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SOLVABLE LEIBNIZ ALGEBRAS WITH FILIFORM NILRADICAL

L.M. CAMACHO, B.A. OMIROV AND K.K. MASUTOVA

ABSTRACT. In this paper we continue the description of solvable Leibniz algebras whose nilradical
is a filiform algebra. In fact, solvable Leibniz algebras whose nilradical is a naturally graded filiform
Leibniz algebra are described in [6] and [8]. Here we extend the description to solvable Leibniz algebras
whose nilradical is a filiform algebra. We establish that solvable Leibniz algebras with filiform Lie
nilradical are Lie algebras.
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1. INTRODUCTION

Leibniz algebras were introduced by Loday [12] as a non-skew symmetric version of Lie algebras.
These algebras generalize Lie algebras in natural way. The theory of Leibniz algebras has been actively
investigated in the last two decades. Many results of the theory of Lie algebras have been extended to
Leibniz algebras. For instance, the classical results on Cartan subalgebras [I7], Levi’s decomposition
[5], the properties of solvable algebras with given nilradical [7] and other from the theory of Lie algebras
are also true for Leibniz algebras [3] [l [19].

As far as physical applications are concerned, we note that solvable Lie algebras often occur as Lie
algebras of symmetry groups of differential equations [16]. Group invariant solutions can be obtained
by symmetry reduction, using the subalgebras of the symmetry algebra [22]. In this procedure an
important step is to identify the symmetry algebra and its subalgebras as abstract Lie algebras. A
detailed identification presupposes the existence of a classification of Lie algebras into isomorphism
classes.

In this paper we continue the description of solvable algebras with a given nilradical. The first work
was devoted to the description of such Lie algebras under some condition (see [I3]) the complemented
space to nilradical forms abelian subalgebra, consisting of semisimple elements of the algebra. However,
the structure of nilradical depends on this subalgebra. Later, Mubarakzjanov G.M. proposed the
description of solvable Lie algebras with a given structure of nilradical [I4] by means of outer derivations
of the nilradical. Papers [1l 2] [6l 15, 20, 21] were devoted to the application of Mubarakzjanov’s
method for solvable Lie algebras with different kinds of nilradicals. Some results of the Lie algebra
theory generalized to Leibniz algebras in [3] allow us to apply the Mubarakzjanov’s method to the case
of Leibniz algebras. In this direction papers [7] and [8] deal with the description of solvable Leibniz
algebras with null-filiform and naturally graded filiform nilradicals, respectively.

The aim of the present paper is to classify solvable Leibniz algebras with filiform nilradical. Thanks
to papers [I0] and [II], we already have the classification of filiform Leibniz algebras. It should be
noted that the description of Lie algebras with filiform nilradicals obtained in this work is a new result
for Lie algebras, as well.

In section 2 the necessary definitions and results for understanding the main parts of the paper
are given. In section 3 the classification of solvable Leibniz algebras with filiform non-Lie Leibniz
nilradicals is obtained. The last section deals with the description of solvable Leibniz algebras with
filiform Lie nilradical.

Throughout the paper we consider finite-dimensional vector spaces and algebras over the field of the
complex numbers. Moreover, in the multiplication table of an algebra omitted products are assumed
to be zero and if it is not noted, we shall consider non-nilpotent solvable algebras.

2. PRELIMINARIES

In this section we give the necessary definitions and preliminary results on outer derivations of
nilradicals of Leibniz algebras and the descriptions of filiform Leibniz algebras.
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Definition 2.1. An algebra (L,[—,—]) over a field F is called a Leibniz algebra if for any x,y,z € L,
the so-called Leibniz identity

[[Ia y]a Z] = [[.I, Z]a y} + [Ia [ya ZH
holds.

From the Leibniz identity we conclude that for any z,y € L the elements [z, z] and [z, y] + [y, z] lie
in the right annihilator of the algebra L (denoted by Ann,(L) ={z € L: [y,z] =0, forally e L}).

Definition 2.2. A linear map d : L — L of a Leibniz algebra L is said to be a derivation if for any
x,y € L, the following condition holds:

([, y]) = [d(z),y] + [z, d(y)]-

For a given element x of a Leibniz algebra L the operator of right multiplication R, : L — L, defined
as R, (y) = [y,z] for y € L, is a derivation. This kind of derivations are called inner derivations.

Any Leibniz algebra L is associated with the algebra of right multiplications R(L) = {R,| = € L},
which endowed with a structure of Lie algebra by means of the bracket [R,, Ry] = Ry R, — RyR,. The
equality [R;, R,] = Ry, . holds true because of Leibniz identity and an antisymmetric isomorphism
between R(L) and the quotient algebra L/Ann, (L) is established.

Definition 2.3. [I4] Let dy, da, ..., d,, be derivations of a Leibniz algebra L. The derivations dy, da,
..., dy are said to be nil-independent if

O[ldl + OéQdQ —+ -4 Oéndn

is not nilpotent for any scalars oy, aq, ..., ap € F.
In other words, if for any oy, as,...,a, € F there exists a natural number k such that (a1d; +
agdy + -+ and,)F =0, thena; =ag = --- = a,, = 0.

