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ABSTRACT. We present the classification of a subclass of n-dimensional naturally graded Zinbiel
algebras. This subclass has the nilindex n — 3 and the characteristic sequence (n — 3,2,1). In fact,
this result completes the classification of naturally graded Zinbiel algebras of nilindex n — 3.
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1. INTRODUCTION.

Intensive investigation on Lie algebras leads to the appearance of a new algebraic object — Leibniz
algebras. The Leibniz algebras introduced by Loday in [7] are a ”non commutative” algebras analogue
to Lie algebras. It should be mentioned that Leibniz algebras inherit an important Lie algebra property:
the operator of right multiplication on an element of an algebra is a derivation.

Leibniz algebras form a Koszul operad in the sense of V. Ginzburg and M. Kapranov [6]. Under the
Koszul duality the operad of Lie algebras is dual the operad of associative and commutative algebras.
The notion of dual Leibniz algebra defined by J.-L. Loday [8] is precisely the dual operad of Leibniz
algebras in this sense.

In this paper, we study algebras which are the dual to Leibniz algebras in Koszul sense. J.-L. Loday
studied in [8] categorical properties of Leibniz algebras and considered in this connection a new object
— Zinbiel algebras (Leibniz is written in reverse order). Since the category of Zinbiel algebras is Koszul
dual to the category of Leibniz algebras, sometimes they are also called dual Leibniz algebras.

In [2, 5, 9] some crucial properties of Zinbiel algebras were obtained. Particularly, in [5], the authors
prove that every finite-dimensional Zinbiel algebra over complex numbers is nilpotent. However, the
study of nilpotent algebras is too complex and should be carried out with additional conditions, such
as conditions on nilindex, various types of gradations, characteristic sequence and others.

The aim of this work is to continue the study of complex finite-dimensional naturally graded Zinbiel
algebras. The n-dimensional Zinbiel algebras of nilindex k with n — 2 < k < n are classified in [1, 2].
The classification of complex n-dimensional naturally graded Zinbiel algebras of nilindex n — 3 is a
difficult problem and it should be divided into three cases. Namely, it is necessary to consider the
possibilities of the characteristic sequence of such algebras: (n —3,3), (n —3,1,1,1) and (n — 3,2, 1).
The classification of complex naturally graded Zinbiel algebras of nilindex n — 3 with characteristic
sequence equal to (n — 3,3) and (n — 3,1,1,1) has been done in [1].

The knowledge of naturally graded algebras of a certain family offers significant information about
their structural properties.

In this paper we obtain the classification of naturally graded Zinbiel algebras of nilindex n — 3 with
characteristic sequence (n — 3,2, 1). Thus, we complete the study for the n — 3 case. All the spaces
and the algebras are considered over the field of complex numbers. We omit the products which are
equal to zero for convenience.

Throughout all the work we use the software Mathematica (see [3]) to compute the Zinbiel iden-
tity in low dimensions and to formulate the generalizations of the calculations, which are proved for
arbitrary dimension. Moreover, the program allows us to construct new bases using some general
transformation of the generators of the algebra.

Since the direct sum of nilpotent Zinbiel algebras is nilpotent, we shall consider only non split
algebras.

2. PRELIMINARIES

In this section we introduce some definitions, notations and results, which are necessary for the
understanding of graded Zinbiel algebras.
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Definition 2.1. A vector space Z over a field K with a bilinear operation “o” is called Zinbiel algebra
if for any x,y,z € Z the following identity

(2.1) (xoy)oz==xo(yoz)+xo(zoy)
holds.

Examples of Zinbiel algebras can be found in [2, 5, 8].
Z(a, b, c) denotes the following polynomial:
Z(a,b,c) = (aob)oc—ao(boc)—ao(cob).
Zinbiel algebras are defined by the identity Z(a,b,c) = 0.
For a given Zinbiel algebra Z the sequence of two-sided ideals defined recursively as follow:
Zl=2z zZMl=2z02F k>1.
is said to be the lower central series.

Definition 2.2. A Zinbiel algebra Z is called nilpotent if there exists s € N such that Z° # 0 and

Z5t1 = 0. The minimal number s satisfying this property is called the index of nilpotency or nilindex
of the algebra Z.

For a given Zinbiel algebra Z we introduce denotations:

R(Z)={zxe€Z|yox=0forany y € Z} — — the right annihilator of Z,
L(Z)={zx € Z|zoy=0foranyyec Z} — — the left annihilator of Z,
Cent(Z2)={z,y€ Z|zoy=yox=0forany y € Z} —— the center of Z.

It is easy to see that the center and the right annihilator of Z are two-sided ideals.

Let us denote by L, the operator of left multiplication on element x, i.e. L, : Z — Z such that
L,(y) =z oy for any y € Z.

Let Z be a complex n-dimensional Zinbiel algebra and = be an element of the set Z \ Z2. For the
operator L, we define a descending sequence C(z) = (ny,na,...,n) with ny + --- + ny = n, which
consists of the dimensions of the Jordan blocks of the operator L,. In the set of such sequences we
consider the lexicographic order, that is, C(z) = (n1,n2,...,n) < C(y) = (m1,ma,...,ms) if there
exists ¢ such that n; < m; and n; = m; for j < 4. Taking into account the equality n; +---+np =
my + - -+ + mg such comparison is always applicable.

Definition 2.3. The sequence C(Z) = max{C(z) : x € Z\ Z?} is called the characteristic sequence
of the algebra Z.

In [5], the authors prove that Zinbiel algebras of finite dimension are nilpotent. Since we focused
our attention on finite dimension complex nilpotent Zinbiel algebras.

