The resulting finite

difference equation at (i, j) will take the form,

x§+y§' 2xnXgr  2XgXen | J2Q 2](Pxg+Qxy)ye 4 x§+y§ _ 2xpXgp | 2XgXgp
An? 2A7n 2A7 2A7n 2An Lj+1 An? 24 2An
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J2Q 2](Px§+Qx,,)yf) ' (x%+y,2, 2xgxnn  2XnXen | JPP 2J(Pxg+Qxy)yy

—= X\41, +
2An PAY] Xi-1 + Ag2 258 248 2A¢ 258 ) t+LJ

XG+yh | 2xgxnn | 2XnXegn  JPP 2](Px§+Qx,,)y,,) X + (=2 xf+yE _> x,27+y,;;') +
A2 278 2A& 278 2.8 -1 An? NZ L)

_p XeXntYeyn\ - x§x7,+y¢—y,,) ‘ ( xfxn"yf}’n) "
( 2 2AEAT )x1+1,1+1+(2 AAEAT X415-1F 2—_“&" Xi—41t+

XgX +y§y ’ _ B , . '
(-2 X )1 = 2y’ ee ~ 2V gn + 200V e Xen + 2YeY e =

J(xP" + x,Q") = 2] (Pxg + Q) )(xgy | — X ) (3.16)
where the coefficients are known from the previous grid (grid at the previous time) and

evaluated at (i,). Point-Successive-Over-Relaxation method is applied for solving the

above equation. Solving the Equation (3.16) iteratively will give the amount of

displacement of interior nodes, x, .

A similar equation applies for y, ;- central differencing is applied for the derivatives of y

on the L.H.S. The resulting finite difference equation will take the form

XEH¥E | 2ynves  2veven | J2Q _ZJ(PYz+QYn)Xe) : XEHVE _ 2ymver | even |
An? 2A7n 2An 2A7 2A7 ij+1 An? 2An 2An

2 2]J(Pys+ X ,
_J%Q , 2(Pye+oyy) f) +
2An 2An ,j—1

xf+yE | 2YeYnn  2¥nYen 14 J?P + 2J(Pyg+Qyn)xn + xf+yE  2YeVny + 2VnYen
A&2 248 2A¢ 2A¢ 2A¢ i+1, Ag2 2a& 2:&

2p  2J(Pxg+Qxp)x . xE+y? xZ+y2\ XgXp+Yey
J__M) 1_1]+(_2 EVE o Xty ij+(_2M n

2A¢ 2A¢ An? Aé2 ERYAY ) 1+1,7+1

xfxn“yfyn) ‘ ( "Exn*'yfyn) . (_ xf"nﬂ’fyn) . —
(2 4AEAD yl+1.1'-1+ Z 4AEAD yl—1.1+1+ z 4A8An yl—lJ—l_

—2YnY'yXee = 2VeY 'gXnm T 2YnY ¢ Xen + 2VeY  Xen — U™)?(xgP + x,Q) —
2J(P"xg + QMxy ) (xgy 'y, ~ %Y ')
(3.17)
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Point-Successive-Over-Relaxation is applied for solving Equation (3.17) for Yii

The solution algorithm is to solve for x’; j and Yij respectively point by point until the
whole domain is swept once. This procedure, sweeping across the domain point-by-point,
continues until convergence.

Whenever a grid point is about to fall outside of the domain, the grid is regenerated by
full elliptic grid generation once and then the perturbed method 1s continued.

3.5 Results

The perturbation method described in section 3.4 is applied on different geometries and
the grid qualities are compared to the grid quality of the grid generated by the full elliptic
gnid generation system. Note that in the following cases T represents the period of
oscillation.

Case I: Grid Generation on a Domain with a Moving Indentation (0 < t < T)

Figures 3.5 to 3.8 demonstrate that the grids generated by the linear perturbation method
and the full elliptic equations are almost identical. The overall quality of these gnids will

be discussed in section 3.5.1.
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Case 1I: Grid Generation on a Domain with a Moving Sine Wave (0 <t < T)

In this case a sine wave moves along the lower boundary and, as seen from Figures 3.10

to 3.13. there is ven little difference between the grids generated by the two methods.
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3.5.1 Grid Quality

A. Global Functionals

The orthogonality functional (I,) and the Modified Liao functional (Ij,), defined in
Equations (3.18) and (3.19) respectively, are introduced as a measure of the quality of the

grid generated by the perturbation method and the full elliptic system. The results for
Case II at time t = E are shown in Table 3.1. For both functionals, the minimum value

obtained by the perturbation method is only slightly higher than that obtained from the

full elliptic generator.