For a Leibniz algebra L, the sequences of two-sided ideals defined recursively as follows:

L'=1L LR = [LF LY, k>1, tW=r, Lt =z L), s>1

)

are said to be the lower central and the derived series of L, respectively.

Definition 2.4. A Leibniz algebra L is called nilpotent (respectively, solvable) if there exists m € N
(t € N) such that L™ " # 0 and L™ = 0 (respectively, L= # 0 and L) = 0). The minimal number
m (respectively, t) with such property is said to be the index of nilpotency (respectively, solvability) of
the algebra L.

Evidently, the index of nilpotency of an n-dimensional algebra is not greater than n + 1.

Since the sum of two nilpotent ideals is nilpotent ideal, we can consider the maximal nilpotent ideal
of a Leibniz algebra. The maximal nilpotent ideal is called nilradical. Notice that the nilradical is not
the radical in the sense of Kurosh, because the quotient Leibniz algebra by its nilradical may contain
a nilpotent ideal (see [9]).

Definition 2.5. An n-dimensional Leibniz algebra L is said to be filiform if dim L' = n — i for
2<3<n.

Let R be a solvable Leibniz algebra. Then it can be decomposed in the form R = N & Q, where N is
the nilradical and @ is the complementary vector space. Since the square of a solvable Leibniz algebra
is contained into nilradical [3], we get the nilpotency of the ideal R? and consequently, Q% C N.

Theorem 2.6. [7] Let R be a solvable Leibniz algebra and N be its nilradical. Then the dimension
of the complementary vector space to N is not greater than the mazimal number of nil-independent
derivations of N.

A nilpotent Leibniz algebra is called characteristically nilpotent if all its derivations are nilpotent.
If the nilradical N of a Leibniz algebra is a characteristically nilpotent then, according to Theorem
2.6l a solvable Leibniz algebra is nilpotent. Therefore, we shall consider solvable Leibniz algebras with
non-characteristically nilpotent filiform nilradicals. The paper is divided into two parts, the former
deals with non-characteristically nilpotent filiform non-Lie Leibniz nilradicals and the latter one we
describe solvable Leibniz algebras with non-characteristically nilpotent filiform Lie nilradicals.
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Theorem 2.7. [10] Let g be an (n+1)-dimensional non-characteristically nilpotent filiform Lie algebra.
Then, it is isomorphic to one of the following non-isomorphic algebras:

L, : Qn, n—odd :
. [eo,ei]:eprl, 1§Z§TL—2,
il = e; <i1<n-—1: .
{ leo,eil =€ip1, 1<i<n—1; {[eiaen—i]:(_l)lena l<i<n-—1:
Al (o, o), 1<r<n-—3, tanfTHJ:
[eo, €] = eiq1, 1<i<n—1,
t ) L _
lei, 5] = Z(—l)k_zak(j kk i ! )>€i+j+r, 1<i<ji<n-—2,i+j+r<n;
k=i -

[eo,ei]:eprl, 1§Z§7’L—2,
[eiaenfi] = (_1)1'6”, 1 S ) S n— 15
¢ ; —k—1 . C
[euej]=(kE_(—1)’€—zak(] Py ))eiﬂ»“, 1< ij<n—-1,1+j5j+r<n-—1,
=1
where the parameters (a1, ..., o) satisfy the polynomial relations emanating from the Jacobi identity

and at least one parameter c; # 0.

In the following theorem, all (n + 1)-dimensional filiform Leibniz algebras decomposes into three
families of algebras.

Theorem 2.8. [18] Any complex (n + 1)-dimensional filiform Leibniz algebra admits a basis
{eo,€1,...,en} such that the table of multiplication of the algebra has one of the following forms:

[eo, e0] = €2,
[61760]_61-‘,—17 1§Z§’I’L—1,
Fl(a3,a4,...,an,6‘) : 60761 Zakek+96n7

lei, e1] E Qpri—iCr, 1<i<n—2;

k=i+2
[60760] = €2,
[ez‘,eo]—ezﬂ, 2<i<n-—1,

Fo(Bs, Bas- s Busy) - 4 Le0red] Zﬂk%

k=i+2
[ei, e0] = €it1, 1<i<n—1,
leo, €] = —€4t1, 2<i<n-—1,

[eo, e0] = O1en,

= - +92€
Fa(0: .05 02) : [eo, e1] €2 n

3( 1,92, 3) [61761] _9361“
[ei,ej] = —[ej,ei] clin < €itj+1sCitjt2s---yEn >, 1<i<n—2,
2<j3<n—1,
[eivenf’i] = _[enfi;ei] = oz(—l)zen, 1 S { S n— 15

where a € {0,1} for odd n and o = 0 for even n. Moreover, the structure constants of an algebra from
F5(61,02,05) should satisfy the Leibniz identity.

It is easy to see that algebras of the first and the second families are non-Lie algebras. Moreover, a
Leibniz algebra of the third family is a Lie algebra if and only if (61, 62,63) = (0,0,0).

