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Abstract: We classified evolution algebras of dimensions two and three. Evolution algebras of
dimensions three were classified recently obtaining 116 non-isomorphic types of algebras. Herein,
with a new approach, we classify these algebras into 14 non-isomorphic types of algebra, so that this
new classification is easier to deal with.
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1. Introduction

Mathematics and biology are intimately tied, and genetic algebras are an example of this link, as
these are algebras with biological meanings. In this paper we are going to work with evolution algebras,
kinds of genetic algebra introduced by Tian in [1] in 2008 that are used to model non-Mendelian genetics
laws, although this is not their only application. In fact, they are strongly connected with group theory,
Markov processes, the theory of knots, dynamic systems and graph theory. Due to the versatility
of these algebras, the amount of literature studying them has grown immensely since 2008. In [2],
the authors studied the relationship between evolution algebras and the spaces of functions defined by
the Gibbs measure of a graph, which led into direct applications in biology, physics and mathematics
itself. In works such as [3-10] they studied purely mathematical notions, such as nilpotency and
solvency of evolution algebras, as well as the interpretation of these mathematical notions, relating, for
example, the nilpotency of an element to gametes that go extinct after some generations. Chains of
evolution algebras were studied in [11-14]. These are dynamic systems where the state of each system
can be seen as an evolution algebra. Some derivatives of evolution algebras were studied in [1,15,16].

An important topic is the classification of evolution algebras of a given dimension up to
isomorphism. There are several papers related with classification of evolution algebras, such as [17-24].
The first classification of evolution algebras of dimension two was given in [6], and some years later,
in [17] (as part of a doctoral thesis [25]) another classification of these evolution algebras was provided,
together with a classification of three dimensional evolution algebras into 116 non-isomorphic types.

Classifying a class of algebras consists of determining a classification criterion; i.e., defining
different types of these algebras such that these different types are non-isomorphic to each other and
such that each algebra belongs to exactly one of these types. In an intuitive way, we are constructing
a cupboard with different drawers, in a such a way that each of the elements we are classifying
belongs to one (and only one) of those drawers, but you can have more than one thing in each
one. Nevertheless, if we change the shape of the drawers, the final cupboard will look completely
different, even if it contains the same objects. As mentioned before, in [17] evolution algebras of
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dimension three were classified into 116 types of non-isomorphic evolution algebras. In this paper,
we classify three-dimensional evolution algebras into 14 non-isomorphic types (Theorem 11). To do
so, our classifying criteria are be based on distinguishing whether these algebras are degenerate or
not and whether they are reducible or not. In the case of irreducible, non-degenerate algebras we
differentiate three situations: when they have a basic ideal of dimension one and none of dimension
two, when they have a two-dimensional basic ideal and they do not have a one dimensional basic ideal
and when they have no basic ideals. According to the same criteria, we also obtain a classification of
two-dimensional evolution algebras (Theorem 3). This shall be helpful for the classification of reducible
three-dimensional evolution algebras. Since we reduce the study of evolution algebras of dimension
three to 14 non-isomorphic types, this classification is much more practical than the classification
provided in [17].

Note that every weighted digraph with three nodes is associated to an evolution algebra with
dimension three in a one-to-one way. So, with this classification for evolution algebras we also have a
classification of weighted digraphs with three vertices, particularly of discrete Markov processes with
a state space of size three, as Markov processes are particular cases of evolution algebras. As a matter
of fact, Markov processes are evolution algebras whose structure matrix is stochastic.

2. Basic Background

As the problem addressed in this paper is that of classifying evolution algebras of dimension
two and three, in what follows we shall consider only evolution algebras of finite dimensions. Also,
the algebras considered are defined over a field K (where K = R or C).

We recall that an evolution algebra is an algebra A that has a natural basis B = {ej, ..., e, }, which
is a basis of A such that e;e; = 0if i # j. For a fixed natural basis B, the square of each element

can be written as eiz _y wy;er, and so, we can define the structure matrix of A relative to B in the
following way .
W11 - Wip
Mp(A)=| -0 ],
Wy - Win

where the ith column is given by the coefficients of e? with respect to B. When the basis B is clear we
shall refer to this matrix as the structure matrix of A, without any further specification to B. This matrix

n n
determines the product of A. Indeed, givena = ) ayey and b = ) Biex elements of A, it follows that

k=1 k=1
n
ab =Y. 7yrer, where
k=1
T w11 ... W1 011‘31
Tn Wyt ..« Wnn anPn

The next definition shall be useful to understand whether the natural basis is essentially unique
or not.

Definition 1. Let A be an evolution algebra with dimension n € N, and let B and B be two natural basis of A.
We say that B and B are related if B = {e1, ..., en} and B = {a1e7(1), ..., &ner(y) }, Where T is a permutation of
the set {1, ...,n} and ay, ..., &y are non-zero scalars.

In the next result, we shall see that, if the structure matrix of an evolution algebra A relative to
one natural basis has non-zero determinant, then the natural basis is “essentially unique.”
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Proposition 1. Let A be an evolution algebra. Let B = {ey, ...,en } be a natural basis of A and Mg(A) the
corresponding structure matrix of A relative to B. Suppose that det(Mp(A)) # 0. Then any other natural
basis B of A is related to B, and moreover, det(Mg(A)) # 0.

Proof. Since A% = lin{e?,- - - , €2}, the condition det(Mp(A)) # 0 is equivalent to dim A? = n. Thus,
if B = {uy,...,uy}, since A% = lin{u%,- -+, u2} we obtain that det(Mg(A)) # 0, as {u%, -, u2} must
also be linearly independent. Now, consider a;; € K foralli,j € {1,..,n} such that

UL = 1161 + ... +au16n

Uy = a]nel + “es + Kynln.

Consider A = {ay; #0:1 < k,i, < n}, which has a maximum of n x n elements. Fixiin {1,..n}.
There must exist k € {1, ...,n} such that ay; # 0; otherwise, we would have u; = 0 (a contradiction).
Thus, |A| > n. Butas u;u; = 0 for all j # i we have that } 7, zxkitxk]-e% =0and as ¢?,..., € are linearly
independent; then, ay;ay; = 0 whenever i # j. Thus, it must be ay; = 0 for all j # i as ay; # 0.
Rephrasing what we just obtained, for each 1 < k < n there is at most one sub-index i such that ay; # 0.
Then, |A| < n, which immediately implies that |A| = n. But as said before, each u; is non-zero, so we
must have that there exists a unique k € {1,...,n} such that u; = ay,ex, and the result is clear. [

We shall now explain how to assign a graph to each evolution algebra. At first, it might depend on
the natural basis selected, although we shall see that in some situations this graph is again “essentially
unique.” For a discussion about this topic see [3].

Definition 2. Let B = {e; : i € A} bea natural basis of an evolution algebra A, and Mp = (w;;) its structure
matrix. The graph associated to A with respect to B is the graph E5 whose set of vertices is B and the
adjacency matrix is M4 (A). The simplified graph associated to A with respect to B, is defined as the
associated graph but without taking into account the weights; i.e., just considering whether there is a link
between two vertices or not. Again, whenever the basis is clear, we shall speak about the graph (respectively
simplified graph) associated to A, without any further specification.

