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Abstract

We define a class of deformations in W7 (€, R™), p > n— 1, with positive Jacobian that do not exhibit
cavitation. We characterize that class in terms of the non-negativity of the topological degree and the
equality Det = det (that the distributional determinant coincides with the pointwise determinant of the
gradient). Maps in this class are shown to satisfy a property of weak monotonicity, and, as a consequence,
they enjoy an extra degree of regularity. We also prove that these deformations are locally invertible;
moreover, the neighbourhood of invertibility is stable along a weak convergent sequence in W7, and
the sequence of local inverses converges to the local inverse. We use those features to show weak lower
semicontinuity of functionals defined in the deformed configuration and functionals involving composition
of maps. We apply those results to prove existence of minimizers in some models for nematic elastomers
and magnetoelasticity.
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1 Introduction

In this paper we prove a local invertibility result for Sobolev deformations in W1P(Q,R") with p > n — 1
and 0 C R™. Our motivation comes, on the one hand, from the need of defining a suitable subclass of
deformations in WP that are regular enough so as not to exhibit cavitation, and, on the other hand, to
prove well-posedness of variational models, like those for nematic elastomers and magnetoelasticity, that
involve both reference and deformed configurations.

In the context of nonlinear elasticity, results on global invertibility of deformations can be found in
[7, 15, 70, 71, 63, 61, 16, 42, 43, 44, 45, 46], whereas [32] deals with local invertibility. Most approaches use
the topological degree as an essential tool. Among the papers cited before, we explain some of the ideas of
Miiller & Spector [61], since their analysis has been instrumental in our work.

In their study of cavitation in solids (that is, the sudden formation of voids in materials subjected to a large
tension), a key idea of [61] was the introduction of condition INV (see Definition 3.5), which is a topological
condition that, together with the assumption det Du > 0 almost everywhere (henceforth abbreviated as
a.e.), implies invertibility a.e. and provides a sensible notion of orientation preserving Sobolev functions.
Here u : © — R™ is the deformation. They also showed that the distributional determinant Det Du (see
Definition 2.26) is able to detect the process of cavitation. In this paper, even though we will deal with
maps that do not present cavitation, we need to have a prior understanding of the mathematical conditions
for cavitation precisely in order to define a class of functions that excludes it. In particular, they showed
that, under natural assumptions (notably, condition INV), the equality Det Du = det Du (meaning that the
distributional determinant can be identified with the L' function det Du) means exactly that u does not
exhibit cavitation. As a matter of fact, condition Det Du = det Du has been traditionally an intermediate
step to prove existence of minimizers in nonlinear elasticity (see [6, 60, 63] and their many generalizations).
However, in [44] an example was given of a one-to-one a.e. deformation u that creates a cavity even though
det Du > 0 a.e. and Det Du = det Du. That function does not satisfy condition INV and, in fact, the
topological degree takes both positive and negative values. This raises the question of an adequate definition
of orientation preserving Sobolev maps. While the traditional analytical definition is that det Du > 0 a.e.
(or det Du > 0 a.e.), it is more appropriate to use the topological definition stating that the degree is non-
negative: deg(u,U,-) > 0 a.e. for any open U C ) for which the degree of u in U is defined (see Section 3).
We will return to this issue later, notably in the statement of Theorem 1.1.

In [45] it was proven that, under the conditions of [61], the inverse function u™! is also Sobolev (see [70]
for an earlier related result). Hence, as a by-product of the theory of [61], we may state that the class of
functions u satisfying INV, det Du > 0 a.e. and Det Du = det Du is, possibly, the right analogue in WP
to the concept of orientation-preserving homeomorphism.

Condition Det Du = det Du can be expressed as

det Du(x) = % Div [adj Du(x) u(x)], (1.1)

where Div in the right-hand side denotes the distributional divergence. For smooth maps u, equality (1.1)
is a consequence of Piola’s identity, and so is the following variant, introduced in [59, 60, 63] (see also [70,
Eq. (8)]):

div g(u(x)) det Du(x) = Div [adj Du(x) g(u(x))] (1.2)

for all g € C*(R™,R"™) N Wh>°(R",R"). Obviously, (1.1) follows from (1.2) by taking g = +id, but the



example of [44] shows that the two conditions are not equivalent. In [42] it was introduced the energy

E(u) = sup / [cof Vu(x) - Df(x,u(x)) 4+ det Vu(x) div f(x, u(x))] dx,
feCl(QxR™ R") /Q
[If]lee <1

which measures the new surface in the deformed configuration created by u (for example, by the process of
cavitation), and quantifies the failure of the equality (1.2). For the purpose of this paper, we just need to
know that £(u) = 0 if and only if equality (1.2) holds for all g € CL(R",R™). As a matter of fact, in our
setting of W1? maps with p > n — 1, condition £(u) = 0 also corresponds to saying that the graph of u is a
current with no boundary in © x R™ (see [38, 39, 16]).

One of the main results of the paper is a characterization of a class of functions that are orientation
preserving and do not exhibit cavitation. As said before, the example of [44] shows that conditions £(u) = 0
and Det Du = det Du are not equivalent, nor does condition det Du > 0 a.e. imply deg(u,U,-) > 0.
Nevertheless, when they are put together, and under some complementary assumptions, they are actually
equivalent.

Theorem 1.1. Let p > n — 1 and suppose that u € WHP(Q,R™) satisfies det Du € Li (). The following
conditions are equivalent:

a) E(u) =0 and det Du > 0 a.e.
b) (adj Du)u € L (Q,R"), det Du(x) # 0 for a.e. x € Q, Det Du = det Du, and deg(u, B,-) > 0 for all

loc

balls B for which deg(u, B, -) is defined.

Throughout this paper, p > n — 1 is fixed (the borderline case p = n — 1 is yet to be explored, see
[28] for a partial result). We call A, the class of functions satisfying the conditions of Theorem 1.1. As
a particular case of the theory of [42, 44] (see also the earlier approaches [59, 38]), it turns out that A,
is a suitable class for proving existence of minimizers of polyconvex functionals in nonlinear elasticity. To
have an idea of how big the set A, is, we point out that, as a consequence of [63], if u € W1P(Q,R")
satisfies cof Du € L#-1(Q,R"*") and det Du > 0 a.c. then u € A,. We also show that maps in A,
satisfy a monotonicity property closely related to Manfredi’s [56] notion (see also [41] and [47, Ch. 2]). As
a consequence, functions in A, admit a representative that is continuous except for a set of " P-measure
zero and is differentiable a.e.

The second main theorem of the paper is a local invertibility result for functions in A,: given u € A,
for a.e. x € €2 there exists rx > 0 such that the ball B := B(x,rx) satisfies

u|p satisfies INV, u(B) = imp(u, B) a.e. and (u|g)~* € W' (imp(u, B),R"). (1.3)

The set imr(u, B) is the topological image of B under u (see Definition 3.4; the concept is due to Sverdk
[70]), and u(B) is, in truth, the image of a suitable subset of B of full measure under u (see Definition 2.11;
the concept is due to Miiller & Spector [61]). Thanks to the continuity of the degree, imr(u, B) is open.
Hence property (1.3) shows that u is an open map, up to sets of measure zero. This is important in order
to give a rigorous definition of the set u(f2) appearing in the models with varying domains that we have in
mind; in WP with p < n, this is a delicate matter since two functions u and u; that coincide a.e. might have
images u(f2) and u;(2) that differ in a set of positive measure (see, e.g., [61] or [47, Ch. 4]). Thus, property
(1.3) expresses that the class A, seems to be the counterpart of the concept of an orientation-preserving local
homeomorphism in WP, This local invertibility result shows, in particular, that the pathological behaviour
of one-to-one a.e. maps with det Du > 0 not satisfying INV (see [61, Sect. 11], [62, Sect. 5] and [44, Sect. 7]
for some examples) is excluded when cavitation is prohibited.

Moreover, if a sequence {u;};en C A, tends to u € A, weakly in WP, conditions (1.3) are satisfied
simultaneously for all members u; of a subsequence. Furthermore, the local inverses (u;|p)~! converge
to (u|g)~!, as well as their gradients, adjoints and determinants. The convergence is in the appropriate
topology to make the direct method of the calculus of variations work for (u|g)~!. This local invertibility



result generalizes the work of Fonseca & Gangbo [32] from p =n to p > n — 1. In the context of geometric
function theory and quasiregular mappings, the existence of local homeomorphisms has been studied by
[52, 51], again for the exponent p = n.

This theorem on invertibility and stability of the inverse is especially suitable to prove lower semicontinuity
for functionals of the form

o W(Dw(y))dy (1.4)

and

/QI/VO(DU(X)7 w(u(x))) dx. (1.5)

The difficulty of the analysis of (1.4) relies in the fact that the domain u(Q) of w varies along a minimizing
sequence {u;};cy. This obstacle is overcome by working in subdomains V' CC u(2) such that V' C u,;(Q)
for all j. On the other hand, the key difficulty of (1.5) is the composition w o u, since, in general, it is
not continuous with respect to the weak topology of the corresponding functional spaces. We solve that by
working in balls B C Q where u and all u; are invertible and perform a change of variables that brings the
analysis of the energy to the deformed configuration, again using the local invertibility property (1.3).

Thus, the results are suitable to show existence of minimizers for variational models that involve refer-
ence and deformed configurations simultaneously. We have chosen two examples: nematic elastomers and
magnetoelasticity. In this introduction we only explain a particular case of the former.

Recently, in [11], a model for nematic elastomers was investigated, where the elastic behaviour of the
polymer chains is coupled to the orientational order of the nematic mesogens through the minimization a
total free energy

I(u,n) = [)WmeC(Du(x),n(u(x)))dx+/U(Q) |Dn(y)|” dy

that consists of a polyconvex energy term depending on the deformation u (defined on the reference con-
figuration ), and of a Frank energy term penalizing spatial variations of the nematic director n (defined
in the deformed configuration u(2)). Thus, this model combines (1.4) and (1.5). We refer the reader to
[11, 26, 74] and the references therein (see also Subsection 8.1) for its physical motivation. This allows us to
reduce the exponent p = n in the coercivity assumption of [11] to p > n — 1. We also establish the existence
of minimizers for the Landau-de Gennes model for nematic elastomers of [14] and one in magnetoelasticity
studied in [69, 53], under more realistic hypotheses than in those papers.

The outline of the paper is as follows. In Section 2 we set the notation and recall some previous results used
in the proof of our theorems. In Section 3 we explain the degree for WP maps. We also recall Sverak’s [70]
notion of topological image and Miiller & Spector’s [61] condition INV. In Section 4 we prove Theorem 1.1.
In Section 5 we analyze fine properties of functions in A, notably, weak monotonicity and its consequences,
and the Sobolev regularity of the local inverse stated in (1.3). In Section 6 we prove that property (1.3) is
stable under weak convergence in WP, In Section 7 we establish lower semicontinuity results for integrals of
the form (1.4) and (1.5), and also for Div-quasiconvex integrands under incompressibility. Finally, in Section
8 we apply the above analysis to show the well-posedness of variational models for nematic elastomers and
magnetoelasticity.

2 Notation and preliminary results
In this section we set the notation and concepts of the paper, and state some preliminary results. Part of

those results are standard in the theory of weakly differentiable functions (see, e.g., [30, 29, 2]), and part are
collected from the works by [61, 16, 42, 43, 44, 46] on cavitation.



2.1 General notation

We will work in dimension n > 2, and €2 is a bounded open set of R™. Vector-valued and matrix-valued
quantities will be written in boldface. Coordinates in the reference configuration will be denoted by x, and
in the deformed configuration by y.

The closure of a set A is denoted by A, its boundary by A, and its characteristic function by x 4. Given
two sets U, V of R”, we will write U cC V if U is bounded and U € V. The open ball of radius > 0 centred
at x € R™ is denoted by B(x, r); unless otherwise stated, a ball is understood to be open. The function dist
indicates the distance from a point to a set, or between two sets.

Given a square matrix A € R™*"™ its determinant is denoted by det A. The adjugate matrix adj A
satisfies (det A)I = A adj A, where I denotes the identity matrix. The transpose of adj A is the cofactor
cof A. If A is invertible, its inverse is denoted by A~!. The inner (dot) product of vectors and of matrices
will be denoted by -. The Euclidean norm of a vector x is denoted by |x|, and the associated matrix norm is
also denoted by |-|. Given a,b € R™, the tensor product a® b is the n x n matrix whose component (4, j) is
a; b;. The set R}*™ denotes the subset of matrices in R"*" with positive determinant. The set S™~! denotes
the subset of unit vectors in R"™.

The Lebesgue measure in R™ is denoted by L™, and the s-dimensional Hausdorff measure by H?® for
real s > 0; in most cases we will deal with #"~!'. The abbreviation a.e. stands for almost everywhere or
almost every; unless otherwise stated, it refers to the Lebesgue £™ measure. For 1 < p < oo, the Lebesgue
LP, Sobolev WP and bounded variation BV spaces are defined in the usual way. So are the functions of
class C*, for k a positive integer of infinity, and their versions C* of compact support. The set of (positive
or vector-valued) Radon measures is denoted by M. The conjugate exponent of p is written p’. We do
not identify functions that coincide a.e.; moreover an LP or WP function may eventually be defined only
at a.e. point of its domain. We will indicate the domain and target space, as in, for example, LP(Q, R"),
except if the target space is R, in which case we will simply write LP(£2); the corresponding norm is written
[0 (@ n)- Given S C R", the space LP(,S) denotes the set of u € LP(€2,R") such that u(x) € S for a.e.

x € , and analogously for other function spaces. The space I/Vltf(Q) is the set of funcions u defined in 2
such that u|4 € WHP(A) for any open A CC €; we will analogously use the subscript loc for other function
spaces. Weak convergence (typically, in LP or W1P) is indicated by —, while X is the symbol for weak*
convergence in M or in BV. The supremum norm in a set A (typically, a sphere) is indicated by ||| oA
while §, denotes the integral in A divided by the measure of A. The identity function in R™ is denoted by
id. The support of a function is indicated by spt.

The distributional derivative of a Sobolev function u is written Du, which is defined a.e. If u is differen-
tiable at x, its derivative is denoted by Du(x), while if u is differentiable everywhere, the derivative function
is also denoted by Du. Other notions of differentiability, which carry different notations, are explained in
Section 2.2 below.

If 1 is a measure on a set U, and V is a py-measurable subset of U, then the restriction of u to V is
denoted by pL V. The measure |u| denotes the total variation of .

Given two sets A, B of R", we write A C B a.e. if L"(A\ B) = 0, while A = B a.e. means A C B a.e. and
B C A a.e. An analogous meaning is given to the expression H" !-a.e. With A we denote the symmetric
difference of sets: AA B:=(A\ B)U(B\ 4).

In the proofs of convergence, we will continuously use subsequences, which not be relabelled.

2.2 Approximate continuity and approximate differentiability

The density D(A,x) and upper density D(A,x) of a measurable set A C R™ at an x € R™ are defined,
respectively, as

LYANBXT) o LA B T)
N0 ﬁn(B(X,T)) ’ D(A7 ) ’ 1 T\Op ﬁn(B(X,T)) ’

The following notions are due to Federer [30] (see also [61, Def. 2.3] or [2, Def. 4.31]).



Definition 2.1. Let u: {2 — R™ be a measurable function, and consider xq € €.

a) We say that the approximate limit of u at x¢ is yo when
D({x € Q:|u(x) —yo| > d},x9) =0 for each § > 0.

In this case, we write ap lim

x—sxp U(X) = yo. We say that u is approximately continuous at x¢ if u is
defined at xg and ap lim .

X—X0 ll(X) = u(XO

b) We say that u is approximately differentiable at xo if u is approximately continuous at xo and there
exists F € R™"*" such that

lu(x) —uxo) - F(x — x0)|

D({XEQ\{XO}: 26},){0):0 for each § > 0.

|x — x|

In this case, F is uniquely determined, called the approximate differential of u at xg, and denoted by
Vu(xo).

¢) We denote the set of approximate differentiability points of u by Qg, or, when we want to emphasize the
dependence on u, by Qy 4.

We shall use the fact that maps in WP (2, R") are approximately continuous ouside a set of zero p-
capacity, denoted by cap,. We follow here the statement of [61, Prop. 2.8]; for a thorough discussion of
precise representatives and capacities, we refer to [75, 29].

Proposition 2.2. Let 1 < p < n and u € WLP(Q R"). Let p* := np/(n — p) be the Sobolev conjugate
exponent. Denote by P the set of points xo € Q where the following property fails: there exists u*(xg) € R”
such that

lim lu(x) — u*(xo)| dx = 0. (2.1)
™™\0 B(xo,r)

Then cap,(P) = 0.

Remark 2.3. a) By Jensen’s inequality,

u”(xo) = Th\r% B(xo,r) nx)dx

for every xo € Q\ P. Moreover, u(x) = u*(x) for a.e. x € Q by Lebesgue’s differentiation theorem.

u(x) = u*(xp) and that if u € L2 (2, R™) then

loc

b) It is well known that limit (2.1) implies that ap lim, .,
the converse also holds (a proof can be found, e.g., in [2, Prop. 3.65]).

c¢) The property cap,(P) = 0 implies that H°(P) = 0 for every § > n — p. In particular, if p > n — 1 then
H(P) =0, so for each x € Q there exists an £L1-null set N C (0, 00) such that P NIB(x,r) = & for all
r € (0,dist(x,0Q)) \ N.

d) If p > n then, by Morrey’s embedding, u has a representative u* that is continuous; consequently, limit
(2.1) holds for every x¢ € 2 and every p* < oco. If p = n, since in this paper we will work under the
assumption det Du > 0 a.e., we have again that u has a continuous representative u* (see, e.g., [73, Th.
2.3.2] or [70, Th. 5]). In either of these cases, when invoking Proposition 2.2 we will tacitly understand
that P = @.

By the Calderén—Zygmund theorem (see, e.g., [2, Th. 3.83]), BV functions are approximately differen-
tiable a.e. We point out the following remark on the approximate differentiability of two different represen-
tatives.



Remark 2.4. For maps u;,uz € WHP(Q, R") that coincide a.e., the sets Qu,,q and Qy, ¢ may not be the same,
but uy (x) = uz(x) and Vuy(x) = Vug(x) for all x € Qy, ¢ N Qy,,q (Which is a set of full measure). Indeed,
if xo € Qu,;,q (i = 1,2) then w;(xo) = ap lim, _,, u;(x), but two functions that coincide a.e. have the same
approximate limit. Similarly, if xg € Qu, ¢ and uy (%) = u2(xg) then x¢ € Qy, ¢ and Vu (%) = Vua(xo).

Definition 2.5. Let u: 2 — R"” be a measurable function, and consider xy € 2. We say that u has a regular
approximate differential F at xo when u is approximately continuous at xo and there exists a measurable
set A C (0, 00) satisfying D(A,0) = 1/2 such that for every r € A the map u is well defined at every point
of 0B(x,r) and

lu(x) — u(xo) — F(x — xo)|

lim  sup =0.
20 xe0B (xo.1) [x — o

In this case, xg € Q4 and F = Vu(xg).

Definition 2.5 is due to Goffman & Ziemer [40, Sect. 3] (see also [61, Def. 8.2], [32, Def. 2.6] or [31,
Def. 5.2], although the name of this notion slightly differs), who proved in [40, Th. 3.4] (see also [61, Prop.
8.3] or [31, Th. 5.21]) that WP maps with p > n — 1 have a representative with a regular approximate
differential a.e.

Proposition 2.6. Let u € WYP(Q,R™) with p > n — 1. Let u* and P be as in Proposition 2.2. Then
u*: Q\ P — R” has a regular approximate differential at a.e. point of Q, and Vu* coincides a.e. with the
distributional derivative Du.

2.3 Area formulas and geometric image

We recall that a function u :  — R"™ defined everywhere satisfies Lusin’s N condition if the image of a
subset of © of measure zero is a set of measure zero. It satisfies Lusin’s N~! condition if the preimage of a
subset of R™ of measure zero is a set of measure zero.

Given a measurable u : Q — R"™ that is approximately differentiable a.e., for any A C R™ and y € R"”,
we denote by N4(y) the number of x € 24N A such that u(x) = y. We will use the following version of
Federer’s [30] area formula, the formulation of which is taken from [61, Prop. 2.6].

Proposition 2.7. Let u : Q — R™ be measurable and approzimately differentiable a.e. Then, for any
measurable set A C Q and any measurable function ¢ : R — R,

/ p(u(x)) |det Du(x)] dx = / () Na(y) dy,
A

n

whenever either integral exists. Moreover, given v : A — R measurable, the function 1 : u(Qy N A) — R

defined by
Py) = Y. X

xEQINA
u(x)=y

is measurable and satisfies

/ (%) p(u(x)) |det Du(x)| dx = / B(y) ely) dy,
A

u(QqnA)
whenever the integral of the left-hand side exists.
The following consequences of Proposition 2.7 hold.
Lemma 2.8. Let u: Q — R"™ be measurable and approzimately differentiable a.e.

a) If E C Q has measure zero then Ng =0 a.e. and u(Qg N E) has measure zero.



b) If A= Upen Ak a.e. for a disjoint family { Ay }ren, then

Ny = ZNAk a.e.
kEN
c¢) If det Du(x) # 0 for a.e. x € Q, then u satisfies Lusin’s N=* condition.
Proof. Property a) is an immediate consequence of Proposition 2.7. For b), we notice that
NUkeN Ap = ZNA’C
kEN

and apply a) to A AU, oy Ak
To prove c¢), let A C u=!(B) be measurable, and call Q; the set of x € €4 such that det Du(x) # 0.
Then, thanks to Proposition 2.7 we have

LH(A):/ dx:/ dy</ dy = 0.
QiNA w(n4) L oA |det Du(x)| Dll e;mA |detD x)|
u(x)=y u(x)=y
Thus, £"(A) = 0 and, consequently, u=*(B) is measurable with £ (u=!(B)) = 0. O

As a consequence of Lemma 2.8 a), u|q, satisfies Lusin’s N condition and the formulas of Proposition 2.7
still hold if Qg is replaced by any Q' C Qg with L*(') = £*(Q2). The conclusion of Lemma 2.8 ¢) will also
be used several times and, in particular, is important because of the following result, which is well known
and has an easy proof (see, e.g., [4, p. 73]).