Let Z be a finite-dimensional nilpotent Zinbiel algebra with nilindex equal to s. For i (1 < i < s)
we put Z; = Z'/Z*! and we obtain the graded Zinbiel algebra

gr(Z) =219 2:®...® Zs, where Z,02; C Z;4;.

An algebra Z if called naturally graded if Z = gr(Z). It is not difficult to see that Z;11 = 21 0 Z;
in the naturally graded algebra Z.

Let Z be a naturally graded Zinbiel algebra with characteristic sequence (n — 3,2, 1). By definition
of characteristic sequence there exists a basis {e1, ea,...,e,} in the algebra Z such that the operator
L., has one block J,,_3 of size (n — 3), one block J of size 2 and one block J; of size one.

Note that there will be six possibilities for the operators L., . By a change of basis it is easy to prove
that the six cases can be reduced to the following three cases:

Jos 0 0 Jo 0 0 J. 0 0
I. 0 Jo 0 |, II.l 0 J,3 0
0 0 Ji 0 0 J 0 0 J

Definition 2.4. A Zinbiel algebra Z is called either of first type (type I), second type (type II) or third
type (type III) if the operator L., has the form:

Joezs 00 Jo 0 0 Ji 0 0
I. 0 J 0
0 0 ., 0 0 ., 0 0 J
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respectively.

From now on we denote by C’Z-j the combinatorial numbers C’Z-j = ( ; ) .
The following result holds:

Lemma 2.5. [4] Let Z be a Zinbiel algebra such that e o e; = e;11 for 1 <i <k — 1, with respect to
the adapted basis {e1, ..., ek, €k+1,.-.,n}. Then

€;0€; = {]Jrj—lei-l‘j? fO’f’ 2§Z+]§k5

3. MAIN RESuLT
3.1. Type I. Algebras of type I with n > 8. So, we have the following brackets:

€106 = €41, 1<i<n—4,
e10ep—3=0,

€10€n—2 =E€n-—1,

eroen—1 =0,

ejoe, =0.

It is easy to see that Z; D (e;) where 1 < i < n — 3. It is evident that dim(Z;) > 1. In fact, if
dim(Z,) = 1, then the algebra Z is one-degenerated and therefore it is a zero-filiform algebra, but it
is not an algebra of nilindex n — 3. Let us assume that e,,_2 € Z,, and e, € Z,,, then e,,_1 € Z,, 41.

We can distinguish the following cases:

Case I. If ry =ry = 1.

Then we have that

Zy =< e1,ep_2,6p >, Zag =< e, 1>, Z3=<e€3>,...,2p 3=<¢€y_3>

and the following products:

€1 0€1 = €, €10€p—2 = €En—1, €n—20€1 = Q1e + 2y _1,
€n—20€n_2 = (363 +Qu€n_1, €p_20€, = a5z + gen_1, €po0e1 = frea+ Paen_1,
€n O €n_2 = 32 + Baen_1, €n O €n = Psea + Peen_1, e10ex = e3,

€n—2 0 €2 = 71€3, €n—2 0 €n—1 = 72€3, €n O €2 = 73€3,

€n O €n—1 = 74€3.

From the equality Z(e1,en,e1) = Z(e1,€n,en) =0 we have 51 = 85 = 0.
Let us consider the equalities Z(e1,e,—2,€1) = Z(e1,en—1,€1) = 0 then it follows a3 = 0.
From the equalities

Z(er,e1,en—2) = Z(ep—2,€1,€1) = Z(en—2,en—1,€1) = Z(€1,€1,€6,) =0
e1,€n,€2) = Z(en,en_1,€1) = Z(e1,en—2,en—2) = Z(e1,en—1,€n-2) =0

Z(
Z(e1,en—2,en) = Z(e1,en,n_1) = Z(e1,e1,6n—1) = Z(e1,€n-2,€2) =0
Z(en727€n761) = Z(en7276n72761) - 0

we obtain
N=re=m=mn=az3=as=L03=0,
and
€20€n_ 3 =€y 2063 =€20€,_1 =€, 106 =€20€, =e,0ey =0.
Now, by mathematical induction method, we prove that e, oer = 0 and e; oe,—; = 0 with

2<k<n-3.

e If k=2, then we have e,,_10¢e3 =es0e,_1 =0.

e Let us suppose that for some k the equalities e,,_1 o ey, = 0 and e o e,—1 = 0 are true. We

prove it for k + 1.

en—10€pr1 =ep_10(e10er) = (ep_10€1)oer —ex_10(ep0er) =
= —Clen—106p41 = —kep_10€p41, €n_10€py1 =0.
ery10€n—1 = (e10eg)oe,_1=ej0(epoe,_1)+ero(e,_10ep) =

=0
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As in previous cases, it easy to see that ey oe,_o =€, s0e, =0 and ey oe, = e, oep = 0 for
2<k<n-3.
Thus, we have obtained the following family of algebras:

ejoe; = gﬂ-_leiﬂ-, 2<i+j<n-3,
€10€p—2 = €En—1,

€n—-20€1 = A1€n—1,

€n—20€p_2 = A2€6p—1,

€p—20€p = A3€6n—1,

€n O €1 = U4€n—1,

Z(a1,a2,as,a4,as,ag) :

€n 0 €En—2 = A5€6n—1,

€n O €n = A6€En—1,
where we omit the products that are equal to zero.

