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Abstract

Metamodel method is widely used in structural reliability analysis. A main
limitation of this method is that it is difficult or even impossible to quantify
the model uncertainty caused by the metamodel approximation. This paper
develops an improved metalmodel method which is unbiased and highly effi-
cient. The new method formulates a probability of failure as a product of a
metamodel-based probability of failure and a correction term, which accounts
for the approximation error due to metamodel approximation. The correc-
tion term is constructed and estimated using the Markov chain simulation.
An iterative scheme is further developed to adaptively improve the accura-
cy of the metamodel and the associated correction term. The accuracy and
efficiency of the new metamodel method is illustrated and compared with
the classical Kriging metamodel and high dimensional model representation

methods using a number of numerical and structural examples.
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1. Introduction

A common technique for evaluating structural reliabilities with complex
limit state functions is to use the metamodel method. It uses a strategic
design of experiments (DoE) to obtain an analytical approximation of the
relationships between the input random variables and the limit state re-
sponse of interest. Earlier application of this approach is the use of the
response surface methods [1]. Construction of metalmodels is a challenging
problem. Recent developments include but not limited to artificial neural
networks [2—4], support vector machines [5-8|, high dimensional model rep-
resentation (HDMR) [9, 10], polynomial chaos expansion [11, 12] and Kriging
(13, 14]. For the commonly used polynomial-based metamodel, the results
may be sensitive to the selected interpolation polynomials and their param-
eters due to the rigid and non-adaptive structure of the polynomials [6]. For
instance, although polynomial chaos can be used for local interpolation, the
definitions of the design of numerical experiments and of the polynomial de-
grees are tricky [11]. The performance of artificial neural networks cannot
be guaranteed due to the fitting problems as there is no efficient constructive
method for choosing the structure and the learning parameters of artificial
neural network [5]. In addition to these limitations, a general drawback of
the metalmodel method is that it is difficult or even impossible to quantify
the error caused by approximating the actual limit state function (LSF) by
a metalmodel [15-17].

In order to overcome the aforementioned difficulties, this paper develops

a new metamodel method which is unbiased and highly efficient. The basic



25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

idea is to formulate an unknown probability of failure as the product of a
metamodel-based failure probability and a correction term, which accounts
for the approximation error due to metamodel approximation. Although
this idea is mathematically straightforward and has been used in structural
reliability analysis very recently [17, 18], the construction and the estimation
of the correction term is a very challenging task in such methods. In this
paper, the correction term is constructed by introducing an intermediate
event, which is the union of the actual failure region and the metamodel-
based failure region. The correction term is estimated efficiently using the
Markov chain simulation. Furthermore, an adaptive refinement procedure is
developed to simultaneously improve the metamodel and the corresponding
correction term, to further improve the efficiency of the proposed method.
The paper is organized as follows: the Kriging metamodel is briefly in-
troduced in Section 2, followed by the presentation of the proposed unbiased
metamodel method in Section 3. The procedure of the proposed method is
then summarized in Section 4. Three examples are then given to demon-
strate the application and efficiency of the proposed method. Comparisons
of the proposed method and the conventional metamodel methods, includ-
ing Kriging metamodelling and high dimensional model representation, are

made.

2. Kriging method

Among the available metamodel methods, herein we focus on the Krig-
ing method, which has gained significant attention in the field of structural

reliability theory in recent years [13, 14, 19]. It should be noted that the
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proposed method of constructing and estimating the correction term is gen-
eral and can be applied to any metalmodel method, and not restricted to the
Kriging metamodel discussed here. This section briefly introduces the Krig-
ing method for the completeness of introducing the proposed methodology.
Details about Kriging method can be found elsewhere, e.g, [20, 21].