Lemma 2.9. Letu: Q — R” be measurable satisfying Lusin’s N~' condition. Let f : R™ — R be measurable.
Then f ou is measurable.

We recall the definition of a.e. invertibility and mention some basic properties that are relevant for the
analysis of local invertibility.

Definition 2.10. A function u: Q — R" is said to be one-to-one a.e. in a subset A of Q if there exists an
L"-null subset N of A such that uf 4\ is one-to-one.

Thanks to Lemma 2.8, an a.e. approximately differentiable map u : £ — R”™ such that det Vu # 0 a.e.
is one-to-one a.e. in a measurable set A C Q if and only if M4 <1 a.e. in R™. Of course, if B C A and u is
one-to-one a.e. in A then so is in B.

Now we present the notion of the geometric image of a set (see [61, 16, 44]).

Definition 2.11. Let u € W1P(Q,R") and suppose that det Du(x) # 0 for a.e. x € Q. Define Qg as the
set of x € Q) for which the following are satisfied:

a) u is approximately differentiable at x and det Vu(x) # 0; and

b) there exist w € C1(R™,R") and a compact set K C € of density 1 at x such that u|x = w|x and
VU‘K = DW|K.

In order to emphasise the dependence on u, the notation €2, ¢ will also be employed. For any measurable
set A of 2, we define the geometric image of A under u as u(A N Qp), and denote it by img(u, A).

The set 2 is of full measure in 2. Indeed, the Calderén—Zygmund theorem shows that property a) is
satisfied a.e., while standard arguments, essentially due to Federer [30, Thms. 3.1.8 and 3.1.16] (see also [61,
Prop. 2.4] and [16, Rk. 2.5]), show that property b) is also satisfied a.e. Note also that u is well defined at
every x € {1y, because of Definition 2.1 b).

The reason we consider the set Qo of points x around which u is almost C! and Vu(x) is invertible is
the following measure-theoretic inverse function theorem by Miiller & Spector [61, Lemma 2.5] (see also [43,
Lemma 1]).



Proposition 2.12. Let u € WHP(Q,R") satisfy det Du(x) # 0 for a.e. x € Q. Then, for every x € Qo and
every measurable set A C €,

D(img(u, A),u(x)) =1 whenever D(A,x)=1.
We present the notion of tangential approximate differentiability (cf. [30, Def. 3.2.16]).

Definition 2.13. Let S C R™ be a C! differentiable manifold of dimension n — 1, and let xo € S. Let
Ty, S be the linear tangent space of S at x9. A map u : S — R" is said to be H"~!L S-approximately
differentiable at xg if there exists L € R™*"™ such that for all § > 0,

lim ! H ! ({X € SN B(xg,r): [u(x) —ulxo) = L(x = xo)| > 6}) =0.

rNO 7L |x — %o

In this case, the linear map L|TXOS : Tx, S — R”™ is uniquely determined, called the tangential approximate
derivative of u at xg, and is denoted by Vu(xg).

We will see in Section 2.4 that the equality V(u|g)(x) = Vu(x)|r,s holds for most points x if u is a
Sobolev map.
The following convention will be used throughout the paper.

Convention 2.14. If u € W'?(Q,R") and u|gy € WHP(OU,R™) for some C' open set U CC €2 and some
p > n — 1, then in expressions like u(0U) or u|sy we shall be referring to the continuous representative of
ulgy in WHP(OU, R™), which exists thanks to Morrey’s embedding theorem. Moreover, we will usually write
u € WHP(9U,R™) instead of ulsy € WHP(OU, R™).

Federer’s change of variables formula for surface integrals [30, Cor. 3.2.20] (see also [61, Prop. 2.7] and
[44, Prop. 2.9]), combined with Lusin’s property for Sobolev maps proved by Marcus & Mizel [57], will play
an important role in the paper. We will adopt the following formulation.

Proposition 2.15. Let u € WYP(Q,R"), p > n — 1. Suppose that U is a C' open subset of Q, and
ulory € WHP(OU,R™). Assume, further, that V(ulay)(x) = Vu(x)|rou for H* *-a.e. x € OU. Then, for
any H"'-measurable subset A C OU,

H 1 (u(A)) = /A (cof V() ()| dH™ " (x),

where v(x) denotes the outward unit normal to OU at x.

Remark 2.16. a) By u(A) we refer to the image of A by the continuous representative of u|s in WP (90U, R™),
due to Convention 2.14.

b) We are mostly interested in the facts that H" 1 (u(0U)) < oo and that H" 1(u(A)) = 0 for every
H* Lnull set A C U. In particular, £*(u(0U)) = 0, and u(0U) = u(0U N Qy) H" L-a.e. if U C Qq
H"L-a.e., where € is the set of Definition 2.11.

2.4 A class of good open sets

In the following definition, given a nonempty open set U CC Q with a C? boundary, we call d : Q — R the
function given by
dist(x, 9U) ifxeU
d(x):=<¢0 ifxeoU
—dist(x,0U) ifxe€ Q\U
and
Uy :={xeQ:dx)>t}, (2.2)

for each t € R. We note (see, e.g., [27, Th. 16.25.2], [70, p. 112] or [61, p. 48]) that there exists § > 0 such
that for all t € (—6,), the set Uy is open, compactly contained in 2 and has a C? boundary.



Definition 2.17. Let p > n — 1. Let u € W1P(Q,R"). We define U, as the family of nonempty open sets
U cC Q with a C? boundary that satisfy the following conditions:

a) uloy € WU, R™), and (cof Vu)|oy € L (U, R™*™).

b) OU C Qo H" t-a.e., where Qq is the set of Definition 2.11, and V(u|sy)(x) = Vu(x)|r.su for H" L-a.e.
x € oU.

€

dt = 0.

c) lim / | cof Vu|dH" ! —/ | cof Vu|dH" !
0o | Jou, U

d) For every g € CH(R",R") with (adj Du)(gou) € Li (2, R"),

loc
€
lim
eNo0 /o

/ g(u(x)) - (cof Vu(x) vy(x)) dH" 1 (x) — / g(u(x)) - (cof Vu(x) v(x))dH" 1 (x)| dt = 0,
U oUu

where v; denotes the unit outward normal to Uy for each ¢ € (0,¢), and v the unit outward normal to U.

Remark 2.18. The fact that u € WHP(QU,R™) is not enough to ensure that (cof Vu)|sy € L*(dU,R™*™)
because cof Vu involves not only the tangential derivatives of u but also its normal derivative; recall that
Vu is the approximate gradient of u: Q@ — R™ according to Definition 2.1 b).

Remark 2.19. If uj,us € WHP(Q,R") coincide a.e. and U € Uy, N Uy,, then u;(x) = uag(x) for H"1-
a.e. x € OU. Indeed, both Qy, 0 NOU and Qu, 0 N OU are of full H" !-measure on AU, and u; = uy on
Qu,,0 N Q4,0 by Remark 2.4.

Let P be the singular set of Proposition 2.2. Then, Remark 2.3 ¢), [61, Prop. 2.8] and [43, Lemma 2 and
Def. 11] (or [44, Lemma 2.16]) guarantee that there are enough sets in U, whose boundaries do not intersect
P and which, furthermore, are such that the continuous representative of Convention 2.14 is given by the
precise representative u*.

Lemma 2.20. Letp >n—1. Let u € WHP(Q,R") be such that det Du > 0 a.e. Let U CC € be a nonempty
open set with a C? boundary. Then, for a.e. t € (—6,6),

U € Uy, OUyNP =@ and u*|sy, is continuous.

Moreover, for each compact K C Q there exists U' € Uy such that K C U’.

Remark 2.21. Let u* be the precise representative of Proposition 2.2. Every set U € U,, satisfying OUNP = &
belongs to Uy-. Indeed, suppose that U € U,. Then OU C Qy H" '-a.e. By definition of Qy, u is
approximately differentiable (and, hence, approximately continuous) at every point in 4. By Remark 2.3b)
and the definition of approximate differentiability, this implies that u = u* and Vu = Vu* in Qo \ P. This
is enough to see that all the conditions in Definition 2.17 are satisfied.

Lemma 2.22. Let Uy, Us € Uy. If Uy CC Uy then Uy \ Uy € Uy. If Uy NUs = @ then Uy UU; € Us,.

Proof. Tt is enough to observe that, in the first case, 9(Us \ U;) = dU; U QU, with disjoint union and, in the
second case, (U U Usy) = 0U; U U, with disjoint union. O

The following result, with slightly different assumptions, was shown in the proof of [42, Th. 2] (see also
[43, Th. 2] or [44, Prop. 5.1]).

Proposition 2.23. Letp > n—1,u € WHP(Q,R") and U € Uy,. Then there exists a family {ps}s=o in C}(£2)
such that ¢s /* xu pointwise in 2 as § N\, 0 and, for each g € C*(R",R™) with (adj Du)(gou) € L .(Q,R"),

Jim [ (u(x) - (cof Du(x) Ds(x)) dx = ~ /6 () - (cof Vulx) w(x)) M (x),

where v s the outward normal to U.
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The following result is a consequence of Morrey’s embedding and Fubini’s theorem (see [61, Lemma 2.9]
for a proof).

Lemma 2.24. Let p > n— 1. For each j € N let uj,u € W?(Q,R") satisfy u; — u in WP (Q,R")
as j — 0o. Let U CC Q be an open set with a C? boundary. Then there exists 6 > 0 such that for a.e.
t € (—6,0),

uj,u € Wh?(9U,,R") for all j € N

and, for a subsequence (depending on t),

u; = u uniformly on OU; as j — oo.

2.5 Surface energy and distributional determinant

The following concepts were defined in [42].

Definition 2.25. Let u : Q@ — R™ be measurable and approximately differentiable a.e. Suppose that
det Vu € L _(2) and cof Vu € L] (Q,R™*"). For every f € C} (2 x R",R"), define

loc
E(u,f) = /Q [cof Vu(x) - Df(x,u(x)) + det Vu(x) div f(x, u(x))] dx (2.3)

and
E(u) :=sup {E(u,f): feCHOAUXR"R"), [[f[l <1}.

In equation (2.3), Df(x,y) denotes the derivative of f(-,y) evaluated at x, while div f(x,y) is the diver-
gence of f(x, ) evaluated at y.

The functional £ was introduced in [42] to measure the creation of new surface of a deformation. In this
paper we are only interested in the case where u does not create new surface, so £(u) = 0. When u € Wh?,
as is the case of interest in this paper, this was shown in [44, Th. 4.6] to be equivalent to the requirement
that u does not exhibit cavitation. Again by [44, Th. 4.6], or just using the density in C}(Q x R R") of
sums of functions of separate variables (see, e.g., [54, Cor. 1.6.5]), one can see that equality £(u) = 0 is
equivalent to

[cof Vu(x) - (g(u(x)) ® Dp(x)) + det Vu(x) ¢(x) div g(u(x))] dx = 0, (2.4)
Q
for all ¢ € CL(Q) and g € CH(R",R"), which, in turn, is equivalent to identities (1.2) in the sense of
distributions for all g € C}(R",R").

We present the definition of distributional determinant (see [6] or [60]). With (-, -) we indicate the duality

product between a distribution and a smooth function.

Definition 2.26. Let u € WHP(Q,R") satisfy (adj Du)u € L{ (Q,R"). The distributional determinant of
u is the distribution Det Du defined as

(Det Du, ¢) := 1 /Q u(x) - (cof Du(x)) Do (x) dx, p € C(Q).

n

When Det Du can be identified with a Radon measure or an L' function, we will use that identification
without further comment. In particular, equality Det Du = det Du, which can be expressed as (1.1) in the
distributional sense, means that

—l/ u(x) - (cof Du(x)) Do(x)dx = / det Du(x) ¢(x) dx for all ¢ € C°(Q2).
Q Q

n

11



3 Degree for Sobolev maps

In this section we recall the definition of the Brouwer degree in WP, p > n — 1; it will play a fundamental
role in the proof of the local invertibility and openness properties in the class A, of sufficiently regular
and orientation-preserving Sobolev maps to be defined in Section 4. We then summarize the properties
of the degree that are used in our study: on the one hand, the relation of the local degree to the sign
of det Du; on the other hand, that the distributional derivative of the degree is related to cof Du in the
reference configuration. Finally, we state Sverak’s [70] definition of the topological image of a set and Miiller
& Spector’s [61] topological condition of invertibility.

We assume that the reader has some familiarity with the topological degree for continuous functions (see,
e.g., [21, 31]). Let U be a bounded open set of R™ and let ¢ : 9U — R™ be continuous. By Tietze’s theorem,
it admits a continuous extension ¢ : U — R™. We define the degree deg(¢op,U,-) : R™\ ¢(9U) — Z of ¢ on
U as the degree deg(g?), U,-):R"\ ¢(0U) — Z of ¢ on U. This definition is consistent since the degree only
depends on the boundary values (see, e.g., [21, Th. 3.1 (d6)]).

The following continuity property of the degree is normally proved for functions defined in the whole U
and not just in OU.

Lemma 3.1. Let U be a bounded open set of R™, and let ¢y, 5 € C(OU,R™) and y € R™ satisfy

1 — @2l < dist(y, @2 (0U)). (3.1)

Then y ¢ d)l(aU) and deg(d)lv Ua y) = deg(d)% Uv y)
Proof. Let (2)1, (}52 € C(U,R") be extensions of ¢; and ¢,, respectively. Define H : [0,1] x U — R" as

H(t,x) =ty (x) + (1 — 1)y ().

Condition (3.1) implies that y ¢ H([0, 1] x OU). By the homotopy-invariance of the degree, deg(¢,U,y) =
deg (¢, U,y), and the conclusion follows. O

Let p > n—1and U a C! open set of R” such that u € W1P(9U,R"). Then u has a continuous
representative, which we still call u (see Convention 2.14). Hence, u has a degree deg(u,U,-); moreover,
L"(u(9U)) = 0. We will interpret deg(u, U, -) in two ways: as a continuous function from R™ \ u(oU) to Z,
and as a BV function defined a.e. from R" to Z (see [61, Lemma 3.5]). In the former case, deg(u,U, ) is
constant in each connected component of R™ \ u(dU). In particular, if u € WHP(,R") and xq € €2, thanks
to the coarea formula,

uc WhHP(0B(xg,7), R™)

for a.e. r € (0,dist(xq,02)), so deg(u, B(xg,7),-) is defined for those 7, and u|yp(x,,r) is identified with its
continuous representative, according to Convention 2.14.

That the degree of linear invertible maps coincides with the sign of the determinant is a classic result,
and so is the formula for the degree of C' maps at regular values (see, e.g., [31, Th. 2.9]). The extension
to continuous maps with a regular approximate differential (recall Definition 2.5) was given in [31, Lemma
5.10]. In the next lemma, we extend their result for our situation at hand.

Lemma 3.2. Let p > n— 1, u € WH?(Q,R") and xo € Q. Assume that u has a regular approzimate
differential at xo with det Vu(xo) # 0. Then there exists a measurable set A C (0,00) with D(A,0) = %
such that for every h € A,

B(xo,h) € Uy, u(xg) ¢ u(0B(x0,h)) and deg(u, B(xo,h),u(xp)) = sgndet Vu(xo).

Moreover, if W' ,h € A satisfy h' < % and B(xo,h') € Uy then u(dB(xo,h')) is included in the connected
component of R™ \ u(0B(xo, h)) containing u(xg).
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Proof. Take a set A C R as in Definition 2.5. Thanks to Lemma 2.20, by removing from A a negligible set,
it is possible to assume in addition that for every h € A one has that B(xg, h) € Uy. Define for each h € A,

[u(x) —u(xo) = Vu(xo)(x = xo)|

Ep =  sup
x€0B(x0,h) |X - X0|

)

and § := min{|Vu(xo)z| : z € S"7!}. As det Vu(xg) # 0, the quantity J is positive. Moreover, recalling
Definition 2.5, we can choose an hyx, > 0 such that e, < 6/4 for any h € (0, hy,) N A. For simplicity of
notation, we rename A as this new set (0, hx,) N A.

Define the affine map L : R — R"

L(x) := u(xo) + Vu(xp)(x — xp).
For each h € A and x € dB(xq, h) we have that

lu(x) —L(x)| _ [u(x) —u(xo) — Vu(xo)(x — xo)|
h |x — x|

<en (3.2)

and
|L(x) — u(xo)| = |Vu(xo)(x — x¢)| > J h. (3.3)

Inequalities (3.2) and (3.3) conclude that
0 = Ll o5(x0,n) < €nh <8R < dist(u(xo), L(OB(x0, h))).

By Lemma 3.1, u(xg) ¢ u(9B(xo,h)) and deg(u, B(xq, h),u(xg)) = deg(L, B(x0,h),u(xq)). As L is affine
with det Vu(xg) # 0, it satisfies deg(L, B(xq, k), u(x0)) = sgn det Vu(xg).

Let now ' € (0, £)NA satisfy B(xo, h') € Uy. Define the set D := {y € R™: dist (y, L(B(xo, ")) < %1,

which is convex (and, hence, connected) since so is L(B(xg, h')). By (3.2) applied to h’ we have that

oh

Ju— LHoo,aB(xo,h/) <ewh' < e

so u(0B(xg, h')) C D. Now, for any x; € OB(x0,h) and x5 € B(xq, k'), we get, using (3.2),

use1) ~ L] > [Lxr) — Loeo)| — fulxa) ~ Lxo)| > [Vuxo) (e —3x)| e > 00— > 20
Therefore, D Nu(0B(xo,h)) = @. Altogether, the set D is connected and
u(dB(xp,h')) € D C R™ \ u(dB(xo, h)).
Therefore, D is included in the connected component of R™ \ u(0B(xg, h)) containing u(xg). O

The following formula for the distributional derivative of the degree will be widely used (see, e.g., [62,
Prop. 2.1] or [61, Prop. 2.1]).

Proposition 3.3. Let U C R" be a C' open set. Suppose that u is the continuous representative of a
function in WLP(QU,R™). Then, for all g € C1(R",R"),

| () (cof Dul) () a4 1) = [ divg(y) deg(u,Uey) .
ou n
where v is the unit outward normal to U.

The concept of topological image was introduced by Sverdk [70] (see also [61]).
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Definition 3.4. Let p > n — 1 and let U CC R" be a nonempty open set with a C' boundary. If u €
WP (9U,R™), we define imr(u,U), the topological image of U under u, as the set of y € R \ u(dU) such
that deg(u,U,y) # 0.

Due to the continuity of the degree for W'? maps when p > n — 1, the set im(u,U) is open and
dimr(u,U) C u(dU). In addition, as deg(u, U, ) is zero in the unbounded component of R™ \ u(dU) (see,
e.g., [21, Sect. 5.1]), it follows that imT(u, U) is bounded.

Condition INV (see [61, 16]) is defined as follows.

Definition 3.5. Let u € WHP(Q,R") with p > n — 1. We say that u satisfies condition INV provided that
for every xg €  and a.e. r € (0, dist(xg, 90)), the following conditions hold:

a) u(x) € imr(u, B(xq,r)) for a.e. x € B(xg,r).
b) u(x) ¢ imr(u, B(xo, 7)) for a.e. x € Q\ B(x0,7).
The following consequence of Lemma 3.1 will be used several times.

Lemma 3.6. Let p >n —1 and let U CC R™ be a nonempty open set with a C* boundary. For each j € N,
let u,u; € WHP(OU,R™) satisfy u; — u uniformly in OU as j — oco. Then:

a) For each compact K C imrp(u,U) there exists jx € N such that K C imyp(u;,U) for all j > jk.

b) For each compact K C R"™\ (im7(u,U) U u(0U)) there exists jx € N such that K C R"™\ (im7(u;,U) U
u;(0U)) for all j > jik.

¢) Ximr(u;,U) — Ximp(u,U) @-€. and in LY(R") as j — oo.
Proof. For part a), let jx € N be such that for all j > jg,
lu; —ull , <dist(K,R™\ imt(u,U)).

By Lemma 3.1, any y € K satisfies y ¢ u;(0U) and deg(u;,U,y) = deg(u,U,y) # 0 for all j > jg, so
y < imT(uj, U)
For part b), notice that, by the continuity of the degree, imr(u,U) U u(9U) is closed. Let jx € N be
such that for all j > jg,
lu; —ull , <dist(K,imr(u,U)Uu(oU)).

