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CHAPTER 1

Overview of this Thesis

In the Introduction, we survey the existing mathematical literature on, and leading upto,
quantum groupoids and the algebraic quantum field theory literature on the symmetry recon-

struction problem with an emphasis on investigations of quantum symmetry in low dimensions.

Chapter two, Quantum groupoids, provides the basic mathematical background on bialge-
broids, Hopf algebroids, distrubutive double algebras (Frobenius Hopf algebroids) and their
categories of modules and comodules. All three structures are generalizations of Hopf algebras
in that the base field is replaced by a noncommutative ring; they are discussed in their order

of appearance in the literature, which is roughly the order of increasingly complex structure.

Chapter three, Galois theory, is an account of the quantum groupoid Galois theory developed
in [3]. By way of introduction, the classical Galois theory of field extensions and the Hopf Galois
theory of ring extensions is reviewed with applications in other areas of mathematics, notably
noncommutative geometry. A section is devoted to the important result that bialgebroid Galois
extensions ([47], generalized to quantum groupoids in [3]) may be characterized as depth 2
extensions. This will be exploited in the final chapter to prove that field algebra extensions in
AQFT are in general Galois.

In chapter five, Scalar extension, we define and examine the generalization of the scalar
extension construction to quantum groupoids and apply it to quantum groupoid Galois theory.
We first explain the motivation, coming from Hopf Galois theory and a precursor result of
Brzezinski and Militaru. Mathematical preliminaries to the construction are Yetter-Drinfel’d
category and braided commutative algebras, which we introduce first for Hopf algebras and
then generalize to quantum groupoids. We prove a few fundamental properties of the quantum
groupoid scalar extension and also look at it from a monadic point of view. We close the

chapter with a result from [3] connecting the scalar extension to Galois theory.

Chapter six on Bicoalgebroids is a summary of results in [4]. Bicoalgebroids are the cate-
gorical dual structure to bialgebroids, and haven’t yet received much attention save for their
defintion in [21]. We construct the monoidal category of comodules and prove a comonadic
version of Schauenburg’s theorem. The main result is a dualization of the scalar extension to
bicoalgebroids, to which end we also define the Yetter-Drinfel’d category over a bicoalgebroid.
Anticipating the application of bicoalgebroids to coextensions of coalgebras, we discuss various
definitions for the cocentralizer of a coalgebra coextension and the cocenter of a bicomodule.

Chapter seven contains An application to Algebraic Quantum Field Theory. We review the
basic postulates of AQFT, the Doplicher-Haag-Roberts theory of superselection sectors, and
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2 Qverview of this Thesis

sketch the Doplicher-Roberts reconstruction theorem. So far, an extension of the full DR
theorem to low dimensions is lacking. Working in a pure algebraic setting, we define a field
algebra extension of the observable algebra from a fiber functor on the DHR category and prove
that it is depth 2, hence Galois. In the case of a semisimple DHR category, the field algebra is
shown to be a generalization of the reduced field bundle construction of Fredenhagen, Rehren

and Schroer.

We collect our results in chapter eight, the Summary.



CHAPTER 2
Introduction

In the 1990’s, results coming from diverse areas of mathematics and mathematical physics
pointed in the direction of a new notion of symmetry which subsumes both quantum groups’,
which have been known for some time, and groupoid algebras which have been known for even
longer. For now, we refer to this structure, or in fact family of related structures loosely as
quantum groupoids, but we shall make our usage of this term precise later on. Slightly different
definitions appeared in work related to low dimensional quantum field theory in [8, 9], non-
commutative [55] and Poisson [52] geometry and operator algebras [89]. The most important
feature that these definitions share is the existence of two canonical anti-isomorphic subalge-
bras, which reduce to the base field in the special case of a Hopf algebra. In a vague sense,
it can be said that quantum groupoids generalize quantum groups through the replacement of

the base field with a noncommutative algebra.

Generalizing Hopf algebras was proposed already in 1974 by Sweedler [77], whose construc-
tion was generalized by Takeuchi [86]. Crucial to their construction was the introduction of
a new tensor product >< over a noncommutative ring R, lending the name to >< blalgobra%
which were analyzed fuxther e.g. in [72] and [73].

A special case of X p—bialgebras was introduced by Ravenel [70] in algebraic geometry, under
the name (commutative) Hopf algebroid. Originally, in the context of quantum groupoids of
geometric origin, the term ‘Hopf algebroid’ was reserved for cogroupoid objects in the category
of commutative algebras. In present usage, Hopf algebroid refers to a more general structure,
over a noncommutative base algebra. Two definitions of bialgebroid appeared in Poisson
geometry, Lu’s bialgebroid [52] and Xu’s [93] bialgebroid with an anchor. This state of affairs
was simplified somewhat in [21], where it was proven that the definitions of Takeuchi’s x—
bialgebras, Lu’s bialgebroid and Xu’s bialgebroid with an anchor are in fact equivalent. T}fle
latter structures are in fact generalizations of bialgebras and not Hopf algebras, since there is
no notion of antipode.

Bohm, Nill and Szlachanyi introduced weak bialgebras, weak Hopf algebras and C*—weak
Hopf algebras in [8, 9, 10, 63| with applications to inclusions of unital C*-algebras (84, 82].
Weak bialgebras were shown to be a special case of Lu’s bialgebroids in [36]. The Hopf
bimodules of Enock and Vallin introduced in [35] are variants of C*~weak Hopf algebras in the

context of von Neumann algebras.

We use "quantum group’ in a general sense, meaning noncommutative, non-cocommutative Hopf algebra which
is not necessarily a deformed enveloping algebra of a Lie group

3



4 Introduction

Being more specific, a weak bialgebra (WBA for short) (B, ~, 7, m, i) consists of an algebra
structure (B, m, i) and a coalgebra structure (B, ~, 7) on the underlying A-module B, such that
multiplication and comultiplication are compatible in the bialgebra sense but comultiplicativity
of the unit and multiplicativity of the counit are replaced by weaker axioms. For future

reference, we reproduce them here:

(2.0.1) (v @ DI @ y(1) =11 ® L @ Lg =1 @ y(1))(v(1) ® 1)
(2.0.2) m(bl))m (L)) = w(bb') = 7(b1ley))m(layb),

for all b, € B. We used the notation 1q) @ L) =7(1) # 1 ® 1, and 1) ® 1oy @ 1z =
(v ®1) ov(1)=(1®~) o~v(1). The maps

B =B, b— 1uyr(bly)and 7" : B — B, b 7(10)b)lp

turn out to be idempotent— they are the projections onto the 'source’ and ’target’ subalge-
bras A" = T1*(B) and A% = II¥(B), respectively. A weak Hopf algebra (WHA for short)
(B,~,m,m,i,S) is a weak bialgebra together with an antipode map S : H — H satisfying the

three axioms
[WHAL] S (he) = 1T (h)
[WHA2] S(hay)he = I1¥(h)

Finitely generated projective weak Hopf algebras share the property of self-duality with Hopf
algebras, i.e. for a f.g.p. weak Hopf algebra (H, p,n; A, e;S), there is a WHA structure (the
‘transpose’) (ﬁ L, 75 NG S”) on the k-dual H = Homy(H, k). Although weak Hopf algebras
are defined over a field k, there are several indications that in fact the source (target) subalgebra
should be regarded as the base field. Most importantly, for a weak Hopf algebra H, the trivial
left H—module in gM is the representation on the k—module A" (or A%). Also, the dual weak

Hopf algebra H has canonical subalgebras A and A® that are isomorphic to AL and AZ.

Approaching quantum groupoids from classical groupoid algebras gives valuable insights.
Recall that a groupoid is simply a category in which every arrow is invertible, viz. a group
is a category on one single object with every arrow invertible. Groupoids simultaneously
generalize groups and equivalence relations and have found many applications in topology,
differential, and Poisson geometry, as evidenced by the monograph [26]. Topological and

geometric examples include the fundamental groupoid in homotopy theory and the holonomy
s

groupoid of foliations in differential geometry. We denote a groupoid G' —= G , with s and
t

t the source and target maps from the set of arrows to the set of objects. The groupoid algebra
Kk[G] is then a special case of the quantum groupoid such that the canonical subalgebra is k[G"],

the algebra of functions on the units. An example related directly to weak Hopf algebras is
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N
i=1

the groupoid of matrix units {e;;},_,, where G' = {e;}iz;, G° = {eis and the projections
onto the left (right) canonical subalgebras are 7% : e;; — ¢ and 7% : e;; — ¢;5.

One motivation that research in groupoids and quantum groups have shared is to develop
new notions of symmetry, which are applicable in situations where no conventional (i.e. group-)
symmetry is present (see [90] for an informal introduction to the subject). In some instances,
groupoids are more natural to consider than groups, as in the case of the gauge groupoid of
a (principal) fiber bundle. Groupoids with additional structure include Lie- and Poisson-Lie
groupoids, which are generalized to the noncommutative setting by Lu’s bialgebroids.

A useful way of thinking about how groupoids extend the conventional notion of symmetry is
that groupoids give a unified description of symmetry together with the action of the symmetry.
Considering a classical setup with a geometric (discrete, topological, smooth, etc.) space M
acted on by a (finite, topological, Lie) group G with action v : M x G — M, the action
groupoid is G, = {(m,g,m') € M x G x M|m' = m - g}. In fact, the scalar extension
construction to be discussed in this thesis can be seen as a noncommutative cousin of the

action groupoid.

The main motivation behind weak Hopf algebras came from quantum field theory and
operator algebras. The problem is one of symmetry reconstruction: for an extension N C M
of (C*~ , von Neumann) algebras, find the ‘symmetry’ G' (uniquely if possile) acting on M
such that N = M%. The dual problem is to find the dual ‘symmetry’ G acting on N, such that
M = N %@ is obtained as a cross product of N and G. The main difficulty is that determining
what kind of mathematical object the parenthesized ‘symmetry’ is, is part of the problem.

It was shown by Longo in [50] that if N C M is an irreducible depth 2 extension of von
Neumann factors, then the appropriate symmetry is a finite dimesnional C*~Hopf algebra. In
[64], it was proven that if one allows the extension to be reducible and N, M are not factors
but have arbitrary finite dimensional centers, then the symmetry is a C*~weak Hopf algebra.
This approach was worked out in detail for I1; type factors in [61, 62]. The work of Enock
and Vallin fall into this line of work in that their Hopf bimodules are used to describe depth 2

extensions of arbitrary index.

The bearing of quantum groupoids on quantum field theory is through their representation
category [10]. The representation category of a C*~weak Hopf algebra is a semisimple monoidal
C*—category with isomorphic left and right duals. This comprises much of the structure of the
Doplicher-Roberts category of superselection sectors in Algebraic Quantum Field Theory. In
terms of this analogy, sectors are the equivalence classes of irreducible morphisms.

In a series of papers [32, 33, 34], Doplicher and Roberts established a reconstruction theo-
rem stating that an abstract symmetric monoidal C*—category with subobjects and direct sums
(both guaranteed, if the category is semisimple) with irreducible monoidal unit is equivalent to
the representation category of a compact group. These requirements are precisely satisfied by
the Doplicher-Roberts category in spacetime dimensions higher than three, but no analogue

of the reconstruction theorem is known for two spacetime dimensions.



6 Introduction

Model studies in 2d conformal field theory and one dimensional quantum lattice systems
reveal two related phenomena which fall outside the purview of the DR theorem. First, it often
happens that superselection sectors satisfy fusion rules p @ ¢ = 3", Ny, r with integer fusion
coefficients N that preclude integer dimensions, i.e. the relation dyd, = > Nj, d, for the
dimensions of sectors admits no integer solutions. It should be noted that the dimensions d, are
the intrinsic (quantum) dimensions in the sense of [51] which, however, coincide with the integer
dimensions of the representation spaces in the case of groups and even Hopf algebras. Secondly,
it will happen that the monoidal unit is reducible, allowing for inequivalent irreducible vacuum
representations reminiscent of solitonic sectors. The representation categories of quantum
groupoids provide both features, making them candidates for the generic symmetry in low

dimensional quantum field theory.

In [47], Kadison and Szlachdnyi connected bialgebroids to the theory of depth 2 extensions.
The key advancement was a general definition of depth 2 extensions for rings in a purely alge-
braic setting, divorced from the original context of operator algebras. Earlier results on depth
2 extensions were recovered as special cases, notably ring extensions with separable centralizer
entail weak Hopf algebra symmetry and for trivial centralizer (i.e. irreducible extensions) one
obtains Hopf algebra symmetry. Also, the inherent one-sidedness resulting from the noncom-
mutative base algebra was acknowledged by defining both left and right bialgebroids. The

convention adopted by Lu corresponds to left bialgebroids in this terminology.

It is generally agreed that bialgebroids are the appropriate quantum groupoid generalization
of bialgebras but it is less straightforward to determine what the appropriate notion of Hopf
algebroid is? Bohm and Szlachanyi proposed a definition of Hopf algebroid containing one left—
handed and one right-handed constituent bialgebroid in [11]. Here, the antipode was defined
to be bijective, a requirement that was later relaxed in [7]. In [79], Szlachényi formulated an
equivalent description of Frobenius Hopf algebroids in terms of two compatible multiplicative
structures termed Distributive Double Algebras.

In a different line of development, Militaru and Brzeziriski examined the structure obtained
by taking the abstract dual of a bialgebroid in [21], calling it bicoalgebroid. Bicoalgebroids

were further investigated in [4].

Applications to Galois theory have been a unifying theme in the research on quantum
groups and quantum groupoids. Galois theory, in such generality, is as old as the concept of
group symmetry itself but even Hopf Galois theory has a history of four decades, dating back
to the work of Chase and Sweedler [28]. Hopf Galois theory accomodates the classical Galois
theory of field extensions, strongly graded group algebras and is the algebraic counterpart
of principle bundles in the spirit of noncommutative geometry. For a survey of Hopf Galois
theory see e.g. the monograph [58]. The appearance of novel symmetry structures and examples
from other areas of mathematics, most notably noncommutative geometry, which did not fit

seamlessly into Hopf Galois theory also spawned various generalizations.
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Two avenues of research unfolded: on the one hand, replacing Hopf algebras by only coal-
gebras as first suggested in [76] and later developed in [17] and [15] and on the other, to allow
bialgebroids instead of Hopf algebras. The former approach has its origins in noncommutative
geometry, the latter was initiated by Kadison and Szlachdnyi in [47], in relation to depth 2 ring
extensions. Depth 2 ring extension were shown to be the finitary quantum groupoid—Galois
extensions in [83]. A Galois theory was developed for Hopf-algebroids in [6] and in [3], the
latter taking a double algebraic point of view. The equivalence of depth 2 extensions and
bialgebroid—-Galois extensions was extended to the equivalence of depth 2 Frobenius extensions

and extensions which are Galois over some Frobenius Hopf algebroid.






CHAPTER 3

Quantum groupoids

Bialgebroids are a generalization of bialgebras that capture some of the features expected
of a quantum symmetry, in that their categories of modules (and comodules) are monoidal and
they possess a Galois theory generalizing the classical Hopf Galois theory. Several definitions of
bialgebroid have appeared in the literature, which have eventually turned out to be equivalent.
In contrast, there is as yet no consensus on how to adjoin an antipode to bialgebroids, i.e. on
the appropriate definition of a Hopf algebroid. Here, we shall stick to the axioms proposed in
[11]. The particular special case of Frobenius Hopf algebroids merits special attention. For one,
this structure enjoys the property of being self-dual, just like Hopf algebras, whereas the dual
of a general Hopf algebroid admits no natural Hopf algebroid structure. Also, the Frobenius
property may be seen as a finiteness condition and Frobenius Hopf algebroid symmetry may be
seen as a (vast) generalization of finite group symmetry. The looser term 'quantum groupoid’
will be meant to refer to a Frobenius Hopf algebroid. In [79], the notion of distributive double
algebras algebras (DDAs) was introduced and was shown to be equiavelent to Frobenius Hopf
algebroid. The word 'double’ refers to that the ring and coring structures of the Hopf algebroid
are represented by two distinct multiplicative structures in a DDA. We shall use the double
algebraic formalism in the remaining part of this Thesis, with the exception of the Chapter on

bicoalgebroids.

The Chapter is organized as follows: algebraic structure are discussed, roughly in the
order of increasing complexity, as Bialgebroid — Hopf algebroid — Frobenius Hopf algebroid
— Distributive Double Algebra (DDA). In each case, we define modules and comodules and

discuss the appropriate module (comodule) categories.

1. Bialgebroids

A bialgebra B over a field k is an k-algebra (B, p1, 1) and a k—coalgebra (B, A, ) over the
same k-module B, subject to the compatibility condition that p and 7 should be coalgebra
maps (or equivalently, A and ¢ are algebra maps). A generalization to the case where k is
replaced by a noncommutative algebra R requires at least two new ingredients, formulated in

the following two definitions.

DEFINITION 3.1.1. An R-ting A over a k—algebra R is a triple (A, p1,n), where A is an R—
bimodule and p: A ® A — A is an associative multiplication with unit n : R — A such that
both p and 7 are R—gimodulc maps. Equivalently, an R-ring A is a monoid in the category of
R-bimodules.
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Furthermore, there is a one-to-one correspondence between R-rings A and k-algebra mor-

phisms j : R — A. We shall often think of R-rings in this latter sense.

DEFINITION 3.1.2. An R-coring C over a k-algebra R is a triple (C, ¢, ), where C is an

R-bimodule and A : ¢ — C ® C a coassociative comultiplication with counit ¢ : C' — R
R

such that both A and ¢ are R-bimodule maps. Equivalently, an R-coring is a comonoid in the

category of R—bimodules.

A direct generalization of bialgebras by simply replacing the algebra (coalgebra) structure
with an R-ring (R-coring) is impossible. The reason is that the compatibility condition
(3.1.3) Ao p=(u®p)otwyo (A®A)

(b)) @ (b)) = bybisy @ biaybiy
makes use of the flip map tw: M ® N — N ® M, which is a symmetry of the category My,
k k
but is not well-defined in the category kMg of R-bimodules. In fact, zpMp is in general not

even braided.!

The way out is that the ring and coring structures of a bialgebroid are defined over differ-
ent base rings, making a bialgebroid respectively a monoid and a comonoid in two different
categories. This allows one to formulate the compatibility condition 3.1.3. Recall also that
the enveloping algebra of a ring R is defined as R° = R ® R?. R°rings are in bijective
correspondence with pairs of k—algebra homomorphisms s : R — A, ¢ : R — A whose images

commute in A.

DEFINITION 3.1.4. For a ring R over k, a right bialgebroid B over R consists of a k—algebra
(B, i, m) and

e an R°ring structure s ® t : R @ R — B on B

e an R-coring structure (B, A,e) on B
such that the following compatibilty axioms are satisfied:

(1) the R-bimodule structure is related to the R®ring structure as follows:
rea-r =as(r)t(r)

(2) the image of A lies in the sub—R-bimodule of B ® B defined by
R
1 BxB= by @V, e B® B b @V, =) b @ tr), V¥ ,
615)  BxB=( h@heB g B 0@ t=2 0o i e R

which is a ring with factorwise multiplication, so we may require that

A:B—BxDB
R

in a braided category, replacing the tw-map with the braiding leads to the concept of braided bialgebras, see
e.g. [67].



Bialgebroids 11

be a ring homorphism. A particular consequence is the unitalness of the coproduct,
Al)=1® 1.
(3) the counit is compatible with the ring structure in the sense
(3.1.6) e(t(e(a)d)) = e(ab) = e(s(e(a)b)), Va,be B
(4) the counit preserves the unit,

(3.1.7) e(1) = 1z

REMARK 3.1.8. The crucial point in the definition is the introduction of the Takeuchi x -
R
product. For a non-commutative ring R, B ® B does not have a well-defined ring structure,
R

but B x B is actually an R°ring:
R

i:(BxB)® (BxB)— BxB, (axd)bxb)=(ad x bV)
R R R R R R

H:R® R?— B, ror —tl)  sr)

Put differently, the Takeuchi submodule is the center of the bimodule g(B ® B)g, where the
R
left— and right R-actions are given by r- (b ® ') -7 = s(r)b ® t(r")V'.
R R

The definition is inherently asymmetrical, since the compatibility we imposed on the coring
and ring structure was to make B an R—coring via the right R°—action coming from the R°-ring
structure (note that pMp ~ Mpge). Choosing the other possibility, we obtain the definition of
left bialgebroids:

DEFINITION 3.1.9. A left bialgebroid B over L consists of a k—algebra (B, i, 1) and

e an R°ring structure s ® t : L ® L — Bon B
e an R—coring structure (B, A,e) on B

such that the following compatibilty axioms are satisfied:
(1) the R-bimodule structure is related to the R®ring structure in the sense
l-a-lI"=sDtla

(2) the image of A lies in the sub—L-bimodule of B ® B defined by

L

3.1.10 BxB= b oV, eBo Bl bt(l) @b =3 b @ bs(l), vl € L},
(3.1.10) x {Ei:<§16§>|§i:()§z§;§zs<)e}
and
A:B—BxB

is a ring homorphism. In particular, the coproduct is unital: A(1) =1 ® 1.

(3) the counit is compatible with the ring structure in the sense

(3.1.11) e(at(e(b))) = e(ab) = e(a(e(b))), Va,be B
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(4) the counit preserves the unit,

(3.1.12) (1) =1,

For any bialgebra, taking the opposite algebra structure or co-opposite coalgebra struc-
ture will yield the opposite (respectively, the co-opposite) bialgebra. For bialgebroids, care
has to be taken because of the 'handedness’ of the () and ()., operations: for a right
bialgebroid (B, R, s,t, A, €), passing to the opposite ring structure yields the left bialgebroid
(B, R°? t°? 5P, A, £). On the other hand, taking the co-opposite coring structure,

(Beops R, t, 5, Acop, €) s also a right bialgebroid.

For a finite dimensional bialgebra (H, i, n, A, ) over k, the k-dual H* = Hom(H, k) is also a
bialgebra. The structure maps of H* are the transposes of the structure maps of H, with respect
to the canonical pairing (, ) : H* ® H — k afforded by the evaluation (p, h) = ¢(h). Choosing
a dual basis {h;, '}, € H @ H*, the identities h = Y, h;¢'(h) and ¢ = >, ¢(h;) & hold,
independently of the choice of the {h;,&'}. The algebra structure is given by the multiplication

poHY @ H — H, ov(h) = o(ha)v(he)

and unit n* : K — H*, 1* = ey. The coalgebra structure of H* is given in terms of the dual
basis, with comultiplication

A*:H*— H" @ H, pHng(hi,) ® &

and counit * : H* — k, ¢ — ¢(1y).

Defining duals of bialgebroids is more complicated, since instead of the k—module structure
(or the symmetric k-bimodule structure), we have two inequivalent (left and right) R-module
structures, leading to the notions of left and right dual for both left and right bialgebroids,
four cases to consider in total. The assumption taking the place of finite dimensionality is that
the bialgebroid be finitely generated projective over the base ring. A systematic treatment of
bialgebroid duality can be found in [47], here we only consider one of the cases, for reference

and later use.

Consider a right bialgebroid (B, sg,tg), finitely generated projective as a left R-module.
Introducing the notation *B = Homp_(B, R) for the left R—dual, this is equivalent to the
existence of a dual bases {#'}Y, € B and {b;})\, € *B, such that for all b € B, 3 € *B the

identities
(3.1.13) b= _Bib) b, = B B(b)
hold.

The R-bimodule structure of *B is given by the left dual of the bimodule B®, which
carries the R-actions r-b- 1" = t(r')bt(r). As left and right R-modules, respectively, r(*B) =
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HomR(Bg), R) and (*B)r = Homg(B", Rg). The R-actions on a 3 €* B are

(3.1.14) (r- B)(b) = B(t(r)b), (B-7)(b) = B(b)r
We introduce multiplication on *B via the formula
(3.1.15) (B3)(b) = Bbys(7 (b))

*B becomes a ring with unit *1 = 5. If *B is to be a (left) bialgebroid, the source and target

maps should be expressed by the left and right actions on the unit:
(3.1.16) s:R—"B, "s=r-"1=¢ep(t(r)-)
(3.1.17) t:R—"B, "t="1-r=cp()r

It is then verified that *s and *¢ are indeed ring homomorphisms, whose images commute in

*B, making (*B,*s,*t) an R°ring, and that the R-bimodule structure of *B is given by
(3.1.18) (“s(r)B)(b) = (r- B)(b)
(3.1.19) ("t(r)B)(b) = (8- 7)(b)

as it should be for a left bialgebroid. It remains to define the coring structure on *B. It is

LI
= =
= =
= o~
S =
=
>
=

checked that the comultiplication
*A:*B—*B®*B
R
3 _b;
B Z ® B(-b)

is a coassociative R—bimodule map with respect to the R-actions r- -7 = *s(r)*t(r") 3 and the
dual counit is given by evaluation on the unit, *c : *B — R, 3 +— (3(1p). The remaining left
bialgebroid axioms (compatibility of the ring and coring structures) can be checked by direct

computation.

2. Modules & comodules over bialgebroids

In the following, (B, u,n, A, e, s, t) shall denote a right bialgebroid over R. We shall define
modules and comodules of bialgebroids and show that both the module- and comodule cate-
gories are monoidal. The former statement actually characterizes bialgebroids among R°-rings,

and is known as Schauenburg’s theorem.
2.1. Modules over a bialgebroid.

DEFINITION 3.2.1. A module Mp over B is a module over the underlying k-algebra of B,
i.e. a pair (M,~), where
e )M is a k-module

e v: M ® B — M is a k-module map such that
k

Yo(y®B)=yo(M®pu) and vo (M ®n)=idy
k k k
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A right B-module map f : (M,yy) — (M',yy) is a k-module map f : M — M’ that

intertwines the actions v and ~:

foB
M®B——M ®B

™™ i l I

M——M
The category Mp has objects the right B-modules and arrows the right B-module maps.

Recall that a bialgebroid is not only a k-algebra, but an R°ring with s ® t : R ® R — B.
This endows Mp with an additional piece of structure, namely a forgetful functor U : Mg —
Mpge > gRMp: a right B-module M is a right R*module via m - (r @ 7) =m < s(r)t(7).

A salient feature of bialgebras is that their category of modules is monoidal, such that the
coalgebra structure is responsible for the monoidality of the module category. More precisely,
a classic result of Pareigis (see [66]) states that a bialgebra structure on a k—algebra A (for k a
commutative ring) is equivalent to a monoidal structure on M, such that the forgetful functor
U : My — My is strict monoidal. This result generalizes to bialgebroids — we only sketch the

proof.

THEOREM 3.2.2. Let R be an algebra over a commutative ring k, then the following data
are equivalent on an R°-ring (B, s,t):
e a right bialgebroid structure on (B, s,t)

e a monoidal structure on Mg, such that U : Mg — grMpg is strict monoidal

PROOF (SKETCH). On the one hand, the R-coring structure of a bialgebroid B induces a
monoidal structure on the category of B-modules: for (m ® n) € M @ N define the right
B-action on the R-tensor product of modules with (m ® n) <b=m < b?l) @ n < by and let
the B-module structure on R be r < b = £(s(r)b). Due to the bialgebroid axioms, these maps
are well-defined. This is exactly the monoidal structure that renders U : Mg — gMp strict
monoidal.

On the other hand, if Mg is monoidal, define maps A’ : B — B ® B, b— (15 ® 1p) < b
and &’ : B — R, b~ 1p <b. Then it can be shown that (B, A', ') dCﬁI;lCS an R-coring, making
B a bialgebroid. O

REMARK 3.2.3. For a left bialgebroid B over L, zM is monoidal such that the forgetful
functor U : gM — M is strict monoidal. The proof of theorem 3.2.2 carries over to this case
by taking the opposite right bialgebroid B° and noting that zM is isomorphic to Mpgep. In
principle, one could consider left modules over right bialgebroids (or vice versa), but in this
case, there is no natural monoidal structure on the category of modules. In contrast, left (or

right) bialgebroids have both left and right comodule categories (see below).
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2.2. Comodules over a bialgebroid.
DEFINITION 3.2.4. Let R be a k—algebra and B a right bialgebroid over R. A right B—
comodule X? is a pair (X, d), where
e X is aright R—module
e 0: X — X ® Ais aright R-module map such that
R
(0®B)od=(X®A)od and (X ®e)od=X
R R R

(suppressing natural isomorphisms X ® R ~ X)
R

A morphism of B—comodules g : (X, d) — (Y,w) is a right R~module map g, intertwining the

coactions ¢ and w:

Y

R 90 B R
R
The category M? has objects the right B-comodules and arrows the right B-comodule maps.

For a bialgebra over (B, ji,m, A, €) over k, not only Mg but also M? is a monoidal category
such that the forgetful functor U : M® — My, is strict monoidal. One would like to extend this
result to bialgebroids, but here an obstacle presents itself already in choosing the appropriate
forgetful functor. A right B-comodule X is a priori only a right R-module, which leads to
a forgetful functor U’ : M4 — Mp. Unlike xMp, however, My is not monoidal. The following
Lemma (Prop. 1.1 of [3]) allows us to construct a functor U : M# — zMp which will indeed

turn out to be strict monoidal.
LEMMA 3.2.5. Let (X,0) be a right B-comodule. Then there is a left R-module structure
on X such that

(1) X is an R-bimodule

(2) d is an R-bimodule map

(3) 0(X) S X xp B

(4) every arrow g € MP is an R-bimodule map

where we used the notation

E 7'4,i®b1‘7 E .,i®1’lll‘7 roall 1
|i T iT ()) f() EE}

for the Takeuchi-product.

PRrROOF. The key observation is that although X is not a left R—module, X ® B is, with
R
the left R-action - (z ® b) = ¢ ® s(r)b. If X were a left R-module and ¢ a left R-module
R R



16 Quantum groupoids

map then by the identity
rex=(r-z)e) - e((r-o)n)
=z - £(s(r)z),

we've expressed the left R—action in terms of the coaction. This proves uniqueness. If we use
the above formula to define r - x then we find that it is indeed a left action because s : R — A

is an algebra homomorphism. It commutes with the right R-action
re(x-r') =z - e(s(r)as(r’)) = (r-z)-r'
80 X is an R-R-bimodule and the coaction is a bimodule map,
O(r-a-1') =z QE) s(r)zays(r’).
Now the Takeuchi property (3) holds automatically,

) @ 2y = 2()  £(s(r)z) @ T2
=2@0) ® e(t(r)z@) - Te)
= x(0) (? t(r)zqy -

If g : X — Y is a comodule morphism then
g(r-a) = g(z@) - e(s(r)z@) = 9(x) @ - e(s(r)g(x)a))
=r-g(z).

We can now state the following theorem?

THEOREM 3.2.6. For a right bialgebroid B over R, the category MP is monoidal such that
the forgetful functor U : MP — Mg is strict monoidal.

PROOF (SKETCH). The base ring R is a right B-comodule via the source map s : R —
R ® B ~ B. The Theorem is proved by showing that the map
R

(3.2.7) X@Y—-(X®Y)eB
R R R
TRY = Te © Yo © Ty

is a well-defined coaction on the R-tensor product of M, N € M? (in particular, an R-bimodule

map) and that the coherence isomorphisms in gMg lift to MP-maps. O

The above result amounts to only half of Schauenburg’s theorem, i.e. it is not known (and is

not expected to be) whether a monoidal structure on the category MZ, such that the forgetful

2This is essentially due to Schauenburg, except for the Lemma 3.2.5
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functor to kMp is strict monoidal, implies a bialgebroid structure on the coring B. We shall

find an analogous result for bicoalgebroids, however, in Section 3 of Chapter 4.

REMARK 3.2.8 (Left comodules over a right bialgebroid). As mentioned earlier, the category
of left comodules of right bialgebroids is also monoidal. The results obtained so far for right
comodules go over effortlessly, we only summarize the main points. A left comodule Y over
a right bialgebroid B is a pair (Y;6), where Y is a left R-module and 6 : ¥ — B ® Y is
a map satisfying coassociativity and counitality. By the analogue of Lemma 3.2.5, tﬁero is
a right R-module structure on Y such that § is an R-bimodule map and M is monoidal
with a strict monoidal forgetful functor into fMp. The monoidal unit is R, with B—comodule
structure furnished by the target map ¢t : R — B ~ B t%) R and the monoidal product of left

B-comodules is
(3.2.9) X®YHB®(X®Y)
TR Y Y ) @ ) ® Yo
Note the reversed order of multiplication with respect to 3.2.7! Needless to say, all previous
results hold just as well for left bialgebroids, mutatis mutandis.
3. Hopf algebroids

A Hopf algebroid should be to a bialgebroid as a Hopf algebra is to a bialgebra. Translating
this intuition into a definition is not straightfroward, however. The antipode for a Hopf algebra
H over k is a bialgebra map S : H — HZ},

anti-coalgebra map. Replacing [/ with a (right, say) bialgebroid, H¢}, will be a left bialgebroid.

i.e. it is simultaneously an anti-algebra and an

However, any notion of a map of bialgebroids should respect the handedness of a bialgebroid:
hence, if H and Hg are both to be right (left) bialgebroids, then a Hopf algebroid should
carry both a left and a right bialgebroid structure. We present the definition of [11] below —
other definitions can also be found in the literature which, unlike the different definitions for

bialgebroids, are in general not equivalent.

DEFINITION 3.3.1. For k-algebras R and L, a Hopf algebroid is a triple H = (Hp, Hg, S)
consisting of a left bialgebroid structure Hy and a right bialgebroid structure Hg (the two
constituent bialgebroids) on the same k-algebra, and the antipode S which is a k-module
map. Structure maps pertaining to H; will carry a subscript L and likewise for Hg, e.g. Hy,
has the L ® LP—ring structure (H, sy, t1) and the L—coring structure (H, Ay, ). The following
compatibilities are satisfied:

) sp0e0tg=1g, l, ©cL 0 Sg=25SR, SROERO L, =1L, trOER O SL =S5
2) (AL®H) oARf(H®AR) oAy and (Ap ® H) o Ap=(H ® AL) o Ag
3) S(to() htr(r) = sp(r) S(h) s;(1), forall {€ Lir € R and he H
)

¢t
(
(
(4 MLO(S®H)OAL78RO€R uRO(H®S)OAR78LOcL
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Care has to be taken in interpreting these axioms: one has to make use of all module
structures coming from the L ® L°-ring structure of H, and the R ® R°-ring structure of
Hpg. Introduce the following notation for the four L—modules of Hy. Let pH stand for the
module [ - h = sp(I)h, Hy, for h-1 =t (I)h, “H for | - h = hty(l), H" for h -1 = hsy(l) and
likewise for R-modules, the rule being that left (right) indices stand for left (right) actions
and lower (upper) indices stand for actions through left (right) H-multiplications. Then for
example the left and right hand sides of the axiom (A, ® H) o Ap = (H ® Ap) o Ay are
H— H;, ® [ H® ® ® H maps, where we have indicatcg precisely which Li and R-actions
are amalgamated. We have to introduce a generalization of Sweedler’s notation to differentiate
between the comultiplication of H; and Hgr. The Hpcoproduct will be denoted with upper
indices Az(h) = A % h® and the Hp-coproduct with lower indices Az(h) = hq (? h).

The mixed co-commutativity of the two comultiplications reads
(332) W0 @ e @ K =ha) @ bV © hy®
(3.3.3) hay? ® hy® @ by = h® ® ) @ i)

4. Modules & comodules over Hopf algebroids

For a Hopf algebroid (Hy, Hg, S), a right module is just an Hp-module and a left module is
an Hy-module. However, since bialgebroids of both handedness have right (and left) comodules,
a right comodule of a Hopf algebroid should be both a right H;, and a right Hp—comodule in a

compatible way. It turns out that this compatibility is automatic, by the following proposition.

PROPOSITION 3.4.1. (Hy, Hg,S) be a Hopf algebroid and (M,dy) a right Hr—comodule.
In particular then, M € gMpg with 7 -m - 1" = m© . ep(sp(r)mWsg(r')). Then M is also an

L — L-bimodule via
(3.4.2) L-m-l'=ep(ty(l'))mer(tr(l))
and

(1) there is a unique Hp—coaction d;, on M such that 6p is Hp—colinear and dg is Hp—

colinear, meaning
(3.4.3) (g ® H) 0o 6, = (M ® AL) o dg
L R
R L

and also, the Hy—coinvariants coincide with the Hpr—coinvariants.
(2) any Hg-colinear map (M, M) — (N,0%) is also an Hy—colinear map with respect to
the Hy—coactions defined above
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PROOF (SKETCH). The desired right Hj—coaction is given by
(3.4.5) 5, M—MeH
L
(3.4.6) m = m® - ep(m® ) © mbe
O

Strictly speaking, this proposition implies that comodules of a Hopf algebroid can be defined
in terms of only one of the constituent bialgebroids. Nevertheless, we keep both H; and Hp,

treating them symmetrically.

DEFINITION 3.4.7. A right comodule of a Hopf algebroid (Hy, Hg, S) is a triple (M, 0y, dg),
where (M, 0g) is a Hr—comodule, (M, dr) is a Hr—comodule such that the 3.4.2 relates the
R — R and L — L-bimodule structures and the compatibility 3.4.3 holds.

We do not discuss the Galois theory of Hopf algebroids, which was worked out in detail in

(6]. Instead, we turn immediately to a special case, that of Frobenius Hopf algebroids.

5. Frobenius Hopf algebroids and DDAs

A Hopf algebroid possesses two R— and two L-ring structures, via the source and target
maps sg, tr and sy, tr, respectively. In this section we introduce the additional requirement
that these four algebra extensions be Frobenius extensions. One motivation for this is that
even though the (left and right) duals of finitely generated projective bialgebroids are also
bialgebroids, this is not known to be true for Hopf algebroids. The Frobenius property, however,
is manifestly self-dual and Frobenius Hopf algebroids will dualize to Frobenius Hopf algebroids.
Also, the Frobenius property of an algebra extension R C A can be viewed as a kind of finiteness
of A over R. Turning to the theory of depth 2 extensions of algebras, we shall find that the
appropriate symmetry object for depth 2 Frobenius extensions is precisely Frobenius Hopf
algebroids. After recalling definitions and basic results about Frobenius Hopf algebroids, we
shall introduce the equivalent formalism of Distributive Double Algebras developed in [79]
which we shall use in the following.

DEFINITION 3.5.1. An R-ring (A, j) is said to be Frobenius if one of the following equivalent
conditions hold:
(1) gA is finitely generated projective and rA ~ Hompg_ (A, R) as A — R modules
(2) Apg is finitely generated projective and Ar ~ Hom_g(A, R) as R — A modules
(3) there exists an R-bimodule map ¥ : A — R (called the Frobenius functional) and a
dual basis >, e; QI? fieA QI? A such that

(3.5.2) > el(fia) =a=3 V(o) f;

for all a € A
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The classic theorem of Larson and Sweedler states that every finite dimensional Hopf al-

gabra over a field is Frobenius. More generally, the following theorem holds.

THEOREM 3.5.3. A Hopf algebra H over k is a Frobenius algebra over k if and only if it

possesses a non-degenerate integral.

An left (right) integral in a Hopf algebra is an invariant of the left (right) regular module,
ie. | € H is a left integral if hl = ey (h)l. The integral is said to be non-degenerate if the
maps £: H — H, o — @—1land £ : H — H, ¢ — |~ are bijections (for Hopf algebras, ¢ is
a bijection if and only if & is). On the other hand a left (right) integral on a Hopf algebra H
is an invariant of the dual left (right) regular module, i.e. an element of H. For a left integral
Ne Hon H, A= h=1\h).