Kriging metamodel is an interpolation technique based on statistical the-
ory, which consists of a parametric linear regression model and a nonpara-
metric stochastic process [20]. It requires DoE to determine its stochas-
tic parameters and then predictions of the response can be computed on
any unknown sample. Given an initial DoE X =[x ... x®|T with
x® € R" (i = 1,...,p) the ith input, and Y = [g(x),..., g(xP)]T with
g(x(i)) € R the corresponding response to x(?). The approximate relationship

between any sample x and the response g(x) can be denoted as

9(x) = F(B.x) + 2(x) = £1(x)B + 2(x) (1)

where £T(x)B is the regression model representing the trend of the model,
which is defined by a set of basis functions f(x) = [f1(x), ..., fm(x)]T and the
corresponding regression coefficients B = [31, ..., 3n]T. In the ordinary K-
riging, F'(B,x) is a scalar and always taken as F'(,x) = (. So the estimated

g(x) can be simplified as

9(x) = B+ z(x). (2)

Here z(x) is a zero-mean stationary Gaussian process with autocovariance at

points x and w defined as

cov(z(x), z(w)) = 0?R(x, W) (3)

4
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2 is the process variance and R(x,w) is the au-

where cov = covariance, o
tocorrelation function. The most widely used autocorrelation function is

anisotropic Gaussian model and is adopted in this paper:

R(x,w) = exp <— Z 0;(x;, wi)2> (4)

where x; and w; are the ith component of the points x and w respectively,
and #; is the correlation parameter in the ith dimension.

Define R as a p x p symmetric correlation matrix with R;; = R(x®, x(),

i,7=1,...,p, and F as a p x 1 unit vector, then 8 and o2 are estimated as
f=(FTR™'F) " FTR'Y, (5)

1
5°=—(Y-FB) R (Y —FB). (6)

p

The correlation parameter # can be obtained through the maximum likeli-

hood estimation:

B =

0 = arg mein(det R)»52. (7)

Since there exists corresponding interpolation model for each @, the best
Kriging model can be obtained by optimizing 6.

Then at an unknown point x(®, the Best Linear Unbiased Predictor

2

(BLUP) of the response §(x*)) and Kriging variance o7 (x(?)) are computed

) = 6" (<) 1 r(x") (Y - Fp) ®)
(1 + u(x(o))T(FTR_lF)_lu(x(o)) — r(x(o))TR_lr(x(O))) (9)

where r(x®) = [R(x@,xM), ... R(x© xP)|T and u(x@) = FTR!r(x()—
1.
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3. An unbiased metamodel method

Although some metamodels like Kriging can provide a measure of the
local uncertainty of the prediction of new samples, i.e., Kriging variance, the
overall error resulting from replacing the actual LSF with the metamodel
cannot be quantified. This model uncertainty is the epistemic uncertainty
of the metamodel. It cannot be quantified by the metamodel itself. As a
consequence, the direct use of Kriging metamodel will inevitably result in a
biased estimator of the probability of failure. Having identified this issue,
we propose a correction term to quantify the bias of the metamodel-based
failure probability, and formulate the unknown probability of failure as a
product of the metamodel-based failure probability and a correction term.
In this manner, the bias of the metamodel-based failure probability can be
accounted for and an unbiased estimator of the failure probability is obtained.

Let §(x) be a Kriging metamodel for the real LSF g(x), and F = {x |
g(x) < 0} be the metamodel-based failure region for the real failure region

F = {x] g(x) < 0}. The correction term, denoted by K, is defined as

K==—" (10)

where P(F') and P(F) is the failure probability and the metamodel-based

failure probability, respectively. Then P(F') can be written as

P(F)=K - P(F). (11)
Eq. (10) shows that the correction term K quantifies the error resulting from
substituting g(x) with g(x), thus it can be used to consider the bias of the

metamodel-based failure probability P(F') even a poor metamodel §(x) is

6
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employed. By multiplying P(F') with K, an unbiased estimator of P(F) is
achieved as shown in Eq. (11).

Clearly, the key issue of the method is the computation of the correction
term K. Since one cannot guarantee that the metamodel-based failure region
F covers the real failure region F', sampling methods such as importance
sampling or Markov chain simulation, cannot be used to estimate K. We
introduce an intermediate event F'U F and reformulate the correction term

in Eq. (10) as
! P(FUF) P(F) 1
P(F) P(FUF) K °

where K, = P(F)/P(FUF), and K, = P(F)/P(F U F). Therefore, K can

(12)

be estimated provided that K; and K5 are obtained.