Example 1. Let A be an evolution algebra with dimension 3, and consider a natural base B = {eq, e, e3} being

2

e] = e;—2e+3e3,
e% = —5e) +e3,
e% = —2e.
1 0 -2
Then, the structure matrix is given by Mg(A) = | —2 —5 0 |, while the associated graph is
3 1 0
! 3
.gl .63
-2
[ .
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When we ignore the weigths wj; of the arrows of the graph we obtain the corresponding simplified graph:

Q)

o, o,

N

o
We shall see now how the structure matrix changes when we multiply the elements of the natural
basis by non-zero scalars, and how it affects the associated graph.

3

w11 ... W1pn
Proposition 2. Let A be an evolution algebra, B = {ey, ..., e, } a natural basis, and Mp(A) =
Wyt «-- Wnn

the structure matrix of A relative to B. If a1, ..., &, are non-zero scalars, then B= {areq, ..., aney } is a natural
basis of A and its structure matrix is given by

o &
lX%wu W12 o G Win
o 2
L2 W %w2n
My(A) = | )
oG o
a5, Wnl g, Wn2 0 XnWin

Thus, the corresponding simplified graphs of A with respect to B and B coincide.

Proof. Taking into account that

the conclusion is obtained straightforwardly. [

Corollary 1. Let A be an evolution algebra and let B and B’ be related natural basis. Then, the simplified
graphs of A associated to B and B’ respectively coincide, up to relabelling of the vertices.

Proof. The result follows from the above result together with the following fact: if B = {ey,...,e,} isa
natural basis and 7 is a permutation of the set {1, ..., n}, then B’ = {e;(1), ..., ez(y)} is another natural
basis whose associated graph coincides with the graph associated to B up to relabelling of the vertices
if needed. O

Corollary 2. Let Ay and A be two evolution algebras with finite dimensions. Let B be a natural basis of Ay
such that |[Mp(A1)| # 0, and let 6 : Ay — Ay be an algebra isomorphism. Then:

(i)  O(B) defines a natural basis of Ay such that ’MQ(B) (A)‘ # 0.
(ii) Every two natural basis of A; (respectively of A1) are related.

Proof. As 6 is an algebra isomorphism, it is clear that 6(B) is a natural basis of Aj. Let B = {ey, ..., e, }.
As {3, ...,e3} are linearly independent and 6(¢?) = 6(e;)?, we conclude that 6(e?) are also linearly
independent, and so ‘Mg( B)(A) ‘ # 0. Then, as a consequence of Proposition 1, we can conclude that
any two natural bases of A, (respectively of A;) are related. [

We see that whenever the structure matrix of an evolution algebra A associated to a natural basis
B has non-zero determinant, then the basis as well as the associated graph are essentially unique (in
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fact, all the natural bases are related and the simplified associated graph is unique). This leads to a
result which is useful to proving that two evolution algebras are non-isomorphic.

Corollary 3. Let Ay and Ay be two evolution algebras with dimension n € N. Let By and By be natural bases of
Ay and A, respectively. If |[Mp, (A1) | # 0and the simplified graph of Ay associated to By does not coincide with
the simplified graph of A, associated to By (up to relabelling the vertices), then A1 and Ay are non-isomorphic.

Proof. If there exists an isomorphism 6 : A; — Ajp, then g1 (B,) defines a natural basis on A; which
is related to By by Proposition 1. Thus, by Corollary 1, the simplified graphs with respect to these
natural bases coincide, and therefore, the result follows. [

Definition 3. An evolution algebra A is non-degenerate if
An(A)={beA:ab=0Vac A} =0,

and we say it is degenerate if An(A) # 0. As proven in ([3], Proposition 2.28), the latter is equivalent to the
fact that any natural basis of A contains elements with zero square.

Definition 4. Let A be an algebra. An ideal of A is a linear subspace I such that AI C I and IA C I (note
that for commutative algebras Al = 1 A). This means that, the quotient linear space A/ 1 is an algebra with the
canonical product (a+I1)(b+1) =ab+1, fora,b € L

We say that an ideal I is basic if there exists B = {ey,..,e,} a natural basis of A such that I =
lin{ej,, ..., ej, } where {ej,...,ej } C B. This means that the ideal I is an evolution subalgebra provided with a
natural basis that can be extended to a natural basis of A.

Note that if By is a natural basis of I that is contained in B, a natural basis of A, and if B is
another natural basis of I, then B} U (B4 \B;) is a natural basis of A containing Bj.

In [17] basic ideals are called evolution ideals with the extension property; meanwhile, in [10]
they are simply called ideals. Note that the image of a basic ideal by a homomorphism is a basic ideal.
For a discussion about the above notions with explanatory examples, see [3].

Definition 5. An evolution algebra A is reducible if there exists non-zero proper ideals I and | such that
A =1® ].If Ais not reducible then we say that it is irreducible.

The following result was proven in [3], where the problem of the reducibility of an evolution
algebra was deeply studied.

Theorem 1. Let A be a non-degenerate evolution algebra and B = {ey, ..., en } a natural basis of A. Then, A is
reducible if and only if for some reorganisation B’ of B the structure matrix Mp is of the type

(n—m)xm Y(nfm) x (n—m)

withm € N, m < nand Wyscm, Y (5 m) x (n—m) Matrices with entries in K.
In this case, we have that A = [ @& ] where I and | are the ideals given by I = lin{e; :i =1, ...,m} and
J=lin{e;:i=m+1,..,n}

Note that the ideals I and | given in the above theorem are basic ideals, so that A is reducible as a
direct sum of ideals if and only if A is reducible as a direct sum of basic ideals.

Before starting the study of the two-dimensional and three-dimensional evolution algebras, we
need to clarify the notation we shall be using. From now on, a non-zero entry of a matrix shall be
denoted by *. Note that two symbols * in the same matrix may represent different (non-zero) values.
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3. Classification of Two-Dimensional Evolution Algebras

In this section, we make a classification of two-dimensional evolution algebras taking into account
the following properties: whether they are irreducible or not and whether they are degenerate or not.
As we can see in the following result, the degenerate case is easy to study.

Theorem 2. Let A be a two-dimensional degenerate evolution algebra. Then:

(i)  Aisirreducible if and only if there exists a natural basis B of the evolution algebra A such that the structure

matrix is Mp(A) = ( 8 S );

(ii) A is reducible if and only if there exists a natural basis B of A such that either Mp(A) = ( 00 ) or

0 0
MB(A):<8 Z:>,

where * denotes a non-zero scalar and w € K.

Proof. Let B = {e1, e, } be a natural basis of the evolution algebra A and denote by 7; the canonical
projection of A on the subspace Ke;, fori = 1,2. As A is degenerate, we know that e? = 0 for some
i € {1,2} (according to [3], Proposition 2.28).

Case1.¢? = ¢3 = 0. Then A = [ @ ] where I = Key and | = Ke and

=55 ).