From the list of Theorem we only indicate non-characteristically nilpotent filiform non-Lie Leib-
niz algebras.
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Theorem 2.9. [II] An arbitrary non-characteristically nilpotent filiform non-Lie Leibniz algebra is
isomorphic to one of the following non-isomorphic algebras:
e F1(0,0,...,0,1) and Fy{(ag,qa,...,Qn_1,0n,05), 3<s<mn, where
0, k # s mod (s-2) k—s
ap = ¢ o1 and t = ,
(-1)'Cfy, k=smod (s-2) 5—2
Catalan number,

3 <k <n and CE is the p-th

o V' for even n: ‘
F»(0,0,...,0,0,1) and F3(0,0,...,0, 1 ,0,...,0,0,0) withn >4 and 3 < j <mn,
J
v’ for odd n: _
F}(0,0,...,0,Bus2,0,...,0,0,1) and F§(0,0,...,0, 1,0,...,0,0,0) with n > 4 and
J
3<j5<n,

4 F3(15070)5 F3(07150)7 F3(07051)

3. SOLVABLE LEIBNIZ ALGEBRAS WITH FILIFORM NON-LIE LEIBNIZ NILRADICAL

In this section we investigate solvable Leibniz algebras whose nilradical is one from the list of
Theorem 291 In order to demonstrate the considering cases for three families of Theorem 2.8 we
divide this section into three subsections.

3.1. Solvable Leibniz algebras with nilradical a non-characteristically nilpotent algebra of
the family Fi(as,aq4,...,a,,0).

It follows the matrix form of any derivation of an algebra of the family Fj(as, aq, ..., an,0).

Proposition 3.1. [11] Any derivation of a filiform Leibniz algebras from the family Fy(as, aq, . . ., p, 0)
has the following matriz form:

[} a1 ag as e Ap—2 Ap—1 Ay,

0 ap + ai as as [P Ap—2 bn,1 bn

0 0 200 +a1 as+ajas ... Gp_3+ai1,_o Ap—2 + Q101 Ap_1 + a10y,

0 0 0 3ag + a1 cie Q4+ 201002 Qp_3+ 201001 Ap—2 + 201001

0 0 0 0 oo m=2ap+ar az+ (n—3)arazs as+ (n—3)ajay

0 0 0 0 0 (n—1ap+a1 a4+ (n—2)aras

0 0 0 0 .. 0 0 naog + a1
where

ap(0 —an) =0, ai(an —0)=an—1—bn_1, az(ar —ap) =0,

k

k
ak(al - (k - 2)0,0) == 5&1 Zozj,lakﬁqrg, 4 S k S n.
Jj=4

Case F1(0,0,...,0,1).

From Proposition Bl we conclude that the number of nil-independent outer derivations of algebra
F1(0,0,...,0,1) is equal to one. Thus, we have that any solvable Leibniz algebra whose nilradical is
F1(0,0,...,0,1) has dimension n + 2.

Proposition 3.2. There are not any (n + 2)-dimensional solvable Leibniz algebras with nilradical
F(0,0,...,0,1).

Proof. Let L be a solvable Leibniz algebra satisfying the condition of the proposition. We complement
the basis {eg, e1,...,e,} of nilradical F1(0,0,...,0,1) by a basis element z of Q.
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From the table of multiplication of F(0,0,...,0,1) we conclude that < es, e3,...,e, >C Ann,(L).
Using Proposition 3], we derive the following products in the algebra L :

[60,60] = €2,
leis e0] = €it1, 1<i<n-1,
[60561] — en;

607 § ai€q, $€0 E Bzeza

61; § a”Le’L anfl + al)enfl + bnen7 I 61 § Yi€s
eza E Ak—i+1€k, 2 S ) S n, [I’,I] = E 5161
=0

Taking the change as follows:

n—1

!

=T E Biyi1€i,
i=2

we can assume [z, eg] = foeg + fre1 + Paea.
The equalities

0= [607 [eva] + [‘TanH = [607 [‘TVT]] = [607 [61,.%'] + [‘Tael]]
imply
Bo =0, 1 =—a1, do =31 =0, 0= =0.
Considering
0=[z,e2] = —ares + Z%eu

we obtain a; = 0. If we substitute a; = 0 in the relations of Proposition B we have a9 = 0.
Consequently, the restriction of the operator R, to nilradical F1(0,0,...,0,1) is a nilpotent derivation.
Therefore, we get a contradiction with the existence of any solvable Leibniz algebra with nilradical
F1(0,0,...,0,1). O

Case Fy(as,aq, ..., 0n_1,n,ap).

Let us fix the first non zero parameter o, # 0 of the algebra F}(as,au,...,an_1,&n, ay). Then,
from the relations of Proposition Bl we deduce a1 = (s — 2)ag and b,—1 = a,—1. Therefore, the
number of nil-independent outer derivations of nilradical F}(as, au, ..., an_1,an, ay,) is equal to one.

Proposition 3.3. There are not any (n + 2)-dimensional solvable Leibniz algebras with nilradical
Fi(ag,ou, ... 0n_1,Qn, ).