Theorem 3.1. An arbitrary Zinbiel algebra of the family Z (a1, a2, as, aq, as, ag) is isomorphic to one
of the following pairwise non-isomorphic algebras:

Z1(1,0,0,0,1,0), Z5(0,0,0,0,1,0), Z3(0,1,0,1,0,0),

Z4(0,0,0,1,0,0), Z5(0,1,0,0,0,0), Z5(1,1,0,0,0,0),

Z7(X,0,0,0,0,0), A€ C, Zs(0,A,1,0,0,1), A€ C\ {0}, Zy(a, 57, 1,0,0,1), a € C\{0,1},
Z10(0,0,1,0,1,1), Z11(1,0,1,0,1,1), Z15(0,0,1,1,0,0),

Z13(0,0,1,0,0,0), Z14(\,1,1,0,1,1), A€ C, Z15(0,1,1,-1,1,1),

Z16(1,1,1,0,1,1)

Proof. Let Z be satisfying to the hypothesis of the theorem. Due to the property of natural gradation
of the algebra it is enough to consider the following change of generators:
e} =Pei+ P,_sen_2+ Pprey,
en_o =Qie1+ Qn_2en_2+ Qnen,
6;1 = R1€1 + Rn,Q(En,Q + Rnen.

Making the general change of basis in the family Z(a1,as, a3, a4, as,as), we derive the expressions
of the new parameters in the new basis (1):

, a1 PiQn o+ asPy 2Qn o+ a3PQn o+ aiP1Qy +asPy 2Qy + asPQp

- P1Qn2+ a2l 2Qn 2+ a3l 2Qy + a5PyQn_2 + agPQn ’

, a2Q} 5+ a3Qn—2Qn + a5Qn—2Qn + a6Q3

 PiQn_2+ 2Py _2Qn_2+ a3Py_2Qn + a5 PQn_a + agPaQy’

, a2Qn—2Ry 2+ a3Qn_oRy, + a5sQnRy_2 + asQniy

" PiQn—2+a2Py2Qn—2+ a3Py_2Qn + a5 PQn—2 + agPaQy’

,  a1PiR, o+ asP, oRy 2+ a3PyRy_o+ asP1Ry +asPy 2Ry + ag Py Ry,

- P1Qn2+a2P 2Qn 2+ a3l 2Qy + asPyQn 2 + agPQn ’

ol = a2Qn_2Ry 2+ a3Qn Ry 2+ asQn 2Ry + asQn Ry ,
P1Qn2+azP, 2Qn o+ a3l 2Qy +asPyQn—2 + agPQn

B asR2_5 +asR, oR, +asR, 2R, + agR2

 PiQn—2+a2Py2Qn—2+ a3Py_2Qn + a5 PQn—2 + agPaQy’

and the following restrictions:

Q1=R; =0,

PR, o+ aP, sR, o+ a3P, osR, +a5P,R,,_> + asP,R, =0,

P1Qn—2+a2Py2Qn—2+ a3Py2Qn + as PoQn—2 + ag PnQn # 0,

P (Qn_2R, — QnRu—2) #0.

We can distinguish two cases:

ag

(2)

Case 1. Let e, € R(Z) be, then az = ag = 0.
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From the restrictions,
(P +a2P,—2 +asP,)R,—2 =0,
(Pr+a2P,—2+asP,)Qn—2#0, » = R, 5=0.
Pl (Qn—2Rn - Qan—2) 7& 0.
it follows that P1Q, 2R, # 0. Thus, the new parameters are:
a1P1Qn2+ a2l 2Qn 2+ asP1Qp +asP, 2Qy

I
“= Qn-2(P1 +a2Py 2 +asP,) ’
;o a2Qn_2+asQy
> Pi+asPy_o+azP,’
Rn(a4P1 + G5Pn_2)
Qn2(PL+asPp_2+asP,)’
as R,

Py +asP,_o+asP,’

We observe that the nullity of as is invariant. Moreover, it is easy to check that the nullity of the
following expression

=]

ay =

/o
CL5—

dd—da = (agaq — aras)PL Ry
2T T (Pt agPy g + asPy)?

is invariant. Thus, we can distinguish the following non-isomorphic cases:

Let a5 # 0 be. Then choosing

P +asPy o+ asP, as Py a2Qn_2
Rn — ) Pn_2 - — b) Qn -
as as as
we have
/ / / ,  (azaq —ajas)Py

(asay —as)Py —a2P,
and the determinant is formed by the potencies of the following non-zero factors: P;Q,—2a5((azas —
a5)P1 — U%Pn)
a) If asaq — ajas # 0, choosing P, =
71(1,0,0,0,1,0).

w we receive aj = 1. It follows the algebra

b) If agas — ajas = 0, then we obtain aj = 0 and we have the algebra Z5(0,0,0,0,1,0).

Let a5 = 0 be. Then, a5 = 0 and we have

,  a1PiQn o+ aaP, 2Qn 2+ asP1Qy

a - )
! Qn—2(P1 + a2P,—2)
;L a2Qn—2

2= Py +asP, o’
;L as PR,

al =

Qn_2(P+asP, 2)

with PlQn72Rn(P1 + CLQPH,Q) 7§ 0.
We observe that the nullities of as and a4 are invariant, so we can distinguish the following cases:

a) Let a4 # 0 be. Then, choosing

_ Qna(PL+a2Py ) 0, = _ Qnz(a1 Py +a2P,2)

R
" a4P1 ’ CL4P1 ’

we get aj = 1 and a} = 0.

P P, .
a.l) If as # 0, then choosing @Q,_2 = w, we obtain a4, = 1 and the algebra

as
75(0,1,0,1,0,0).

a.2) If ag = 0, then we have af, = 0 and the algebra Z4(0,0,0,1,0,0).
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b) Let ag = 0 be. Then a) = 0 and we have

o = a1 Py + asP, o 4 = a2Qn—2
! Pi+asP, >’ ? Pi+ayP, s

We have that the nullity of the following expression:

P, -1
a) —1= L (a1 ) .
Py +asP, 2
is invariant.
P P .
b.1) Let as # 0 be. Then, choosing Q,,—2 = w, we obtain a), = 1.
a2

e If a; — 1 # 0, then putting P, o = — ‘“fl , we have af = 0 and the algebra Z5(0, 1,0, 0,0, 0).

a

The determinant of change of basis consists of the potencies of the following non-zero factors

a9 (al — 1)P1Rn

e If a; — 1 =0, then @] =1 and we obtain Z4(1,1,0,0,0,0).

b.2) Let ag = 0 be. Then, we have ab, =0, af =a; = A € C and the family Z7(),0,0,0,0,0), with

e C.

