View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by ASU Digital Repository

Steady State Analysis of Load Balancing Algorithms in the Heavy Traffic Regime
by

Xin Liu

A Dissertation Presented in Partial Fulfillment
of the Requirement for the Degree
Doctor of Philosophy

Approved June 2019 by the
Graduate Supervisory Committee:

Lei Ying, Chair
Siva Theja Maguluri
Weina Wang
Junshan Zhang

ARIZONA STATE UNIVERSITY
December 2019


https://core.ac.uk/display/286400761?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

ABSTRACT

This dissertation studies load balancing algorithms for many-server systems (with
N servers) and focuses on the steady-state performance of load balancing algorithms
in the heavy traffic regime such that the load of systemis A=1—- N for 0 < a <
1. The framework of Stein’s method and (iterative) state space collapse (SSC) are
used to analyze three load balancing systems: 1) load balancing in the traffic regime
(0 < a < 0.5) with exponential service time; 2) load balancing in the traffic regime
(0.5 < a < 1) with exponential service time; 3) load balancing in the traffic regime
(0 < a < 0.5) with Coxian-2 service time.

When 0 < o < 0.5, i.e. the traffic load is lighter than the Halfin-Whitt regime,
the sufficient conditions are established such that any load balancing algorithm that
satisfies the conditions have both asymptotic zero waiting time and zero waiting prob-
ability. Furthermore, the number of servers with more than one jobs is o(1), in other
words, the system collapses to a one-dimensional space. The result is proven using
Stein’s method and state space collapse (SSC), which are powerful mathematical tools
for steady-state analysis of load balancing algorithms. The second system is in even
“heavier” traffic regime (0.5 < a < 1), and an iterative refined procedure is proposed
to obtain the steady-state metrics. Again, asymptotic zero delay and waiting are
established for a set of load balancing algorithms. Different from the first system, the
system collapses to a two-dimensional state-space instead of one-dimensional state-
space. The third system is more challenging because of “non-monotonicity” with
Coxian-2 service time, and an iterative state space collapse is proposed to tackle the
“non-monotonicity” challenge. For these three systems, a set of load balancing algo-
rithms is established, respectively, under which the probability that an incoming job
is routed to an idle server is one asymptotically (as N — oo) at steady-state. The

set of load balancing algorithms includes join-the-shortest-queue (JSQ), idle-one-first



(I1F), join-the-idle-queue (JIQ), and power-of-d-choices (Pod) with a carefully-chosen
d.
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Chapter 1

INTRODUCTION

The rapid development of cloud computing, social networking, Internet-of-things
(IOT) and machine learning brings intensive volume of internet traffic to data centers.
Load balancer is an indispensable component in data center to optimize resource al-
location and support high quality of service (e.g. job delay). Load balancing in data
centers routes incoming jobs to servers to balance the load across servers and to min-
imize response times to improve user experience. It has been reported in Schurman
and Brutlag (2009) that an extra delay of 500 ms led to 1.2% loss of users and revenue,
and low delay (i.e. short response time) is very important in modern data centers

networks.
1.1 Background

Load balancing reconciles two priory objectives in many-server systems, efficiency
and quality of service Leverich and Kozyrakis (2014): on one hand, data center aims to
maintain high quality of service by keeping workload per server (efficiency) low; on the
other hand, data center should keep high efficiency to reduce the operation cost (e.g.
power and cooling down), which may sacrifice quality of service. The efficiency-quality
trade-off motivates researchers to consider heavy traffic regime in large-scale server
systems (N servers), where workload per server is A = 1 — N~ and « is a positive
constant in (0,1). In this regime, A\ (efficiency) becomes high as N increases, which
even approaches to one as N becomes large. In the heavy-traffic regime, the important
questions to be answered are: what load balancing algorithms should be used in this

regime? how do these algorithms perform (e.g. job delay)? In this dissertation,
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we aim to address the two fundamental questions in the regime for 0 < a < 1.
Moreover, job size (e.g. machine learning training task) in load balancing systems
are highly-dynamic and the distributions of service time are general. Therefore, the
conventional assumption of exponential service time needs to be relaxed. However,
performance analysis of load balancing systems with non-exponential service is much
more challenging Harchol-Balter (2013). This dissertation takes a first step to tackle
this challenging problem by considering load balancing systems in heavy traffic regime