3.1. Estimation of the correction term

By introducing an importance sampling density hp z(x), P(F) is formu-

lated as

_ x
PR = [ teasoix = [ 160 2, po0ax 3
n n hpup(%)
where I;(x) is the indicator function of F: I5(x) = 1 if x € F and I;(x) = 0
otherwise. hy_z(x) denotes the conditional distribution of X given that it

lies in the region of F'U F:

Lrop(Ofx () Leyp(0fx(x) (14)

hrorX) = R P(FUF)

Utilizing Eq. (14) and Eq. (13), K; is then formulated as

P L,
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Similarly, K5 can be also formulated as

P I,
KZ— P(FU#) _/n ]IFuﬁ<X)hFUF( )d : (16)

Since the conditions that F C FU Fand F CFU F always hold, we have
0< Ky <1land 0 < K, <1, and it is thus possible to estimate K; and K,
by sampling the regions of F/U F.

Note that P(F U F) in the denominator of hp z(x) is unknown, thus
the conventional Monte Carlo sampling procedure cannot be used to sample
hp,p(x). The Markov chain simulation is used to generate samples from
hp (%) since only the ratio of hp ;(x) between consecutive states are re-
quired, and the unknown constant P(F U F ) is not needed in the Markov
chain simulations. In particular, when F U F has multiple sub-regions, espe-
cially when those sub-regions are disconnected, multiple Markov chain with
different initial states are used to generate samples from such regions in the
present study.

Suppose that the total number of Markov chain samples is Ny, and N¢g
Markov chains are generated, so that Ni /N samples are simulated for each
chain. Let {x®9) i=1,2,... Ng,j=1,2,..., Nx/Nc} be the Markov chain
samples drawn from hy z(x), then the estimators of K; and K, are given

by

- 1 I~ (x()
NK -1 ]IFUF'<X J )
d
an R 1 N¢e Nk /Nc ]I (X(”))
Ky=— 2 ) (18)
Ve 2t 2 Toal®)
respectively.
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Theoretically, the Markov chain samples are asymptotically distributed
according to (), thus the estimators K; and K, in Eqs.(17) and (18)
are asymptotically unbiased [22]. Although the Markov chain samples are
correlated, the estimators of K; and K, still have the usual convergence
properties of estimators according to the Strong Law of Large Numbers [22].
Therefore, K 1 and IA(g converge almost surely to K; and K.

Once the estimators of K; and K5 are obtained by Eqgs.(17) and (18), the
estimator of the correction term K can be computed by substituting Eqgs.(17)

and (18) into Eq. (12) as
K~ K(K,, K>) = K (19)
Ky
However, the estimator of K given by Eq. (19) is unbiased only if the total
number of Markov chain samples N is infinite. In practice, the estimator
of K is biased. The bias of f(g / Kl, defined as the difference between the
expectation of the estimator and the true value of K is given by:
Bias(K) = %Var(kl). (20)
The derivation of Eq. (20) is found in Appendix A. In order to construct an
unbiased estimator of K, the bias in Eq. (20) should be subtracted from the
biased estimator in Eq. (19). Since Bias(K) involves the variance of K, the

following devotes to the computation of the variance of K.

As shown in [23], the variance of the estimator K, is given by

Var(K,) = E(K, — K;)?

Ni/Ne—1 (21)
1 lNC)
=— |Ri(0)+2 1—— ) R(l
N [mo+2 3 (1250 mo

9
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where R (l) is the covariance between I(x®™) /I, #(x®%™)) and I7(x® ™) /1.
forl =0,1,--- , Ny —1. Ry(l) can be estimated using the Markov chain sam-
ples {x() i=12...,Ng,j=1,2,..., Ng/N¢c} by

Ri(l) = B (1)

No Nk /No—l im 22
S [ e ]
NK_ZNC m=1 Ipup(x (Zm))]IFuF(X(z’mH))

R (1) depends on the correlation between the samples. It is positive in general
and equal to zero when the samples are independent. Thus the correlation of
the Markov chain samples has to be considered when computing the variance
of Ky, as is shown in Eq. (21). However, for large values of [, the estimated
Ry (1) will be too noisy. Hence, a truncated summation, which starts from
[ = 0 until the sum of covariance estimates for two successive lags ﬁl(Tl +
1) + Ry (T} +2) is negative, is used when computing the summations of Ry(l)
in Eq. (21) [24]. Consequently, Var(K;) is approximated as

+2Z (1 - %) Ri(l)

where T} is the first odd positive integer for which Ry (T} + 1) + Ry (T} + 2)

~ 1
Var(K;) ~ N_K

(23)

is negative.