By Lemma 3.1, any y € K satisfies y ¢ u;(0U) and deg(u;,U,y) = deg(u,U,y) = 0 for all j > jg, so
y ¢ imr(u;,U).

Parts a) and b) show that Xim.(u;,0) = Ximr(u,v) Pointwise in R™ \ u(0U), hence a.e. thanks to Remark
2.16b). Now, Ximr(u;,v) = 0 in the unbounded connected component of R" \ u;(9U), for each j € N.
Therefore, as |J;cy u;(0U) is bounded, so is |J;cyimr(u;, B). By dominated convergence, the convergence
of ¢) also holds in L!(R™). O

4 Local invertibility and preservation of orientation

In [44, Sect. 7], an example was shown of a one-to-one a.e. map u € L>®(2,R"™) (n = 2) satisfying u €
Whr(Q,R™) for all p < n, Det Du = det Du, det Du > 0 a.e. and €(u) > 0. The result seems contradictory
since, for invertible maps, £(u) measures the area of the cavity surfaces created by u (see [44, Th. 4.6]),
and, for orientation-preserving maps, the difference between Det Du and det Du gives the location of the
cavitation singularities together with the volume of the created cavities (see [61, Th. 8.4] or [44, Th. 6.2]).
What happens in that construction is that, when p < n, the pointwise condition det Du > 0 a.e. proves
insufficient to prevent a reversal of orientation: this reversal takes place at the surface of a created cavity
in the deformed configuration, which corresponds to an isolated point in the reference configuration. The
lesson we draw is that, in our context, the notion of preservation of orientation should be expressed in terms
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of the non-negativity of the degree. In particular, under this more accurate assumption, we are able to show
in this section, by proving Theorem 1.1, that the conditions Det Du = det Du and £(u) = 0 are indeed
equivalent. This turns out to be intrinsically related to the fact that, under any of these conditions, u is
locally invertible a.e.

We start by proving the easier implication, i.e.;, £(u) = 0 implies Det Du = det Du. Recall the notation
N from Section 2.3.

Theorem 4.1. Let u € WHP(Q,R"), p > n— 1, det Du € L} (), E(u) = 0 and det Du > 0 a.e. Then
u € L (Q,R™), Det Du = det Du and, for allU € Uy,

loc
deg(u,U,-) =Ny a.e. (4.1)

Proof. Let U € U, and let {¢s}s>0 be the family of Proposition 2.23. Fix g € C}(R",R") and let v be the
outward normal to U. Using Proposition 3.3 as well, we find that

[ divety) deg(u. Uy)dy = [ glu(x)) - (cof Dux) ) dH" )
" o7 (4.2)
=— ;i{r(l) ; g(u(x)) - (cof Du(x) D¢s(x)) dx.

Now, using £(u) = 0 in the form (2.4), dominated convergence and Proposition 2.7, we find that

_ gi\r‘% A g(u(x)) - (cof Du(x) Des(x))dx = };i\% /Q ¢s(x) div g(u(x)) det Du(x) dx

:/ divg(u(x)) det Du(x) dX:/ divg(y) Nu(y) dy.
U n

From (4.2) and (4.3) we obtain that

/n divg(y) deg(u,U,y)dy = / divg(y) Nu(y) dy-

n

Therefore, there exists ¢ € Z such that Ny — deg(u, U, ) = c a.e.
Now we show that img(u,U) C imr(u,U) a.e. For all y € img(u,U) \ (imr(u,U) Uu(dU)) we have
Nu(y) > 1 and deg(u,U,y) = 0, so if

£ (img (w, U) \ imr(w, U)) > 0 (4.4)

we would obtain ¢ > 1. Thus, for a.e. y € R\ imr(u, U) we would have deg(u,U,y) =0, s0 Ny(y) =c>1
and, hence, y € img(u,U). Therefore, R™\imr(u,U) C img(u,U) a.e., so, using that imr(u, U) is bounded,
as well as Proposition 2.7,

oo =L" (R™\ imp(u,U)) < L" (img(u, U)) S/ ( U)NU(y)dyz/UdetDu(x)dx,

which contradicts the fact that det Du € L (€2); this contradiction comes from assumption (4.4). Thus,
img(u,U) C imr(u,U) a.e.; consequently, img(u, U) is essentially bounded and u € L (U, R™). Therefore,
u e L (Q,R™).

Now, for a.e. y € R™ \ imr(u,U) we have deg(u,U,y) =0, y ¢ img(u,U) and, hence, Nyy(y) = 0. Thus
¢ =0 and, hence, deg(u,U,-) = Ny a.e.

Now let ¢ € C1(Q2) and choose, thanks to Lemma 2.20, U € U, such that spt¢ C U. As img(u,U) is
essentially bounded, we can find g € C}(R",R") such that g = —%id a.e. in img(u, U). Using again (2.4),

we obtain that

(Det Du, ¢) = —%/ u(x) - (cof Du(x) D¢(x)) dx = / g(u(x)) - (cof Du(x) Do (x)) dx

Q Q
= - / ¢(x) divg(u(x)) det Du(x) dx = / ¢(x) det Du(x) dx,
Q Q
which shows that Det Du = det Du. O
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In order to prove the reverse implication, i.e., Det Du = det Du implies £(u) = 0 when the topological
degree is non-negative, we need some preliminary results. We start by fixing a suitable family of mollifiers.
Let ¢ € C1([0,0)) be such that

$>0, <0, ¢(0)=0, sptyC[0,1), d(lx|)dx =1
Rn
and, for ¢ > 0, define ¢, € C'(R) and ¢, € C*(R") as

1 r
)=o), i) = (i) (45)
The following result is essentially contained in the proof of [61, Lemma 8.1].

Lemma 4.2. Let u € WHP(Q,R") with p > n — 1. Let ¢ € CXQ) and g € CY(R™,R"™). Assume that
(adj Du) (gou) € Li (2, R™). Then

loc

| ) cof D) Do) ax = limy [ 9() [ wi(r) [ div(y) deson Bsr).y) dy drd

Proof. Denoting by x the convolution operator, we find that ¢ x Dyp; — D¢ uniformly in Q as t \, 0, since
¢ € CH(Q). Therefore,

| () (cof Dulx) Do) ax = | (adi Duax) g(u(x)) - Do(x) dx

Q

= lim | (ad Du() (u(x)) - (6 x D)) .

Now, for 0 < t < dist(spt ¢, 99Q),

/ (adj Du(x) g(u(x))) - (¢ * Dgy)(x) dx = (z) / (adj Du(x) g(u(x))) - Depy(x — z) dx dz.
Q B(z,t)

spt ¢
By the coarea formula and (4.5), for each z € spt ¢,
t
/| (i DU(x) B(06) - Dy~ ) = JRCy o (801 DUCO B GO Q)
Z,T 0 Z,T

where v(x) := F=

is the unit exterior normal to B(z,r). By Proposition 3.3, for a.e. r € (0,1),
/ (adj Du(x) g(u(x))) - v(x) dH" 1 (x) = / g(u(x)) - (cof Du(x) v(x)) dH" ! (x)
9B(z,r) OB(z,r)

= / divg(y) deg(u, B(z,r),y) dy.

This chain of equalities concludes the proof. O

The following proposition shows that an important part of the analysis of the distributional determinant
carried out in [61, Sect. 8] (in particular, the monotonicity of the topological images) does not depend on the
invertibility of the deformations but only on the preservation of orientation (the positivity of the degree).

Proposition 4.3. Let p > n —1 and u € WHP(Q,R"). Assume that (adjDu)u € L _(Q,R™) and that
deg(u, B(x,7),-) > 0 a.e. for allx € Q and r > 0 for which B(x,r) € Uy. Then

a) Det Du is a positive Radon measure.
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b) det Du € L} (), det Du > 0 a.e. and Det Du = (det Du) L™ + p® for some measure p® that is singular
with respect to the Lebesgue measure.

c¢) For every U € U, we have deg(u,U,-) > 0 a.e. and in R™ \ u(oU).
d) For every Uy,Us € Uy with Uy CC Us,

deg(u, Uy, ) < deg(u,Us,-) a.e. and in R™ \ u(0U; UJUs3), and imt(u,U;) C imr(u,Us).

e) ue LY (Q,R") and for every U € Uy, we have img(u,U) C imr(u,U) a.e. and img(u,U) C imr(u,U).

f) 1If, in addition Det Du = det Du, then, for every U € Uy, and every family F of balls contained in U and
such that, for a.e. x € U, B
D({r>0:B(x,r) € F},0) >0, (4.6)

there exists a countable family { By }reny C F NUy such that

BiNBj =@ fori#j, U= U By a.e. and deg(u,U,-) = Zdeg(u, By,:) a.e.
keN keN

Proof. Parts a), ¢) and f) of the proof proceed as in [61, Th. 9.1].

Part a). For each g € C'(R™,R™) such that (adj Du) (gou) € L, (2,R™), define the linear functional
Ag as

(Ag, 9) = — /ﬂ g(u(x)) - (cof Du(x) Do(x))dx, ¢ € Co(Q).

If divg > 0, then Lemma 4.2 and the assumption on the degree imply that (Ag, @) > 0 for all ¢ € CL(Q)
with ¢ > 0. Hence (see, e.g., [29, Cor. 1.8.1]) Ag is a positive measure in (2. In particular, since (adj Du)u €
L}OC(Q,R”), we can apply this result to g := %id and conclude that Det Du is a positive measure. This
proves part a).

Part ¢). Suppose now that g is any vector field in C'(R",R™) such that (adj Du) (gou) € L (2, R")
and divg € L>®(R"). Call ¢g := %inf divg and consider g := g — cgid. Note that divg > 0 and Az =
Ag —ncg Det Du. By the result above, Ag is a positive measure and, hence, Ag is a Radon measure in
with

|Ag| < Ag + n|cg| Det Du. (4.7

Applying twice Lemma 4.2, first to g and then to —%id, we obtain that, for any ¢ € C1(Q) with ¢ > 0,

t
(5.0) <~ vl Jim [ 060 [ 01(0) [ den(u. Bx.r).y)dy drdx = div gl (Det D).

This shows that Ag < ||divg]|,, Det Du. Since |divg| < |div g| 4+ n |cg|, thanks to (4.7), we obtain that
|Ag| < (J|divgll,, +2n]|cg|) Det Du. (4.8)

Let U € U, and let Fy; be the family of closed balls B contained in U such that B € U,, and Det Du(0B) =
0. As Det Du is finite on compact sets, Fy is a fine covering of U. By Besicovitch’s covering theorem (see,
e.g., [2, Th. 2.19]), there exists a countable family { By }ren of open balls in U, with disjoint closures such
that

Det Du (U 6Bk) =0 and (L£"+ Det Du) (U\ U Bk> =0. (4.9)
keN keN

Let {¢s}s>0 be the family of Proposition 2.23. Then, for each g € C1(R", R") for which (adj Du) (gou) €
Llloc(Qan) and leg c L (Rn)7

/aU g(u(x)) - (cof Du(x) v(x)) dH" ! (x) (Mg, ¢5) = Ag(U),

= lim
SN0
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where v is the outward normal to U. Thus, thanks to Proposition 3.3, (4.8) and (4.9),
divg(y) deg(u, U,y) dy = Ag(U) = > Ag(Bi) = > | divg(y)deg(u, By,y)dy. (4.10)
R keN kenR”
When we apply (4.10) to g := g — ¢g id, we obtain, using monotone convergence, that

/ divg(y) deg(u,U,y)dy = Z/ div g(y) deg(u, Bg,y)dy = / divg(y ZdeguBk, )dy, (4.11)

n

keN keN

whereas when we apply it to %id7 we obtain, again by monotone convergence,

deg(u,U,y)dy = Z deg(u, Bg,y)dy = / Zdeg u, Bg,y)dy. (4.12)

Rn keN R™ keN

In particular, Y, o deg(u, By, -) € L'(Q) and

ncg/ deg(u,U,y)dy:ncg/ Zdeg(u,Bk,y)dy. (4.13)
n R

" keN

Adding the equalities (4.11) and (4.13), we get

/ divg(y) deg(u,U,y)dy = /R divg(y) Z deg(u, By,y) dy.
" " keN

This equality is true for all g € C'(R",R") for which (adj Du) (gou) € L] (2, R") and divg € L=(R"),
so, in particular, it is valid for all g € C}(R™,R™), which implies that the function

deg(u Zdeg u, By, )
kEN

is constant a.e., but with (4.12) we obtain that, in fact,

deg(u, ZdeguBk,)>() a.e.,
keN

which proves ¢).

Part d). Let Uy, Us € Uy satisfy U; CC U;. By Lemma 2.22, we have that Us \ U1 € Uy, s0 by c) we
obtain that deg(u, Us \ Uy, ) > 0 a.e. Thanks to the additivity of the Brouwer degree (see, e.g., [21, Th. 3.1
(d2)]), for all y € R™ \ u(0U; U 9Us3),

deg(u7 UQ; y) = deg(u7 U2 \ Ula Y) + deg(u7 Ul; y)

We thus obtain that deg(u, Uy, ) < deg(u,Us,-) a.e. In particular, imr(u,U;) C imr(u, Uz) Uu(9Usz). As
L™ (u(0Uz)) = 0 and imr(u, Uy) is open, given yo € imr(u, Uy ) there exists a sequence {y; } jen in R™\u(0Us)
tending to yo. Therefore, y; € imr(u,Us) for all j € N. This shows that imr(u,U;) C im7(u,Us) and,
consequently, imr(u, U;) C imr(u,Us), which concludes the proof of d).

Part e). Define

Uy :={x € UNQp:u* has a regular approximate differential at x with det Vu*(x) > 0},
Up :={x € UNQp: u* has a regular approximate differential at x with det Vu*(x) = 0},

where u* is the precise representative of Definition 2.2. Proposition 2.6, Lemma 3.2 and the non-negativity
of the degree show that U, U Uy = U a.e. Lemma 3.2 also implies that for all x € U, there exists » > 0
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such that B(x,r) € Uy, B(x,7) CC U, and u*(x) € imr(u, B(x,7)); then, by part d), u*(x) € imy(u,U).
On the other hand, Proposition 2.7 shows that £"(img(u, Up)) = 0. Altogether, img(u,U) C imr(u,U) a.e.
By Proposition 2.12, each yg € img(u, U) satisfies D(imt(u,U),yo) = 1; since imT(u, U) is closed, we must
have that yg € im7(u,U). Therefore, img(u,U) C imr(u,U) and u € L* (U, R™).

Part b). Thanks to parts a) and e), we are in the assumptions of De Lellis & Ghiraldin [20, Th. 1.2],
and can conclude that Det Du = (det Du) L™ + u® for some measure p® that is singular with respect to the

Lebesgue measure. As a consequence of this decomposition, det Du € Llloc(Q) and det Du > 0 a.e.

Part f). Assume Det Du = det Du, take U € U, and let F be a family of balls as in the statement. Let
F' be the set of B such that B € F NU,. Let A be the set of points x € U for which (4.6) is satisfied.
By Besicovitch’s covering theorem, there exists a countable family {By}ren C F NUy of balls with disjoint
closures such that A = (J, .y Br a.e. On the other hand, by hypothesis, U = A a.e. Therefore,

U= U By a.e.
keN

From this point, we can apply verbatim the reasoning of part ¢) of the proof, having in mind that Det Du
and Ag are absolutely continuous with respect to the Lebesgue measure. We conclude that deg(u,U,-) =
> ren deg(u, By, -) a.e., which finishes the proof. O

In order to prove that maps with nonnegative degree and satisfying Det Du = det Du necessarily have
zero surface energy, we need to establish first that these two conditions imply the local invertibility of the
deformation.

Definition 4.4. Let u € WHP(Q,R"), p > n — 1. We define U® as the class of U € U, such that u is
one-to-one a.e. in U. We denote by (2, the set [JUin.

Thus, €, consists of the sets of points around which u is locally a.e. invertible: x € )y, if and only if
there exists r > 0 such that u is one-to-one a.e. in B(x,r). The set €, does not depend on the particular
representative of u. Indeed, if u; = uy a.e. and x € Uy with U; € Uy, satisfies that u; is one-to-one a.e. in
U; then, by Lemma 2.20, there exists Uy € Uy, with x € Uz and Uy C Uy, so uy is one-to-one a.e. in Us.

Proposition 4.5. Let p > n—1 and u € WH?(Q,R"). Assume that (adj Du)u € L (2, R"™) and that
deg(u, B(x,7), ) > 0 a.e. for all x € Q and r > 0 for which B(x,r) € Uy.

a) Suppose that U € Uy, and that u* has a reqular approzimate differential at two points x1,x2 € U. Suppose,
further, that x1 € Qp, det Vu(xz) # 0, u(x1) = u(x2) := yo, and

D({y e R"\ u(9U) : deg(u,U,y) = 1},y0) = 1. (4.14)
Then X1 = X2.

b) Suppose that Uy, Us € Uy, Uy C Uy and deg(u,Us,-) = 1 a.e. in imr(u,Uy). Assume further that
det Vu(x) # 0 for a.e. x € Uy. Then u is one-to-one a.e. in Uy and u(x) ¢ img(u,Uy) for a.e.
x €Uy \ U;.

¢) Suppose that Uy, Us € Uy, Uy CC Us, OUy and OUs are connected, u(0U;)Nu(0Us) = & and deg(u, Us, -) =
1 on u(9U1). Then deg(u,Us,y) =1 for every y € imr(u,Uy).

d) Qi is open and {x € Qg : det Vu(x) # 0} C iy, a.e.

Proof. Part a). Suppose, for a contradiction, that x; # x2. By Lemma 3.2, for i € {1,2} there exists r; > 0
such that the balls B; := B(x;,r;) satisfy B; € Uy, yo ¢ w(9B;), By N By = &, B; UBy C U and

deg(u,Bi, ) =1 in Oi,
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where C; is the connected component of R™ \ u(9B;) containing yo. Thus,
deg(u, By,-) = deg(u,Bs,-) =1 in Cy NCh. (4.15)
By Lemma 2.22 and Proposition 4.3 d),
deg(u, By U By, ) < deg(u,U,-) a.e. (4.16)
But, by the additivity of the degree (see, e.g., [21, Th. 3.1 (d2)]),
deg(u, By U Bs, ) = deg(u, By, ) + deg(u, Bs,-) in R"\ (u(dB;) Uu(dB3)). (4.17)
Thus, for a.e. y € C1 N Cy, owing to (4.15), (4.16) and (4.17),
2 =deg(u, B1,y) + deg(u, Ba,y) = deg(u, B1 U Ba,y) < deg(u,U,y).
In particular, since C; N Cs is an open neighbourhood of yy,
D({y € R" \u(9U) : deg(u,U.y) > 2},y0) = 1,

which contradicts (4.14).

Part b). By Remark 2.3, Proposition 2.6, the fact that £*(2\ Q) = 0 and Lemma 2.8, it suffices to prove
that if u* has a regular approximate differential at two points x; € U3 Ny and x2 € Us with det Vu(xg) # 0
and u*(x1) = u*(x2) then x; = x3. Call yo := u*(x;). By Proposition 2.12, D(img(u,U1),y0) = 1, so
thanks to Proposition 4.3 e) we obtain D(imt(u,U;),yo) = 1. Our assumption indicates that

imT(ua Ul) C {y eR” \ u(aU2) : dEg(ua U2>y) = 1} a.e.,

and, hence,
D ({y € R" \ u(9Uz) : deg(u,Uz,y) = 1} ,y0) = 1.

Part a) then concludes that x; = xo.

Part ¢). The set u(9U;) is connected and contained in R™ \ u(0Uz); let C' be the connected component
of R™\ u(0Usz) containing u(dU;). Since deg(u,Us,-) = 1 in C, our aim is to show that imr(u,U;) C C.
As u(0U,) is connected, we have that R™ \ C' is connected (see, e.g., [12, Ex. 1.11.4b)]) and contained in
R™\ u(0U;), so R™\ C, being unbounded, must be contained in the unbounded component D of R™\ u(dUy ).
As deg(u,Uy,-) =0 in D, we have that imp(u,U;) C R*\ D. As R"\ D C C, the proof of ¢) is done.

Part d). It is clear that (i, is open, as a union of open sets. In order to prove that £"({x € Qg :
det Vu(x) # 0} \ Qin) = 0, by Proposition 2.6 and Proposition 4.3 b) it suffices to show that xq € Q;, for
every xg € g4 at which det Vu(xg) > 0 and u* has a regular approximate differential. By Lemma 3.2, there
exists r > 0 such that the ball B := B(xq, r) satisfies B € Uy, u*(xg) ¢ u(dB) and

deg(u,B,y) =1 forally € Cy,

where Cj is the connected component of R™\u(9B) containing u(xg). Moreover, there also exists v’ < r such
that the ball B’ := B(xg, ') satisfies B’ € U,, and u(0B’) C Cy. Part c) then shows that deg(u, B,-) =1 in
imr(u, B'), while Part b) yields that u is one-to-one a.e. in B’ so xg € Qi and d) is proved. O

We are now in a position to conclude our characterization.