1 .912
f fo gngzzd dn (3.18)
1,1
ha = Jy Jy P02 dedy (3.19)
Orhogonality Modified Liao
Functional Functional
Perturbation Method 45.161493 16.168057
Elliptic Method 44.391483 15.998572

Table 3.1: Comparison of Grid Functionals at ¢t = % (Case II)

B. Skew Angle

The angle created by ¢ and 7 lines crossing each other is called the skew angle and can

be calculated at any grid node from

0 = cos™1( 912

——)
V911922

The skew angle at some typical points are recorded in Table 3.2.
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Coordinates Perturbation Method Elliptic Method
1=20.j=2 89.371836 96.873012
1=40.)=8 72.936906 72.830267
1=20, ;=3 94.994802 93190263

i
1=40. =15 j 80.32362% 83538687 ‘
i ' 1

Table 3.2: Comparison of Grid Skew Angles (deg) att = % (Case 1)

Considering these tables. it can be seen that the grid generated by the perturbation
method not only preserves the qualities of the grid generated by the full elliptic svstem
but improves these qualities at some points. It should also be remembered that the main
advantage of introducing this new grid generator is to achieve a reduction in
computational time. For instance. in these examples, the computational time consumed
for generating the grid with the perturbation method was 1 5 of the time required for

generating the same grid with the full elliptic system.
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APTER
4 FLOW SOLVER

4.1 Introduction

This chapter concentrates on solving the two-dimensional, unsteady incompressible
Navier-Stokes equations in general curvilinear coordinates and non-conservative form.
The continuity and momentum equations are written in dimensional form and discretized
in computational curvilinear space. The velocity field is marched in time using the
momentum equations, which are solved implicitly. To ensure conservation of mass, a
SIMPLE-like approach for unsteady flows is used to derive a pressure correction
equation, which also gives velocity corrections and the pressure field at the next time.
This approach is an extension of the method introduced by Zogheib and Barron for steady

flows [31].

4.2 Flow Equations

The governing unsteady flow equations in general curvilinear coordinates (§,7) and non-
conservative form are
Continuity equation:

$xls + My + &0 + 1,0 =0 4.1

u-momentum equation:
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up + (& + uéy + vE Jug + (m, + un, +vny )y,

T SO
pt T ptn

+o{(&2 + 532')“66 +(nf + r])z,)u,m +2(&emx + &1y Juen

+ (fxx + fyy)uf + (nxx + T’yy)un}

(4.2)
v-momentum equation:
v + (& + ué, + v&, )Jve + (n, + uny + vy, )y,
S 2 4 g2 2 42
T TP P + (87 + &5)vee + (03 + 03 ) vy

+2(&xmx + fyny)vfn + (S(xx + S(yy)vf + (nxx + nyy)vn}

(4.3)

where u and v are the velocity components in the x and y directions respectively. p is the

density, p is the pressure and v is kinematic viscosity. The quantities &;, &y, &,. 7;. 7y

and n,, are metrics of the transformation which are given by

§=?
me=-2
@——?
m=7

£ = —x,y,,]+ YrXy
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_ X:Ye = VeXg

where | is the Jacobian of the transformation from Cartesian coordinates to curvilinear

coordinates, 1e.,

_o(xy) 1
I=53&n = 3G
d(x,y)

4.3 Discretization of the Momentum Equations

A staggered grid with N points in the ¢ direction and M points in the 7 direction is
applied for discretizing the momentum and continuity equations, with A = An = 1. The
u and v values are stored at i — 1, and i, j + 1 locations respectively, and p is stored at
[,j as shown in Figure 4.1. Upwinding is used for convective terms and diffusion terms
are second order central differenced. Pressure gradients are approximated by second
order central differencing. For calculation of grid metrics, central differencing with
spacing A¢ and An between the nodes is used at interior nodes. The grid metrics on the
West and South boundaries are second order forward differenced and the grid metrics on
the East and North boundaries are second order backward differenced; refer to [32] for

details of differencing various terms.
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Figure 4.1: Staggered Grid with Notations and Storage Locations