Similarly, Var(Kg) is approximated as

+2Z (1 - %) Ry(1)

Var(K,) ~ (24)

where

Ry(l) =~ Ry(1)

N¢o Ni/Neo—l im im 25
Zc KZC Lo(x(m™)  Tp(xEmt0) e (25)
NK—ZNC Lo (xEm) T (B D) 2

m=1
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and Ty is the first odd positive integer for which Ry(Ty + 1) + Ry(Ty + 2) is
negative.

Combining Egs.(19) and (20), an unbiased estimator of K is constructed

as
K~ =2 — 2Var(Ky). (26)
K, K3

The estimator of K given in Eq. (26) is asymptotically unbiased and consis-
tent, as proved in Appendix A.
When Eq. (26) is used to estimate the correction term K, the variance of

the estimator K is given by

o Var(K,) K3 .
Var(K) ~ % + A—iVar(Kl). (27)
1 1

The proof of Eq. (27) can be found in Appendix A. The coefficient of variation

of K is then estimated as

Cov(K) ~ +———= (28)

in which Cov = coefficient of variation. Cov(K) measures the accuracy of the
estimator K. Besides, it is used as the convergence criterion for the adaptive

refinement of the metamodel, which will be introduced in Section 3.2.

3.2. Adaptive refinement of the metamodel

Although the proposed method is independent of the adopted metamodel,
a metamodel of high accuracy is still preferred since it affects the efficiency
of computing the correction term K. Because of this, an adaptive strategy is
developed to simultaneously refine the metamodel and update the correction

term. The general idea is to enrich the DoE with additional ‘useful’ samples

11
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until a more strict criterion is satisfied. A straightforward way is to add Ng
Markov chain samples used in the computation of the correction term to the
initial DoE. However, the target distribution of the Markov chain is z #(x).
These Ny samples tend to concentrate in the regions of FUF. Therefore, the
real failure region F' may not be adequately explored if only these samples
are added to the DoE. It is proposed to further enrich the DoE by adding
another Nj; samples that distributed as hj(x) = I5(x)fx(x)/P(F). The
Ny samples are selected as the K-means clusters’ center of a large sample
population (say 10* samples) generated by Markov chain simulation from the
metamodel-based failure region F'. As the centroids of the clusters identified
by the K-means algorithm, these Ny, samples are more likely to dispersely
populate the region of F. Although F deviates from F at the initial stage,
it is expected that £ will approach to F as the refinement continues and the
clusted Nj; centroids can enhance the exploration of F'. As a consequence,
by adding Nx Markov chain samples and N,; centroids of the clusters to the
DokE, the failure region F' can be better approximated and thus an improved
metamodel can be obtained.

Based on the refined metamodel g(x) and corresponding metamodel-
based failure region F obtained above, one can generate another Nx Markov
chain samples that distributed according to the new event F U F to estimate
the new correction term. These new Ng Markov chain samples, together
with new N, centroids of the clusters of a large sample population from the
refine failure region F, are used to further enrich the current DoE, and to re-
fine the current metamodel g(x). The above adaptive refinement is repeated

until either of the following criterion is satisfied: the coefficient of variation

12



251

252

253

254

255

Generate m LHS samples as the initial DoE
Ng =Ny =Ny

v

Construct/Refine the metamodel based on
current DoE

A A

Add Ny Markov chain ¢
samplesand N, centroids Generate Ny Markov chain samples from
samples to the current DoE B s (x) tocompute K and Cov(K)
m=m+N,, i
A Update the total number of LSF call:
m=m+Ny

Identify N,, = Ny centroids by

K-means cluster algorithm from
a large population distributed

max

Cov([%)éCovK ormzN_ 7?7

according to /1 (x)

A

Return K and g'(x)

Figure 1: Flowchart of the adaptively refinement scheme.

of K reaches the target value, i.e., Cov(f() < Covg, or the total number
of LSF calls exceeds the threshold, i.e.;, Neay > Npax. The algorithm for
adaptively refining the metamodel is summarized in Figure 1

According to the authors’ experience, a satisfied mix proportion of Nk
and Ny, can be adopted as Nk /Ny = 1, and their initial values are both

selected as Ny. Thus, the total number of samples used to adaptively refine

13



6 the metamodel is 20Ny, where ¢ represents the number of the iterations.

»7 4. Procedure of the unbiased metamodel method
258 The proposed methodology can be summarized as follows.