Case 2. One of the elements of the natural basis has a zero square while the other has a non-zero square.
We suppose that e% = 0 and e% # 0 (which is not restrictive). Hence, e% = Wipe1 + wyex where wyy,
wyy € K with at least one of those scalars being non-zero.
Case 2.1. Suppose that wy; = 0. Then e% = wipeq with wyy # 0, so A is irreducible. In fact, assume
the contradiction that I and | are non-zero proper ideals, such that A = I ® J. Then, we can suppose
that 71, (I) # 0 (which is not restrictive, as it cannot be 71, (I) = 712(J) = {0}). It follows that 3 € I,
and so, e; = w%ze% € I. Thus, I = A, a contradiction, as the decomposition A = I @ | is non-trivial.
0 =x

Consequently, if Mp(A) = ( 00

) , then A is irreducible.

Case 2.2. Suppose that wy, # 0. Then, as €3 = 0, the structure matrix is Mg(A) = ( 8 z: > with

w = wyy and €3 = wype; + wyper. Then, A = [ & J with [ = Key and | = Ke3. O

In order to study the non-degenerate case, the following corollary is useful.

. . Wy W
Lemma 1. Let A be an evolutionary algebra, B = {eq, ey} a natural basis and Mp(A) = wll wlz ) the
21 W2
corresponding structure matrix. Then the structure matrix of A related to the natural basis B' = {e;,e1} is

given by Mp/(A) = ( W2 W2 )

w12 W11

Proof. If B = {v;,v,} where v; = e, and v, = e, is clear that v% = w1 + wipvp and v% =
Wp101 + w1102 as 6% = wy1€1 + Wo1€2 and e% = Wypey + Wores. O]
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Corollary 4. Let A be a non-degenerate evolution algebra, B = {e1,e;} a natural basis and Mg(A) =

< i W ) the corresponding structure matrix. Then A is reducible if and only if w1y = wy; = 0, in
W21 W22

. * 0
which case Mg(A) = ( 0 s ) :
Proof. Since the only possible reordination of B is B’ = {e;, e1 } and the corresponding structure matrix
is Mp/(A) = Zzz Zﬂ ) from the above lemma, the result follows from Theorem 1, jointly with
12 Wil

the fact that the columns of Mg(A) cannot be zero because A is non-degenerate. [
Theorem 3. Let A be a non-degenerate evolution algebra, with dim A = 2. Then:

(i) A is reducible if and only if there exists a natural basis B of A such that Mp(A) = < ;;

0
*

(ii) A is irreducible if and only if there exists a natural basis B of A such that either Mp(A) =

% O

*
or
w

Proof. As A is a non-degenerate evolution algebra, by Corollary 4, we obtain that A is reducible if and

Mp(A) = ( @ Z‘j ),withw,iDGK.

*

only if the structure matrix of A respect any natural basis B is of the type

(07)

Let us suppose now that A is irreducible and let B = {ej,e;} be a natural basis. Then, by
Corollary 4, and keeping in mind that A is non-degenerate, it is clear that Mz (A) must be in one of the

following cases:
*
* ! ’

Moreover, as A is non-degenerate, we have that the structure matrix must be in one of the

following cases:
* * Xk

We can see that both M, and M3 lead to the same evolution algebra. In fact, by switching if

needed the elements of the basis (see Corollary 4) we obtain ( Z: ZJ ) . The case M; produces the

(2a)ma(ii)

we switch the elements of the basis then we get ( . ) , amatrix

following situations:

*
If in the situation (
*

of the type ( L: Z: ) as desired. O

We can gather all this information in the following theorem, where we shall show, additionally,
that he evolution algebras that we have found are not isomorphic.
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Theorem 4. Let A be a two-dimensional evolution algebra. Then, A is one of the following non-isomorphic
ones, where r,s € K\{0} and w,w € K.

Ay = lin{ey, e} is such that e2 = 5 = 0 and ee; = 0.

Ay = lin{eq, ep} is such that e% =0, e3 = wey + rey and eye; = 0.

Az = lin{ey, ex} is such that e = rey and e3 = se and eye; = 0.

Aq = lin{ey, ex} is such that e = 0 and €3 = rey and eye; = 0.

As = lin{ey, ez} is such that €3 = re, and €3 = sey + we; and eje; = 0.

Ag = lin{ey, ep} is such that e% = weq + rey, e% = weq + sey with ege; = 0.

As a matter of fact, we have the following classification:

Degenerate Non-Degenerate

Reducible A1, A As
Irreducible Ay As, Ag

Proof. Let us consider the matrices

00 0 w x* 0
0 =* 0 wow

The evolution algebras A; described above have a natural basis B; whose corresponding structure
matrix is M; withi = 1,2,3,4,5,6. By Theorem 2 we know that whenever A is degenerate, then A
is reducible if and only if there exists a natural basis such that its corresponding structure matrix is
like either M1 or M. Meanwhile, A is irreducible if and only if A has a natural basis which structure
matrix is like My. If A is non-degenerate, A is reducible if and only if there exists a basis for which
structure matrix is of the type M3, as it is shown in Theorem 3. Moreover, by this last result, if
A is non-degenerate, then A is irreducible if the structure matrix for some natural basis is either

M,

*

M = ( S Z) or M = Z: Z: . If the structure matrix of A is of the type of M, then it is within

Mg, whereas M can be identified with Ms if w = 0 or with Mg if w # 0.

Now, we just need to prove that these evolution algebras are non-isomorphic. In order to do
so, we need to take into account that the properties of being degenerate and being irreducible are
maintained by algebra isomorphisms. Thus, Az and A4 cannot be isomorphic to any of the others.
To verify that A; and Aj; are non-isomorphic, we just need to realise that A; is a zero-product evolution
algebra while Aj is not. To check that A5 and Ag are not isomorphic, note that if |Mg| = 0, then the
conclusion follows from Corollary 2 as |Ms| # 0. Otherwise, we have |Ms| # 0 and |Ms| # 0, but then
the simplified associated graphs do not coincide because the corresponding to Mg has a loop and the
given by M5 does not have any loop, and Corollary 3 applies. O

4. Classification of Three-Dimensional Evolution Algebras

In order to start with this classification, we need to see the different structure matrices that we can
obtain by just reordering the elements of a natural basis of a three-dimensional evolution algebra. As
seen before, if B = {ey, e, e3} is a natural basis of an evolution algebra, A, and ¢ is a permutation of
the set {1,2,3}, then {e, (1), €,(2), €,(3) } is @ natural basis of A. We shall describe below the structure
matrix associated to each possible reorganisation of a natural basis B.
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Lemma 2. Let A be an evolution algebra and B = {e1, 5, e3} a natural basis. Let o be a permutation of the set
{1,2,3}. If the structure matrix of A relative to B is given by Mg(A), then the corresponding structure matrix
of A relative to By = {€,(1), €s(2), €(3) } is Mp, (A) where

wyp Wi W13 We(1)o(1) Wo(1)o(2) Wo(1)e(3)
Mp(A) = | wn wxn wy | and Mp,(A) = [ Wo2)01) Wo@)r2) We(2)o(3)
W31 W3y W33 We3)o(1) Wo()r(2) Wo(3)e(3)

Proof. Straightforward. O

We can easily check that, for all permutation ¢ of the set {1,2,3} the corresponding associated
graphs to Mg, (A) are identical up to relabelling of the vertices (and coincide with the one associated
to Mp(A)), as seen in Section 2.