If At is the time between two successive grid geometries at times t,, and t,,,. during
which the grid nodes change their positions from (x™ y™) to (x™*1 y™*1). then the

following first order approximations are used in the expressions for &, and 7,,
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4.3.1 Discretized Equations at Interior Nodes

Using the Implicit Euler scheme for the time march. the discrete u- and v- momentum

equations at interior nodes are written as

Pi—2j — Pij

apUi_1j + anUi_qjez + AsUjq -2 + Qi3 + Qg = §x 25 + Sy
+.4H

bpViji1 + OVijaz + bsvij1 + bV 5 j1 + DeVigg i1 = U\E%]i + 5.
.3

Denoting U = ué, + v¢, and V = un, + vn, and with 4§ = An = 1. the coefficients

take the form
1 & |Ui—11'l |Vi—1j| ) L
=Tty Ly =L+ —g, - .
P=at ' 2 2 + 2 > Sys ST T g--
I min(0.7"_, ;)
: NN v v
a, :mln(O_‘ - L. |)T+ - 1j TR _IT .
=k i -
Vs oo, max(0.F,) o o .
o :_max(o’n' ,y‘|)'3__ 5 ' VL —:V‘n
o~ j
U, 7 max(0.U_,; ‘
a; =—max(0,;L)_%_ ( - i 1.,) B U: 2. v :
U, 2 2 1J 3
o2 min(0.U . .
aE =min(0, v,—lxl 1+ ( I—l‘.,)_ Us o‘-\ —_liv_‘:
ll’:—l.;l 2 2 1J°°= 1 7
and
_ u,, + Y ( B ~ ~ \)
A g Pt TP TP TP

19}
- Y gl:(“.v-l.’-: U U s _”m«v—:)

The coefficients in the v-equation are the same as in the u-equation, but all variables and
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metrics are evaluated at the v-nodes i,j+1 instead of the u-nodes i-1,/ and

L
V1.1+1 xr;

S, =T+ ™, (p,+2.1+2 + P, " P, P ,-2)

— )
- 54V ("Hz 43 " Vica 03 Vi TV 0

8J?

These equations are an extension to unsteady flow of those derived by Barron and
Zogheib [33], the first terms representing extra terms due to the time derivative terms in
the momentum equations. All the terms in the Equations (4.4) and (4.5) are evaluated at
time t,,, except those with superscript n which are evaluated at time £,,. For the purpose
of linearization the velocity terms in the coefficient and the pressure terms are evaluated

at the previous iteration within time ¢,, 4.
4.3.2 Discretized Equations at the Boundaries

Discretizing equations at the boundaries depends on the problem to be solved and the
type of boundary conditions to be applied. The main problem considered in this chapter is
a channel with a moving indentation on the South boundary. The channel is rectangular
with fully developed parabolic flow throughout the channel at the initial time. As time
proceeds the boundary moves up until the maximum amplitude is reached and then it
comes back to its initial position. The oscillation period is the time required for the
channel to pass one whole cycle. Dirichlet boundary conditions, which means zero
velocity components (ie., no-slip), are applied along the North and South boundaries. On
the East boundary, an outflow condition is applied in the form

ou ov

A A
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In order to approximate pressure gradients at near-boundary nodes, one-sided

differencing is used since the pressure values along the boundaries are not known. Along

the East boundary the condition Z—; =0 1s applied at i = N and g—? =0ati=N-1.

Refer to [32] for details on discretizing the momentum equations near the boundaries.