Theorem 4.6. Let u € WHP(Q,R"), p > n — 1, satisfy det Du € L] (), (adjDu)u € L} _(Q,R"),

det Du(x) # 0 a.e. x € Q, Det Du = det Du, and deg(u, B(x,r),) > 0 a.e. for allx € Q and r > 0 for
which B(x,7r) € Uy. Then E(u) =0 and det Du > 0 a.e.
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Proof. Property det Du > 0 a.e. is an immediate consequence of Proposition 4.3 b).
We show that, for every U € UR,

deg(ua U, ) = NU = Ximg (u,U) = Ximz(u,U) &-€. (418)

By Proposition 4.3 e),
img(u,U) C imp(u,U) a.e. (4.19)

As, by Proposition 4.3 ¢), deg(u, U, ) > 0 a.e., we have, using also Proposition 3.3,

L" (im7(u,U)) < / deg(u,U,y)dy = 1 /aU u(x) - (cof Du(x) v(x)) dH"(x), (4.20)

n n

where v is the unit outward normal to U.
Let {¢s}s>0 be the family of Proposition 2.23. Then

1 O s
— /6U u(x) - (cof Du(x) v(x)) dH" ! (x) = —= lim [ u(x) - (cof Du(x) Dés(x)) dx = é{x})(Det Du, ¢5).

n n \O0 QO
(4.21)
Using the assumption Det Du = det Du and dominated convergence we obtain
éiél})(Det Du, ¢5) = ;i{% /Q ¢s(x) det Du(x) dx = /Udet Du(x) dx. (4.22)
By Proposition 2.7 and the fact that u is one-to-one a.e. in U, we obtain
/ det Du(x)dx = Nu(y)dy = L" (img(u,U)) . (4.23)
U R®

We recapitulate the conclusion of relations (4.20), (4.21), (4.22), (4.23) and (4.19):

£ ar(u,0) < [ des(u Uy dy = [ Nily)dy = £" (el 0) < £ G (0,0).
n Rn
This chain of inequalities proves the validity of (4.18).
Now fix ¢ € C1(Q2) and g € C}(R",R™), and consider the functions 1, and ¢; of (4.5). For each 0 < t < 1

define h; : spt ¢ — R as

hi(z) == /0 Py (r) /Rn divg(y) deg(u, B(z,7),y) dy dr. (4.24)
By Lemma 4.2,
/ g(u(x)) - (cof Du(x) D¢(x)) dx = lim ¢(z) he(z) dz. (4.25)
Q ™0 spt ¢

Fix z € spt¢ and r > 0 such that B(z,r) € U,. Thanks to (4.18) and Proposition 4.5 d), we can apply
Proposition 4.3 f) to the family F of balls B € U, such that B C B(z,r) and

deg(u,B,-) = NB = Ximq(u,B) a-€.

Thus, there exists a disjoint sequence { By }ren in Uy, such that

B(z,r) = U By ae., deg(u, B(z,r),-) = Zdeg(u, By,-) ae. (4.26)
keN keN
and, for all k € N,
deg(u, By,") = Np, = Ximg (u,B) &€ (4.27)
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Therefore, by dominated convergence, (4.26), (4.27) and Proposition 2.7,

div g(y) deg(u, B(z,7),y)dy = > | divg(y)deg(u, B, y)dy = Z/ - )div g(y)dy
mgu,bg

R keN /R™ keN
= Z / div g(u(x)) det Du(x) dx = / div g(u(x)) det Du(x) dx.
keN By, B(Z,T)

This and (4.24) imply that

hi(z) = /0 Pi(r) /B(Zm) divg(u(x)) det Du(x) dx dr.

Noticing that, thanks to the fundamental theorem of Calculus and the coarea formula,
d

T div g(u(x)) det Du(x) dxdr = / divg(u(x)) det Du(x) dH" ! (x),
T JB(z,r)

0B(z,r)

an integration by parts and again the coarea formula yield
t
—hi(z) = / i (1) / divg(u(x)) det Du(x)dH"*(x) dr
0 0B(z,r)

= /B( ) oi(z — x) div g(u(x)) det Du(x) dx = (¢ % ((divg o u)(det Du))) (z).

Hence, we can apply a standard property of convolutions and obtain that

lim ¢(2z) he(z)dz = — (z) div g(u(z)) det Du(z) dz. (4.28)
™NO spt ¢ spt ¢
Equalities (4.25) and (4.28) show that £(u, ¢ g) = 0, i.e., equality (2.4) holds, and, consequently, £(u) = 0.
This concludes the proof. O

Note that, thanks to Proposition 4.3, assumptions det Du € L{ () and Det Du = det Du in Theorem
4.6 are equivalent to saying that the measure Det Du is absolutely continuous with respect to L". For ease

of reference, Theorems 1.1, 4.1 and 4.6, and Proposition 4.5 d) are summarized in the following corollary.

Corollary 4.7. Let u € WYP(QR™), p > n— 1, det Du € L} (). Then the following conditions are
equivalent:

a) E(u) =0 and det Du > 0 a.e.
b) (adj Du)u € L{ (Q,R™), det Du(x) # 0 for a.e. x € Q, Det Du = det Du, and deg(u, B(x,7),-) > 0

loc

a.e. for allx € Q and r > 0 for which B(x,r) € Uy,.
Moreover, in either case we have that u € LS (2, R™), for all U € Uy, formula (4.1) holds, and for a.e.

loc
x € Q there exists ro > 0 such that u is one-to-one a.e. in B(x,ro).

Motivated by Corollary 4.7, we introduce the functional class that is the object of our work.

Definition 4.8. For each p > n—1, we define A, as the set of u € W1?(Q, R") such that det Du € L. (Q),
det Du > 0 a.e. and £(u) = 0.

The class A, is not really new since, except for the requirement of the positivity of the determinant, it
was introduced by Miiller [59] without giving it a name. It was also used in Giaquinta, Modica & Soucek
[38, Def. 3.2.1.3 and Prop. 3.2.4.1].

As mentioned in the introduction, if p > n—1, u € WHP(Q,R"), cof Du € L+ (@, R™*™) and det Du > 0
a.e. then u belongs to the functional space we have just defined (it follows from Miiller, Qi & Yan [63, Th.
3.2)).

A more accurate notation for A, would be A,(€), in order to stress the dependence on 2. However,
since the domain (2 is fixed throughout the paper, we prefer to use the notation A,,.
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5 Fine properties of deformations in 4,

In this section we show some fine properties of the deformations in the class .4, and of their local inverses.

5.1 Condition INV and Sobolev regularity of the inverse
We begin by noting that equality (4.1) implies a sort of openness property for u: for every U € Uy,

imp(u,U) = img(u,U) a.e. (5.1)

Next, we show that in our class A,, the a.e. invertibility of a map in a subdomain is equivalent to
condition INV (Definition 3.5). Miiller & Spector [61] showed that, under the assumption det Du > 0 a.e.,
INV implies invertibility a.e, but the converse is false in general (see, e.g., [61, Sect. 11], [62, Sect. 5] or [44,
Sect. 7]).

Lemma 5.1. Letu e A,.
a) Given U € Uy, one has that uly satisfies INV if and only if u is one-to-one a.e. in U.

b) Given Uy, Uy € U and Uy CC Uy then u(x) € imr(u,Uy) for a.e. x € Uy, and u(x) ¢ imr(u,U;) for
a.e. x € U\ U;.

Proof. By [61, Lemma 3.4] (or [43, Lemma 1]), if u|y satisfies INV then u is one-to-one a.e. in U. In order
to show the converse it is in fact enough to prove property b). So let Uy, Us € UM satisfy U; CC U,. Thus
Xime (u,0;) = Nu, a.e. for i € {1,2}, and, thanks to equality (5.1),

Ximr(u,U;) = Ximg(w,U;) = NUi a.€., (S {172} (52)

As u(x) € img(u,Uy) for all x € Uy N Qg (recall Definition 2.11), by (5.2) we have that u(x) € imr(u, U;)
for a.e. x € U;. Analogously, by (5.2), u(x) € imr(u,Us) and Ny, (u(x)) = 1 for a.e. x € Us. As Uy € U2,
we must have My, (u(x)) = 0 for a.e. x € Uz \ Uy, so by (5.2), u(x) ¢ imr(u,U;) for a.e. x € Uy \ U;. This
concludes the proof. O

It follows from [43, Lemma 3| that if u : @ — R™ is approximately differentiable a.e. and is one-to-one
a.e. in a subset U C Q then u|yng, is injective, where g is the set of Definition 2.11. By the definition of
geometric image, this means that u|yng, is a bijection from U N Qg onto img(u, U). By virtue of (5.1), if
U € U, it is then possible to define the local inverse (u|y/) ™! in the open set imr(u,U) as follows.

Definition 5.2. Let u € A, and U € U". The inverse (u|y)~! : imp(u,U) — R is defined a.e. as
(u|y)~(y) = x, for each y € img(u,U), and where x € U N satisfies u(x) =y.

Since maps in A, satisfy condition INV locally (by Proposition 4.5 d), Definition 4.4 and Lemma 5.1),
we obtain the following result as a particular case of [45, Th. 3.3].

Proposition 5.3. Let u € A, and U € U*. Then

-1

(ulg)~' € Wh(imp(u,U),R") and D(uly)™' = (Duo(uly)™')  ae.

5.2 Monotonicity, continuity and differentiability

In this subsection we show that maps in A, satisfy a weak notion of monotonicity and they admit a repre-
sentative that is continuous H™ P-a.e., differentiable a.e. and satisfies Lusin’s condition N.

We first identify the boundary of imr(u, U). Recall from Proposition 2.2 the definition of the represen-
tative u* and the set P.

Lemma 5.4. Letp>n—1,ue€ A, and U € Uy. The following assertions hold.
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a) imp(u,U) Uu(U) is closed, imp(u,U) C imp(u,U) Uu(dU) and dimy(u,U) C u(dU).
b) Suppose that OU N P = & and u*|gy is continuous. Then

imp(u,U) = imp(u,U) Uu(0U) and Jimy(u,U) = u(0U).

Proof. Part a) follows immediately from the continuity of the degree.

Assume the hypotheses of Part b). First note that U € Uy,+, by Remark 2.21. Let xg € OU. By Remark
2.3b), u*(xg) = ap lim u(x), so there exists a sequence {x;}jen in U N converging to xq such that
u(x;) — u*(x¢) as j — co. By Proposition 4.3 ¢), u(x;) € imp(u,U) for all j € N. Consequently, u*(xg) €
im7(u, U), which proves u*(9U) C imr(u,U). But by Convention 2.14 and Remark 2.19, u*(0U) = u(9U).
Finally, as imT(u, U) is open and does not intersect u(oU), we also have dimr(u,U) = u(0U). O

X—X0

Now we show that maps in A, satisfy a version of the maximum and minimum principles. For each
i€{1,...,n}, we denote by u’ the ith component of u.

Proposition 5.5. Letuec A,, U el andi € {1,...,n}. Then,
min v’ (V) < u'(x) < maxu'(OU) a.e. x € U. (5.3)

Proof. Thanks to Lemma 2.8 ¢) and equality (5.1), u(x) € im(u, U) for a.e. x € U. Denote by 7* : R — R
the projection onto the ith coordinate. Then, using also that projections are open maps, as well as Lemma
5.4 a), we obtain

esssupu’ < sup 7’ (imp(u, U)) = sup d(7* (imr(u, U))) < sup 7' (dimr(u, U)) < sup 7' (u(oU)),
U

where ess sup denotes the essential supremum. This shows that u®(x) < maxu®(9U) for a.e. x € U, and the
other inequality of (5.3) is proved analogously. O

Property (5.3) is closely related to Manfredi’s [56] notion of weak monotonicity and earlier related defini-
tions (see, e.g., [73]). In fact, one can see, e.g., from the proof of [47, Th. 2.17] that a Sobolev map satisfying
det Du > 0 a.e. and Det Du = det Du is weakly monotone. Also, our property (5.3) means that u is weakly
pseudomonotone in the sense of [41, Sect. 2].

It is well-known (see, e.g., [47, Ch. 2]) that the above notions of monotonicity imply regularity properties
for the map: in particular, a representative of u is continuous H" P-a.e. (if p < n) and differentiable a.e.
However, we will not deal with the representative normally used in the theory of monotone maps (see, e.g.,
[70, 56, 72, 41, 47]) but rather with the one defined in [61, Th. 7.4], which we explain in the following
paragraphs.

Definition 5.6. Let u € A,. We define the topological image of a point x € 2 by u as
imr(u,x) := m imt(u, B(x,r)),
r>0
B(x,r)eUn
and NC := {x € Q: H’(imr(u,x)) > 1}.

Remark 5.7. a) The topological image of a point is compact and non-empty, since it is defined as a decreasing
intersection of compact and non-empty sets. The fact that the intersection is decreasing is a consequence
of Proposition 4.3 d), and the fact that the sets involved are non-empty is a consequence of, for example,
Proposition 4.3 e).
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b) We have L™ (imT(u,x)) = 0. Indeed, this is an immediate consequence of [44, Th. 4.6], but we provide a
brief self-contained proof. By Lemma 5.4 a), equality (5.1) and Remark 2.16 b), we obtain that

L"(im7(u,x)) = inf L%(imr(u, B(x,7))) < ing L"(img (u, B(x,7))

>0 >
B(x,r) €l B(x,r) €Uy
=L ( M imc(u, B(X,r))) = L"(img (u, {x})) = 0.
B(x?)oez/tu

c) Given uj,us € A, that coincide a.e. and U € Uy, , by Lemma 2.20, for each x € § there is r > 0 with
B(x,7) € Uy, NUy, such that B(x,7) CC U and u; = uy H" l-a.e. in dB(x,r). Then, by Proposition
43 d),

imr(ug, B(x,r)) = imr(uy, B(x,r)) C im7(uy, U).

Consequently, neither the topological image of a point nor the set NC' depend on the particular repre-
sentative of u.

d) As observed in a), the definition of imT(u,x) involves a decreasing intersection. Moreover, the theory
of monotone maps ensures that there exists a representative @ of u that is continuous H™ax{n=.0}_5 ¢,
and, as mentioned in ¢), imr(u,x) does not depend on the representative. Consequently, imr(u,x) also
equals the intersection of imr(u, B(x,r)) when r > 0 satisfies B(x,r) € Uz NUy and a is continuous in
0B(x,r). But for those r we have, thanks to Lemma 5.4 b) and Convention 2.14,

im7(q,U) = imr(a,U) Ua(dU) = imr(u,U) Uu(dU).

Therefore, Definition 5.6 coincides with Sverdk’s [70, pp. 114-115] (see also [61, Egs. (7.4) and (7.13)]).

Following [61, Sect. 7], we define a representative that enjoys better properties than that of Proposi-
tion 2.2.

Definition 5.8. Let p > n — 1. Given u € A,, we define

a(x) = u*(x) ifxeQ\(PUNCQ),
" ) any element of imp(u,x) if x € PUNC.

Note that 1 is defined everywhere in 2. The definition in P U NC' is possible due to the axiom of choice.

Proposition 5.9. Letp > n—1 andu € A,. Then(x) € imr(u, x) for every x € Q, H@>x{n=r.0}(NC) = 0,
u is continuous at every point of Q\ NC, and 0 is differentiable a.e. Moreover, if N C Q satisfies L"(N) =0
then L™ (a(N)) = 0.

Proof. The facts @(x) € imp(u,x) for every x € Q, H™>{n=P.0}(NC) = 0 and 1@ is continuous at every
point of Q\ NC' can be established exactly as in Miiller & Spector [61, Th. 7.4]. They assume condition INV
for u, but all that matters is [61, Lemma 7.3(i)], which is our Proposition 4.3 d). Recall also from Remark
5.7.d) that our definition of @ coincides with theirs. Notice, in addition, that they assume p < n. If p > n,
Morrey’s embedding theorem implies that u* is continuous and, consequently, P = &, whereas the proof of
[61, Th. 7.4] also shows that u* is discontinuous at NC, so NC' = & in this case. If p = n, as det Du > 0
a.e., thanks to [73] (see also all the theory of monotone maps cited at the beginning of the Section), u* is
continuous, so again PUNC = &.

We deal now with the differentiability a.e. As before, for p > n, we have that 4 = u*, and it is a
well-known result in Sobolev spaces (see, e.g., [29, Sect. 6.2]) that u* is differentiable a.e. For p = n, again
due to the assumption det Du > 0 a.e., we have i = u* and the differentiability a.e. of u* is covered by the
theory of monotone functions (see, e.g., [68, Sect. 111.4.3] or [47, Th. 2.24]).

Therefore, we can assume that p < n. The first step consists of the following oscillation estimate:
mimicking the proof of [61, Th. 7.4] (or else those of the theory of weakly monotone functions; see, e.g., [56,
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Th. 1], [41, Th. 4.1] or [47, Th. 2.24]) we obtain that there exists C' > 0 such that for all i € {1,...,n},
xp €  and r > 0 for which B(xq,2r) C 2, we have

P
esssupu’ — essinf u’ < C'r ][ \Duz|p dx | .
B(xq,r) B(xo,r) B(xg,27)
Said otherwise, for a.e. x1,%x2 € B(x0,7),

lu(xz) —u(x1)| < Cr (ﬁ( - | Dul|? dx) . (5.4)

Let x; € Q\ (PUNC) be a Lebesgue point of |Vu?, and let x5 € 2\ (PUNC) satisfy B(x1, 2|x2 —x1|) C Q.
Then, recalling (2.1) and using (5.4),

lim ][ udx —][ udx
™0 B(x2,r) B(x1,r)
%
<C'|x2 — x1| ][ |[DulPdx |
B(x1,2\xz7x1\)

la(xz) —a(xy)| = < lim inf [u(xs + rz) — u(xy + rz)| dz

™0 JB(o,1)

SO
lim sup M < 0. (5.5)
Xo—X1 |X2 — X1|
xz¢PUNC

Now let xo € PUNC. By Definition 5.6 and equality (5.1), there exists x3 € Q4,0NB(x2, |x2—x1|)\ (PUNC)
such that |G(x2) — (x3)| < |x2 — x1|. Thus,

[G(x2) —0(x1)| _ [A(x2) — 0(x3)| m@@—ﬁ@ﬂHm—Xﬂ<l+2m@@—ﬁ@ﬂ
Ixo —x1] T [x2 — x| Ix3 —x1|  [xo—xi| T Ix3 — x|

so (5.5) shows that

[a(xz) —u(xy)| [a(xs) —u(xy)|

lim sup <142 limsuyp ————— < 0. (5.6)
Xo—X1 |X2 — X1| X3—X1 |X3 — X1|
x2€PUNC x3¢ PUNC

Altogether, (5.5) and (5.6) yield that

lim sup —|u(xQ) — (x| < 00
X2 —X1 |X2 - Xl‘

for all x; € Q\ (P U NC) that is Lebesgue point of |Vu[P. Stepanov’s theorem (see, e.g., [47, Th. 2.23])
concludes the differentiability a.e.

Finally, the fact that £"(a(N)) = 0 for any N C Q with £"(N) = 0 can be proved exactly as in [61,
Th. 10.1] (in fact, slightly shorter because here we have the additional assumption Det Du = det Du). This
finishes the proof. O

Remark 5.10. As an immediate consequence of Proposition 5.9, we have that P C NC' and

alx {u*(x) itxe Q\ NC,

any element of imr(u,x) ifx € NC.

Note also that if U € U, and OU N NC = & then OU N P = & and u*|sy is continuous, so the assumptions
of Lemma 5.4 b) are satisfied.
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We will see that the restriction OU N NC = @ for a U € U, plays an important role in the sequel.
Accordingly, we set the following definition.

Definition 5.11. Let u € A,. Define UL := {U € U,: OU N NC = @} and U™ .= Ul nui».
As a consequence of Lemma 2.20 and Proposition 5.9, the following result holds.

Lemma 5.12. Let u € A,. Let U CC Q be a non-empty open set with a C* boundary. Then there exists
§ > 0 such that Uy € UY for a.e. t € (—6,5), where Uy is defined as in (2.2). Moreover, for each compact
K C Q there exists U' € UY such that K C U’.

5.3 H" !-continuity of the local inverse

In this subsection we define a precise representative of the local inverse of Definition 5.2. Given U € UM,
we shall show that H" !-a.e. y € imt(u,U) has only one preimage in U by 1, so we can define a precise
representative of the inverse (u|y) ™!, which is fact is continuous at any such y. This subsection is not used
elsewhere in the paper and may be omitted in a first reading.

In order to prove these results, we follow Sversk [70] and set, for every u € A,, U CC Q, y € R” and
K CR”,

Guly):={xeU:ycimr(u,x)}, Gu(K):= ] Guly).

First we show some general results of the set-valued function Gy that do not require invertibility.
Lemma 5.13. Letue A, and U € UN . The following properties hold:
a) If y € imp(u,U), then Gy(y) C U.
b) If A CR"™ is open, then A* := {x € Q: imr(u,x) C A} is open.
¢) If K C Q is compact, then K = Uxer imT(u,x) is compact.
d) If K C imy(u,U) is compact, then Gy (K) is compact.

e) Consider the set

Y = U imr(u,x).

xeU
Then imr(u,U) CY and Gy(y) NU # @ for every y € imr(u,U).
Proof. Part a). It suffices to note that y ¢ u(dU) and that if x € 9U, then imr(u,x) = {u(x)}, since
OUNNC = 2.

Part b). Let xo € A*. As im7(u,xp) C A and imr(u,X¢) was defined as a decreasing intersection of
compact sets, there exists rg > 0 such that B(xg,r¢) € Uy, and

imr(u,x0) C im7(u, B(x0,70)) C A.

