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The paper shows that the waves of anomalous amplitude are long-lived formations. They drift in the direction of the wave motion 
with the group velocity of the wave packet, which is half the phase velocity of the main wave. The swing of the wave (the distance 
from the hump to the trough) of the anomalous amplitude is more than three times the average value of the sweep of the wave 
motion. The modulation instability of this wave form a perturbation spectrum, the energy of which is twice the energy of the main 
wave in the developed process mode. The spatial size of the wave packet practically does not change, the amplitude of the swing in 
the maximum first increases, then gradually decreases. The number of such waves in areas of strong wind exposure is much larger 
than the statistics of random interference processes allow. This is due to the influence of the main wave (its amplitude remains 
noticeably greater than the amplitudes of each of the modes of the wave packet) on the behavior of each pair of modes from the wave 
packet of the perturbation. In the laboratory system, the duration of the anomalous wave coincides qualitatively with the time of 
existence of the Peregrin autowave. Although the Peregrin autowave corresponds to a different physical reality, where the dispersion 
of the wave is weak. Gravitational surface waves have a strong dispersion, and the NSE equation in this case is noticeably modified. 
However, in rest system of the wave packet (moving relative to the laboratory system) the abnormal amplitude wave lifetime is much 
longer. The distance that the wave packet travels with a persisting anomalous sweep is at least equal to several hundred wavelengths 
and can reach hundreds of kilometers. A simple calculation of such waves by means of space monitoring due to the small viewing 
area (frame) may be inaccurate. Once formed, such waves are able to drift over considerable distances. However, they may well get 
into the next frame of view. That is, estimates of the number of such waves can be overestimated. 
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The actual problem of the safety of shipping and oil and gas production in the oceans and seas is to determine the 

conditions for the appearance of surface waves of abnormal amplitude that can lead to major disasters and accidents. 
Earlier, when the intensity of shipping and oil and gas production was not so intense, the occurrence of such waves was 
considered to be quite rare, and they simply did not consider it necessary to take into account their appearance and 
impact. However, with an increase in the number of vessels and their personnel, numerous evidences of the appearance 
of such anomalous waves appeared. However, people are not only worried about the detection of such waves of 
anomalous amplitude, it is necessary to find out the characteristics of the life cycle of such waves, how long they are 
able to exist and whether they can move. The purpose of this work is to try to find out the conditions for the existence of 
waves of anomalous amplitude, the nature of their appearance and the dynamics of propagation. 

 
DESCRIPTION OF SURFACE WAVES IN DEEP WATER 

Large-amplitude surface waves in deep water that cause concern to ocean logistics have a frequency of [1] 
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which approximately corresponds to the Lighthill-NSE equation [2] of the form 
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maximum steepness for stable waves before they collapse / 0.11 0.13H λ ≈ ÷ , where 2 | |H A=  is the steepness 
(span) of the wave, that is, the distance between the upper point of the wave crest and the lower point of the wave 
trough, 02 / kλ π=  is the wavelength of large amplitude. The width of the spatial instability spectrum under these 
conditions is not so small; therefore, the equation for the complex slow varying (here the dependence 

0exp{ }i t iω φ∝ − ⋅ + is excluded) field amplitude is represented as [3, 4] 
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In the simplest case of a plane wave front, the field of perturbations is written in the form 
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Spectrum modes are located in the intervals MaxKK 20 << and 02 <−<− KKMax , 0.3 iK
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0.05α = , 100N = . The initial amplitudes 3( 0) 10Ku τ −= = , and their phases ( 0)Kφ τ = are randomly distributed in the 
range of ( 0 2π− ). 

Finally, the system of equations describing the modulation instability of a wave of large amplitude takes the form 
for the main mode 
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and for the modes of the spectrum of the modulation instability developing in this case [5] 
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where δ is the wave decrement, and to maintain the amplitude of the main wave, the same value is on the right-hand 
side of (5). 