Case 2. Let e,, ¢ R(Z) be, then (as,ag) # (0,0). We can suppose that az # 0, in another case, a3 =0
and ag # 0 we make the following change of basis f{ = f1 + f3. Thus, a3z # 0. Taking into account the

expressions given in (1), the restrictions (2) and the following expression:
A = a§a4 + a§a4a5 — a1a§a4a5 + agagai% — a1a3a4a§—
—am%as — 3asagasae + a1asa3a406 — a%aiag—i—
“+azasag + a%a3a5a6 + ag04a5a6 + a102040506—
—alagaﬁ — agag + 2a1a2a§ — a%agag,
the nullity of the following expressions are invariant
_ (a3 — azas + a3 — aza6)(Qn-2Rn — QuRy—2)*
P1Qn—2 +asPy2Qn—2 + asPaQn-2 + a3 Pp—2Qn + as PaQy’
_ (azas — aza6)(Qn_2Rn — QuRn_2)*
P1Qn—2 +asPy2Qn—2 + asPaQn-2 + a3 Pp—2Qn + ac PaQy’
APP(Qn-2Rp — QuRn—2)"
(a2Qn—2Rn—2 + a5QnRn—2 + a3Qn 2R, + a6QnRy)?’
dy—al = (a3 — a5)(Qn—2Ryn — QnRn—2) '
PiQn—2+a2Pp2Qn—2 + as PaQn—2 + azPr—2Qn + as PnQn

We can distinguish the following non isomorphic cases:

Let agas — asag # 0 be. Then, choosing

Py =—(agPiQnRp—2+ a2a5Qn_2R%_5 + a2Q,R%_5 — agP1Qp_o2Rn+
+a3a5Qn—2Rn—2Rn + a2a6Qn—2Rn—2Rn + 2a5a6Qan—2Rn + a3a6Qn—2R721+

1
n R,
+a6Q n) (a3a5 - a2a6)(Qn72Rn - Qan72)

P, =—(—a3PiQnRn_2— a3Qn_2Rn_2 — asa5Q,R%2_, + a3P1Qn_2R,—
_2Q2Q3Qn72Rn72Rn - a3a5Qan72Rn - QQQGQan72Rn - aan72Ri—

1
—azasQnR2
35Q )(0305 — a2a6)(Qn—2Rn — QnRn_2)

and using the restriction (2), we obtain af = 1.

12 /A 12 ! !
ag’ — azas + ag — dadg

! ! ! !
azay — Aa0g

A =
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a) Let ag — a5 # 0 be. Then, choosing

_a2Qn—2Rn—2 + a5Qn—2Rn R _ a3Qn—2 - a5Qn—2 - aﬁRn
azRy—2 + agRy, 7 v as

Qn:

we get af =0, ag =1 and ay = A € C\ {0}. The determinant of the change of basis is formed by the
potencies of the following non-zero factors:

(a3Rp—2 + agRn)P1Qn_2(asR%_5 + azR,—oRy + asRy—o Ry, + agR2).
a.1) Let A # 0 be. Then, we choose

R (aza3za4 — azas — azagas + aja? + azag — ayazae) Py
" (a3 — as)(azas — azag) ’

Qn—2 = (a§a4 — a1a§a6 — 2asa3a40¢ + azasae + a1a3a506+
Py

(CLg - a5)2(a3a5 - CLQCLG) ’

+asasasag — ajaiag — azad + arasal)

and we get aj = a) = 0 and the family Zs(0,,1,0,0,1), A € C\{0}. The determinant of change
of basis is formed by the non-zero potencies of the following factors (az — as)(asas — azag) AP;.

a.2) Let A =0 be. Then, we have

r_ [
A'=af =0, aj=as5=1,

aly — ay — 3ahal, + abala, — allalf — ah(a) — 1)* = 0.
Thus, we obtain the following family

ejoej =0 1eipj, 2<i+j<n-—3,
€10€n—2 =E€n-1,

€pn—20€1 = Q€p_1,

€n—-20€n = €En_1,

€n—20€p_2 = Benfla with ﬂ # 0

€n 0 €n = €En—1,

en o€l =Yen_1, with v — o — 38y + affy — 8292 — B(1 — ) =0
Now, we make the generic change of basis

6/1 = P1€1 +Pn—26n—2+Pnenu
€n_o =Q1e1+ Qn-2en_2+ Qnen,
el =Rie1 +R,_2e,_o+ Rye,.

n

and we have the expressions of the new parameters and the new restrictions:
r_ CVP1627L—2 + ﬁpn—2Qn—2 + VPIQn + PnQn—Q + Pn—?Qn + PnQn

PlQn72 + ﬁpn72Qn72 + Pn72Qn + PnQn72 + PnQn
ﬁQ%—2 + 2Qn—2Qn + Q%

)

[
T BQu s+ P 2Qua + PaaQu+ PaQus + PaQ
. aPiR, s+ 8P, 2R, 3 +7PiRy + PaRy_o+ Py R, + PR,
- PlQn72 + ﬂPn72Qn72 + Pn72Qn + PnQn72 + PnQn 7
1= ﬁQn—2Rn—2 + Qn—2Rn + Qan—2 + Qan
PlQn72 + ﬂPn72Qn72 + PanQn + PnQn72 + PnQn7
. BR2_,+2R, R, + R2

- PlQn72 + ﬂPn72Qn72 + Pn72Qn + PnQn72 + PnQn,
0=PR, 2+ BPn—QRn—2 + P, oR,+ P,R, 2+ P,R, =0. (**)
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_ PlQan72 - PlQn72Rn + ﬂQn72Rn72Rn + Qn72R721 + QnR%

N 9 B(QQan—2 - Qn—2Rn) ’
- (PlQan72 + ﬂ Qn72Rn72 - PlQn72Rn + 2ﬂQn72Rn72Rn+

1
+BQuRy—2Ry + Qn-2oR}, + Qu R}, ,
BQ : Q : Q )ﬂ(Qan72 - Qn72Rn)
= Rn72 + Rn;

ﬁQn—ZRn—2
- _Cin2Tn? . _gR
Rn72 + Rn ﬁ ?