Proof. Let L be a solvable Leibniz algebra with nilradical F} (s, aa, ..., Qn_1,0n, ay). Since in the
general form of a non-nilpotent derivation of nilradical Fy(as,aa,...,Qn_1,0n,ay) the parameter
ap # 0 (otherwise due to equality a; = (s — 2)ap a derivation is nilpotent), without loss of generality,
one can assume ag = 1.

Since for a basis element of the space @) the general form of the derivation R, is presented in
Proposition B we have the following multiplications:

(e, eo] = e2 [ei, o] = Cit 1, l<i<n-—1,
[eo, e1] Zakek, lei, e1] = Z Qh1—i€h, 1<i<n-—2,
k i+2
n
[eo, 7] = eo + (s —2)er + Z aie;, [, eo) Zﬁzel,
=2
n—1

ler,2] = (s = Der + > aiei +bpen, [z,61] Z%eu
=2



6 L.M. CAMACHO, B.A. OMIROV AND K.K. MASUTOVA

e @] = (s =24+ i)es + > (agr1-s + (i = 1)(s — 2)a-s12)e, 2<i<n,
j=it+1
[z, 2] = 251'61'-
i=0
Evidently, < ea, €3, ...,e, >C Ann, (L), consequently, [x,¢e;] =0 with 2 < i < n.

The equality [eq, [z, z]] = 0 implies dy = 61 = 0.
Making the following change of basis:

n—1

/

r =T — E Biti€i
i=2

we obtain

[, e0] = Boeo + Bre1 + Paez, [eo, 2] = [eo, x] = eo + (5 — 2)e1 + Zaiei;

=2
n—1

[615 I/] = [61; I] = (S - 1)61 + Z aie; + bnena [I/a 61] = Zﬁh{eia
=0

i=2
n
[/, 2'] = Zégei.
i=0

From the equalities
leo, [eo, ] + [z, e0]] = [eo, [e1, 2] + [z, e1]] =0
we conclude
Bo=-1, f1=—5+2, 70=0, 1 =—(s—1).

A contradiction obtained from 0 = [z, e3] = [, [e1, eo]] = —(s— 1)62—‘1-2 Aper with s > 3 completes

k=3
the proof of the proposition. |

3.2. Solvable Leibniz algebras with nilradical a non-characteristically nilpotent algebra of
the family F2(ﬂ3a ﬂ47 te 75’”«57)‘

In this subsection we consider the family of algebras F»(8s,B4,...,0n,7). Similar to the above
subsection, firstly we describe the derivations of such algebras.

Proposition 3.4. [TI] Any derivation of a filiform Leibniz algebra of the family Fa(Bs, Bay- -, Bn,7Y)
has the following matriz form:

apg ap a9 as . Ap—2 QAp—1 Qp,

0 bl 0 0 N 0 —ai7y bn

0 0 2 ax+aifs ... Gan—3+a1Bn—2 aAn_2+a1fn—1 (p—1 + a1y
0

0 0 3ag cor Qpog+ 20183 an—3+2a1B,-2 an_2+2018,-1

(n—2)ag as + (n—3)a183 asz+ (n—3)aifs
e 0 (n—1)ag as + (n — 2)a1 B3
0 O 0 0 e 0 0 nag

o o
o O
o o

where
~¥(2b1 — nag) =0, B3(b1 — 2ag) = 0,

k
Br(by — (k — Dao) = %a1 Y Bj—1Br—jts, 4<k<n-1,
j=4

Bn(by — (n—1)ag) = —ary+ Far Y Bj—10n—ji3-
j=4
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Case F5(0,0,...,0,0,1) and n-odd.

From the relations of Proposition B4l it follows by = gao and a; = 0. Therefore, the number

of nil-independent outer derivations of the algebra F»(0,0,...,0,0,1) is equal to one. According to
Theorem [Z0 we conclude that any solvable Leibniz algebra whose nilradical is F5(0,0,...,0,0,1) has
dimension n + 2.

Theorem 3.5. Any solvable (n + 2)-dimensional (the case of odd n) Leibniz algebra with nilradical
F5(0,0,...,0,0,1) is isomorphic to the following algebra:

[eo, e0] = €2, le1,e1] = en, [eo, 7] = e,
Ll . . n
[eiveo]:ei+1a 2§ZSTL—1, ['rvel]:_§€1; [elvx] :Eel-
Proof. Using Proposition 3.4, we have the products:
[eo, €0] = €2, [e1, €1] = en, [eo, x] = aoeo + Z i€,
[ei, e0] = €i41, 2<i<n-—1, [z,e] Z%eu [e1, 2] = Fager + bpen,
[z, eg] Z,ulez, lei, x| = ie; + Z ajri1—iej, 2<1i<n,
j=it1
n
,T] = Zéiei.
i=0
Without loss of generality we can suppose ag = 1. It is easy to see that < es, e3, ..., e, >C Ann,(L).