REMARK 3.5.4. The general idea behind the double algebraic formalism can be explained
in the restricted context of Frobenius Hopf algebras (it is discussed in more detail under 8.9. of
[79]). A Frobenius Hopf algebra is a Hopf algebra with a Frobenius left integral, i.e. a left
integral i € H such that the mapping H — k, ¢ — (i) is a Frobenius homomorphism on
the dual Hopf algebra H. This is equivalent to H being a Frobenius algebra with a Frobenius
homomorphism A\ € H which is a left integral (the dual integral) on H. The dual integrals are
connected by the duality relation A — ¢ = 1, or equivalently, ¢ = X\ = <. There is also a dual
pair of right integrals, afforded by the antipode, j = S(i) and p = XA o S~!. The four integrals
satisfy the following relations:

\ Left | Right |
hi =e(h)i jh = je(h)
th =io(h) hj=7(h)j
A—=h=1Ah)|h+—p=1p(h)
Ai) =1 o) =1

FI1GURE 1. Left and Right Frobenius integrals

where o = \ « i is the "distinguished grouplike element’ and 7 = o o S~!. Furthermore, A
is a Frobenius homomorphism with dual basis iy ® S™'(i(1)) and p is a Frobenius homorphism
with dual basis i1y ® S(i2))-

Using the dual pair of integrals, we define the Fourier transform F : H — H with
F(h) = h — X and the inverse transform F~' : H — H with F'(¢)) = i — ¢ o S\
The convolution product h* b/ = F~1(F(h)F(I')) transfers the algebra structure of H (the
transpose of the coalgebra structure of H) to H. The unit for the new algebra structure is the
left integral . Thus, a Frobenius Hopf algebra admits an equivalent discription in terms of two
multiplicative structures (H, -, 1, ,7). Multiplication with the wrong unit produces 4 Frobenius
homomorphisms, ¢r(h) = hx1 = 1A(h), pr(h) = 1xh = 1p(h), pp(h) = h-i = e(h)i and
er(h) =1i-h=io(h).
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A general double algebra will be a Frobenius algebra over four isomorphic base algebras,
which are however, in general noncommutative rings. The double algebra derived from a Frobe-
nius Hopf algebra as above is, in addition, a distributive double algebra: the two multiplicative

structures satisfy compatibilities of which we list only one, a - (¢/ x a”) = a@ya’ @ a)ya”

We recall the Double Algebra formalism based on [3] (see also the original reference, [79]). A
double algebra is a k—module A equipped with two associative algebra structures denoted H =
(A, %, 1) (the horizontal algebra) and V = (A, o,e), respectively. The horizontal and vertical
algebras satisfy 8 compatibility axioms ([79], Def. 1.1). The axioms ensure that multiplication

on the left (right) with the wrong units maps onto four subalgebras of A, as follows
(3.5.5) pr:A—L a—axe @p:A—R a—exa
(3.5.6) pp:A—=B,a—aoi ¢r:A—=T a—ioa

The four subalgebras turn out to be strongly related, namely L ~ B ~ R ~ T In terms of

the maps @y, the defining axioms of a double algebra take on the following form:

s}

(A1) ¢r(a) o b=¢per(a)xb (A5) a o pr(b) = a*rer(b)
(A2) a0 pu(b) = pronb) xa  (A6) ¢r(a) o b=>bxppor(a)
(43) wpla) xb=prpp(a)xb (A7) ax¢r(b) =a o prer(b)
(A4) axep(b) =prepb)xa  (A8) @r(a)xb=0bo prer(a)

A double algebra is a Frobenius double algebra if all four algebra extensions L, R, T, B C A are
Frobenius. As mentioned above, a Frobenius algebra extension X C A implies an X coring
structure on A, with comultiplication given by the Frobenius dual bases. The four Frobenius
algebra structures on a double algebra, in the bimodule categories xMx for X = L, R, B, T,
respectively, imply four comultiplications:

(A, Ap, ¢p) is a comonoid in pMp, where Ag(a) = aq) ® a@) = a*up Q vy,
B B

(A, AL, ¢p) is a comonoid in My, where Ap(a) = apy ? ap =a o T % Vi

(A, Ar, @r) is a comonoid in My, where Ar(a) = oV @ a® = axu* @ v,
T B

( )

A, AR, ¢r) is a comonoid in xMg, where Ag(a) = al! @ a@ =a 027 ® |
R R

where we have introduced special notations for the dual bases of the base homomorphisms
px, and variants of the Sweedler notation to distinguish between the different comultiplica-
tions. The coalgebra structure arising from a Frobenius algebra satisfies a markedly different
compatibility condition with multiplication than we expect from a quantum groupoid, specifi-

cally, it is not multiplicative. However, we can recover Hopf algebroids from a Frobenius double
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algebra if we also postulate the following distributivity rules:

(3.5.7) a o (a'*d") = (aqy o ') (a@ o a”)
(3.5.8) ax(d o a") = (ap xd) o (ag*a")
(3.5.9) (@' *d") o a=(d oaM)x(a" o a?)
(3.5.10) (@' o dyxa=(d*a) o (a"xa?)

In this case we say that (A, o, e, «,i) is a distributive double algebra (DDA for short). In [79]
it is shown that in a DDA, the vertical and horizontal algebras, V' and H, are Hopf algebroids
such that H% is the dual of V. We will sometimes refer to the vertical and horizontal Hopf
algebroids of A. The constituent bialgebroids of H are

(3.5.11) (H, L, pp|L, 1), A, o) and  (H, R, o7\r, ¥BIr, ARs PR)
and those of V are
(3.5.12) (V. B, LB PR3, AB, wp) and (V,T, PR, LT, AT, ©r)

The notation means e.g. that V over T has source map t — @g(t), target map t — ¢ (¢) and
counit pp. Or, H over R has source map r — @r(r), target map r — og(r), and counit px.
The antipode of V' — called the antipode of the double algebra — is an anti-automorphism S
which is also an anti-automorphism of H but the antipode of H is S~'. It is given by

(3.5.13) S(a) = u* x pp(ppla o V).

The unit of the horizontal Hopf algebroid i is a Frobenius integral in the vertical Hopf algebroid

V' and vice versa, e is a Frobenius integral in the horizontal Hopf algebroid H.

6. Modules & comodules over DDAs

We have defined modules and comodules over Hopf algebroids to be consistent with the
fact that a Hopf algebroid 'contains’ two constituent bialgebroids. We have to do the same
with DDA’s and define modules and comodules as those of the underlying Hopf algebroids in

a consistent manner.

6.1. Modules over DDAs. Let (A, o,¢,x,i) be a double algebra. A right A-module is
a right module over the horizontal right bialgebroid H over R, i.e. a k-module M together
with an associative unital action M ® H — M of the horizontal algebra H = (A, *, i) denoted
m @ h—m < h. A right A—modulcnmorphism f:X — Y is aright R—module map which is
a right module morphism for the bialgebroid H over R. The category of right A-modules will
be denoted My.

A left A-module is a left module over the horizontal left bialgebroid H over L. Using the
extra structure of a DDA, we could also define 'top” and 'bottom’ modules over A as left and

right modules over the vertical algebra V = (V] o, ¢). In terms of the constituent bialgebroids,
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these are left modules over the left bialgebroid V' over B and right modules over the right

bialgebroid V' over T', respectively.

6.2. Comodules over DDAs. A right A-comodule over a Frobenius double algebra is a
right comodule over the vertical Hopf algebroid. It consists of an object M and two arrows
Oy M —M @ A, 6M: M — M ® Ain Mpgp such that

B T

e (Mp,dy) is a right comodule over the left bialgebroid V over B,
o (Mr,6M) is a right comodule over the right bialgebroid V over T

e such that the two coactions satisfy the mixed coassociativity conditions
(3.6.1) Tn(o)(o) ® m(o)(l) @ mM = me) ® m(l)(l) ® m(l)(z)
B T B T
(3.6.2) m(o)(o) ® 771(0)(1) ® me) = m® @ m(l)(l) ® m(l)(z)
T B T B
where we used the notation
dar(m) = m) ® ma
Mm) =m©® @ mW
T
for m € M.

A right A-comodule morphism 7 : X — Y is a right B ® T-module map which is a right
comodule morphism for both the left bialgebroid Vp and the right bialgebroid V. The category
of right A-comodules is denoted by MV,

We saw that for Hopf algebroid comodules, mixed coassociativity of the coactions of the
underlying bialgebroids leads to an identification of their comodule categories. It turns out

that for a DDA A, further identification is possible, namely of the comodule category MY and
the module category My.

LEMMA 3.6.3. Let A be a DDA and let 65; and 6™ be two coactions of Vi, respectively Vr,
on M. They then determine two right H-actions on M,

(3.6.4) m < h=mq).ep(ma *h)
B

(3.6.5) m<ah=m® op(m® «h).
T

The two actions coincide if and only if the two coactions satisfy the mized coassociativity
condition (3.6.1) and (3.6.2).

PROOF. The inverses of (3.6.4) and (3.6.5) can be given in terms of the dual bases of ¢
and ¢ as

(3.6.6) m®

® ®

T T
(3.6.7) mey ® may =m < up @ vy

B B T
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Therefore if < = < then
B T

=ma@Wsw) @u @ =mauy @ uyxut @k =
B B T B B T
— (m 2
M) © M) mea)
and similarly for (3.6.2). On the other hand, if mixed coassociativity holds then
m < h=(m<h)gy.es((m<h)q) = m(o)(o) cpp(m® ) or(m® « h))
T T T
=my) - ch(m(l)(l) * ng(mm@) * b)) = m) . ep(may * h)
=m < h.
B
O

If M is a right module over the DDA A then it is a right V-comodule M"Y and a right
H-module My at the same time. The invariants of My,

(3.6.8) M":={nc Mn a«h=n < orpg(h), h€ H}
(3.6.9) ={neMnah=n<pppr(h), he H}

and the coinvariants of MY,
(3.6.10) MeV:={n € Mn® @ n) =n @ ¢}
T T
={n e Mng ® np=n® e},
B B

yield one and the same k-submodule of M. This is an instance of the more general identifi-
cation between the categories of H-modules, Vg-comodules, and Vp-comodules. Since ¢ and
pp restrict to algebra isomorphisms R — T and R°® — B, respectively (79, Lemma 2.2],
the identifications between H-modules and V-comodules provide a monoidal category isomor-
phism M'7 = My and the antimonoidal category isomorphism M'? 22 M. We can use these
isomorphisms to introduce ® both in MY7 and M as the monoidal product while keeping
® and ® to appear in the goactions. One advantage of this convention is that the difference
bTetween 123.2.9) and (3.2.7) disappears, and we can define the monoidal product of both Vg

and Vp—comodules with the same order of multiplication. Now the R becomes a monoidal unit
in three senses: As a right ideal in H it is the trivial right H-module, r < h = r x h. But it
is also a right comodule over Vy via 7 (? r) = ¢ (? r and a right comodule over Vy via

(0) % ra) =€ % 7.



CHAPTER 4

Galois theory

We begin by recalling the most important results from the classical Galois theory of field
extensions in a nutshell. Noncommutative Galois theory is largely self-contained so this is
meant only as an aside, to give an idea of the sorts of results one could expect in a more
general theory. Hopf Galois theory is understood to mean the theory of noncommutative
algebra extensions with Hopf algebra symmetry, and has by now also achieved classical status.
Fundamental references are [28], [49], [76]; a review, containing further references, is [74]. It
is well established that Hopf Galois theory may be regarded as the dual picture to principal
bundles in the sense of noncommutative geometry. Consequently, it has geometric applications
and geometry, in turn, has been a constant source of motivation for Hopf Galois theory. We
shall give some references on the noncommutative geometric view, but our concern here is the
generalization of Hopf Galois theory from Hopf algebras to quantum groupoids and ultimately,
the application of this theory to algebra extensions coming from Algebraic Quantum Field

Theory.

Consider an extension of fields £ : F' ("E over F’) which is in particular an extension of the
additive and multiplicative groups of the respective fields, hence £ and F' share the same unit,
zero and characteristic. The extended field E may be considered as a vector space over F (the
module Er) and the F-dimension of this vector space is called the degree of the extension,

[E: F] = dim Ep. Standard examples of Galois extensions are:

e Q(/2)|Q, where Q(v2) = {a +bv2|a,b € Q}. The degree is 2, since {1,1/2} are a
basis for Ep.

e C|R (the complex numbers over the reals), [C: R] = 2 with {1,4} a basis

e for any field K, denote K[X] the polynomial ring with variable X and coefficients in
K. For an irreducible polynomial f(X) € K[X], the roots of f may not lie in K.
However, K[X]/(f(X)) (the polynomial ring modded by the ideal generated by the
polynomial) is an extension field of K and contains the roots of f. We say that we
have added the roots of f to K. This example subsumes the previous two: simply
take the polynomials X2 =2 and X2 = —1 in Q[X] and R[X], respectively

e for an algebraic variety V, the field of rational functions on V, denoted K (V) is an
extension of K

Elements of E that are roots of polynomials in F[X] are called algebraic. An extension

such that all elements of F not in F' are algebraic, is called an algebraic extension. An element

of the extended field that is not a root is called transcendental, and non-algebraic extensions
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are called transcendental extensions (purely transcendental if there are no algebraic elements
at all in E F'). The smallest extension of a field F' which contains all roots of polynomials in
F|[X] is called the algebraic closure. Algebraicity may seem like a special property to require
(important and historical examples notwithstanding), but in fact, an extension is algebraic if
and only if it is the union of finite sub—extensions. This is corroborated by our examples: the

finite-index extensions we listed are indeed algebraic, the rest are transcendental.

The fundamental construction in Galois theory is the automorphism group Aut(E|F), con-
sisiting of those automorphisms of F, which fix F' point—wise, i.e. for a« € Aut(E|F), a(z) =z
for all x € F. Note that for a field, it only makes sense to talk about automorphisms, i.e. en-

domorphisms with inverse.

THEOREM & DEFINITION 4.0.11. A finite field extension E|F is Galois if any of the
following hold
e F | F is a normal extension and a separable extension
o F is the splitting field of a separable polynomial with coefficients in F
o [E: F|=|Aut(E|F)|, i.e. the degree of the field extension is equal to the order of the
automorphism group of E|F.

A field extension is called normal if every irreducible polynomial in F[X] that has a root in
L completely factors into linear factors over L. Every algebraic extension E|F admits a normal
closure L, which is an extension field of F’ such that L|F is normal and which is minimal with
this property. An algebraic extension E|F is called separable, if the minimal polynomial of
every element of E over F' is separable, i.e. it has no repeated roots in E.

If any one of the above conditions hold, G = Aut(E|F) is said to be the Galois group of the
extension E|F, usually denoted Gal(E|F). If it exists, it is unique. The Fundamental Theorem
of Galois Theory states:

THEOREM 4.0.12. There is a one-to-one relationship between subgroups of H < G =
Aut(E|F) and intermediate extensions F C K C E, as follows:
o H — Fix(H); to any subgroup H < Gal(E|F), associate the intermediate field Fix(H)
Ef consisting of the elements of E fized by H,
o K — Aut(E|K); to any intermediate field K of E|F, the corresponding subgroup is
just Aut(E|K), the set of those automorphisms in Gal(E|F) which fix every element
of K.

This bijection between subextensions and subfields of the Galois group constitute an order—
reversing Galois connection® between the lattices of subgroups of Gal(E|F) and subextensions
of E|F. It is clearly order-reversing: for subgroups, H; C Hj holds if and only if the inclusion
of fields E* D B2 holds.

n abstract terms, an order-reversing Galois connection between posets (A, <) and (B, <) is a pair of maps

F:A— Band G: B — A such that b < F(a) if and only if a < G(b). In categorical terms, it is an adjoint
pair of contravariant functors between the posets A and B.
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The degrees of extensions are related to orders of groups, in a manner consistent with the
inclusion-reversing property. Specifically, if H is a subgroup of Gal(E|F), then |H| = [E|EY]
and [Gal(E|F) : H] = [EH : F]. The field E¥ is a normal extension of I if and only if H is a
normal subgroup of Gal(E|F). In this case, the restriction of the elements of Gal(E|F) to E#
induces an isomorphism between Gal(E¥|F) and the quotient group Gal(E|F)/H.

1. Hopf Galois theory

The history of Hopf Galois theory goes back to the work of Chase, Harrison and Rosenberg
on the Galois theory of groups acting not on fields, but on commutative rings ([27]). This was
extended, by Chase and Sweedler ([28]), to Hopf algebras coacting on commutative algebras
over (commutative) rings. The general definition, featuring Hopf algebras coacting on noncom-
mutative rings appeared in the work of Kreimer and Takeuchi ([49]). This approach is quite
different in flavour from the previous summary of the Galois theory of fields, and the abstract
definition is best understood through the classic examples.

First, a few preliminary definitions. A (right) H-comodule algebra A is a monoid in M#
ie. for a,b € A, (ab)<0> ® (ab)<1) = a(())b(g) ® a<1>b(1> and (1A)(0) ® (1A)<1> =14 ® 1. We
define the subalgebra of coinvariants A~ := {a € A| apy @ apy =a ® 1y} C A

DEFINITION 4.1.1. Let H be a Hopf algebra and A an H-comodule algebra in M# with
coaction p : A — A ® H. Then the extension of algebras A«~# C A is said to be right
H-Galois if the map

(4.1.2) B:A® peo-nA—A®H
a® b (a®1)ph) = abgy @ by
is bijective.
The first question to consider is how this definition relates to classical field extensions?

ExAMPLE 4.1.3. Consider the classical setup of a finite group G acting on a field £ D k
as automorphisms with F' = E the invariant subfield. The action of G extends linearly to
the group algebra kG, inducing a coaction of dual H = k(G) = (kG)* on E. We apply the
definition 4.1.2 to H.

E|F is classically Galois with Galois group G if G acts faithfully on E, or equivalently,
[E: F] =|G|. Let |G| = n and denote {z1, %o, ..., ,, } the elements of G and {b,bo, ..., b, } the
basis of E over F. If {p', p? ...,p"} is the dual basis of {z;}7_, in k(G) (i.e. p'(z;) = d;;), then

the k(G)-coaction corresponding to the kG-action on E is given by

(4.1.4) p:E—E® kG)

n
aHZziba(@p’.

i=1
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The Galois map : £ @ E — E ® k(G) is then 8(a ® b) =Y, a(z; > b) ® p".
F

ExXAMPLE 4.1.5. An important example which does not involve fields is that of graded
rings. Let A be a G-graded algebra, i.e. A = @yecady is a G-graded vector space and for
all g.h € G, AjA, C Ay, and 14 € A.. Equivalently, A is a kG-comodule algebra with the
coaction p(ay) = a, ® g for a, € Ay and extended linearly. Indeed, p(agbn) = agb, ®@ gh so
that agb, € Agy and p(14) = 14 ® e implies 14 € A.. The kG-coinvariants are precisely the
unit component, A~ = A,. A theorem of Ulbrich describes those extensions A, C A which
are Galois.

THEOREM 4.1.6. Let A be a G—graded algebra; then the following are equivalent:

(1) A, C A is kG-Galois
(2) A is strongly graded, meaning that A, A, = A, for all z,y € G .

See [58], p. 126 for a proof.

EXAMPLE 4.1.7. A more geometric example is (the dual of) that of a finite group acting on
a set. Consider a finite group G acting on a set X from the right by the action p: X x G — X,

denoted (z,g) +— @ < g. There is a natural map
(4.1.8) a: X xG—-XxX

often called the fundamental map which encodes several properties of the action. To begin
with, @ maps X x G to X xy X, the fibered product? of X with itself over the orbit space
Y = X/G (since x and = < g are in the same G-orbit for any x € X and g € G). The
surjectivity of «, considered as a map to X Xy X, is equivalent to the action being transitive;
« is injective if and only if p is free, i.e. there are no fixed points x # x < ¢ for g # e.

The connection to Definition 4.1.1 is revealed by considering the dual picture. Denote
A = E(X) the algebra of k—valued functions on X under pointwise addition and multiplication.
The right G-action on X induces a left kG-action on k(X); for a € k(X), g> a(z) = a(z < g).
This, in turn, induces a right k(G)—coaction y* : A — A®k(G). With the dual bases {z;, p'}1,,
the coaction is given by p* : a +— z; > a ® p'. Denote B = k(Y) the functions from X to k
that are constant on G—orbits. Then B = A*¢ = Ac~*(G) i5 the subalgebra of kG-invariants,
or equivalently, of the k(G)-coinvariants. Since k(X x X) = k(X) ® k(X), the fundamental

map dualizes to
(4.1.9) AR A—-A®H
B
a®ad (e )u'(d),

which is exactly the Galois map of 4.1.2, i.e. § = a*. The Galois map (3 is bijective if and only
if « is bijective, which is equivalent to the action p being free and transitive.

2In the present case, X xy X is the categorical pullback of two copies of the projection map 7 : X — X/G,
sending each point z € X to the orbit it is contained in. It is the subset X xy X = {(z,y) € X x X|n(z) = 7(y)}
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EXAMPLE 4.1.10. A truly geometric example is that of quantum pricipal bundles. In clas-
sical geometry, a principal bundle P(M,G) over base M with structure (gauge) group G is
defined as follows. P is a smooth manifold and G a Lie group such that there is a smooth right
action of G on P, P x G — P, (u,g) — Ry(u) = u > g which is free. Just as in the case of
finite groups acting on sets, this is equivalent to the injectivity of the map

(4.1.11) B:PxG—PxP, (ug)— (v,uvg).

The orbit space is isomorphic to the base space, P/G = M, and the canonical projection
m: P — M is a smooth map. The bundle P is locally isomorphic to M x G, meaning that for
an open subset U C M contained in one chart, there is a map ¢y : 7 1(U) — G such that the
map 71 (U) = M x G, u (¢y(u), 7(u)) is an isomorphism.

By the standard practice of noncommutative geometry, the algebraic picture is obtained
by considering the algebra of functions on the geometric spaces. Hence, a quantum principle
bundle is first of all an H—comodule algebra A with coaction p: A — A @ H such that the
induced Galois map (pa @ H) o (A ® p): A ® A — A ® H is a surjection. Denote the
subalgebra of coinvariants B = A“~#_ then the Galois map factorizes through A ® A and
f:A®A— A® H is an isomorphism. An example is provided by a classical Lf)rinciple
bundle ]ivith A =k(P), B=k(M) and H = k(G). The inclusion of the subalgebra B «— A is
the analogue of the projection 7 : P — M in the classical case.

Much work has been done to elaborate this connection between (principal) bundles and
Hopf Galois extensions, we only point out a handful of references. A differential calculus on
quantum groups (in the sense of compact matrix pseudogroups) has been developed in [92],
generalizing the calculus of exterior differential forms; differential calculi on noncommutative
bundles were considered in [67]. Approaching principles bundles from a quantum field theory
point of view, a quantum group gauge theory over noncommutative spaces was proposed in
[18]. Cleft extensions are roughly the analogues of trivial bundles. Their study was initiated
(31] and [5]. A topological invariant of bundles, the Chern character, have been given an
algebraic interpretation in [15]. Also, concrete geometric constructions like the Hopf fibration
also have algebraic counterparts, interpreted as noncommutative monopoles or instantons, see
e.g. [19], [20].

Comparing Hopf Galois theory to the classical Galois theory of field extensions, two differ-
ences stand out. First, classical Galois extensions can be characterized as the normal, separable
field extensions without explicitly mentioning the Galois group. No analogue result is known
in Hopf Galois theory. Also, a Galois field extension determines the Galois group uniquely. A
stronger statement is the Fundamental Theorem of Galois theory, which does not hold in the

Hopf Galois setting. Instead, there is a weaker result due to Chase and Sweedler ([28]):

THEOREM 4.1.12. Let K|k be an H-Galois extension; for a Hopf subalgebra H', define
Fix(H') ={z € K|Yh € H' : h <z = e(h)x}. Then the mapping from Hopf subalgebras to
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intermediate subalgebras
Fix : {H' C H|H' Hopfsubalgebra} — {L|k C L C Ksubalgebra}
is inclusion—reversing and injective.

In Hopf Galois theory, explicit counterexamples are known (to be discussed in Chapter
3), where a Hopf Galois extension exhibits two non-isomorphic Hopf algebras both of which
make the extension Galois— little is known in general about the relation of different possible
choices of Hopf Galois symmetry. Both of the above shortcomings of Hopf Galois theory can
be partially remedied by allowing quantum groupoids instead of Hopf algebras. It is the Galois

theory of quantum groupoids which take up in the remaining chapters.

2. Bialgebroid Galois extensions

It was shown in Chapter 1 that for a right bialgebroid (B, sg,tr) over R, the categories Mg,
M?% and #M are monoidal with a strict monoidal forgetful functor into zkMg. This allows us
to define both (right) B—module and B—comodule algebras as monoids in Mp and M respec-
tively. This leads to two notions of bialgebroid extension and bialgebroid—Galois extension,

accordingly called the action— and coaction pictures.
2.1. Module— and comodule algebras.

DEFINITION 4.2.1. A right B-module algebra is a monoid (M, pas, nas) in Mg, i.e. M € Mp,
with £ and 7 arrows in Mp (B—comodule maps):

(M ® M) @ B™eYM ® M R<" R®B
R R R R
HM @ Bl luM e ‘( lmw %’B
M ® B y y M ® B
R ™M M M ™M R

or, in terms of formule,
(4.2.2) (m < bay)(m' < bgy) = (mm') < b
(423) 1y < b= 1y < S(E(b))

The strict monoidal forgetful functor on U : Mgy — zMp induces on M the R-bimodule
structure

(4.2.4) M e gMg, 7-m-r" =m < (L(r)s(r'))
The subring of invariants is denoted MP? and is defined as

(4.2.5) MP ={neM

n<ab=n<s(D)}

A useful characterization of the invariants is the following
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LEMMA 4.2.6. For a right B-module algebra M,
Hom_p(R, M) ~ M”

as k—algebras, where the algebra structure on Hom_g(R, M) is the convolution algebra.

PROOF. It is easily checked that the k—module maps
Hom_p(R, M) — M", 0+ p(1g)
and
M7 — Hom_p(R, M), ni—{r—mn-r}

are inverses of each other. Being the monoidal unit in Mg, R has a coalgebra structure

R — R ® R given by the natural isomorphism r +— r @ 1p. The corresponding convolution
R

product on Hom_p(R, M) is given by ¢t (r) = ¢(r))Y(r@e)) = ¢(r)i¥(1g). The isomorphism

extends to an isomorphism of algebras. O

For any right B-module algebra M, B ® M has an M-ring structure, the smash product,
R
denoted B# M. Multiplication is given by

ft: B#M ® B#M — B#M
M
(bFm) (V' #m') = bbjyy#(m < by )m
and the unit map is 7: M — B#M, m — 1p ® m.
R

All the above constructions may be applied to a left bialgebroid (B, sy, ;) over L. In
particular, a left B-module M is a monoid (M, piar, nar) in gpM. The multiplication and unit
maps are arrows in pM,

(4.2.7) (bay > m)(bay > m') =b > (mm)

(428) b > 1]\/[ = S(E(b)) > 1y

and M is an R-bimodule via 7 -m 1" = (s(r)t(r')) > m. The subring of invariants is denoted
M?P and is defined as

(4.2.9) MP = {neM|bvn=s.(c(b) > n}

We also have the isomorphism Homp_(R, M) ~ M B For all B-module algebras in gM, the
smash product defines an M-ring structure on M ® B with multiplication g : M#B ®
M#B — M#B, (m#b)(m'#V) = m(by v m)#b@ b and unit map 7§ : M — M ® B

mi—m ® lg.
L

Consider again a right bialgebroid (B, sg,tg) over R. Turning to the comodule category
M5B
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DEFINITION 4.2.10. A right B-comodule algebra is a monoid in MZ| i.e. a B-comodule
(M, d0p) € Mg, and B-comodule maps pp : M @ M — M and ny : R — M,
R

(M ® M)®™e¥ (M @ M) ® B R-M.R®B
R R R
Y J/MM%B v l’]M %B
M M® B M —_—M ® B
Sar r St

or, on elements,
(4.2.11) (mm/) o ><%( m')qy = mymi, ® mu 1
(42.12) (me(r)) o) @ (ma(r))ay = mur(r) @ 1p

The strict monoidal forgetful functor on U : Mg — gMpg induces on M the R—bimodule

structure
(4.2.13) M e gMpg, r-m-r'" = (m-r")gen(t(r)(m-r)q)
We define the subring of coinvariants, denoted M~ as
(4.2.14) M ={ne M|éyn)=n® 1}
R

The coinvariants also admit an abstract definition similar to the invariant subring,

LEMMA 4.2.15. For a right B-comodule algebra M,
Hom (R, M) ~ M*~F

as k—algebras, where the algebra structure on HOIIFB(R, M) is the convolution algebra.

For any right B-comodule algebra M, M ® B has an M-coring structure, given as follows.
R
M ® B € My, with left— and right M-actions m’- (m ® b)-m” =m’'m m/<’ ® bm (y- With

rebpect to this bimodule structure, the comultiplication and counit

A:(M®B)~(M®B)®(M®B), mobome by & lu @ by
R R R M R

M

E:M ® B— M, m ® b+ meg(h)
R R

are M-bimodule maps and make M ® B an M-coring. Defining left comodule algebras

R
analogously for a right bialgebroid is straightforward.

For [eft bialgebroids we consider the case of right comodule algebras for later reference.
Let (B, sy, tr) be a left bialgebroid over L, then a right B—comodule algebra is a monoid in
M?Z ie. a B-comodule (M,d,) € Mp, and B-comodule maps pip; : M @ M — M and

R
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v R— M, ie.

(4.2.16) (mm) 0 @ (mm)V =m0 @ m/Pm®
L

L

(4.2.17) (e (7)) 10) ® (ar (7)) ay = nae(7) ® 1p

The R-bimodule structure induced by the forgetful functor U : Mg — grMp is r-m -7’ =
(m-1") 0y e (sp.(r)(m-1") o) The subring of coinvariants is given by M=% = {n € M|dy(n) =
n ® 15} and the isomorphism Hom™2(L, M) ~ M=% holds. For a right B-comodule algebra
Z\[f M ® B has an M-coring structure, via the left— and right M-actions m’- (m ® b)-m” =

L
m @ mm” @ bm”" and the M bimodule maps
L

A:(M® By (M ® B)® (M ®B), mo@b—mob? o 1 @b
L L M R L L M R
E:M® B— M, m®b— meg(b)
L R
which make make M ® B a coalgebra in y;My,.
L
Relations between module— and comodule algebras are to be expected in the case that the

bialgebroid is finitely generated projective over the base ring. More specifically, we have that

PROPOSITION 4.2.18. For a right bialgebroid (B, sg,tg), fintely generated projective over
R and let *B = Hompg_ (B, R) denote the left R—dual bialgebroid. Then we have that

(1) there is an isomorphism of categories MP ~ M. gop
(2) for a B-comodule algebra M € M®, the B-coinvariant subalgebra M<~P coincides
with the *B% —invariant subalgebra M 5"
PRrOOF. (1) Every right B-comodule (M, dy) is a right * B~module via
(4.2.19) m < =myy - Bmuy), meM, pe*B
Indeed, for m € M and 3, 5" € *B, using 4.2.19 we calculate
(m < B) a B = (m - Blmw))o B'((m) - Blm))w) =
=m0 B (M) s(B(mq)))) =m < (5'8)
Let f € M? be a B-comodule map, satisfying f(m)) i@ mpy = f(m) ) %) f(m)qy. It is easily

seen that f is then also an *B”’~module map:

f(m) < B = f(m)w B(f(m)ay) = fm)) Blmay) = fm < B)

i.e. we have a functor M? — M.pger. For the inverse functor of the equivalence, note that a
*BP—module M is a B-comodule with the coaction

(SA[AfA)]\/[@B
R

m—mab & 3
R
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where >, ' ® b; € *B @ B is the (left) finitely generated projective basis for pB. Coassocia-
R R

tivity follows éasily,
(0ar %) B) o dpr(m) = (m < b;) < by %) v (%) B=m < b (? & t%) g =
=m <b; (% ([7"")(1) QE) (ﬁi)(g) = (M (% Ag) o dy(m)
The equivalence follows from the defining property of the dual basis.

(2) Let M € Alg — MP be a B-comodule algebra. Then n € M~ B iff §y,(n) =n ® 1p. Since
R

naf=ndaB=ng-Bnwy) =n-B1p)=ns((p)),
n is an element of the * B°’~invariant subring. O

Having both module- and comodule algebras at our disposal, we can define the class of
bialgebroid Galois extensions from both points of view. In Hopf Galois theory, usually comodule
algebras over a Hopf algebra are considered, viewed as an algebra extension of the co-invariant
subring. This is called the 'coaction picture’, and is predominant in the existing literature.
However, some applications, notably scalar extensions arising from Galois extensions, follow
from the action picture which is also perhaps closer to physicists’ notion of a symmetry acting

on, e.g. the field algebra. We follow closely the definitions and exposition of [3].

2.2. Action picture. Let (B, sg,tr) be a right bialgebroid and M € Mg a right B
module algebra. We call an algebra homomorphism 7 : N — M a (right) B-extension, if
7 factorizes through an isomorphism N — M?%. In a more concrete sense, we could require
N =M~

For a B-extension N ~ M? — M, N (M?) acts on M from the left by multiplication;
call this action A. Also, for any extension N — M, there is a right action of End(yM)
(the left N-module endomorphisms) on M that commutes, by definition, with A making M an
N —End(yM)-bimodule. Here we have to view the endomorphisms in End(y M) as composing
to the right. We shall denote & = End(yM), hence M = yMg. Furthermore, there is a
homomorphism H#M — End(y M), defined by m’ - (h#m) = (m’ < h)m, which makes M an
N — H#M-bimodule.

LEMMA 4.2.20. For a B—extension N — M, we have the following equalities:
(4.2.21) A(N) = End(Mg) = End(Mpgar) = M(MP)

PrOOF. We write the action of a v € Endy_(M) on m € M from the right as m —
(m)%. The inclusions A(N) C End(Mg) C End(Mpyy) are easily proved. For any n € N,
v € Endy_(M) we have (n - m)? =n- (m)? by definition, hence A(N) C End(Mg). The
inclusion End(Mg) C End(Mpga) follows from the existence of the homomorphism H#M —
End(yM) = €. The Lemma is then a consequence of N = M? and the equality End(Mpyu) =
A(MPB). The latter is proved entirely analogously to Lemma 8.3.2 of [58]. The map \ :
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M?P — End(Mpyu) is obviously injective. To see that it is also surjective, observe that for
o € End(Mpgy) and m € M, o(m) = o(1y)m, i.e. ¢ = Ayry. But o(1) € MP, since for all
be B,a(1)b=0(1-b) =0o(1)ep(b).

O

We introduce some basic notions for bimodules, allowing us to rephrase in abstract terms
what we have just proved. A more detailed treatment is found in [2]. Let R and S be rings,
then note that M € pMg is an R — S-bimodule if and only A : R — End(Mg) (left action by
R) and p: S — End(gM) (right action by S) are ring homomorphisms.

DEFINITION 4.2.22. Consider R, S and M € Mg as above. With respect to the homomor-
phisms A : R — End(Ms) and p : S — End(gM), the bimodule pMg is balanced if both A and
p are surjective and the bimodule Mg is faithfully balanced if both A and p are isomorphisms.

To every left module p M, there is a canonical bimodule p Mg where & = Endg_ (M) is the
ring of left R—endomorphisms, viewed as acting from the right. Continuing, we can introduce
the biendomorphism ring of the original module gkM as BiEnd(gM) = End(M¢). Applying

our bimodule-terminology to the canonical bimodule of a left module just defined, we define:

DEFINITION 4.2.23. A module gk M over aring R is balanced if the bimodule Mg is balanced
(€ =Endy_(M)), i.e. A: R — End(M¢) = BiEnd(M) is surjective.

With this terminology, we collect these results in the following

LEMMA 4.2.24. Let N — M be a right B—extension; then

(1) nMg is balanced, i.e. BiEnd(yM) = End(Mg) = A(N), and
(2) the bimodule yMpyn is faithfully balanced if and only if the map B#M — & is an

isomorphism.
As we shall see, this map H#M — & plays a fundamental role in Galois theory.

DEFINITION 4.2.25. For a right bialgebroid B over R, a right B-extension N = M*? C M
is said to be a Galois extension if the M—bimodule map (the canonical map)
(4.2.26) Ty :B ® M — Endy_(M)
R
b @ m— {m' — (m' <bym}
R
is an isomorphism.
Recall that for any B-extension, B ® M has an M-ring structure given by the smash
R
product B#M. Endy_(M) is an M-ring with composition (to the right) of endomorphisms

as multiplication and unit map M — Endy_(M) sending m € M to p,,. The canonical map

extends to a morphism of M-rings.
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Now let (B, sy,tz) be a left bialgebroid and M € zM a left B-module algebra. A left
B-extension N = M5 C M is said to be a Galois extension if the M — M-bimodule map

(4.2.27) ™ .M ® B — End_y(M)
R
m @ b {m —m(b<am)}
R

is an isomorphism. Again, I'M extends to an M-ring morphism if the M-ring structure on
End_y(M) is given by the composition of endomorphisms (to the left) as multiplication and
left multiplication by M as the unit map. We shall only be considering Galois extensions (in
the action picture) of right bialgebroids in what follows. Nevertheless, the above left-sided
definition can be put to use by noting that for a right bialgebroid (B, sy, t.), the opposite
(B, t, 57} is a left bialgebroid. From the categorical isomorphism gM ~ Mpop, it follows
that an equivalent formulation of the Galois condition is that the M-bimodule map

(4.2.28) Y ® B — End_y(M)

m @ b {m' — m(m' <)}
R

is an isomorphism.

2.3. Coaction picture. As discussed earlier, right (left) bialgebroids may coact both to
the left and to the right. Correspondingly, there are in principle four cases of bialgebroid

extensions (and Galois extensions) to consider. We collect these in two definitions

DEFINITION 4.2.29. Let (B, sg, tg) be a right bialgebroid. For a right B-comodule algebra
M € M5, the B-extension N = M8 C M is Galois if the M-bimodule map

(4.2.30) wiM®M-—M®eB
N R

m ® m' = mmlg, ® mi

is an isomorphism. For a left B-comodule algebra M € M, N = M8 C M is Galois if the
M-bimodule map

N R

m @ m' e mi_y @ mmig
N R

is an isomorphism.

Recall that both M ® B and B ® M have an M—coring structure. The coring structure
R R
on M @ M is called the Sweedler coring, and has the comultiplication
N
(4.2.32) AMOM—-(MeM @ (MeM~MeMoM
N N M N N N

me@mi—meo® ly @m
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and counit ¢ = py; : M ® M — M, simply the ring multiplication, m ® m’ — mm’. As
N

expected, both canonical maps ), and ¢y, extend to maps of M—corings.

The left handed twin of the previous definition goes as follows.

DEFINITION 4.2.33. Let (B,sp,t) be a left bialgebroid. For a left B-comodule algebra

M € BM, the B-extension N = M8 C M is Galois if the M-bimodule map
(4.2.34) M MeoM—-BeoM
N R
m @ m' = m_1y @ meym’
N R

is an isomorphism. For a right B-comodule algebra M € M2, the B—extension N = M8 C
M is Galois if the M-bimodule map
(4.2.35) M MoM—-M®B
N R
!

m ® m' — mm' @ mg
N R

is an isomorphism.