4.4 SIMPLE-like Velocity-Pressure Coupling

If u"and v~are the discrete velocity fields that result from the solution of momentum
equations (4.4) and (4.5) corresponding to some pressure field p*, they do not necessarily

satisfy the continuity equation. Hence, the velocity and pressure fields are corrected as

u=u"+u
v=v+7
p=p +p (4.6)

where primes denote corrections. Subtracting the corrected and the uncorrected

momentum equations will result in equattons for velocity and pressure corrections

' '
! — ! fx pl—Z,}_pL} 1]
aq,U_1,;, = Z AnplUpp + ? 5 + Su (4-7)

’ ’ 7 p{, -, '
bi,]+1vl,j+1 = Z bnbvnb + ?y_jz—ﬁ'z' + Sv (48)
As in the SIMPLE algorithm, these equations are approximated as

! 1
’ - fx Pi-2,; — Dy,
al—l,]ul~1,] ~

p 2
7 !
b , - Ny Dy — Pry+2
l,j+1vl,]+1 ~ F 2
Substituting in Equations (4.6) gives
1 !
Di-2,;7 Py,

U1, = u:—l,] + &, 4.9)

2pa,—1,j
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' '
* Py~ Pij+2
-1, =V e 4.10
v, 1, i—-1,; +r’y ZPb1;+1 ( )

A similar approach has been suggested by Chung [34].

4.4.1 Pressure Correction Equation

The form of the pressure correction equation is the same as the steady flow case, since
there is no time dependent term in the continuity equation. Substitution of corrected
velocity fields into the continuity equation (4.1) results in an equation for correcting the

pressure field,

7 ! 1 14
ExPryPivay( | - ExPi—2,;7P,
=iy el

ror ' '
. NyPuoy"Prj+2| ) - NnyP;—2"Py,
ul+1,]+ p 2a p 2a; v

1+1,] i-1,]

,v”+1+p 2by3: W-1""p 2b,

+1, - =

$x

2
_T’xunlz,j - fyvflz,j
Rearranging terms gives the pressure correction equation at interior nodes

Cppy; + CeDiyzy + CwDi—2; + CnD)j42 + CsDyj—2

* * * *
U1y — Uy, 1 Vig+1 — Viy-1
2 y 2

‘_‘S;x +Sp

(4.11)

where

_ Upprg+2 T Ui—1 42 — Uper -2 — U-15-2
Sp - _nx 8

Vig2g+1 t Vv -1 = Vi2 41 — Vi-2-1

& N &3 N 5 Uk
4pa,,.,; 4pa,_1, 4pb,41 4pb; 4

Cp



C —

v 4pa,_,,
Cy = — Ty

N 4pb1,]+1
Cs = — U

s 4pb, ;4

4.4.2 Pressure Correction Equation at the Boundaries

The velocity components are known at the inlet (West boundary). Since North and South
boundaries are walls the velocity components are set to be zero along these boundaries.
When Dirichlet conditions on velocity are known at a boundary, these values are used in
the continuity equation adjacent to that boundary before (4.9) and (4.10) are substituted
to obtain the pressure correction equation. In the discretized pressure correction equation
at the East boundary the link to the outlet boundary side is suppressed by setting C; = 0.

For a more detailed treatment of pressure equations near the boundaries, refer to [32].
4.4.3 Solution Algorithm

Once all the necessary equations have been derived, the overall solution algorithm can be

described by the following steps:

1.Setn = 0.

2. Read the mesh data files produced by the mesh generator.

3. Calculate the grid metrics at the new time.

4. Set the initial conditions on the pressure and velocity fields over the domain at time

t=t,.
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5. Solve the u-momentum equation at all #-nodes.

6. Solve the v-momentum equation at all v-nodes.

7. Solve the pressure correction equation at all p-nodes.
8. Correct the pressure and velocity fields.

9. Continue through steps 5-8 until the results (, v, p) meet a specified convergence

criteria.
10. Set the converged results to be the initial conditions for the next time.

11. If n is less than the specified number of time steps, increase n to n + 1 and go back

to step 2.

4.5 Results and Discussions

In this section the algorithm developed in this chapter is applied to two test problems.
The first is developing flow in a rectangular channel: the second problem is fully
developed flow in a channel with a moving indentation along the wall. The second
problem is of great interest in the literature as a benchmark problem for the validation of
unsteady codes. It has been experimentally studied by Pedley and Stephanoff [35], and
numerically studied by Ralph and Pedley [18] using a vorticity-streamfunction
formulation. Thereafter, Demirdzic and Peric [23] solved this problem with a finite
volume approach and their results are in good agreement with those of Ralph and Pedley

[18] and the experimental results of Pedley and Stephanoff [35].
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4.5.1 Test Case 1: Developing Flow in a Rectangular Channel

The purpose of this example is to test the capability of the unsteady code to solve steady
flow problems by considering the time as iteration, and marching to the steady-state. The
channel is covered with 371 X 41 grid lines in the x and y directions respectively. The
channel length is 27.85 cm and channel height is 1 cm. The inlet flow has a uniform
profile. the media is water at 20°C and Reynolds number based on inlet velocity and

channel height is 50.