= —(—PiRy_2+ 2BPi Ry — aSPiR,_3 + *vyPi R, o+
+BR;_5 — B*R;_5 — PiRy, + PR, — aB PR, +

1
B(BRY 5+ Ry—2R, + R2)’
= (PiRy—2 — BPIR,—2+ PR, > — BR2_, + PR+

1
B(BRZ 5+ Ry—oR, + R2)’

+Rn—2Rn - BRn—ZRn + Ryzz - BR%)

+ﬁ’7P1Rn - Rn—2Rn - R’%L)
—B#0

with Py (BR2_5 + R, 2R, + R2) # 0. It is easy to prove that:

,Y/ —a _35/7/4'0/[3/7/_5/27/2 —[‘3/(0/ _ 1)

2 Y—a—3B8y+aBy— %2 pBla—1)?
BR%_,+ R,_2R, + R2

Now, if we choose

1
Rn - _(Pl + ﬂ'ypl - Rn72)_

2

\/(Pr+ BYPL = Ru2)? + 4(PL R = BPLRu—s + aBP Ry — BR2_,)

wegety =0, 8 =8#0, o+ (a —1)? =0 with o € C\ {0,1}, thus g/ = —

2

Oé/

@

and we have the family Zg(a, —ﬁ, 1,0,0,1), with o € C\ {0, 1}.

b) Let a3 — a5 = 0 be. Then, we have a} = a = 1, a3 — azag # 0 and

with

o = ((a1 = 1D)Qp—2 + a1Qn) Py +1
a2Qn—2Rn_2 + a3QnRn_2 + a3Qn_oRy + asQnR,
o = a2Qp 5+ 2a3Qn—2Qn + Q7
a2Qn—2Rn_2 + a3QnRy_2 + a3Qn_2Ry + asQnRy’
d, = ((a1 = 1)Rp_2 + asRy) Py

B QQQn72Rn72 + a3Qan72 + a3Qn72Rn + 0466271Rn7
(QR?L?Q + 2a3R,,_oR,, + aﬁRi
QQQn72Rn72 + a3Qan72 + a3Qn72Rn + 0466271Rn7

Pl (Qan—? - QW—QRH)((L?QW—?RR—Z + (L3Qan_2 + a3Qn—2Rn + aﬁQan) 7é 07
PR, 5s+aP, sR, o+a3P, sR,+asP,R,_ >+ agP, R, = 0.

We can suppose ,

e as # 0, if we choose Q,,—2 =

e ay = 0, if we choose Q2 = —

—az * ag — asag

Qn, we get ah =0,
ag

GGQn

20,3

we have a) = 0.

P =0.

CE
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Analogously, we can suppose that , using R,,.

Now, we have the new family:

ejoe; = 1'J+_j—1e’i+j7 2<i+j53<n-3,
€10€p—2 = E€En—1,

ep_20€1 = ajen_1,

€n—20€n = €En-1,

€n O €n—2 = €n-1,

€n O €p = AGen_1.

and we make a generic change of basis. Choosing P, and P,,_5 (as in previous cases) we get a4 = af = 1.

Putting R,_2 =0, Qn_2 = —a6§2" we have af = af =0 and
1—d))Pi+R, 2R,
all/ _ ( al) 1+ a! =

R, ’ 7 Q,

It is easy to check that the nullity of @] — 1 is invariant because

(all - 1)P1Qn72
(Qn—2 + aﬁQn)Rn

" o
a; —1=

Moreover, choosing @, = 2R,, we obtain ag = 1. The determinant of change of basis is formed by the
non-zero potencies of the following factors ag P @y, R.,.
Now, we can distinguish two cases:

b.1) If af — 1 # 0, choosing R,, = (a} — 1)P; we get af = 0 and the algebra Z10(0,0,1,0,1,1).

b.2) If af —1 =0, then af =1 and we have Z1,(1,0,1,0,1,1).

Let azas — a0 — 0 be.

As ag # 0 = a5 = “22¢. We substitute in (1) and in (2) and we choose

a

P a3P1 Ry, o + azag PRy —2 + asag P Ry
e az(azRn—2 + azRy) '

Now, taking into account the new parameters (1), we get to:

(a2Qn—2 + a3Qn)(a3Qn—2 + asQn)(az R, 2 + azRy,)
U“%PI (Qn—2Rn - Qan—2) ’

I (GSQn72 + QGQn)(a2Rn72 + Q3Rn)2 7& 0

a%Pl (Qn—2Rn - Qan—2) '

[
a2—

Q
w

with a3 P1 (QnRn—2 — Qn-_2R,)(azR1 + azR,,) # 0 and that the nullity of the following expressions:

az(aiae — azaq)(asRn—2 + azRy,)(Qn-2Rn — QnRyu_2) P
(a3a6PnQn + a3PiQn—2 + a2a3Py—2Qpn—2 + a2a6P,Qp—2 + a3P,—2Q,)?’
(a% - QQGG)(CLB‘anZ + GGQn)(GQRn72 + a3Rn)(Qn72Rn - QanfQ)
(a3a6PnQn + a3PiQn—2 + a2a3Py—2Qpn_2 + a2a6P,Qpn_2 + a3P,—2Qy)?’

