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Abstract—The paper presents a multivariate copula approach 
to identify the dependence between different polarimetric 
parameters. This approach can be used to develop a new method 
of invariant polarimetric classification of radar targets. Signals 
from meteorological target are processed as an example. 

Index Terms— Radar signal processing; meteorological radar 

I.  INTRODUCTION 

It is known that the most powerful signal processing in 
weather radar is possible using fully polarimetric 
measurements. This gives one the couple of orthogonal 
polarizations’ signal samples, which are obtained 
simultaneously at the same time moments. Therefore, the time 
series of all combinations of sounding and receiving 
polarizations would be used to calculate the polarimetric 
parameters [1-4]. The polarimetric classification of radar data 
deals with interpretation of mutual dependence of these 
parameters. The reflectivity, differential reflectivity, cross-
correlation coefficient, specific differential phase, etc. are used 
for discrimination between the several classes of weather radar 
echo [1, 5]. However, the most of classification algorithms are 
based on the principles of fuzzy logic [6-8]. 

Recently, the copula cross-correlation and cross-spectra 
functions were presented [9, 10] for the signal processing of 
polarimetric weather radar. The analysis was given for the 
bivariate distributions of measured signal pairs. In this paper 
we introduce a multivariate copula approach that can be used to 
identify the dependence between the measured scattering 
matrix elements for the different weather conditions, and 
therefore would be the possible method for invariant 
polarimetric classification. Three-dimensional random model 
of the output signal is used, and vine copulas decompose the 
multivariate densities into bivariate linking copulas. 

II. MARGINAL DISTRIBUTIONS OF FULL POLARIMETRIC 

RADAR’S SIGNALS 

In case of the full polarimetric radar, the elements of 
scattering matrix could be calculated using the measured 
backscattered signal quadrature components. For the reciprocal 
medium, the vertical-horizontal and vise-versa polarizations are 
the same, therefore the only three combinations of the transmit 
and receive horizontal (H) and vertical (V) polarizations are 

unique. The polarimetric signals under consideration can be 
described in the following manner: 
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where the i  and s  superscripts means the incident and 
scattered fields, respectively.  

In this paper, we propose the analysis of complex data 
measured at the output of the full polarimetric radar (PARSAX 
[11]). After some initial processing, the co- and cross-polar 
components of scattering matrix can be obtained as the time 
series of complex signals },,{ VVHVHH SSS  for the each of 
range bins. The absolute values of these signals 

},,{ VVHVHH SSS , respectively, are used hereinafter. This 
triplet can be transformed to the uniformly distributed one: 

( )HHHH
UF
HH SFS = ,       ( )HVHV

UF
HV SFS = , 

( )VVVV
UF
VV SFS = , 

where ( )HHHH SF , ( )HVHV SF and ( )VVVV SF  are the 
corresponding cumulative distribution functions, used as 
marginal distributions. 

III. MULTIVARIATE COPULA AND COPULA DENSITY 

The multivariate cumulative distribution function (CDF) of 
the transformed variables },,{ UF

VV
UF
HV

UF
HH SSS  has name of a 

copula and as a result of the Sklar’s theorem can be written in 
the form 

( )
( ) ( ) ( )( ),,,

,,

VVVVHVHVHHHH

VVHVHH

SFSFSFC

SSSF

=
=

 

where ( )VVHVHH SSSF ,,  is a multivariate cumulative 

distribution function of },,{ VVHVHH SSS . The multivariate 
copula, furthermore, can be represented as the linked set of 
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bivariate copulas, so called, vine copula [12-14]. For the 3-D 
vine copula one can construct the canonical C-vine, or D-vine, 
that can be represented using trees T1-T2, as shown in Fig. 1. 

 

 
 

Figure 1.  C-vine and D-vine representations for the 3-D vine copula 

Multivariate probability density function (PDF) can be 
expressed as the 3rd derivative of multivariate CDF as follows: 
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where ( ) ( ) ( )( )VVVVHVHVHHHH SFSFSFc ,,  is a multivariate 

copula density function, ( )HHHH Sf , ( )HVHV Sf , ( )VVVV Sf  
are the marginal densities. According to the D-vine trees in 
Fig. 1, the multivariate copula density can be represented by 
the bivariate functions in following manner: 

( )
( ) ( )

( ) ( )( )
( ) ( ) ( ),

|,|

,,

,,

|||,

,,

VVVVHVHVHHHH

HVVVHVVVHVHHHVHHHVVVHH

UF
VV

UF
HVVVHV

UF
HV

UF
HHHVHH

VVHVHH

SfSfSf

SSFSSFc

SScSSc

SSSf

⋅⋅

××

×⋅=

=

    (2) 

where the jic , ( VVHVHHji or  , ,, → ) is corresponding 

bivariate copula density function, ( )⋅HVVVHHc |,  is the 

conditional bivariate copula density function, and jiF |  is 

expressed as follows: 
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As can be seen from (2), the multivariate PDF can be 
represented by the set of bivariate copula functions, that 
contains the pure dependence, and a set of the marginal 
distributions. 