From Theorem 1 (see also Remark 5.7 in [3]) we deduce the following result:

Corollary 5. Let A be a non-degenerate evolution algebra and B = {ey, e, e3} a natural basis. Then, A is
reducible if an only if Mig(A) is within one of the following types of matrices:

w0 0 w;p 0w wyp w0
Mpi=| 0 wy wy |, Mx=| 0 wp 0 |, Mya=| wy wp 0 |,
0 wsp ws w3z 0 ws 0 0 wss

with wij c K, i,j =1,2,3.

Proof. By the Theorem 1 we have that A is reducible if and only if the structure matrix of some
reordenation of B is diagonal by blocks (that is like either M; or M3). Taking into account the Lemma 2,
the result follows. O

Proposition 3. A three-dimensional evolution algebra A has a two-dimensional basic ideal if and only if there
exists a natural basis B with respect to which the structure matrix Mg(A) is of one of the following types
of matrices:
00
M1 = ; Mz = 0 0 M3 = . (1)
00

Proof. If B = {e1,e;,e3} and if I is a basic ideal of dimension 2 associated to B then, either [ = I; :=
lin{e,ep} or I = I := lin{ey,e3} or I = I3 := lin{ey, e3}. The result follows from the fact that I; is an
ideal of A if and only Mp(A) is like M;, for i = 1,2, 3, respectively. [J

Finally, we shall see the relationship between two structure matrices Mp(A) and Mz(A) of an
evolution algebra A associated to two different natural bases B and B. This can be seen in [1], but we
shall also show the proof for completeness.

Proposition 4. Let A be an evolution algebra; consider B = {eq, ey, e3} and B = {2,823} two natural bases
of A; and let Mg(A) and Mgz(A) be the corresponding structure matrices. If €; = pyjeq + pajez + paies for
i=1,2,3, then

P11 P12 P13
P=1| pa p2n ps
P31 P32 P33

is a nonsingular matrix such that PMgz(A) = Mp (A)P2, where
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2 Pél Piz Pis
P = P%1 sz P%s
P31 P32 P33

Proof. Consider the structure matrices associated, respectively, to both basis:

w1 w2 W3 w1 Wi W13
Mp(A) = | wy wxn wy | and Mz(A)=| Wn & Wy
w3 W3y w33 w31 Wz W3y

If & = piie1 + paiex + paies for p1j, pai, pai € Kand i € {1,2,3} then we have, 2 = gy;e1 + gz +
gsie3 where

2

q1i w11 W2 W13 P1i
_ 2

Qi | = | wa wp w3 P
2

q3i w31 W3 Ws3 P3;

But also Elz = (01,61 + Wy + Ws;e3 and so

P11 P12 P13 w1 q1i
P21 P2 P23 Wy | =\ g2
P31 P32 P33 wW3; g3

Hence PMj(A) = Mp(A)P? as desired. [

4.1. The Non-Degenerate Case

According to Theorem 1, if an evolution algebra A has no basic proper ideals then A is irreducible.
In particular, if dim A = 3 and A has no basic ideals of dimension two, then A is irreducible. In the
following result we shall characterize this fact for a particular type of evolution algebra. Recall that
two * symbols in the same matrix do not necessarily have the same non-zero value.

Lemma 3. Let A be an evolution algebra with a natural basis B = {ey, ep, e3} with respect to which the
structure matrix is like

X ok W
Mjg(A) = 0 % =
0 *x =*
* a4 Aa
with |Mg(A)| = 0. Then, A has a basic ideal with dimension 2 if and only if Mgp(A) = | 0 b Ab | with
0 ¢ Ac

a,b,c,A € K\{0} and A # —lc’—;.

Proof. Suppose that [ is a basic ideal of A with dim I = 2. Since it cannot be I = Ke; (as the ideal
I has dimension 2), we obtain that e% = aeq + bey + ces belongs to . In fact, either mp(I) # 0 or
mt3(1) # 0. Thus, if u € I is such that 715 (1) # 0, then epu = pes € I for some u # 0, and hence, €3 € I.
Similarly if 773 (1) # O then ¢3 € I and if follows that €3 € I as ee3 € I. Consequently €2 = Leje? € I.
Therefore, e; € I and I = lin{ey, bey + ce3}. Since I is a basic ideal, there exists v = we; + Bex + ye3
such that B = {e1, bep + ce3, v} is a natural basis of A. From ve; = 0 we obtain that « = 0, and hence,

v = Bey + ye3 where |B] + || # 0. Since,

(bey + ce3)v = (bey + ce3)(Bea + yes) = bpes + cye3 =0,
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it follows that B # 0 and 7 # 0 simultaneously, as e3 # 0 and e% # 0. Hence, we obtain that €3
and e% are proportional and non-zero. In fact, e% = Ae% with A = —%. Moreover, as be, + cez and
v = Bey + yes are linearly independent we obtain that by — ¢ # 0. Thus, g # % and so A # —i’—;.

Conversely, if e% = Ae% with A # — i’—;, then it follows that B = {eq, bey + ce3, e — %e;«;} is a natural
basis of A and I := lin{ey, be; + ces} is a proper two-dimensional basic ideal. [

Theorem 5. Let A be a three-dimensional, irreducible, non-degenerate evolution algebra. Then, A has a
one-dimensional basic ideal and has no two-dimensional basic ideals if and only if A has a natural basis B such
that the structure matrix Mg(A) is within the following types (non-isomorphic each other), where * denotes a
non-zero scalar and w,w € K :

* % 0
i Mp=| 0 w x | with|M|#0.
0 x w
* %
(i) Mp=| 0 w x | with|My|#0.
0 x w
X % W x a —i’—;a
(iii)) M3z = 0 * =« with |M3| = 0 and either M3 = 0 b —Zg—;b or Ms having no
0 * = 0 c —i’—;c

proportional columns.

Proof. For the sufficient condition, suppose that A has a natural basis of type M, My, or M3. Then A
has a basic ideal with dimension 1 (namely I = Ke;). Moreover, A does not have a basic ideal with
dimension 2. In the case of M; and Mj this last assertion follows from the fact that all the natural basis
of A are related by Propositon 1, and from Lemma 2 none of the related natural basis of M; or M, are
of the type

Mg: /Mh: 0 0 IMC: 7 (2)
0 0

which together with Proposition 3 shows that A does not have any two-dimensional basic ideals. In
the case of M3, it follows from Lemma 3 that A does not have any two-dimensional basic ideals.