Hence, [z,e;] =0 for 2 <i < n.
Let us take the following transformation of basis:

n n

! ! ! . /

ey =¢€o+ E Aie;, el =e1, e =¢+ E Ap—irier, 2<i<n, 2’ ==z
i=2 k=i+1

1
with AQ = —as, Al = 1 a; + ZAjai,j+1 s 3 S 7 S n. Then we obtain

[I/velo] = I 60 Z,Uzen

n n n
[6/07 x’] = e€q —+ Z a;e; + Z Al iei + Z Aj41—4€5 = €p + Z a;e; + A2(262 + Z aj,lej)—i-
1=2 =2

j=it1 i=2 j=3
As(3es + Z aj2¢j) + + Ana((n—2)en2+ Y i np3e;) + An_1((n — Den_1 + azen)+
i j=n—1
i—1
+A,(ne,) = eo + (a2 + 2A9) 62+Z (iA; +%+ZA Qi ji1)€; = eo—i-ZA ei = €.
=3 Jj=2 1=2

Thus, we can assume a; = 0 for 2 < i < n.
n—1

Now, making the change 2/ = = — Z 1ir1€; we obtain the family:

i=2
[eo, 0] = e2, le1,e1] = €n7 [eo, 2] = eo,
lei, e0] = €it1, 2<i<n-—1, [z e] Z”yzel, le1, 2] = Fe1 + byen,
[z, €0] = poeo + pier + pzea, lei, x] = e, 2<i<mn,

=0
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By setting e} = e — 2b,e, we get bl, =
The equalities

0= [607 [CL‘,?L‘]] = [617 [CL‘,?L‘]] = [607 [eva] + [‘Tan]] = [617 [eva] + [‘TanH = [617 [61,.%'] + [‘Tael]]

derive
n

60:51:/1’1:70:07 /1'0:_17 71:_5
Applying Leibniz identity for the triples {x,eq,e1}, {x,2,e0} and {x,x,e1}, we conclude
=0, 2<i<n, 6;=0, 2<i<n-1, p=0.

Finally, putting 2’ = x — 5—"en, we obtain the family of algebras L. O
n
Case F5(0,0,...,0, [3%,0, ...,0,0,1) and n-even.

Similarly, we get ag = 1, b1 = 5, a1 = 0 and that any solvable Leibniz algebra whose nilradical is
F3(0,0,...,0, Bnsz,0,...,0,0, 1) has dimension n + 2.

Theorem 3.6. Any solvable Leibniz algebra with nilradical F5 (0,0, ... ,0, ﬂnTH ,0,...,0,0,1) (the case

of even n) is isomorphic to an algebra of the following family of algebras:

[eo, €] = e2, [eo, e1] = Bnyzenta, [eo, 7] = e,
L,@nTH ' [eise0] = €iv1, 2<i<n—1, [e1,e1]=en, le1,z] = Fer,
2 [z, e0] = —eo, les, en] —/Bn+26n+217 2<i< %, e, x] =ies, 2<¢<n.
[z,e1] = —Fe1 — 57%26%,

Proof. Using the previous arguments and Proposition [34] we obtain the multiplications:

[eo, e0] = €2, [eo, 1] = Bnyzenta, [0, z] = €0 + Zazeu
ei, e0] = eita, 2<i<n—1, [e1,e1] =en, le1, 2] = —61+b en,
n
[x,e0] = i€i, leie1] = Brnizentzi, 2<i< 2 [es,x] =ie; + ajyi—iej, 2<i<n
2 2 2
i j=it1

[z,e1] = Z%‘eu [z,2] = Zéiei.
i=0 i=0
Taking the following transformation of basis:

n n
/ / / . /
ey =e€o + E Aje;, el =e, e =c¢€+ E Ag—ivier, 2<i<n, z ==z

i—2 k=it 1
with
1 i1
Ay = —as, Ai=1_l. ai+ZAjai—j+1 , 3<i < n,
i=

we can assume that a; = 0 for 2 < i < n.
By setting

! /I 2b
r =T — Hi+1€4, 61—61—g n€n

we reduce the above multiplication to the following one:

leo, e0] = ez, [eo, e1] = Bngzenya, [eo, z] = eo,
[ei,e0] = eiv1, 2<i<n-—1, e, e1]=eén, ler,z] = Fe,
[z, e0] = poeo + prer + poes, leiser] = Bngrense, 2<i< 5, [ei 2] =des, 2<i<m,
n n
[:E,61] = Z’yielﬁ [IZ?,:Z?] = Zdlel
i=0 i=0

From the equalities
[61, [:E,:E]] = [60, [:E,:E]] = [617 [607‘T] + [I,eo]] = [607 [607‘T] + [I,eo]] =

- [617 [elv‘r] + [Iael]] = [607 [elv‘r] + [Iael]] =0
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we derive "
oi=do=pm=7%=0, p=-1, n=-3
Applying the Leibniz identity for the triples {z, eo, 2}, {z,eo,e1} and {x,z,e1}, we obtain pus = 0,

6 =0with2<i<n-1,v=0with2<i<n-1,i%# 5 and vz :—ﬂnTH.