0 < o < 0.5 with Coxian-2 service time.
1.2 Literature Review

Steady-state analysis of many-server systems is one of the most fundamental and
widely-studied problems in queueing theory. The stationary distribution of the classic
M /M /N system (or called Erlang-C model) is one of the earliest subjects. For systems
with distributed queues where each server maintains a separate queue, it is well
known that the join-the-shortest-queue (JSQ) algorithm is delay optimal Winston
(1977); Weber (1978) under fairly general conditions. However, the exact stationary
distribution of many-server systems under JSQ remains to be an open problem. A
recent breakthrough in this area is Eschenfeldt and Gamarnik (2018), which shows
that in the Halfin-Whitt regime (o = 0.5) Halfin and Whitt (1981), the diffusion-
scaled process converges to a two-dimensional diffusion limit, from which it can be
shown that most servers have one job in service and O (\/N ) servers have two jobs
(one in service and one in buffer). This seminal work has led to several significant
developments: (i) Braverman (2018) proved that the stationary distribution indeed
converges to the stationary distribution of the two-dimensional diffusion limit based
on Stein’s method; and (ii) via stochastic coupling, Mukherjee et al. (2018) showed

that the diffusion limit of Pod converges to that of JSQ in the Halfin-Whitt regime at



the process level (over finite time) when d = ©(v/N log N); and (iii) when o < 1/6,
Liu and Ying (2018) proved that the waiting probability of a job is asymptotically
zero with d = ) (%) at the steady-state based on Stein’s method.

Motivated by the observation in the server system (e.g. call center) that waiting
time is comparable with the service time, Atar (2012) also studied a centralized
server model in even heavier traffic regime with @ = 1 and proved that the total
queue length with proper scaling converges to diffusion process as N — oo. He (2015)
extended the results in Atar (2012) to general service time and obtained the diffusion
approximation of the waiting time by joint scaling of the space and time. Braverman
et al. (2016) provided steady-state analysis of M/M/N system in the universal regime
for any 0 < a < 1 by using Stein’s method. For distributed server system, Gupta
and Walton (2019) considered load balancing in the regime a = 1 as considered in
Atar (2012), and it shown that the scaled total queue length weakly converges to a
stochastic differential equation (diffusion process). Based on the diffusion process,
various load balancing algorithms, JSQ, JIQ and I1F are compared in terms of the
total queue length.

Most of previous analysis of load balancing in heavy traffic regime, e.g. Eschen-
feldt and Gamarnik (2018), Mukherjee et al. (2018), Liu and Ying (2018) and Gupta
and Walton (2019), assume exponential service time. With general service time dis-
tributions, performance analysis of load balancing algorithms with distributed queues
is a much more challenging problem, and remains to be an active research area in
queueing theory Harchol-Balter (2013). Mitzenmacher (1996) proposed a mean-field
model of the Pod policy with gamma service time distributions without proving the
convergence of the stochastic system to the mean-field model. Aghajani et al. (2017);

Vasantam et al. (2017); Hellemans and Van Houdt (2018) proposed a set of PDE

models to approximate load balancing polices with general service times and numer-



ically analyzed key performance metrics (e.g. mean response time). They proved
the convergence of the stochastic systems to the corresponding ODEs or PDEs at

process-level (over a finite time interval instead of at steady state).
1.3 Summary of Contributions