For the necessary condition, suppose that A has a basic ideal of dimension one and does not have
any two-dimensional basic ideals. Then, it is not restrictive to assume that I = Ke; is a one-dimensional
basic ideal. On the other hand, by Proposition 3, we have that Mp(A) is not in any of the situations of
(2) (otherwise A has a two-dimensional basic ideal). As A is non-degenerate and I = Ke; is a basic
ideal we have that

In order to not be in the cases of (2), we must have

S O %
*

*

Still, this matrix could be of the type M. in (2). Consequently we have the two
following possibilities:
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* ko ok
Casel. | O x| . Again because of (2) we must have | 0 * |. Therefore, Mg(A) is of
0 = 0 =
type Mj.
* * ok * 0 *
Case2. [ 0 * | . Here we have either | 0 * |or| O *
0 = 0 = 0 =
kK %
Case2.1. Mg(A)=| 0 * | . We consider the following situations:
0 =
kK %
Case2.1.1. Mg(A)=1| 0 x| with [Mp(A)| # 0 and we are within the type M.
0 =
k% * * * *
Case2.1.2. Mg(A)=| 0 x | =1 0 w x | with|Mp(A)| = 0. Therefore we have that
0 = 0 = w
kK
‘ ( 1{] ; ) ‘ =0sow # 0and @ # 0. Consequently, Mg(A) = | 0 * x | with |[Mp(A)| =0,
0 * *
*x kW * kW
whichisincludedin M= | 0 % x | with |M|=0.ByLemma3 either Mg(A)= | 0 % =
0 % = 0 * =
* a —?—;a
with no proportional columns or, Mg(A)=| 0 b — ZC’—; otherwise.
0 ¢ —?—;c

Finally, note that these three types of algebra are not isomorphic. In fact, if A; is an evolution
algebra with a structure matrix of the type M; respectively, for i = 1,2,3, then obviously A; with
i = 1,2 is not isomorphic to A3 because |M3| = 0 and |M;| # 0 for i = 1,2. Also, from Corollary 2
all the natural basis of A are related, and from Lemma 2 we know that A; does not have a related
structure matrix of the type M. Therefore, A; and A, are not isomorphic. [

Theorem 6. Let A be an irreducible, three-dimensional, non-degenerate evolution algebra. Then, A has a basic
ideal of dimension two if and only if there exists a natural basis B such that the structure matrix associated
Mg (A) is within the following type, where * denotes a non-zero scalar and a, B,y € K:

x oy
Mg(A)=1| B x|, with |a| 4+ |B| + |y| # 0, and no zero columns.
0 0

Proof. As A has a two-dimensional basic ideal, there is a natural basis B such that the structure
matrix is

Mp(A) =
0 0

Also, by Theorem 1, we have that the two first entries of the third column cannot be zero
simultaneously (otherwise A is reducible). We have then two possibilities:
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, * |- ®)
00 00

In addition, we cannot have the following cases
0 0 |, 0
0 0

as in the firstone A = [ @ [ with I = Ke, and | = lin{ey, e3}, and in the second one A = [ @ | with
I = Kej and | = lin{ey, e3}. Hence, applying this to (3) we have either

B ox B
% 0% or % * (4)
0 0 0 0
B *
with |a| 4+ [B| 4+ |y| # 0. Nevertheless, if B = {ej,ep,e3} is such that Mg(A) = | « v | and
0 0
we consider B = {ey,e;,e3}, then the structure matrix relative to the new natural basis is Mz(A) =
oy
B % | . So in both cases we arrive (after reorganisation of the basis if needed) at a structure
0 0
oy
matrix of the type B x| with |a| 4+ |B] + || # 0 and non-zero columns.
00
Reciprocally, if A is an evolution algebra and B a natural basis of A such that the structure matrix
a
associated to itis Mp(A) = | B * | without zero columns and with |a| + |8| + |y| # 0, then
0 0

I = lin{ey, ez}, is a basic ideal of A and by Corollary 5 it is clear that A is irreducible. [

Lemma 4. Let A be a non-degenerate evolution algebra such that dim A% = 2. Then, A? is a basic ideal if and
only if there exists a natural basis B = {eq, e, e3} such that

a1 P11 m
Mp(A)=| az B2 72 |, )
O 0 O

with non zero columns and w;, B;,vi € K, fori =1,2.

Proof. If A? is a proper basic ideal with dimA? = 2, then there exists a natural basis B = {e1, e, 3}
such that A2 = lin{e1,ex}. Thus, e3x = 0 for every x € A2. As B is a natural basis, there exist
«;, Bi,vi € Kfori =1,2,3 such that

el = wne1 + agex + azes,
2

e = prer+ Poea + Paes,
2

ez = yi1e1 + Y282 + y3es.

Equivalently, the structure matrix of A relative to B is
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a1 P1om
Mp(A)=| ar B2 T2
a3 Pz 73

Since 63612 =0fori=1,2,3and e% # 0 as A is non-degenerate, a3 = B3 = 3 = 0. Thus,

v p1om
Mp(A)=| a2 B2 M
0o 0 o0
and A2 = Zin{e%,e%,e%} is such that dimA? = 2. Clearly, all columns are non-zero, as A is a

non-degenerate algebra.
Conversely, suppose there exists a natural basis B = {ej, e, e3} such that the structure matrix of
A is given by (5). Then A? = lin{e1, e;} is a basic ideal with dimension 2, as desired. [

Lemma 5. Let A be an evolution algebra and let B = {e1, e, e3} be a natural basis such that the structure

matrix of A relative to B is of the type

Mp(A)=| « « | with |B| + |ay| # 0.
B

If dim A2 = 1 then A has proper basic ideals.

Proof. If 3 = 0 then a # 0 and 7y # 0, so dim A? = 2, a contradiction. Thus, B # 0, and hence, since
the columns of Mp(A) are proportional, as dim A2 = 1, we have

S a Aa ua
Mp(A)=1| * = x | =| b Ab ub |,
x ok ok c Ac puc

with a,b,¢, A, p € K\{0}. We shall split the proof in two cases:
Case 1. Ab? + uc® # 0. Then, B = {ey, bey + ce3, ep — %33} is a natural basis of A and I; = lin{eq, be, +
ce3} is a basic ideal of A.

2 2
Case 2. Abz—l—ycz=0.Then,/\:—”b%,soe%:—%e%.Thus,

2
£k k a —Lra pa

2
Mp(A)=My=| = = x | =] 1b _’%b ub

2
ook X c —”bizc jic

Let us consider B = {&,8,83} = {ey, %62, es}. Then, by applying Proposition 2 with a1 = 1,
Ny = %, and a3z = 1 we get that a%l‘;—i =1and

2 2 2
4 uc 43
ma gz g Ha a —pa ua
M5z(A) = ”‘%b VCZb %3 b = —
5 = & _ag : o =| ¢ —puc puc
G _gpcd ¢ —pc e
e @ C apc

We shall consider two different cases again.
Case 2.1. a> + uc? # 0. Then, B = {é,,aé; + cé3, cé; — %53} is a natural basis and I, = lin{ep, ae; + ces}
is a basic ideal of dimension two.
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Case 2.2. a* + pc* = 0. Then,