The following change: 2/ = x — %en deduce ¢/, = 0. O
Case FJ(0,0,...,0, 1 ,0,...,0,0,0), n>4 and 3 < j < n.
~~
J
Let us fix values j and jo, 3 < 7, jo < n such that 3, is the first non zero parameter. Similar to the
above cases and using Proposition B.4] we derive

d(eo) = Z a;€4, d(el) = b1€1 + bnen
1=0

and using the restrictions on derivations we have:

. 2jo — 2
62j0—2(b1 - (2]0 — 3)@0) =0= Jo

2

al( J20) =a; =0,

n+2

2j0—2<n=jo<|

]

and bl = (j — 1)&0.
Thus,
ap =0 if3<j< (2]
aq in other case
Similar to the previous cases, we can suppose ap =1 and by = (jo — 1). Therefore, the number of
nil-independent outer derivations of the algebras F3°(0,0,...,0, 1 ,0,...,0,0,0) is equal to one. We
Jo
use FJ° to denote F3°(0,0,...,0, 1 ,0,...,0,0,0).
~~
Jo
Theorem 3.7. Any solvable (n + 2)-dimensional Leibniz algebra with nilradical F2j° with 3 < jo < n
is isomorphic to the following algebra:

[eo, 0] = €2, [eo, e1] = €5, [eo, z] = eo,
LY Q leie) =ei1, 2<i<n—1, [esel] =ejprio1, 2<i<n—1—jo, [er,2]=(jo— e,

[17,60] = —¢€o, [%,61] :_(jo_l)el_ejO*lv [61'7:17] =ie;, 2<i<mn.
Proof. The proof is carried out by applying arguments used in Theorems and O

3.3. Solvable Leibniz algebras with nilradical a non-characteristically nilpotent algebra of
the family F3 (91, 92, 93).

Let L be a filiform Leibniz algebra from the family F5(61,02,05) and let {eg, e1,...,e,} be a basis.
The following proposition describes the derivations of such algebras.
Proposition 3.8. [I1] A derivation d of a filiform Leibniz algebra of the family F3(61,02,03) have the

following form:

d(eg) = éaieia d(e1) =

b’ie’ia

-

i=1

n—1
d(ei) = ((i — L)ao + br)ei + Z;H bi—iv1€j + (bn—it1 + (—1) " taan_it1)en,
d(en) = (n — Dag + by +aar)e,
with the following restrictions:
01((n —3)ag + b1) = a16a,
2&193 = (n - 2)0,092,
93((71 - 1)&0 - bl) =0.
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We consider the case of solvable Leibniz algebras with non-Lie filiform nilradical of the family
F3 (91 N 92, 6‘3) bellow.

Theorem 3.9. There is not any solvable Leibniz algebra whose nilradical is a mon-characteristically

filiform non-Lie algebra of the family F5(01,02,0s3).

Proof. Let us consider firstly the Case F3(1,0,0). Proposition B8 leads to by = (3 —n)ag and we can
suppose ap = 1 making the change ' = aiox Thus, we have the following products:

lei, e0] = —[eo, €] = €it1, 1<i<n—1,
feor 0] = en, |
[eiyen—i] = —[en—i,ei] = (1) aey, 1<i<n-—1,
[607:'[;] - eO + Z aleh
i=1
le1,z] = (3—mn)er + 3 biey,
i=2
n—1 )
[ei,x] = ((Z —1)+bi)e; + E bj—it1e; + (bn—it1 + (—1)17104041_“_1)6”,
j=it1
[en, 2] = ((n—1) 4+ b1 + aay)en,
[z, e0] = >_ Bies,
i=0
[z,e1] = > vieis
i=0
[z, 2] = > die;.
i=0

n—1
It is easy to check that by the change @/ =2 + Y a;11€; we can suppose a; = 0 with 2 <i < n.
i=1
Applying the Leibniz identity for the elements {es, e, 2,2} and {eg, eg, x}, we get a contradiction
with o« = 1. Thus, a = 0.
Taking the following basis transformation:

n—1
a1
! / . /
€y = €o + e, ,=¢;, 1<i1<n, ¥ =x+ 5 E bit1e;,
i=1

n—2 n—

we can suppose a; = 0.

Putting
n
e =¢€o, € =¢+ Z Aj_ipiej, 1 <i<n,
j=i+1
with
1 i—1
Ay = —by, A; = :(bi + ZAjbi—j-i-l)a 3<i<n,
=2
one can assume b; = 0 for 2 <7 < n.
Let us resume the products of the family
lei,e0] = —leo,eil = ey, 1<i<n—1,
[eo, €0] = en,
n
[607$] = €0, [Ia 60] = E ﬂieiv
i=0
n
e, 2] = (i —n + 2)e;, 1<i<n, [z, e1] = > vies
i=0

[z, 2] = f:O(Siei.
Considering Leibniz identity for the elements of the form
{eo, z,e0}, {eo,x,e1}, {er,xz,er}, {e1,z,e0},
we obtain that
Bo=-1, B;i=0,1<i<n-—2 =0, 11=n—-3, 7%=02<i<n-1
Using the induction method, we get [z, e;] = —(i —n + 2)e;, with 2 <4 < mn.
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From the equality 0 = [z, [eo, €0]], we have [z, e,] = 0, but this is a contradiction, because [z, e,] =
—2e,,. Therefore, there are not any solvable Leibniz algebras with Fgl(l, 0, 0)-nilradical.