In Chapter 3, we study load balancing systems (N servers) assuming exponential
service time. Each server has a buffer of size b — 1 i.e. a server can have at most one
job in service and b— 1 jobs in queue. Jobs are served in first-come-first-serve (FIFO)
order. We focus on the steady-state performance of load balancing algorithms in the
heavy traffic regime such that the load of system is A =1 — N7 for 0 < a < 0.5,
which we call Sub-Halfin-Whitt regime (o = 0.5 is the so-called Halfin-Whitt regime).
We establish a set of load balancing algorithms under which the probability that an
incoming job is routed to an idle server is one asymptotically (as N — 0o) at steady-
state. The set of load balancing that satisfy the condition includes JSQ, 11F, JIQ,
and Pod with d > N®log N. The proof of the main result is based on Stein’s method
and state space collapse.

In Chapter 4, we study load balancing systems (N servers) in even “heavier”
traffic regime (0.5 < a < 1), which we call Beyond-Halfin-Whitt regime, assuming
exponential service time and finite buffer size b — 1. By an iterative moment proce-
dure, we obtained high-order moment bounds on a distant function of total queue
length, which is used to refine the steady-state metrics (e.g. waiting time and waiting
probability). Interestingly, we establish a set of “zero-delay” load balancing, which
also includes JSQ, I1F, JIQ, and Pod with d > N®log® N.

We plot our contributions in Chapter 3 and 4 in terms of the waiting jobs Nso
and a log-scaled version of log Nsy/log N to summarize the key results in Fig. 1.1.

The result in Chapter 3 shows that Nsy can be O(1/N) for 0 < o < 0.5 at steady
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Figure 1.1: Our Contributions in Chapter 3 and 4.

state, which is purple line; Chapter 4 shows Nss is O(N®log N) at steady-state for
0.5 < a < 1, which is blue line; Braverman (2018) shown that Ns, is O(v/N) for
Halfin-Whitt regime o = 0.5 at steady state, which is red dot; Gupta and Walton
(2019) shown that Nsy is O(N) for a = 1 at diffusion level, which is green dot.

In Chapter 5, we study load balancing systems (N servers) in Sub-Halfin-Whitt
regime assuming Coxian-2 service time and finite buffer with size b — 1. We propose
an iterative state space collapse to tackle “non-monotonicity” with Coxian-2 service
time. We also identify a similar set of load balancing policies as in exponential service
(only differs in “constant”) that achieves asymptotic zero waiting. The results suggest
“Insensitive” property (to service distribution) holds for load balancing system in
heavy traffic regime as N — oo.

We would emphasis the analysis framework in the dissertation combines three
interesting and powerful tools for steady-state analysis: Stein’s method, iterative
state space collapse and iterative moment bounds. The framework helps tackle non-
exponential challenges and establish high-order moments on total queue length to

refine steady-state metrics (e.g. waiting time) in “heavier” traffic regime.



Chapter 2

STEIN’S METHOD AND STATE SPACE COLLAPSE

2.1 Load Balancing System

Consider a many-server system with N homogeneous servers, where job arrival
follows a Poisson process with rate ANV and service times are i.i.d. exponential random
variables with rate one (here we take exponential service as an example to showcase
our framework). We consider the traffic regime such that A = 1 — N~* for some
0 < a < 1. As shown in Figure 2.1, each server maintains a separate queue and we
assume buffer size b — 1 (i.e., each server can have one job in service and b — 1 jobs

in queue). Jobs are severed in first-in-first-come (FIFO) order.

lw

Load Balancer

PN
-~ ~
~
~
~
- -
&~ ~ A
Server 1 Server 2 Server N

Figure 2.1: Load Balancing in Many-Server Systems.

Let S;(t) denote the fraction of servers with at least ¢ jobs at time ¢ > 0. Under the

finite buffer assumption with buffer size b — 1, we define S;(t) =0, Vi > b+ 1, Vt >0
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for notational convenience. Furthermore, define set S C R’ such that
S:{SERb |1>s51>->s,>0and Ns; € N, Vi}.