2

w

a —a a —a

a —ua ua a sza 2 a a 2 P

2 2 2 2

- _ _ — a a — a a
Mz(A)=| ¢ —pc pc | =1 ¢ %c —%c =1 c T
c —uc c a _a a4

pe p ¢ =2c 2¢ ¢ = c

Let us consider now B = {21,8,,8} = {181,280, 383} = {%’e], — 38, —H%Eg}. By applying

Proposition 2 witha; = 1, 0y = — %, and a3 = 5 we have,
P 1= 4,02 22 3= 2
2 2
a5 g3 a3 a3
M e Tya 1 1 -1
- = x 2 %l | = -1 —
M;(A) he wmf gt 1 -1 1
"‘1 IX% uz _ gz 1 1 _1
w¢ me TWC

Thus, B = {?12, u,v}, where Elz =1 —eé)+e3u==e+e;v==e; — e+ 2e3is anatural basis of
A and A? is the ideal generated by ¢2. Note that A? is a basic proper one-dimensional ideal. [

From Theorem 1 we can deduce that whenever a non-degenerate evolution algebra A has no
basic ideals of dimension one or two, then A is irreducible. We shall obtain a necessary and sufficient
condition for this property.

Lemma 6. Let A be a non-degenerate three-dimensional evolution algebra with no proper basic ideals, and let
Mg (A) be the structure matrix of A with respect to a natural basis B. Then Mp(A) cannot be within any of the
following types of matrices

0 0
M1 = 0 ,‘MZZ ;M3: 0
0 0
0 0
My = iMs=1 0 0 |; Me=

Proof. If Mg(A) = M; with i = 1,2,3 then Ke; is a basic ideal of dimension 1 (withi = 1,2,3
respectively). Similarly, by Proposition 3, the structure matrix of A has to be different from M; for
i =4,5,6, as otherwise A has a basic ideal of dimension two (namely, Iy = lin{e1,e2}, Is = lin{e, e3}
and I = lin{ey, e3} respectively). [

Theorem 7. Let A be a non-degenerate three-dimensional evolution algebra with no proper basic ideals. Then,

A has a natural basis B = {eq, ez, e3} such that

Mp(A)=| « « | with |B| + |ay| # 0. (6)
B

Moreover, B can be reordered in a way such that either

MB(A) = M1 = * or MB(A) = Mz = * *
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Proof. First, we shall see that whenever Mp(A) is like (6), then B can be reordered such that either
Mg(A) = My or Mg(A) = My. Indeed, if B # 0 then Mp(A) = M;. Otherwise, B = 0 and so

Mp(A) = | = *
0 x
x 0 * %
Then either Mg(A) = My = | x x | orMg(A) = | = * | . But the latter case is
0 =x 0 =
*
gathered in Mp(A) = * . If we consider the reordering B’ = {ey,e3,e2} then, by Lemma 2,
*
we have
* k
Mp(A) = | = = Mp/(A) = * | =M, ?)
* *

which proves the claim.
We shall prove now that whenever A is non-degenerate and has no proper basic ideals, then A
has a natural basis B = {ej, ¢z, e3} such that

Mp(A)=| w * with |B] + |ay| # 0. 8)
B

We shall split the proof into the following two cases: § = 0 and  # 0 (Cases 1 and 2).

Case 1. Mp(A) = . By Lemma 6 we must have | x . Again by Lemma 6 the
0 0 =
choices are the following;:
* *
Casell | = which is a particular case of | which is equivalent to M; by (7).
0 = *
0 *
Case 1.2 * . Hence, again from Lemma 6, we have * * |, sowe arrive to M.
0 = *
Case 2. Mp(A) = . Here we consider the following situations:
g
0 * 0
Case 2.1 . By Lemma 6 we have that * | , but this is a particular case of Mj.
* *
*
Case 2.2 . We have the following possibilities:
* )
* *
* and | O
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* 0
Case 2.2.1 | =* . Since by Lemma 6 we cannot have then we get the cases
* 0
* * *
* and | %
x % *
* *
Case 2.2.1.1 * . This is a particular case of | * that is equivalent to M by (7).
% * *
% * % * %
Case 2.2.1.2 * . Here we have either * or * . The matrix
* * ok * 0
* * % * *
* is gathered in | x . For the case | = the choices are
* % * * 0
* % * %
* 0 and * *
* 0 * 0
* 0
The first one is equivalent to | * | for B" = {ey,e1,e3}, and the second one is contained
0 =x*
* *
in the case x | and hencein | =* by (7).
* *
* *
Case 2.2.2. 0 . From Lemma 6, we arrive to 0 * | . Now the choices are either
¥k 0 =x* *
x or| O x| . The first case is contained in | * for B' = {ey,e3,e2}.
*
0 = * 0
For the second one, by Lemma 6, we obtain | 0 * | which is equivalentto | x | by
* 0 =

considering B’ = {ey,e3,e2}. O

Corollary 6. Let A be a non-degenerate three-dimensional evolution algebra. Then the following assertions are
equivalent:

(i) A has no basic proper ideals;
(if) A has a natural basis B with respect to which,

Mgp(A)=] «a * | with |B| + |ay| #0, )
B

and either diim A> = 3 or dim A2 = 2, and there does not exist a nonsingular matrix P such that
PM5(A) = Mp(A) P2 where M5 (A) is a matrix of the type
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ar P11 m
Mz(A)=| a2 B2 T2
0O 0 O

Proof. (i) = (ii) Let us suppose that A has no basic proper ideals. Then, by Theorem 7 there is a
natural basis B such that its structure matrix is within the type (9). Also, by Lemma 5 we know that if
dim A% = 1, A has basic ideals. If dim A2 = 3 then A has no proper ideals. Indeed, as 8 and y cannot
be zero simultaneously, it follows that every non-zero ideal I contains A?. If dim A% = 2 the conclusion
follows from Lemma 4 joint with Proposition 4 (In this last case, the entries of third row of Mg(A)
cannot be zero simultaneously).

(ii) = (i) Whenever A has a structure matrix of the type (9), then any ideal contains A2. Hence,
if dim A2 = 3 then the conclusion is clear, and if dim A% = 2, then by Lemma 4, A cannot have a
proper ideal. O

The following result is nothing but Corollary 6 in the particular case that dim A? = 2: keep in
mind Proposition 4 and the fact that the associated graph to a natural basis B = {ej, e, e3} does not
have a source in ¢; if and only if the ith row of the structure matrix associated to B is a zero row.

Corollary 7. Let A be a non-degenerate evolution algebra with dim A? = 2. Then A has no proper basic ideals
if and only if A has a natural basis respect to which the structure matrix is of the type (9) and all the natural
bases of A have an associated graph with no source vertices (this is a graph such that every vertex has some
incoming edge).

We shall study now when a non-degenerate evolution algebra A is reducible. In this case,
A = I ® | where dim ] = 1 and it has no zero product (otherwise A is degenerate) and dim | = 2
with | a non-degenerate two-dimensional basic ideal. Therefore, by Theorem 4, | has a natural basis

{e2, e3} with respect to which the structure matrix is of the type Mj, = ( z; S ) , My, = < S ; )

or Mj, = , being that these types are non-isomorphic. Thus, A has a natural basis
* *

B = {e, €2, €3} with respect to which Mg(A) is within the following types:

IS )

0 * 0 0 0
M, = 0 |, M= 0 0 % |,M3= w
* 0 = 0 *

S O ¥
S *x O
O O ¥

*

We shall see now that these algebras are non-isomorphic. In order to do so, the following Lemma
shall be useful.