Take x € B(xo, 3) \ {xXo}. Then B(x,|x — xo|) C B(x0,r0) s0, by Proposition 4.3 d),

im7(u, B(x,r)) C im7(u, B(xg,70)),

for any r € (0, |x — xg|) such that B(x,r) € Uy, and, hence,

imp(u,x) = m imr(u, B(x,r)) C imr(u, B(xg,70)) C A.
0<r<|x—xo|
B(x,r)EUy

Consequently, x € A* and B(xq, 3*) C A*.
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Part ¢). Consider an open covering A of K; as K C imy(u,U’). Since for each x € K the set im(u, x) is
compact, there exists a finite family Ax C A that covers imr(u,x). Call Ay :=JAx. Then imr(u,x) C Ay,
the family A’ := {A,: x € K} is also an open covering of K, and x € A%, thanks to part b). Therefore, the
family A* := {A%: x € K} is an open covering of K. Thus, there exist p € N and x4, ...,%, € K such that

P
KA.

i=1

Now, for any y € K there exists x € K such that y € imp(u,x), so x € Ay, for some i € {1,...,p}, and,
hence, imr(u,x) C Ay,. This shows that

p p
K c A = JUAx
=1 =1

which proves the compactness of K.

Part d). Suppose that {x;}ren C U and {yj}ren C K are such that y; € imr(u,x;) for all k£ € N.
Passing to a subsequence, we can assume that x; — x¢ and yx — yo as k — oo, for some xy € U and
vo € K. We shall prove that xo € Gy (K). By Proposition 4.3 d), for any r > 0 such that B(xq,r) € Uy
there exists k. € N for which for all k£ > k,.,

Vi € imr(u,x;) C imr(u, B(xg,7)).

Hence yo € imr(u, B(xg, 7)), and, consequently, yo € imr(u,xp). It follows that xo € Gy (yo) C Gu(K).

Part e). Let Y’ := |, cpimr(u,x). Since imr(u,x) = {u(x)} for every x € U, we can write Y’ =
Y Uu(dU). Therefore, it is enough to show the inclusion imr(u,U) C Y’. Since Y’ is compact by part c),
the set H := imp(u,U) \ Y’ is open.

On the other hand, for all x € U, as imr(u,x) N H = &, by Remark 5.10 we have u(x) ¢ H. In other
words, u(U) N H = @. By Lemma 2.8 a) and Proposition 5.9 we have L™ (img(u,U) N H) =0, and by (5.1),
L"(imp(u,U)NH)=0,s0 L*"(H) =0. As H is open, we must have H = @. Therefore im(u,U) C Y and,
as a consequence, Gy (y) NU # @ for every y € imr(u,U). O

The following result will allow us to define a precise representative of the inverse. Given u € A, and

U € UL, we denote by U, the set of the points in U where @ has a regular approximate differential with

positive Jacobian.

Proposition 5.14. Let u € A, and U € UY™. The following properties hold.
a) If y € imp(u,U), then Gu(y) is connected.

b) If x € Uy and 4(x) € imp(u,U), then Gy(a(x)) = {x}.

c) The set
T:={y € imr(u,U): H*(Gu(y)) > 1}
has null H"~-measure, while L"(Gy(T)) = 0.
d) The set

T = U imr(u, x) Nimr(u, V)
xeUNNC

has null measure.
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Proof. For simplicity of notation, we assume, without loss of generality, that u = .

Part a). Assume, for a contradiction, that Gy (y) is not connected. Since, by Lemma 5.13, Gy (y) is
compact and contained in U, we can write it as Gy(y) = K1 U Ko, where K7 and Ky are two non-empty,
compact and disjoint subsets of U. By Lemma 5.12, we can find two disjoint sets Uy, Us € UL such that
K; cU;, cU forie{l,2}.

Assume that y = u(x) for some x € 9U; and some i € {1,2}. Since imr(u,x) = {u(x)} we have that
x € Gy(y), so x € K; with K; N 9U; = @, a contradiction. Therefore, y ¢ u(0U; U 9Us). Now take x; € K;
for each i € {1,2}. Then y € imr(u,x;), so by Definition 5.6 and Proposition 4.3 d), y € imr(u,U;), but
by Lemma 5.4, y € imr(u,U;). Therefore, y € imr(u,U;) Nimt(u,Us). Now we argue as in the proof of
Proposition 4.5 a). By Proposition 4.3 ¢), deg(u,U;,y) > 1 for each i € {1,2}, so, by the additivity of the
degree and Proposition 4.3 d),

2 < deg(u,U; UUs,y) < deg(u,U,y).

Therefore, deg(u, U, -) > 2 in a neighbourhood of y. On the other hand, since U € U*, we have that Ny = 1
a.e. in img(u, U), so by (4.18) we obtain that deg(u,U,-) =1 a.e. in imy(u, U), which is a contradiction.

Part b). Call y := u(x). Clearly, x € Gy(y). Assume, for a contradiction, that Gy (y) has more than one
point. Since it is connected by part a), for every sufficiently small > 0 there exists x,, € Gy (y) N9B(x, ).
Taking only those r» > 0 such that 0B(x,r7) N NC = &, we find that for a.e. » > 0 sufficiently small there
exists x, € 0B(x,r) such that y = G(x,). This is a contradiction with Lemma 3.2, according to which
y ¢ W(0B(x,h)) for all hin a set A C (0,00) of density % at 0.

Part ¢). Since Gy(T)NUL \ NC = & due to part b), we have L(Gy(T)) = 0 thanks to Proposition 5.9.
It remains to show that H"1(T) = 0. Assume that T # @. Denote by 7’ : R® — R the projection onto
the ith coordinate, i € {1,...,n}, and by H} the hyperplane {x € R": 7%(x) = t}, t € R. We also denote
by J* the family of non-empty open intervals with rational endpoints that are included in 7¢(Gy (y)) for
somey € T. For every y € T the set Gy(y) is connected by part a) and contains more than one point.
Therefore, for at least one i € {1,...,n} (depending on y) there exists a J € J* such that J C 7*(Gy(y)).
Giveni e {l,...,n} and J € J*, weset T :={y € T: J C 7' (Gu(y))}.

Let i € {1,...,n} and J € J*. Bearing in mind that H™>{"=P0}(NC) = 0 and that L*(Gy(T)) = 0,
for a.e. t € J the intersection H; N NC is empty, the intersection H; N Gy (T%) has null H"~! measure and
ue WHP(H N Q,R"). Fix a t; in J such that

H{ NNC =@, H"'(H; NGy(T})=0, andue W"P(H; NQ,R").

We claim that .

TclJ Y u(H, nGu(T)). (5.7)

i=1JeT

Indeed, given y € T, let i € {1,...,n} and J € J* be such that J C 7*(Gy(y)), and let x € H} N Gy(y).
Since x ¢ NC we have u(x) = y. Moreover, since y € T75, it follows that x € Gy(T5) soy = u(x) €
u(H;, NGy(T%)). Inclusion (5.7) is then proved. Finally, by Remark 2.16b), H" *(u(H;, N Gy(T%))) = 0.
From (5.7) we conclude that H"~}(T) = 0.

Part d). As u is one-to-one a.e. in U, we have Ny = 1 a.e. in img(u,U) and, due to (5.1), there exists
a set N C imp(u,U) of zero measure such that Ny = 1 in imp(u,U) \ N. By Proposition 5.9, the set

M :=u(U \ U;) has zero measure. Then, by part b), for each y € imrp(u,U) \ (N U M) there exists x € Uy
such that Gy (y) = {x}. Therefore 7" C N U M. O

The sets T and T" are singular regions in the deformed configuration. While 7" represents damage
zones in imr(u, U), the set T indicates a degeneration of the material coming from Gy (T') due to extreme
compression, with a loss of the injectivity.

We can now define a precise representative of the inverse of Definition 5.2.

Definition 5.15. Let u € A, and U € YY", Define G, : imr(u,U) — R™ as

4! (y) = any element of Gy (y).
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By Lemma 5.13 ¢) and the axiom of choice, ﬁ,}l is well defined. Moreover, by Lemma 5.13 a), it takes
values in U. Furthermore, having in mind Proposition 5.14 ¢) and the set T defined therein, for each
y € imp(u,U) \ T there is a unique x € U such that y € imt(u,x), hence the definition of ;' is univocal
up to an H" -negligible set. In particular, as @i(x) € imt(u,x) for all x € Q, we have that 4;;' = (i)}
in img (4, U) Nimr(u,U) \ T, where (|y) ! is as in Definition 5.2. Of course, img (&, U) Nimy(u, U) \ T is
of full measure in imr(u, U), thanks to (4.1). In fact, it is easy to verify (see, if necessary, Lemma 7.2 below
and Remark 2.21) that @' = (u|y)~! a.e. in imr(u, U), for any representative u.

The function ﬁ%_,l is an inverse of U in the following sense: considering the set T” of Proposition 5.14 d),
we have that (' (y)) = y for each y € imp(u,U)\ T’, while 4;;' (fi(x)) = x for each x € imr(u,U)*NU \
Gy(T). Note that, since imt(u,U)*NU = U \ Gy (u(dU)) for U € UL, one has imr(w,U)* NU \ Gy(T) =
U\ Gu(Tuu(9U)).

The main result of this section is the continuity of ﬁgl at H" l-a.e. point.

Proposition 5.16. Let u € A, and U € UY, and consider the set T of Proposition 5.14c). Then ﬁ(}l 18
continuous at each point of imp(u,U)\ T.

Proof. Given y € imp(u,U) \ T, let x := ' (y). Sincey ¢ T, given 7 > 0 such that B(x,r) C U and
0B(x,r) N NC = @, it is not possible that y € a(0B(x,r)). In particular, by Lemma 5.4,

y € imp(u,x) = ﬂ imr(u, B(x,r)).
r>0
B(x,ryeul
We shall show that for any r > 0 there exists a neighbourhood A of y such that if y’ € A then ﬁal(y’ ) €
B(x,r). Let v’ < r be such that B(x,r') € UY and let A := imr(u, B(x,7")) Nimr(u,U). Ify € A,
then Gy (y’) N 0B(x,r") = @. Therefore, since Gy (y’) is connected by Proposition 5.14 a), we have two
alternatives: Gy(y') € B(x,r') or Gy(y’') N B(x,7") = @. Suppose, for a contradiction, that the second
option holds. Since, by Lemma 5.13, Gy(y’) is compact and contained in U, we can find a U’ € UL
contained in U such that U’ N B(x,r’) = @ and Gy (y’) C U’. This last inclusion implies that y’ ¢ a(8U").
Let x’ € Gy(y’); then x’ € U’ and, by Proposition 4.3 d) and Lemma 5.4,

y' € imt(u,x’) C imr(u,U’).

Thus, by Proposition 4.3 ¢), deg(u,U’,y’) > 1 and deg(u, B(x,7’),y’) > 1. By the additivity of the degree,
we find that
2 <deg(u,U’,y’) + deg(u, B(x,7"),y’) = deg(u, U’ U B(x,r"),y’).

In particular, deg(u, U’ U B(x,7’),+) > 2 in a non-empty open set. By Lemma 2.22, U’ U B(x,7') € U!", so,
by (4.1), deg(u, U’ U B(x,7’), ) <1 a.e., a contradiction.
Therefore, Gy (y') C B(x,7') and, consequently, a,' (y') € B(x, 7). O

5.4 The topological image

Since 2 ¢ Uy, a suitable definition of the topological image imr(u, Q) of  under u must be given. In this
subsection we explore its properties, which will be essential in the applications of the next sections.

Definition 5.17. Let u € A,. Define
imp(u,Q) := | imr(u,U).
veuly

We will see in Section 8 that imt(u, Q) plays the role of the deformed configuration. By the continuity of
the degree, imr(u,U) is open, and hence, so is imT(u, 2). Notice also that, owing to the Lindelof property,
there exists a countable family B C UL such that

imr(u,Q) = | J imr(u, B). (5.8)
BeB
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We present some properties of the topological image. Recall the notation Uy of (2.2).
Lemma 5.18. Let u € A,. The following properties hold:
a) For each U € UY and each compact K C imr(u,U) there exists § > 0 such that
K C ﬂ imy(u, U).

te(0,6)
Ueul

b) If u; € Ay and uy = u a.e. then im7(u, Q) = imr(uy, Q).
¢) imp(u, ) = img(u, ) a.e.

d) There exists a disjoint family {Vi}ren of open sets such that

imp(u, ) = U Vi a.e.
keN

and for each k € N there exists By € UY for which Vi, CC imt(u, By).

Proof. Part a). By Remarks 2.21 and 5.10 we have u*|sy = Q|gy, U € Uy, the continuous representative of
ulgy is 0|sy, and, due to Convention 2.14, ulgy = t|sy. Consider n := dist(K, a(9U)). As 0 is continuous
at each point of the compact set OU, an elementary property shows that there exists § > 0 such that if
xo € OU and x € B(xg,0) then x € Q and

[a(x) — a(xo)| <. (5.9)

Before continuing with the proof, we establish some results and notation that were inherent in the construc-
tion of Section 2.4; we refer to [27, Th. 16.25.2] for the proofs. Making the above § > 0 smaller, we can
assume that the map

p:0U x (=6,0) = {z € R" : dist(z,0U) < §}
(x0,t) = xo — tv(X0)

is a C! diffeomorphism, where v is the unit exterior normal to OU.
Take any ¢ € (0,6) such that U; € UY. Then the continuous representative of u|gy, is |sy,. Define
v:U—=R"as

v(x) = u(x) if x € Uy,
v(p(x0,A)) := (1 — )a(xo) + 20(p(xo,t)) if (x0,A) € OU x [0,].

Note that v is defined a.e. in U; and everywhere in U \ Uy; in fact, v| 7\v, 18 continuous,
p(OU x [0,#])) =U\U; and p(0U x {t}) = 9U,.
By construction, v =1 in U U 9U; so
deg(v,U,-) =deg(u,U,-) in R"\u(0U) and deg(v,U,-) =deg(u,Us,-) in R"\ u(oUy).

Now, thanks to (5.9) we have that for each y € K, xo € 9U and X € [0, ],

. A .
ly = v(p(x0, V)| 2 ly — a(x0)[ = 5 |8(x0) — G(p(x0,1))| > O,
soy ¢ v(U \ U;). By the excision property of the degree, deg(v,U,y) = deg(v,U;,y) so, in total,

O 7é deg(u7 U7 y) = deg(v7 U’ y) = deg(v, Utay) = deg(u7 Ut>y)7
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and, hence y € im(u, U).

Part b). Let y € imp(u,Q) and let U € UL be such that y € imr(u,U). By part a) and Lemma 5.12,
there exists t > 0 such that U; € UL OU‘]]\Z and y € imr(u,Uy). By Remark 2.19, im7(u, U;) = imr(ug, Uy),
so y € imr(uy, Q). The symmetry of the argument provides the other inclusion.

Part ¢). By Lemma 5.12, there exists an increasing sequence {Uy }ren in UL such that Q = Uken Uk, 50
img(u, Q) = Upenimea(u,Uy). Let B be the family of (5.8). Since for any B € B there exists k € N such
that B CC Uy, we have, by Proposition 4.3 d), that imr(u, B) C imr(u,Uy) C imr(u,) a.e. Therefore,
imr(u, Q) = J,cy imr(u, Uy) a.e. Using now (5.1), the above equalities may be summarized as

imr(u,Q) = | J imr(w, Ux) = | ima(u, Ux) = img(u, Q) ace.
keN keN

Part d). For each U € UY let Vi be the family of all open sets V such that V CC imrp(u,U). The
conclusion then follows from a standard application of Besicovitch’s covering theorem to the family {V: V €
Vy for some U € UN}. O

6 Stability of the inverse

In this section we show an important stability result in A,: the weak W'P-convergence of a sequence in
A, implies the weak W' !-convergence of the local inverses (Theorem 6.3). We first state a compactness
property of A, which is a direct consequence of the main result of [42].

Proposition 6.1. Let p > n — 1 and, for each j € N let u; € A,. Assume that {u;}jen is bounded in
WP (Q,R") and {det Du;};en is equiintegrable. Then there exists u € WhP(Q,R™) with det Du > 0 a.e.,
det Du € LY(Q) and £(u) = 0 such that, for a subsequence,

u; —uin WHP(QR") and det Du; — det Du in L'(Q)
as j — 0o. Moreover, if det Du > 0 a.e. then u € A,.

Proof. For a subsequence (not relabelled), we have that there exist u € WH?(Q,R") and 0 € L*() such
that
u; — uin WH(Q,R") and det Du; — 6 in L'(Q).

as j — oo. Thanks to [42, Th. 3], we have § = det Du a.e. and £(u) = 0. Clearly, det Du > 0 a.e., and if
det Du > 0 a.e. then u € A, O

As mentioned after Definition 4.8, [59, 38] also worked with the class A, and, in fact, Proposition 6.1 is
also a direct consequence of [59, Th. 4] or else [38, Th. 3.3.2.1 and Prop. 3.3.2.3].

Remark 6.2. The equiintegrability of {det Du;};en cannot be removed from the statement of Proposition 6.1.
Without that assumption, the weak limit in W1? of a sequence in A, may not be in A,, even if the limit
function u satisfies det Du > 0 a.e. In fact, Ponomarev’s [67] example (see also [61, Sect. 11]) exhibits such
a situation. It was shown that, when € is the unit square in R?, there exist a sequence {u;};en of Lipschitz
homeomorphisms and a homeomorphism u in W1?(Q, R?), for every p < 2, such that u; — u in W1?(Q, R?)
as j — oo. Moreover, det Du; > 0 a.e. and ||det DujHLl(Q)RQ) = 1 for each j € N, whereas det Du > 0 a.e.
and det Du € L'(Q,R?). As each u; is Lipschitz, it follows that £(u;) = 0. The same reasoning that in
[61] showed that Perimg(u,) = co can be adapted to show that £(u) = oo; in fact, a shorter argument
goes as follows. The deformation u does not satisfy Lusin’s N condition, as shown in [61]. By [42, Th.
5.5], a homeomorphism in WP (), R?) not satisfying Lusin’s N condition has infinite surface energy £. In
conclusion, u; € A, for all j € Nbut u ¢ A,.
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The main result of this section shows that the ball of local invertibility of a u € A, (see Proposition 4.5 d)
or Corollary 4.7) can be chosen to be the same for all members of a W'P-weakly convergent sequence to u,
and proves the convergence of the derivative of the inverse and its minors in the appropriate topology. It
generalizes the result contained in [32, Lemmas 4.3 and 4.5]. Of course, a minor refers to a subdeterminant
defined in the set R™*™ of matrices.

Theorem 6.3. For each j € N, let uj,u € A, satisfy u; — u in WHP(Q,R™) as j — co. The following
assertions hold:

a) For anyU € UY and any compact set K C imr(u, U) there exists a subsequence for which K C imr(u;, )
for all j € N.

b) For a subsequence, there exists a disjoint family
{Bk}kEN C Ul]lv’in N m Ulll\g’in
jEN
such that Q = J,cn Br a.e. and, for each k € N,
u; = u uniformly in 0B, as j — oo. (6.1)

¢) Let B € UM N ﬂjeNUL‘; and take an open set V. CC imr(u, B) such that V C imr(uj, B) for all j € N.

Then '

1) (u;|p)~' = (u|p)~! in BV(V,R") as j — oo;

2) for any minor M, we have M (D(u;|g)™'), M(D(u|g)~') € L*(V) for all j € N and

M (D(uj|p)™") = M (D(u|p)™") in M(V) as j — occ.

If, in addition, the sequence {det D(u;|p)~'};jen is equiintegrable in 'V, then the convergence in c1) holds

in the weak topology of WH(V,R™), and the convergence in c2) holds in the weak topology of L*(V).
d) For a subsequence we have that Xim,(u;,.Q) — Ximp(u,Q) @€ and in LY(R"™) as j — cc.

Proof. Part a). By Lemmas 5.18a), 5.12 and 2.24 there exists ¢ > 0 such that, Uy € Uy N (;cnUsy s
K Cim7(u,U;) and, for a subsequence,

u; — u uniformly in OU; as j — oo.

Thanks to Lemma 3.6, there exists jx € N such that K C imr(u;,U;) C imr(u;,Q) for all j > jx. The
conclusion follows.

Part b). First we prove that for a.e. xg € Q there exist a subsequence (not relabelled) and Ux, €
urnn jen L[l‘f; containing xg. Let xg € €y be such that u* has a regular approximate differential at xg
with det Vu(xg) > 0, and note by Proposition 2.6 that a.e. point in € satisfies this condition. In addition,
u(xg) = u*(xg) and Vu(xg) = Vu*(xg) (recall Remark 2.4). By Lemmas 2.24 and 3.2 and Remark 2.19,
there exist ro, 71 > 0 with ro < 3 such that, calling Uy := B(x,70) and Uy := B(xg,r1), we have that

Uo, U € Ua Nl 01 () (U, Nl ) 4

jEN

u(xg) ¢ u(oUy), deg(u,Ur,u(xq)) = 1, u(dlUp) is included in the connected component of R \ u(dU;)
containing u(xo),

ulpy, = u*oy, and ujlou, = ujlov, for each j € N and i€ {1,2}
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and, for a subsequence,
u; — u uniformly in OU; as j — oo for each i € {1,2}. (6.2)

Consequently, deg(u,Uy,-) = 1 in u(dUp). By (6.2) and the fact that u(dUp) and u(0U;) are disjoint,
deg(u,Ui,-) =1 in u;(9Uy) for large enough j € N, but now, thanks to Lemma 3.1 and (6.2) we have that
deg(u;,Us,-) =1 in u,;(0Up) for large enough j € N. For such j, by Proposition 4.5 c),

deg(u,Ui, ) =1in imr(u,Up) and deg(u;,Ur,-) =11in imr(uy, Up)

and, by Proposition 4.5b), u and u; are one-to-one a.c. in Up.