»0 Step 1 Construction of the initial metamodel: Generate an initial K-
260 riging metamodel as described in Section 2 based on m initial Dok

261 samples.

%2 Step 2 Adaptive refinement of the metamodel and correction term:

263 Generate N Markov chain samples to estimate the correction term for
264 the Kriging metamodel obtained in Step 1. Enrich the initial DoE by
265 adding these Nk samples and another N, centroids of the clusters of a
266 large sample population from the failure region F, and then adaptively
267 refine the metamodel and its correction term as described in Section
268 3.2, until the convergence criterion is satisfied.

w0 Step 3 Estimation of the failure probability: Compute the failure prob-

270 ability based on the refined metamodel and its correction term that
on obtained in Step 2 according to Eq. (11). Since the expression of the
272 refined metamodel has been extracted in Step 2, the metamodal-based
273 failure probability P(F) can be readily estimated by the direct Monte
274 Carlo simulation. The coefficient of variation of the failure probability
215 is approximated by

Cov(Pr) ~ \/Cov?(Py) + Cov(R). (29)
277 The derivation of Eq. (29) can be found in Appendix B.
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In the proposed method, Steps 1 and 2 requires multiple evaluations of
the LSF. Since m DoE samples are used to construct the initial Kriging
metamodel in Step 1, and 2i/Ny samples are used to adaptively refine the
metamodel in Step 2, the total number of function evaluations of LSF is m +
2iNy. For most reliability analysis of structures of practical interest, majority
of the computational cost is expended on the multiple evaluations of LSF. The
CPU time needed for constructing the Kriging metamodel is insignificant in
comparison with that of performing multiple limit state analyses. Therefore,
the total number of function calls of the LSF to achieve a given accuracy is

used in this work as the relevant measure of the computational cost.

5. Examples

Three examples from literature were selected to demonstrate the proposed
method. The performance of the proposed method is examined through
comparison with importance sampling (IS) and directional sampling (DS) in
[25], and two commonly used metamodel methods including the Kriging and
high dimensional model representation (HDMR) method [10]. The accuracy
of the methods are assessed by comparing with the ‘exact’ probability of
failure given by standard Monte Carlo simulation. To obtain a variance-
type error estimate, each method was repeated 20 times to obtain a sample
of 20 results. On the basis of the 20 calculations, the sample coefficient of
variation (Cov) for the estimated failure probability by each method was
calculated and compared. In all the metalmodel methods, the initial Dok

were generated by using Latin Hypercube sampling.

15
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5.1. FExample 1: a series system with four branches

The first example is a series system with four branches which has been
studied in [15, 19, 26]. The failure probability is controlled by two linear and
two nonlinear limit states defined as follows:

2 (:E1+.’Ez)
V2

)
34 0.1(z; — ap)° + E1tr2)
g (21, 22) = min o ? V2 (30)

(56'1 —1'2) +
)+

3+ 01(1’1 — X9

($2 — I

Ealcy

0
where x; and x5 are independent standard normal variables. The different
branches have comparable contribution to the system failure probability. As
the limit state is explicit and relatively simple, using the metamodel method
for this example offers no particular advantage. The purpose of the example
is to graphically demonstrate the refined Kriging metamodel, together with
the Markov chain samples in the computation of correction term and the
K-means clusters’ centers.

Figure (2a) and (2b) plot the actual and the approximated limit state sur-
face, 50 initial DoE samples, 66 additional samples that are used to adaptively
refine the metamodel, including the Markov chain samples and centroids of
the clusters identified by the K-means algorithm. It can be seen that, with
the initial DoE samples, the direct Kriging metamodel leads to noticeable
error in the LSF approximation. By enriching the Dok with some ‘useful’
samples, the accuracy of the adaptively refined Kriging metamodel has been
significantly improved, especially in the region of most likely failure. This
illustrates the effectiveness of the adaptive refinement strategy developed in

this study. From Figure (2b), it is also clear that the Markov chain samples

16
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g(z)=0
6 : L - —_——gx)=0 |

(a) The Kriging metamodel constructed with the initial DoE.

8 T T
Initial DOE
MCMC samples
6l . O  Clusters’ centers |4
. —_—(r) =
g(x) =0
4 . E
oL |
< 0F h
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_4 - .
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(b) The refined Kriging metamodel.