Lemma 7. Let A be a three-dimensional evolution algebra such that A = I ® J with dim [ = 1 and dim | = 2.
If ] is irreducible, then the decomposition of A is unique.

Proof. Let ussupposethat A =I1®] = [@ JwheredimI =dim [ =1.Then, [~ A/l = ([®])/I ~
I/1& /1. As ] cannot be decomposed we have that I/1 = 0; note that dim [/I < 1. Then, I = [ as
dimI =dimf=1,s0] C Jor equivalently | = ], as they have the same dimension. [

Theorem 8. Let A be a three-dimensional reducible and non-degenerate evolution algebra. Then, A has a natural
basis B such that the structure matrix associated to it, M (A), is within the following non-isomorphic types:
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* 0 0 * 0 0 *x 0 0
M= 0 = 0 |,Mpy=]|] 00 = |, Mzs=| 0 w w |,
0 0 = 0 = O 0 x x

withw,w € K.

Proof. As said above, by Theorem 4 there exists a natural base B such that Mp(A) has the form of Mj,
M, or M3. Let us denote by A; the algebra given by the structure matrix M; with i = 1,2, 3. By the
above Lemma it follows that the decomposition of A, A3 is unique, and so A; are non-isomorphic, for
i = 2,3, as J; are not isomorphic either. But similarly, neither A, nor A3 can be isomorphic to A;, as J;
is reducible and J,, J5 are irreducible. [

4.2. The Degenerate Case

The following result describes whether an evolution algebra is reducible according with the
number of elements in the natural basis having zero square.

Theorem 9. Let A be a degenerate evolution algebra and let B = {eq, e, e3} be a natural basis of A.

(i)  Suppose that ¢2 = €3 = €3 = 0. Then, A has zero product and is reducible.

(ii) Suppose that e% = e% = 0and e% # 0. Then, A is reducible.
(iii) Suppose that e =0, 5 # 0and €3 # 0. Then we have one of the following situations

0 a ta
() €5 and e3 are linearly dependent, and so Mg(A) = | 0 B tB |. Then:
0 v ty
(a.1) Ais reducible if and only if |B| + |y| # 0.
* ok
(a.2) Aisirreducible if and only if Mg(A) = | 0 0
0 00

(b) e% and e% are linearly independent. Then:

0 wpp wi
(b.1) Ais reducible if and only if Mp(A) = | 0 wop wys | with wypwss — wpwys # 0.
0 w3 ws

0 w w
(b.2) Adisirreducible if and only if Mg(A) = 0 a at | withw # wt and |a|+ |B| # 0.
0 B pt

Proof. (i) It is clear that if A has a zero product then A is reducible. Indeed, A = I & | where
I =lin{ey, e} and | = Kes.

(ii) Suppose that e% = e% = 0 and e% # 0. Consider e% = wize1 + wozer + wizes. We have the
following possibilities:
Case (ii)(1) w33 # 0. Then, A = I & ] where I = lin{ej,e;} and | = Ke3.
Case (ii)(2) w33 = 0. We shall consider the following situations.
Case (ii)(2.1) woz # 0. Then A = I @ | being I = lin{es, e} = lin{es, wize; + wozer } and | = Key.
Case (ii)(2.2) w3 = 0, which immediately implies wq3 # 0. Then A = [ @ ] with [ = lin{e1,e3} and
] = KEQ.

(iii) Let assume that e% =0, e% # 0 and e% # 0. We shall split the proof of this assertion in two
cases (a) and (b).
Case (iii)(a) €5 and €3 are linearly dependent. Hence, there exists t € K\{0} such that te3 = €3 # 0.
We claim that whenever A is reducible then one of the ideals is Ke;. To prove the claim suppose
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that A = [ @ . Since it cannot be 715(I) = 12(J) = 0 (as m2(A) # 0), it is not restrictive to assume
that 7(I) # 0. But ma(I) # 0 implies that 7(J) = 0, as otherwise 3 € 1N ]. Also, whenever
mo(I) # 0 then 7t3(I) # 0. Indeed, if 713(I) = 0, then 713(J) # 0 (otherwise 713(A) = 0). Thus,
3 = te3 € IN ] = {0}, a contradiction. Therefore 71, (I) # 0 and 713(I) # 0 while 713(]) = 73(]) =0
(asINJ= {0} and e% = te% # 0). Thus, we obtain | = Key, as desired to prove the claim.
We shall consider two different situations:

Case (iii)(a.1) e% = te% € Keq, with t # 0. Then, from the former claim it follows that A is not
reducible. Indeed, let us assume that A = [ @ J. Then, | = Key and 715(I) # 0 as shown above. Hence,
e% = te% € INJ,and thus, e; € IN] # {0}, a contradiction. Thus, whenever the structure matrix of A
is of the type

Mp(A) =

o O O
o O %
S O %

the evolution algebra is irreducible.

Case (iii)(a.2) €3 = te3 ¢ Key, with t # 0. Then e3 = ae; + Bea + ye3 with |8 + |y| # 0. We consider
the following possibilities:

Case (iii)(a.2.1) a = 0. Then A = [ ¢ | with [ = lin{ep,e3} and | = Ke;.

Case (iii)(a.2.2) & # 0. Then, as |B| + || # 0, we have the following possibilities:

Case (iii)(a.2.2.1) B # 0. Then A = [ & ] with I = lin{e3,e3} = lin{ae; + Per, e3} and | = Ke;.

Case (iii)(a.2.22) B = 0. Then, v # Oand so A = [ & ] where | = Key and I = lin{ey, €3} =
lin{wey + yes, ez}

Case (iii)(b) e% and e% are linearly independent. We claim that A is reducible if and only if e; ¢
lin{e3, e3}. To prove the claim, suppose that e; ¢ lin{e3,e3}. Then, A is reducible since A = I & | with
I = lin{e3,e3} and | = Ke;. In this case, the structure matrix is

0 wipp w3
Mp(A)=| 0 wyp wy
0 ws wss

with wywsz — wapwys # 0. To finish the proof of the claim, suppose now that e; € lin{e%,e%} and
let us show that A is irreducible. Assume towards contradiction that A = [ @ | is a non-trivial

3
decomposition and suppose that 715(I) # 0 while 712(]) = 0, which is not restrictive. Let ¢3 = . wje;
i=1

2 _
ande3—‘

1

wize;. From the fact that ey € lin{e3, e3} it follows that

1
Wap W23 —0
W3y W33

Therefore, there exists t € K such that

Wy w3 | _ [ wn twxp
w3y W33 w3y  twszp

We are going to distinguish between two cases:
Case (iii)(b.1) w3y # 0. Then, since e% € I (because 712 (I) # 0) we deduce that e% € I, and hence, ¢ € |
as e € lin{e3,e3}. Also, we have that 73(J) = 0 (otherwhise e € I N J) and similarly 71,(J) = 0. Thus,
] = Keq and e; € I N ], a contradiction.
Case (iii)(b.2) w3y = 0. Then:
Case (iii)(b.2.1) If 713(I) # 0 then, since 71o(I) # 0, we have that [ = lin{e%, e%}, and hence, e; € I, and,
as in the case (b.1), we get e; € I N J, a contradiction.