Similar study of Case F3(0,1,0) and Case FZ(0,0,1) leads to non-existence of solvable Leibniz
algebras with nilradicals F(0,1,0) and F3(0,0,1). a

4. SOLVABLE LEIBNIZ ALGEBRAS WITH FILIFORM LIE NILRADICAL

In this section we study solvable Leibniz algebras whose nilradical is a filiform Lie algebra. Since
we consider non-nilpotent solvable Leibniz algebras, it is sufficient to consider non-characteristically
nilpotent filiform Lie nilradicals. In this section we restrict ourselves to the study of the families
Al (oa, .. 0n), Br(oa, ... o) of Theorem 2.7, because the other two algebras of Theorem 2.7
have been already studied in [8].

Case A7, (a1,...,oq) with 1 <r<n-—3and t= 2=
Below we present some description of the derivations of the family of algebras Aj, 11 (1, ..., 0q).

Proposition 4.1. Any derivation of a filiform Lie algebra of the family A}, (aq, ..., o) with 1 <

r<n-—3andt=|23=1| has the form:

d(eo) = Z a;€;,
=0

d(el) = (1 + T)aoel + Z bieq,

1=2
d(e;) = (1 +1r)age; + Y, (¥)ej, 2<i<mn,
j=it1

where {eg,e1,...,e,} is a basis of the family Aj, .

Proof. Let us denote

d(eo) = iaiei, d(el) = ibzel
1=0 =0

Using the induction method and the properties of derivation, we establish

d(e;) = ((i — 1)ao + by)e; + Z (%)e;, 2<i<n.
j=i+1

From the equalities
0=d([e1,en—1]) = [d(e1), en—1] + [e1,d(en—1)] = boen

we get by = 0.

e If ay # 0, then from the equality d([e1, e2]) = d(a1e,+3) we have by = (r + 1)ao.
o If a; = 0, then there exists 4, 2 < i < t such that «; # 0. The equality d([e;,ei+1]) =
d(ai62i+1+7«) implies bl == (T + 1)0,0.

Thus, we obtain the form of derivation which is asserted in the proposition. O

From Proposition Il we conclude that the number of nil-independent outer derivations of the
algebra A7, (a1, ..., aq) is equal to one. Consequently, according to Theorem 2.6, any solvable Leibniz
algebra whose nilradical is A], (o, ..., o) has dimension n 4 2.

In this section we use similar arguments to those from the above section.
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Theorem 4.2. Any solvable Leibniz algebra with nilradical A, (o1, ..., «¢) is isomorphic to the
following family of Lie algebras:
leo,ei] =eir1, 1<i<n—1,
t . ) —
lei e;] = (Z(_l)kizo‘k < ! klil ! )) Citjtr, 1<i<j<n—2, i+j+r<mn,
k=i
leo,x] =eo+aiel,
ler,z] = (14+r)er+ > bies,
=2
lea,z] = (2+71)es + Z bi—1ei,
) 7,27713+r i—1 1 k—s—1
lei,z] =(i+r)ei+ Y bj—itie;+ (bl+r + a1 <Z <Z (=1)° "o ( 1 )))) €itrt
j=i+1 k=2 \s=1 $—
+ Z bj7i+1€j with 3 < 7 <n-— r,
j=itl4r
les,z] =(i+r)ei+ >, bj—it1e5, n—r+1<i<n.
j=i+1
Proof. From Proposition 1.1l we have the following products:

[eo, €] = eiq1, 1<i<n—1,

t ) s _

lei, ej] = (Z(_l)k_zak ( J kk ; ! ))eiﬂ% 1<i<j<n—2 i+j+r<n,
k=1 -

leo, 2] = > ase,
1=0

n
[61, I] = (1 + T)aoel + Z biei,
i=2
n
lei, ] = (i +r)age; + Y (x)ey, 2<i<n.
j=it+1
n—1
Since ag # 0, by scaling of basis element z, we can suppose ag = 1. The change 2’ = x — Z Q1164
i=1

admits to suppose a; =0 for 2 < i < n.
Thus, we have

[eo, €] = eiq1, 1<i<n—1,

! : —k—1
ei,ej]:<kz_(—1)k_zak(]k_i ))eiﬂuﬂ, 1<i<ji<n—=2,1+j+r<n,

[
leo, x| = eg + areq,
[ n

er, ] = (14 r)er + 3 biey,
i=2

Using Jacobi identity and the induction method, we obtain the expressions of the products [e;, ]
with 2 <17 < n, which complete the proof of theorem. g

Proposition 4.3. There are not any solvable non-Lie Leibniz algebras with nilradical A], (o, . .., o).