We then have S(t) = [Sy(t), S2(t), -+ ,Su(t)]" € S for any ¢t > 0. We consider load
balancing algorithms which route each incoming job to a server upon its arrival based
on S(t) so that (S(t) : t > 0) is a finite-state and irreducible continuous-time Markov

chain (CTMC), which implies that (S(¢) : ¢ > 0) has a unique stationary distribution.
2.2 Generator Approximation

Define e; € R® to be a b-dimensional vector such that the ith entry is 1/N and all
other b — 1 entries are zero. Furthermore, define A;(s) to be the probability that an
incoming job is routed to a server with at least ¢ jobs when the system is in state s,

le.
A;(s) = Pr(an incoming job is routed to a server with at least i jobs| S(t) = s) .

From this definition, we have Ay(s) = 1. Given the definition above, the CTMC
transits from state s to s+ e; with rate AN (A;_1(s) — A;(s)), which occurs when an
arrival comes and is routed to an server with ¢ — 1 jobs; and transits from state s to
s — e; with rate N(s; — s;11), which occurs when a job leaves a server with ¢ jobs.
Let G be the generator of CTMC (S(¢) : t > 0). Given function f : S — R, we

have
Gf(s) = ZAN(AZ-_As) — Ai(s))(f(s +ei) — £(5))

+ N(si = siv1) (f(s =€) = f(s)). (2.1)
For any bounded function f:S — R,

E[Gf(9)] =0, (2.2)



which can be easily verified by using the global balance equations and the fact that
S represents steady-state of the CTMC.
To understand the steady-state performance of load balancing system, we will

establish moment bounds on the following function:

b
max{ZSi — 7],0} ,
i=1

where 7 is understood to be an “estimator” of Zle S;. The moment bounds measure
the likelihood that the total number of jobs in the system (N $2_, S;) exceeds nN.

M%N in load balancing system in the Sub-Halfin-Whitt regime

For example, n = A+
in Chapter 3. The metric measures N 2?21 S; exceeds NA + kv/Nlog N at steady
state, and can be used to bound the probability that an incoming job is routed to an
idle server.

We consider a simple fluid system with arrival rate A and departure rate \ + 6,
ie.

i = =0,

and function g(x) which is the solution of the following Stein’s equation in Ying

(2016):

g'(z) (=0) = (max {x —n,0})" Vz, (2.3)

where ¢'(z) = di’i—(m) and r is a positive integer. The left-hand side of (2.3) is to apply

L

the generator of the simple fluid system to function g(z), i.e.

It is easy to verify that the solution to (2.3) is

o) =5 s, 24
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and
gl('r) - = 5 >N (25)
Note that the simple fluid system is a one-dimensional system and the stochastic

system is b-dimensional. In order to couple these two systems, we define

s)=g (Z Si) ) (2.6)

and use f(s) defined above in Stein’s method.

Since Zi’:l si <bfor s €S, f(s) is a bounded for s € S. So

~ 5 g (Z s)] “0 27

Recall n = A + M%N and define

E[Gf(S)]

log N
hi(x) :max{:v—)\—ki,O}.

VN
Based on (2.3) and (2.7), we obtain

5 | <ZS> —ply (Zs) (8~ g (ZS)] 28

Note that according to the definition of f(s) in (2.6) and e;, we have

and



Substituting the equation above to (2.8), we have

oli(59)

B g (i si> (=0) = NA(L = 4(8)) (9 (:i Sit %> - (Zb: S))

ssblE ()]

From the closed-forms of g and ¢’ in (2.4) and (2.5), note that for any = < 7,

Also note that when z > n + %,

(2.10)

soforx>77+%,

SRR Sk A (2.11)

By using mean-value theorem in the region [n — +,n + ]%[] and Taylor theorem in

1
N

the region (1 + ~, 00), we have

1 1
oo+ 1) =90 = (960 + 1) = 90)) (1, yamrry + L)
q'(§) g(z)  g"(C)
N 177—%8697-1-%"{' N + N2 1x>7]+% (2.12)
1

R IC B (L S RVI0) | (NI Ry

g g g
= — N 177*%SI§77+%+ <— N + SN2 1$>ﬁ+% (2.13)

where £, ¢ € (z,z + &) and £,C e (x— ~, ). Substitute (2.12) and (2.13) into the

generator difference in (2.9), we summarize the generator difference the following

lemma and it will be used in Chapter 3 and Chapter 4.