For bialgebroids that are finitely generated projective over their base ring, we found a
relation between comodule algebras and module algebras over the dual. It is natural to ask

whether this relation extends to Galois extensions?

THEOREM 4.2.36. Let (B, sg,tgr) be a right bialgebroid which is finitely generated projective
as an R—module and let N = MP — M € MP be a right B-estension. Then

(4.2.37) wiMe®M-—MeoB
N R
is an isomorphism if and only if
(4.2.38) I'y: M ® "B — End_n(M)
R

is an isomorphism.

PRrROOF. Applying Homy, (M, -) to 4.2.37, we obtain the isomorphism
(4.2.39) Homy— (yar, M) : Homy,— (M % B, M) — Homy,_ (M (% M, M)
We shall denote the left M-dual of X as Homy,_ (X, M) = *X. First, we have that
(M (% M) ~ End_y(M),
by the inverse equivalences
Hom,, (M © M, M) — End_n(M), ©+— {ag:m'— O0(m, )}

End_n(M) — Homy (M ® M, M), a+ {0,:m @ m' — ma(m’)}
N
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Secondly, *(M ® B) =M ® *B by the inverse equivalences
R R
Homy (M @ B,M) - M @ *B, T+ Y1y @ b) @
R R R R
M ® *B — Hompy (M @ B,M), m ® o {m' @V —m'mp)},
R R R R

using the finitely generated projective basis ., b; @ 8" € B ® *B. O
R R

3. Quantum groupoid Galois extensions

The next task is to formulate what we mean by Galois extension in the case of a DDA.
Following the same strategy that we had when defining modules and comodules, we would like
the definition to imply that the extension is Galois with respect to the constituent bialgebroids
in a consistent way. The different notions of bialgebroid Galois extensions (in the action and
coaction pictures) would thus be unified. This is in fact the main result of this section. The
standing assumption is that A is a DDA with vertical and horizontal Hopf algebroids V' and
H. Put equivalently, V' is a Frobenius Hopf algebroid and H is its dual. We begin with the
action picture.

3.1. Action picture. Let A be a DDA, M a right A-module algebra and N = M the

subring of invariants. We define the canonical maps
(4.3.1) ™. M © H— End(My)
m ®’ ho={m' — m(m < h)}
and
(4.3.2) Ty H (% M — End(yM)
h @ m— {m' — (m < h)m}

A right A-module is a right module over the horizontal right bialgebroid and indeed, 4.3.1 and
4.3.2 are nothing but the two canonical maps belonging to the right horizontal bialgebroid H
over R, as defined in 4.2.28 and 4.2.26. We recall the facts established there, that I' extends
to a map of M rings I'™ : M ® H® — Endl(]\/[N) and I'y; extends to a map 'y, : H ® m —
R R
End"(My), where End'(My) means that we regard endomorphisms as acting from the left and

accordingly, the elements of End"(My) act from the right.

3.2. Coaction picture. Now let M be an A-comodule algebra, N = M~ the subring
of coinvariants (which, by our earlier results, coincides with the A-invariant subring). The

canonical maps in the coaction picture are
(4.3.3) WM-MeM-—-M®e®V
R T

m @ m — mm'® @ m®
T
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and
(4.3.4) mMeMoMeV
R B
m @ m' — mem’ ® mq)
B

A right A-comodule is exactly a right comodule over the vertical Hopf algebroid V', and 4.3.3
and 4.3.4 are precisely the canonical maps for the left vertical bialgebroid V' over B and the
right vertical bialgebroid V over T, respectively. Recall that both 4 and 7y, are M-bimodule
maps and furthermore, both extend to M—coring maps. We re-write the M~bimodule structure
on M @ V and M % V' in the double algebraic notation,

(4.3.5) m - (m ® v) .m! = ,rnrmm/l([)) @ v o 7)1”(1)
T T

(13:6) il ® o) = gy @ 'y 0 v
B B

We saw in the discussion of Hopf algebroids that the existence of a bijective antipode leads to
the equivalence of the comodule categories over the constituent (left and right) bialgebroids.
This removes some of the ambiguity in defining a Galois extension. The content of the next
Lemma is that for a right V—comodule algebra M, it is immaterial whether we define the Galois
property of N = M~V C M as being bialgebroid Galois with respect to the left or to the

right constituent bialgebroid.

LEMMA 4.3.7. Let M be a right V-comodule algebra over the Hopf algebroid V. Then M
is an isomorphism if and only if var is.

PROOF. Let ¢ denote the composite

RV MeV®Ss M@ py
MeoV_ " MeVeVZ:2 MeaVeV_ 2 _Me@V
T B T B R B
ie, m ® v mg ® muS(v), where S is the antipode of the Hopf algebroid V.
T T

Then ¢ has inverse

and one obtains that ¢ o v™ = ;. O

A module over a DDA is simultaneously a a module over the horizontal Hopf algebroid and a
comodule over the vertical Hopf algebroid (such that the respective invariants and co-invariants
coincide). This means that in a sense, the DDA is a large enough structure to encompass both
the action and coaction pictures of Hopf algebroid (bialgebroid) extension. The next theorem
shows that the notion of 'double algebra Galois extension’ is essentially unique.

THEOREM & DEFINITION 4.3.8. Let A be a distributive double algebra and M a right
H-module algebra, equivalently a right V-comodule algebra, over the horizontal, resp. vertical
Hopf algebroid of A. Let N = M"Y = MV, Then N C M is called an A-Galois extension if

anyone of the following equivalent conditions hold:
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(1) ~™M is iso. (2) v is iso.
(3) TM isiso and My is fgp. (4) Uar is iso and yM is fgp.

PROOF. (1) = (3) Considering it as a right M-module map, v* induces the isomorphism
(of left M-modules)

M Hom_y (M ® V, M) = Hom_y (M ® M,M).
T N

If x € Hom_p (M ® V, M) then x(1 ® _) € Hom(Vy, Mr) because
T T

X1 ® vxt) = x(1 © v o pr()

T
= (der) & v o i(en0))
=x(1 ® v)j(er(t)).
Thus we have a well defined map (of left A-modules)
(4.3.9) Hom_ (M Q? V, M) — Hom(Vy, My)
X = x(1 ® -)
We claim that this map is an isomorphism with inverse
k= {m ® v w(v o ST (mq)))m)}
This follows from the computation
x(m @ v) = x(m” & er(mV) xv) = x(m © v o prpr(m™))
= x(m® ®uvo ST mW ) o mWyyy)
= x(m® ®uvo S~ (mqy) o m™)
=x(1 ®vo S (m))) m)

on the one hand and on the other hand from d,/(1) =1 ® e. Composing the map (4.3.9) with
B

the isomorphism
(4.3.10) Hom(Vy, My) — M @ H
R

K h(@d) @ o
R
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where 27 @ y/ = Ag(e) is the dual basis of ¢, we obtain the left vertical arrow in the diagram
R

(4.3.11) Hom_ (M © V.M) "™ Hom_y (M ® M, M)
M®H — End(My)

The vertical arrow on the right is the isomorphism o — o(_ ® 1) therefore the composite along
the top and right is y — x(- <§> e). The other two composoNto give
X x(1®al) @y =yl @) ay).
In order to see commutativity of the diagram we need a calculation.
X1 ® 27)(m <« y’) = x(1 @ &) m®or(m™ x )
=x(m @ 27 om0 prpr(m® xy?))
= X(n® @ 27 o ()5 pr(m® x17))
— X(m(O) ® 2o (m(l) * )

T

0)

= x(m" @ erer(m))

= X pr(m®) © ¢) = x(m ® ¢)
T T

where in the fifth equality we used [79, Equation (4.16)]. So (4.3.11) is commutative and
therefore '™ is an isomorphism.

The proof of (2) = (4) goes similarly by proving commutativity of the diagram

Homy— (M ® V, M) %_ Homy (M @ M, M
(4.3.12)
B N
He M End(vM)

M

with the left hand side arrow being the isomorphism y — 27 ® y(1 ® y7) and the one on the
R B

right hand side being o — o(1 ® _).
N

(3) = (2) Consider the diagram

(4'3_13) M ® M ™ M ® V
N

| |

Homy— (End(My), M) — > Homu (M @ H, M)

M
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The lower horizontal arrow is an isomorphism since I'™ is. The vertical arrow on the left,
mapping m ® m’ to the homomorphism « — «(m)m’, is an isomorphism because My is fgp.

N
The other vertical arrow is the composite of two maps,

Homys— (M & H, M) - Hom( pH, xM) MoV

where the second one is the isomorphism # +— k(u*) ® v* with u* @ v*¥ = Ap(i) denoting the
B B
dual basis of ¢p. The first one, x — x(1 ® _), is obviously invertible (in contrast to the similar
R
map in the (3) = (5) part) because the left M-module structure of M ® H we need here is

R
the trivial one. It remains to show commutativity of (4.3.13). So we compute the action of the
lower three arrows,
m @ m' — {a— a(m)m'} — {m” @ h—m"(m < h)m'}
N R
— {h— (m a h)m'} — (m < u*)ym' @ o*
B
which is indeed v, if we compare the right H-action with the right V-coaction d,,. This proves
that ), is invertible.
The proof of the implication (4) = (1) can be done similarly by using the diagram

M

(4.3‘14> M e M v M®V
N T

|

Hom_y (End(y M), M) —— Hom_(H @ M, M)

M

where on the left hand side we have the map m ® m' — {« — ma(m’)} which is an isomorphism
v

because y M is fgp. O

Ever since the classic paper [49] in Hopf Galois theory, there has been interest in results
that show that the Galois map is an isomorphism already if it is epi. This is important
for applications, since the latter statement is usually easier to prove. The next result is an

immediate generalization of [58, Theorem 8.3.1].

PROPOSITION 4.3.15. Assume that V' is a Frobenius Hopf algebroid and M is a right V-
comodule algebra with coinvariant subalgebra N. Then 4™ being epi implies that v is an

isomorphism and My is finitely generated projective.

PROOF. Let V and H be the vertical and horizontal Hopf algebroid of a distributive double
algebra (A, o, e,%,7). Then M is a right H-module algebra and e, the unit of V| is an integral
for H, therefore m < e € N, m € M. By the hypothesis there exists Zj m;j % m; eM % M
such that

ijm’éo) ® m';-U =1 ® i.
J
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Therefore we can write for arbitrary m € M that

Zm] mim) < e) Zm] m} < ehy(m < el
= Zm] <m’<0 7(m /](»1) *6[1])) (m < e?)

= (1 a(ioeM))(m < ey =1 ail)ym «il?)
=m<di =m

proving that (m/j_) < e is dual basis of m; for My, thus My is fgp.
Next we show that vy, is mono. Let }°, z; ® w; € Ker vy, Then
N

ZZ,‘(U)U),' %) 21;(1) = 0.
Using the dual bases for My we find that

Zz,; (}? w; = sz]((m;z,) <e) (% w;
_Zm] ® Z( 0)%(0) - pB((7711(1) o 21(1))*(’)> w;
- ij Q]? ij(o)zi(U)wi“PB(m;‘u) ° Zi(1))
j i
=0.
Therefore v, is mono. But it is also epi because v is. Therefore 7y, is iso, and so is ™. O
We can thus enlarge Theorem 4.3.8 with two further equivalent conditions:

COROLLARY 4.3.16. Let A be a distributive double algebra and M a right H-module algebra,
equivalently a right V-comodule algebra, over the horizontal, resp. vertical Hopf algebroid of
A, Let N = M" = MV, Then N C M is called an A-Galois extension if anyone of the

following equivalent conditions hold:

(1) M is epi. (2) ym is epi.
(3) M is iso. (4) s iso.

(5) TM isiso and My is fgp. (6) TUar is iso and yM is fgp.
4. Depth 2 extensions

In [47] a general, purely algebraic notion of depth 2 was introduced for ring extensions
and it was proven that for any balanced, depth 2 extension N C M there is a dual pair of
bialgebroids acting, respectively coacting on A such that N is the subalgebra of invariants,
respectively coinvariants and making the extension Galois. This result may be compared to
the fundamental Theorem of classical Galois theory which states that a normal and separable

extension of fields is a Galois extension. The analogy is that 'depth 2 and balanced’ is an intrisic
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characterization of a ring extension which makes no reference to an action of a symmetry, just
like 'mormal and separable’ is an intrisic characterization of a field extension which makes no
reference to any Galois group.

We recall the necessary definitions from [47].
DEFINITION 4.4.1. A ring extension N C M is called left depth 2 if
NM & My &%= eyMy
N

for some positive integer n; it is called right depth 2 if

MM ® My & * = &My
N
for some integer m. It is simply depth 2 if it is both left— and right depth 2.

A more useful equivalent definition is in terms of the depth 2 quasibasis. Introducing the
notation A = End yMy and B = (M ® M)¥, the following Lemma holds.
N

LEMMA 4.4.2. An extension N C M s left depth 2 if and only if there exist b; € B and
0G; € A such that
Zb} ® b2Bi(m) =m @ 1 for all m € M,

i

and it is left depth 2 if and only if there exist ¢; € B and ~; € A such that

Z’y,,;(m)c} ®@c=m® 1 foral me M.
{b}, 32} is the left D2 quuszbasw and {c}, 72} is the right D2 quasibasis.

THEOREM 4.4.3. Let N — M be a depth 2 extension of rings; then A = End yMy is a left
bialgebroid over R with a left action of A on M. If My is a balanced module, then the subring
of invariants is N. The base ring is the centralizer R = Cy(N) and the structure maps of the
bialgebroid (A, R, sa,ta, A4, c4) are

(1) sa(r)=Ar):m—rm, talr)=
2) r-a-r"=Xr)p(r)a:m— ra(m
(3) Aala) =32 %’ cia(ci)

(4) eala) = a(ly)

Tha action of A on M is the canonical action of endomorphisms, « > m = «a(m). The map

p(r) :m— mr
)

(4.4.4) ' M x A — End(My)
m X a— Am)a

is an isomorphism, making N C M an A-Galois extension.

The DDA generalization of this Theorem is related to the special case of Frobenius D2
extensions.
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THEOREM 4.4.5. For an algebra extension N C M the following conditions are equivalent.
(1) There is a Frobenius Hopf algebroid V' and a coaction of V. on M such that N C M
is V-Galois.
(2) N C M is of depth 2 and Frobenius and My is balanced.

PRrOOF. (1) = N C M is Frobenius: Consider the composite
M y y
(4.4.6) M ® M T M ® Vv MeS pp ® H_ ™ End(My)

where the middle arrow is meaningful in the double algebraic picture because V' and H have
the same underlying k-module A and S(txa) = S(a)*per(t) = ¢r(t) o a holds for all a € A,
t €T, see [79, Lemma 5.4]. Computing the value of the map (4.4.6) on m ® m’ we obtain

N

m' O (m” < Sm'D)) = mm/ O op(m"V « S(m'D))

7(0),__1(0) (1)

1
=mm'"'m"" prpn(m om”())

= m(m'm") O or((m'm")V xe)
=m((m'm") < ¢)

Therefore (4.4.6) has the familiar form m ® m’ — mym’ in terms of the N-N-bimodule map
¥ = _ < e from M into N. Since (4.4. 6) is isomorphism it follows that ¢ is a Frobenius
homomorphism with dual basis obtained from id ; by applying the inverse of (4.4.6) .

(1) = N C M is D2: Since 7V is fgp and v™ provides an M-N-bimodule isomorphism
M ® M = (yMy) ® V, it follows that N C M is right D2. Similarly, the existence of the
1somorphlsm vy and the BV being fgp imply that N C M is left D2.

(1) = N C M is balanced: This follows from that every V-extension is balanced, see
Lemma 4.2.25.

(2) = (1): The endomorphism algebra H := End( yMy) has a natural structure of a
Frobenius Hopf algebroid, see [79, Subsection 8.6] or [12]. Moreover, the natural action of H°P
on M makes it a left H°P-module algebra and the corresponding smash product M#H®P is
isomorphic to End(My) via I'M by [47, Corollary 4.5]. So N C M will be V-Galois, for V the
dual of H°P, provided N = M*. But this is equivalent to My being balanced. O

Note that in the presence of the Frobenius condition left D2 is equivalent to right D2 and
in the presence of the D2 Frobenius condition My is balanced iff yM is balanced.






CHAPTER 5
Scalar extension

In the most basic sense, ’extension of scalars’ refers to replacing the field over which an
algebraic structure is defined with another. The simplest such construction is perhaps the
complexification of a real vector space: let V' ~ R" be an n—dimensional real vector space.
Then the complexification of V' is the complex vector space V¢ = C @ V of complex dimension
n. "

A similar construction exists for Hopf algebras over a field. For a Hopf algebra H over k
and an extension field k C k' of k, k' ® H has the structure of a Hopf algebra over the extended

k
field &'. Both constructions are clearly functorial. Underlying both is tensor functor,
C ® _: RM g cM
R

in the first case and
k/ ® _: kM i kJM
k

in the second. Replacing Hopf algebra, above, with Hopf algebroid and the fields k and &’ whith
noncommutative rings R and R, there is no obvious way that R’ ® H carries a Hopf algebroid
structure. In the present section, we shall show that in a mor‘fe involved sense, the scalar
extension construction does carry over to Hopf algebroids if we assume additional structure on

R, namely that it is a braided commutative algebra over H.

The motivation for such a construction is a phenomenon in Hopf Galois theory which we
have already mentioned in Section 1 of Chapter 2. In [44], Greither and Pareigis show that
there are separable field extensions that are H-Galois for two non-isomorphic Hopf algebras
H and H' (note that this is a Hopf Galois extension, despite that it is an extension of fields),
which however, become isomorphic after an appropriate extension of scalars k& C K, i.e. the

Hopf algebras H and H' are ’forms’ of each other.

EXAMPLE 5.0.7 (Forms of Hopf algebras in Hopf Galois extensions). The first surprising
result is that it is possible that a separable field extension E|F is H-Galois for some Hopf
algebra H, yet it is not Galois in the classical sense. The example of Greither and Pareigis is
the following. Let the base field be the rationals, k = Q and K = Q(+/2) the extension by the
real fourth root of 2 (which will be abbreviated w = v/2). Tt is known that Q(v/2) | Q is not
Galois in the classical sense. It is however Hg-Galois, where Hg, is the circle Hopf algebra over
base field Hg. Over a field k, Hy, is defined as an algebra with a presentation on generators
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FIGURE 1. H, H' are non-isomorphic Hopf algebroids; £ = Endy_n(M) is the
endomorphism Hopf algebroid

and relations as
(5.0.8) H = klc,s]/{c® + s> — 1, cs).

The coalgebra structure is given on the generators by A(c) = c®@ c—s ® s, A(s) = c® s+s R ¢,
e(c)=1,e(s) =0, S(c) = cand S(s) = —s. The action of H on K is given by the action on
w, which is

From the table above, it is clear that if k(w) | & were Galois in the classical sense for some field
k, then the Galois group would be cyclic of order four (presented here redundantly on two
generators). In fact, extending the base field from Q to Q(i), the extension Q(i) ® Q(w) | Q(7)
becomes Galois with Hq extended to the Galois group QCj,. Hence, Q and the group algebra
QC; are Q(i)—forms of each other.

Interestingly, if the base field is further extended to Q(i, v/2), then the extended ring
Q(i, v2)®Q(+/2) becomes isomorphic to the dual of the extended group algebra, (Q(i, v/2)Cy)*,
as H¢-comodules. In other words, the Hg-comodule algebra K = Q(w) is a form of the trivial
Hg-comodule algebra Hg.

There is also a second Hopf algebra H’ which acts on K = Q(+/2) such that the extension

Q(v/2) | Q is Galois. As an algebra, it is given on generators and relations as
(5.0.9) H' = Qlc,s]/(s* = 2¢* + 2, cs).

The comultiplication on the generators is A(c) = ¢ ® ¢ — 15 ® s, A(s) =c ® s+s ® c. The
action of H on K is given by the action on w, which is

‘1w w? W

cll 0 —w? 0
0w 0 —2w

This Hopf algebra turns out to be a Q(v/2)-form of Q(Zy x Zs).
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This example illustrates that it is possible that a (separable) extension is Hopf Galois with
two different Hopf algebras (the previous example shows that this also holds for extensions
which are classicaly Galois). This ambiguity of Hopf Galois extensions is borne out by the
following theorem (Theorem 4.3 of [65]).

THEOREM 5.0.10. Any classical Galois extension K|k can be endowed with an H-Galois
structure such that the Fundamental Theorem holds in the following form: there is a canonical

bijection between Hopf subalgebras of H and normal intermediate fields k C E C K.

The main result of this chapter can now be stated as follows: for any Hopf algebroid—
Galois extension N = M C M, the endomorphism Hopf algebroid F is a Hopf algebroid
scalar extension (to be defined below) of H. Since any Galois extension is also Galois with
the endomorphism Hopf algebroid, we can say that any Galois Hopf-algebroid is a form of the
endomorphism Hopf algebroid.

The Hopf algebroid scalar extension is modelled on the construction of the Brezinski—
Militaru theorem [21]. Briefly, it states that for a Hopf algebra H and a braided commutative
algebra A in the Yetter-Drinfel’d category YD over H, there is a Hopf algebroid structure
(over A) on the smash product A#H and may be regarded as a source of examples for Hopf
algebroids. We shall now state the necessary definitions and the theorem without proof to
lend substance to the preceding remarks and as an introduction to this chapter. Note that we
follow the conventions and notations of [21].

Let H be a Hopf algebra over k. A Yetter—Drinfel’d module (M, >, pM) over H is si-
multaneously a module and a comodule over H with the left action > : H ® M — M and
right coaction pM : M — M ® H, such that the action and coaction satisfy the following
compatibility condition:

(5.0.11) hay & my @ heymay = (b > m)eg © (he) > m)ayha)

An algebra (A, g, n4) is called a braided commutative algebra (BCA) over H if it is an H—
module H-comodule algebra such that for all a,b € A

(5.0.12) b<0>(b<1) > a) =ab
is satisfied. Now, Theorem 4.1 of [21] states

THEOREM 5.0.13. (Breziriski — Militaru) Let H be a bialgebra, (A, <) a left H-module
algebra and (A, p*) a right H-comodule. Then (A, 4, p?) is a BCA in g YD if and only if
(A#H, s,t, A g) is a bialgebroid over A with source, target, comultiplication and counit given
by

o s(a) = a#ly, tla) = ap ® anm
o A(a#h) = a#tha) ® Latthe)
o =(a#h) =cp(h)a
foralla € A, h € H, where A#H denotes the smash product algebra.
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In [3], this construction was generalized to bialgebroids, Hopf algebroids and Frobenius Hopf
algebroids in the sense that from a bialgebroid (resp. (Frobenius) Hopf algebroid) H and a BCA
@, the scalar extension Q#H is also a bialgebroid (resp. (Frobenius) Hopf algebroid) with base
algebra replaced by Q. It was argued that this construction plays the role of the extension of
scalars. In fact, it is even more useful: if N C M is a Galois extension for a (Frobenius) Hopf
algebroid, then the center Cy(N) of the extension is always a braided commutative algebra
for H and the corresponding scalar extension Cy(N)#H is the endomorphism Hopf algebroid
for the extension.

1. The YD category and the monoidal center

To introduce the basic ideas and relate them to standard and well-known constructions,
we first restrict ourselves to Hopf algebras. Generalizing the definitions to Hopf algebroids will

then be relatively straightforward. So, for a Hopf algebra (H, uu,n; A, ; S), we define
DEFINITION 5.1.1. The category of Yetter-Drinfel’d modules, ¥ YDy has objects (Z, <, 1),
such that

e (Z, <) is aright H-module,
o (Z,7) is a left H-comodule, and
e the Yetter—Drinfel’d compatibility condition holds:

(5.1.2) hy(z <4 hay)-y © (2 < hay)e) = 2-pha) © 20 < he)
the arrows f: Z — Z' in 'Y Dy are simultaneously H-module and H-comodule maps.
The Yetter-Drinfel'd category #Y Dy is monoidal and —more surprisingly— braided. To

obtain the monoidal product of two Yetter-Drinfel’d modules Z and Z’, we equip Z ® Z' with

the following action and coaction:
(5.1.3) (z®2)<h=(2<hq) @ (2 <hg)
(5.1.4) (z® )y © (2@ g =z © (20 © 7))

where the alternate order of z and 2z’ in the second line should be noted. The monoidal unit is

k with the (trivial) action and coaction of k as monoidal unit of My and ¥ M, respectively.

The importance of the Yetter-Drinfel’d category stems from the fact that it is not only

monoidal but also braided. In terms of the action and coaction, the braiding is given by
(5.1.5) Brz 2 Q72 -7 @ Z

2 ® 2 =2 <aziy @ )
The existence of the antipode guarantees that the map [ has an inverse, given by

52,12(2 ® ) =z a4 S(2_y)) ® 2
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In the absence of antipode (i.e. for a bialgebra)  generally has no inverse and we only have
a pre-braiding. Recall that for (YD, ®, k; ) to be a braided category, 3 : ® - @ should
be natural and it should satisfy the compatibilities

(5»1-6) ﬂvxw,z = 5v,z o ﬁw,z & 5V,W®Z = ﬁV,Z o ﬂv,w
In particular, Sy is an H-comodule map

Bv,w

VoW WeV
Svew l l&v@v

HVW — HoW eV
Bv,w

evaluating the diagram on v ® w € V @ W yields

Swev o Prw(v @ w) = vy (W <o)y ® (W 4 vy Vo0 =
= W) ® Wiy < Vo)1) © vy = (H ® Buw) o dvw (v @ w),
where the second equality holds because of the Yetter-Drinfel’d compatibility condition. It is

similarly proved that Gy is an H-module map. The relations 5.1.6 hold ’automatically’, by

the H-module and H-comodule properties alone — we omit the simple proof.

ExAMPLE 5.1.7. Crossed kG-modules Let kG be the group algebra of a finite group G. A

Yetter—Drinfel’d module V' is a kG—module that is simultaneously G—graded such that
(5.1.8) lv < gl=g7"vlg

is satisfied, where |- | : V — G defines the grading. Indeed, kG-comodule is nothing but a
G-graded module, and the YD-compatibility condition reduces to 5.1.8. The braiding, for
veV,weW is given by

(5.1.9) Bvw(v ® w)=w < v @ v

The most well-known example of this sort is undoubtedly the category of Z ,—graded (’super’)

vector spaces.

The paradigmatic example of a braided monoidal category is the module category of a
quasi-triangular Hopf algebra, where the braiding is given by the quasi-triangular structure
(the R-matrix). The celebrated Drinfel’d (or quantum-) double construction associates to any
Hopf algebra H a quasi-triangular Hopf algebra structure D(H) on H* @ H. As it turns out,

there is an intimate connection with the Yetter-Drinfel’d category.

PROPOSITION 5.1.10. Let H be a Hopf algebra, and D(H) = H*P 1 H the associated
Drinfel’d double. Then there is an equivalence of categories T YDy ~ Mp(r)-
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PROOF. Recall that the Drinfel’d double D(H) = H** 1 H has underlying k-module
H* ® H, with multiplication up given by
(5.1.11) (P @ W)W ® g) = by © heg (Shay, Y)(he), Yes)
for all p,v € H* and h,g € H with unit 1p = ¢ ® 1 and comultiplication
(5.1.12) An(p © h) = (pa) ® b)) @ (pe) ® )
with counit ep(p ® h) = &(p)e(h). If H is finite dimensional (or at least f.g.p.), then D(H) is

quasi-triangular with R-matrix given by

(5.1.13) R=> (" ®l)e(lee)
where {£€%, e,}N | is a dual basis.

Clearly, H and H** are subalgebras of D(H) with inclusions given by ¢ : H — D(H),
((h)=1® hand ¢: H*? — D(H), t(p) = ¢ ® 1. We then have «(p)u(h) = ¢ ® h and

(5.1.14) t(h)u(p) = tlp@)tlh@)(Shay, o) (e, 9s))

A right D(H)-module is then a right H-module by restriction of the action to «(H) and a
left H—comodule by restriction to ¢(H*?) and the isomorphism M = Mg.,. The Yetter—
Drinfel’d compatibility of the action and coaction is equivalent to the commutation relation of
the subalgebras H and H*°P given by 5.1.14.

Looking at YDy, this way, the braided structure is due to the canonical R-matrix of the
Drinfel’d double. O

The monoidal center construction was introduced originally by Majid ([54], see also [41]
and [48]). It associates to any abstract monoidal category a braided monoidal category and
reproduces the Yetter—Drinfel’d category in the case of the module (or comodule) category
Mgy (M), For now, let (C,®,t) be a monoidal category. The center Z(C) is a category with
objects the pairs (Z,0), where Z € C and 0 : Z ® _—_ ® Z is a natural isomorphism (with
components fy : Z ® Y =Y ® Z) satisying

(5115) 9X®y = (X ® ey) o (GX ® Y) and 9L =7
An arrow (Z,0) — (Z',0') is an arrow « : Z — Z' in C such that
(5.1.16) (Y @ a)oly =0y 0(a ®Y)

for all objects Y € C.
This category is monoidal. For objects, the monoidal product is defined by

(5.1.17) (2,0 @ (Z',0)y=(Z @ Z',(0- ® Z')o(Z ®0"))
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For arrows, it is simply the ordinary monoidal product in C. The category Z(C) is braided
with

(5118) ﬁ(Zﬂ)‘(Z’,@’) = tgzl .

REMARK 5.1.19. A natural relaxation of the definition of the monoidal center is to let the
natural isomorphism 6 be only a natural transformation (without inverse). This leads to the
notion of left (right) weak center, which seems to appear in [73], Definition 4.3 (see also [25],
Section 1.3 and [3]).

The left weak center Z(C) has objects (Z,0) with 6 a (not necessarily invertible) natural
transformation 6y : Z ® Y — Y ® Z which satisfies 5.1.15. The right weak center %(C) has
objects (Z,0) with fx : X ® Z — Z @ X. Of course, the relation 5.1.15 has to be modified

accordingly, i.e. Ox satisfies
(5.1.20) Oxoy =0x @ Y)o(X ® fy) and 0, =2

This has the immediate consequence that the left and right weak centers are only pre-braided,
with the pre-braiding defined as ?(zﬂ%(z/ﬂ/) = 04 for the left weak center and “?<Z’g>y<z/79’/> =0y,
for the right weak center. Taking C = My, with H a Hopf algebra, we shall see that the
existence of antipode guarantees that the center is always braided, not just pre-braided. For
bialgebras (bialgebroids) however, the weak center is the appropriate notion.

The center Z(My) is the full subcategory of Z;(MH) in which the objects (Z,6) have
invertible #. For such objects (Z,07!) is an object in E(MH) in which @ is invertible. The

center is braided monoidal.

Next, we would like to connect this abstract construction with Yetter—Drinfel’d modules.
To be in line with later generalizations to bialgebroids we consider bialgebras and accordingly,

the one-sided weak center for the reason explained above. We find the following

PROPOSITION 5.1.21. For a bialgebra H, there is an isomorphism of categories z(MH) =~
HYDy which is prebraided.

Proor. First, consider the functor z(MH) — AYDy. Let (Z,0) € Q(MH) The crucial
step is to introduce the left coaction

(5.1.22) T7:Z—H®® Z, 7(2) = 0u(z ® i) = 2Ly ® 2

Before checking that this coaction makes Z a Yetter—Drinfel’d module, we note the following

important fact: the natural transformation § may be re-expressed in terms of this coaction as

(5.1.23) Ox(z @ ) =2 < 21y ® 2
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This is proved by evaluating the following diagram expressing the naturality of 0x on z ® i:

On

Z ® H H®Z

z2R®1

Z(-1) ® 2
Z® oz i ax®Z

2@ —=0x(2 Q@ 2) =292, ® 2y

Z @ X X ®Z

Ox

where the map «, : H — X is defined as the evaluation of the action on x, a,(h) = = < h.
Composing the upper and right sides of the diagram yields z ® i+ z(_1y ® 21y

=2 9 21 @ 21, by 5.1.22 and the definition of a,. The left and lower sides compose to
give 2 ® i — 2z ®@ x +— Ox(z ® x), proving 5.1.22. It is now easy to see that the coassocitivity
and counitality of the coaction 7 follow from 5.1.15. O

The right weak center E(M ") = ?( MEP) = E’)(M eoop ) 1S the co-opposite of the left weak

center, and consists of objects (Z,0) where the natural transformation 0y : Y ® Z — 7 @ Y
_ R R
is subject to 5.1.20. 6 determines a right coaction
FZ—-Z®H, 2299 =0,(ic:2)
R R R
and can be expressed with this coaction as

(5.1.24) Oy(y ® 2) =29 @ y « 2.
R R

In the language of Yetter-Drinfeld modules the objects of the center are two-sided Yetter-

Drinfeld modules (Z, <,7,7) € YD in which the two coactions are inverse to cach other,

ie.,
(5.1.25) A0 @ D00 gy
R R
(5.1.26) 20500 o 00 g
R R

Combined with proposition 5.1.10, we have the following three-way isomorphism.

THEOREM 5.1.27. For a bialgebra H, the following calegories are isomorphic:
(1) the Yetter—Drinfel’d category ® YDy
(2) the left weak center g(MH)
(3) the module category of the Drinfel’d double Mp gy

It would be desirable that the various generalizations of bialgebras (Hopf algebras) preserve
Theorem 5.1.27.



Yetter—Drinfel’d modules over quantum groupoids 55

We shall see that the isomorphism #YDy ~ g(M 1) holds true for bialgebroids. In the
case of bicoalgebroids, for example, the reasoning in the proof of Proposition 5.1.21 breaks
—
down, but #YDy is still a subcategory of Z(Mpy).

2. Yetter—Drinfel’d modules over quantum groupoids

The constructions of the previous section generalize in a more or less straightforward manner
to bialgebroids. The difficulties are due to the fact that we are working over the underlying
category (gkMp, ® , R) instead of My, as we have done for bialgebras. From now on, My shall
mean the modulg category over a bialgebroid H. We begin with the monoidal center: our

previous definition may be repeated almost verbatim.
DEFINITION 5.2.1. For a right bialgebroid H over R, the left weak center z(Mu) is the
category which has

e for objects, the pairs (Z,0), where Z € My and 0y : Z ® ¥ — Y ® Z a natural
R R

transformation satisfying
(5.2.2) HX%Y = (X Q§> Oy) o (Ox <§> Y) and Op =2
o for arrows, «: (Z,0) the H-module maps « : Z — Z’ which satisty
(5.2.3) Y (% a)oly =0y o (a (% Y)

for all objects Y € My.

E(M #) is monoidal, with the monoidal product on objects given by
(5.2.4) (Z,0) @ (Z',0)=(Z @ Z',(0_- ® Z')o(Z ® 0"))
R R R R
and on arrows, by the ordinary monoidal product of My, namely ®. The category Z(My) is
R
pre-braided with
(5.2.5) Bizoy. 210y = 0z
We now define the Yetter—Drinfel’d category over a bialgebroid.
DEFINITION 5.2.6. For a right bialgebroid (H,*,i, R, o7, g, A, pr) the category #YDy
has objects (Z, <, 7) where

(1) (Z, «) is a right H-module
(2) (Z,7) is a left H-coaction

(3) The action and coaction satisfy the Yetter-Drinfeld condition

(5.2.7) W2 s (2 B)D @ (2 q BUYO = 2600yl g O g 2l
R R
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The arrows are the H-module H-comodule maps Z — Z’. The monoidal product of two
Yetter-Drinfeld modules Z and Z’ is Z ® Z' equipped with
R
(z®2)<ah=(zahM)® (2 «n¥
R R

(Z ® Z/)(—l) ® (Z ® z ) /( 1) (-1) ® <Z<O> ® Z/<O))
R R R

R R
The monoidal unit is R with 7 < h = rx h and 7= @ 7 = pp(r) @ e. The prebraiding is
R R
defined by

(5.2.8) Brz:Z@Z -7 @ Z, 2@ 22 < @ 0
R R

R R
The definition is essentially identical to the bialgebra case, however one should bear in mind
the R-R-bimodule properties that are implied. We note, for reference, that (Z, <) being a right

H-module means it is also an R-R-bimodule via r - z 7" = z 4 (pp(r) x or(1’)). Furthermore,

(Z,7) being a left H-coaction means
(1) 7: Z — H ® Z is an R-R-bimodule map in the sense of
R
(5.2.9) (r-z-p)Y ® (r-z-m)O = op(r) % 27V % pp(r) ® 20

(2) 7 is coassociative and counital,

(1) pl

LD g L0 o @O
R R

or(z) .20 = ;

(3) 7 factorizes through H x Z C H ® Z, i.e. the Takeuchi property holds:
R

R

(5.2.10) or(r) % 20 @ 20 =200 @ 2O g pr(r)
R R

The proof of the isomorphism z(MH) = HYDy is dlong the lines of the proof for bialgebras.
We indicate here the finer pomts For an object (Z,0) € Z (M), introduce again the coaction
7(z) =0 (z ® i) = 270 ® 20 which is the composite map:

, 7z Z®R zeoH " HoZ

7 is an R-R-bimodule map. The left R-module structure is clearly preserved, since all maps in

the composite are left R-module maps. As for the right R-module structure, we have

() %20 @ 29 = pp(r) a 27V QI? 20 =0y(z QI? )

—Ou(z < r(r) ® 1) = 72 @ o) = (1)

In particular, this means that the right R-action we could construct from the H-coaction, as

we did in Lemma 3.2.5, coincides with the original R-action.



Scalar extension of quantum groupoids 57

For 7 to be a coaction, the Takeuchi property 5.2.10 must also hold, i.e. for r € R, z € Z:
Pr(r) x 2 @ 20 = pp(r) @ 2 @ 20 = (= © (1))
= 0u((z ® 1) < pr(r)) = 7(2) < p2(r)
— (=1 Qz? S0 4 or(r).
Again, the naturality of 6 allows us to re-express fx in terms of the coaction 7 for all X:
(5.2.11) Ox(z QI? )=z a2 % A
The coassociativity and counitality of 7 is proved as in Proposition 5.1.21, and the condition for

5.2.11 to be an H-module map is equivalent to the Yetter-Drinfel’d condition 5.2.7. Summing
up, we have

THEOREM 5.2.12. For a right bialgebroid H over R, there is a monoidal pre—braided iso-
morphism of categories z(MH) =~ HyDy.

DEFINITION 5.2.13. For a right bialgebroid H the commutative monoids in Z(Mg) are
—
called BCAs (braided commutative algebras) over H. The commutative monoids in Z(My)
and %(M u) are called left and right pre-BCAs over H, respectively.

Therefore a left pre-BCA consists of an algebra () with an algebra map n: R — @ and a
Yetter-Drinfeld module structure (Q, <, 7) € YDy such that

(5.2.14) n(r)ygn(r)y=r-q-r'

(5.2.15) (aq') < h = (g < h)(g" < nP)
(5.2.16) 1 <ah=nerh)

(5.2.17) (40) ™ ® () =T 5™ @ g0
(5:218) WD © 1) = o) © 1

and the prebraided commutativity
(5.2.19) (¢ < ¢")q© = qf
holds. If @ is a BCA then there exists also a right coaction 7 with which (Q, <,7) € YD¥ and
which is inverse to 7 in the sense of equations (5.1.25), (5.1.26).
We note that the ground ring R of the bialgebroid is always a BCA with the structure
—
(R, i, R) that comes from R being the monoidal unit of Z(My).