3
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Case (iii)(b.2.2) Suppose 73(I) = 0, and recall that 71,(I) # 0. Consequently, 713(J) # 0 and 72(]) = 0.
3 3

It follows that wy; = w3 = O as 5 = wpe; € I with m3(I) = 0and 3 = Y wie; € J with
-1 i=1

12(J) = 0. Therefore

1

Wy wy3 |\ _ [ wxp twp \ _ [0 0
W3y W33 w3 tws 0 0

which contradicts the fact that ¢ and €3 are linearly independent.
Hence, we conclude that if €3 and 3 are linearly independent, then A is irreducible if and only

W21
if e; € lin{e3,e3}; ie. if and only if ( 2 ) and < 32 ) are proportional but | wy | and
w23 w33
w23

W31
w3, | arenotas €3 and €3 are linearly independent. This is equivalent to
W33

0 w w
Mp(A)=1 0 a af
0 B pt

with @ # wt, and |a| + |B| # 0. The restis clear. [

Theorem 10. Let A be a three-dimensional degenerate evolution algebra. Then we have the following:

(i) A is reducible if and only if there exists a natural basis B of A whose structure matrix is within the
following types:

(@) Mp(A) =

o O O

QR

(b) Mp(A) =

ey

with |a| + B + |y # 0, &, 8,7 € K.

O O O O o o

Y

ta

tB | with |B| +|y| #0andt #0,a,8,v € K.
ty

w

B | withw,w,a,pB,v,6 € Kand aé —yp # 0.

¥ 0

(i) A is reducible if and only if there exists a natural basis B of A whose structure matrix is within the
following types:

(0 Mp(A) =

OO OO O OO o o oo

2 2 2> =

(d) Mp(A) =

o

0 x =
© MgA) =00 0
0 0 0
0 w w
) Mp(A)=| 0 a at | withw # wt and |a|+ |B| # 0.
0 B pt

The former type of evolution algebras are non-isomorphic to each other.
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Proof. We obtained this classification because of Theorem 9. Let us check that they are non-isomorphic.
First of all, none of the algebras in the group (i) can be isomorphic with any of the algebras in the
group (ii), as those in the former group are reducible while those in the latter group are not. In the
group (i), the algebra (a) is clearly non-isomorphic to any of the others, as its product is zero. On the
other hand, (b) cannot be isomorphic to (c) or (d) because its annihilator has two-dimensional, while
(c) and (d) and have a one-dimensional annihilator. To verify that (c) is not isomorphic with (d), we
just point out that in (c), dim A% = 1, while in (d), dim A% = 2. In the group (ii), finally, (¢) cannot be
isomorphic to (f), as in (e) we have dim A? = 1; meanwhile, in (f) we have dim A>? =2. O

4.3. The Main Result

To sum up, we gather Theorems 5 and 6, Corollary 6, Theorems 8 and 10 in the theorem below,
showing that when we classify three-dimensional evolution algebras according to their degeneracy
and their reducibility we obtain 14 non-isomorphic types of evolution algebras.

Theorem 11. Let A be an evolution algebra with dim A = 3 and let us consider t,a,b,c € K\ {0} and
«,B,7v,6,w,w € K. Then:

(i) Suppose that A is degenerate and reducible. Then, there exists a natural basis B such that the structure
matrix of A relative to B is like My, Mp, M3 or My, where:

[ ] M1:

o O O

[ ] Mz:

s>

with |a| + |B] + || #0;

o O O O O O
=

Y
to
tB | with |B|+ |v| #0;
ty

w

B with aé — yB # 0.
v 6

(i) Suppose that A is degenerate and irreducible. Then, there exists a natural basis B of A whose structure
matrix is like Ms or Mg, where:

[ ] M3:

O O OO O OO o O oo

2 8 Q™=

[ ] M4:

o

0 * =«
e M= 00 0 [,
0 0 0
0w w
e Mg=| 0 a at | withw #wtand|a|+ |B] #0.
0 B pt

(iii) Suppose that A is non-degenerate and reducible. Then, there exists a natural basis B of A which structure
matrix is like My, Mg or Mg, where:

* 0 0

° My = 0 = 0 ;
0 0 =
* 0 0

° Mg = 0 0 x |;
0 = 0
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* 0
e Myg=1| 0 w
0

*» & o

*
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(iv) Suppose that A is non-degenerate and irreducible. Then, there exists a natural basis B of A such that the

structure matrix associated to it is like My, M11, Mq2, M13 or My, where:

* % 0
° My = 0 w = with |My| # 0;
0 = w
kok %
° M = 0 w = with |M11| #0;
0 = w
b2
¥ kW * a4 —5a
e Mp = 0 * =« with |Myy| = 0 and either M1y = 0 b —%b or My, has no
0 P
* % 0 ¢ —ac¢
proportional columns;
&y
e Mpz=| B x| with |a|+ |B| + |y| # 0, and no zero columns;
0 0
*
e Myu=| « * with |B| + |ay| # 0, range of My4 greater than 1, and such that it does
B
a f1om
not exist a nonsingular matrix P such that PX = M P2, where X = | ap B2 T2
0 0 O

Moreover, if A has a basic ideal of dimension 1 and has no basic ideals with dimension 2, then Mg(A) is
given by either Myo, M1j0rMyy. If A has basic ideals of dimension 2 then Mp(A) is like M3 and if A

has no proper basic ideals then Mg(A) is like M.

In fact, for 1 < i < 14, denote by A; an evolutionary algebra having a natural basis of the type M;
described above. Then, these algebras are not isomorphic and we obtain the following classification of evolution

algebras with three dimensions:

Degenerate Non-Degenerate
Reducible Al, Az, Ag, A4 A7, Ag, Ag
Irreducible A5, A6 AlO/ All/ A12/ A13, A14

Therefore, we have obtained 14 non-isomorphic types of evolution algebras of dimension 3.

This means that an algebra of the type A; is not isomorphic to an algebra of the type A; whenever
i #j,1<1,j <14. Nevertheless, we found several non-isomorphic evolution algebras that belong to
the same type. As a matter of fact, by considering the 116 types of non-isomorphic three-dimensional
evolution algebras described in [17], we have reclassified them into the 14 different types A; described
above. It is easy to check when one of the algebras stated in [17] belongs to one of the types obtained

in this paper by just considering the properties:

(a) Being reducible or not;

(b) Being degenerate or not,

(c) Having a basic ideals of dimension 1 and no basic ideals of dimension 2;
(d) Having a basic ideal of dimension 2;

(e) Having no proper basic ideals.
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