The results show that the unsteady solver is capable of generating the steady flow by
marching in time until the steady-state is reached. The tolerances for convergence have
been set at 10°, and typical residuals for the »-momentum, v-momentum and continuity
equations are of the order of at least 10°®, 10 and 10° respectively. Figure 4.2 compares
the non-dimensional centreline velocity with the data available from the steady solver of
Zogheib and Barron [31]. The present method predicts x = 0.301 as the point where
centreline velocity reaches 99% of the maximum non-dimensional centreline velocity

(1e.,1.5). This development length is the same as that reported by Zogheib and Barron

[31].
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Figure 4.2: Comparison of Non-Dimensional Centreline Velocities at Different

Locations from the Flow Entrance
4.5.2 Test Case 2: Flow in a Channel with a Moving Indentation

The channel shown in Figure 4.3 covered with 371 X 41 grid lines in the ¢ and 7
directions respectively (Figure 4.4a). The un-indented channel has length of 27.85 cm
(I; =9.85cm, I, = 18cm) and height of b = 1 cm. The inlet flow has a fixed parabolic
profile, the media is air at 20°C. The geometry of the channel changes with time (see. for

example, Figure 4.4b) and the grid is generated by the method developed in Chapter 3. as

illustrated in Figures 3.4-3.8.
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The height of the bottom (indented) wall is given by [23]
h for 0 <x < x,
y(x) ={0.5h(1 — tanh[a(x — x,)]) forx; <x <x,, (4.12)
0 for x > x3,

where a = 4.14, x; = 4b, x3 = 6.5b, x, = 0.5(x; + x3) and

h = 0.5hna,[1 - COS(Zntf)]

Here b is the channel height, T is the oscillation period and h,,,,, = 0.38b specifies the

maximum blockage of the channel at ¢ = 0.5. where tf =% is introduced as the time

fraction relative to the oscillation period.

The Reynolds number and Strouhal number based on the channel height b. bulk velocity

Upuix and oscillation period T are defined as

_ Upunb
e =
v
St = b
TUpuix



In order to compare directly with the results of Demirdzic and Pertc [23], the simulations

are carried out for Re = 507 and St = 0.037. For the purpose of marching in time. the

. i . T
time step in the unsteady flow solver is taken to be Aty = =

The inlet velocity profile is

u= 6Ubulk%(1 - %) (4.13)

X

Figure 4.4(b): Mesh for Flow in a Channel with a Moving Indentation at t; = 0.5

The velocity vectors (Figures 4.5(a)-4.5(1)) and streamlines (Figures 4.6(a)-4.6(1)) are
compared at various time steps with the numerical simulation results available from
Demirdzic and Peric [23]. In each figure the upper graph depicts results from Demirdzic
and Peric’s simulation and the lower graph is the current research results. Since the

section before the indentation is not affected \ery much by the indentation. 1t is simply a
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converging channel with rather uninteresting flow features. it is not shown in these

figures.

There are a few conclusions which can be made by observing the figures and numerical
data obtained from the sohver. The maximum velocity occurs at ¢ = 0.4. The first
separation occurs behind the indentation between tr = 0.2 and tf = 0.3. Between
t; = 0.35 and 0.4 another vortex appears on the opposite wall. At about ¢ = 0.45 the
third vortex appears on the bottom wall. The vortex building process continues until there
are three of them on each wall. After t; = 0.7. they start to become weaker until ¢ = 0.9
when almost no eddies exist. The strength of the eddies predicted by the present method
is a little weaker. therefore the smaller eddies are not captured. However. the maximum
speeds at various times are compared in Table 4.1. and show good agreement with

previous results.