10



Lemma 1.

E|h

i b
=E |d < Si) (AA(S) = A =0+ 51) Hzi-’=1s¢>n+}v] (2.14)
b

+E (g’ ( 57;> (—0) = A(1 = Ay(9))g' (&) + SJ(@) Hn_}vgzﬁ?lsiswr}v]
(2.15)
— B [% (M1 = A(S)g"(€) + $19"(0)) Ty, si>n+;1 : (2.16)

Note in (2.14) and (2.16), we have random variables &,( € (Z;):l Si, S0 S+ %)
and 5,5 € (Zle S; — %, Zgzl Sl-> whose values depend on Z?:1 S;. O

2.3 State Space Collapse

To study the generator difference in Lemma 1, we need to understand the system
behavior in the region where total queue length is larger than 7, which is related
to the term (2.14). In this region, we have an key observation that the system state
collapses to a restricted region, called state space collapse (SSC). The SSC observation
is critical to bound the term (2.14), therefore, the generator difference in (2.9). In the

following, we provide an intuitive argument on SSC by using the system in Chapter

klog N
Nl-«a

4 as an example: Load balancing in Beyond-Halfin-Whitt regime (note n = 1+
and § = 5= are chosen in Chapter 4).

For ease of exposition, we consider JSQ load balancing in a simplified system
with buffer size b = 1, where only s; and sy exists. Given the system state (si, $2)
and s; < 1, the drift of idle servers under JSQ is 1 — s; and that of sy is —ss,

because all arrivals are allocated to idle servers under JSQ when s; < 1. Specify

(s1,82) = (0.5,0.5) and the drifts are (0.5, —0.5). Therefore, s; increases very fast

11



and approaches close to 1, as shown in the green region. Since most of servers are
busy (s; is close to 1) in the green region, the total queue length per server s; + sy
has a small (negative) drift A — s;, where X is the arrival rate and s; is the departure
rate. In other words, the process s; is in fast time-scale outside the green region and
s1+ 89 is in slow time-scale within the green region, it implies that the system would

live in the green region with a high probability.
4 Na

52

Figure 2.2: Illustration of State Space Collapse

The SSC argument above is justified in Lemma 2, where given a set Il of load

1

balancing (e.g. JSQ), either s; is larger than 1 — 535

(most of servers are busy)

klog N

b .
or » . ,s;is less than 5757

(the number of waiting jobs are small). This is rea-
sonable for JSQ-like load balancing because s, will not build up if idle servers ex-

ist. Lemma 2 is proved by Lyapunov drift analysis of Lyapunov function V(s) =

Nl—a>

min {Z?:z 5; — kloeN 51} . The details can be found in the Appendix B.3.

Lemma 2. For any load balancing in 11y, we have

k?l N 1 —1)log
(mm{ZS Nolga , —Sl} > 2N°‘> ge*(k T

Given SSC statement in Lemma 2, we study the system in the green region, where

most of servers are busy (s; is close to 1), and we are able to bound the key term

12



of (2.14) in generator difference in Lemma 1. In fact, SSC observation motivates us
to approximate the original system with a simple system, where arrival rate A\ and

departure rate A + § with § = % ie.,

;;;:A—(Ha):—%.
We would expect that in the green region, the original system behaves “close” to
the simple system, which implies the steady-state metric of these two systems is also
“close” and the simple system is a good approximation.