3. Scalar extension of quantum groupoids

We shall first state the generalization of 5.0.13 to bialgebroids and give a straightforward
proof. After presenting a more categorical approach we prove some important properties of

the construction and discuss the extension to Hopf algebroids and Frobenius Hopf algebroids.
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THEOREM 5.3.1. Let H be a right bialgebroid and let Q) be a left pre-BCA over H. Then
the smash product G := H#Q) is a right bialgebroid over QQ with structure maps

(5.3.2) sa(q) = itq

(5.3.3) talq) = ¢ ”#q“’

(5.3.4) Ag(h#tq) = (hM#1) ® (hP#q)
(5.3.5) ea(hdtq) = neu(h))q

where n: R — @ is the unit of Q. Moreover, h — h#1 is a bialgebroid map « : H — G.

PROOF. First note that sg (fg) is an algebra morphism (anti-algebra morphism) from @
to Q#H, respectively, and the Q-Q-bimodule structure on H#Q is given by:

(53.6) ¢ - (h#tq) = (h#)ta(d) = hd' ™ #q Vg, and
(5.3.7) (h#q) - ¢ = (h#q)sc(d') = hi#aq'

(recall that H#Q is a right bialgebroid). The comultipliction is a map
(5.3.8) AGIH#QHH#QEH#Q

in other words, the Takeuchi property holds:
se(@) () @ (h#tq) = ix g« BB © Pl
Q Q
=hplly1 @ h[‘ZJ(q' 4 h[lJ[Z]) >#(q 4 pliEl ) q
Q

— By ® ¢ORRMNL (O g R

=1 (¢ ) (W) = (ht) © tald) (k)
Ag is easily seen to be comultiplicative, and also multiplicative by the following calculation:
Ac((h) (W #4) = A(hx K #(g < 1))
= (hx W @ (hx W )P(q < WP
—ha M ,j/mrz] o 0 gy o 22y
= Ac((h#tq)Ac(h#q).
The rest of the bialgebroid axioms are easily checked. O

We can look at the bialgebroid structure on H#() more abstractly as follows. Recall that
for any H-module algebra @, the category of modules over the smash product algebra Mgxq
can be identified with the category of internal @-modules in My, which we denote (My)g. To

any action X ® Q — X,z ® ¢— x-¢qin My, we can associate the H#@Q—action
R

X ® (H#Q) — X, = ® (hftq) — (z < h) g
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Vice versa, any H#M-module is both an H-module and an M-module, and the M-action
is an H-module map. If @) is moreover a BCA, then pre-braided commutativity ensures that

right ()-modules in My are also left @-modules. This defines a categorical embedding
(5.3.9) I': Mugq = Mu)q = o(Mu)g
into the category of internal @Q-@Q-bimodules. Composing with the forgetful functor
U: o(Mg)g — oMg, we have:

Miso = o(Mi)q

N

Mg
Both I and U are strong monoidal, hence also the composite Ul : Mpyqo — @Mg. By
Schauenburg’s theorem, this is equivalent to a (Q-bialgebroid structure on H#(@) such that the
monoidal structure of My4q is that of the module category of the bialgebroid! The forgetful

functor U1 is associated to the algebra morphism
(5.3.10) Q7 ® Q — H#Q
(5.3.11) q® q ¢ H#q
Compared with 5.3.1, this is just the map tg ® sg: QP ® Q — H#Q.
In the motivating example of Hopf algebra scalar extensions, the tensor functor K’ ® _

K
extended to Hopf algebra map H — K’ @ H. For the present case of bialgebroid scalar
K

extensions, we have the following

PROPOSITION 5.3.12. If H is a right bialgebroid over R and Q is a left pre-BCA over H
then the functor - @ Q : My — (My)q is strong monoidal.
R

PrOOF. The monoidal structure of the functor = ® @ is given by the invertible natural
R

transformation:

Qy,yu(Y§Q)g(Y’@gQP(Y@Y/)@Q

R R

Wea)eWed ey @) & ¢“¢

R R
the inverse is given by (y ® ¥') ® ¢ — (y ® 1) @ (¥ ® ¢). The unit part of the monoidal
R R R Q R

structure is the H#@Q-module map
Q:Q—=R®Q, qgq—edq
R R
which is obviously also invertible. O

In fact, this leads to yet another proof of the Theorem: consider the comonoid (H, Ay, ep)
in My. The strong monoidal functor - ® @ maps H precisely to the comonoid (G, Ag, e¢) in
R
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Mg (with G = H#Q and the notations of 5.3.1), which is a strong comonoid. By the results
of [80], Endg; G ~ G has a bialgebroid structure.
We now prove two important properties of the scalar extension. First, it is transitive in the

following sense.

PROPOSITION 5.3.13. If Q) is a BCA over H and P is a BCA over H#Q) then P is a BCA
over H, too. Furthermore, (H#Q)#qP = H#prP.

PrOOF. The unit of P as a monoid in z(M ) will be the composition of the unit of @ as
an H-module and the unit of P as an H#Q-module: n = n* o n? : R — P. The H-module
structure on P is the restriction of the H#Q-action: p < h = p < (h#1). The H-comodule
structure on P is slightly more complicated. For p € P, it will be denoted p — p{~1} Qg plo}

(note the curly brackets!) and is defined as
(5.3.14) pi=t (% P = (H % ) (P )p® = pi-bH % PO . O

— plon ® PO 1@y,

< lygolp

Recall that p=" ® p{® denotes the H#Q-coaction on P. In the second equality, we introduced
R
the notation g = g” ® g% for elements g € H#Q), to be used throughout.
R

It is simple to check counitality:

Eu(p{’l}) _p{O} _ su(p(’l)H) . (p<71>Q _p<0>)

= (ea(™"") N9 pO = e (™

Coassociativity requires a longer, but straightforward calculation:

P ® PO g o0

R
:p< VH (% (p<0 fH#Q(P< I)Q))U % (p<°><’1>tH#Q(p<’1>Q))Q ,p<0><0>
<0)<*1>U*p<*l)Q(*1> ® p< nHe (0)( ne p(0)<0)
R

*p<*2>Q(*1) % p(*2)Q<0)p(*1)Q ‘p<0>

— p<*2>H % p(*2>Q . (p<*1>H % p(*l)Q) ‘p<0>
DA g HDHE g H-1Q L 50 -1 g pl-l2 g o
R R R R
where we have used the definition 5.3.14 in the first equality, 5.3.3 in the third equality, the
Q-Q-bimodule structure 5.3.6 in the third equality and the definition of the coproduct of G

5.3.4 in the fifth.



Scalar extension of quantum groupoids 61

To prove the Takeuchi property, we use 5.3.6 and the fact that sy40(Q) and ¢4 commute
pi=t Qz? pi% 4 su(r) = p{-Di % pihe. (p<0) < (s (r)#1))

— p<—1>H (%, p<—1>Q . (p<0> 4 (SH#Q(UQ(T))) _ sH(r)*p<_1> ® p<0).

R

With the Yetter-Drinfel’d condition,

hl2 *(p 4 h[l])<*1> ® (p < h[11)<0>

R

=W (p < (A1) VT @ (p <o (RIH1) D9 (p < (1))

= pVH B g (1R g B L (O g pB) = pl1 4 I g 01 2]
R

R

we have then established that P is an object of E)(M ). It remains to show that it is also a

commutative monoid in the weak center. The bimodule property 5.2.14 holds:

reper =p < (tg(r)xsu()#1) =p < tason?(r)sauqn ()
=17 (n°)pn” (")) = n(r)pn(r')

P is obviously an H-module algebra by restriction of the H#(@Q-action. It is also an H-

comodule algebra, by the following calculation.
(pp/){_l} (% (pp/){_l} =p/(71>H *p<—1)H[1] % (p/(%)Q 4 p(—1>H[2])p(—1)Q -p<0>p’<0>

_ p/(—l)H *p<—2>11 QE p<’2>Q(p'<_1>Q q p<—1)11)p(—1>Q -p<0>p/<0>

—-1)H — — -1 - 0,
= O D g p0Q P (DR g (0=1)),0)(0) )

CUH g P (pt
(0

2® *Q®

=p T p

e © pp

In the second equality, we used the coassociativity of the H#@Q—coaction and 5.3.4. In the

fourth, we made use of the braiding formula 5.2.8. The H-coaction is unital, 1~ @ 110 =
R

i ® 1, and pre-braided commutativity also holds,
R

(v < pt= % = (" a ) = pyf
Summing up, we have shown that P is a BCA in g(Mu). The isomorphism between the
iterated smash product and H#P is provided by the map h ® ¢ ® p+— h ® ¢-p. It is easily
R Q R

seen to be an invertible bialgebroid map. O

REMARK 5.3.15 (A note on coring extensions). Answering a question of Gabriella Bohm
in the affirmative, we show that the coaction 5.3.14 is in fact derived from the (left) coring
extension H of H#(Q. Coring extensions were defined in [14]; in this paper, the author only

considers right coring extensions, observing that the case of left extensions follow from an
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obvious left-right correspondence. We shall quote the left-sided versions of definitions and

results on coring extensions, but refer the reader to [14] for details.

DEFINITION 5.3.16. Let A, B € k — Alg, C an A-coring and D a B-coring; then D is a left

coring extension of C' iff C is an D-C bicomodule with right coaction Ac.

The bialgebroids H and H#() provide an example of a coring extension. Indeed, H is an
R-coring and H#Q is a Q—coring; moreover, H#Q € #M##Q with Ay4q as right coaction:
the bicomodule property follows trivially from the coassociativity of Ag.

Proposition 5.3.13 then follows from the following fundamental result on coring extensions
(cf. theorem 2.6 of [14]).

THEOREM 5.3.17. Let C and D be corings over A and B, respectively. Then the following

are equivalent:

(1) D is a left extension of C
(2) there exists a k-additive functor F : M — PM with the factorization property

F DM
N
My,

where US and UP are the canonical forgetful functors.

Y

For the full proof, cf. [14]. We note, however, that the functor F' is constructed as follows.
Denote o : C — D ® C the D-coaction on C; for a left C-comodule M € °M, define a
D-comodule structure on M with
(5.3.18) MEcOME Dec)0cMSD e M

B B
m s YN @ co(mD10) L O,
c

where we used the notation o(c) = ¢t~ @ {0,

Setting C = H#Q and D = H, it follows that we have a functor F : ##eM — HM,
which is essentially the content of proposition 5.3.13. The H-coaction on H#Q) is given by
o H#Q — H® (H#Q), h#tq — k' @ (W4 @ q). For a comodule P € "#@M, the H-coaction

R
(from 5.3.18) is given by
o pEUE @ pllQ g pO (I g (DR @ HDQ @ pO)
— (p<71>H)[1] ® (EH((pFl)H)[ﬂ)p(fl)Q) ‘p<0> :p<71>H ® p<71)Q .p(f))’

which is exactly the coaction 5.3.14.

The next proposition is, in a sense, a converse to the transitivity of scalar extension.
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PROPOSITION 5.3.19. Ifn : Q — P is a monoid morphism in ?(MH) between commutative
monoids (pre-BCAs over H ) then there is a unique pre-BCA structure on P over H#Q which
returns the original pre-BCA over H when Proposition 5.3.13 is applied to it

ProOOF. The H#Q—action on P is

(5.3.20) p < (h#q) = (p < h)n(q)

The action 5.3.20 is the unique H#@Q—-action on P which restricts to the original H—action.
It is clearly an associative and unital action, since 7 is both an H-module map and an algebra
morphism, and makes P an H#@Q—module algebra. The (Q—bimodule structure induced by the
H+#Q-action is the same as the one coming from the map 7. It is obvious from the definitions

that p < sgeo = pn(q). For the left action, we use braided commutativity in My to obtain

(5.3.21) n(@)p = < 0@ @) = (p < ¢"Nn@”) =p < tusgla).

The H#Q—coaction on P is

R Q

(5322) p<71> ® p<0> = (p<’1>H ® 1Q) ® p<0>H
Q
This is the unique H#(Q—coaction which projects to the original H—coaction. From 5.3.14,
we should have p=01 @ pt=0e@ . pl0 — pi=1} @ pi%  Applying the inverse of the natural
R R
isomorphism ) ® _ —id to both sides, we have
Q

(5.3.23) (' #1q) @ p = (V) @ p = pt T @ p

The bimodule property of 5.2.9 is obtained as follows.

(¢p-q)" ® (¢ p-0) = (lq)pn(q)) ™ #1 ® (n(@)pn(q))™*

=n(¢) T % pl x(q) T #L ® n(q) ™ p{%n(g)
=T apt g0y ® 1) ()
= ¢ wptm B gD ® (g ) (g ) « pt-1 0

= q’(’” % i1 *q<’l>#q<0)(q/<0> 4 p{*l}[Z]) % plo

— Yt g (O g D 1 © @ PO

= (@ T# N IH#D) @V #0D) = trpo(@)p TV tugo(a) ® P

Coassociativity and counitality of 5.3.22 follow simply from the coalgebra structure 5.3.4
and 5.3.5 of the smash product. For P to be a Yetter-Drinfel’d module in ?(M,,), we need
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the Takeuchi property,
PV @ p a (i) = p L @ pUnl) = pTHL © (n(a) < ptTp
= pt= Uy 4 p-112 % Pl = (itq)pt Y % p@
and Yetter—Drinfel’d compatibility:
(h[Q]#q)(p 4 h[ll)(ﬂ) %) (p < h[lJ)<U> — pl *(p h“]){’”#q a(p« h[l]){fl} % (p < h[l]){o}
=W (p <« YL @ (p o W) On(q) = pT g1 @ (1 < hBn(q)
=p N (h#a)" @ p < (h#tq).
We used 5.2.8 in the second equality and the Yetter-Drinfel’d condition for My, 5.2.7 in the
third equality.
Now to see that P is also a BCA. The multiplication of P is an H#Q-module map:
(p < (W) < (WP#q)®) = (p « (W#1)) (0 « (WP#1)) = (p < ) < h¥)n(q)
= ((pp') < )n(q) = (pp') < (h#q)
and also an H#Q-comodule map:
)7 @ () = ()T @ (pp)1 = p T e pt i @ py
:Qp/<fl)p<—1) %) p<0>p/<0> ’ ‘

The unit 7 is both an H-module map and H-comodule map and pre-braided commutativity
holds. O

The previous two results imply that the study of successive scalar extensions reduces to the
—
study commutative monoids in Z(Mg). This is a loose statement of the functoriality of the

scalar extension construction, in the following sense.
COROLLARY 5.3.24. Let H be a (right) bialgebroid over R, then there is a functor

S: (R | BCA(My)) — (H | Bgd)

which associates to each object R — @ the scalar extension of H by Q.

Until now, we looked at the scalar extension as a map of bialgebroids. We now show that
it extends to a map of Hopf algebroids and Frobenius Hopf algebroids (double algebras). Let
(H, R, $g,tr, Ar,cgr,S) be a Hopf algebroid, represented as right constituent bialgebroid +
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antipode, i.e. the antipode S : H — H is a (co-) algebra anti-isomorphism satisfying

A
(5.3.25) S(hPHI @ RIS (RRPYE = S(h) @ 1
R R
(5.3.26) PSR @ 51 (P = 1 @ §7(h)
R R
(5.3.27) S otlpr=sg

PROPOSITION 5.3.28. Let (Hg, Hy, Sy) be a Hopf algebroid as above, and Q@ a BCA over
the right constituent bialgebroid Hr. Then the scalar extension H#Q) is a Hopf algebroid over
@ with the inverse antipode

(5.3.29) STV HH#Q — (H#Q)%, ,  hi#tq — ¢ VS5 (W) #¢" < S5 (h)2

cop

Furthermore, if e is a Frobenius integral in H, then e#1 is a Frobenius integral in H#Q.

PROOF. Observe that the antipode on H#Q can be expressed with its restrictions S| g4
and S|;xq to the subalgebras H and @, respectively. Any element h#q € H#() can be written
h#q = (h#1)(i#tq); using that S and S~! are algebra anti-isomorphisms, we have

(5.3.30) S(h#q) = S(i#q)S(h#1) = Sq(s(q))(Su(h)#1),
and the same for the iverse antipode:
(5.3.31) S7Hh#tq) = ST i#q) ST (h#1) = S5 (s(q)) (Sy' (h)#1)

(introducing the notation Sy and Sg). The antipode and its inverse are anti-isomorphisms

when restricted to the image of s or t. Axiom 5.3.27 fixes the restriction of S to Imt,

(5.3.32) S(t@) = s(q)
and the restriction to Im s can be written
(5.3.33) S(s(q)) = v o t(q) == t(q)

which defines the isomorphism v, or equivalently, the element ¢’. Using 5.3.32 and 5.3.33, we
can express v from S(s(q)) = S? o t(q) = v o t(q), i.e. v = S?|jm;. For H#Q Frobenius
over (), the map v is then the Nakayama automorphism. For reference, the definition of the

amalgamated product over @, to be used below:
(5.3.34) (W#q)sa) © W3t = Witda @ W'#a" = Witq © R'g V40 g

— h/#q/ % (h//#q//)t(q)

Collecting the above results, the Ansatz for the antipode can be written

(5.3.35) S(h#tq) = 1) (Su(h)#1) = ¢V Su ()¢ < Sp(h)?
(5.3.36) S~ h#tq) = t(d)(Si" (W#1) = ¢ VS5t ()« S5 (h)P
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We have used 5.3.27 in deriving the Ansatz, so it remains to prove 5.3.25 and 5.3.26. It will
only be necessary to check 5.3.26:

(S~ (hatq) ") ® S7H(htq) ') = (WP )T (RIADN © 57 (A4
= (h[z]#q)(i*S;(hm)m#l 4 S;,l(hm)[z])[l] % (i*S;(hm)m#l 4 Sgll(h[l])[2])[z]

= (WP (S5 (H)41) © (5B @ S (b))

Q

2 (1P a) (S () OH1) © St (WP S (WD (1 @ (0P

®

L (h[z’]#q)(S;I](h[l])[l]#l 4 S;{l(h[ll)[?][l]) % Sgl(h[l])[ZHQ]#l

— h[Q]Sﬁl(h[l])[lJ#((] 4 5;11(;,,[1])[2])(1 q Sg'(h,[”)m) ® S;,l(h[”)[“]#l
Q

= PSRk o S (B @ St (R Bl
Q

5y’ itq < S (MM @ S1(Al)RIA1
Q
=i#1 @ Sy (W)P(q a Sy (M) TV (g < S5t (RO
Q
YL iu1 ® VS (M40 o 5 (AT E = 41 ® St (q#h).

Some comments on the calculation: we used the Ansatz 5.3.36 for the inverse antipode in the
second equality, Yetter-Drinfel’d compatibility for the BCA Q € ¥ YDy in the fourth, equation
5.3.34 in the fifth, axiom 5.3.26 for S;,l in the eighth and Y D—compatibility again in the tenth.
Since 5.3.35 and 5.3.36 only differ in that ¢ is replaced by ¢, the proof of 5.3.35 is exactly the
O

same.

We could have arrived at this result by amending the proof of Theorem 5.3.1. If H is a
Frobenius Hopf algebroid then it has a distributive double algebra structure [79]. Therefore we
may assume that H is the horizontal Hopf algebroid of (A, o, e, x,i). Then (H, Ag, pr, o, R —
H) is a Frobenius algebra in My, so mapped by the strong monoidal functor of Proposition
5.3.12 to a Frobenius algebra in M. The comonoid part of this Frobenius algebra has already
been determined to be (G, Ag, £g). The monoid part will provide a convolution product with
unit on G which, together with the smash product algebra structure, will make G a distributive

double algebra. This convolution product (vertical multiplication) is obtained as the composite
(hita) ® (Wtq) = (h ® Wxq™) @ ¢Vd = koo (Wxg™)#q"
and its unit element eg is the image of 1 € @ under the map
Q=R ® Q— He#Q.

So e = e#1 is a two-sided Frobenius integral in G.
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REMARK 5.3.37. The construction of a vertical multiplication on H#(Q suggests the new
interpretation of the smash product as a double algebraic one. If (A, o, e, *,i) is a DDA and
Q@ is a BCA over the bialgebroid H over R then there is a smash product double algebra A#Q
with

e underlying k-module A ® @,
R
e horizontal multiplication (a#q) * (¢/#q') = ax /(g a )¢’
e horizontal unit i#1,
e vertical multiplication (a#q) o (a'#q') = a o (a’ * ¢ #q%q

e and vertical unit e#1.
As a byproduct of the double algebraic picture we obtain the following result.

PROPOSITION 5.3.38. For Frobenius Hopf algebroids H the prebraiding of the left weak
— — —
center Z(My) is a braiding. Therefore Z(My) = Z(My) = Z(Myg) and every pre-BCA is a
BCA over H.

PRrROOF. We claim that the inverse braiding encoded in the right coaction 7 by (5.1.24) is
given by

(5.3.39) q<0> % q<1) — 77Q99R¢T(Ij *q<*1>)q<0) ® yj'

R
The proof is motivated by the double algebraic structure on H#Q given in the above
Remark but we do not use that the given structure maps satisfy the axioms of a DDA. Let us
compute the would-be pgr of H#Q. It is

Pr(h#tq) = (e##1) x (h#q) = e#nger(h)q.
One conjectures (xf#l) (y7#1) to be its dual basis. Instead of proving that we prove its
special case
Or((itq) o (+#1)) o (Y#1) = (e#ngerer(z’ * )q<°) o (y J#l)

=y * (preor(2? x ) 0 ¢T)#q"
=y ¢ x pporpr(al x¢7)#e

= ¢r(i o or(a™ M) o pr(g™) 4

=i o or(a")#q"

=i#q.
Comparing the first row with the Ansatz (5.3.39) and then using the vertical multiplication of
H#(Q we arrive to

i#q = (e#q") o (¢WH#1)
(=1) (0)
= ¢V x g@V g @
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which is equation (5.1.26). The verification of (5.1.25) is a bit longer,
(0) - (1 - _
q(O) % (1< 1 *q([)) = nowrpr(T’ * (I< 1))(1(0) (% (]( 2) x 1y

— HQ¢R<P7'(571(Q<72>) * 1) % q<’1>)q<0) ® yj

R

=ngerer(ST (@) x 2l x (1F 0 ¢"))g? @

R

=ngerer((S' (%) o (87! (%) x27)) x ¢ @ o/

R

= noerer((@r o (yexa?)) * ¢ ) ® o

R

=noerer(prer(a’) x ¢ @ ¢’
= nopr(er(a?) * ¢ ® Y
=noer(@)g” < pr(@) © ¢

=q % gcR(pT(xi) . yj

=q® 1.

R

4. A monadic look at the scalar extension

In [81] a monadic characterization of bialgebroids was given, leading to the definition of a
2-category of bialgebroids. Without going into the details of this construction, we explain how
scalar extension fits in this picture.

For a right bialgebroid H over R, the forgetful functor U : My — Mpe is strong monoidal
(even strict monoidal, as dictated by Schauenburg’s theorem) and is right adjoint to the in-
duction functor / = - @ H : Mge — M. By the Eilenberg-Moore construction (see [53]) the
adjunction 4 U giveg rise to a monad T = (T, u,n) on the category Mge with underlying
endofunctor T = UI : Mge—>Mpge and a comonad G = (G, A, ¢) on the category My with
underlying endofunctor G = IU : My — Mpy. The monad multiplication is p = Uel : TT—=T
and the monad unit 7 : Mge—T is the unit of the adjunction. The comultiplication on the
comonad is A = InU : GGG and the counit € : G->My is the counit of the adjunction.
Denote Mt the Eilenberg-Moore category of T-algebras, then Mt can be identified with My,
since T' = _ ? Hpe. Also, the canonical forgetful functor Ur : Mp — Mge can be identified

with U : My — Mge. The situation is summarized in the Figure 2.

By Prop. 2.1. of [81], the (strong) monoidal structure on U implies an opmonoidal structure
on the left adjoint 7, and the adjunction is in the category of monoidal categories. This implies
that the unit and counit are monoidal natural transformations. The following definition is

essentially from [81] (see also [56]):
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My Mrsq
el > e N
(My)€ (Mpe)r (Mirpq)® (Mr)T
N Fr S y
K >a /U; }{'\ N Ur
M ge My

FIGURE 2. Eilenberg monad and comonad

DEFINITION 5.4.1. Let (M, ®,4) be a monoidal category. Then a bimonad on M is a
monoid in the category of opmonoidal endofunctors from M to M. Thus, it is an endofunctor
T : M — M, furnished with:

e a natural transformation TXY : T(X @ V) =T X ® TY, and
e an arrow 10 : 77 — i

such that (7, TXY T is an opmonoidal functor;

e a natural transformation py : 77X — TX and

e a natural transformation nx : X — T'X

such that (T, 4, n) is a monoid in MM, and four compatibility axioms stating that u is op-

monoidal,
(5.4.2) TYY o pxey = (x ® py) o TIETY o THY
(5.4.3) T o TT' =T 0 pi

and that 7 is opmonoidal

(5.4.4) Ny ® gy =TXEY

(5.4.5) T om =i

°Nxey

We state the following proposition without proof.

PROPOSITION 5.4.6. The endofunctor T = Ul = = ® H : Mge — Mge is an opmonoidal
s
monad with the structure maps:
(5.4.7) ux X QHQH—-XQH 2®@h®h—z hl
R® R R®
(5.4.8) Nx: X —=X®H v—2®ly
e
(5.4.9) Ixy: (X ®Y)®e H—-(X® H)® (Y ® H)
R R® R® R R

(z®y) ®@he—(zohM) e (yo k)
(5.4.10) 7:R® H— R, 1 ® hw— e(s(r)h)
p
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For a scalar extension H#Q of a right bialgebroid H over R, the inclusion ¢ : H — H#Q
induces a monoidal forgetful functor U : My49 — My. The left adjoint I U is

I: My — Mpug, X—X %) (H#Q)
with unit
(5.4.11) n:X =X ® (H#Q)n
Tz @ (i#lg)
and counit
(5.4.12) e:Y ® (H#Q)uga =Y

y@ (he@qr—y<(h#g=Hy<ah)q

As R — R—bimodules, H#Q = H ® @, so the induction functor - @ (H#Q) is isomorphic
to - ® @. By Lemma 5.3.12, this f&ﬁctor is strong monoidal, henceHalso monoidal. Tt will
remaifl monoidal upon composition with the monoidal forgetful functor, making the canonical
monad T = (UF,UcF,n) a monoidal endofunctor. The compatibility of the monoidal and
monadic structure make T a monoidal monad, as opposed to the opmonoidal monad we called

bimonad earlier.
DEFINITION 5.4.13. A monoidal monad in a monoidal category (M, ® ,) a monoid in the
category of monoidal endofunctors M — M, i.e. a monoidal endofunctor (T, Tx y, To), with

e anatural map Txy : 77X ® TY - T(X ® V), and

e an arrow Tog: 14— i
satisfying the appropriate coherence laws, and monad structure maps consisting of

e a natural transformation px : 77X — TX and

e a natural transformation ey : X — TX

making (7', y1,1) a monoid in MM. In particular, the compatibility of the monoidal and monad

structures imply the following four diagrams:

TTx,yoTrx,Ty Tnon

X ® T?Y (X ®Y) i —T%
X @uyi l#x&y Lm
TX ® TY T(X ®Y) i — T

X,Y

for the monoidality of p: TT-T, and
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XQYy=——XQ®Y | =1
nx ®7)yi lﬂX@gv lm
TX @ TY —=T(X ® Y) Ti —i

Txy To

for the monoidality of n : id -7
Braided commutative algebras can now be characterized as follows.

PROPOSITION 5.4.14. Let Q be a BCA over the right bialgebroid H. Then the endofunctor
T=_® Q is a monoidal monad on My;.
R
PROOF. Recall from 5.3.12 that Qxy : (X ® Q) ® (Y ® Q) — (X ® V) ® Q reads,
R R R R R
on clements: (y ® ¢q) @ (¥ @ ¢) — (y @y <¢") © ¢¥¢ and Q : Q@ = R ® Q is
R Q R R R R
the natural isomorphism ¢ — e ® ¢. The monad structure follows trivially from the algebra
structure of @; we only check the compatibility of the monad and monoidal structure, i.e. the
four commutative diagrams above. For monoidality of multiplication,
pxy © (QQxy © Qoxov) [t ®@ ¢® ¢) @ (y ® ¢" @ ¢")]
= nxy © QQxy [(3: 2qe Wed)ad") e q’<°>q’”]
= jixy © QQX,Y [(I ® (]) ® (1/ a q/(*l)(l) ® q//q/<*1>(2)) ® q/<0>q///}

= uxy [z ® (y < q/(*J>(J)q(—1)) ® q<0>quq/<*l>(2) ® q/<0>q1/l}
=r® (ya q/(—l)(l)q(—D) ® q(f))q//q/<—1>(2)q/<0)q///
=r®y () @ (4)""q"
=Qxyo(ux ® my)[@®q® ) ® (y ®q¢" ®q")],
where we have used braided commutativity in the fifth equality, and the second diagram reduces
to a triviality. We check one of the diagrams corresponding to monoidality of the unit map,
Qxy o (nx @ ny)(z ® y) =Qxy(r ® 1g ® y ® 1)
=rQydi®lg=rnxey(z ®y)
the other being even simpler. O

5. Application to Galois extensions

Our most important application of scalar extension by BCAs appears in Galois extensions.

We shall be working in the action picture.

PROPOSITION 5.5.1. Let M be a monoid in My over the right bialgebroid H and let N =
MH . Assume that Hg is fgp and that the canonical map Ty + H#M — End(yM) is an
isomorphism. Then the centralizer MY = {c € M |nc =cn, n € N} of the extension N C M
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is a left pre-BCA over H with H-module algebra structure inherited from MY C M (the
Miyashita-Ulbrich action) and with left coaction 7(c) := Ty} (Aur(c)) where A\y(c) = {m
cm}.

PROOF. For each h € H the action _ < h is an N-N-bimodule map. Therefore M* C M
is a sub-H-module algebra. As such the unit 1 : R — M has image in M*. Since I'y; is an
N-N-bimodule map, it restricts to an isomorphism (H ® M)" = End( xyMy) between the
centralizers. The Hp being fgp we have (H ® M)N = ‘}I @ MY. Since A(c) for ¢ € MV
belongs to End( yMy), the 7 is a map MY — IHJ (%) MN. ThCRT is uniquely determined by the

equation
(5.5.2) (m < =) = em, me M

from which the bimodule property (5.2.9) and the centrality (5.2.10) easily follow. The calcu-
lation

e(mm’) = ((mm') @ e = (m < c<’1>(1))(m' 4 c<’1><2))c<0)

(em)m’ = (m 2 "N m! = (m < &Y m' < c<0><_1>)c<0> ©

will imply coassociativity after verifying the next

LEMMA 5.5.3. Under the assumptions of the Proposition and with the notations E :=
End( yMy), C := MY the maps

(5.5.4) E @ E — Homy.x(M © M, M)
a Q? o' —{m ® m' — a(m)a’(m')}
(5.5.5) H & H & C— Homyn(M & M, M)
h <§> n (? c—{m ® m' — (m < h)(m' < h)c}
are isomorphisms.

PROOF. Using both the isomorphism I'y; and its restriction H#C = E we have a sequence

of isomorphisms
E ® ES(H ® C) ® ESH ® E=H © Homy.n (M, M)
= Homy.y (M. H © M) % Homy. (M, Homy. (M, M)
= Homy.n(M & M, M)
The action of these isomorphisms can be computed by inserting o = (- <h)cand o/ = (_ <h')¢:
a®@d—(h®c)®d—h@cd()—{m—h® cd(m)}
c R c r R

— {m— {m' — a(m)/(m)}} — {m’ © m a(m’)a'(m)}
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This proves that (5.5.4) is an isomorphism. The map in (5.5.5) is the composite

H® H®C Hompy_ny(M @ M, M)

R R N

H®Fl Tﬁ
? ~

N rQE
HF_ = H®C®FE c E®FE
R R (e} C
of isomorphisms. O

Returning to the proof of the Proposition counitality of 7 can be seen as
Or(cE) 9 = (1 a N =l =¢.
As for the Yetter-Drinfeld compatibility condition it suffices to verify the equality
(m < Y« B (E? a B@) = ((m < c<’1>)c(0>) Qh=(cm)<h
= (c < hW)(m a h?) = (m < R % (¢ < h(l))<’1>) (¢ a hH)©)
In order to see compatibility of 7 with multiplication and unit in C' it suffices to check
dem = (m < N = (m a0 % TN O
Finally, braided commutativity (¢ < ¢/=)c¢!® = ¢¢’ follows from the more general relation

(5.5.2). ]

COROLLARY 5.5.6. If N C M s a right A-Galois extension for a distributive double algebra
A then M~ is a BCA over the horizontal Hopf algebroid H.

ProOOF. It suffices to prove that the prebraiding is invertible. Define the right coaction
7(c) == (TM)~"Ypp(c)) where py is right multiplication on M. This is equivalent to 7(c) =
A @ M satisfying

R

(5.5.7) Om a Yy =me, me M.

Applying (5.5.2) to (5.5.7) we obtain

(m <ai)e=me=(m <% c<0><71>) @©

from which equation (5.1.26) follows. Equation (5.1.25) can be seen similarly. O

Notice that this proof does not use very much from the Hopf algebroid structure. Therefore
the Corollary holds true for any right bialgebroid for which both Hgr and rH are fgp and for
all extensions for which both '™ and T'); are invertible.

For any Galois extension N = M C M, the centralizer M" is a canonical BCA over H.
This begs the question what is the scalar extension of M by the centralizer?

PROPOSITION 5.5.8. Let N C M be a Galois extension over the Frobenius Hopf algebroid

H. Then the restriction of the Galois map Ty provides an isomorphism of Hopf algebroids
H#C = E where E is the endomorphism Hopf algebroid of the extension.
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PROOF. The structure maps (5.3.2), (5.3.3), (5.3.4) and (5.3.5) of the smash product are

mapped by I'y, to
(5.5.9) sp:C—E ¢ {m— mc}
(5.5.10) lp:C? - E ¢ {m— cm}
(5.5.11) Ap:E—FE ® E such that o (m)a®(m') = a(mm’)
(

5.5.12) e E—C a— al)

respectively, where note that multiplicativity of Ag uniquely fixes it by Lemma 5.5.3, (5.5.4).

Now it is easy to check that 'y, : H#C' — E satisfies the axioms of bialgebroid maps. O

This result gives partial control over the ambiguity in quantum groupoid extensions.

It

H and H' are non-isomorphic quantum groupoids such that N = M# C M is Galois over

both (i.e. H and H' are forms of each other in the terminology of Greither and Pareigis),
then 5.5.8 implies that H#C = H'#C = E, meaning that both H and H’ are forms of the
endomorphism Hopf algebroid E. This leaves open the question whether H and H' are perhaps

scalar extensions of each other?



CHAPTER 6

Bicoalgebroids

Bicoalgebroids are a dualization of bialgebroids in the categorical sense (in the sense of
reversing arrows’) and were proposed in [21]. This notion of dual is not to be confused
with the different kinds of bialgebroid-duals that were later introduced in [47], and that we
have mentioned in Chapter 1. The motivation for studying bicoalgebroids is two—fold. First,
it is well established that a bialgebroid may be thought of as a non-commutative analogue
of the algebra of functions on a groupoid, the latter being a bialgebroid over commutative
base, namely the algebra of functions on the O—cells. It follows that a bicoalgebroid, in turn,
should be regarded as a non-commutative analogue of the groupoid itself. One can hope then
that geometric constructions on groupoids have direct non—commutative generalizations in the
context of bicoalgebroids. Secondly, just as bialgebroids play a fundamental role in depth-two
extensions of algebras, it is expected that bicoalgebroids are just as important in extensions

of coalgebras !

. A dual Hopf Galois theory for extensions of coalgebras was put forward in
[76]. Since Hopf algebra is a self-dual structure, a Hopf-Galois theory of coalgebra extensions
involves Hopf algebras acting (coacting) on coalgebras. A similar dualization of bialgebroid-

Galois theory however, should involve bicoalgebroids.

We begin by defining the module— and comodule categories over bicoalgebroids (Section 1).
The construction of the monoidal category of bicomodules over a ring is presented in Appendix
A. A Schauenburg-type result, which characterizes bicoalgebroids with the monoidality of their
comodule category, is proven in Section 2. Various notions of the cocenter of a coalgebra and
the cocentralizer of a coalgebra extension are discussed in Section 3. Section 4 is devoted
to a central result of this Chapter, the scalar extension for bicoalgebroids. We prove results
analogous to those proven for bialgebroids and supply a few examples. Finally, Section 5

rephrases scalar extension in comonadic terms, in analogy with Sect. 4 of Chap. 4.

1. The Definition

Throughout this chapter, k& will be a field and the category M = M. of k-modules will serve
as our underlying category. The unadorned ® will always mean ®;. Just as a bialgebroid
H over R is a comonoid in the category pMp, a bicoalgebroid H over C' is a monoid in the
bicomodule category over the base coalgebra C' (see App. A). The frequently occuring C-
coactions will be denoted with square brackets, e.g. pyr : M — M ® C, py(m) = mp) @ my)

to avoid confusion with coactions of the bicoalgebroid H.

From a different approach, in [46] Kadison constructs bialgebroids from depth 2 extensions of coalgebras
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DEFINITION 6.1.1. A left bicoalgebroid (H, A, e, u,n, a, 3, C) consists of

e a k-coalgebra (H, Ay, ep)

e two coalgebra maps a : H — C and 3 : H — C,,p, such that o and  'cocommute’,
ie. alha) @ Blhg) = alhe) @ B(ha)). These maps furnish H with a (C' ®
C)-bicomodule structure, such that (H; Az, Ag; pr, pr) € ¢®ME®C. The four C-

coactions are:

e C-bicomodule maps uy : HOcH — H and ny : C — H (multiplication & unit)

making (H, \r, pr) an algebra in “M¢

’

subject to the following axioms:

(1) The multiplication map p: HOc H — H satisfies:
(6.1.2) Zﬂ(gi ® hb)) ® ‘l(héz)) = N(gfl) ® h) ® 5(922))
i
(2) and it is comultiplicative:
(6.1.3) Aop(Y g @ h) Z“ ) ® hiy) @ plgly © hiy)
(3) Furthermore, the product is counital (note that this axiom seems to be missing in Ref.
[21]):
(6.1.4) e(g)e(h) =cou(g ® h)
(4) The unit map n : C' — H satisfies the unit axiom:
(6.15) po (1O H) oA, = H = po (HOn) o py
(5) The unit map is compatible with the coalgebra structure in the following sense:

(6.1.6) An(e)) =n(e)a) @ nlaln(c)e)) =nlc)a ® n(Bn(c)e))
(6.1.7) e(n(c)) = ¢(c)

In the original reference [21], it is first proved that the condition 6.1.2 makes sense, i.e. the
two sides of the equation are well-defined maps. This, in turn, implies that 6.1.3 makes sense,
which boils down to (u O p) o twag o (AT A) being a well-defined map. The condition 6.1.2 on
the multiplication map may be rephrased by saying that p factorizes through the cocenter of
the C-bicomodule “ H 0 H, where the two coactions are Ap and pp. The notion of cocenter

will be discussed further in Section 4.
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DEFINITION 6.1.8. Let M € “M® a C-bicomodule. Define the map
oM@ C"— M
m @ @ = mig p(mpu) = mi P(mg-)
where C* denotes the k-dual of the coalgebra C'. Then, the cocenter of M is defined by the
cokernel map ¢ : M — Z(M), where
Moo 2y Z(M) ——0

Introduce also the epi-mono factorization ® : M @ C* 5 Jy, LM

The cocenter satisfies the following universal property. Let

War = {mjg ® mpy —mp; @ mi_yy [me M}y M C

then for all k~module maps f: M — N which satisfy
(6.1.9) (f ® C)Y(War) =0

ie. f(my) ® mpy = f(mp) ® mi_y, there is a unique f': Z(M) — N such that f = f" o (:

I
M ——N

-
Cl -
ey

Z(M)

Indeed, applying (N ® ¢) to 6.1.9, we find that (f ® ¢)(Wy) = 0 for all ¢ € C*, ie. f

annihilates Jy;.