Thus, we have proved that for a.e. xo € €, for a subsequence there exists Uy, € UM jeN U{l‘; containing
xo. Thanks also to Lemma 2.24, the family of B € UY N Njen L{lﬁ such that B C Uy, for some x( as above
and, in addition, u; — u uniformly in 0B, forms a fine covering of a.e. ). Hence by Besicovitch’s covering

theorem, there exists a disjoint countable subfamily {Bj}ren such that Q = (J, .y Br a.e. Employing a
diagonal argument, we can extract a subsequence in j such that (6.1) holds for each k € N.

Part ¢). By Proposition 5.3,
(u|p)~' € Wh'(imrp(u, B),R") and D(ulg)~' = (Duo (u|U)_1)71 a.e.,

and, for all j € N,

-1

(uj|B)_1 € Wl’l(imT(uj,B),R") and D(uj\B)_l = (Duj o (uj\B)_l) a.e.

Take a subsequence such that
u; > u ae inQasj—oo. (6.3)

We prove that, for each ¢ € C.(V),
X(uy|5) =1 (VAime (u;,8)) (X) (15 (X)) = X(u|p) -1 (Vhime (u,8)) (X) p(u(x)) ae x€Q, asj—oo.  (64)
Indeed, given x € R™, as a consequence of Definition 5.2, we have that
x € (u|g) " (VNimg(u, B)) ifand only if x € QpN B and u(x) € V (6.5)
and, for large enough 7,
x € (u;|p) Y (V Nimg(u;, B)) if and only if x € Q; N B and u,(x) €V, (6.6)

where )9 is the set of Definition 2.11 corresponding to u, and €; is the corresponding one to u;. In order
to show (6.4), take x € Q0 N[ ;o 2; satisfying u;(x) — u(x) as j — oo, and note that, thanks to (6.3), a.e.
point in € fulfills these conditions. Then ¢(u;(x)) = ¢(u(x)) as j — oo. If u(x) € V, as V is open, we have
that u;(x) € V for j large enough, so, thanks to (6.5)—(6.6), convergence (6.4) holds for this x, regardless of
whether x belongs to B or not. If, on the other hand, u(x) ¢ V, then u(x) ¢ spt ¢, and hence u;(x) ¢ spt ¢
for j large enough, so convergence (6.4) holds for this x as well.

Now, let M}, be a minor of order k € {1,...,n}. Using the formula (sometimes called Jacobi’s equality)
relating the minors of the inverse F~! of a matrix F € R™*™ in terms of the minors of F (see, e.g., [37, Sect.
1.4]), we can see that there exists a minor N,,_ of order n — k such that, up to a sign,

Ny —i(F)
det F

For the sake of simplicity of notation, the possible sign change is incorporated in our definition of N,_y, so
that formula (6.7) holds true. Proposition 2.7, (5.1) and (6.7) show that, for j € N large enough,

/V|Mk (D(uj|B>-1<y>>\dy=/(u

M,(F~ 1 = for all invertible F € R™*™. (6.7)

No_ (Dt (x))] dx < chm / Du(x)["* dx, (6.8)
il1B)~1(VNimg (u,B)) Q

34



for some ¢y, , > 0 depending on k and n. Therefore, My (D(u;|5)~") € L'(V) and, similarly, My (D(u|g)™') €
LY(V). A classic result on the continuity of minors (see, e.g., [17, Th. 8.20]) shows that

N,—r(Du;) = N,—p(Du) in L*(Q) asj — oc. (6.9)

Now, by (5.1), Proposition 2.7 and (6.7) we have that for j large enough and ¢ € C.(V),

/ @(y) My (D(u;]3) " (y)) dy = / ¢(y) My, (D(u;]5) " (y)) dy
|4 VNimg (u;,B) (6 10)
-/ (%)) N (D (x)) dx
(uj|p) =1 (VNimg (u;,B))
and, similarly,
| ¢ 2 (Dlul) )y = [ P(u(x) Ny (Du(x)dx.  (6.11)
1% (ulg)~1(VNimg (u,B))
By (6.4), (6.9) and the convergence result [33, Prop. 2.61], we find that
Jim £(0560) N (D)) dx = [ p(u(x)) Ny, (Du(x)) dx,
I J(u;|5) "1 (VNimg (u;,B)) (u]p)~1(VNimg(u,B))

so thanks to (6.10)—(6.11) we obtain that

lim [ o(y) My (D(u;|5)"(y)) dy:/vso(Y)Mk (D(ulp)(y)) dy,

J—00 Vv

which proves c2). In particular, D(u;|g)~' = D(u|g)™" in M(V,R™ ") as j — oco. As {(u;|p) '} en is
bounded in L (V,R"™), we infer, under the additional assumption that V' is connected, that there exists
c € R” such that, for a subsequence,

(wjlg) ™' = (ulp) ' +c ae inV asj— oo (6.12)

If V' is not connected, we argue in each connected component, since in any case we shall show that ¢ =
0. Assume, by contradiction, that ¢ # 0 and take a ball U € Uy N ();cyUu, contained in B of radius
smaller than |c|/2 for which u; — u uniformly in OU as j — oo, which is possible thanks to Lemma
2.24. Let W CC imt(u,U) be open and non-empty. Then, by Lemma 3.6 there exists jr € N such that
W Cimr(u;,U) for all j > jw. Thanks to (5.1) and (6.12), for a.e. y € W and large enough j € N there
exist x; € UNQ; and a € U N Qp such that y = u;(x;) = u(a) and (u;|5)"*(y) = (u|p)~'(y) + c, that is
to say, x; — a+c as j — oo. Therefore, a+c € U, which is impossible because a € U and the radius of U
is smaller than |c|/2. Thus, ¢ = 0 and convergence c1) is proved.

If, in addition, the sequence {det D(u;|g) '} ey is equiintegrable in V, then so is {My(D(u;|g) ') }jen
for any minor My of order k € {1,...,n — 1}. Indeed, call ¢ := £+ and notice that, thanks to Hélder’s
inequality, we have that for any measurable set A C V,

(/ detDiwsle) 3oy )"

/|Mk (w;]5)~ )}dy<< ‘Mk( (ujlB)~ 1(Y))l/q dy>

A (det D(u;|p) ! (y))

Q=
U=

and, arguing as in (6.8),

’Mk( (1,15) () qd = N, Du;(x))]? dx < ¢ Du,;(x)]? dx
(detD(uj\B)* (y))rTq' Y /(UJB) 1(A)‘ n—k (Duj(x))| > k,n/Q| ()] .
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Therefore, My, (D(u;|p)~") — My, (D(u|p)™!) in L'(V) as j — oo for any minor M, of order k € {1,...,n},
so the convergence in ¢2) holds in the weak topology of L!(V'), and the convergence in c1) holds in the weak
topology of Wh1(V,R™).

Part d). Thanks to Lemma 2.24, for each xo € € there exists a ball B € U, N ﬂjeN Uy, centred at xg
such that, for a subsequence, u; — u uniformly in 9B as j — oco. By the Lindeldf property, there exists a
countable family {By}ren of such balls such that Q = (J, .y Br. Applying a standard diagonal argument,
we can find a subsequence such that for all £k € N,

u; — u uniformly in 0By, as j — oo.

By Lemma 3.6 we have
Ximr(u;,Bx) — Ximr(u,By) 11 Ll(R") as j — oo. (6.13)
Using Lemma 5.18 ¢) we find that

L" (im7(u;, Q) Aimrp(u, Q) = L™ (img(u;, Q) Aimg(u, Q) < Z L" (img (uj, By) A img(u, By)) ,
keN

so applying (6.13), (5.1) and a standard diagonal argument, we obtain the existence of a subsequence for
which the convergence of d) holds. O

7 Lower semicontinuity

In this section we exploit Theorem 6.3 and, hence, the possibility of working in the deformed configuration,
to prove some lower semicontinuity results. As seen in Lemma 5.18, im7(u, ) is open, does not depend on
the representative of u and imr(u, Q) = img(u, Q) a.e. These features make imr(u,2) a natural definition
of deformed configuration.

This section consists of three subsections. In Subsection 7.1 we analyze integral functionals involving
variations of the domain under the assumption of quasiconvexity. In Subsection 7.2 we prove that Div-
quasiconvexity is a sufficient condition for lower semicontinuity under the incompressibility constraint. In
Subsection 7.3 we study polyconvex functionals that involve a composition of maps. The results of Subsection
7.1 and 7.3 will be applied in Section 8 to actual physical models.

7.1 Quasiconvex functionals in the deformed configuration

We analyze integral functionals defined in the deformed configuration of the type
Iww) = [ W(Dw(y)dy, (71)
imr (u,Q2)

where d € N, W : R"™ — R is a given density, u € A,, and w : imr(u, ) — R? is an additional map. This
kind of functionals were initially studied in Fonseca & Parry [35, 36] to describe the equilibria of crystals
with defects within a variational framework.

In general, the direct method of the calculus of variations may fail to provide existence of minima of
(7.1). The essence of that difficulty is the lack of compactness. Indeed, while bounds on I imply bounds on
Dw under certain coercivity conditions on W, in no way do they imply bounds on Du (see the discussion
in [18, 32]). We will see in Section 8 that the necessary compactness will be achieved by adding a suitable
term to the energy, which, as a matter of fact, will be analyzed in Subsection 7.3.

In this subsection we analyze the semicontinuity of (7.1). The main difficulty consists in the varying
domain im(u;, 2) for a minimizing sequence {(w;, u;)};en and, in particular, in the compactness of {w; } jen
with {||w;llw1.r(ime(u,,0),r4) }jen bounded. Assuming the convergence u; — u in WhP(©,R"), thanks to
Theorem 6.3 we will have compactness of {w;|v };en for each subdomain V' CC imr(u,U) with U € UL .
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The results of this section require the quasiconvexity of W. Recall (see, e.g., [17, Def. 5.1]) that a Borel
and locally bounded function W : R¥™*™ — R is quasiconvez if

W(F) < W(F + Dp(x)) dx

- (0’1)71,

for every F € R4 and every ¢ € W, °((0,1)",R%).
The proof of the following result is inspired in that of Barchiesi & DeSimone [11], but we lower the
exponent of integrability from p > n top >n — 1.

Proposition 7.1. Letr >1,p>n—1,d € N and K a closed subset of RY. For each j € N, let u,u; € A,
and w; € W (imr(u;, ), K) be such that

0 = win WP(QRY) asj— 00 and sup [||wj||L1(imT(uj7m7Rd) D% | ey sy ey | < -
J

Let W : R™*™ — [0, 00) be a quasiconvex function for which there is a ¢ > 0 with ")
W(F) <c(1+|F|"), F c R,
Then there exists w € W7 (imr(u, Q), K) such that
/ W(Dw(y))dy < liminf / W(Dw;(y)) dy (7.3)
imr (u,Q) J7o0 Jimp (uy,0)
and, for a subsequence,
Ximr(u;,Q) Wi = Ximp(u,Q)W @€,
Ximr (u;,2) DWj = Ximp(u,0) DW in LT(R",RdX") as j — oo. (7.4)
If, in addition, det Du € L'(Q) and K is compact then
Xim(u;,2) Wi — Ximp(u,Q)W 0 L"(R”7Rd) as j — oo. (7.5)

In (7.4)~(7.5), Ximp(u;,2)W; and Ximq(u,0)W denote, respectively, the extensions to R™ of w; and w
by zero; analogous meaning for Ximq(u;,0)DW; and Ximy(u,0)DW. In the proof of this proposition we will
make use of the biting convergence (see [13, 10] or else, e.g., [38, Def. 1.2.7.1], [2, Lemma 5.32]); the precise
definition is not important in the proof but only the fact that one can find a subsequence and a limit in L'
from a bounded sequence in L!.

Proof. For a subsequence, we can assume that the liminf of the right-hand side of (7.3) is actually a limit.
For each j € N, let w; and W; be the extensions of w; and Dwyj, respectively, by zero to R™. Since
{W;};en is bounded in L'(R",R?) and {W,};en is bounded in L"(R",R4*"), there exist w € L}(R",R%)
and W € L"(R", R%*") such that, for a subsequence,

w; 2w in L'®R",RY)  and W, =W in L"(R",R>") asj — oc. (7.6)

We have denoted by LN convegence in the biting sense.

Let y € imp(u, Q). Then there exist U € UL and a smooth open set V CC imr(u,U) such that y € V.
By Theorem 6.3 a), for a subsequence, V' C imr(u;,§) for all j € N, so w;|y = w;|y. Since {w;} en
is bounded in WH(V,RY) and {Dw,};en is bounded in L"(V,R4*"), a bootstrap argument based on the
Sobolev embedding (or else a version of the Poincaré inequality; see, e.g., [58, Sect. 1.1.11], if necesary) shows
that {w;};en is bounded in Wb (V,R¢). Thus, by (7.6) we have

w; = w in W'(V,RY) and w; - W ae. inV, asj— oo, (7.7)
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again for a subsequence. Thus, W € WL (V,R") and W = Dw a.e. in V. In fact, as K is closed,
w € WL (V, K). Therefore, w € VVlOC (imT(u, ), R™). Moreover, by the Lindel6f property, imr(u, §2) can be
expressed as a countable union of sets V' as before, hence w; — w a.e. in imr(u,Q), W € WJ)CT (imp(u, ), K)
and DWw = W a.e. in imt(u, Q), so that actually w € W (imr(u, ), K).

Define W := Wlimp(u,0). Due to (7.7) and Theorem 6.3 d) we immediately have the first convergence of
(7.4). Having in mind (7.6) and (7.7), the second convergence will be completed as soon as we show that
W =0 ae. in R"\ im7(u, ). In order to achieve this, we notice that given any bounded measurable set
C C R™\ im7(u,Q),

‘/ Wdy‘ = lim /Wj dy’ < lim IW;| dy = 0,
C C

J—0 J—0 imr (u;,Q)\imT (u,Q)

where for the last equality we have used Theorem 6.3 d) and the equiintegrability of {W};cn. Therefore,
W = Ximr(u,0)PDW and the second convergence of (7.4) holds.
Let now {Vj}ren be the family of Lemma 5.18 d). Then,

/ W(Dw)dy = Z WDW (7.8)
imr (u,) keN

and, for each j € N,

/ W (Dw;)dy = Z/ W (Dw;)dy.
imr (u;,Q)Nimr (u,Q) imT (uy;,Q2)NVy

keN i

For each k € N, let By, € UL be such that Vj, cC imr(u, By). Since, by Theorem 6.3 a), Vi, C imr(u;, Q) for
a subsequence, thanks to the bound in (7.2) and the convergences of (7.6), we obtain, arguing as in (7.7),
that w; — w in W17 (Vj,R9) as j — oco. By the lower semicontinuity theorem [17, Th. 8.4] for quasiconvex
functions,

W(Dw)dy <liminf | W(Dw;)dy = lim mf/ W(Dw;)dy. (7.9)
mr (u;,Q2)NVy

Vi j—o0 Vie j—oo
Putting together equations (7.8)—(7.9) we obtain

/ W(Dw)dy < thlnf/ W(Dw;)dy
im (u,) kEN imr (u;,Q2)NVi

< liminf

! / W(Dw;)dy
I Jimy (uy,2)Nim (u,R)

< lim inf W (Dw;)dy,
I Jimry(uy,)

which concludes the proof of (7.3).

We finally show convergence (7.5) under the assumption that K is compact and det Du € L*(f2). Let
M > 0 be such that |z|] < M for all z € K. Consider the family {Bj}ren of Theorem 6.3b) and the
subsequence therein. Fix € > 0, and let k. € N be such that

cn( U imr(u, Bk)) (2M) (7.10)

k>ke

which is possible since, by (5.1), Proposition 2.7 and the assumption det Du € L!(Q),

ZE”(imT(u,Bk ZE" (img(u, B)) Z/ det Dudx < co.
By,

keN keN keN
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For each k € N, let W}, CC im(u, Bi) be a smooth open set such that

£" (imr(u, By) \ Wy) < 27F ﬁ (7.11)

By Lemma 3.6, W, C imt(u;, By) for all j € N, provided that a subsequence has been selected. Arguing as
in (7.7), we obtain that W;|w, = w;|w,, the sequence {W;};ey is bounded in W1"(W,R?) and

w; =W in L"(W;,RY) as j — oo, (7.12)

again for a subsequence, which, by a diagonal argument, can be assumed to be valid for all £ € N. We now
have

/ lw; —w|" dy < / |w; —w|" dy + M" L" (imt(u;, Q) \ imr(u, Q)), (7.13)
n im7(u,Q)
and, using (7.10) and (7.11),
ke ke
/ lw; —wl|" dy < Z/ W, —w| dy +¢ < Z/ |w; — w|" dy + 2e. (7.14)
'mT(u,Q) k=1 'mT(u7Bk) k=1 Wk

Thanks to convergence (7.12) for each k € N, Theorem 6.3 d) and equations (7.13) and (7.14) conclude the
proof of (7.5). O

We now explain an alternative form of (7.1), as well as the corresponding lower semicontinuity result; for
this we follow [35, 36, 18, 32]. When we introduce the function v := w o u, the functional I of (7.1) can be
formally rewritten as

A W (Dv(x) (Du(x))™!) dx, (7.15)

under the additional incompressibility constraint det Du = 1 a.e. and the assumption that u is one-to-one
p

a.e. Since (Du)™! = adj Du € L7-1(Q,R"*"), in order to have the integrability of Dv(Du)~!, we need to

assume that v € W4(Q,R?) with ¢ > (-£5)’. The following version of the chain rule for w holds.

Lemma 7.2. Letp >n—1,d € Nand g := (-£5)". Letu,u; € A, be such that u = u; a.e. and det Du =1

n—1
a.e. Let v,vi € WH(Q,R?) satisfy v = vi a.e. Given B € U NUD, define w := v o (u|lg)™! and
W1 :=V]0 (111|B)_1- Then (u‘B)_l = (u1|B>_1 a.e., Ww=wj a.c.,
w e Whi(imr(u, B),R?) and Dw = (Dvo(ulp)™")D(ulp)™" ae.

Proof. Let €y be the set of Definition 2.11 corresponding to u, and ; the one corresponding to u;. Let €’
be the set where u and u; coincide. By Definition 5.2, it is easy to see that

(ulp)™' = (w|p)™t in img(u, BNY)Nimg(u;, BNQ) Nimr(u, B) Nimr(uy, B).
By Remark 2.19 and Convention 2.14,
imt(u, B) = imt(uy, B), (7.16)
whereas by (5.1) and Lemma 2.8 a),
imr(u, B) = img(u, B) = img(u, BN Q; N Q') = img(u;, BN N Q') = img(uy, B) = imr(uy, B) (a.e. :
7.17

Therefore, (u|p)~! = (ui|p)~ ! ae.
Now let € be the set where v and vy coincide. Then w = w; in

G := {y € img(u, BN Q) Nimg(u;, BNY') Nimr(u, B): (u/p) '(y) € "},
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but by (7.16), (7.17) and Proposition 2.7,

LM(G) > L£" ({y € img(u,B) : (u|p) " '(y) € Q"}) = /Brm” det Du(x) dx = L™ (img (u, B)),

SO W = Wy a.e.

In order to prove the measurability of w, it is enough to show, thanks to Lemma 2.9, that the preim-
age under (u|p)~! of a null set is also a null set, so by Lemma 2.8 ¢) it suffices to show that the matrix
D(u|p)~(y) is invertible for a.e. y € imr(u, B), and this fact is a consequence of Proposition 5.3. Analo-
gously, the function (Dv o (u|g)™!) D(u|p)~! is measurable. In addition, by Proposition 2.7,

/ime,B) w(y)|dy = /B [v(x)] dx (7.18)

and, using Holder’s inequality,
/ [PVl ) D))y = [ 1Dv() Dluls) " (u(x)] ax
imr(u,B
:/ |Dv(x) adj Du(x)| dx (7.19)

<cn ||DVHLq(B Rdxn) ”Du”LP (B,R7X7) 5
for some constant ¢, > 0 depending on n, so
w € L'(imr(u, B),R?) and (Dvo(u|g)™')D(ulp)~! € L' (imr(u, B), R>™).