In summary, Stein’s method enables us to couple an approximated simple system
with the original system associated with certain metrics. To established the metric

of the original system (at steady-state), we need to study the gradient bound terms

in (2.15) and (2.16) and SSC term in (2.14).
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Chapter 3

STEADY-STATE ANALYSIS OF LOAD BALANCING IN SUB-HALFIN-WHITT
REGIME

This chapter studies the steady-state performance of load balancing algorithms
in many-server systems. We consider a system with N identical servers with buffer
size b — 1 such that b = O (\/W ) , in other words, each server can hold at most
b jobs, one job in service and b — 1 jobs in buffer. We assume jobs arrive according
to a Poisson process with rate AN, where A = 1 — N for 0 < a < 0.5 and have
i.i.d. exponential service times with mean one. When a job arrives, the load balancer
immediately routes the job to one of the servers. If the server’s buffer is full, the
job is discarded. We study a class of load balancing algorithms, which includes
join-the-shortest-queue (JSQ), idle-one-first (I1F) Gupta and Walton (2019), join-
the-idle-queue (JIQ) Lu et al. (2011); Stolyar (2015a) and power-of-d-choices (Pod)
with d > rN*log N Mitzenmacher (1996); Vvedenskaya et al. (1996), and establish
moment bounds on some function of the queue lengths. From the moment bounds,
we show that under JSQ, I1F, JIQ, and Pod with d > rN®log N, both the probability

that a job is routed to a non-idle server and the expected waiting time per job are

log N

O (W) , where r is any positive integer such that r < ETCESIEE

Let S; denote the fraction of servers with at least ¢ jobs, including the one in
service, at steady state. In this chapter, we prove that if a load balancing algorithm
routes an incoming job to an idle server with probability at least 1 — \/LN when the

fraction of busy servers is no more than n = \ + Ei‘;gﬁN , then the following bound

14



holds for any positive integer r < —1o8&

TCER
CRlogN ) (5r(b—1))r , 1

max S; — —F,0 <10(————=) , k=1+ .

( {Z VN }) ] VNlog N 2(b—1)
(3.1)

This result implies that (i)
11AD + 11

ZS]M s S 32

i.e, the expected queue length per server exceeds A by at most ]\1[}’\5’;1; and (ii) under

JSQ, I1F, JIQ and Pod (d > rN®log N), the stationary probability that an incoming
job is routed to a non-idle server is asymptotically zero (as N — o0), which will be
proved in Corollary 1.

From the best of our knowledge, there are only a few papers that deal with
the steady-state analysis of many-server systems with distributed queues Braverman
(2018); Banerjee and Mukherjee (2019); Liu and Ying (2018). Braverman (2018);
Banerjee and Mukherjee (2019) analyze the steady-state distribution of JSQ in the
Halfin-Whitt regime and Liu and Ying (2018) studies the Pod with a < 1/6. This
chapter complements Braverman (2018); Banerjee and Mukherjee (2019); Liu and
Ying (2018), as it applies to a class of load balancing algorithms and to any sub-
Halfin-Whitt regime.

Similar to Braverman (2018); Liu and Ying (2018), the result of this chapter
is proved using the mean-field approximation (fluid-limit approximation) based on
Stein’s method. The execution of Stein’s method in this chapter, however, is quite
different from Braverman (2018); Liu and Ying (2018).

In our proof, we consider a simple fluid system with arrival rate A and departure
rate A + 0 with 6 = % such that
log N
N
15
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x can be viewed as a fluid approximation of the normalized queue length Z?Zl Si
and 7 is the derivative of x with respect to time ¢. The dynamic of this fluid system

(3.3) is a good approximation of the generator of the stochastic system only when

log N

N i.e. when

the normalized service rate of the stochastic system is close to A +

S~ N+ log]f[\f . Our analysis consider three regimes of the state space:

log N

e Regime 1: 5] is close to A + — In this regime, the simple fluid system can

approximate the generator of the stochastic system. Via Stein’s method, we

can quantify the approximation error.

e Regime 2: Z?:g S; < Cl\‘}gNN for some ¢ > 0. Since S; < 1, in this regime, the

normalized queue length is close to one.

e Regime 3: The state is not in regime 1 or regime 2. In this case, we apply
the tail bound in Bertsimas et al. (2001) to prove that the probability it occurs
is small and negligible as N increases. This is equivalent to the state-space-
collapse argument, which shows that at steady-state, the system “lives” in a

lower-dimensional space instead of in the full state space.