If the coalgebra C' is locally projective as a k-module (see [22], 42.9), then
(¢ ® C)(Wyr) = 0. To see this, note that for C locally projective, (¢ @ C)(Wy) = 0 if and
only if (id ® ¢) o (¢ ® C)(Was) = 0 for all ¢ € C*. This, however, holds by the definiton of
C.

Thus, for locally projective C, a k-module map f : M — N factorizes through ¢ : M —
Z(M) if and only if (f ® C)(War) = 0. Since, throughout this paper, we are working over a
field, it is in fact unnecessary to explicitly assume local projectivity: modules over a field are
always free, hence they are projective. A projective module is also locally projective.

We apply the above definition to the bicomodule “ H 0 H® afforded by the coactions \g

and pr. For reference, the bicomodule structure is

(6.1.10) (ArOH): > g'Oh =" Blglyy) Oghyy Ok

i

(6.1.11) (HOpr): > _g'Oh' Zgimhgl)ua(hfg))

We make the following
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DEFINITION 6.1.12. H K H is the cocenter of the bicomodule “ H 0 HC,
Do G2
HOcH ® C* —= HOcH — HXH

where ®o(g' 00 © @) = g' Ohiy) p(a(hly)) — gy T 9(8(g(y))

Using 6.1.10 and 6.1.11, the multiplication map p : H Or H — H factorizes through HXH ,
ie.
HOcH ——~ H
| o
HXH
precisely if 32, (g @ hiyy) @ a(hly) = ulgly ® h') @ B(gfy) (condition 6.1.2) holds.

This construction can be seen as dual to that of the Takeuchi product xp. For a left
bialgebroid A, the submodule AxgA — A ® A is the center of the R-bimodule r- (A ® A)-r' =
At(r) @ As(r). It is well-known that therg is no well-defined multiplication on A ® A, but
A Xp A is a ring with component-wise multiplication. The dual result is that eveg though
comultiplication is not well-defined on H Ox H, the factor H X H becomes a well-defined
coalgebra. This ensures that 6.1.3 is well-defined.

REMARK 6.1.13. The reader may easily convince herself that the axioms 6.1.1 are dual
to those of a left bialgebroid (A, jia,na, Aa, €4, s, t, R) in the sense of reversing the direction
of maps and making the following substitutions: (A, ua,na) < (H,Ap,en), {Aa,ca} <
{pusnu}, {s,t} < {a,B8}, R < C. A right bicoalgebroid is a C-bicomodule algebra with
the coactions A\g and pg, i.e. we require (H, Ag, pr) to be a monoid in the category of C-

bicomodules. The axioms dualize those of a right bialgebroid (cf. the Example below).

ExAMPLE 6.1.14. The simplest right bialgebroid over a ring R is the enveloping algebra
R® = R ® R (its opposite is a left bialgebroid). The co-enveloping coalgebra C°¢ = C' ® C,,,
provides our first example of a bicoalgebroid. The source— and target maps are given by
(6.1.15) a:C ® Cup—C, c® ¢ ce(c) and
(6.1.16) B:C ® Copp — Ceop, ¢ @ C—€(c)C

Multiplication is given by

(6.1.17) L (O @ Clop) O(C ® Cupp) — C @ Cigy

(6.1.18) (c®e)d(d ® d)—de(c)e(d) @ ¢

and the unit map is Ay, 7° 1 € — C @ Cegp. 1°(¢) = ¢2) ® cq1y. Just as in the dual case
(where R“? = R ® R is a left bialgebroid), we also have that C¢,, = Cep ® C is a left
bicoalgebroid.
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2. Modules & comodules over bicoalgebroids

Based on experience with bialgebroids and dualization arguments, it may be expected that

a categorical approach to bicoalgebroids leads to the study of its category of comodules.

2.1. Comodules over bicoalgebroids. Recall that a left module (M, >) over a bialge-
broid B is a left R®~module g M together with an associative and unital action > : B® ge M —
M. Note that this is equivalent to the underlying k-module M being a left module of the un-
derlying k-algebra of B, since the k-algebra action factorizes as

b:B®M—=BQrM—= M,

i.e. the left R°—action of M is exactly the one induced by the left B—action. Dualizing to the
case of bicoalgebroids, one can say that comodules over a bicoalgebroid are simply comodules

over the underlying coalgebra, or equivalently:

DEFINITION 6.2.1. A left H—comodule over a left bicoalgebroid H is a pair (M, d,s), where
M €M, and 0y, : M — HOge M is a left C¢comodule map for which

St Spm
M HOge M M— 100 M
Sar l l AOge M J{ wOce M
Iv
HUO¢e M — HOc HOge M C*Oge M
HOge 611

where ¢ = (a ® ) o A. This makes d); a coassociative & counital coaction.

The category of H-comodules “M has objects the left H—comodules, and the arrows f :
(M, dr) — (N, 0n) are the C°bicomodule maps f : M — N such that

M N

HUOce ]WﬁfH Oce N

2.2. Modules over a bicoalgebroid. We now define modules over a bicoalgebroid, which

will be necessary to construct Yetter-Drinfel’d modules in Section 5.

DEFINITION 6.2.2. A right module over a left bicoalgebroid H (over C) is a pair (X, <),
where X € MC is a right C-comodule and the action is a right C-comodule map <
X O¢ H® — X©. Similarly, a left module is a pair (Y, >) with Y € “Mand > : CHOg Y — Y

a left C—comodule map. H is a C—bicomodule through the coactions A\, and py.

The module category of a bicoalgebroid is expected to be monoidal as well, coming with an

embedding into “M¢. The above definition doesn’t seem to allow for this, but luckily, a dual

of Prop. 1.1. of [3] holds:
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PROPOSITION 6.2.3. Let (X, <) be a right module over the bicoalgebroid H. Then X has

a unique left C—comodule structure such that

(1) X is a C-bicomodule
(2) the action is a C'-bicomodule map
(3) @ : XUOc H — X factorizes through X ¥ H

PrOOF. Note that the action being a right C—comodule map means
(6.2.4) (@ < h)g @ (z 9 h)y ==z < hp @ Bha)
The left comodule structure in question will be denoted 7(z) = z_1) ® ). In fact, 7 is uniquely
determined by demanding that the right H action be also a left C—comodule map w.r.t 7. Note
that X Oc H is a left C-comodule through the left C-coaction Ag(h) = B(hs)) @ hy on H,
i.e. we impose:
(6.2.5) (x < h)[,l] ® (r < h)[()] = B(h)) ® x < hay
The identity © = g < 7(xp)) and 6.2.5 yield an explicit formula for the left coaction 7:
oy @ @) = (2p0) < (@) © (2] < 0l =
= B(zp)e) © wo <0l
This is indeed a coaction, i.e. (C' ® 7) o 7 = (A¢c ® X) o 7. Inserting definitions, the
LHS = B(n(zp)e) @ B{nl(re < nlre)o)nle ) @
® (zy @ n(za)m)o < 0l@ze, < 9(zo)o)ylo
Using 6.2.4, we find:
LHS = B(n(zn)e) ® {nlem(zn)ne)le} ®
® (2 < n(zp)om) < alat@mme)la
which, by the bicoalgebroid axiom 6.1.6, is further equal:
LHS = f(n(zp)e) @ B0zmme)e @ 2o < n@n)oon@n)meo) =
=Bz e) @ B(zp)e) @ zo < nlzp)a) = B0zn)e)o) ©
® B(zm@)e © oo < nzy)a = RHS.

In the first equality, we used comultiplicativity of the unit and coassociativity. In the second,

the fact that [ is an anti-coalgebra map.
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As for (1), the coaction 7 makes X a bicomodule. Using the definition of the left coaction,
and that the H-action is a right C' comodule map:
1) ® o) © 2oy = B0(Em)e) © (@0 < 0(@m)a)o @
® (zp) < n(zp)w)w = B0zn) @) © o < nlzy)oe © Snnmn)

Using that n : C¢ — H® is a C~bicomodule map,

(6.2.6) n(cw) ® c@) =n(c)e © Bnlc)a)

and the coassociativity of the coaction:

-1 © zpjo) © o = B(Em)e@) © 2o < n@men © nlzn)n) =
= B(zmm)@) © 2o < nznm)a @ e = @nmne) ©
® o) < M@)o © 2 = -y © Lo @ 2y
(we apply 6.2.6 to ¢ = xpj in the second equality). The action will then (by construction) be

a C-bicomodule map, proving (2). It remains to see that the action factorizes through the

cocenter of X O H, meaning:

(6.2.7) (@ < n(zp)ay) <h @ B(zp)e) =20 <h @ vy
This is a simple consequence of 6.2.5:

LHS = (zg) < n(zp))jo < h @ (20 < n(zp))-y = RHS.

3. A dual of Schauenburg’s theorem
The forgetful functor associated to the map ¢ : H — C°,
(6.3.1) F:HIM = M~ “M¢
(M, 6p1) — (M, (¢ ® M) o du)

is faithful and left adjoint to H Oce _ : ©“M — ¥ M. In the dual case, a left bialgebroid A over
R is an R®ring with s ® t : R ® R — A, i.e. a monoid in geMpge. The forgetful functor
U : AM — greM is right adjoint to A @ ge _:ge M — 4M. Furthermore, Schauenburg’s theorem
states that bialgebroid structures on the R°-ring A are in one-to-one correspondence with
monoidal structures on the category 4M such that the forgetful functor U is strict monoidal.
This raises the question whether a dual of this theorem holds for bicoalgebroids, namely: is
there a one-to-one correspondence between bicoalgebroid structures on the coalgebra (H, A, &)
c MC

and monoidal structures on the category M such that F : M — is strict monoidal?

The next theorem gives the forward implication.

THEOREM 6.3.2. Let H be a left bicoalgebroid over C'. Then there is a monoidal structure
n HM making the forgetful functor F: HM — M ~ “MY strict monoidal. Identifying
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H —comodules with their underlying C'-bicomodules, the monoidal product is O¢ , the cotensor

product over C' and C' is the monoidal unit.

PROOF. Assume there is a monoidal structure (¥M,®,I) on #M such that the forgetful
functor is strict monoidal, meaning that we have a triple (F, F2, '), where the maps FMVN
F(M®N)— F(M)O¢ F(N) and F°: F(I) — C are identities. This amounts to specifying

e an H-comodule structure on C,
0c: C — HOge C, and
e an H-comodule structure on the cotensor product of objects M, N € “M¢,
opon : MOc N — HOge (MOc N),
natural in A/ and N

The bicoalgebroid structure on H allows us to construct such maps dc and oy -

The unit map n : C' — H provides the desired H-comodule structure on C":
do=(H @ a)o Ao, do(c)=nlc)n) @ a(n(c)w)
This is indeed a coaction,
(H ® bc) o d0(c) = n(e)ny ® n(alnlca))m @ altr(alica)m)e) =
=n(c)n ® @0 ® ac)ee) =n1)nu © n(ue @ allc)e) =
= (A ® C) o dc(c),

applying 6.1.6 in the second equality and coassociativity in the third.

For M, N € M, define the coaction §yon : M Oc N — H Oce (M Oc N) as the composite
map:
- dn Uedn K
opon : MOcg N —— (HOge M)Oe (HOge N) —— HOge (M Oc N)

Implicit in this definition is the map

(6.3.3) k: (HOce M)Oe (HOge N) — HOge (MO N)
which we define as the unique arrow in the following diagram
(HOee M)Oe (HOge N) = = ="~ = = HOge (M Qg N)
(HOge M) ® (HOge N) H® (MOc¢N)
M ® TN l J{ H®urn
(H® M) ® (H®N) H® (M ® N)

(ng ® M @N) o twaz
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By the definition of the kernel maps tyny : MOc N — M ® N and tyy : Udee V. —
UV, (h®@m)® (K ®n)e (HOg M)Oc (HOce N) if and only if the following identities

(6.3.4) (hay ® alhe) ® m) @ (M @ n) = (h @ my ® myg) @ (K @ n)
(6.3.5) (hy ® Blh) ® m) @ (K @ n) = (h @ my ® mpg) ® (' @ n)
(6.3.6) (h ® m) ® (hyy ® alhiy) @ n)=(h®@m) @ (M @ ny @ ny)
(6.3.7) (hem e (h(l) ® Bhy) @ n) = (h @ m) ® (W ® ny @ ny)
and

(6.3.8) hgy @ m @ B(hay) @ I @ n=h@me a(hly)) @ hiy @n

The arrow « is defined by the universal property of the composite kernel map (H ® tp,n) ©

Ta,MON, provided

(b @ M ® N) o twyg o (igy @ ign) © tpomaon((h @ m) @ (M @ n)) =
=(hh) ® (m ® n) € HOge (M Oc N)

This leads to the following equations:

(6.3.9) (hR') ® m ® mp; ® n= (hh') ® m ® ni_y @ ny
(6.3.10) (hh) 1y ® a((hh)2) ® m @ n= (hh') @ mi_y; @ mp) @ n
(6.3.11) (hR) 1y @ B((h')(2) @ m @ n=(hh') @ npp @ m @ ny

Observe that by the multiplicativity of the coproduct and because (H, Ar, pr) is a monoid

in “M¢, we have the following identities:
(6.3.12) a(hh') = a(h)e(h')
(6.3.13) B(hH') = (h)B(H)
To show 6.3.12, compute
a(hh') = a((hh)1))e((hh') ) = a(hay)e(h))e(R') = a(h)e(h'),

and analagously for 6.3.13. Note that 6.3.12 and 6.3.13 are dual to the relations A4(t(r)) =
14 @ t(r) and Au(s(r)) = s(r) @ 14, which hold for a left bialgebroid A over R.

To prove 6.3.10, use 6.3.12 in the first equality and 6.3.4 in the second:

(hh) 1) @ a((hh)2) ® m @ n=hyh' ® alhe) @ m @ n=
= (hh') @ mi_y) @ mp @ n
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Similarly, 6.3.11 is by proved by using 6.3.13 in the first equality and 6.3.6 in the second:
(hh')qy ® B((h)2) ® m @ n = hhjyy @ B(hiy) @ m @ n=
= (hh') ® npp ® m @ ny,
To prove 6.3.9, applying 6.3.5 and 6.3.6 to the left— and right hand sides, respectively, yields
hayh' @ m @ Bh) @ n=hhiy @ m @ a(hly) @ n

which holds precisely because multiplication satisfies the property 6.1.2.

Let us check that oy : M Oc N — HOge (M O N) is indeed a coaction. Expressed on
elements, 0y n(m ® n) = mpyni—y @ mig @ np (we think of the domain and range of dy, v
as embedded into M @ N and H @ (M ® N), respectively).

(HOdun) © dn(m & n) = mi_yni—y @ mp)—yno-y ® Mo & njg =
= MR- © ME-gn-1e) © M) © N =
= (mpania)a) @ (meagni)e) © mg ® ng =
=(A® M) o dyn(m ® n)

where we used the comultiplicativity of the multiplication on H in the third equality.

For (¥M, O, C) to be a monoidal category, we have still to define the natural isomorphisms
ayyp: (MON)OP — MO(NOP) (the associator), Ay : COM — M and py : NOC —
N. Due to the strict monoidality of F', these maps may be defined as the lifting of the respective
coherence morphisms of “M¢ to #M# | provided they induce H-comodule maps. This, however,

follows from the associativity and unit property of the multiplication and unit on H. O

For the converse direction, assume the existence of a strict monoidal forgetful functor F :
HM — ““M on the comodule category of the coalgebra (I, A, ). We construct a bicoalgebroid

structure on H as follows. Define a multiplication map p: H Oc H — H as the composite

) H® (O,
HOoH 2% HOp (HOg HY— H @ (HOg H) 227

and define a unit map 7 : C — H with
n=(HOgeec) o doc:C — HOce C — C.

Note that these maps exactly dualize A : H — H @ H,h — h > (1 ® 1y) and ey :
H — R, h— h > 1y which produce a bialgebroid strugture on the underlyirfg algebra, given
a strong monoidal forgetful functor U : yM — geM (cf. [72] and the discussion of Theorem
3.2.2). Instead of directly proving the bicoalgebroid axioms satisfied by p and 7, we reformulate
the problem in terms of comonads and apply a result on 'liftings of functors’. We start with a

monadic formulation of the bicoalgebroid structure.
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DEFINITION 6.3.14. Let (M, O, I) be a monoidal category. Then a bicomonad on M is a
comonoid in the category of monoidal endofunctors from M to M. Thus, it is an endofunctor
G : M — M, furnished with:

e a natural transformation kyy : (GX)O(GY) — G(XOY), and
e an arrow £ : C' — GC

such that (G, ky,y,&) is a monoidal functor;

e a natural transformation 0y : G X — GGX and

e a natural transformation ey : G X — X

such that (G,6,¢) is a comonoid in MM, and four compatibility axioms stating that J is

monoidal,
(6.3.15) Oxey © kxy = (GExy © kaxay) © (0x ® dy)
(6.3.16) Gl oE=GEot

and that e is monoidal
(6.3.17) Exey © KXy = &x ® €y
(6.3.18) coé=1

Not surprisingly, there is an analogue of Theorem 5.4.6:

PROPOSITION 6.3.19. The endofunctor G = FI = “HOge - : ©“M — ““M is a monoidal

comonad with the structure maps:

(6.3.20) Syt HOge X — HOce (HOce X)
h®x—hg @ (he © )
(6.3.21) ex HOx X — X
h ® x—ey(h)x
(6.3.22) kxy : (HOge X)Og (HOee Y) — HOge (XOg Y)
(hez)o (W @y —hhe (zey)
(6.3.23) £:C— HOwC

c—n(c)a) @ an(c)w)

PrOOF. The associativity of x corresponds to the associativity of the multiplication p of
H, and ¢ is a unit for x precisely because 7 is a unit for g. The monoidality of 0x and ey are
due to the multiplicativity and unitalness of Ay and ey. Finally, G is a comonad because H

is a coalgebra. O

A monoidal structure on M such that F : M — M ~ “MC is strict monoidal implies
that the monoidal product on ““M is lifted to the Eilenberg Moore category of G-coalgebras
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in the following sense:
0
M x €M —— GM
F><FJ( i F
ce coM — C°
M x “M oo M

This is a special case of the problem of liftings of functors, orginally considered by Johnstone
([39]). We refer to [91], from which we quote part (1) of Theorem 3.3 .

THEOREM 6.3.24. Let G = (G,0,) and G’ = (G',d', ') be comonads on the categories M
and M, respectively, and let T : M/ — M be a functor. Denote U : M — M and U" : M — M/
the canonical forgetful functors.

Then, the liftings T : M — SM of T, in the sense:

G'M LGM

S

MM

are in bijective correspondence with natural transformations k : TG' — GT for which the

following diagrams commute:

Té' kG Te'
TG — TG'G — GTG TG¢"' — 1T
" l J/ o " J/ /
eT
GT GGT GT
or

Taking M = “M x “M, M =M and T = _O¢ _ : “M x ©“M — M, we find that
liftings of the monoidal structure to M ~ ¥M are in bijective correspondence with natural
transformations

RM,N - (H Dce ]\/f) DC (H Dce N) - HDCc (]W DC N)
inducing commutative diagrams

Sy 06w Iz
—_—

G(M) D¢ G(N) G2(M) e G2(N) 2LG(G/(M) O G(N))

KM,N i l Grum,N

G(MO¢ N) G2(MOg N)

JYSN

(6.3.25) duon © kun = Grun © aon.ew) © (0a Oc o)
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and
o
G(M)Oe G(N) =2 MOe N
*"M.NJ/ /
EMON
G(MOc N)
(6.3.26) emon © Ky =éenUoen

The two diagrams above recover two of the compatibility relations (6.3.15 and 6.3.17) of a
bicomonad. If, furthermore, we have an arrow ¢ : ¢ — G(C) making C a G—coalgebra
such that the remaining two bicomonad conditions (6.3.16 and 6.3.18) are satisfied, then €M
becomes a (unital) monoidal category. Summarizing, we have the following monadic version

of Schauenburg’s theorem:

THEOREM 6.3.27. Let (H, A, ) be a comonoid in M. Then there is a bijective correspon-

dence between

(1) monoidal structures on *M such that the forgetful functor F : HM — M is strict
monoidal

(2) @ map Ky : (HOee M)O¢ (HOge N) — HOge (M O N), natural in both ar-
guments and a map & : C — HOce C such that (HOce -, A e,k,&) constitutes a
bicomonad, i.e. the compatibilty conditions 6.3.15, 6.3.16, 6.3.17 and 6.3.18 are sal-
isfied.

4. Cocenter and cocentralizer

We have already had to define the cocenter of a bicomodule in order to be able to define
bicoalgebroids in full analogy (or, rather, full duality) with bialgebroids. Recall that the
multiplication map of a bicoalgebroid H factorizes through the cocenter of the tensor square
H O H, which is dual to Takeuchi’s x g—product. It was stated but wasn’t proved, that unlike
HOgc H, the cocenter H X H has a coalgebra structure. We shall give the proof now and
also explore ways to define the cocenter of a bicomodule and the cocentralizer of a coalgebra

extension, beginning with the latter.

4.1. The cocentralizer. A coalgebra coextension is simply a morphism of coalgebras
m:C — X, and we say that X is a coextension of C'. Recall that the map 7 induces an X—
bicomodule structure on C. The left and right X—coactions will be denoted 6. = (7 ® C) o A
and 87 = (C' ® ) o A, respectively. We would like to dualize the centralizer construction for
ring extensions to the coalgebraic setting.

First, we shall take an abstract, categorical approach and define the cocentralizer as a
universal object in an appropriate category. Consider the comma category (C' | k — Coalg),
consisting of

e Objects (C' = X), where 7 is a coalgebra map
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e Arrows (C' 5 X) EN <CL,X’>, where f: X — X' is a coalgebra map 7' = f o 7

Each object of (C' | k — Coalg) corresponds to a coextension of the coalgebra C. In a similar
vein, k-algebra extensions can be looked at as objects in (A | & — Alg). The universal property
of the centralizer of an algebra extension B C A is that it contains all subalgebras commuting
with the subalgebra B. As a first step, we define a notion of cocommutation of ’coalgebras

under C".

DEFINITION 6.4.1. Two objects (C' 5 X), (C = X'") € (C | k — Coalg) will be said to

cocommute if 07 : C' — C' ® X is an X'-comodule map with respect to the coaction 0,/

REMARK 6.4.2. This relation is in fact symmetric: ¢, : C — C ® X is an X’-comodule
map if and only if 07, : C — C' ® X' is an C-comodule map.

op
[

C X'eor @ C

| [eves

COX X9 CoX

Reading the same diagram horizontally and vertically, we obtain the equivalence of the two

statements above.

Now consider the full subcategory of (C' | k— Coalg) consisting of the objects cocommuting
with a given object C' 5 X

Jull -
DEFINITION 6.4.3. Let Cx(C) C (C | k — Coalg) be the subcategory of objects (C' =

X') € Cx(C) for which 6, : C' — C ® X' is an X—comodule map with respect to the coaction
(sﬂ'

The following proposition gives a useful property of Cx(C'), given only in terms of the maps

7 and 7.

ProproSITION 6.4.4. If (C' = X') is any object in Co(X), then

(6.4.5) (7 @7 o A= (7 ®m) o A
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PROOF. Inserting the definitions of §, and d,, the desired relation is the outermost hexagon:

Agr " QC ,
C——CcacC X'eor @ ¢
Aci X’®Acl
C®C Xr g CoC X &or
C®7rl X’®C®7rl
AXP R X

C

CoX 500 CeX "=XrgCeX

W\X

X @ X
™ RX

The inner diagram expresses that X’ € Co(X). Consider the lower diagrams,

op

peX X'®on
CoX——Co(CeX X' ®C X' ® X
w’®xl iw’@c‘@x X’®Acl TX’@EU@»X
! ! ! !
X®))((/®EC®))((®C®X X®C®C}(’®C®7¥®C®X

they commute by the counit property of X and X', since 7'(c(2) )e(cqy) = 7'(c) and e(cy)m(c)) =
7(c). O

Note that this is nothing but the dualization of the following simple reasoning for an algebra
extension. A subalgebra /' : B' — A is in the centralizer C4(B) of anoter subalgebra ¢ : B — A
ifandonly if \gr : B" ® A — A, b/ ® ar— /(V)d' is an gM—map, that is

Ap(V)(b-a)=0b-Ap/(V)(a)
Taking a = 14, we find bb' = b'b. For coalgebras, if and only if’ fails to hold, rather, we use

the property 6.4.5 to define a category Ce(X) as follows.

~ full a
DEFINITION 6.4.6. Let Cx(C) € (C | k — Coalg) be the subcategory of objects (C' —
X') € Cx(C) for which

(7" @ m) o A= (1" ® ) o AP
which leads to our main

DEFINITION 6.4.7. The cocentralizer CZ(X) of a coalgebra coextension m : C' — X is the
initial object in the category Cx (C')

The coalgebra structure of the initial object (if it exists!) comes from the universal property.
Denoting the coalgebra structure <éC(X ), A, £), the structure maps are defined by the unique
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arrows
C C
e N\
éc(X)’g’éo(X)(@éO(X) éc(X)’g’k‘

Since the centralizer of an algebra extension is a subalgebra of the extended algebra, we can
hope to define the cocentralizer Co(X) constructively as a factor coalgebra. We require that

X be locally projective as a k-module (see [22]). First, a lemma:
LEMMA 6.4.8. W =k — (cayp(m(c)) — cop(m(cny)))pex= is a Hopf-ideal in C

PROOF. We need to prove Ac(W) € W @& C+C ® W and ec(W) = 0. Taking the
coproduct of an element of w = cyp(m(ce)) — ceye(m(cq))) € W, we find:
Aw) = ¢y @ cap o m(em) = ¢ o mcw)e) © ce) = cay © ey o mleg)—
—po W(C(Q))C(;;)] — [(:(1>g0 o 71'((:(2)) —po TF(C(l))C(Q)] ® ¢y € WeC+CeW
Obviously,
(6.4.9) e(cyp(r(c)) — cop(r(cn))) = e(r(c) — ¢(r(c) = 0
O

Note that by the local projectivity of X, the disappearance of W is equivalent to ¢y ®
m(c)) = ¢@) ® m(cay). We can now define the cocentralizer coalgebra as follows:

DEFINITION 6.4.10. ¢ : C'— C/W is the projection onto the cocentralizer coalgebra of X
in C.

Because W is a Hopf-ideal, C'//W is a coalgebra. The connection to our previous definition
is the following:

PROPOSITION 6.4.11. For X a locally projective coalgebra, and m : C — X a coalgebra
coextension, the factor coalgebra ¢ : C' — C/W, with W the Hopf-ideal defined above, is an
initial object in the category Co(X)

PROOF. Suppose we have a coalgebra morphism v : C' — D that annihilates the coideal
w,

(6.4.12) Y(e) e(mee)) = v(cw) elr(cn)))-

By the local projectivity of X, this is equivalent to:

(6.4.13) Yew) ® mle@) =(e) ® mlc)
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which says precisely that v : C' — D is an object in éc(X ). On the other hand, all morphisms
(C' 2 D) € Co(X) annihilate T, hence factor uniquely through C/W: v =~ o ¢:

c——~D

7

e

CJ/ sy
s v

c/w
This diagram states that (C 5 C/W) is initial in Co(X). O

4.2. The cocenter. Our first definition is categorical, similar in spirit to the abstract

definition of the cocentralizer.

DEFINITION 6.4.14. For a coalgebra C, and Y € “MC a bicomodule over C, let
Full
Cy C (Y | Mg) be the category consisting of objects (Z,t), where ¢ : Y — Z is an arrow in

M, satisfying t(mgy) ® mgy = t(my) ® my_1y and arrows induced from the comma category
(Y | My)

DEFINITION 6.4.15. The cocenter (Z°(Y),( : Y — Z°(Y)) of a C-bicomodule Y € “M¢

is the (unique) initial object in Cy

Note that Z°°(Y") is a k-module, and has no natural C-comodule structure. It is well-
known that for a ring R, and M an R-bimodule, the center of M is Z(M) = Hompg_g(R, M).
A similar characterization is possible for the cocenter of a bicomodule, using Takeuchi’s cohom
functor. We briefly recall the definition, referring to the original paper [85] and the monograph
[22]. Recall (see [85]) that for X € “M quasi-finite, the left adjoint of -~ ® X : M), — “M¢
exists, and it is the cohom functor hA“~¢(X, ) : “M® — M,. The adjunction is completely
determined by a natural map 6 : ideye — h¢~C(X, ) ® X, such that for all Y € “M°,
(h€=C(X,Y),0y) is universal from Y to the functor - ® X, i.e.

2
Y —= iCC(X,Y) ® X hC=C(X,Y)
:f’®X :f’®X
! ¥ ¥
We X w

for any f Y — W ® X in “M®. Of course, this means precisely that the map f’ —
(f' ® X) o Oy defines a bijection ¥ : Homy(h¢~¢(X,Y),W) ~ Hom¢g_ (Y, W ® X). The
universality of (fy, h“~¢(X,Y)) can be rephrased (see [53]) by saying that it is an initial object
in the comma category (Y | - @ X).

THEOREM 6.4.16. ForY € “MC, and C quasi-finite, (h°=C(C,Y),0y) is initial in Cy
PROOF. In view of the previous discussion, the proof rests on the following

LEMMA 6.4.17. The categories Cy and (Y | - ® C) are equivalent
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PRrROOF. The functor Cy — (Y | - ® C) has

e Object map:
vizy—wlzeo
te fi=(t®C)o by =(t®C)o sy
e Arrow map:

o v L2y L 2 mfanc: vz o)z 0)

The functor (Y | - ® X) — Cy has

e Object map:
vihzeo-yLz)
fotp=(Z®ec)o f
e Arrow map:

B:vlzeoswLzeoy—{8: (v %2 -y

We have to check that f; is a C-bicomodule map. First, it is a right C—comodule map:

R

& t@C
M— e Mmec—2" S NgC
6{}l M®Acl lN@Ac

MeC-—MaCC—>NCeC
ec teCeC

the outer rectangle states that f, = (t ® C) o 6% is a bicomodule map. Clearly, it commutes
by the coassociativity of the coaction 6. We express the left C—comodule structure as a right
C“P—comodule structure,
L,op
Y teC
M M e C N®C

sLoop l MRAEP i l N@AZP

MeC—MeC®(C—>NaCxC
sher g o teCeC

here, the outer rectangle states that f, = (t @ C) o 62 is a right C*”? comodule map. The
proof is the same mutatis mutandis.

In the reverse direction, we check that ty = (Z ® e¢) o f satisfies

(6.4.18) tr (o) @ yay =t (yoy) @ Y-
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By assumption, f is a bicomodule map, i.e.
fWe) © yoy =(Z ® A) o f(y)
To) @ gy = (Z © A™) o f(y)
Now,
ti(o) © vy = (Z ® ec @ O)(f(yw) @ y) = (Z ® ec ® C) o (Z @ A) o f(y)
=(Z®ec®C)o(Z & A) o fly)=ts;(ym) @y,
proving 6.4.18.
To see that the arrow map of Cy — (Y | - ® (') is well-defined, we check that
(a@C)ot®@0)odi=(aot®0)=({ @ C)o s
Simlarly, for the functor (Y | - @ X) — Cy,
foty=Fo(Z®@ec)o f=(Z ®ec)o [ =tp.
O

By definition, (h“=C(C,Y),fy) is initial in Cy — (Y | ~ ® C) and by the previous Lemma,

it is also initial in Cy-. O

Just as for the cocentralizer, we can take the more concrete approach and define the cocenter

as a factor module, as we have done in Definition 6.1.8. Slightly rephrased:

DEFINITION 6.4.19. Let C' be alocaly projective k—coalgebra. The cocenter of a bicomodule
Y € *M¥ is the k-module Z(Y) = M/W, where W is the submodule k — (¢ p(cp)) —
cpo) P(e-1))) pex+-

With the notation of Definition 6.1.8, (Y 5 Z(Y')) is an initial object in Cy. Furthermore,
for Clearly, for the C-bicomodule structure induced by a coalgebra map = : D — C' on D, the
cocenter Z°°(D) of the bicomodule D € M is isomorphic to C&(C) as k-modules.

The following phenomenon is well-known from the theory of R-rings. For an R-ring
j: R — A, it turns out that the R-tensor square of A, A ® A has no natural ring structure,
but the subring A xp A C A ® A is a ring with multiplicatlilon (a ®ad)bo V)= (ab Vd).
Here A xp A is the center of tRhe R-bimodule 4A (% Ax, known as the Takeuchi product.

The dual result for coalgebra coextensions states that the cocenter of the bicomodule
¢(DOx D)¢ is a well-defined coalgebra. This result was cited in Definition 6.1.12 without
proof. First of all, we define the C-bicomodule structure on D ¢ D. Assume that C' is flat
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as a k-module, then the lower line of the following diagram is an equalizer:

i D®Ap
DO¢ D D®D D®C®D
| pp®D
PD | lD@pu iD@C@PD
¥ ieC DeAp®C
DOD®C—D@®DC—=D®C®D®C
ppR@DRC

ppop is defined by the universal property of the equalizer (i @ C). Indeed, because the
rectangle on the right is serially commutative, (D ® pp) o i equalizes the parallel maps D ®
Ap ® C'and pp ® D ® X. The definition of Apnp is entirely similar. In terms of formulee,

(6.4.20) Apop(dOed) =day @ depOd

(6421) pDDD(dDC d/) = dDdél) 624 db)

We define a coalgebra structure on the cocenter of the bicomodule ¢ D Oq D€,
(6.4.22) G :DOc D — (D0Og D) /W,

where W =k — (d ® diy) p(n(d(y)) —dz) @ d' p(m(d(1))) )eec

pOD— .z DOeD -2+ 2,
| |

ﬂl | Ag il | €2

N A
DDCD®ZQ<2®—2>222®22 DDCDE—®:]€

The map [ is defined by the following unique arrow, based on the universal property of the

equalizer (I ® Z,). Of course, we need to assume that Z, is flat.

AOA D®GeD

DOcD ——D ® DUOeD @ D ——=D ® 2y ® D
\\\\ lthbu
B >a
DOcD® 2 —=D® Do 2
i® 22

we only have to check that the composite map of the upper row satisfies the appropriate

equalizer property:

twz,p o (D ® G ® D) o (ADA): > d'Od" - diyy Odiyy Od'(yy Od'fy)

= diy Od'(g) ® G(dip Dd'y)
This indeed factorizes through (i @ Z5):

dr(il) ® W(déz)) ® d/EQ) ® <2(d7&3) Dd,él)) = dZi) ® W(d'éz)) ® d/za) ® C2(df2>|:|d’zl))
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Returning to the definition of Ay and &9, it remains to show that ((; ® Z3) o 4 and

(¢ ® €) o i annihilate W3, or equivalently:
(64.23) (G @ Z) 0 B(d @ dfy) @ T(d(y) = (G @ 2) o Bldly ®@ d*) ® =(df;)
(6.4.24) (e®e)oi(d @ dy) @ w(dy) = (e ®e) o i(dy ®d) @ w(dfy)
As for 6.4.23,
LHS = CZ(dZ@) ® dliz)) ® CZ(dfz) ® d’?l)) ® 7r(d’§3>) =
= Cz(de) ® d{y) © Cz(dfg) @ dy) ® W(dfu) =RHS

where we used coassociativity and that, by the definition of (5, the left and right coactions are
equal on (»(di O cl”@). 6.4.24 is similarly verified,

LHS = (e ® €) o i(dOd'(y) @ n(d'(z)) = e(d)n(d) = e(d')w(d) =

= (E ® E) o i(d(g) Dd/) ® F(d(l)) =RHS

the third equality is a simple consequence of the fact that Y., d' ® d" € DO¢C, since
e(d)r(d) = e(d)r(d')e(d ) = e(dw)m(de))e(d) = w(d)e(d").

We have shown that the maps Ay and e are uniquely defined, and satisfy
(6.4.25) 2(Gld @ d") = Gldy) ® dlg) ® Gldly © dy)
(6.4.26) ea(G(d © dY)) = eo(d)e(d)

5. The scalar extension for bicoalgebroids

In this section we dualize the scalar extension construction to bicoalgebroids, and give a few
simple examples. We begin by defining the smash coproduct, with a slight variation compared
to [58].

DEFINITION 6.5.1. Let H be a bicoalgebroid over C' and D an H-comodule coalgebra.
Then their smash coproduct Df H is a coalgebra, isomorphic to DOx H as C—bicomodules

and with the coalgebra structure:
(6.5.2) A(dth) = day §de) ™ hay Op dey™ § he
(6.5.3) e(dth) =e(d)en(h)

That these maps define a coalgebra is easily verified. The category of (D § H)-comodules
may also be described as the internal D—comodules in #M, i.e. P(fM) = PEHM. Indeed, assume
X € P(HM). To every coaction dp : X — D¢ X in M, we can associate a coaction of D § H,
namely §pyy = (D®6)odp: X = DX = D@ (H®X), 6pyu(z) =z @z @ .
A straightforward calculation proves that (Apyy ® X) 0 dpsw = (D4H) ® dpyn) © Opsm,

using that dpy i is an H-comodule map. In the reverse direction, an (D f H)-comodule is both
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an H-comodule and a D-comodule such that the D—coaction is an H-comodule map, which

means precisely that it is an internal D-comodule in 7M.

5.1. Cocommutative coalgebras over bicoalgebroids. Keeping with the method of
reversing arrows, we arrive at the following definition for Yetter-Drinfel’d modules over a

bicoalgebroid.

DEFINITION 6.5.4. Let H be a (left—) bicoalgebroid over C. A Yetter-Drinfel’d module
over H is a triple (Z, <, ) such that the C—bicomodule Z is simultaneously a right H—-module
with <« : Z0Oc H — Z and a left H-comodule with § : Z — H O¢ce Z so that the action and
coaction satisfy the compatibility condition

(6.5.5) d<71>h[1] e d% 4 h[z] = h[g](d < h[l])<71> e (d < h[l])<0>

The Yetter-Drinfel’d category, denoted YYDy over H has objects the Yetter-Drinfel’d
modules over H and arrows the C-bicomodule maps that are at the same time H-module

maps and H—comodule maps.