Now let {¥;};en be a sequence in C1(B,R?) converging to v in W14(B,R?). By the chain rule (see, e.g.,
[29, Th. 4 in Sect. 4.2.2]), for each i € N, the function w; := ¥; o (u|g)~! is in W (imr(u, B), R?) and
Dw; = (Dv; o (u|g)™') D(u|p)~" a.e. As in (7.18)~(7.19), we obtain

~/imT(u,B) |Wz(y) - W(y)| dy = /B |‘7i(x) - V(X)| dX

and
/ |Dwi(y) — Dv(u|g)~'(y) D(ulz) "' (y)|dy = / |(Dv;(x) — Dv(x)) adj Du(x)| dx
imr(u,B)
< || Dvi - DVHLq(B Rdxn) ”Du”Lp(B RnXm) -
Thus,
w; = w in L' (imt(u, B),RY) and Dw; — (Dvo (ulg)™') D(u|p) " in L' (imr(u, B), R™*™)
as ¢ — 0o, which allows us to conclude the proof. O

The following proposition is a lower semicontinuity result for functionals of the form (7.15). This kind of
functional will not be given an application in Section 8 but it may be useful in some contexts. As a matter
of fact, it provides a partial answer in the affirmative to questions posed in [32, Eq. (44) and Rk. 4.2.4]; in
particular, it extends [32, Th. 4.1] from p > n top >n — 1.

Proposition 7.3. Letp >n—1, ¢ > (), r:= % and d € N. Let {u;}jen be a sequence in A,
such that det Du; =1 a.e. for all j € N, and u; — u in WHP(Q,R") as j — oo, for some u € WHP(Q, R™).
Let also {vj}jen be a sequence in WH(Q,R%). Consider a quasiconvex function W : R¥™*™ — [0,00) for
which there exists ¢ > 0 such that

W(F) <c(1+|F|"), F c R,

The following assertions hold:
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a) If Dv; (Du;)~t = L in L"(Q,R¥") as j — oo for some L € L"(2, R¥X™), then

/ W(L(x)) dx < lim 1nf/ W(Dv;(x) Du;(x)" ") dx. (7.20)

Jj—o0
b) If vi = v in WH(Q,RY) as j — oo for some v € WHa(Q,R¥") then
Dv; (Du;)™! = Dv(Du)™! in L"(Q,R™)  as j — oo.
Proof. Notice that, by Proposition 6.1, det Du =1 a.e. and u € A,. Note also that r > 1.
We start by proving a). For a subsequence, we can assume that the liminf of the right-hand side of
(7.20) is actually a limit, and that convergence (6.3) holds. Let {Bj}ren be the family of Theorem 6.3b)

and consider the subsequence therein. By Lemma 7.2, for each j, k € N, the function wj; := v; o (uj|p, )"
satisfies

wir € Wh(imp(uy, B),R?) and Dw; = (Dvjo (uj]p,)"") D(uj|p,) " ae. (7.21)
In addition,
sup/ |Dw i, (y)|" dy = sup/ |Dv;(x) Duj(x)~ l}r dx < 0. (7.22)
i€N Jimr (u;,Bx) ien B,

Consider a smooth connected open set Vi, CC imr(u, Bi). By Lemma 3.6 a), for a subsequence in j, we
have Vi, C imr(uy, By) for all j € N. Then, thanks to (7.22) and the Poincaré-Wirtinger inequality, there
is ¢ € R" such that {w;x — c;i}jen is bounded in W17 (V,,R™), so there exists wy, € W1 (V,,R™) such
that, for a subsequence,

Wik — Cjx — Wi in WH(V,R™) as j — . (7.23)

Let ¢ € C.(V}). The proof of Theorem 6.3 ¢) shows that the analogue of (6.4) holds, with By, replacing
B and Vj, replacing V. Then, thanks to the assumption in a) we have

lim o(y) Dwji(y)dy = lim o(u;(x)) Dv;(x) Du;(x) " dx
I )V, j—oo (uj]B, )~ H(VeNimg (uy,Bg))
-/ P(uGa) L) dx = [y Li(ul) ' (3) dy,
(u|Bk)*1(Vkﬁimc;(u,Bk)) Vi

This shows that Dw,; — Lo (u|p,)~" in M(Vi, R?") as j — oo. Comparing this with (7.23) we find that
Dwy, = Lo (u|g,)"! a.e. in Vi. By the lower semicontinuity theorem for quasiconvex functions (see, e.g.,
[17, Th. 8.4]), thanks to (7.23) we have

W(Lo (ulg,) Hdy = [ W(Dwy)dy < hmmf/ W(Dwji)dy < hmmf/ W (Dw i) dy.
mT(uJ,Bk)

Vi Vi J—00 j—o0

As Vj, is arbitrary in imr(u;, By), by monotone convergence, we conclude that

J]—00

/ W(Lo (u|p,) ) dy < 1iminf/ W(Dw i) dy,
mr(uy,By) imr(u;,Bg)
whereas by a change of variables, we get

W(L(x)) dx < liminf W (Dv;(x) Duj(x)"") dx.
By = /By
Summing in k£ € N the above inequality, we conclude (7.20).

In order to prove b), observe that, since (Du;)~! = adj Du, for all j € N, the sequence {(Du;)™'};en is
bounded in L7 (2, R™*"), so, thanks to Holder’s inequality, {Dv; (Du;)"'},en is bounded in L™ (9, R4*™).
Moreover, using the fact that the distributional divergence of the columns of adj Du; is zero (this is Piola’s
identity for Sobolev maps, see, e.g., [6, Lemma 6.1] or [38, Prop. 3.2.4.1]), by applying componentwise the
div-curl lemma (see, e.g., [64]) we obtain the conclusion of b). O
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7.2 Div-quasiconvex functionals under incompressibility

As is well-known (see, e.g., [17, Sect. 8.2]), quasiconvexity of W is a necessary and sufficient condition for
the lower semicontinuity in WP (Q, R™) of functionals of the form

u— / W(Du(x)) dx. (7.24)
Q
In this subsection we show that in the set {u € A,: det Du = 1 a.e.} the lower semicontinuity also holds

when the integrand W : R"*" — R is Div-quasiconvex on columns.

Definition 7.4. A Borel function W : R"*™ — R is said to be Div-quasiconvex on columns if

W(F) < W (F + ®(2)) dz
(0,1)"

for all F € R™*™ and all (0, 1)"-periodic functions ® € C*°(R"™, R™*™) such that Div® = 0 and

/ ®(z)dz = 0.
(071)71,

Here and in the rest of the section, the operator Div acts as a divergence on each column.

We refer to Fonseca & Miiller [34] for the theory of .A-quasiconvexity, of which Div-quasiconvexity is a
particular case, and to [3, 66, 65] for further results on Div-quasiconvexity.

We first show that the local inverse of u satisfies Piola’s identity. Note that the standard proof (see, e.g.,
[6, Lemma 6.1] or [38, Prop. 3.2.4.1]) cannot be applied because of the low regularity of the inverse.

Lemma 7.5. Letp >n—1,u € A, and U € UY™. Then Divadj D(u|y)~! = 0 in the sense of distributions.
Proof. We first note that cof D(u|y)~! € L (imr(u, U), R™*") since, as in (6.8),

/ ‘cofD(u|U)_1(y)f dy = / |Du(x)| dx.

'mT(u,U) U

Let ¢ € Cl(imr(u,U)). By the chain rule (e.g., [29, Th. 4.2.2.4]), ¢ ou € WHP(Q) and

D(pou)(x) = Du(x)” Dy(u(x)), a.e. x € Q. (7.25)
As spt is compact and contained in imt(u,U), thanks to Lemma 5.18 a) there exists ¢ > 0 such that
Uy € UY and spt C imp(u,U;). It follows from (5.1), Lemma 2.8 ¢) and the a.e-invertibility of u in U

that u(x) ¢ imrp(u,U;) for a.e. x € U \ Uy. Therefore, p(u(x)) = 0 for a.e. x € U \ U;. Thus, an integration
by parts yields (see, e.g., [29, Th. 4.3.1])

/ D(pou)(x)dx =0.
U

Owing to (7.25) and Propositions 2.7 and 5.3, we obtain
0= [ Dut)” Dotupyax= [ ot Dlwly) ) Dty dy

and the conclusion follows. O

The following lower semicontinuity result is achieved due, again, to the possibility of working in the
deformed configuration. As far as we know, it constitutes the first general lower semicontinuity result for
integrands of the form (7.24) under Div-quasiconvexity and the additional incompressibility constraint.
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Proposition 7.6. Let p > n — 1. Let {u;j}jen be a sequence in A, such that det Du; = 1 a.e. for all
j €N andu; — uin WHP(Q,R") as j — oo, for some u € WHP(Q,R™). Consider a continuous function
W :R"™™ — [0,00) that is Div-quasiconver on columns and for which there exists ¢ > 0 with

W) <c(l+|FPP), FeR™"

Then
/W(Du(x))dxgliminf/ W(Du;(x)) dx. (7.26)
Q Q

J—00
Proof. By Proposition 6.1, det Du =1 a.e. and u € A,. For a subsequence, we can assume that the lim inf
of the right-hand side of (7.26) is actually a limit.
Let {Bg}ren be the family of Theorem 6.3 b), consider the subsequence therein and fix k¥ € N. Thanks
to Proposition 5.3, for each j € N,

()~ € Wh(imr(uy, By),R") and  adj D(u;|p,) " = (D(u;lp,) ") = Dujo (uylp,) " ae
and analogously for u replacing u;. In addition, by Proposition 2.7,
sup/ |adj D(uj|Bk)*1(y)|p dy = sup/ |Du(x)|” dx < oo. (7.27)
JEN Jimr (u;,By) JENJ By,

Let Vi CC im(u, By) be open. By Lemma 3.6, for j large enough we have Vj, C imr(u;, By) and, by
Theorem 6.3 ¢),
adj D(w|g,) " — adj D(u|p,)~" in LY(Vi, R™") as j — oo.
Moreover, bound (7.27) implies that the above convergence also holds weakly in LP(Vj, R"*™). Using Lemma
7.5 and the semicontinuity result stated in [34, Th. 3.7], we have that

W (adj D(u|p,) ) dy < liminf [ W(adj D(u;|p,)"")dy < liminf W (adj D(u;|5,)"") dy.
J—00

Vi Vi J7oe Jimry (u;,Be)

Since V}, was arbitrary in imT(u, By ), we conclude, by monotone convergence, that

/ o, Wi D) () dy < mind / o Wi DOl () ay
'mT Ll,B}C 'mT llj,Bk

J—00

A change of variables yields

W (Du(x)) dx < liminf W (Du;(x)) dx.

By, j—oo By,

The proof is concluded by summing in k£ € N the above inequality. O

7.3 Polyconvex functionals involving a composition of maps

In this subsection we analyze functionals of the form
/ Wo(Du(x), w(u(x))) dx, (7.28)
Q

where Wy is polyconvex in its first argument. We recall that a Borel function f : R™*"™ — R U {oo} is
polyconvex if it can be expressed as a convex functions of the minors of its argument (see, e.g., [17, Def.
5.1]); we say that an f : R}7*"™ — RU{oo} is polyconves if its extension by co to R"*™ \ R*™ is polyconvex
in the sense above.

The main difficulty for proving lower semicontinuity relies in the composition w o u, since in general
the weak convergences of {w;} ey and {u;};en do not imply the weak convergence of {w; o u;};en. We
overcome this obstacle by working locally in balls where u and all u; are invertible: a change of variables
will then allow us to work in the deformed configuration, where no composition of maps is involved.

We first show that (7.28) is well defined.
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Lemma 7.7. Let p > n—1,d € N and q := (-£). Let u,u; € A, be such that u = u; a.e. Let

n—1
w,w; : imp(u,Q) — R? be measurable maps satisfying w = wy a.e. Then w o u is measurable and
wou=wjou; a.e.

Proof. Thanks to Lemma 2.9, the map w o u is measurable provided that the preimage of a set of measure
zero under u is a set of measure zero, and this last fact is a consequence of Lemma 2.8 ¢).

Let A be the set where u and u; coincide, and let B be the set where w and w; coincide. Then w o u
and wj o u; coincide in {x € A : u(x) € B}, which is a set of full measure in £ again because the preimage
of a set of measure zero under u is a set of measure zero. O

The lower semicontinuity result is as follows. As in Proposition 7.1, its proof is inspired in [11], but we
only require p > n — 1 and no incompressibility constraint is needed.

Proposition 7.8. Letp >n —1 and d € N. For each j € N, let u,u; € A, and let
w:imp(u,Q) - R? and w;:imp(u;, Q) — R?
be measurable such that
u; = u in WHP(Q,R") and wj; - w a.e. asj— 0. (7.29)

Suppose, in addition, that there exists a Borel function h: (0,00) — [0,00) such that

li = .
Jim h(t) = oo (7.30)
and for any compact K C 2,
sup/ h(det Du,(x))dx < oo. (7.31)
jeNJK

Let Wy : R*™ x R? — [0,00) be a continuous function such that Wy(-,m) is polyconvez for all m € R%.
Then

/QWO(Du(x), w(u(x)))dx < liminf [ Wy(Du;(x), w;(u;(x))) dx. (7.32)

J—00 QO

The convergence w; — w of (7.29) is to be understood in the following sense: for a.e. y € imp(u, )
there exists j, € N such that y € imt(u;, ) for all j > j, and the sequence {w;(y)};>;, converges to w(y).

Proof. Consider a subsequence for which the liminf of the right-hand side of (7.32) is actually a limit. Define
the function W : R x R? — [0, 00) as

W(F,m) := Wo(F~!, m)detF. (7.33)

It was shown in [5, Th. 2.6] (see also [48, Prop. 1.1]) that W (-, m) is polyconvex for all m € R,
Let {Bj}ren be the family of Theorem 6.3 b), consider the subsequence therein, and fix k¥ € N. Using
(7.33), (5.1) and Proposition 2.7, we obtain that

Wo(Du(x), w(u(x))) dx :/ W(D(ulp,)  (y), w(y))dy (7.34)
Bk 1mT(u,Bk)
and, for all j € N,
Wo(Du;(x), wj(u(x))) dx :/ W(D(u;|5,)" " (y), w;(y)) dy. (7.35)
By imr (uy,B)

Define Ay : (0,00) = R as hy(t) := t h(1). Thanks to (7.30),

lim hu(t) = lim h(l) = lim h(t) = co. (7.36)

t—oo T t—oo t N0
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Let Vi CC imr(u, By) be open. Then Vj, C imr(uj, B) for j € N large enough, thanks to Lemma 3.6.
Using equality (5.1) and Proposition 2.7, we find that, for such j,

/Vm (det D(u;|5,) "\ (y)) dyg/ hy (det D(uy|5,) " (y)) dy = [ h(det Duy(x)) dx.

1mT(uJ-,Bk) Bk

Thanks to (7.31), (7.36) and de la Vallée-Poussin’s criterion, the sequence {det D(u;|g) '} en is equiinte-
grable in Vj. Therefore, by Theorem 6.3 ¢), for any minor M of the R™*" matrices,

(uj|Bk)71 - (u|Bk)71 in Wl’l(vkan) and
M (D(uj|p,)"") = M (D(u|p,)™") in L'(V;) as j — oo.

Using, in addition, (7.29), the lower semicontinuity of polyconvex functionals (see, e.g., [8, Th. 5.4]) yields

W (D(uls,) ™ (). w(y)dy < liminf | W(D(wl5) 7" (¥).w,(3)) dy

Vi (7.37)
<timinf [ WD)~ (), w5 () dy.
]—)OO ‘mT(u]-,Bk.)
As Vj is arbitrary in imt(u, By ), we obtain, by monotone convergence,
/ W(D(ulz,) " (v), w(y))dy < liminf W (D(u;l5,) ™" (), w;(y)) dy.
im (u,Bk) J7o0 Jimr(uy,By)
which, thanks to (7.34)—(7.35), yields
Wo(Du(x), w(u(x))) dx < liminf Wo(Du;(x), w;(u(x))) dx.
By, J=° JB
Summing in k& € N the above inequality, we obtain (7.32). O

Remark 7.9. The proof of Proposition 7.8 can easily be adapted to cover the incompressible regime: this
corresponds to a choice of Wy for which Wy (F, m) < oo if and only if det F = 1. For the proof in this case,
one just has to realize that the lower semicontinuity theorem [8, Th. 5.4] remains valid, and that the function
W (-,m) of (7.33) is polyconvex if and only if so is W (-, m). Therefore, inequalities (7.37) still hold in this
case. Likewise, the proof can also be extended to cover an inhomogeneous stored-energy function Wj.

Remark 7.10. Conditions (7.30)—(7.31) ensure the local equiintegrability of {det D(u;|p,) '} en. In Propo-
sition 7.8 we had to assume u € A, since that inclusion does not follow from Proposition 6.1 unless the
equiintegrability of {det Du;};en is guaranteed. In other words, the equiintegrability of the Jacobians of the
local inverses is insufficient to yield the necessary compactness in A,. In fact, in the example of Ponomarev
[67] mentioned in Remark 6.2 we have that sup;cy [, h(det Duy) < oo for a large class of functions h sat-
isfying lims\,0 h(t) = 0 and limsup,_, . h(t)/t < oo; in particular, this is true if h(t) < C(t™* +t+ 1) for
all t € (0,00), with a < @, for the parameters fixed in [61, Sect. 11]. That sequence of homeomorphisms
{u;};jen satisfies that {det Duj_l}jeN is equiintegrable but {det Du,} ey is not. In practice, as we will see
in Section 8, the existence of minimizers require the equiintegrability of the sequence of Jacobians of both
the deformations and of their local inverses. This will be achieved by a suitable coercivity inequality of the
energy, namely (8.2)—(8.3) below.

8 Applications

In this last section we apply the lower semicontinuity results of Section 7 to a series of models related to
nonlinear elasticity and involving, in addition, energies defined in the deformed configuration. In those

45



models, functionals of the form (7.1) will appear together with an additional term of the type (7.28), which
provides the required compactness for u in order to have existence of minima. In general, the techniques
developed in this paper are useful to deal with variational models that involve the deformed configuration
(see Proposition 7.1), (Du)~! (see Proposition 7.3), the incompressibility constraint (see Proposition 7.6)
and compositions of the form w o u (see Proposition 7.8).

We have chosen three variational models that exemplify the results of Section 7 to prove existence of
minimizers: a Frank energy model for nematic elastomers (Subsection 8.1), a Landau-de Gennes energy
model for nematic elastomers (Subsection 8.2) and a model in magnetoelasticity (Subsection 8.3).

8.1 A Frank energy model for nematic elastomers

Liquid crystal elastomers are materials constituted by a network of cross-linked polymer chains. They
combine properties of liquid crystals and rubber-like solids. In their inner structure, elongated rigid monomer
units, called mesogens, are incorporated or attached sideways to the polymer chain. In the nematic phase,
the mesogens self-align leading to an orientational order (but not to a positional one). When the orientational
order is constrained to be uniaxial and the degree of order is fixed, it can be described by a director field
n. The coupling between the nematic orientational order and rubber elasticity is the origin of a strong
anisotropic behaviour: the alignment of nematic mesogens in a neighbourhood of a point y in the deformed
configuration of the sample along an average direction n(y) € S"~! induces a spontaneous distortion given
by
Vi —an®n+aTn I-n®n).

This tensor, which is volume-preserving, i.e.,
det Vy, =1, (8.1)

represents a uniaxial stretch along the direction n of amplitude a > 0. The material parameter o describes
the amount of the local distorsion. For o« > 1 (prolate case) there is a spontaneous elongation along the
director n and a contraction transverse to it. It is important to remark that, while in the small deformation
regime, the director field n can be defined in the reference configuration, when large deformations are in
order, it has to be evaluated in the deformed configuration.

We adopt the model described by Barchiesi & DeSimone [11] (see also [1, 26]) and generalize it to the
compressible case. Let € be a Lipschitz domain of R™, representing the reference configuration of the sample,
[ an (n — 1)-rectifiable subset of 9Q with H"~1(I') > 0, and ug : I' — R™ a given function. As in the whole
paper, p > n — 1. The admissible set B for our problem is the set of pairs (u,n) where u € A,, ulr = ug
in the sense of traces and n € W2(imr(u,),S"!). From the physical point of view, u represents an
elastic deformation of the sample with a given boundary condition ug, while n is the nematic director field
evaluated in the deformed configuration of the sample with respect to u.

Let W : R}*™ — [0,00) be a polyconvex function. We assume that

W(F) > c|F|? + h(detF), F e R}7*", (8.2)
for a constant ¢ > 0 and a Borel function A : (0,00) — [0, 00) such that

lim h(t) = lim @ = 00. (8.3)

t\0 t—o0
The energy functional I : B — [0, co] that describes the nematic elastomer is the sum of two contributions,
I:=Ilhem + Imec, where Iy : B — [0,00) and Iee : B — [0, 00]. (8.4)

We call them the nematic and the mechanical term, respectively. The first one, defined by

Lnem(u,n) = / Dn(y)[? dy, (8.5)
imT(u,Q)
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is a simplified version of the Frank energy (see [19]). It penalizes the spatial non-uniformity of directors,
without distinguishing the different types of distortion (splay, twist and bend). The second term captures,
similarly to that developed by Warner & Terentjev [74], the elasticity associated with the polymer chains of
the nematic elastomer, taking into account the local anisotropy due to the director. It is defined as

Imec(u,m) ::/QWmec(Du(X),n(u(x)))dx. (8.6)

The mechanical response Wi : Rﬁxn x S"~1 — [0, 00) describes the coupling between the deformation and
the director field through the formula

Winee(Fym) := W(V,IF). (8.7)

Note that the gradient operator in (8.5) is meant with respect to the current spatial variable y, while the
gradient in (8.6) is with respect to the material coordinate x. We show that Wy, is polyconvex.