Figure 2: Example 1: Adaptive refinement of the Kriging metamodel.
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concentrate in the region of higher probability density in the failure region,
thus the real failure region cannot be sufficiently approximated if just adding
the Markov chain samples into the initial DoE. The supplement of K-means
clusters center from the metamodel-based failure region F to DoE helps to

refine the Kriging metamodel.

Table 1: Reliability results of Example 1.

Method Ncall pF Cov EPF (%)
MCS 106 2233 x 1073 0.021 -

DS [25] 9192 2.6 x 1073 - 16.44
IS [25] 4750 2.2 x 1073 . 1.48
Kriging 116 2.889 x 1073 0.4128 29.4

400  2.782 x 107 0.4686 24.59
600  2.450 x 107* 0.1597 9.72
Proposed method 116 222 x 1072  0.047 0.58

Table 1 compares the failure probabilities and the number of function
calls of LSF of different methods. The ‘exact’ probability of failure was
found to be 2.233 x 1073 using 10® Monte Carlo simulations. It can be seen
that the proposed method agrees reasonably well with the exact solution
at the expense of a significantly smaller N.,; than the simulation methods.
Specifically, with the same number of Ny (i.e., Ne = 116), the relative
error of the proposed method and the direct Kriging method is 0.58% and
29.4%, respectively. This illustrates that the correction term can eliminate

the approximation error induced by direct Kriging metamodel and achieve

18
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an accurate estimate of the failure probability even a poor metamodel is
used. With the increasing number of DoE samples (e.g., N = 600), the accu-
racy of the direct Kriging metamodel method is improved, and comparable
accuracy can be achieved as the proposed method. This suggests that the
proposed method can be particularly advantageous when the number of N,

is relatively small.

5.2. Example 2: a nonlinear oscillator

A non-linear undamped single degree of freedom system shown in Figure 3
is considered next. The problem involves six random variables and is a classic
illustration in the literatures [19, 26, 27]. The statistics of the basic random

variables are given in Table 2. The limit state is defined by

2F1 . wgtl
9(x) = 3r — |zZmax| = 3r — ‘ sin ( (31)
mw? 2

where z,,,, represents the maximum displacement response of the system,

wo = +/(c1 + ¢2)/m, and r is the displacement at which one of the springs
yields.

z(1) F(1)

F(2) F

4

Figure 3: Example 2: a nonlinear oscillator.

In the proposed method, the initial DoE size is adopted as 100, and the

number of the samples added to the DoE in each round of iteration is 6.
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Table 2: Random variables of the non-linear oscillator.

Variable Distribution Mean Standard deviation

m Normal 1 0.05
c1 Normal 1 0.1
Co Normal 0.1 0.01
r Normal 0.5 0.05
F Normal 1 0.2
t1 Normal 1 0.2

Since a moderate number of random variables is involved in this example,
the commonly used 2nd-order HDMR metamodel method is also used to
compare with the proposed method.

Table 3 compares the failure probabilities and the number of function
calls of LSF of different methods. The probability of failure is found to be
2.834 x 1072 using 7 x 10* direct Monte Carlo simulation. Similar observa-
tions are made as in Example 1, the proposed method achieved the highest
accuracy among all methods with the smallest number of function calls of
LSF. The proposed method converges to the ‘exact’ solution with only 233
samples, while 2nd-order HDMR metamodel requires at least 577 samples
to achieve the comparable accuracy. With a relative large number of DoE
samples, e.g., N = 600, the relative error obtained from the Kriging meta-
model method is still noticeably larger than that of the new method with 233
samples. The COV(pF) for these two cases are 0.17 and 0.072, respectively.

This demonstrates the advantage of the proposed method over the direct
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Table 3: Reliability results of Example 2.

Method Neww P Cov g5 (%)
MCS 7x 10 2.834x1072 0.022 -

DS 1281  35x1072 - 23.5

IS 6144  27x1072 - 4.73

Kriging 233 5077 x 1072 0.26  79.15

400 3.763 x 1072 0.28  32.78

600 3.086 x 1072 0.17  8.89
2nd-order HDMR 577 2.936 x 1072 - 3.60
Proposed method 233 2.844 x 1072 0.072 0.35

Kriging metamodel method.