The category YDy becomes monoidal if we define the monoidal product of two Yetter—
Drinfel’d modules Z, Z’ as Z O¢ Z' with action and coaction:
(z0c72") ah=2z<heOc2 < hg)
(20 ")) Oc (20¢ #)10) = 2(-1)%(-1) O 20) Oc g,
The monoidal unit is of course C', with ¢ 1k = ce(h) and ¢(_1y ® ¢y = n(c(1)) @ ¢2). Moreover,

HYDy is pre-braided with

(6.5.6) Top  Z0cZ2 = Z'0cZ, 2@ 72— Zzl)) Ocz < Z(_D

From experience with Hopf algebras, weak Hopf algebras and bialgebroids, we expect that
the Yetter—Drinfel’d category over a bicoalgebroid is related to the (weak) center of the category
of comodules, as defined in Section 1 of Chapter 3. We proved that the Yetter-Drinfel’d
category over a bialgebroid is equivalent to the monoidal weak center. Unfortunately this isn’t
true for bicoalgebroids in general. Nevertheless, the YD category over a bicoalgebroid still

embeds into the monoidal weak center.

LEMMA 6.5.7. For a Yetter-Drinfel’d module (Z,§, <), the map
(6.5.8) Ox:Z00X — XOc Z
z@a— 20 @ zqY

makes (Z,0) an object in g(HM) and defines an embedding of categories "YDy — E(HM).
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-
PROOF. O is natural in X, since the arrows of Z(¥M) are H-comodule maps. For (Z, §)

to be an object of the left weak center, 8y should satisfy
(6.5.9) Oxo.y = (X Ocby) o (0xOcY)
(6.5.10) b = Z.
6.5.10 is trivially satisfied and
Oxoyv(r @ y) =29 @ 9 @ 2 4 @7V =29 @ O @ (2 a2ty ayY
= (X06)(? © z <9250 @ y) = (XTOby) o OxOY)(z @ y).
O

REMARK 6.5.11. We mention, for the sake of completeness, the analogous result for the

—
right weak center. The one-sided Yetter-Drinfel’d category 2D is embedded into Z (4M).
The objects of YD are triples (Z, §, >), C—hicomodules which are simultaneously H-modules

and H-comodules, satifying the compatibilty condition

(6.5.12) h(1)2<71> e h(g) > 20 = (h(l) > Z)<71>h<2) Oe (h(l) > Z)<O>
HYD is then a pre-braided monoidal category with the pre-braiding

(6.5.13) Kz z(2 @ z) = AN A

The functor YD — E(HM) is given by associating to (7,6, >) € YD the map
(6.5.14) Ox : X0cZ — Z0c X, 280> 2 ® 210,

which is easily seen to satisfy 5.1.20.

To construct a functor in the reverse direction, we can associate to every object (Z,6) of
=
Z (M) a right action of H as follows:

(6.5.15) 4:Z00H — 7
z2® h— (eg @ Z) o Oy(z @ h)

It is easily checked that this is indeed a right H-action, and is the candidate to make Z a
Yetter-Drinfel'd module. If @ enjoys the property Ox(z ® z) = 20 ® 0y(z ® 279) for all
objects X € #M, then (Z,d, <) becomes a Yetter-Drinfel’d module and, moreover, YDy and
E(H M) are isomorphic categories. This would mean that the natural map 6 can be expressed
with it’s component 0y. This is indeed the case with bialgebroids, since any bialgebroid is a
generator in the category of modules over itself, and natural transformations are determined

by their value on the generator (cf. the discussion of Proposition 5.1.21).

Now, a braided cocommutative coalgebra (hereinafter abbreviated BCC) over H is defined

as a cocommutative comonoid in YDy Spelled out in detail, we have the
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DEFINITION 6.5.16. A BCC over H is a coalgebra D, equipped with a coalgebra map
e : D — C and the structure of a Yetter-Drinfel’d module (D, <,8) € #YDy so that the
left /right C-comodule structures on D are given by e(d(1)) ® d(2) and d(1) ® £(d(2)), respectively

and the relations stating that D is an H-module and H-comodule coalgebra:

(6.5.17) (dah)gy ® (dah)e=da < ha ® dg < he
(6.5.18) e(d < h) = (d)eu(h)

(6.5.19) doy V™ @ doy'® @ dp@ =dY @ d90) @ dO
(6.5.20) AV @ e(d?) = n(e(d)w) ® £(d)e)

and braided cocommutativity:

(6,5_21) d(]) ® d(2) = d(2)<0) ® d(]) < d(2)<_1>
/e have the following functorial characterization of BCC’s, entirely analogous to 5.3.12:

LEMMA 6.5.22. If D is a BOC in YDy, then the functor D Og - : #M — P(AM) = PEH M
is strong monoidal
PROOF. Denote the opmonoidal structure (D Oc _, D?, D). The natural transformation
(D¥)xy :DOc(XOcY) — (DOcX)Op (DOCY)
d®r® Y (d(l) [ I<0>) 24 (d(g) <4 Z(—1y ® y)
has the inverse (d ® 7) ® (d' ® y) — dec(e(d')) ® z @ y. Furthermore, D° : DOx C — D
is obviously an isomorphism. O

We now come to the dualization of Theorem 5.3.1, the bicoalgebroid scalar extension.

THEOREM 6.5.23. Let (H, A, e; pu,n; o, 3;C) be a (left-) bicoalgebroid over C and D a BCC
over H, then (D4 H, A& i, i &, B; D D) is a (left-) bicoalgebroid over D, with the following
structure maps:

( ) A(dth) = daytde) " ha) Opde)® the
( ) é(dth) = ec(e(d)en(h)

(6.5.26) adthOpd ') = dec(e(d)) thi

( ) ii(d) = day in(e(d)))

( ) a(dth) =dey(h), Bldth)=d<h

PROOF. First, we check that & () is a coalgebra (anti-coalgebra) map, respectively. In-

serting the definitions, a trivial calculation shows

a((dth)w) © a((dth)@) = doy © deeh) = (a(dih))a) @ (a(dih))e)
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As required, [ is an anti-coalgebra map:

B(dEh) ) ® B((dEh)a) = Blde)” the) @ Blda)tde ™" ha) =

=d)" < hey ® doy 2 dehay = day 2 he) © de <hay = (d <h)y @ (dah)y =

= (B(dEh)a) @ (B(dEh))e)-
where we have used 6.5.21 in the third equality, and the fact that D is an H..,—coalgebra in
the fourth.

To prove that g : (D4H)Op (Dt H) — D#H factorizes through (Dt H) X (Dt H), we
calculate the D-comodule structure of D# H:
Lidth— a((dth)w) ® (dih)e = aldy tdeVhe) © do® the =
= d(l) ® d(z) th

pr:dihi (dih)e @ B((dEh)e) = da)” the ® duy < (de)™ha)) =
=daythe) © de) < ha)

using (6.5.21) in the last step. The definition of the cotensor product over D then reads:
(d®h) @ (d®h)e(DtH)Op (Dt H) iff

(@81 © B(dER)w) @ (d'EH) = (d4h) ® a((d 1)) ® (@ 11
or, using (6.5.21):
(6.5.29) dayythe @ do <hay @ dih =dih @ diyy @ diy b

D (d i) @ B((dEh)). Inserting

We now prove (dgh)(d'§h')q) @ a((d'§h')e) = (dih)
6.5.5) we find:

definitions, and using the Yetter—Drinfel’d condition (
RHS = dpyec(e(d)) tde) o' @ dey® < hey =
=dmec(e(d ))ﬁh&)(d@) < h@) TR @ (dz < hy)?
using the Yetter—Drinfel’d condition (eq. 6.5.5). Applying (6.5.29), we arrive at
RHS = dec(e(dpy)) thd' ) "VH @ 'y = dghd "0 @ d'
A quick calculation shows that the
LHS = dec(e(d' 1)) thd ) 0 @ &)%) = dghd 0 @ @

as claimed.

Comultiplicativity of the product (which makes sense due to our above assertion) means
(Ao @[(dth)Op (d'th)] = (20p i) o 723 o (AOp A)[(d§h) Op (d'41)]
inserting our definitions, we have:

LHS = A(dece(d) ¢ hh') = dpyece(d) tdy ™ (hh') 0y Op diay @ (hh') 12y,
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on the other hand, the
RHS = (d 2™ hew) () i)™ B0y O (diy § i) ()™ 8 hy)) =
= dwece(dpy) tdey ™ haydyy) ™ by Op dey ece(diy @) hayhiy) =
= d(1)€c(5(d'(1))) ﬂd(z)<71>h(1)77(5(d22)))h21) Up d(2)<0)50(5(d'(3))) # (hh')w)v

where we made use of 6.5.20 and coassociativity in the third equality. Now, d;) ® e(d{)) ® I’ =
d @ a(hh)) ® hEQ), because dfh € DOy H. From this, and the unit property of 7, the
statement follows.

The product is counital:
(6.5.30) (dgh)E(d th') = ec(e(d)ec(e(d))en(hh') = E(dec(e(d)) £ hR')
The unit map 7 is indeed a unit for . The first unit property reads:
o (MODEH) o Ar(dih) = (duya) in(e(dmye)))(de th) =
(6.5.31) = dyece(de) tn(e(d)))h = dih,
using dfh € DO¢ H and the unit axiom (for H) in the last equality. The second,
foo (DYHDOM) o pr(dth) = (daythe)((de) < hay)a En(de) < hay)e)) =
= d(1)€C6<d<2) < h(l)) j h(2>77(€(d(2) < h,(1>)(2)) = d(l) ji'r](e(d(g)))h = dﬁ h

is proved using that D is an H,,,-algebra in the third equality, and d§h € DO¢ H in the last.
As a coalgebra, D4 H is the smash coproduct. The algebra structure of (D H, ji,7) and the

remaining axioms are easily verified. O

EXAMPLE 6.5.32. The action groupoid®

In the category Set, there is a unique comultiplication, namely the diagonal coproduct:
z € X, Ax(z) = x x z. The counit is just a constant map to a (the) one-element set 1, hence
ex(z) = = for all x € X, where * is the unique element of 1. The coaction of a group G on X is
completely specified by an arbitrary function ¢ : X — G, via 0,(x) = x(_1) X 2(0) = @(x) X z.
Now, consider a G-Set (X, <), carrying a right action of G. Choosing a G—coaction d,, the

Yetter-Drinfel’d compatibility condition takes the form
(6.5.33) pr)gxzag=gplz<ag)xz<dg

s0 (X, d,, <) is a YD-module in “YDg if and only if g~ p(2)g = ¢(z < g). Moreover, X is a
BCCifx x x =x x x 4 ¢(z), Le. iff

(6.5.34) rdp(x)=x

2see also [24], Prop. 4.2.
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6.5.34 implies that the value of ¢ at a point = must lie in the stabilizer subgroup G* of the
point z, and from 6.5.33 we conclude that it suffices to define ¢ for a single representative, say
x of each G-orbit. Then, if x5 € G™, (x) = (o 4 g) = g ¢(x0)g € G".

Choosing a trivial coaction ¢(z) = e, the scalar extension of G' by X is nothing but the
action groupoid. Indeed, @(zfg) =z and B(ztg) = < g, so (Xt G) O x(X #G) is the set of
composable pairs in the action groupoid and the multiplication f is the composition of arrows

in the action groupoid.

The phenomenon behind this example is that in Set, the fibered product of two parallel
maps «a, 3 : X — Y, defined by the pullback

X xop X —1o X

X Y

is equivalent to the equalizer

XXX
XXapX = XXX —=—=XxYxX
pxX

where A and p are the ’coactions” A = (o X X) 0 Agieg and p = (X X ) 0 Agiqg. It is in this

sense that a groupoid may be regarded as a classical ancestor of a bicoalgebroid.
EXAMPLE 6.5.35. The reqular BCC for H a Hopf algebra

k-Hopf algebras (and bialgebras) are examples both of bialgebroids and bicoalgebroids. It is
not immaterial, however whether we consider the Yetter-Drinfel’d category ¥ YDy as embedded
— —
in Z(My) (the *bialgebroid view’, see [3]), or in Z (M) (the 'bicoalgebroid view’). Namely,
= —

the braiding is different in the two cases, Z(My) is pre-braided with 3 7z = 2/ < 271 @ 2(©
and z(HM) is pre-braided with 7 7 = 2/ @ 2z « 2V,

A k-Hopf algebra H, with invertible antipode is a Yetter-Drinfel’d module (H, Adg, A)
in ?(M u) (the regular module) via the coproduct, considered as left H-coaction and the
right adjoint action, Adgr : H @ H — H, h ® h — S’l(h'(z))hh'(l)‘ Furthermore, H is a
BCA in z(MH), that is prop © B(h @ I') = pop(h @ '), Indeed, W'h = h' a4 hgy @ hy =
S(haye)h haya) @ he-

Dually, a k-Hopf algebra H is a Yetter-Drinfel’d module (H, y, Ady) in ?(“M) (the regular
module) via the multiplication considered as a right action, and the left adjoint coaction,
(6.5.36) Ad,  H—H®H

h— Sil(h(g))h(l) ® h(g)
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Yetter-Drinfel’d compatibility is easily checked:

22)(hh/(1))<71> ® (hhil))w> = h?Q)Sil((hh/(l))@))(hhél)) ® (hhiy) =
= hig)S™ (1)) S (hey)hinymhay ® heyhine = 57 (hey)hayhy ® heyhly =
=hnGy @ b a by

As one might expect from the previous example, H,,, is a BCC in ?(H M),

— —
B o Dep(h) = B (h@) © hay)) = haye) ® heS™ (haye)haa) = he) © ha)

To construct an example which does not require the invertibility of the antipode, consider
i
HYD as being in the right weak center Z (¥M). The Yetter—Drinfel’d condition takes the form

(6.5.37) h(1)2’<71) ® h(g) > 20 = (}L(l) > Z)<71>}L(2) ® (h(l) > Z)<0>7

and the pre-braiding is ? g1z 7 s 2 @ 29 We find that for an arbitrary Hopf algebra,
(H, Adp, pg) is a BCC in YD, where

Ad, H—H ® H
b= hayS(h) @ he),

—
and ﬁ H,H © A(h) = h(])(])S(h(])(g))h(Q) ® h(])(g) = h(l) ® h(Q).

6. Bicoalgebroids and Weak Bialgebras

It was observed in [75] and [82] that the base algebra R of a WBA B over R is Frobenius
separable. Moreover, [75] and [82] prove a converse to this result, namely that for a bialge-
broid B over R, a Frobenius separability structure on R determines a WBA structure on the
underlying k—module of B. In a sense, this result is a characterizes WBAs within bialgebroids,
as precisely those bialgebroids which have Frobenius separable base.

As it was shown by G. Bohm?®, a WBA always has a bicoalgebroid structure. This raises
the question whether WBAs could also be characterized as bicoalgebroids whose base coalgebra
posesses a dual Frobenius separability structure?

We briefly recapitulate basic results on Frobenius separability —together with the dual
notion— and sketch the proof of the case of WBAs and bialgebroids over Frobenius separable

base. We shall be working over a field k, although it is possible to be more general.

DEFINITION 6.6.1 (Frobenius separable algebra). For a k-algebra R, a separability structure
is an R-bimodule map 6 : gRRr — rR ® Rp that splits multiplication, i.e. pp o 6 =1id g. The
element 6(1g) =3, egl) ® el@) € R ® R is called the separability idempotent. By definition, it
satisfies D, egl)e?) = 1i. A separable algebra R is said to be Frobenius separable if it possesses

a Frobenius structure with Frobenius functional ¥ : R — k (recall defintion 3.5.1) such that

3Private communication. Note that her construction is not the same as that appearing in [21]!
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the separability idempotent is a Frobenius quasibasis, i.e. for all r € R,
Y(rep) e =r=equ ¥(ewr)

In the terminology of Frobenius algebras, the separability property implies that a Frobenius

separable algebra is a Frobenius algebra of index 1.

The dual notion structure is that of a Frobenius co-separable coalgebra:

DEFINITION 6.6.2 (Frobenius co-separable coalgebra). For a k—coalgebra R, a co-separability
structure is a C—bicomodule map w : “C @ C¢ — ¢C¢ such that w o A¢ = id¢. The func-
tional é = ¢ o w € Hom(C @ C. k) is the called the co-separability functional. By definition,
it satisfies é(c(y ® c)) = ec(c) for all ¢ € C. A Frobenius co-separable coalgebra has a
co—Frobenius element ¢ : & — C' (we mean t = (1), by abuse of notation) such that for all
ceC,

tayec o wltp ® ¢) = c=cc o wlc ® t))te)
holds.

The following observation is instrumental in proving that a bialgebroid over separable base
possesses a WBA structure. For R-modules Mg and N, a separability structure 6 : R —

R ® R gives rise to a natural transformation
(6.6.3) dun:M ® N— M ® N, m®n>—>2m~e§1)®eg2)‘n,
R k -
K2
which splits the canonical epimorphism 7wy ny: M @ N — M ® N,
k R
TN © Oy = id MgN-
This follows straightforwardly from the definition of the ® —tensor product and the separability
R
property eMe® = 15 We formulate the dual result in the following lemma.

LEMMA 6.6.4. For C~comodules M€ and N, a co-separability structure on C determines

a natural transformation
(6.6.5) wan M t%) N —= MOcN, m @ n— mgec o wimp ® niyy) @ npy,

such that vy o wayy = id aro, N, where uyy : M UOc N — M & N is the canonical embedding
of the cotensor product.

PROOF. We need only to show that wy; y is indeed an identity on m ® n € M O¢ N:
wan(m ® n) =mpyec ° wlmay ®@ ni_yy) @ ny
= mypyec © wimpa ® may) & ny
= myyec(w(muym) @ muye)) @ ne =m Q n,

using the definition of M O¢ N and coassociativity. O
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As observed first by Abrams [1], a Frobenius algebra (R, p, 7,0, V) also has a coalgebra
structure (cf. the comultiplications in DDAs, section 5 of chapter 3) with comultiplication and

counit supplied by the Frobenius structure as follows:

(6.6.6) Ap:R—=R®R, r—re? @ e® and ep:R—k, r— U(r).

The algebra and coalgebra structures satisfy the compatibility relations
(R@p)o(Ar @ R)=Apopu=(u® R) o (R® Af)

and a Frobenius separable algebra also satisfies u o Ap = id z. Likewise, a co-Frobenius
coalgebra (C, A, e,w,t) is also an algebra via the co-Frobenius structure. The mutiplication

and unit are
(66.7) wr:C®C—C, c®d—cnecowlce @) and np:k—C, k—tk)

and a Frobenius co—separable coalgebra satisfies yup o A = id . The following Lemma tells us

that Frobenius separable algebra (Frobenius co-separable coalgebra) is a self-dual structure.

LEMMA 6.6.8. A Frobenius separable algebra (R, u,n,0,¥) is Frobenius co—separable as a
coalgebra, with Frobenius structure given by the multiplication w := p: R @ R — R and unit
t:=n:k— R. Dually, a Frobenius co—separable coalgebra (C, A, e, w,t) is Frobenius separable
as an algebra, with Frobenius structure given by the comultiplication 6 :== A : C — C @ C and

counit W :=¢:C — k.

We only sketch the proof of the equivalence of WBAs and bialgebroids over separable base.
For details, consult [82] and [75].

PROPOSITION 6.6.9. Let (B,~y,m, u,n) be a weak bialgebra, with structure maps satisfying
avioms 2.0.1 — 2.0.2. Then, the subalgebra R := A% = 11"(B) C B is Frobenius separable and
there are maps A : B — B ® B and ¢ : B — R making (B, R, A&, j1,m) a right bialgebroid
over R. !

Conversely, let (B, R, A, e, u,m) be a right bialgebroid over R such that the base algebra R
is Frobenius separable over k. Then there are maps v: B — B ® B and 7 : B — k making
(B,~y,m, 1,1 a weak bialgebra.

SKETCH OF PROOF. Consider the first implication. First, B is an R ® R°’-ring with source
map the inclusion R = A® < B and target map the restriction to R of the map II’ L.B— B,
b ebl(1yl) (in fact, 't is an anti-isomorphism A% — AL hence the images of the source
and target maps commute, since the subalgebras AL and A® commute in a WBA).

Making B an R — R°’—bimodule via right multiplication by the above source and target
maps, the comultiplication gotten by composing the WBA’s comultiplication and the canonical

projection onto the ® —product,
R

A=mygpon:H—H®H—Hp ® Hpov
R
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is an R — R-bimodule map. The counit is ¢ = [I# : H — R. The R ® R ring and R-coring
structures (which are checked to be compatible) make (B, R; A, €; 1, 1) a right bialgebroid.

The Frobenius separability structure on R = A% is given as follows: the Frobenius functional
is the restriction of the counit, ¥ = ¢| : R — k and the associated quasibasis is 1(;) ® II¥(1,) €
R ® R. Note that by lemma 6.6.8, R may just as well be regarded as a Frobenius co—separable
coalgebra.

For the reverse implication, we make use of the natural transformation 0, y defined in 6.6.3.
Since R is Frobenius separable, we have at our disposal the natural map 0y y @ H (%1 H —

H ® H. The WBA comultiplication is then given by the composition
k
(6.6.10) v:=0gmoA:B—B® B— B ® B,
R k
b by @ by = Dby el © e by,

The WBA counit, 7 := Woe: H — R — k, is the composition of the counit with the Frobenius
functional. It is checked that the algebra structure (B, p1, 1) and coalgebra structure (B, ~, )
are compatible in the sense of weak bialgebras, i.e. axioms 2.0.1 and 2.0.2 are satisfied. O

A dual result relating weak bialgebras and bicoalgebroids rests on the existence of the
natural transformation wy n : M @ N — M O¢ N for comodules over a Frobenius co-separable

coalgebra and the self-duality of \I;aeak bialgebras. We state the result and sketch the proof.

PROPOSITION 6.6.11. Let (B;~,m;m,i) be a weak bialgebra, and denote C = AR =
7(B) C B the Frobenius separable subalgebra, considered as a coalgebra. Then C'is a Frobe-
nius co-separable coalgebra, B is a C' & Ceop—bicomodule and there are maps p: BOc B — B
and n : C'— B making (B,C; A, &; pu,m) a right bicoalgebroid over C.

Conwversely, let (B,C; A, g5 pu,m) be a bicoalgebroid over C' such that the base coalgebra C' is
Frobenius co—separable over k. Then there are maps m : B ® B — B and i : k — B making
(B; A g5 1,m) a weak bialgebra.

SKETCH OF PROOF. To see the first implication, we need to show first that B is a C' ®
C°P-bicomodule. As shown in the previous proposition, A% is a coalgebra via the Frobenius
structure given by the quasibasis 1) ® II(15) € R ® R. Similarly, AX = II*(B) is a coalgebra
via the Frobenius quasibasis IT*(11)) ® 1) € R ® R and moreover, AX and A% are anti
isomorphic as coalgebras as well. The maps a : H — C and 8 : H — C,,, are given by II#
and the composition of II¥ with the coalgebra anti-isomorphism AL 5 C,.

Define the bicoalgebroid multiplication as the composition of the canonical injection of the

O¢ —product and weak bialgebra multiplication,
p=moigy:HOcH—H ® H—H

which is a C' — C-bicomodule map and is checked to satisty 6.1.2. The unit map is just the
inclusion n: C' C B.
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As shown in lemma 6.6.8, Frobenius co-separability of the coalgebra C' follows immediately
from the Frobenius separability of the algebra A%,

As expected from a duality argument, the reverse implication hinges on the natural trans-
formation wyyy : M ® N — M UOg N of 6.6.5. By the Frobenius co-separability of C', we have

k
for the C—comodules B and “B a natural map wpp : B ® B — BOg B. Define the WBA
k
multiplication as the composite map
(6.6.12) m:=powgp:B® B— BO:B — B,
b @b = bge o wby @ b_y))by-

The WBA unit map, i :=n o t: k — C — B, is the image of the co-Frobenius element under

the unit map. It is checked that the algebra structure (B, p, 1) and coalgebra structure (B, v, )

are compatible in the sense of weak bialgebras, i.e. axioms 2.0.1, 2.0.2 are satisfied. O



CHAPTER 7

An application to Algebraic Quantum Field Theory

Algebraic Quantum Field Theory emerged out of axiomatic approaches to quantum field
theory through the seminal work of R. Haag and D. Kastler. Its departure from earlier ax-
iomatics (such as the Wightman framework) was the realization that the physical content of
a quantum field theory resides in the abstract algebraic structure of its algebra of observables
rather than in the unobservable fields (e.g. Dirac spinor valued fermionic fields in QED) or
in the different representations of the field content (the most common being the Fock space
representation), which are only of secondary nature. From this ambitious point of view, the
complete field algebra and the (global) gauge group of a quantum field theory are to be recon-
structed from the algebra of observables or more precisely, from a net of local subalgebras of

observables.

This is closely connected to the problem of superselection sectors. To fix ideas, consider
Quantum Electrodynamics, which exhibits charge superselection, meaning that the Hilbert
space of the theory splits into a direct sum of subspaces indexed by electric charge, each
carrying a distinct representation of the global gauge group U(1). The ’behind the Moon’
argument, due originally to Haag, is often used to illustrate that any which of these sectors
contains all physical information on the theory. Following the account of [43], assume we have
to calculate a scattering process (for example Meeller scattering) but only the charge-11 sector
is at our disposal. This is not an obstacle since we may prepare an in—state with 2 e”s and place
13 e's far enough (e.g. behind the moon) so as not to interfere with our scattering experiment.
One can convince oneself that the same result will be calculated for this scattering process in
sectors of all charges and more generally, that it is impossible to distinguish between different

sectors by such local measurements.

The basic mathematical object of study in AQFT is the net of observable local subalge-
bras. The local algebras are modelled mathematically as abstract C*~algebras (von Neumann
algebras) and the most important physical property required of the net is (Einstein) locality,
meaning that observables in spatially separated regions should commute. Abstract means that
no representation of the observable algebra —as an algebra of bounded operators acting on a
concrete Hilbert space— is assumed. Different representations of the observable algebra are

seen to roughly correspond to different states of the same theory.

This philosophy underlies the AQFT interpretation of charge superselection sectors. Con-
sider two distinct superselection sectors in the conventional (Wigner) sense, i.e. two Hilbert

subspaces H and H' carrying different irreducible representations mg and 7, of the global
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gauge group G. It can then be proven that H and H' carry inequivalent irreducible representa-
tions of the observable algebra. This result suggests that it should be possible to define charge
superselection sectors without reference either to charge carrying fields or a gauge group. In-
deed, Doplicher, Haag and Roberts defined a special class of representations of the observable
algebra (the DHR representations) which corresponds intuitively to localized charges. Charge

superselection sectors in AQFT are then defined as the irreducible DHR representations.

This definition went a long way and achieved great successes, culminating in the Doplicher
Roberts reconstruction theorem. In mathematical terms, the set of DHR representations carry
the structure of a braided and rigid monoidal category. In physical terms, the monoidal product
corresponds to the composition of charges, the braiding corresponds to particle statistics and
rigidity reflects the existence of antiparticles. The essence of the reconstruction theorem is that
in more than three space-time dimensions, the DHR category is equivalent to the representation
category of a compact group, which is interpreted as the global gauge group. Furthermore,
there is a canonical embedding of the observable algebra into an extended field algebra carrying
an action of the gauge group such that the observable algebra is the invariant subalgebra.
Thus, two problems are solved simultaneously: both the field algebra and the gauge group
are reconstructed from the observable net alone, at least for d +1 > 3. Much work has been
done to extend this result to 1 4+ 1 space—time dimensions. It is known from model studies
(e.g. the chiral Ising model) that physically relevant fusion rules exist which preclude group
symmetry. Also, in low space—time dimension, the DHR category is not symmetric but only
braided. Mathematically, the reconstruction problem is one of finding the appropriate algebraic

structure that is to be reconstructed.

In this chapter, we first review the axioms of AQFT and the basic results of the DHR theory.
We then consider the problem of field algebra reconstruction (i.e. half of the Doplicher-Roberts
theorem’s undertaking) from the perspective of quantum groupoid Galois theory. Note that
we shall only be using a small part of the mathematical structure of AQFT. The physical
essence is in the locality of the observable algebra, which has no place (yet) in the framework
of Galois theory. We conclude with remarks on the full Doplicher-Roberts problem in arbitrary

dimensions.

1. The Observable Net

The standard exposition of algebraic quantum field theory intends to capture the most
salient properties of a local, relativistic quantum field theory defined on Minkowski space.
The local subsystems to consider are the algebras 2(O) of ’observables measurable within a
given causally complete spacetime region O’. The coherent association of algebras to spacetime
regions provides the observable algebra with a locality structure. The axioms of AQFT identify

structural properties that hold in most models of relativistic quantum field theory.
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(I) Net structure.

Let K be the poset of causally complete spacetime regions (these are usually taken to be
‘diamonds’, i.e. intersections of forward— and backward oriented light cones) in Minkowski
space, ordered by inclusion. K satisfies the additional property that for any Oy, Oy € K, there
exists an O3 € K, such that both O; C O3 and Oy C O3, i.e. K is not only a poset, but
a net. The local structure of the observable algebra is then encoded by a covariant functor
L: K — C* — Alg with

object map O — ((O) = A(O) and
arrow map (O; C Oy) — 10,0, = (A(O1) — A(O,)),

where the category C* —Alg is understood to have arrows the unital *~homomorphisms, and K is
a poset category. The isotony property of the net is the functoriality of ¢, i.e. for O; € Oy C O3,

LO1CO, O LO,CO3 = LO1CO5-

The net property implies that the mapping O — 2A(O) constitutes an inductive system and
the inductive limit algebra ;.. = UOE,C 2A(O) of strictly local observables exists'. 2j,. possesses
a unique C*—norm; the quasi—local algebra A = %6 = WC* is the completion in
this norm.

In non—simply connected spacetimes, the set I of double cones is not directed and the
isotony property fails. It may still be possible to define the quasilocal algebra, e.g. for the
case that spacetime is S'. Then the non-trivial topology of spacetime is reflected in that the
quasilocal algebra 2 develops a non—trivial center.

(IT) Locality.

The fact that we are considering relativistic field theories is represented by the axiom of
locality, which is sometimes referred to as microcausality or Einstein causality. Denote Oy x Oy
that O; and O, are space-like separated; the corresponding subalgebras are then required to
commute,

2(07),2(0,)] =0, for Oy x Os.

Define 2(0’) = UOon,Q[((’)l)Cx the C*—subalgebra generated by all 2(0;) with O; x O;

then [2(0),A(0")] = 0.

(III) Spacetime (Poincaré—) Covariance.

The action of the Poincaré group on Minkowski space induces an action on the observable
net. There is a group homomorphism « : 'Pl — Aut(20), such that for all O € K and all

Note that this coincides with the categorical colimit of the functor «. Although the local structure of the
observable algebra is essential from a physical point of view, our algebraic constructions will always refer to the
global algebra . Nevertheless, the above formulation suggests a strategy for generalization, replacing algebras
by algebra—valued functors.
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AePl
(7.1.1) ax(A(0)) = A(A(0))

(IV) Vacuum State.

We specify a vacuum state on 2(, which is equivalent to specifying —via the GNS-construction—
a vacuum representation of the observable algebra. There is a pure state wy on 2, with GNS—
construction (my, Ho, §2, Up), such that mg is faithful and irreducible and the spectrum of Uy lies
in the future light cone,

SplU, C Vi

This requirement is usually referred to as the spectrum condition and is a Lorentz covariant
expression of the positivity of energy, or stability of the vacuum. This additional input is in
fact enough to translate all pure (C*-) algebraic constructions to concrete C*-algebras realized
as operators in Hilbert space, if we content ourselves with using only the vacuum Hilbert space

Ho.
(V) Haag duality.

This axiom is of topological nature. For each O € K, we require that m((O)) be equal to

the commutant of its complement (i.e. as large as possible, since it is always contained in it):
mo(A(0)) = m(A(O))’

More precisely, the above requirement should be called "Haag duality in the vacuum repre-
sentation’. One particular consequence is that all local algebras become von Neumann algebras,
since they are equal to their double commutants: 7o ((0))"” = 7 (A(O)).

(VI) Additivity.
If U, Oa is a covering of the double cone O € K, then A(O) is contained in the von
Neumann algebra generated by the {A(O,)}as
A(0) C (Ua(0a))"

This property may be interpreted to state the absence of a smallest length scale, in the

sense that any observable can be generated with observables from arbitrarily small regions.

2. Representations of the Observable Net

In this section we recall the Doplicher-Haag-Roberts definition of superselection sectors
and show how the structure of a rigid, monoidal, symmetric (resp. braided) category emerges.
As already noted, the different inequivalent representations of the C*~algebra of observables
correspond to different states of the system. For the purposes of particle physics, it seems
reasonable to select from the plethora of representations those, which are localized in some

sense. Such a representation is then said to describe a localized charge.
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The category of representations of the (quasilocal) observable algebra will be denoted Repy,.
It has objects (m, H,) € Repy, with H, € Hilb and 7 : A — B(H) a C*-morphism. An arrow
T : (7, Hs) — (7', Hn) is an interwiner, i.e. a unitary T : H, — H, satisfying T w(A) =
7'(A)T for all A € 2. The module category Repy comes equipped with the forgetful functor
U : Repy — Hilb, (m,H,) — Hm sending all representations to their underlying Hilbert space.
The additional *~ and topological structure of 2 enriches the category of representations,

making Repg a C*—category (see below).

2.1. The category of localized representations. Doplicher, Haag and Roberts pro-
posed the following criterion to single out those representations of the observable algebra which
describe localized charges. Essentially, these are the representations which are equivalent to

the vacuum outside a bounded region.

DEFINITION 7.2.1. (The DHR selection criterion) An irreducible representation m of 2 is
localized in a double cone O € K, if the restriction of 7 to the complement of O is unitarily

equivalent to the vacuum:
(7.2.2) AV : H, — Ho, so that Vr(A) =m(A)V forall A€ A(O)

The subcategory of localized representations will be denoted Rep;,.(2).

It should be noted that this selection criterion is quite restrictive in view of realistic models
of particle physics. For example, an electrical charge in quantum electrodynamics cannot
be described as a DHR charge due to Gauss’ law. Indeed, we could measure the charge by
measuring the flux of the electrical field strength through a sphere of arbitrary radius around
the charge. This is just a manifestation of the long—range character of the electromagnetic
interaction or, equivalently, the vanishing of the photon mass. This problem is to be expected
in all gauge theories. Buchholz and Fredenhagen have shown that massive gauge theories may
be accomodated by modifying the selection criterion to representations that are equivalent to

the vacuum outside an infinitely extended cone around some space-like direction.

2.2. The category of localized endomorphisms. The pivotal trick in the DHR anal-
ysis is the following observation. Consider a localized representation m € Rep,,.(2) acting in
a Hilbert space H,; we can replace m by an equivalent representation acting on the vacuum
Hilbert space Hy by introducing the algebra endomorphism p : A — 2(

(7.2.3) p(A) =V Ing(A)V, Aed,

where V' : ‘H, — H, is a unitary. In this way, all superselection sectors may be represented
inside the vacuum Hilbert space Hy. Furthermore, by the selection criterion 7.2.2 applied to m,
the unitary V' : H, — Hy may be chosen such that it defines an equivalence between 7 and the
vacuum representation my on the complement O of some double cone O. The endomorphism
p will then be localized in O in the sense that p(A) = A for all A € A(O).
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PROPOSITION 7.2.4. For a double cone O € I, there is a one-to-one correspondence up to

unitary equivalence between the following:

o representations m € Rep,, (), i.e. for which there is a unitary V : H, — Hy such that
7(B) =V 'n(B)V, VB e A(O)

e representations of A which are of the form my o p where p : A — A is a localized
endomorphism, i.e.
p(B) =B, VB € A(O).
The correspondence is established by p(A) =V 'mg(A)V.

Put differently, we have defined an inclusion Rep,,.(2) — End(2) of categories, where
End(2() is the category of endomorphisms of 2. The category End(2) has objects the endo-
morphisms of 2 and arrows T : p — o the intertwiners 7' € A : Tp(A) = o(A)T. The crucial
observation is that the category End(2) has a much richer structure than Rep,,.(2) C Rep(2l)
in particular, it is monoidal with the monoidal product given by the composition of endo-
morphisms. This suggests that the superselection sector structure should be captured as an

appropriate subcategory (the DHR category) of End(2), rather than Rep(2).

It is clear from Proposition 7.2.4 that we should restrict ourselves to the localized endo-

morphisms. A further restriction is transportability.

DEFINITION 7.2.5 (Transportable morphisms). A morphism is transportable if we can find
morphisms equivalent to it in all translates of its region of localization: for p € End(O), and

any double—cone O; = O + x there is a unitary U and p; localized in O, such that?
Up(A) = pi1(A)U.
We can now define the objects of the DHR category as elements of A:

DEFINITION 7.2.6. For any double cone O € K, let A(O) denote the set of transportable
morphisms localized in O and further denote A = | Jyec A(O).

The arrows of the DHR category are the arrows induced from End(2() such that A —
End () is a full subcategory, i.e. for objects p, p' in A, the set Hom(p, p') of arrows between p

and p/ is defined as follows:
Homa(p1, p2) = (p2lpr) = {T € A| p2(A)T = Tp1(A), VA € A}

Elements of the Hom-space (p2|p1) are called intertwiners from p; to po. Spaces of in-
tertwiners are linear subspaces of 2, and respect the localization of the source- and target
morphisms in the sense that for p; € A(O;) (i = 1,2), (p2] p1) € A(O; UOy).

2From a physical point of view, it is reasonable to further restrict attention to Poincaré covariant morphisms
Ap C A for which there is a unitary representation V : U(P) — U(Hy) of the whole Poincaré group imple-
menting Poincaré transformations on p, i.e. p(a(a,4)(4)) = V(A,I)p(A)V(vaz).
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Composition of arrows is simply by multiplication in : for T': p — p/ and T" : p' — p”,
the product 7" o T'=T'T : p — p’ is an intertwiner from p to p”. The identity of 2 is the
identity arrow for all objects p € ObA, 1 =id .

REMARK 7.2.7 (Charge quantum numbers). The set of objects Ob A is much too large to
be identified with the superselection sectors in the physical sense. Instead, we take unitary
equivalence classes of morphisms. Call a unitary U on H, localized in O € K if U € (O);
then Ady(A) = UAU™! defines a localized automorphism. We consider two morphisms p and
P’ equivalent if p’ = Ady o p for some localized unitary U. The set of equivalence classes

(7.2.8) [A] = {[pl |/ €[] & ¢/ = Ady © p} = A/ ~

is then identified with physical superselection sectors, or ’charge quantum nubers’.

REMARK 7.2.9 (Local structure of A). Although the local aspect of the observable algebra
is ignored in the application to Galois theory, it is of utmost importance to AQFT.

The causal structure of the observable algebra 2l carries over to the morphisms, in the sense
that morphisms with space-like separated supports commute, i.e. for p; € A(Oy), p2 € A(O2)

(7.2.10) for O1 x Oy: p1ps=paps

To prove 7.2.10, it is sufficient to prove that p; pa(A) = p2 p1(A) holds for any localized ob-
servable A. However, since the p; are transportable, we can choose for any region O € K and
A € 2(0) transported morphisms p} ~ p; and p, ~ p, which are localized space-like to p;
and po, respectively and both are space-like to O. Then clearly p}ph(A) = php|(A) and this
holds for the equivalent morphisms p; and p, as well.