Lemma 8.1. Let W : R*"™ — [0,00) be a polyconvez function and let Winee : RT™ x SP~1 — [0,00) be
defined as (8.7). Then Wpec(+,n) is polyconvez for each n € S"~1.

Proof. Let 7 be the number of minors of an R™*" matrix, and let M : R7*™ — R” be the function that
assigns to each matrix in R7™" the collection of its minors, in a given order. By assumption, there exists a
convex function ® : R™ — [0, o¢] such that W(F) = ®(M(F)) for all F € R*". Thus, for each F € R}*"
and n € S"~! we have Wieo(F,n) = ®(M(V,1F)). Now, as a consequence of the Cauchy-Binet formula for
the minors of a product of matrices (see, e.g., [37, Sect. 1.2]), there exists a bilinear map C : R™ x R™ — R”
such that

M(AB) = C(M(A),M(B)), A,B e R™™,

Incidentally, all entries of the third-order tensor C are in {0,1}, but this is not important in the proof.
Therefore,
Winee(Fyn) = ®(C(M(V,Y),M(F))), FeRY™, nesS"

n

and this expression reveals that Wiy (-, n) is polyconvex for each n € S" !, since the function ®(C(M(V 1), "))
is easily seen to be convex in R”. O

Proposition 7.1 covers the functional I, while Proposition 7.8 covers I,e.. The main result of this
section shows the existence of minimizers of I in B. The differences with respect to [11, Th. 1] are that
we weaken the coercivity condition from p = n to p > n — 1, and that we treat both compressible and
incompressible cases.

Theorem 8.2. Let 2 be a Lipschitz domain of R™, T an (n — 1)-rectifiable subset of O with H"~1(T') > 0,
and ug : I' — R™. Let p > n — 1, define B as the set of (u,n) where u € Ay, ulr = uy and n €
W2(imp(u,Q),S" ). Let W : RP™ — [0,00) be a polyconvez function such that equations (8.2)—(8.3)
hold for a constant ¢ > 0 and a Borel function h : (0,00) — [0,00). Define I as in (8.4)—(8.7).

If B # @ and I is not identically infinity in B, then I attains its minimum in B.

Proof. Let {(uj,n;)},en be a minimizing sequence of I in B. As

sup [| Vi, [l 2o (ime (u,,0)) < 00,
JEN

assumptions (8.2)—(8.3), equality (8.1) and de la Vallée-Poussin’s criterion imply that {Du;} ey is bounded
in LP(Q,R™*™) and {det Du, } ey is equiintegrable. By the Poincaré inequality and the boundary condition,
{u;};en is bounded in W1P(Q,R™). By Proposition 6.1, there exists u € W'?(Q, R") such that det Du > 0
a.e., £(u) = 0 and, for a subsequence (not relabelled),

u; — uin WHP(Q,R") and det Du; — det Duin L*(Q) as j — oo.
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If det Du were zero in a set A of positive measure, then we would have (for a subsequence) det Du; — 0
a.e. in A; by (8.3), we would obtain h(det Du;j) — oo a.e. in A, as j — oo, so, by Fatou’s lemma and (8.2),
we would get Iiec(u;,n;) = 00 as j — oo, which is a contradiction. Therefore, det Du > 0 a.e., so u € A,,.
Moreover, the boundary condition is also preserved under the limit, so u|r = ug in the sense of traces.
From the boundedness of {det Du;};cn in L'(Q) it follows that of {|[n|l12(imy(u,,2).r") }jen, because by
Proposition 2.7 and Lemma 5.18 ¢) one has for each j € N,

/ |nj|2 dy = L™ (im7(u;, Q) = L™ (img(u;,Q)) < / det Du;(x) dx.
imT (u;,Q) Q

Since {||n;[|w1.2(imy (u;,0),k") }jen is bounded, by Proposition 7.1, there exist n € W2(imp(u,Q),S" 1) and
a subsequence such that (u,n) € B,

Ximp(u;, ) = Ximp(u,Q)D a-€. and

Ximr (uy,2) D1 = Ximp(uo)Pn  in L*(R™,R™*™) as j — oo

and

Inem(u,n) = / |Dn(y)|? dy < lim inf/ |Dn;(y)|? dy = liminf Iyem (uj, ;). (8.8)
imr(u,Q) imr(u;,0) J—ro0

Jj—o0

Using Proposition 7.8 and Lemma 8.1 we obtain that

/QWmeC(Du(X),n(u(x)))dxgliminf/QWmeC(Duj(X),nj(uj(x))) dx,

Jj—o0
which, with (8.8), shows that (u,n) is a minimizer of I in B. O

Remark 8.3. In Theorem 8.2, it is possible to replace the admissible set B with the more physically relevant
set

Bin := {(u,n) € B: u is one-to-one a.e. in Q}.
Indeed, as proved in [42, Th. 1], the global invertibility condition is preserved under the weak limit. Therefore,
the restriction of I to Bi, still has a minimum.

Remark 8.4. Recalling Remark 7.9, we can see that the proof of Theorem 8.2 can easily be adapted to cover
the incompressible regime: this corresponds to the choice of h to be h(1l) = 0 and h(t) = oo for ¢ # 1.
Likewise, the proof can also be extended to cover an inhomogeneous stored-energy function W, with its
corresponding inhomogeneous mechanical response Wiec.

8.2 A Landau-de Gennes energy model for nematic elastomers

Our method can also be used in the more elaborated theory of Landau-de Gennes for liquid crystal elastomers.
While the Frank theory only considers a uniaxial nematic order, which is described through the director field
n, the Landau-de Gennes theory allows more degrees of freedom, and uses a function Q, referred to as the
nematic order tensor, taking values in the space of n x n symmetric and traceless matrices. This tensor Q
is a normalized second moment of the probability distribution describing the orientation of the molecules.
Instead of V4, the local distorsion of the nematic is encoded in the step-length tensor Lg to be defined
below.

We adopt the model described by Calderer, Garavito Garzén & Yan [14], which we start describing
by introducing some notation. We let n = 3, which is the physically relevant case; we also note that the
constants involved below are dimension-dependent. We consider the following admisible sets of matrices for
the nematic order tensor:

Q = {Q S R™*™: Q = QTu tYQ = 07 _% < )\min(Q) < Amax(Q) < 3 }7
Q:={Q e Q: \un(Q) > -3},

wIN
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where Apin (Q) and Apax(Q) denote the minimum and maximum eigenvalues of Q, respectively. Given
Q € Q we define the step-length tensor

Lq :=a (Q+3I),
where a > 0 is a fixed parameter depending on the material. As Q is symmetric, there exists an orthogonal
matrix P such that P~'QP is diagonal. We have P™'LqP = a(P~'QP + iI) and, consequently,

)\min(LQ) =« (Amin(Q) + %) >0 and )\max(LQ) =« ()\max(Q) + %) .

In particular,

detLq =0 if and only if Amin(Q) = — (8.9)

Wl

1
Since Lq is symmetric and positive semidefinite, it has a square root Lg and its eigenvalues are the square
roots of those of Lq. Finally, note that

2 z 1 an 3
Q=<(3). mal=va wd osariqs(f)" (810)

as can be seen by expressing Q, without loss of generality, as a diagonal matrix with entries Apin(Q), Amax(Q)
and —Amin(Q) — Amax(Q), and then using an elementary argument of maximization.

Similarly to the previous model, Q is a Lipschitz domain of R™, T" an (n — 1)-rectifiable subset of 9
with H"1(T') > 0, up : I' — R” a given function, p > n — 1 and ¢ > 1. Now, the admissible set B is the
set of pairs (u, Q) such that u € A, u|r = ug in the sense of traces, and Q € W9 (im(u,),Q). The
tensor Q is a normalized second moment of a probability distribution function ¥ = ¢)(n) that describes the
probability of finding the nematic mesogens oriented in a direction n € S*~!. The choice of the target Q for
Q is motivated in [55] (see also [9]) in terms of the mean-field Maier-Saupe theory. Note that the symbol Q
is sometimes used for an element of Q, but, more often, it will be used for a function in W4 (imr(u, Q), Q).
Analogously, Lq sometimes denotes a matrix, but, more often, a function.

The free energy functional I : B — [0, 00] of a nematic elastomer is the sum of two terms:
I :=Iee + G- (8.11)

The elastic stored energy I, is given by
Finee(,Q) = [ Wnee (D). Q(u(x) dx (812)
Q
where Winee : R}P™ Q — [0,00) is defined by

Winee (F, Q) i= W (Lg,' F) (8.13)

for a certain polyconvex function W : R}*™ — [0, 00) satisfying the coercivity conditions (8.2)—(8.3) for a

1
constant ¢ > 0 and a Borel function & : (0,00) — [0, 00). The product Lq* F represents the coupling between
the deformation and the nematic tensor order. The Landau-de Gennes energy Ir¢ is given by

Le(uQ) = / F(DQ(y). Q(y)) dy, (8.14)

imr (u,)

for some lower semicontinuous function f : A x Q — [0,00]. We have denoted by A the subspace of third-
order tensors T = (T,/)};,_; such that 7,7 = T for all 4,5,k € {1,...,n} and Y37 | T}’ = 0 for all
ke {1,...,n}. Of course, DQ(y) € A for all Q € Whe(imyp(u, Q),Q) and a.e. y € imp(u, Q). We assume
that f(-,Q) is convex for all Q € Q and that

f(T,Q) >c|T|+ g(detLg), TeA, QeQ (8.15)
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for a constant ¢ > 0 and a Borel function ¢ : (0,00) — [0, 0) such that

}% g(t) = oc. (8.16)
Note that the gradient operator in (8.14) is meant with respect to the current spatial variable y, while the
gradient in (8.12) is with respect to the material coordinate x.

By using the lower semicontinuity results of Propositions 7.1 and 7.8, we can weaken the coercivity
conditions imposed in [14] from p > n to p > n — 1, and from ¢ > max{3,p/(p — 3)} to ¢ > 1; in particular,
f is allowed to have a quadratic growth. In addition, we do not impose that det Du is bounded away from
Zero.

The following result can be proved exactly as in Lemma 8.1.

Lemma 8.5. Let W : R*"™ — [0,00) be a polyconvez function and let Winee : RT™ x S*~1 — [0,00) be
defined as (8.13). Then Wiec(+, Q) is polyconvex for each Q € Q.

The existence theorem is as follows.

Theorem 8.6. Let n = 3, Q be a Lipschitz domain of R™, T' an (n — 1)-rectifiable subset of 02 with
HHT) >0, and ug : ' — R™. Let p>n—1 and ¢ > 1, define B as the set of (u,Q) where u € A,,
ulr = ug and Q € WhH4(imr(u, Q), @) Let W : RI™™ — [0,00) be a polyconvex function such that equations
(8.2)~(8.3) hold for a constant ¢ > 0 and a Borel function h : (0,00) — [0,00). Let f : A x Q — [0,00] be

a lower semicontinuous function such that f(-, Q) is convex for all Q € Q and that equations (8.15)—(8.16)
hold for a constant ¢ > 0 and a Borel function g : (0,00) — [0,00). Define I as in (8.11)—(8.14).

If B# @ and I is not identically infinity in B, then I attains its minimum in B.
Proof. The proof is similar to that of Theorem 8.2. Let {(u;,Q,)} ;en be a minimizing sequence of I in 5.

We write L := Lq, and G; := (L;% ou;)Duy, for each j € N. The following pointwise bounds follow from
(8.10):

1 3
Duy| < |L? ow||Gy] < va |G| and det Du; = det(L? ouy) det G; < (%) det G;.

Consequently, assumptions (8.2)—(8.3) and de la Vallée-Poussin’s criterion ensure that {Du,};en is bounded
in LP(Q,R™ ") and {det Du, } ey is equiintegrable. As in Theorem 8.2, the Poincaré inequality, the bound-
ary condition, Proposition 6.1 and the growth condition (8.3) imply that, for a subsequence, u; — u in
WhP(Q,R") as j — oo, for a certain u € A, such that ulr = uy.

Thanks to (8.10) and (8.15), we have

sup Q2= i (20,27 m) + 1 DQyl| L e 1y, 20,80 ] < 00
j
Since, in addition, by Proposition 2.7 and Lemma 5.18 ¢) one has for each j € N,

L"(imr(u;,Q)) = L"(img(u;, Q) < /Qdet Du,(x) dx,

we obtain that

sup ”QjHleq(imT(uJ,Q),lR"X") < 00.
JjEN

Therefore, due to Proposition 7.1, there exists Q € W14 (im(u, ), Q) such that, for a subsequence,

Ximr(u;,2) Qj = Ximr(u,0)Q a.e. and in LYR™ R™*™)

) X mxn ) (8.17)
Ximr (u;,2) PQj = Ximr(u,0)PQ in LIR",R™ ™ ™) as j — oo.
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We now proceed as in the proof of Proposition 7.1. Let {Vj}ren be the family of Lemma 5.18 d). For each
k € N, let By € UY be such that Vj, cC imr(u, By). Since, by Theorem 6.3 a), Vi C imr(u;, ) for a
subsequence, convergences (8.17) imply Q; — Q in L4(V,,Q) and Q; — Q in Wh4(V}, Q) as j — oo.

Let f: A x Q — [0,00] be the extension by co of f and note that, thanks to (8.15)—(8.16), f is lower
semicontinuous and f(-, Q) is convex for each Qg € Q. Then, a standard lower semicontinuity result yields
(see, e.g., [33, Th. 7.5])

f(DQ(y),Q(y))dy < liminf/ f(DQj(Y),Qj(Y))dy:hminf/ F(DQ;(y), Q;(y)) dy.
Vi 1= Jw, imr(u;,Q)NVy

Jj—o00

Summing in k € N the above inequalities, we obtain

[ fwam.Q)dy <tmint [ F(DQ;(3). Q) dy < .
imr (u,Q) J—roo im (u;,9Q)

In particular, by (8.15)—(8.16) we have that det Lq(y) > 0 for a.e. y € imp(u, ), so, by equivalence (8.9)
we obtain that Q € Wh4(imr(u,Q),Q), (u,Q) € B and

Iic(u, Q) < liminf It (uj, Qj). (8.18)
j—o0
By (8.17) and Theorem 6.3 d) we also obtain Q; — Q a.e. Thus, Lemma 8.5 and Proposition 7.8 yield
Imec(ua Q) S hm inf Imec(uja Qj)a
j—o0

which, together with (8.18), shows that (u, Q) is a minimizer of I in 5. O

Remark 8.7. Recalling Remarks 8.3 and 8.4, we can see that the proof of Theorem 8.6 can easily be adapted
to cover the case of deformations that are one-to-one a.e. in 2, as well as the incompressible regime and an
inhomogeneous stored energy W.

8.3 Magnetoelasticity

The mechanical behaviour of certain materials, notably ferromagnetic materials, is affected by the presence
of a magnetic field. This field causes the rotations of small magnetic domains of the body from their original
random orientation and induces a spontaneous deformation of the material.

For this analysis, we adopt the magnetostriction model of Rybka & Luskin [69] and Kruzik, Stefanelli &
Zeman [53], following earlier models by James & Kinderlehrer [49, 50]. We refer to [23, 24, 25] for further
discussions on the subject. The mathematical setting is similar to the Frank model for nematic elastomers
described in Subsection 8.1: 2 is a Lipschitz domain of R” representing the body in its reference configuration,
I an (n — 1)-rectifiable subset of 9Q with #"~1(I") > 0, and ug : I' = R" is a given function prescribing the
Dirichlet condition. The deformation of the specimen is u : 2 — R", while the magnetization m is defined
in the deformed configuration, which in this analysis is represented by imr(u, Q). The admissible set B is
the set of pairs (u, m) where u € A,, u|r = uy in the sense of traces and m € W2 (imr(u, ), S*1); with
respect to the Frank model for nematic elastomers, we have just renamed the function n as m.

The energy functional I : B — [0, ],

I = Ioxe + Imag + Tmec (8.19)

is the sum of three terms Iexc, Imag : B — [0,00) and Imec : B — [0, 00], called the exchange, the magneto-
static, and the mechanical term, respectively, and defined as

1
Loctum)i= [ Dm)Pdy, uglm) = [ Dun(y)Pay,
m (u,8) (8.20)

Ihec(u, m) ZZ/QW(DU(X),I’I’I(U_(X)))dX.
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Here the density W : R7*™ x S"~! — [0, 00) is a continuous function such that W (-, m) is polyconvex for
all m € S"~1. We assume that

W(F,m) > c¢|F|” + h(detF), FeRY", meS" !, (8.21)

for a constant ¢ > 0 and a Borel function A : (0,00) — [0, 00) for which the limits (8.3) hold.
The scalar function uy, : R™ — R is the magnetostatic potential generated by m, and is a weak solution
to Maxwell’s equation
div (—Dum + Ximy(u,0ym) =0 in R, (8.22)

where the term Xjm.(u,0)m is the extension of m to R™ by zero. A precise meaning of a solution of (8.22)
requires the introduction of the spaces of B. Levi, otherwise known as the Deny—Lions [22] spaces. We will see
that the solution is uniquely determined up to an additive constant; in particular, Duy, is uniquely defined.
Call LY2(R™) the space of u € L2 _(R™) such that Du € L*(R™,R"™). It was proved in [22, Cor. 2.1] (see also

loc

[58, Sect. 1.1.2]) that L1'2(R™) coincides with the set of distributions u in R™ such that Du € L?(R" R").
A solution of (8.22) is a uy, € LV2(R™) such that

/ (fDum + XimT(u,Q)m) -Dpdy =0 for all p € LV2(R™).

We show the existence, uniqueness up to a constant and continuous dependence of the solutions.

Proposition 8.8. For every f € L?(R",R") there exists ug € LY2(R™) such that

/ (=Dug+1£)-Dpdy =0 for all ¢ € L*2(R™). (8.23)
Moreover, if u € LY2(R") satisfies

/ (~Du+f)-Dody =0  for all p € L"*(R™)

then u = ug + ¢ for some ¢ € R and || Dul|p2@®n zry < [[f]| 2R 70y -

Proof. Denote by L'2(R")/R the quotient space of L*?(R™) with the constant functions. It was shown in
[22, Cor. 1.1] (see also [58, Sect. 1.1.13]) that L?(R")/R is a Hilbert space equipped with the inner product

([u,[¢]) = [ Du-De,
R
where [-] denotes the equivalence class. We observe that the functional
[p]— | £-Dop
R

is well-defined, linear and continuous in L*?(R™)/R, since

‘/R f'DSO‘ < ”fHL?(R",R") ||D90||L2(Rn,JRn) = ||f||L2(Rn,Rn) ”[QO]HLL?(]R")/R'

As an immediate application of Riesz’ representation theorem, we obtain that there exists a unique [ug] €
LY2(R™)/R such that condition (8.23) holds. Moreover, ||[ug]||z1.2@®n)r < ||f]|L2(Rn Rn). The result follows
by translating the properties obtained for L*2(R™)/R to the corresponding ones in L12(R"™). O

With our tools, we are in a position to show the existence of minimizers of I in B. With respect to [53,
Th. 2.4], we weaken the coercivity condition from p > n to p > n — 1. Instead, with respect to [69, Th.
4.2], no higher-order gradient of the deformation needs to be considered here, nor is a growth condition from
above imposed on W.
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Theorem 8.9. Let 2 be a Lipschitz domain of R™, T an (n — 1)-rectifiable subset of O with H"~1(T') > 0,
and ug : I' — R™. Let p > n — 1, define B as the set of (u,m) where u € Ay, ulp = ug and m €
W2 (imp(u,Q),S" ). Let W : RP™ x §"7t — [0,00) be a continuous function such that W (-, m) is
polyconvex for all m € S~ and equations (8.21) and (8.3) hold for a constant ¢ > 0 and a Borel function
h:(0,00) — [0,00). Define I as in (8.19), (8.20) and (8.22).

If B # @ and I is not identically infinity in B, then I has a minimum in B.

Proof. The proof is similar to that of Theorem 8.2.

Let {(u;, m;)};en be a minimizing sequence of I in B. The proof of Theorem 8.2 shows that there exists
u € A, with ulr = ug such that u; — u in WH?(Q,R"). Proposition 7.1, on the other hand, yields the
existence of m € W12 (imr(u, Q),S" 1) such that (u,m) € B,

Xime(u;,2) M) = Ximp(u,0)M a.e. and in L*(R™,R™) (8.24)
XimT(Uj,Q)ij - XimT(u,Q)Dm in LQ(Rna Rnxn) as .] — 0 .

and

Texc(u, m) <liminf Ioy(u;, m;).
j—o0

Now, Proposition 7.8 readily yields

Imec(u,m) < liminf Ieo(uy, m;).
J*)OO

Finally, let u, € LY2(R™) be a solution of (8.22), and recall that Duy, is uniquely determined; anal-
ogously for um;. Owing to Proposition 8.8, convergence (8.24) and the linearity of the Maxwell equation
(8.22), we obtain that Dup,;, — Dup, in L*(R™,R™) as j — oo, so

Imag(u,m) = lim Iae(u;, my).
J‘)OO

Thus, (u, m) is a minimizer of I in B. O

Remark 8.10. Recalling Remarks 8.3, 8.4 and 8.7, we can see that the proof of Theorem 8.9 can easily be
adapted to cover the case of deformations that are one-to-one a.e. in €2, as well as the incompressible regime
and an inhomogeneous energy W.
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