For the measured polarimetric signals the kernel estimates 
should be used instead of their original CDF, PDF, copulas and 
copula densities. It is supposed, that the estimates are 
converging to the original functions with increasing the number 
of samples. 

IV. DATA PROCESSING AND RESULTS 

Application of proposed multivariate copula based 
dependence measure approach can be shown using the data 
received by the PARSAX radar. The sounding signal of this 
radar can have vertical or horizontal polarizations and also 
there is a possibility to send this signal in the same direction 
during many periods of observation. The considering data sets 
for HH, HV and VV polarizations, particularly, contain 512 
periods. The areas of radar observation that contain the 
precipitation regions are shown in Fig. 2, 3 for the wet snow 
(Fig. 2) and the rain thunderstorm (Fig. 3).  

The original and transformed polarization signals’ time 
series according to the both cases of weather conditions are 
shown in Fig. 4 (wet snow) and Fig. 5 (rain thunderstorm). 

 

Figure 2.  The considering region with wet snow. Dashed line shows the 
processing direction (azimuth 1550), while bold solid line shows the 

processing range bins. 



 
Figure 3.  The considering region with rain thunderstorm. Dashed line shows 

the processing direction (azimuth 1170), while bold solid line shows the 
processing range bins. 

  

Figure 4.  Measured polarization signals’ time series for wet snow weather 
conditions. 

  

Figure 5.  Measured polarization signals’ time series for rain thunderstorm 
weather conditions 

The 2-D distributions of original polarization signals and 
copula distributions are shown for the selected pairs of HH, 
HV and VV components in Fig. 6 (wet snow) and Fig. 7 (rain 
thunderstorm). 
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Figure 6.  The copula distributions (left upper pictures) and 2-D distributions 
of original polarization signals (right bottom pictures) for the (HH,VV), (HV, 

HH) and (HV, VV) pairs and the wet snow weather conditions. 
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Figure 7.  The copula distributions (left upper pictures) and 2-D distributions 
of original polarization signals (right bottom pictures) for the (HH,VV), (HV, 

HH) and (HV, VV) pairs and the rain thunderstorm weather conditions. 



The copula and copula densities functions are shown for the 
selected pairs of HH, HV and VV components in Fig. 8 (wet 
snow) and Fig. 9 (rain thunderstorm). 
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Figure 8.  The copula  (left upper pictures) and copula density (right bottom 
pictures) functions for the (HH,VV), (HV, HH) and (HV, VV) pairs and the 

wet snow weather conditions. 
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Figure 9.  The copula  (left upper pictures) and copula density (right bottom 
pictures) functions for the (HH,VV), (HV, HH) and (HV, VV) pairs and the 

rain thunderstorm weather conditions. 

As one can see from a comparison of Figures 6 and 7, the 
pairwise two-dimensional distributions of polarization 
components HH, HV and VV are quite significantly different 
in cases of wet snow and heavy rain. This result can be used in 
the classification of hydrometeors. It is worthy to amfisize that 
the pointed differences appear most clearly for the two-
dimensional density copula distributions (Figs. 8 and 9). This 
result is an expected one because, as it follows from (1), the 
structures of relationships between considered distributuions 
are contained exactly in two-dimensional copula distributions. 

For the further development of research in the field of 
classification based on the analysis of multivariate copulas, we 
need to introduce quantitative methods for evaluating the links, 
for example, based on the Bayesian approach that will allow 
developing the algorithms suitable for the automation of the 
classification process. 

We also plan to combine copula signal processing with 
modeling especially for the case of precipitation surveillance 
taking into account the inertia of scatterers [15]. 

It is reasonable to note that the proposed multivariate 
copula approach for polarimetric classification is suitable not 
only for meteorological application, which has been considered 
as an example, but also for many other applications including 
ultra-wideband signals processing [16], in particular for 
through-the-wall surveillance technologies [17]. 

 

V. CONCLUSION 

The set of the introduced new linked bivariate copulas, in 
the theory, fully represents the dependence structure of their 
marginal distributions. This behavior can be utilized for the 
invariant polarimetric classification of the objects. Further 
investigations are necessary, both theoretical and 
experimental, in order to design really useful and practically 
applicable invariant classification methods and algorithms. 
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