The category of endomorphisms End A of an algebra 2( is enriched by the extra structure
that 2 may possess. In particular, the quasilocal C*~algebra structure of the observable algebra
2 has the consequence that

(1) A is a monoidal *category, and
(2) A is a C*—category.
2.3. A(Rl) is a C*—category. The notion of C*-category is the categorical analogue of a

C*—algebra. For

DEFINITION 7.2.11. A C*—category has Hom-spaces which are C-linear, such that for all
X,Y,Z € ObC the following properties hold:
e composition is a bilinear map o : Hom(X,Y) x Hom(Y, Z) — Hom(X, Z),
e there is a positive *~operation * : Hom(X,Y) — Hom(Y, X) and

e anorm | - ||xy on Hom(X,Y) making it a Banach space, such tha
lg o fllxz < llgllvzllfllxy and [If* o fllxx = flky

As promised, we have that
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LEMMA 7.2.12. The DHR category A is a C*~category: for all p,o € ObA, Homa(p,0) =

(0| p) is a complex vector space with positive x—operation and norm || - ||, inherited from 2A.

Two important properties which follow from the C*—structure is that the DHR category
A has subobjects and direct sums. Rep(2() has subobjects and direct sums, inherited from Hilb
via the forgetful functor Rep(21) — Hilb. For an abstract category, however, establishing these

properties is far from trivial.

DEFINITION 7.2.13. Let C be a *—category. For objects X, Y € ObC, X is a subobject of Y
if there is an isometry s € Hom(X,Y') i.e. X is isometrically embedded into Y. C has subobjects
if for each Y € ObC and each projection p € End(Y) there is an object X € ObC and an
isometry s : X — Y such that p =5 o s*.

For objects X,Y,Z € ObC, Z = X &Y is a direct sum of X and Y, defined up to
isomorphism, if there are isometries f € Hom(X, Z), g € Hom(Y, Z) such that f o f*+go g* =
idz and f*og = 0. C has direct sums if for any pair of objects X,Y € ObC, there is a direct
sum Z = X gY.

PROPOSITION 7.2.14. The category A has subobjects and direct sums®; for p,o € ObC, the

direct sum is denoted p & o.

An object X in a C-linear category C is said to be simple, or irreducible, if it is nonzero
and End(X) = Cid x. The category C is semisimple if every object is a finite direct sum of
irreducible objects.

2.4. A(2) is a monoidal x—category. The DHR category A inherits its monoidal struc-
ture from End(2(). As a first step, consider that A C End(2() is a submonoid, i.e. composition
restricts properly to transportable, localized morphisms.

It is clear from the definitions that for p € A(O;) and o € A(O,), the composition po is
again localized, in O; U O,. To see that po is also transportable, consider an arbitrary double
cone Q3. Since p and o are transportable, there are unitaries U : p — p' and V : 0 — o’ with
p' o’ € A(O;). But then Up(V) : po — plo’ and p'o’ € A(Q'). Since O3 was arbitrary, po is

also transportable.

REMARK 7.2.15. By an entirely similar reasoning, we can check that composition of endo-

morphsims is well-defined on the unitary equivalence classes of [A],

(7.2.16) [p1p2] = [p]lp2].

It is in fact the monoid structure on [A] which we take to mean the 'charge composition

algebra’.

3Both assertions rely on Borcher’s "Property B’, which is satisfied iff for each O, 0; € K such that O~ C Oy,
every projection E of 2(0) is equivalent to the unit in A(O1), i.e. there is an isometry W € A(O;) such that
WW* = E and W*W = 1. This is a technical assumption, since it is fulfilled for any additive, causal net
satisfying the spectral condition.
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It remains to define the monoidal product on arrows. For intertwiners S : p; — pf,
Sa : pa — ph, let
Sy x Sy = Sip1(S2) = pi(S2)S1 : prp2 — p1ph,
where the two expression coincide because of the intertwiner property of S;. The cross

product is associative,

(7.2.17) S1 % (S99 x S3) = (51 X S2) X S3

and is compatible with the composition of intertwiners in the sense of the interchange law:
(7.2.18) (St 0 Si) x (S 0 S) = (5] x S3) o (81 x Sa),

whenever both sides are well-defined, e.g. S; : p; — p; and S} : p, — p! are composable
intertwiners. In other words, we have that

PROPOSITION 7.2.19. (A, ®,1d o) is a (strict) monoidal *—category. The monoidal unit id o
is the identity endomorphism in End 2l and the monoidal product is given on objects p,o € Ob A
by the composition of endomorphisms p&oc = po and on arrows S € Hom(p, p'), T € Hom(o, ")
by S@T =S5 xT=58pT).

Furthermore, since for all objects p, o, Hom(p, o) is closed in the norm inherited from A

and for any pair of arrows ||S X T|| < ||S|| - |T||, A is a C*~monoidal category.

2.5. A(2) is a braided and rigid monoidal category. The composition of charges is
reflected mathematically in the monoidal structure on A. Two other fundamental features of
relativistic quantum field theory is particle statistics (in more than 3 spacetime dimensions, the
Bose/Fermi alternative) and the existence of antiparticles. AQFT captures these properties
mathematically in the braiding and rigidity structure on the DHR category.

For two arbitrary morphisms p; € A(O;) and p; € A(Oy), let (51,2 be space-like separated
double cones and introduce unitaries U; € Hom(p;, ;) such that p; € A(O;). Then Uy x U, €
Hom(pyps, p1p2) and U x Uy € Hom(papy, pap1). Since Op x O, the morphisms p; and po

commute. Consider the following unitary intertwiner in Hom(p1p2, pap1):
(7220) Eph,)Q(Ul,Uz) = (U) X Ul)* o (U1 X U2) = /)Q(Ul*)Uz* Ulpl(Ug).

It is then proved that e, ,, (Ui, Us) is independent of the choice of Uy and Us, except for
their relative localization. The analysis boils down to two distinct cases, depending on the
dimensionality of spacetime®. Note that for D = d + 1 < 2, there is a well-defined notion of
left and right; we use O < O’ to denote that O is to the left of O'.

LEMMA 7.2.21. In space-time dimension D = d+ 1 < 2, ¢, ,,(Uy,Us) is definable in
terms of p1 and ps depends on Oy and Oy only through their relative spatial orientation; let
Ui : pi — pi with Oy < Oy and let U] : p; — 51 with Oy > O, having the opposite orientation.

“This is the first instance in the discussion of AQFT, where the dimension of the underlying spacetime enters.
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Then

‘EPl,PQ(Uh UQ) = [Epz,m(Uév U{)]* .
For D=d+12>3, ¢, ,,(U1,Us) is independant of the choice of (O, Os) as long as they are
space—like separated and

Eprpo = (692411)71'

For D > 3, the braiding is defined with ¢,, ,, = €, ,, (Ui, Us) for U; and Us space-like
separated; in the case that D < 2, there are two possible conventions to define €,,, ,,. According

to Lemma 7.2.21, one convention is the complex conjugate of the other.

PROPOSITION 7.2.22. €, ,, is a braiding on the DHR category (A, ®,id o). For spacetime
dimension D < 2, €,, 5, is the unique braiding such that €,, ,, = 1id for morphisms p; € A(O;)
with Oy < Oy. For D > 3, ¢,, ,, 5 the unique braiding such that €,, ,, = id for morpshims
pi € AO;) with Oy and Oy space-like separated. In this case, €,, o, is in fact a symmetry.

The existence of antiparticles is fundamental to relativistic quantum field theories. In
AQFT, the conjugate p of a charge p € A is identified with the conjugate object in the

categorical sense.

DEFINITION 7.2.23. Let C be a monoidal *-category. The conjugate of an object X € ObC
is a triple (X, r,7), where X € ObC and the arrows R:1 —- X @ Xand R:1 — X ® X
satisfy
(7.2.24) (R*®idx) o (idx ® R) =id x
(7.2.25) (RF®idg) o (id g ® R) =id .
The category C has conjugates if there is a conjugate for every object in C; in this case, C is

said to be rigid.

In AQFT, the existence of a conjugate (p, R, R) for an object p means that there is a
subobject of pp equivalent to the monoidal unit. This is consistent with the intuition that

conjugate charges annihilate each other.

The notion of categorical (or quantum-—) dimension is closely connected to the theory of
conjugates. For an object X € ObC with standard conjugate (X, r,7), the dimension d(X) of
X is defined by

(7.2.26) d(X)id; = R* o R.

If no conjugate exists, the dimension is formally set to be d(X) = +o0o. The dimension function
satisfies properties one would expect, in particular d(X) > 0 for all X € ObC, and the following
relation hold:

(7.2.27) Ad(X)=d(X), dX®Y)=dX)-dY), dXaY)=dX)+dY),
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and the dimension of the monoidal unit is d(:) = 1. In a symmetric C*-category, the quantum
dimensions are restricted to the integers. For the representation category of a compact group in
particular, the quantum dimensions coincide with the linear dimensions of the representation
spaces. A strong result holds for the restriction of the DHR category A to the full subcategory
of finite-dimensional objects Ay with objects

ObA;={peObA|d(p) < +oco},

i.e. the full subcategory of objects with conjugates. It can be proved that d : ObA; — R
takes values only in [1,00) and in the interval [1, 2] only the discrete values 2 cos(m/k) (k > 3)

can appear®

REMARK 7.2.28 (Non-integer quantum dimensions in low spacetime dimension). Another
salient feature of low—dimensional QFT is the appearance of non-integer quantum dimensions.
Recall that for D = d + 1 > 3 the DHR category is symmetric, and this forces quantum
dimensions to be integers; for D < 2, this restriction does not apply. In the Lee-Yang model,
for example, there is a self-dual sector p with the fusion rule p@p = p@ 1. Thus, the quantum
dimension must satisfy d(p)*> = d(p) + 1 which has the irrational solution d(p) = H—z‘/g

The Doplicher-Roberts reconstruction theorem identifies the DHR category A with the rep-
resentation category of the gauge group. Clearly, in a theory exhibiting non-integer quantum
dimensions, the reconstructed ’gauge group’ cannot possibly be a group. In fact, it cannnot
even be a Hopf algebra: it can be proved that the quantum dimensions in Rep(H) with H a
semi-simple Hopf algebra are also necessarily integers. This observation is one of the main
motivations for studying quantum groupoids, as a candidate symmetry in low—dimensional
QFT models.

3. The Doplicher—Roberts reconstruction theorem

Formulating QFT in terms of the observable net leads to an elegant interpretation of su-
perselection sectors and particle statistics, but to make contact with conventional QFT, two
major ingredients are missing: so far, we are ignorant of the charge carrying fields and the
gauge group. The DR theorem solves both problems in one stroke, by simultaneously recon-
structing both the field algebra —the extension of the observable algebra by charge-carrying
fields— and the gauge group from the DHR category A.

The approach of conventional QFT is exactly opposite. There one starts with a field algebra
F C B(H") acting irreducibly as bounded operators on the state space H" (the superscript
refers to 'universal’) of the theory and gauge group G, together with a unitary representation
7 G — U(H") on H*. There is a privileged direct sum decomposition of H* into orthogonal
subspaces H" = @5 H¢, where the subspaces H{ are labelled by the characters (unitary
mstancc of the connection of AQFT to the theory of subfactors. Assuming that every local von
Neumann algebra 2(0) is a factor, i.e. has trivial center, an endomorphism p € A(O) gives rise to an inclusion

of factors p(A(0)) € A(O). The index of this inclusion is related to the categorical dimension through
[RU(O) : p(A(O))] = d(p)?. The index of subfactors has been classified in the work of V.F.R. Jones.
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equivalence classes of irreducible representations) of G, such that ‘Hg carries the representation

D, € ©*(G). This is, in the conventional sense, the decomposition of the state space into

superselection sectors. The observable algebra is defined as the algebra of gauge invariant

elements of F, i.e. 7%(A) = F N7*(G)". The representation 7 : 2 — B(H") is reducible, and
u

is in fact reduced by the subspaces H, i.e. there is a direct sum decomposition 7" = @ =,

into representations m¢ on subspaces Hy, respectively.

AQFT captures this setting in the notion of field system.

DEFINITION 7.3.1. Denoting (Ho, 7o) the vacuum representation on 2, a field system is a
triple {7%, G, F} where (H", ") is a (reducible) representation of the observable algebra, G
is a strongly compact group of unitaries on H" and F is a local net of field algebras acting
irreducibly on H" such that the following properties are satisfied:

(1) (Ho,mo) is a subrepresentation of (H",n"): there is an isometry V : Hy — HY,
Vag=a"V;

(2) V maps H, into the G-invariant subspace of H";

(3) the automorphisms o, : G — AutF induced by G leave the local field algebras
F(O) globally fixed and (7*((0)))” € F(O) is the invariant subalgebra under the
G-action;

(4) for any O € K, F(O)V(H,) spans a dense subspace of H" (i.e. V(H,y) is cyclic for any
local field algebra);

(5) fields are local relative to observables: whenever Oy x Oy, F(O;) commutes with

Wu(Q[(OQ))

The field system is called normal if the field algebra F satisfies Zy—graded commutativity,
i.e. odd (fermionic) elements anticommute at spacelike separations while even (bosonic) ele-
ments commute. The field system is called complete if every superselection sector appears as a
subrepresentation of 7. Lastly, two field systems (7}, G;, F;) (i = 1,2) are equivalent if there
is a unitary W : ‘H} — HY intertwining the representations 7 and 7, the two gauge groups
and the two field nets.

REMARK 7.3.2 (Recovering DHR representations from the field system ). In this rigorous
formulation of the field system, it is possible to show that the subrepresentations appearing in
(H",7*) are precisely the DHR representations. In other words, localized representations (in
the DHR sense) are precisely the ones that can be reached from the vacuum by the application

of localized fields, see e.g. [59] Section 9.

Stated briefly, the DR reconstruction theorem says that with the standing assumptions of
AQFT and the observable net there is a complete, normal field system (7, G, F) which is
unique up to equivalence. In regard to the reconstruction of the gauge group, the following

Theorem tells us what to expect.



The Doplicher—Roberts reconstruction theorem 119

THEOREM 7.3.3. A strict symmetric rigid monoidal category® (T, ®, 1) with subobjects, di-
rect sums and one—dimensional monoidal unit End . = C 1 is the abstract dual of a unique com-
pact group G, i.e. there is a concrete representation category Rep(G) and a functor A — Rep(G)

which is an isomorphism of symmetric monoidal categories.

3.1. Tannaka—Krein theory. Note that (T, ®, ) is an abstract monoidal category; hence,
7.3.3 is a much stronger result than the classical Tannaka-Krein theorem, which reconstructs
a compact group from a concrete monoidal category, i.e. a monoidal category equipped with
a fiber functor. A fiber functor for ¥ is a faithful and exact strong monoidal functor E : T —
Vecc. If it exists, it can be proven to be unique up to unitary natural isomorphism. A fiber
functor from a symmetric monoidal category (%, ®, ¢; cx,y) is symmetric if it maps the symme-
try of T to the canonical symmetry of Vecc, E(cyy) = ZE(X),E‘(Y)‘ Thus, 7.3.3 characterizes
compact group duals within abstract categories, wheras Tannaka—Krein theory characterizes

compact group duals within categories of finite dimensional Hilbert spaces.

Assuming ¥ is equipped with a % preserving symmetric fiber functor F, denote G'i the
set of unitary monoidal natural transformations from E to itself. Gg has the structure of a
compact topological group with the identical natural transformation as unit. By definition,
G acts on spaces E(X) for all X € ¥. Taking an element g € G, the representation mx(g)
on E(X) is the X—component of the natural transformation g, 7x(g) = gx : E(X) — E(X).

Tannaka-Krein reconstruction is essentially the following

PROPOSITION 7.3.4. Let T be a symmetric monoidal *x—category with End . = C 1, equipped
with a symmetric x-preserving fiber functor E : ¥ — Vece. With G defined as above, F' :
T — Rep;(Gp), X — (B(X),nx) is a faithful symmetric x-functor to the finite-dimensional
representations of Gy, such that U o F' = I where U : Rep;(Gg) — Vecc is the canonical

forgetful functor (V,m) — V; moreover, F' is an equivalence of symmetric monoidal categories.

The uniqueness of fiber functors implies the uniqueness of the reconstructed group: if
E\, By : T — Vecc are two symmetric *—preserving fiber functors then £, = E, and hence
Gp, = Gp,. The Tannaka-Krein theorem can be generalized to Hopf algebras and quantum
groupoids (88|, [42], [71].

3.2. The cross product construction. The reconstruction of field system in AQFT is
a more difficult problem in that no fiber functor is available a priori. Interestingly, it can
nevertheless be solved, and the fiber functor arises as a by—product of the field algebra con-
struction. However, since the gauge group and the field algebra are constructed simultaneously,
the classical Tannaka—Krein theory is circumvented altogether.

The key idea is to costruct the field algebra as a cross product C*—algebra F = 20x ¥ of the
observable algebra and the DHR category. In the case that T maybe identified as a compact

6In the discussion of DR duality, an abstract category satisfying the requirements of 7.3.3 shall be denoted €
in accordance with the literature. In relation to AQFT, it should be thought of as the DHR category A.
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group dual A = RepG, and F will carry an action of the gauge group such that the invariant

subalgebra is just 2(. The main result is the following:

THEOREM 7.3.5. Let A be a C*—algebra with trivial center and € C End 2 a full monoidal
subcategory with subobjects, direct sums, conjugates and (T,e) symmetric. Then there is a
unique C*—algebra F and a group G C Aut(F) such that

(1) A= FC is the G-invariant subalgebra;
(2) the extension A C F is irreducible, i.e. A’ NF =C1 ;
(3) F is generated as a C*~algebra by A and the H,, where

H, = {0 € F|pA = p(A)p, VA € U}

are finite dimensional Hilbert spaces in F for al objects p € T;

(4) e(p,0) = Ou, ., for each pair of objects p,o € T, where Oy ¢ is the unique unitary in
F such that Oy o) = W' for allp € H, ' € K.

With the conditions (1) through (4) above, G = Fix(2) C Aut(F) is compact in the strong

topology. Moreover, the system (F,G) is unique up to x—isomorphism.

Assuming the field algebra structure promised by the above theorem, one can see at this
point how the missing fiber functor emerges. The Hilbert spaces H, are naturally interpreted
as multiplets of field operators creating charge p; the endomorphisms of 20 become inner in
the extended field algebra 2 x T. Restricting the action of G to ‘H, C F, one obtains a repre-
sentation (H,, D,) of G. Intertwiners (D,, H,) — (D, H,) are in one-to-one correspondance

with arrows p — p'; the mapping between Hom-spaces is given by

(7.3.6) Home(p, p') — Hompep(c) (Dp. D,y)

(7.3.7) (p=p) = AT+ - H, 30— Tv € Hy}.

Hence, there is an isomorphism of T with a concrete representation category Rep(G).

The proof and detailed analysis of Theorem 7.3.5 can be found in the classic papers [32], [33]
and [34], we only sketch the main points. First, it suffices to construct the cross product of the
observable algebra with a single endomorphism p € ¥, in the sense that every category fulfilling

the requirements of 7.3.3 is shown to be an inductive limit T = limT, of full subcategories each

of which is generated by a single object p. Denoting ¥, fi” % the full subcategory on objects
{t,p,p?, p%, ...}, the cross product F* = 2 x T, incorporates a single multiplet of field operators
creating charge p. The full gauge group is then obtained from the G, = Autgq2 x T, as the
projective limit G = limGp.

The key idea in the construction of the cross product F7 = 2 x T, with a single object is
to embed ¥, into an appropriate C*-algebra, the Cuntz algebra O, and to construct A x O,,.
The details of this procedure lie outside our scope (see [33]), but we sketch how the Cuntz

algebra structure can be identified within F7.
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Consider a d-dimensional Hilbert space of isometries H, corresponding to the sector p. The

elements {t; }—1..4 spanning H, may then be chosen to satisfy the relations
d
(7.3.8) Uik =01 (i,k=1,..,d) and Y )} =1.
k=1

There is a unique norm on the s-algebra generated by {1, ¢y, ¢;}; the Cuntz algebra is the
C*—algebra obtained by completion in this norm and is denoted Oy. The scalar product is
defined, by 7.3.8 as
P = (U 9) 1
Furthermore, every Cuntz algebra Oy comes equipped with a canonical endomorphism oo,
which, in the case of a field multiplet of charge p, reproduces the endomorphism p. Taking an
element ¢» € H, and an arbitrary algebra element C' € Oy, we find

(7.3.9) YO =00,(C),

where 0, € End O is the inner endomorphism ¢, (C) = S2¢_, ¢.C4;. The canonical endo-

morphism is independent of the choice of basis {¢;} and clearly, 0o, = p.

It seems useful to separate the problems raised —and solved— by the DR theorem according
to the following schematic’.

E: T — Vecc
®/ T\®‘

G ACF

(D represents the setting of Tannaka Reconstruction: determining from a category ¥ and
fiber functor E : € — Vecc a group (resp. Hopf algebra, quantum groupoid) such that E
factorizes through an equivalence of categories T — RepG and U is the canonical forgetful
functor U : RepG — Vece, (V,, D,) — V,.

T —— RepG

N

Vecc

) represents a two-way relation between the field algebra extension and the fiber functor.

Given a field algebra, identifying the subspaces H, C F of 'operators of charge p’, as explained

"The interrelations represented by the arrows should be read in an informal sense. They do not necessarily
refer to mathematically rigorous results, but should be seen as plausible conjectures
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earlier, defines a fiber functor

End®2 D ¥ — Vecc
p—=H,

In the reverse direction, given a fiber functor, the field algebra arises as a cross product F =
A x E(P), where P € T is a distinguished (generating) object. This connection shall be

examined in the next chapter

3 represents a two-way direction between the gauge group G and the field algebra extension

2 C F: this is the setting of (noncommutative) Galois theory.

4. Field algebra from a fiber functor

To investigate the connection between fiber functors on the DHR category and Galois
extensions of the observable algebra, we develop the example of a fiber functor which arises
from a generating universal object in the category. This is in fact the setting of the Doplicher
Roberts theory. Recall, that if one assumes finitely many simple objects, the existence of such

a (simple) generating object is automatic.

We make the following assumptions.

ASSUMPTION 7.4.1. Let A be a noncommutative k—algebra. We shall consider a DHR
category C — End A such that

(1) C is abelian such that every epi in C is split
(2) there is a generator v € C with right dual (7, R, R)

A definition and brief discussion of abelian categories may be found in [59], Appendix A.5
or [53]. Recall that in an abelian category, finite sums and finite direct products coincide. For
objects v, 5 € ObC in an abelian category, the binary product or coproduct a[[b = a]]b =
a ® b is called the biproduct or also the direct sum®. Hence, with the additional assumption
that all epimorphisms should be split, we reproduce Doplicher and Roberts’ requirements that
the DHR category should have direct sums and subobjects.

Also, in abelian categories, generators and finite cogenerators coincide. With the assump-
tions of 7.4.1, an object v € Ob(C is a generator if every object o € ObC is contained in a finite
direct sum of 7’s as a direct summand. This is a strong requirement; one particular conseqence

that we shall often rely on is that there exist dual bases {f;, ¢;}iz1..n

_ _fi 9i _ _
VYV VY =T ——= VY Y

such that Zfil gifi = id 5. 5, for all finite products of 4’s and 7’s. The Hom spaces of arrows

between such objects are finite direct sums of Hom(vy, ) = End «. For example, take dual bases

8T0 take a familiar example of an abelian category, the module category Mg over a ring R, the biproduct is in
fact the direct sum of R—modules.
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pr € Hom(yv,7) and ¢ € Hom(y, yy), satisfying >, qxpr = id 2. Then for f € Hom(yy,v7)
and all g, and p;, the composite

K f n
Y—=7Y ——=7Y —=7

defines a map in f;; € Hom(y,v). By the dual basis property of the g; and py, the map f is
written in components as f =3 Gn fm.n Pm, hence Hom(yvy,vv) = €D, ,, Hom(y,7).

We assume our category to be embedded in End A, hence every object is an endomorphism
of A and the monoidal product is the composition of endomorphisms. We do not, however,
assume a local structure on A which is the most important departure from the setting of AQFT.
Treating the general case of a quasilocal observable algebra would require a quantum groupoid

Galois theory of nets of local algebras, which is not yet available.

We shall construct the field algebra as a cross product of A and the fiber functor image of the
generator v € ObC. The resulting field algebra extension will then be shown to be right depth
2, hence bialgebroid Galois, by explicit construction of the depth 2 quasibases. Restricting to
the special case of a semi—simple category, we also present the field algebra on generators and
relations and show that it is essentially equivalent to the non-braided generalization of reduced

field bundle (’exchange algebra’) construction of Fredenhagen, Rehren and Schroer.

The fiber functor we consider is motivated by the following result (see [69]).

THEOREM 7.4.2. For a cocomplete, closed monoidal category (C, ® , I) with progenerator P,
the functor Home(P, P ® ) is a right exact monoidal embedding into gpMpg, where R = End P.

Our aim is to construct the field algebra from the strong monoidal fiber functor U =
Hom(y, - o 7) : A — gMpg, denoting Endy = R. Besides the dual bases p, € Hom(vy,7),
g, € Hom(vy,~7), we shall need
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satisfying >, e;u; = id 1. We define the cross product field algebra as follows.

THEOREM & DEFINITION 7.4.3. Denoting gV = U(y) = Hom(v, ry7y), define the field
algebra with F = A @ V. The multiplication
R

(7.4.4) a@u,b@weARV: (a®v)(b® w)=ay(b)g @ pyy(w)v
R
and unit
(7.4.5) lp=e¢ ® u;

define an associative unital algebra structure on F, and

LA ARV, arae; ® u;
R
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is a unital algebra inclusion’ of the observable algebra into the field algebra, making 4F4 an

A-ring.

PRrROOF. To see associativity we compute, on the one hand:

Zzav (0)a;7(0)a: © piy(w)pyy(v)u =

((a @ u)(b ® v))(c ® w)

= Zzav P()ga © pip* (W) (v)w,
and on the other hand:

(a @ u)((b® v)(c® w)= Zzav h(Qaa @ py(pry(w)v)u =

= Z Z(ry () ar ® pev(p)y (w)y(v)u.

Associativity holds if and only if
(7.4.6) ZZ%%‘ & pipj = ;;7(%)% @ iy (@)
T J

This is proved using that ¢;¢; = >, >, (@) qrCli, where Ci = ey (P14 Ci lies in R, and
using the definition of the amalgamated tensor product over R yields 7.4.6. The unit property

is an easy calculation using the definition of the multiplication,

(a ® v)(ez ® U«z = ZZG ® ol ez)QJPJ’Y(uz)L a % v

(&1 @ w)(b ® w) ZZbequ ® Py (w)u; =b (% ejv(w)u; =b (§) w
It is easily checked that ¢ is a unital algebra morphism:

t(a)(b) = (ae; @ w;)(be; @ uj) = aey(bej)qe @ ppy(u;)u; =

= aeiy(b)y(e)apiy(us) @ ui = abeiy(e;)1(u;) @ us = abe; ® u; = i(ab),

where in the second equality we used that pyy(u;) € R, and the unit of A is mapped onto the
unit of F, 1p = ¢(14) = 1lae; ® u;.
R
F is an A-ring with the inclusion ¢ : A — F. The corresponding A-bimodule structure is:
(74.7) d-(a®0)=(de ® w)a ®v) = depy(@a © pry(v)u =
R R
=da @ (eqpru;)v =da @ v
R R

(7.4.8) (a®v)-a’=(a ®v)(d'e; ® uy) = ay(a"e;)ax © py(uy)o =

= ay(a")(eg)arpiy(uy) ® v =ar(a”) © v.

9Note that u; € Hom(1,7) C Hom(y,~?)
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We only check that multiplication is a right A-module map:
(@@ 0)((b® w)-a) = (@@ v)br(@) © w) = (@) ® per(w)e
= Y (B)ary(a’) © pry(w)o = ((@ @ v)(b ® w)) - d"
O
Knowing the A-actions on I explicitly, we can identify the subspaces F” of charge creation
operators within /. The F7 are the analogues of the internal Hilbert spaces H,, in the setting of

Doplicher-Roberts. An element a ® v € A® V creates charge a € Cif (a ® v)-b = a(b)-(a @ v).
R

Substituting the A—actions above:
(7.4.9) (a®@v)eFr & ay(d) @ v=alb)a ® v forall be A

If gV is finitely generated projective over R, with dual basis ¢' ® v; € V* ® V| then any
element v € V' can be written v = Y, ¢*(v)v;, hence a ® v =3, ap'(v) @ v;. prlying ¥ to
7.4.9, we find "

ap'(v)y(b) = a(b)ag' (v),
meaning that ay’(v) € Hom(vy, @) for all (a @ v) € F*, and

(7.4.10) F* ~Hom(y,a) ® V

R
Similarly, we can introduce the charge annihilation operators. An element a ® ve A @ V
R
annihilates charge f € Cif b+ (a ® v) = (a ® v) - 3(b) (alternatively, it creates charge § from
the right). Using 7.4.7, we have
(7.4.11) (a@v)eF’ & ca®@v=ayB(c)® v forall ce A
Appealing again to the finitely generated projectivity of gV, we have
(7.4.12) FP ~Hom(v3,1) ® V ~ Hom(y,5) ® V,
R R

where [3 is the right dual of 3.
We can now establish the inverse relation between the fiber functor and the field algebra.
As proposed earlier, the fiber functor should associate to any sector p € ObC the subalgebra

FP C F of field operators creating charge p.

PROPOSITION 7.4.13. Let Up : C — grMp be the functor with object-map o — F* and
arrow-map (o L By =T _: F*— F8 where R = A'NF is the centralizer of A in F. Then

(Ur,Uqp, Up) is strong monoidal with the structure maps

(7.4.14) Upp: Ul@) ® U(B) — U(aB), F* @ F?— FOF°
R R

and

(7.4.15) Uy :R—Up(l), R=V(y,1) @ V.

R
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Furthermore, R = End~y and Up =2 U = Hom(y, _ o 7).

PRrOOF. For all @ € C, F* is obviously in gMg. For any T' € Hom(w, ), Up(T) :
Hom(v, «) ® V' — Hom(v, 3) ® Via®v—Ta® Visan gMz-map. It is a left R-module
map preubely because of the (entrdhzer property. The composition of arrows corresponds to

the multiplication of intertwiners in A.

As for the monoidal structure, Uy is simply the isomorphism between R and V(v,1) @ V.
R

Indeed, ¢ ® v € AN(A ® V) means (a @ v)-b=">-(a ® v) for all b € A. Using that gV if

R
finitely generated projective,

bay'(v) ® v; = ap'(vV)y(b) ® v;

hence, by the familiar argument,

AN(A®V)~Hom(y,1) @ V =Up(1)

R R

Take (a® ® v) € F®, (a’ ® w) € F? with ® € Hom(v, @) and a® € Hom(y, 8). Using 7.4.4,

we find
(a® @ v)(a® @ w) = a®y(a®)q ® pey(w)v € Hom(y, af) ® Vv,

ie. Upp(F* @ FP) = FOF? C Fo% = F*. Introducing bases {a¢'}; in Hom(v,a) and {d};
R
in Hom(~, ), respectively, calculate
Uap((af ® v)(a] ® w)) = afy(a])a ® piry(w)v

(A .
Observe that v 2 42 it 6 = aff is a basis in Hom(y, /), hence

(7.4.16) FoF8 = pos,

meaning that U, is an isomorphism, i.e. Up is strong monoidal. The coherence diagrams

required of a monoidal functor are equivalent to the associativity and unitalness of F'.
The natural isomorphism 7 : Hom(v, yy) = U,
Hom(y, ay) —— Hom(y, a) ®  Hom(y, y7)
u(f) J/ i Ur(f)

Hom (v, #y) — > Hom(y, §) @ r Hom(y,77)

is given by
T, : Hom(7, @) (% Hom(y,~v7v) — Hom(y, ay), f % v fu

with inverse

' Hom(y, ay) — Hom(y, @) © Hom(y,77), g — ¢ @ pig
R R
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Py ;! e .
where {¢f,p'} is the pair of dual bases o —— 7 —— «, satisfying Y, ¢*p = id,. They
are clearly inverses,

o n(f@v)=q" @ i flo=gpf @v=Ff @,
R R R R

and

Ta © 7, '(9) = ¢'pfg = g-
O
Next, we look at the extension A C F and prove that it is depth 2 in the sense of [47]. From
4.4.3, it will follow that the field algebra extension is bialgebroid Galois. We shall construct

the depth 2 quasibases explicitly as elements in End 4F, and (F @ F)4, respectively. First, a
A

useful

LEMMA 7.4.17. As k—-modules,

(7418) End AFA ~ End RV and
(7.4.19) (F® F)*~ Hom(*1) @ V) eV
A R R

PROOF. Denote A\p : R ® M = M the natural isomorphism {r ® m + r-m} in zRMg,

with inverse {m — 1 ® m}. F’CI‘O prove 7.4.18, define the isomorphism

(7.4.20) p:End gV = Endy 4(A (% V), f—{a®v—a® v)}
Obviously, p(3) is an A-bimodule map. It is easily seen that

(7.4.21) pt i Enda (A %) V) S EndgV, f—{v—Ago f(la % v)}

is an inverse for p. From the A-bimodule property of f, it follows that f(r ® v) € R® V for any
R
r€ Rand v € V, hence also f(14 ® v) € R ® V so that the definition makes sense. Moreover,
R

p(F) s left R-limear, o (F)(rv) = A o F(La @ r0) = Ma(r- f(1a © 0) = (f)(0).
We check that p and p~! are indeed inverses, 1e ’
(p o p)(B)={vAr o (14 ® Bv)) = B(v)}
and

(pop)f)={fa@v—a@tne fla@v)=a-f(14 ®v)=fla®v)}

R R R

To prove 7.4.19, we first observe that F @ F = (A ® V) ® V in gpMg, by the isomorphism
R

A R

(7.4.22) FiABV)8 (A8 V)= (A8 V)

R R R

i
(@®v) @ (b®w)=(av(b) ®v) @ w

R
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with inverse (p)7((a ® v) ® w) = (@ ® v) ® (14 ® w). The placement of parentheses is
R R R R

4 A 4
important: (A ® V) ® V is the kernel of maps ((¢-r ® v) ® w— (a ® r-v) ® w) and
R R R R R

R
((a®v) ®@r-w—(a-y(r) ®v) ® w). With this in mind, it is easy to check that p’ and (p')~*
R R R R

are well-defined R-bimodule maps.
(A® V) ® Vis an A-bimodule with the actions b- ((a ® v) ® w)-c = (bay?(c) ® v) @ w.
R R R R R R
Assuming (V' ® V) is finitely generated projective with dual bases {®¥,v; ® v;}, we may
R
write elements of (A ® V) ® V as (a ® v) @ w = (a®V (v ® w) @ v;) ® w;. Then, (a ®v) @ w €
R R R R R R R
(F @ F)* precisely if
A

(7.4.23) bad?(v @ w)) @ v ® w; = (@@ (v ® w)Y*(b) ® v;) ® w,
R R R R R R
ie forall ® € (V ® V)*, a®(v ® w) € Hom(?% 1), proving 7.4.19. O
R R

Recall that 1 : A — F = A ® V is a right depth 2 extension if there exists a pair of dual
R
D2 quasibases {7}, € End 4Fa, {c¢} ® 2}, € (F ® F)#, such that
A

(7.4.24) VfEF: ¥ (f)eg @ d=1F ® f,
A A

and it is a left depth 2 extension if there exists a pair of dual D2 quasibases {3'}", €
End 4Fa, {b! @ b}, € (F ® F)4, such that
A

i=1

(7.4.25) VFEF: b (f)=f®1p
A

A

Denote {(a; @ r}) @ 12}ici.m € (A ®@ V) ® V and {p'}i=1._m € End V the images of the
right depth 2 qu;sibasgs under the isomgrphsiﬁls ' (Feo S (A V)®V and
p~t:End 4F4 = EndV. Then, using 7.4.4 and 7.4.22, the doptAh 2 condition ;.4.24 :akcs the
following form.

(7.4.26) Via®v)eA® V: (av(a)g @ py(r)) piv) @ r2 = (ae; ® uw;) @ v
R R R R

R R

We shall make use of two further pairs of dual bases,

(1) 97Ty y S =iy,
and
2 7y 397, S tis = idss
The second condition in particular means that that v € C C End A is a depth 2 arrow in the
sense of [82] and [12].
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We shall obtain the depth 2 quasibases {p'}i—1..,, and {(a; ® rh) ® r2}i—1.m as the images of

the abstract depth 2 quasibases {t;}i=1_m and {s;}iz1_m undor 1somorph1sms Hom(%,yv7) —
End gV and Hom(97%,7%) — (Hom(72,1) ® V) ® V, respectively.
R R

PROPOSITION 7.4.27. The maps
% : Hom(%,5v%) = End gV
L (80 e A(RYRA(D(R))
& Hom(377,7) = (Hom(7*,1) @ V) @ V
R R

(7.4.28)

(7.4.29) _ _
<Rv( )0y (@) © ﬁw(R)> © pry(R)

are isomorphisms.

PROOF. Fig. 1 shows the pictorial representation of the maps x and &', in the standard
notation for tensor categories (see e.g. [59], Appendix): vertical lines represent objects, juxta-
position of lines denotes monoidal product and intertwiners are represented as boxes with in

and outgoing lines the source and target, respectively (to be read from top to bottom).

AR e
Y v R
YT .
KL/
v Y
R

FIGURE 1. Graphical representation of the maps x and &’

The map
(7.4.30) (/)" (Hom(v*,1) @ V) ® V — Hom(777,7)
R R

(@ & v) ® wr ST RN TR )R
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is an inverse for . Indeed:

=R (a7 (R (w)yiy (R)vi(@)] v(R)av(@) ®
(R [Ry(R)] ay(@) @ pey(R) @ pry(R)

= (R (w 5 pio(R) &
= ay*(R)y(w) [Y(R)va] v(@) © py(R) © pry(R)
=ay’(R)y(w)v(@) ® "/(R) [@p] 7(R) %ﬁw(é)

= ay(y(R)waq) ® W(R) V(R) ® ry(R)

=0 ® y(Rpr(R) @ 1(Rw [am] 1(R) = (@ © v) @ w,

R
In the fifth equality, we used that v(R)vgr € Endy = R and the definition of the amalgamated
product ®; in the sixth equality, we used that > gupy = 1,5; in the seventh, the A-bimodule
R
structure of F' 7.4.7, and the dual basis property again in the eighth. On the other hand,

(K)o W) (s) = (K) " [(Ry(s)arv(@) ® pry(R)) @ pry(R)]
=7 (Ry(9)ar (@) 77 (R)3y(prv(R)) 7v(R)7(pxv(R)) R
= (Ry(s)awy (@) 7707 (Br) R = 3(R)Yy ()7 @) 77 (@m)7(pr) R
=3(R)¥(s)R =3(R)Rs = s.

In the third equality, we used that pg,p; are vy — + intertwiners and the rigidity relation; in
the fifth the dual basis properties of {Gx, pr} and {g, 5} and finally, the rigidity relation once
more.
The map
(7.4.31) : End gV — Hom(7,5v7)
B = (@) 7y (R)¥(a(pey(R))R

is an inverse for k.