/AW VAW A
a1ag — Az =

12 AP
ag — Qp0g =

are invariant. Thus, we can distinguish the non isomorphic cases:



10 J.Q. ADASHEV, L.M. CAMACHO, S. GOMEZ-VIDAL, I.A. KARIMJANOV

a) Let a? — asag # 0 be. Then, choosing

Q o a2Qn—2
n — ’
as
=ay,=uaf=0
3 3 2.2 2 4 3
p - (a2a3P1Rn_2 — a1a2a3P1Rn_2 + a2a3a4P1Rn_2 — aQagagPan_g — alagPan + a2a3a4P1Rn)
" (CL% - CLQCLG)Q(CLQRH,Q + aan) ’
=a) =0,
aGRn
Ry 2=~ a ’
, _3
=ag=0
(a% — azae)*R,
P = -3
/ 3
= a3 - 1.

it is easy to check that the determinant of the change of basis is formed by the potencies of the following
non-zero factors as(a3 — asag)P1Q,—2R,. We compute the new parameter ay :

(asas — ara6) Ry,

az@Q1
. ~ (aza4 — ara6) Ry ;o
a.l) If asas — arag # 0, then choosing @, 2 = —————— we have a}, = 1 and

as
Z12(07 Oa 17 15 07 O)
a.2) If asas — ajag = 0, then a), = 0 and we have Z13(0,0,1,0,0,0).

ay =

2
a
=3 and
as

b) Let a% — asag = 0 be. We have that az # 0, a2 # 0 and ag # 0. It implies that ag

a5 = 4296 = g3, As in case a), we choose
as ?

az(PrR, 2+ a2P, 2Ry 2 + a3P, 2 R,)
az(azRn—2 + azRy) '
It is easy to check that the nullity of the expressions
(a3 — araz + aga4)(a2Qn—2 + a3Qn) (a2 Ry 2 + azR,)?
a2a§P1 (Qn72Rn - Qan72)

P, =—

! ! ! !
a3 — 4103 + Aoy =

is invariant.

Choosing
Pl:—(a2Q 2+G3Q )(a2 2+a3 ) :>(l/3:ag:1
a2a3(Qan72 + Qn72Rn)
R, — a2Qn_2 +a3Qn —aslRy 2 dy—al = 1.
as
we get

a — alQn—2 + a4Qn - Rn—?
! Qn72 - Rn72 ,

o = a204Qn—2 + a3asQn — az(l —a1)Ry—2 — azas Ry 2
6= .

a3(Qn-2 — Rn_2)

with azaz(a2Qn—2 + a3Qn)(Qn-2 — Rn—2) # 0.
Thus, we can distinguish two non isomorphic cases:

b.1) Let as — ajas + azaq # 0 be.
If as # 0, then choosing

Qn:

—a204Qn—2 + as3Ry,_2 — arasRy_o + acas Ry o
aszay

we have aj = 0 and @} = #2920 2£ 1, that is, @) = A € C\ {1}. The determinant of

a:
the change of basis is formed by the potencies of the non-zero factors asasas(as — aras +

a2a4)Rn,2(Qn,2 — Rnfg). We obtain Z14 = ()\, 1,1,0,1, 1), AeC \ {1}
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If ay = 0, then choosing R,,—2 = 0 and R,,—2 # Qp—_2, we have aj = 0. The determinant
of the change of basis is formed by the potencies of the non-zero factors aza3Qn—2(a2Qn—2 +
asR,). We get to the previous family.
b2) Let az — a1a3 + asa4 = 0 be.

(al — 1)&3
a2
(a1 — 1)(a2Qn—2 + a3Qn)(a2Rn—2 + azR,)
a2a3(Qan72 - Qn72Rn)

We can suppose a4 = . It is easy to prove that the nullity of

al —1=

is invariant.
Putting the adequate values of the parameters P,, Py and R,, we get to a, = a5 = aj =
ag =1 and
o — a102Qn 2 — a3Qn + a1a3Q, — az Ry o
! a2a3(Qan72 - Qn72Rn
with agaz(asQn—2 + a3Qn)(Qn-2 — Rn_2) # 0.
Now, we can distinguish two cases:

a2(a1Qn—2 — Rp—2)
(al — 1)@3

— If a1 — 1 # 0, choosing @, = —
algebra Z15(0,1,1,—1,1,1).

, we have af =0, a} = —1 and the

— Ifay — 1 =0, we have ] = a) =1 and Z14(1,1,1,0,1,1).
The theorem is proved. O

Case II. If ry > 3, ro = 1, then we have the following gradation:

Zl - <€1;en>7 ZQ = <62>7 o '7Z’r‘1 = <€T17€n72>a ZTlJrl - <e’r‘1+1aen71>; R Zn73 = <en73>

Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with r; > 3 and ro = 1, then
the following lemma is true.

Lemma 3.2. Ifry >3, 7o =1 and n > 7, there are not any naturally graded Zinbiel algebras.

Proof. According to the properties of the gradation, Z; o Z; = Z5, we have:

€n O €] = (162,
€n O €y = Qgea.

From Z(e1,en,e1) = Z(e1,en,en) =0 we get a; = ag = 0.
Furthermore, we have

enoe;=epo(eroe;_1)=(epoe;)oe;1—(i—1)epoe; =e,0e; =0 for 1 <i<n-—3,
and
e;oe, =(e10e-1)oe, =ejo(e;_10e,)tero(e,o0ei_1)=0=¢;0e,=0 for 1 <i<n-3.