5.3. Example 3: a roof structure

Consider a roof structure, which is subjected to a uniformly distributed
vertical load ¢, as shown in Figure 4. The example is adopted from [28-
30]. The top cords and the compression bars are concrete, and the bottom
cords and the tension bars are steel. In structural analysis, the uniformly
distributed load ¢ was transformed into three nodal loads, each is P = ¢l /4.
The serviceability limit state of the structure with respect to its maximum

vertical displacement was considered. The limit state function is given by

g2 /381 113
=y — = 9
g=u 2(&&+A£) (32)

in which u, is the allowable displacement and is set to be 0.03 m, £ and

A denote the Modulus of elasticity and cross-sectional area, and the sub-

21



381

382

383

384

385

386

387

388

389

390

391

392

D F
A B

OO T T

7 7
0.2781 0.222/ 0.25/ 0.25/
(b)

Figure 4: Example 3: a roof structure.

scripts s and c¢ indicate the material steel and concrete, respectively. Table 4
summarizes the statistical information of the random variables. All random
variables are assumed independent normals.

Table 5 lists the reliability results of different methods.The probability of
failure is found to be 9.37 x 1072 after 5 x 107 direct Monte Carlo simulation-
s. Again, it can be observed that the proposed method gives a reasonable
result at a small computational effort. With a relative small size of DoE
(i.e., Neau < 600), the Kriging metamodel method is less accurate than the
proposed method, illustrating the importance of the correction term. With
220 samples, Cov(pp) of the proposed method is 0.035, while Cov(pp) of
the Kriging metamodel method is still 0.36 even 600 DoE samples are used.

Noted that the above sample coefficient of variation is computed from 20
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runs of the proposed method, and is very close to the theoretical value of
0.032 which is calculated from Eq. (29). This shows that the coefficient of
variation obtained from Eq. (29) agrees well with the empirical result. It
should be noted that, with 800 samples, the relative error of the Kriging
method is even larger than that of with 600 samples, illustrating that the
accuracy of the direct metamodel method cannot be guaranteed even a large

number of function calls of LSF is used.

Table 4: Random variables of the roof truss.

Variable Distribution Mean Cov
q(N/m) Normal 20000 0.07
[(m) Normal 12 0.01
Ag(m?) Normal 9.82 x 107* 0.06
Ac(m? Normal 400 x 107+ 0.12
Es(N/m?) Normal 1 x 10! 0.06
Ec(N/m?) Normal 2 x 10" 0.06

6. Conclusion

A new unbiased metamodel method has been developed for efficient re-
liability assessment. The method formulates the probability of failure as
a product of a metamodel-based failure probability and a correction term.
The correction term is used to quantify and further eliminate the error re-
sulting from approximating the real limit state function with the metamodel.

Due to the introduction of correction term, the new method can obtain an
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Table 5: Reliability results of Example 3.

Method Nan Pr Cov g5 (%)
MCS 5x 107 9373 x107* 0.001 -
Subset Simulation 54 x 10 9.647 x 1073 - 2.92
IS 2000 9.361 x 1073 - 0.13
Kriging 220 2.534 x 1072 0.59  170.35
400 1.231 x 1072 0.44 31.35
600 7.265 x 1073 0.36  22.49
800 6.732 x 1072 0.27  28.81
2nd-order HDMR 577 9.3x 1073 - 0.78
Proposed method 220 9.555 x 10™*  0.035 1.94

asymptotically unbiased estimate of the probability of failure even when a
poor metamodel is used. The developed iterative procedure can efficiently
improve the accuracy of the metalmodel and the associated correction ter-
m. The proposed methodology is general and applicable to any metamodel
methods.

The efficiency and accuracy of the proposed methodology was demon-
strated through three examples, including a series system with multiple de-
sign points, and two structural problems involving moderate dimensions.
For all examples, it was observed that the proposed method is more accurate
and efficient than the conventional Kriging metamodel and high dimensional
model representation method. The proposed unbiased metamodel method

can be a useful tool for structural reliability analysis, particularly for prob-
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lems with complex implicit limit state functions.
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Appendix A. Estimation of correction term

In this appendix, we will derive the bias that induced by using Eq. (19) to
estimate the correction term K. Based on this bias, we will further construct
an asymptotically unbiased estimator of K. The variance of the modified
estimator will also be derived.