Here, the description is used within the framework of the so-called modified S-theory [6], and the interaction 
occurs only between the modes of the spectrum ( 02 ,n nk k k−+ =   nnSS kkkk −− +=+ ) that are symmetrical with respect 
to pumping. In [5], it was shown that direct calculation of equation (2) and model (4) - (8) lead to qualitatively the same 
results. 

In the presented model, the characteristic spatial scale correlates with the wavelength, that is ζξ =0k , the time 

scale is determined by the ratio, that is 
2

t α ωτ ⋅= ⋅ , the unit of measurement in space is the wavelength, and the unit of 

measurement in time is the oscillation period multiplied by α π⋅ . 
 
MODELING OF THE PROCESS OF FORMATION OF WAVES OF THE ANOMALOUS AMPLITUDE 

For each point in time, a relative maximum span is calculated: the ratio of the maximum span to the average over 
the entire space. 

Fig. 1. Behavior of maximum wave span from time maxH  (left) and relative maximum wave span relH  (right) in the interval 
1047 1047ζ− < <  (about 333 wavelengths) 

At the initial stage of instability development, an exit to a quasistationary regime occurs with an average swing of 
wave motion close to unity, which is approximately two times less than the initial value for the main wave. The largest 
sweep of the waves is reached at the moment of time 425τ =  in the region near 482ζ = − and also at the moment of 

0 200 400 600 800 1000
0

0.5

1
1.5
2

2.5

Hrel

Hav

τ0 200 400 600 800 1000
0 

0.5
1 

1.5
2 

2.5

Hmax 

Hav 

τ



43
On Frequency and Spatial Periodicity of the Waves of the AnomalousAmplitude in the Ocean          EEJP. 4 (2019)

time 888τ =  near 956ζ = . For example, one can imagine phase diagrams and a field view in the vicinity of the swing 
peak (Fig. 2). 

 
Fig. 2. Phase diagrams and field view near the maxima of the sweeps for the first maximum max 1 3.118H =  1 3.253relH =  (left) 

and max 1 3.035H =  1 3.094relH =  (right) 
 

It should be noted that, although the amplitude of the main wave (the fat point) is not small, it already loses control 
of the instability. Indeed, in the developed mode, the energy of the main wave is half the energy of the spectrum 
(Fig. 3), which by the way is characteristic of developed modulation instability modes in other cases [7].  

 

 
Fig. 3. Behavior in the developed mode of the energy of the main wave 2
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It is of interest to consider the motion of wave packets with a maximum amplitude in space and in time (Fig.4.) 

  

Fig. 4. The change with time of the maximum amplitude of the wave packets near the maximums of swing for the first 
maximum (left) and (right) 
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For the first package (left), the maximum speed in units of model 21.6, for the second package (right) the 
maximum swing speed is 21.7. That is, the movement of the crest of the anomalous wave occurs at the same speed. This 
speed is the group velocity of the packet, which is easy to see when considering the ratio from where. 

 0 221.6
( / 2)

g

ph

vkx
t v

ζ
τ ω α α

∂ ∂= = ⋅ = ⋅
∂ ∂ ⋅

, and 0.54.g

ph

v
v

≈  (9) 

In the laboratory system, the change in the amplitude of the wave crest of the anomalous amplitude is more 
pronounced (Fig. 5). This qualitatively corresponds to the duration of the Peregrin autowave [9] in the laboratory 
reference frame. Although it should be noted that the Peregrin autowave corresponds to a different physical reality, 
where the dispersion of the wave is weak. It is easy to see that gravitational surface waves from expression (1) have a 
strong dispersion, and the NSE equation (3) in this case is strongly modified. However, in rest system of the wave 
packet (moving relative to the laboratory system) the abnormal amplitude wave lifetime is much longer. 

From Fig. 4 it can be seen that the time of existence of an abnormal amplitude wave in the reference frame moving 
with the group velocity of the packet does not exceed 40 units in the model under consideration. Given its speed, a wave 
can go through hundreds of wavelengths (Fig. 6). It is worth noting that in the considered numerical experiment, at one 
time point, two waves of anomalous amplitude of 333 waves appeared in the observation area (Fig. 1) and during the 
time about 40 units of new waves did not occur, then people at sea may encounter this same wave more than once.  