We observe that it is not possible to obtain the element e, o for n > 7, this contradicts with the
supposition 71 > 3. Thus, in this case, we do not obtain any naturally graded Zinbiel algebra. O

Case III. If ry =2, r5 =1, then
Zy =(e1,en), Z2 = (€2,en—2), Z3 = (es,en-1), Zs=(€4),...,Zn-3 = (€n—3)
Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with r; > 2 and ro = 1, then
the following lemma is true.

Lemma 3.3. Ifry =2, ro =1 and n > 8, then there are not any naturally graded Zinbiel algebra.

Proof. According to the properties of the gradation, Z; o Z; = Zs, we obtain the following multiplica-
tion:
en0e1 = arez + fren—2,
€n O €n = g€z + faen_2.
From the identity Z(e1,en,e1) = Z(e1,en,en) =0, a1 = f1 = ag = B2 = 0 follows.
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As in the previous case, we prove that e, oe; =e;0e, =0 for 1 <i <n — 3, and therefore it is not
possible to obtain the the element e, _o for n > 8 and it contradicts the gradation. Thus, in this case,
we do not obtain any naturally graded Zinbiel algebra. 0

Case IV. If ry =1, ro > 4, then
Zy = <ela en72>a Zy = <62, enfl>7 oy Dy = <er17€n>a coisZn_3 = <en73>
Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with r; = 1 and 72 > 4, then
the following lemma is true.

Lemma 3.4. Ifry =1, ro > 4 and n > 8, there are not any naturally graded Zinbiel algebras.
Proof. Similar to Case II and Case III. O

Case V. If r; =1, ro = 2, then

Zy = (e1,€en—2), Zo = (€2,€n—1,€n),..., 23 =1{€3),...,Zpn_3 = (en—3)

Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with 7y =1, 7o = 2 and n > 8.
We have
en—20€1 = i€z + f1€n—1 + Y1€n,

€n—20 €y 2= ez + Baen_1 + Y26n,
€n—20ep_1 = 01€3,
€n—2 0 €, = 02€3,
en 0 €1 = 03e3,
€n O en_2 = d4€3,
€n O€n-1 = 55637
en 0 e, = dges.
We compute the following identities of Zinbiel
Z(el, €n—2, 61) = Z(el, €n—1, 61) = Z(el, €1, 6n72) = Z(en,g, €, 61) = 0
Z(en—2,en—1,€1) = Z(en_2,en_2,e1) = Z(€1,en—2,n—2) = Z(e1,en,e1) = 0
Z(en—2,€n,e1) = Z(e1,en,en_2) = Z(e1,en_2,6n_1) = Z(€1,en_2,€,) =0
Z(en,en—1,€1) = Z(e1,en,en) = 0.
andwehavea1:a2:51:52:53:54:55:56:O,and
€20€p_2=€,20€3=€,_10€, 2 =2E€,_10€p_1=€y_10¢, =0.

Now we will consider the following multiplication:

en—10€ = (ep_10e1)o0ei1—(i—1)e,—106;
= ep—106; =0, 1<1<n—-3,
€;0€n-1 = (61 © 61'71) O€ln-1 =
=ejo0(e_10€p_1)+ter0(ep_10€-1)=0
= eoe,—1=0, 1<1<n—-3,
en—20€; = (ep—20e1)oei1—(i—1)e,—20e€;
= ep-20e; =0, 2<1<n-—3,
€;0€n_2 = (61 © 61'71) O€ln-2 =
=ejo(ei—10ep—2)+ero(ep_20e_1) =0,
= e 0e, 9=0, 2<1<n-3,
enoe; =(epoer)oei1—(i—1)e,oe;
= ep,oe; =0, 1<1<n—-3,
ejoe, =(e1oei_1)oe, =

=e10(e—10€e,)+ero(e,o0e—1)=0

= eoe, =0, 1<1<n—-3,
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Thus, we have received the following family:

€;0¢€; = Z-j_i_j_leiJrj, 2S’L—|—]§TL—3,

€10€ep_2=e€n_1,

Z(ﬁ17627’71772) : " "
€n—20e€1 = f1en_1 + Vi€n,

€n—20€n_2 = 5267171 + Y2€n, with (717”)/2) 7é (07 O)

Theorem 3.5. Let Z be an n-dimensional naturally graded Zinbiel algebra of type I with r1 = 1,
ro =2 and n > 8. Then, Z is isomorphic to one of the following algebras, pairwise non isomorphic:

Z17()‘707071)7 )\E(C, Z18(1707171)7 Z19(0717170)7 Z20(0707170)'

Proof. As in Theorem 3.1 we make the generic change of basis and we study all de cases. 0

Case VI. If ry =1, ro = 3, then
Zl = <61, 6n72>, ZQ = <62, 6n71>, ceey Z3 = <€3, 6n>, ceey Zn,3 = <6n,3>
Let Z be an n-dimensional naturally graded Zinbiel algebra of type I with r; =1, ro =3 and n > 8.