=
o
=
=
Il
2
pl}
=
=
=
=2
)
=
=
2l
=
=
=
=
javl]
=
=
=
=

In the fourth equality, we use that R is an 44 — 1 intertwiner; in the fifth, we note that
v(R)vgy € Endy = R and the R-linearity of @ € Endg_ V. In the sixth equality, we use the
dual basis property of {gx, pr} and the rigidity axiom Ry(R) = 1, in the last two steps. We
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also have

(r7t o w)(t) = 7' ({v = Y (RWRY()Y(R)}) = Y(@)77(R) 7 (v(R)pry(R)Ry(t)Y(R)) R
= 3@ (R)7Y(R)7(Bxv(R)) 7(R) 37 (tR) R = 3(@)77(R) 7Y (R)7(Bxy(R)) [ (R)R| t R
= 3@ (R) 7 (R)Y(ry (R)) tR = 3(a)7y(R) (o vV (R)Y(R)]) tR
=3V (R)@)7(Dr)ER = 7(vY(R) [P 1R = t7(R)R = t

In the fourth equality, we use the intertwiner property of R : 1 — RR; we use rigidity in the
fifth, seventh and last equalities; in the sixth, the intertwiner property of py : vyv and in the
eighth, the dual basis property of {gy, pr}- O

Substituting the abstract depth 2 bases {t;, s;} into 7.4.28 and «’, we obtain
(7.4.32) (@ ® 1) ® 1} = #(s:) = (R (s:)a@v(@) © pryv(R)) ® pry(R)

R

(7.4.33) p' = k(t:) = {v — Y(R)vRy(t:)v(R)}

It remains to prove 7.4.26. Inserting the identity )", e;u; = id, and using >, qrpr = id 42

in the second equality, we find
(w(ai)qk ® m(v&)pi(v)) @ = ( @ urla) o] w<r$>pi<v>) @ 12
= ae; t%) u; (? ya)y(r}) piv)r?.
Substituting 7.4.33 and 7.4.32, the rightmost tensorand evaluates to

Y(ay(rd) p'(v)r? =

proving 7.3.5. In the fourth equality, we used the intertwining property of v(R)vRy(t;)y(R) :
v — 77, and in the fifth, the intertwining property of vRy(t;) : v — yy77-

4.1. The reduced field bundle. We add the assumption that the category C is semi-
simple, with finitely many simple objects. A skeleton of the subcategory of simple morphisms

will be denoted C°, i.e. C° contains one representative of each equivalence class of simple objects.
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We take a more concrete approach, and let the universal object be a direct sum
(7.4.34) v =P nac,
aec?

containing all simple objects as direct summands with multiplicities n,. The universal object
then defines the functor

U:A— gMg, U(p) =Hom(vy,vp).
Clearly, R = Endy = @_Mat,, (C). If we choose n, = 1 for all @ € C° then R would be
a commutative ring generated by the idempotent projections on the simple direct summands.
We shall keep the multiplicities at our disposal, and work over the bimodule category over the

noncommutative ring R.
The monoidal structure of U is the triple (U, U, s, Uy), where
(7.4.35) Upp : Ulp) @ U(p') = Ulpr)

Uppy(T ® S)=ToS=TS:P— Pp— Ppp

R

is a natural map, and
Up: R—U(1), R~Hom(v,7)

is an isomorphism (in fact, the definition of R). The semi-simplicity of C allows us to coordi-

natize functors and natural transformations in the distinguished basis of simple objects.

Considering first a simple object J € C°, U(p) may be decomposesed as
(7.4.36) U(d) = Hom(y,vd) = @nanﬂ Hom(a, 36)
a,B

In order to obtain explicit formulas and also to make contact with the AQFT literature, we

introduce bases {(Tg5)'}, ‘315 for the Hom-spaces Hom(a, 3§), where Ng; is the fusion coefficient:
(7.4.37) dim(3) dim(3) = > Ng; dim(a

aeC?
The (T)" are thus intertwiners (Tg;)" : o — 3§. Taking into account the multiplicities na, ng,
we can label the basis elements of the U(d) as

(7.4.38) {(Tg)};i=1.Ng5, a=1.n,,b=1.ng

The index pair a,b carries the R-bimodule structure of U(p). More precisely, U(p)a,s is an
Mat,, (C)-Mat,,, (C)-bimodule.

Since any object is equivalent to an appropriate direct sum of copies of simple objects, we

can express the functor U in the basis introduced above. For p = @cco ks,

(7.4.39) Ulp) = @ ks @ nang Hom(ay, 59)

5eCo o,BeCY
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Next, we obtain a similar decomposition in irreducibles of the natural transformation U, .
To this end, we choose bases for the intertwiner spaces Hom(a, 5 (p1p2...pm)), where the p; €
C? are irreducibles. To write down the general formula for Hom(e, 3(pi...p,)), we employ a

convenient graphical representation'®.

Toz,i

Bp

FIGURE 2. Representations of intertwiners in Hom(a, 3p)

From semi-simplicity, it follows that a basis for Hom(a, 3 (p1p2)) is afforded by

(7.4.40) (T ) =BT )Ts?, i=1.N),  j=1.Ng

B(p1p2) p1p2

A basis for Hom(a, 3 (p1p2p3)) may be built up in a similar way:

(Tt )= Blpa(T55) BILH TS, i=1..N;,

pP2p3

j=1.N] k=1.Ng

p1e?

B(p1p2p3) p1E p2p3?

Titom = BT T5y Tiioimen) = Blor(Tyi)) B T
el
B g
P
ooy = To" T Tiotmaan) = Tom Tt Tigo

FIGURE 3. 'Right ordered’ and ’left ordered’ bases
For irreducibles p and o/, choose TS © Tg/ﬂ e U(p) ® U(p'), then
R R
(7.4.41) Up o (T35 % Tgpj,) = T%’Tgpj, € Hom(a, Bpp'),

is the product in A of the two interwiners. It may be re-expressed in the canonical basis 7.4.40
via the 6j—symbol. By the associativity of the monoidal product, a three—fold product of simple
objects can be decomposed into simple objects in two equivalent ways; the 6j—symbol connects
the two decompositions. More precisely, taking irreducible morphisms 3, p and p' for con-
creteness we have (8p)p’ ~ B(pp), so for all irreducibles v, Hom(«v, (8p)p’) ~ Hom(cv, B(pp')).

10We shall stick to the ‘triangle representation’, which is geometrically dual to the more conventional ‘star’
notation for intertwiners.
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Decompositions corresponding to the first Hom-space are given by intertwiners of the type

a — [y — B(pp'). A basis is given by

(7.4.42) (BT ) T

The decomposition corresponding to the second Hom-space are given by interwiners of the
type a — 0p’ — (Bp)p’, which are spanned by

(7.4.43) {5 T3 b

The 6j-symbol is the unitary relating Hom(a, (6p)p’) and Hom(«, 3(pp’)), expressed in the
bases of 7.4.42 and 7.4.43,

(7.4.44) To8 Ty = D ) [ 8] BT 57

The tensor notation employed in the previous equation lies close to physicist practice, but
it is somewhat redundant and misleading. The set of 10 indices are not independent of each
other, e.g. the range of the indices 4, j, & and [ depend on the remaining indices through the
fusion coeflicients. The 6j-symbol is best visualized in the geometric formalism, which also

makes explicit the summation convention implied in 7.4.44. Comparing with 7.4.40 and 7.4.41,

@
[e3 ‘]k
o e Planli]
pl
« /\ @
&) g 3 ’
! P Paaa P
4 o
S,k o,
ﬁ(Tplm)TQJ Tﬂp T

FIGURE 4. Definition of the 6j-symbol

we see that expressing U, in the basis 7.4.40 requires precisely the 6j-symbol. An element
d @ Vel ® U(p') may be expanded as & @ ¥ = (<I>f;k\ll‘5 ) Tfpk ® T“,, and an element
R R ! R

QeUpp) takea the form Q = Q7 i BT) T;] The desired explicit formula is then

jk
(7445) Uﬁﬂ (q) ® lIJ ouj Zq)gk‘llozl D(Gﬂﬂ )[ ?}

Each equivalent basis in Hom(c, 3(p1...pm)) corresponds to a different decompositions into
irreducibles of the m—fold composite charge (p;...pm), which in turn correspond to different
orderings of an m-fold product of Tg p’ ’s. Considering Hom(or, 3(p1paps)), the left— and right—

ordered bases of Figure 3 are two of the possible decompositions. Figure 5 shows two ways
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of obiaining the tral}sformatio‘n cozmecting the bases @iiﬁ'}%) = ngf Th T;ﬁé}l,m,n and
{Tg(l?l aps) = (P1(T,f;lp3)) B(T)3) T5:" }ijx through successive applications of the 6j-symbol.

The two composite maps must coincide, yielding a coherence condition for the 6j-symbol,
known as the Pentagon Equation. If we represent the 6j—symbol as the tetrahedron connecting
its Northern and Southern hemispheres, then Figure 5 has the following geometric interpre-
tation. Identify the boundaries of the two pentagons of Figure 3, obtaining a solid with 6
triangular faces. The two sides of the Pentagon Equation are then represented by the de-
composition of this solid into two— and three tetrahedra, respectively. We shall write down
the explicit form of the Pentagon Equation momentarily, showing at the same time that is
equivalent to the strong monoidality of the functor U = Hom(y,v o _).

P3
P2
P1
D
P3 P3
o «
P2 P2
&) P1 g P1
D P3 D
«
P2
Jé)

P1

FIGURE 5. The Pentagon Equation

Omitting associators (i.e. assuming that our monoidal categories are strict), the hexagon ex-

pressing the monoidality of (U, U,, ,,, Up) reduces to the rectangle
(7.4.46) Upipaps © Wprp0 (% U) = Uppaps © (U QI? Upaops)

We can now write down 7.4.46 in our canonical (i.e. right ordered) basis. We present the
calculation in the geometric formalism, which shows the precise meanings of contractions of

indices.
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L, pwm ] l
(U ® Uﬁz,/’& T@pl Tupz T‘;Lpg -

P3

12
[i Y
pr

N T Tgp? ® D Vp2p3 {“6 ] v T/f;/ls T“i"

Bp1 vp2 T pps
P3

P3
U/’l 2P2P3 /ll p2 {
5’ o
v v Jé]
pr

D(u;;ps)[/w}ffm T?;?Tfsp D (v [ 18] D(shis) [ ] Bon(T) BT T

(Uﬂlfpz (% U)(T[‘;p(: ® Tupg ® T/ZJ;) =

P2
16} I - X 8 M
13 P1
1 2 /j 1 P2
v,a 1,b a,c e \d a,c
Té‘pl Tzl/pg % THPJ D( @Plpz) [a :| B(Tmpz) Tll; ® T}Lps
P2 P2 Ps3
X X Y
U/’l P2:P3 [ P1 = 1 P1 A
«
3 B 7

Tis Dlspin) [ 48] D st ) [13] (T, BTN T

D( ﬂﬂlf/’z ) [ ] ﬂ(Tf;\l;w) T/?i up3
P3
0 B S
v P2 M
P P3

P P2

BTy, T T3 = D) 30 ] Bon(Thi,) BT TS

P1p2
Comparing the left/lower and upper/right sides of the rectangle, the Pentagon Equation

reads:
de jk

a e o 34 b « h v
Do) 1] Do) [ 3] = D) [ 5] D (80 ) [ £ ] D (o) [ ]
Recall that in DHR-theory, there is an equivalence of categories DHR(2() = Rep,,.(2). The

object map of the equivalence functor given by p +— (m,, H,), where 7, is a DHR-representation
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with respect to the vacuum representation (my, Ho). There exists an isometry V, : H, — H,
such that V,m, = (m o p)V,,. The image under the equivalence of the object P = @, po nact
is 77 = @, cp0 NaTa, & (completely) reducible representation of A on H = @&H,.

We shall define the Field Algebra through the functor

(7.4.47) U’ =Hompypr(r?,m70_):C — gMp

For p € A°, U’(p) decomposes as Hom(n7, 770 p) = @, 5 nang Hom(ma, 75 o p). Furthermore,
intertwiners ¢ € Hom(m,, 75 o p) are in one-to-one correspondence with interwiners V3oV, €

Hom(mg o v, 9 © Bp), or in other words

Vi (2)Va : Hom(7a, 75 © p) — Hom(mp o o, g 0 3)
is an isometry. Using our previously developed notation, we immediately find that the
(7.4.48) (F) o gp = (V) mo(T50™ Vet i = 1..N§, a = L.ng,b=1..ng

are a basis for Hom(m,, 75 o p). Denote F* = @, .5, (F”"), 45, The F? shall be called
the charge creation operators for the sector p. The terminology is justified by the following
property

LEMMA 7.4.49. The F**, defined as above, create charge p in the representation ©7 in the
sense

PO (A) = 77 0 plA) PP
PROOF. We omit the multiplicity indices to un—clutter our formulas.

(Vi mo(TgVa)Ta(A) = Vi Tiimo 0 a(A)Va = V™o © Bp(A)T5Va =

=g o p(A)(Vs'mo(T5),)Va)
Extending the unitaries V,, : H, — Hy to isometries on H, the statement follows. O

We proceed to calculate the relations satisied by the charge creation operators among

themselves. Substituting the definitions,

(7.4.50) FRIFS = (Vi mo(TVa) (Va mo (TS V) = Vi mo( T3 T ) Va =

By T Bp' “p

X ki 8.0k ki 1y ok

=V5"D () [fj]ﬁ(Tp/p)Tga Vo= D(5) [‘7}]@%@7,0)1’@
Up to now, we have only worked with charge creation operators for irreducible morphisms
(i.e. sectors). However, the definition is easily extendable to arbitrary composite charges, using
our bases for the intertwiner spaces Hom(a, 3 (ps...p,)). In particular, charge creation operators

. . / kil ] . 5. 0

for the composite charge (p'p) will be labelled FJ5™ = Vi™Ty Vo = Vi'ns(T,,) Tgs Va.
Using our earlier, condensed notation, the matrix elements of charge creation operators for

composite charges (p;...pn) read

(p1--pm)si1 - 1m *A0G 1 i,
(7.4.51) Faf;‘ )i =Vs Tmpi_pm)Va
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We can now cast 7.4.50 in the more transparent form
/i i o ki o)
(7.4.52) FEIRL = D(s5,) [0 ] FU

: o

We are now ready to define the Field Algebra, as a ’cross—product’ of the observable algebra

and the charge creation operators.

DEFINITION 7.4.53. The Field Algebra is generated by the {77() ® F7},cao0, subject to
R

the following relations:
(F(4) © o) (1(4) © F) = (1(Ap(A) © FP*F7)

This is essentially Fredenhagen, Rehren and Schroer’s reduced field bundle construction
(see [37]). In their terminology, for irreducible «, 8 and a morphism p, triples e = (a, p, 3) =
(s(e),cle),r(e)) are called ’fusion channels’ or ’coloured edges’ with range §, source « and
charge p. Our bases of intertwiners Tfp are denoted simply 7.. The reduced field bundle is
generated by elements F(e, A), which in turn are defined by their action on the Hilbert space
H = ®oH,. Denoting (o, ¥), ¥ € Hy the elements of the Hilbert space H,,

F(e, A)(a, ) = (8, (T a(A)) ¥).

Thus, apart from the fact that our semidirect product field algebra is based on the left action
of the charge creation operators on the observable algebra, the F'(e, A) correspond to matriz
elements (77 @ FJ73). The reduced field bundle is said to have a 'path algebra’ structure. A
path 7 is a composition of edges ) = e, o ... 0 ¢; such that s(e;41) = r(e;). Field bundle elements
F(es, As), F(e1, A1) can be multiplied only if e; and e; are compatible, i.e. s(e2) = r(e1) must
hold, but the charges ¢; and ¢; may be arbitrary. This is an intuitive formulation of the algebra
of field operator matrix elements. It must be remarked that the reduced field bundle of [37] also
possesses additional structure which does not arise in our construction. Namely, the statistics
operator € : p;pa — pap; endows the reduced field bundle with an additional ’exchange algebra’
structure. Since we hadn’t considered a braiding on the category C, this piece of structure is

of course missing.
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Summary

The novel results presented in this Thesis are based on the publications [3] (by K. Szlachanyi
and the Author) and [4] (by the Author). We summarize the main points, as they appear in
the Thesis.

In chapter 3, we introduce basic definitions and results leading up to, and including quan-
tum groupoids. No new results are presented here, the emphasis is on presenting successive
generalizations of the Hopf algebra structure together with the the respective module and co-
module categories. We describe the Distributive Double Algebra (DDA) approach to Frobenius
Hopf algebroids, introduced in [79], which we use throughout Chapters 4 and 5.

Following a brief overview of classical and Hopf Galois theory, Chapter 4 gives an account
of quantum groupoid Galois theory, based on the paper [3]. We understand the term quantum
groupoid to mean Frobenius Hopf algebroid or Distributive Double Algebra. The starting
point is Theorem&Definition 4.3.8, which shows that a Galois extension over a DDA may be
defined equivalently as a Galois extension over the vertical or over the horizontal constituent
Hopf algebroids. A key result is Theorem 4.4.5, which establishes the equivalence between
Galois extensions over a Frobenius Hopf algebroid and depth 2 balanced Frobenius extensions.
This theorem characterizes quantum groupoid Galois extensions without explicitly assuming
a quantum groupoid (co-) action. It is a generalization of the analogous result stated for
bialgebroids in [47].

Chapter 5 introduces a notion of scalar extension for quantum groupoids based on the paper
[3]. After collecting results on Yetter-Drinfel’d modules and braided commutative algebras
(BCAs), the basic construction appears in Thm. 5.3.1. It associates to a bialgebroid H over
R and a braided commutative algebra () over H the scalar extension, a bialgebroid H#Q
with base algebra extended to (). It generalizes both Brzeziniski and Militaru’s construction
for Hopf algebras [21] and the coring extensions of [14]. In Proposition 5.3.28, we extend
the scalar extension construction to Hopf algebroids by defining an antipode for the extended
bialgebroid. We prove in Proposition 5.3.13 that scalar extension is transitive in the sense that
the composition of scalar extensions is again a scalar extension. An important application of
the construction comes from Galois theory: in Propositions 5.5.1 and 5.5.8, we prove that the
centralizer of a bialgebroid Galois extension is a braided commutative algebra and moreover,
that scalar extension by the centralizer gives precisely the canonical endomorphism bialgebroid

associated to the extension. This gives us partial control over the ambiguity in the 'Galois
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group’ for quantum groupoid Galois extension; notably, no similar result is available in Hopf

Galois theory.

Chapter 6 is about bicoalgebroids and is based on the paper [4]. We define module and
comodule categories over bicoalgebroids and prove, in Theorem 6.3.2 that the comodule cate-
gory is monoidal with a strict monoidal forgetful functor to the bicomodule category over the
base coalgebra. We prove a comonadic Schauenburg—type theorem for bicoalgebroids in 6.3.27.
We consider the notions of cocenter and cocentralizer for bicomodules and coalgebra exten-
sions, respectively, and prove the equivalence of different definitions in Section 4 of Chapter 5.
We define the Yetter—Drinfel’d category and braided cocommutative coalgebras (BCCs) over

bicoalgebroids and define a scalar extension for bicoalgebroids in Theorem 6.5.23.

Chapter 7 is devoted to an application from Algebraic Quantum Field Theory (AQFT).
We recall the axioms of AQFT, the field algebra construction and the Doplicher-Roberts Re-
construction Theorem. With mild assumptions on the DR category we give a purely algebraic
construction for the field algebra similar in spirit to Doplicher and Roberts’ and prove that
it defines a depth 2 extension of the observable algebra. This promises a quantum groupoid
symmetry by our earlier results from quantum groupoid Galois theory. In the special case that
the DR category is semi—simple, our field algebra construction reduces to a generalization of
Fredenhagen, Rehren and Schroer’s reduced field bundle.



ésszefoglalés
Az dolgozatban talalhaté j eredmények a [3] (Szlachdnyi Kornél és a Szerz munkéja), és a
[4] (a Szerzé munkdja) publikacidkon alapulnak. A fébb pontokat a az értekezésbeli targyaldsuk

sorrendjében foglaljuk Gssze.

A harmadik fejezetben a kvantum gruppoidok elméletét megalapozé alapvet6 definicidkat
és tételeket tekintjiik &t. U] eredményeket nem mutatunk be, a hangsulyt a Hopf algebrat
altalanosité szimmetria struktirdk valamint a megfelelé modulus— és komodulus kategéridik
egyiittes bemutatdsédra helyeztiik. Ismertetjiik a Frobenius Hopf algebroidokat leiré Disztributiv
Dupla Algebra (DDA) formalizmust (Id. [79]), amit a negyedik és 6todik fejezetben alka-

Imazunk.

A klasszikus— és Hopf Galois elmélet tomor attekintését kovetéen a negyedik fejezetben
mutatjuk be a kvantum gruppoidok Galois elméletét a [3] cikk alapjdn. A kvantum grup-
poid kifejezés alatt Frobenius Hopf algebroidot értiink, melynek lefasara a DDA formalizmust
hasznaljuk. Kiindulépontunk a 4.3.8 tétel&definicié, mely szerint egy DDA fol6tti Galois kiter-
jesztés ekvivalens médon definidlhaté vertikalis, illetve horizontalis Hopf algebroidja f6lotti Ga-
lois kiterjesztésként. Fontos eredmény tovabba a 4.4.5 tétel, amely megallapitja a Frobenius
Hopf algebroid folotti Galois kiterjesztések és a 2—es mélységii balanszirozott Frobenius kiter-
jesztések ekvivalencidjat. Ez a tétel a szimmetria struktira explicit emlitése nélkiil jellemzi a
kvantum gruppoid-Galois kiterjesztéseket, és a [47]-ben taldlhatd, bialgebroidokra vonatkozd

eredmény altalanositdsa.

Az 6todik fejezet tdrgyalja a kvantumgruppoidok skaldr—kiterjesztését a [3] cikk alapjan.
A Yetter-Drinfel’d modulusok és fonott kommutativ algebrdk (az angol kifejezés rovidités
alapjan BCA-k) elmélete alapvetd eredményeinek attekintése utdn az alapvetd konstrukei6t
a 5.3.1 tétel tartalmazza. A konstrukcié egy R folotti H bialgebroidhoz és egy H 0lotti @
BCA-hoz egy H#Q, @ folotti bialgebroidot rendel és egyszerre dltaldnositja Brzezinski és
Militaru Hopf algebrékra vonatkozé konstrukeidjat valamint a [14] értelmében vett kogytir(i
kiterjesztéseket. A skaldr—kiterjesztést dltaldnositjuk Hopf algebroidokra is (5.3.28 4llitds),
azaltal, hogy kiterjesztett bialgebroidhoz antipédot konstrudlunk. A 5.3.13 &llitds szerint a
skalar-kiterjesztés tranzitiv abban az értelemben, hogy két egymadst kovetd skalar—kiterjesztés
kompozicidja szintén skaldr-kiterjesztést eredményez. A skalar-kiterjesztés fontos szerephez jut
a Galois elméletben: az 5.5.1 és 5.5.8 allitasokban bebizonyitjuk, hogy egy bialgebroid—Galois
kiterjesztés centralizdtora mindig fonott kommutativ és tovabba, hogy a cenztralizdtorral valé

skaldr—kiterjesztés éppen a Galois bovitéshez tartozé kanonikus endomorfizmus bialgebroidot
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adja. Ezzel részben le tudjuk frni a kvantum gruppoid szimmetria tobbértelmiiségét — a Hopf

Galois elméletben ismeretesen nem 4all rendelkezésre hasonld eredmény.

A hatodik fejezetet a bialgebroid struktirat dualizalé bikoalgebroidoknak szenteljiik, és a
[4] cikken alapul. Definidljuk a bikoalgebroid f6l6tti modulus— és komodulus kategéridt. A
6.3.2 tételben bebizonyitjuk, hogy egy bikoalgebroid komodulus kategérian létezik monoidalis
struktira valamint egy szigorian monoidalis felejtéfunktor a bazis koalgebra feletti bikomod-
ulus kategéridba. A 6.3.27 tétel egy bikoalgebroidokra vonatkozé Schauenburg-tipusi tétel
komonddikus valtozata. A hatodik fejezet negyedik szakaszaban attekintjiik a bikomodulus ko-
centrumaénak, illetve koalgebra kiterjesztés kocentralizatoranak fogalmat és bizonyitjuk néhany
kiilénboz6 definicié ekvivalencidjat. Definidljuk a bikoalgebroid f6lotti Yetter—Drinfel’d modu-
lusok és fonott kokommutativ koalgebrédk (az angol kifejezés rovidités alapjan BCC—k) fogalmét
és a 6.5.23 tételben bevezetjiik a skalar-kiterjesztés fogalmat bikoalgebroidokra.

A hetedik fejezetben egy Algebrai Térelméletbeli alkalmazast mutatunk be. Vézoljuk
az Algebrai Térelmélet axiomarendszerét, a téralgebra konstrukciét és a Doplicher-Roberts—
féle rekonstrukeids tételt. Enyhe feltevésekkel élve a szuperszelekcids szektorok Doplicher
Roberts (DR) kategéridjardl, adunk egy Doplicher és Robertséhez hasonlé dm tisztdn alge-
brai téralgebra konstrukciét, és bebizonyitjuk, hogy az a megfigyelhed algebra 2—es mélysgi
kiterjesztését definidlja. Ez az eredmény a korabbi, Galois—elméletbeli eredményeink alapjan
kvantum gruppoid szimmetridt igér. Abban a specidlis esetben amikor a Doplicher—Roberts
kategéria féligegyszeri, téralgebrank a Fredenhagen-Rehren-Schroer—féle 'reduced field bundle’

konstrukcié altalanositasat adja vissza.



Bibliography

[1] L. Abrams, Modules, comodules and cotensor products over Frobenius algebras, J. Algebra 219
(1999) 211-213

[2] F.W. Anderson, K.R. Fuller: Rings and Categories of Modules, 2nd ed., Springer-Verlag New
York, Inc., 1992

[3] L Balint, K. Szlachanyi, Finitary Galois extensions over noncommutative bases, J. Algebra 296
(2006) 520-560

[4] I Balint, Scalar extension for bicoalgebroids, to appear in: Applied Categorical Structures

[5] R. J. Blattner, S. Montgomery, Crossed products and Galois extensions of Hopf algebras, Pacific
J. Math. 137 (1989) 37-54

[6] G. Bohm, Galois theory for Hopf algebroids, Ann. Univ. Ferrara - Sez. VII - Sc. Mat. Vol. L1
(2005), 233-262

[7] G. Bohm, Integral theory of Hopf algebroids, Alg. Rep. Theory 8 (2005), 563-599

[8] G. Bohm, K. Szlachdnyi, A coassociative C* —quantum group with nonintegral dimensions, Lett.
Math. Phys. 35 (1996), 437-456

9] G. Bohm, F. Nill, K. Szlachdnyi, Weak Hopf Algebras I: Integral theory and the C*-structure,
J. Algebra 221 (1999), 385-438

[10] G. Bohm, K. Szlachanyi, Weak Hopf Algebras II: Representation theory, dimensions, and the
Markov trace, J. Algebra 233 (2000), 156-212

[11] G. Bohm, K. Szlachdnyi, Hopf algebroids with bijective antipodes: axioms, integrals and duals,
J. Algebra 274 (2004) 708-750

[12] G. Bohm, K. Szlachdnyi, Hopf Algebroid Symmetry of Abstract Frobenius Extensions of Depth
2, Commun. Algebra 32 (2004) 4433-4464

[13] T. Brzezitiski, The structure of corings, Algebra Represent. Theory 5 (2002) 389-410

[14] T. Brzeziniski, A note on coring extensions, Ann. Univ. Ferrara - Sez. VII - Sc. Mat. 51: 15-27
(2005), arXiv:math.RA/0410020

[15] T. Brzezinski, P. M. Hajac, Coalgebra extensions and algebra coextensions of Galois type, Comm.
Algebra 27 (1999) 1347-1367

[16] T. Brzeziniski, P. M. Hajac, The Chern-Galois character, C. R. Acad. Sci. Paris Ser. I. 338
(2004)

[17] T. Brzezinski, S. Majid Coalgebra bundles, Commun. Math. Phys. 191 (1998) 467-492

[18] T. Brzezinski, S. Majid Quantum group gauge theory on quantum spaces, Commun. Math. Phys.
157 (1993) 591-638

[19] T. Brzezinski, S. Majid Line bundles on quantum spheres, AIP Conf. Proc. 453 (1998) 3-8

[20] T. Brzeziniski, T. Dabrowski, B. Zieliiisky, Hopf fibration and monopole connection over the
contact quantum spheres, J. Geometry and Physics 50 (2004) 345-359

145



146 Bibliography

[21] T. Brzezinski, G. Militaru, Bialgebroids, x 4-bialgebras and duality, J. Algebra 251 (2002) 279-
294

[22] T. Brzeziniski, R. Wisbauer: Corings and Comodules, London Math. Soc. LNS 309, Cambridge
Univ. Press 2003

[23] S. Caenepeel, E. de Groot, Galois theory for weak Hopf algebras,
arXiv:math.RA/0406186 (2004)

[24] S. Caenepeel, M. de Lombaerde, A categorical approach to Turaev’s Hopf group-coalgebras,
Comm. Algebra 34 (2006), 2631-2657

[25] S. Caenepeel, D.-G. Wang, Y.-M. Yin, Yetter-Drinfeld modules over weak Hopf algebras and the
center construction, arXiv:math.QA/0409599

[26] A. C. da Silva, A. Weinstein, Geometric models for noncommutative algebras, Berkeley Math.
Lecture Notes, vol. 10, AMS Providence (1999)

[27] S. U. Chase, D. K. Harrison, Alex Rosenberg, Galois theory and cohomology of commutative
rings, AMS Memoirs No. 52 (1965)

[28] S. U. Chase, M. E. Sweedler, Hopf algebras and Galois theory, Lecture Notes in Mathematics
97, Springer Verlag (1969)

[29] M. Cohen, D. Fischman, S. Montgomery, Hopf Galois extensions, smash products, and Morita
equivalence, J. Algebra 133 (1990) 351-372

[30] Y. Doi, M. Takeuchi, Hopf-Galois extensions of algebras, the Miyashita-Ulbrich action, and
Azumaya algebras, J. Algebra 121 (1989) 488-516

[31] Y. Doi, M. Takeuchi, Cleft comodule algebras for a bialgebra, Comm. Algebra. 14 (1986) 801-817

[32] S. Doplicher, J. E. Roberts, A new duality theory for compact groups, Inventiones Mathemat-
icee89, 157-218 (1989)

[33] S. Doplicher, J. E. Roberts, Endomorphisms of C*—-algebras, cross products and duality for
compact groups, Ann. Math. 130, 75-119 (1989)

[34] S. Doplicher, J. E. Roberts, Why there is a field algebra with a compact gauge group describing
the superselection sector in particle physics, Commun. Math. Phys. 131, 51-107 (1990)

[35] M. Enock, J.-M. Vallin, Inclusions of von Neumann algebras and quantum groupoids, Inst. de
Math. de Jussieu, preprint No. 156 (1998)

[36] P. Etingof, D. Nikshych, Dynamical quantum groups at roots of 1, Duke Math. Journal,
108:135168 (2001)

[37] K. Fredenhagen, K.-H. Rehren, B. Schroer, Superselection Sectors with Braid Group Statistics
and Exchange Algebras (II: Geometric aspects and conformal covariance), Rev. Math. Phys. S11
(1992) 113-157 ”Special Issue”

[38] R. Haag, Local quantum physics, Texts and Monographs in Physics, Springer Verlag (1992)

[39] Johnstone, P.T., Adjoint lifting theorems for categories of modules, Bull. Lond. Mat. Soc. 7,
294-297 (1975)

[40] A. Joyal, R.H. Street, Braided tensor categories, Advances in Mathematics 102, 20-78 (1993)

[41

A. Joyal, R.H. Street, Tortile Yang-Baxter operators in tensor categories, J. Pure Appl. Algebra
71, 43-51 (1991)

[42] A. Joyal, R. Street, ‘An introduction to Tannaka duality and quantum groups’, Lecture Notes
in Math. 1488, pp 413-492,



147

[43] D. Kastler (ed.), The Algebraic Theory of Superselection Sectors. Introduction and Recent Re-
sults, Proc. of the Convegno Internationale Algebraic Theory of Superselection Sectors and Field
Theory, World Scientific (1990)
[44] C. Greither, B. Pareigis, Hopf Galois theory for separable field extensions, J. Algebra 106 (1987)
239-258
[45] L. Kadison, Normal Hopf subalgebras, depth two and Galois extensions,
arXiv:math.QA/0411129
[46] L. Kadison, Co-depth two and related topics, math.QA/0601001
[47] L. Kadison, K. Szlachdnyi, Bialgebroid actions on depth two extensions and duality, Advances
in Mathematics 179 (2003) 75-121
[48] C. Kassel, “Quantum Groups”, Grad. Textsin Math. 155, Springer Verlag, Berlin, 1995
[49] H. E. Kreimer, M. Takeuchi, Hopf algebras and Galois extensions of an algebra, Indiana
Univ. J. Math 30 (1981) 675-692
[50] Longo, A duality for Hopf algebras and for sufactors I., Commun. Math. Phys. 159 (1994),
133-150
[51] R. Longo, J. E. Roberts, A theory of dimension, K-theory 11 (1997), 103-159
[62] J. H. Lu, Hopf algebroids and quantum groupids, Int. J. Math. 7 (1996), 47-70
[63] S. Mac Lane: Categories for the Working Mathematician, 2nd edition, GTM 5, Springer-Verlag
New-York Inc., 1998
[64] S. Majid, Representations, duals and quantum doubles of monoidal categories, Rend. Circ. Mat.
Palermo (2) Suppl. No. 26 (1991), 197-206

5] G. Maltsinoitis, Groupoides quantiques, C. R. Acad. Sci. Paris, 314 (1992), 249-252

6] I. Moerdijk, Monads on tensor categories, Journal of Pure and Applied Algebra, 168 (2002)
189-208

[57] S. Majid, Foundations of quantum group theory, Cambridge University Press (1995)

[58] S. Montgomery, Hopf Algebras and Their Actions on Rings, CBMS Lecture Notes 82, Am. Math.
Soc., Providence, RI (1993)

[69] H. Halvorson, M. Mueger, Algebraic Quantum Field Theory, in: Handbook of the Philosphy of
Physics, arXiv: math-ph/0602036v1

[60] E. F. Miller, H.-J. Schneider, Quantum homogenous spaces with faithfully flat module structures,
Isr. J. Math. 111 (1999) 157-190

[61] D. Nikshych, L. Vainerman, A characterization of depth 2 subfactors of 11y factors, J. Func.
Analysis 171 (2000) 278-307

[62] D. Nikshych, L. Vainerman, A Galois correspondence for actions of quantum groupoids on II;-
factors, J. Func. Analysis 178 (2000) 113-142

[63] F. Nill, Azioms for weak bialgebras, arXiv: math.QA/9805104

[64] F. Nill, K. Szlachanyi, H.-W. Wiesbrock, Weak Hopf Algebras and Reducible Jones Inclusions
of Depth 2. I: From Crossed Products to Jones Towers

[65] B. Pareigis, Forms of Hopf algebras and Galois theory, Topics in Algebra, Banach Center Pub-
lications, Vol. 26, Part 1, pp 75-93 (1990)

[66] B. Pareigis, A non-commutative non-cocommutative Hopf algebra in "nature”, J. of Algebra 70,
356-374 (1981)

[
[

5
5



148 Bibliography

[67] M. J. Pflaum, P. Schauenburg, Differential calculi on noncommutative bundles, Zeitschrift f.
Physik C 76, 733744 (1997)

[68] P. Podless, Quantum spheres, Lett. Math. Phys. 14 (1987) 193-202

[69] Phung Ho Hai, An embedding theorem for monoidal categories, Compositio Math. 132, 27-48
(2002)

[70] D. Ravenel, Complex cobordism and stable homotopy groups of spheres, Pure and Applied Math.
Series, Academic Press (1986)

[71] N. Saavedra Rivano, Catégories Tannakiennes, Lecture Notes in Mathematics 265, Springer-
Verlag Berlin-Heidelberg-New York 1972

[72] P. Schauenburg, Bialgebras over noncommutative rings, and a structure theorem for Hopf bi-
modules, Applied Categorical Structures 6, 193-222 (1998)

[73] P. Schauenburg, Duals and doubles of quantum groupoids (xr—Hopf algebras), in: N. An-
druskiewitch, W. R. Ferrer-Santos and H. J. Schneider (eds.) AMS Contemp. Math. 267, AMS
Providence 273-293 (2000)

[74] P. Schauenburg, Hopf Galois and Bi-Galois Extensions, in: Galois theory, Hopf algebras and
semiabelian categories, Fields Institute Communications 43 (2004) p. 469-515

[75] P. Schauenburg, Weak Hopf algebras and quantum groupoids, in: Noncommutative geometry
and quantum groups (Warsaw, 2001), 171-188, Polish Acad. Sci., Warsaw, 2003)

[76] H. J. Schueider, Principal homogenous spaces for arbitrary Hopf algebras, Israel J. of Mathe-

matics 72 (1990) 167-195

M. Sweedler, Groups of simple algebras, Publ. Math. I.H.E.S. 44 (1974), 79-189

K. Szlachényi, Galois actions by finite quantum groupoids in ”Locally Compact Quantum Groups

[77
78

and Groupoids”, ed.: L. Vainerman (IRMA Lectures in Mathematics and Theoretical Physics
2) de Gruyter 2003

[79] K. Szlachényi, The double algebraic view of finite quantum groupoids, Journal of Algebra 280
(2004) 249-294

[80] K. Szlachanyi, Monoidal Morita equivalence, in: Noncommutative Geometry and Representation
Theory in Mathematical Physics, Contemp. Math. 391, 353-369 (2005)

[81] K. Szlachényi, The monoidal Eilenberg-Moore construction and bialgebroids, Journal of Pure
and Applied Algebra 182 (2003) 287-315

[82] K. Szlachényi, Finite quantum groupoids and inclusions of finite type, Fields Institute Commu-
nications 30 (2001) p. 393-407

[83] K. Szlachdnyi, Galois actions by finite quantum groupoids in: ‘Locally compact quantum groups
and groupoids’, ed. L. Vainerman (IRMA Lectures in Mathematics and Theoretical Physics 2.),
de Gruyter (2003)

[84] K. Szlachanyi, Weak Hopf algebra symmetries of C*—algebra inclusions, Seminari di Geometria
2000, Univ. Bologna (2001)

[85] M. Takeuchi, Morita theorems for categories of comodules, J. Fac. Sci. Univ. Tokyo, Sec. IA, 24,
(1977) 629-644

[86] M. Takeuchi, Groups of algebras over A @ A, J. Math. Soc. Japan 29 (1977) 459-492

[87] K.-H. Ulbrich, Galois extensions as functors of comodules, Manucripta Math. 59 (1987) 391-397

[88] K.-H. Ulbrich, On Hopf algebras and rigid monoidal categories, Israel J. Math. 72, 252-256 (1990)



149

[89] J.-M- Vallin, Bimodules de Hopf et poids opératoriels de Haar, J. Operator Theory 35 (1996),
39-65

[90] A. Weinstein, Groupoids: unifying internal and external symmetry (a tour through some exam-
ples), Notices of the AMS Vol. 43 No. 7

[91] Robert Wisbauer, Algebras versus coalgebras, to appear in Applied Categorical Structures (this
volume)

[92] S. L. Woronowicz, Differential calculus on compact matriz pseudogroups (quantum groups),
Comm. Math. Phys. 122 (1989) 125-178

(93] P. Xu, Quantum groupoids, Comm. Math. Phys. 216 (2001), 539-581