Proof. From Proposition[Zland applying similar arguments to the ones used in the proof of Theorem

2l we have

leo,ei] =eip1, 1<i<n—1,
t ; i —k—1 . . L.
leie;] = (Z(—l)kﬂak < J i )) Citjir, 1S1<j<n—2 i+j+r<mn,
k=i
leo,x] =eo+aiel,
ler, 2] = (147r)er+ > bies,
i—2
n
le2,x] = (24 7r)ea+ > bi1es,
i=3
_ i—ltr izl /e 1 k—s—1
lei, ] =(G+r)ei+ > bj—iviej+ [bitr+ar | D (=1)* " as 1 €itr+
j=i+1 k=2 \s=1 s —
n
+ Z bj7i+1€j with 3 < 7 <n-— r,
=it ldr
lei,z] =(i+r)ei+ > bj—it1e, n—r+1<i<n

Jj=i+1
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Let us denote
n n n
[z, e0) = Zﬁiei, [z,e1] = Z%‘eia [z, 2] = Z die;.
i=0 i=0 i=0

Applying the Leibniz identity for the elements

{607x7x}7 {607$760}7 {el,x,eo}
we derive
512070§7’§n_15 /812072§7’§n_15 /Blz_ala /80:_1

Verifying the Leibniz identity for the products and using the induction method, we compute the
following products:

n

[z, e2] =—(1—m)ea+ X i1,
_ =i i—1 ) E—s—1
[#,e:] =—(i—1—m)ei+ > 7yj-it1€;+ (’YHr + a1 (Z <Z (=1)°"as ( )))) eitrt
j=i+1 k=2 \s=1 s—1
+ > vi-itig, 3<i<n-r,
=it 14
[@,e] =—-(i—1-m)eit > vj-it1e;, n—r+1<i<n
j=it+1
Since [e1, z] + [z, e1] € Ann, (L), we get
len—1,[e1, x] + [z, e1]] = [eo, [e1, 2] + [z, e1]] = [z, [e1, x] + [z, e1]] =0,

from which we obtain

Yo=0, m=-1-r, vi=-b,2<i<n—-1, p,=—by.

Similarly, from [z, [eo, z] + [z, eo]] = 0 we conclude 3, = 0.
Considering the equality 0 = [z, [z, z]] we get §, = 0. Thus, we obtain a Lie algebra. 0
Case B, |(ai,...,q) with 1 <r<n-—-4andt= Ln_§_2J-

The study of this case is similar to previous case.

Proposition 4.4. Any derivation of a filiform Lie algebra of the family By, (oq, ..., o) with 1 <
r<n—4andt=|"=5=2| has the form:

n

d(eo) = aoeq + 3 aiei,

i=2
d(e1) = (14 r)ager + ébiei,
d(ei) = (i + r)aoe; + % (¥)ej, 2<i<n-—1,
d(e,) = (n+ 27‘)(10671?:”1

where {eg, e1,...,en} is a basis of the family B, .

Proof. In an analogous way to the proof of Proposition 1] g

From Proposition 4] and Theorem [2.6] we conclude that any solvable Leibniz algebra whose nil-
radical is B), (a1, ..., a;) has dimension n + 2.
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Theorem 4.5. Any solvable Leibniz algebra with nilradical B, (o, ..., a) is isomorphic to an al-
gebra of the following family of Lie algebras:
[eo, €i] = €iy1, 1<i<n-2,
[ en z]:( 1)1’6”, 1<1<n—1,
¢ - j—k—-1 . S
lei, e5] = (kz_:( 1)k ~iay, < Py )) €itjtr, 1<i,j<n—-1i+j+r<n-1,
[607 ‘T]
n—1
ler, 2] = (1 —i—r)el + > biey,
i=2
[ei,x] = (Z =+ r)ei + Z bj_i+16j, 2<i1<n-—1,
j=it1
[en, x] = (n 4 21)e,.
Proof. The proof is similar to Theorem O
Proposition 4.6. There are not any solvable non-Lie Leibniz algebras with nilradical By, (o, . . ., o).
Proof. The proof is similar to Proposition [1.3 O
From Propositions and LG, we resume that any solvable Leibniz algebra whose nilradical is
either A} | (a1,...,a¢) or B (a1,...,q;) is Lie algebra.
Conjecture.

(1) By the following transformation basis of an algebra of the family from Theorem

n—1
ey = eo, 61—61-1-21461, e—el—i—ZA] it1€5, 2<i<m, ()
=2 Jj=1+1
with
1 i—1
AQ = —bQ, Al = m(bi_kj;Ajbi*jJrl)a 3 S’LSTL,

we can eliminate the parameters b; = 0 with 2 <i <n

(74) By the transformation of basis (*) an algebra of the family from Theorem [.5] with

. |
2204 —
9 2k — 1— k

n—1
2 b)

Ay = —by, Az= b2k+ZA2_] 1bak—2j42), 2<k<

j=2
n—3
2 )

k
1
Aogjy1 = —%(Z Agjbog_2jy2), 2<k<
j=1
we can eliminate the parameters b; = 0 with 2 < i <n.

The correctness of Conjecture was checked for fixed low dimensions by program Mathematica.

However, we could not to generalize the calculation for low dimensions for any finite dimension because
the great number of complex calculations needed.
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