Theorem 3.6. Let Z be an n-dimensional naturally graded Zinbiel algebra of type I with r1 = 1,
ro =3 and n > 8. Then, Z is isomorphic to the following algebra:

eioe; =05, 1€y, 2<i+j<n—3,
€19€p—2 =E€En_1,
Z211

€n—20€1 = —€p_1,

€n—20€n—1 = €Ep.
Proof. Using the gradation and its properties, we compute Z; o Z1, Z1 o Z5 and Zs o Z; and we have:

en—20e1 = arez + Bie,_1,
€n—20 €, 2= ez + Paen_1,
€n—20€n_1 = azesz + Bze,,
€n—10 €p_2 = 2anes,
€n—2 0 €z = ayes + Byen,
€n—10€1 = (€3,
€9 0 €pn_9 = (X1€3.
From the following Zinbiel identities:
Z(er,en—1,e1) = Z(ep—2,e1,e1) = Z(en—2,en—1,€1) = Z(en—2,€n—2,€1) = Z(€n_2,n_2,€2) =0
we obtain that
ar =ag =4 =0,
3as + B3(en0er) =0,
(3) : 2009 — (ﬁl + 1)(13 =0,
(B1+1)B3 =0,
Ba(en—10e2) =0.
From the restrictions, it is easy to see that as = 0. Moreover, we compute e,,_10¢e3 = ez0e,_1 = 0.
Furthermore, from the multiplication Z; o Z3 and Z3 o Z;, we have

€n 0 €1 = 5164,
€n—20€n = 5364;
€n O €n_2 = 04e4,

| does, n>9,
e""e”_{o, n=—8

Now we will consider the following equalities:
Z(e1,en,e1) = Z(en—2,en,€1) = Z(€1,n,en—2) = Z(en—2,€n—2,€n-2) =0

we get §; = 03 = 94 = 0.
If n > 10, we make Z(e1, en,e,) = 0 and we obtain d; = 0. Thus, e, € Center(Z).
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Taking (3) into account we have ag = 0. Thus, e,,_20e,_1 = f3e,,. If B3 = 0 we have a contradiction
of the gradation, in particular with ro = 3. Thus, 83 # 0. We can suppose e,_2 o e,_1 = €,. By using
(3), we can see 8; = —1.

From Z(ey,—2,€1,e,—2) = 0 we get S2 = 0. Now, similar to previous cases we prove that

€p_10€; =€ 0€p_1 =€, 20€ =¢€;0€, 9=0, for 2<i<n-—3.

Furthermore, we have:
€n—-190€n-1 = 5564;
€n—10€n = 56657
€n 0 €n_1 = O7€5,
and from the equalities: Z(ej,en_2,en—1) = Z(e1,en—2,€n) = Z(én—2,€n—1,n—1) = 0, we get d5 =
¢ = 07 = 0.
It only has to be proved that when n =9, then o = 0. Now, from Z(e,_2,€,-1,€,) = 0 we lead to
0o = 0.
Finally, we obtain the algebra of the theorem. g

3.2. Type II. Now we will consider naturally graded Zinbiel algebra of the second type.
Let Z be a n-dimensional naturally graded Zinbiel algebra of type II, then there exists a basis

{e1,€2,...,e,} such that the operator of left multiplication L., has the following matrix form:
Jo 0 0
0 J,—3 0
0 0 Ji

We have the products:
€1 0€1 = ez,
e1oex =0,
e1oe; =¢ip1, 3<i<n-—2,
€10e,-1 =0,
e1oe, =0.
Thus, the subspaces of the natural gradation are:
<eie3 >C 721, <egeq >C 2y, <es>C 23, ..., <epo1 >C 23
Let us assume that e, € Z, with 1 <r <n — 3.

Theorem 3.7. There does not exist any naturally graded Zinbiel algebra of type II with dimension
greater or equal to 9.

Proof. Using the property of the gradation, Z; o Z; C Z;1;, we have that e3 0o e; = ajes + B1eq and
€3 0 e3 = faes + (¥)ey, where () indicates the coefficient of the vector e, when r = 3, or (x) = 0.
Let us consider the following product:

esoe; = (e1oeg)oer = (1 + Pr)es,
€9 0 €3 = (61 [¢] 61) o ez = (1 + ﬁ1)65,
esoey = (e1o0er)oeq = (2+ B1)es,
esoey = (e1oez)oes = (1+ B+ Ba)es,
esoe; = (e1o0eq)oer = (2+ Pr)es,
ezoes = (e1oer)oes = (3+ Pr)er,

€5 0 €9 = (61 o 64) O ey = (3 + 2ﬁ1 + 62)67,
From the following identities:

0=Z(e1,ea,e3) = ezoesz = (14 51+ Ba)es,
= eg3o0e3 € Zy and eg € Zy,
=14+p61+B2=0

0=Z(e1,e2,eq) = e3o0eq = (34251 + Ba)er,
= ez0eq4 € Z3 and e7 € I,
=34+2B81+082=0

0=Z(e1,ea,e5) = e3oes = (64 301+ B2)es,
= ezo0e; € Z4 and eg € Zg,
=6+351 + B2 =0.
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We have the next system of equations:

1+p1+B2=0
3+281+B2=0
6+361+0P2=0

It is trivial to see that this system of equations do not have solution. Then, there does not exist
any naturally graded Zinbiel algebra of type II with dimension greater or equal to 9. O

3.3. Type III. Now we will consider naturally graded Zinbiel algebra of type III.
Let Z be a n-dimensional naturally graded Zinbiel algebra of type III, then there exists a basis

{e1,ea,...,e,} such that the operator of left multiplication L., has the following matrix form:
Ji 0 0
0 Jp_3 O
0 0 Jo

We have the products:
ejoe; =0,
e1oe; =eir1, 2<i<n-—3,
€1 0€p—1 = €En,
ejoe, =0.
Then, the subspaces of the natural gradation are:

<e,ea >C 71, <e3>C 7y, <eg>C 73, ..., <ep,2>C7, 3

Theorem 3.8. There does not exist any naturally graded Zinbiel algebra of type III with dimension
greater or equal to 7.

Proof. Using the identity (a ob)oc = (aoc)ob we have
esoe; = (e1oez)oe; =(e0e1)oea =0

that iS, €3 0ep = 0.
From the following identity we have:

0= (e;oer)oez=ejo(ejoez)t+ero(ezoer) =ejoeq =es

We get a contradiction because n > 6. Thus, there does not exist any naturally graded Zinbiel
algebra of type III. O
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