tf Delg:: iégz[igﬁnd Present Method
0.2 2.20 2.19

03 2.53 2.48 |
0.4 2.64 ‘ 2.61

0.5 238 233

0.6 1.99 1.93 |
0.7 1.73 1.54

0.8 1.56 1.51

0.9 1.50 1.50

1.0 1.51 1.50

Table 4.1: Comparison of Maximum Velocities at Various Times (m/s)
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Figure 4.6 (c): Streamlines Downstream of the Indentation (t; = 0.4)
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Figure 4.6 (¢): Streamlines Downstream of the Indentation (t; = 0.6)
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Figure 4.6 (g): Streamlines Downstream of the Indentation (t; = 0.8)
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HAPTER 5
CONCLUSIONS
AND RECOMMENDATIONS

5.1 Conclusions

A novel method for dynamic grid generation on two-dimensional domains with moving
boundaries, with the boundary nodes coordinates prescribed as a function of time, has
been developed. The full elliptic grid generation system is applied once to generate the
initial grid on the domain, and a perturbed system of linear equations is obtained from the
full elliptic equations by assuming a small amount of disturbance at each node. Solving
the perturbed equations at subsequent times, based on the known amount of perturbation
on the boundaries, results in the amount of perturbation at all interior nodes. The basic
advantage of applying this method, rather than solving the full elliptic system for all
times, is the significant reduction in the amount of time consumed for grid generation.
Based on our limited tests, we can achieve about 80% reduction in the computational
time using the grid perturbation method. This could be especially significant on domains
with fine grids or for 3D domains, for which the computational time considerably
increases. In order to avoid grid entanglement, the full elliptic system can be applied as
needed after some time steps.

In Chapter 4 the finite difference formulation introduced by Zogheib and Barron [31] for
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steady flows has been extended to unsteady flows. The idea is to apply a SIMPLE-like
scheme commonly introduced in finite volume formulations to link the velocity and
pressure, when the momentum and continuity equations are discretized in a pure finite
difference formulation. Hence, a pressure correction equation is solved for obtaining the
amount of pressure correction at each grid point on the domain. The velocity and pressure
fields are then corrected, and the momentum equations and pressure correction equation
are solved again using the updated values from the previous solution. This procedure is
resumed at each time step until the results are obtained for that time. The velocity and
pressure fields of one time constitute the initial conditions for the next time step.

The grid generator and flow solver are applied to two test cases. In the first case, the
unsteady solver is used to solve a steady flow problem. In the second, the flow through a
channel with a moving boundary is simulated.

5.2 Recommendations

The method proposed for dynamic grid generation has shown great capability for
efficiently generating good quality meshes in 2D. This approach can easily be extended
to surface meshing and 3D volume meshing, where the computational savings will be
even more significant. In the present formulation, the number of boundary nodes and
interior nodes must remain the same throughout the calculation process. ie., for all time.
This is related to the fact that the comners of the domain are not allowed to move. There is
nothing inherent in the approach which forces this restriction, so it should be possible to
allow movement of the coner nodes as well as insertion and deletion of grid lines as the
domain deforms.

Furthermore, the control functions introducing in the perturbed system of equations are
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simply taken to be zero in the present work, since zero perturbation to the control
functions seemed to give the best results in terms of less likelihood of grid entanglement.
A considerable amount of investigation can be done on the behavior of the perturbed
equations as these control functions change. The improvements which may be realized by
choosing appropriate control functions include reducing the need for occasional
application of the full elliptic system and improving the grid quality.

The results from the current flow solver can be improved in several ways. The time step
applied in this research is four times larger compared to the time step applied by
Demirdzic and Peric [23]. Taking a smaller time step can return more accurate results.
The number of grid points can also be increased, which would reduce any truncation
errors due to the finite difference approximations. A grid with clustering near the
boundaries would generate more accurate results, since a finer grid would capture more
points in the boundary layers, ie., in the regions with high flow gradients.

The flow solver itself could also be improved. For example, the first order upwinding
scheme for the convective terms could be replaced by higher order schemes, such as third
order upwinding, or through the use of Pade approximations. Higher order accurate time
march methods, such as a second order Crank-Nicolson or fourth order Runge-Kutta
scheme could be implemented. Improved velocity-pressure coupling procedures such as
SIMPLEC or PISO could be used to accelerate the convergence.

Having established, in this thesis, the capability of the proposed approach to solve the
unsteady incompressible Navier-Stokes equations, the above suggestions are promising

avenues for future research.
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