In Section 3.1, it has been pointed out that the estimator of K in Eq. (19)
is biased. Although K, and K are asymptotically unbiased estimators, their

ratio is biased. In order to estimate this bias, we take the 2nd-order Taylor’s
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expansion on the estimator K in Eq. (19) as

N GK(K},KQ)

K([A(l,f(2> ~ K(kl,KQ) - By
1,2 1

(K — Ky)

Ki1,K3

OK (K, K .
+ —(8 - 2) (Ka — K3)
K2 K1,K2

1 ’°K (K, K>)
2 OK?

(K, — K7)? (A.1)
K1,K2
10°K (K, Ky) Ry Ky
2 ok

Ki1,Ko

2K(K,, K. . X
% (K1 — K1) (K — Ky).
1 2

K1,K3

By taking expectation on both sides of Eq. (A.1), we have

N K, K
E[K (K1, Ky)] = Fi + 23
1

Var(K7). (A.2)
Noted that E[(K; — K1)(Ky — K>)] can be considered as zero in the above
derivation since the value of the 2nd-order term (K; — K1) (K, — K) is signif-
icantly less than the other terms. In Eq. (A.2), the term of (K,/K3)Var(K;)
is the bias that induced by using Eq. (19) to estimate the correction term K.
By substituting Eq. (21) to the formula of the bias, we have

(1 - %) R . (A.3)

Ng/No—1

. K.
Bias(K):W;(3 Ri(0)+2 >
1

=1
From Eq. (A.3), it can be seen that the bias tends to zero as the number of
Markov chain samples Ny approaches to infinity. Only in such a case, the
estimator of K given in Eq. (19) is asymptotically unbiased. However, in

practice, one can never generate infinite Markov chain samples and thus the
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estimator of K is biased. In order to eliminate this bias, a new estimator of
K is constructed by subtracting the above computed bias from the estimator

given in Eq. (19) as

Km(f(l? KZ)

. K, .

= K(Kl,KQ) - ??V&I'(K1> (A4>
R

~ K(Kl,KQ) - K%Var(K1>

Taking expectation on both sides of Eq. (A.4), we have
SN A K. - K.
E [Km(Kl, Kg)} = BK (K, Ky)] = 75 Var(RK) = 2. (A.5)
1 1

Eq. (A.5) illustrates that the constructed estimator K,, in Eq. (A.4) is an
asymptotically unbiased estimation of the correction term K.

The variance of the new estimator K, is formulated as
Var[ K, (Ki, K»)]

— b | {Kulfr, ) — Bl (s, R |

—E -{K (f(l,f(?) - E[K(i{l,f@)]ﬂ (A.6)

N 2 ~
K, K, Var(K2) K2 .
~E (22 22) | & 2N Py,
<K1 K1> Ke gV

By substituting Eq. (23) and Eq. (24) into Eq. (A.6), the variance of K,
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Var[K,, (K1, K»)]
] [ Ny /Ne—1
e Ry(0) +2 Z; (
K2 i Nk /Ng—-1
+Nﬁ§ R1(0) +2 Z; (

| WNe
Ng

Ve
Ng

) mal0

)l

(A7)

It can be concluded from Eq. (A.7) that the variance of the new estimator K,

tends to zero as Nk approaches to infinity, illustrating that the constructed

estimator of K is consistent.

Appendix B. Coefficient of variation of Pr

This section shows the derivation of the coefficient of variation of the

failure probability given in Eq. (29). The variance of Pp can be formulated

as

Var(Pp) = E[P?] —

E[Pr.

(B.1)

We rewrite Py as Pp = ﬁﬁ K, and noticing that PF and K are independent,
Eq. (B.1) then becomes

Var(Pp) =

E[PE[K?) -

(B

24 Var(P

+WMKO—E[

~

(B.2)

A

7l B

Since the estimators of both Pz and K are unbiased, Eq. (B.2) can be further

simplified as

Var(fjp)

(P2 + Var(Pp)) (K2 + Var(K)) - P2R?
Va

).

r( ;)Var(K) +

28

p;Var(K) +

K2Var(
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Thus, the coefficient of variation of P can be formulated as

Cov( P Var(Pp) Var(Pp)
o) = T T TR (B.4)

= \/COV ) + Cov?(K) + Cov?(P;)Cov?(K).

Since the product of Cov?(Pz) and Cov?(K) in Eq. (B.4) is significantly less

than the first two terms, the coefficient of variation of Py is simplified as

Cov(Pp) ~ \/Cov ) + Cov?(K). (B.5)
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