Fig. 5. Changing the amplitude of the wave of anomalous amplitude for the second packet, the maximum values of which were 
In conclusion, it is possible to imagine the dynamics of the motion of the wave packet, the maximum range of 

which reached the highest value at the moment of time 425τ = in the region near 482ζ = − . 

      a 
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      c 

Fig.6. The dynamics of the wave packet, the maximum range of which reached its highest value at the time 425τ = instant 
in the area near 482ζ = −  for time points a) τ = 420, b) 425τ = , с) 430τ =  
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CONCLUSION 
Waves of anomalous amplitude, as it turned out, are long-lived formations drifting in the direction of wave motion 

with the group velocity of the wave packet, which is half the phase velocity of the main wave. The longitudinal size of 
the wave packet practically does not change, the amplitude of the swing in the maximum first increases, then gradually 
decreases. The distance that the wave packet travels with a persisting anomalous sweep is at least equal to several 
hundred wavelengths and can reach hundreds of kilometers for 300 meter waves. 

It is important to note that a wave excited as a result of wind exposure as a result of modulation instability forms a 
perturbation spectrum, whose energy is twice the energy of the main wave in the developed instability mode. It is the 
interference of the modes of this spectrum that forms a bizarre wave pattern, where from time to time anomalous 
amplitude waves appear. 

On the one hand, the number of such waves in areas of strong wind exposure is much larger than the statistics of 
random interference processes allow. This is due to the influence of the main wave (its amplitude remains noticeably 
greater than the amplitudes of each of the modes of the wave packet) on the behavior of each pair of modes from the 
wave packet of the perturbation. This is the effect of forced interference imposed by the main wave. However, the 
simple calculation of such waves by means of space monitoring due to the small viewing area (frame) may also be 
inaccurate. Once formed, such waves are able to drift over considerable distances. Moreover, they may well fall into the 
next viewing frame, which will unreasonably increase the number of such waves in the entire observation zone. That is, 
estimates of the number of such modes can be overestimated. 

As shown in [7, 8], the shape of the packet, which contains a wave of anomalous sweep, more than three times the 
average span of wave motion, is a train of three waves, similar to Peregrin's autowave [9]. V.E. Zakharov’s remark that 
there are other types of anomalous waves of a given nature [10,11], based on observations [12,13], is explained by the 
results of [14], where it is shown that converging wave fronts can certainly generate more powerful abnormal 
perturbations of a different topology. 

 
Authors are grateful to prof. V.A. Buts for discussing the results of the work. 
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ДО ПИТАННЯ ПРО ЧАСТОТУ І ПРОСТОРОВУ ПЕРІОДИЧНІСТЬ ПОЯВИ 
ХВИЛЬ АНОМАЛЬНОЇ АМПЛІТУДИ В ОКЕАНІ 

В.М. Куклін, Е.В. Поклонский 
Харківський національний університет ім. В. Н. Каразіна, Харків, Україна 

м. Свободи 4, м. Харків, Україна, 61022 
В роботі показано, що хвилі аномальної амплітуди є довгоживучими утвореннями. Вони дрейфують в напрямку хвильового 
руху з груповою швидкістю хвильового пакета, яка вдвічі менше фазової швидкості основної хвилі. Розмах хвилі (відстань 
від горба до западини) аномальної амплітуди більш ніж втричі перевершує середнє значення розмахів хвильового руху. В 
результаті модуляційної нестійкості цієї хвилі формується спектр збуджень, енергія якого вдвічі більше енергії основної 
хвилі в розвиненому режимі процесу. Просторовий розмір хвильового пакета практично не змінюється, амплітуда розмаху в 
максимумі спочатку наростає, потім поступово зменшується. Число таких хвиль в зонах сильного вітрового впливу значно 
більше, ніж це дозволяє статистика випадкових інтерференційних процесів. Це обумовлено впливом основної хвилі (її 
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