Pioneered in Stolyar (2015b) (called drift-based-fluid-limits (DFL) method) for
fluid-limit analysis and in Braverman et al. (2016); Braverman and Dai (2017) for
steady-state diffusion approximation, the power of Stein’s method for steady-state
approximations has been recognized in a number of recent papers Stolyar (2015b);
Braverman et al. (2016); Ying (2016); Braverman and Dai (2017); Ying (2017); Gast
(2017); Gast and Van Houdt (2018); Braverman (2018).

The surprising part of our analysis is that the simple fluid system, which only
“partailly” approximates the generator of the stochastic system, is sufficient for exe-
cuting Stein’s method when combing with the state-space-collapse. The advantage of

using such a simple fluid system is that Stein’s equation can be easily solved (in ex-
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plicit forms), which is often the key difficulty of applying Stein’s method for complex
queueing systems.

Finally, we would like to comment that all proofs in this chapter are elemen-
tary. Therefore, this chapter is another an example that demonstrates the power of
Stein’s method for analyzing complex queueing systems with elementary probability

methods.
3.1 Main Results

Let S;(t) denote the fraction of servers with at least i jobs at time ¢ > 0 and
S € S be the random variables having the stationary distribution of (S(t) : t > 0).
Let A;(s) denote the probability that an incoming job is routed to a busy server when

the system is in state s € §; i.e.
A (s) = Pr(an incoming job is routed to a busy server| S(t) = s).

Define a set of load balancing II; to be

1 klog N
IT; = < 7 | under load balancing 7, A;(s) < — for s such that s; < A+ .
{ S N E

Our first main result of this chapter is the following theorem with respect to the first-

order moment. Here the first-order moment result is for the purpose of introduction

to Stein’s method and state space collapse framework.

Theorem 1. Assume A\=1—N"% for0 < a < 0.5 andb <1+ —VloggN. Given a load

balancing in 11y, then for any N such that N > (4]2: log N)ﬁ , the following bound

holds
" ki log N 50(b — 1)
F |max ZSi—/\——g,O < —)
P VN VN log N
where k = 1+m. O
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Note the expectation in Theorem 1 is with respect to the stationary distribution of

the CTMC (S(t) : t > 0) according to the definition of S. The condition A;(s) < \/LN

when s; < A + %%N requires the following: for any given state s in which at least

ﬁ — kl\(/’gﬁN fraction of servers are idle, an incoming job should be routed to an

_ o
idle server with probability at least 1 — \/LN Note N > (4k log N ) 5= implies

1 4klog N . klog N 1 klog N
e = N which guarantee that A 4 “In < L and 5z > N There are several

well-known policies that satisfy this condition.

e Join-the-Shortest-Queue (JSQ): JSQ routes an incoming job to the least loaded

klog N

server in the system, so A;(s) =0 when s; < A+ e

e Idle-One-First (I1F): I1F routes an incoming job to an idle server if available

and else to a server with one job if available. Otherwise, the job is routed to a

kElog N

randomly selected server. Therefore, A;(s) =0 when s; < A+ N

e Join-the-Idle-Queue (JIQ): JIQ routes an incoming job to an idle server if pos-
sible and otherwise, routes the job to a server chosen uniformly at random.

Therefore, A;(s) =0 when s; < A+ %%N.

e Power-of-d-Choices (Pod): Pod samples d servers uniformly at random and
dispatches the job to the least loaded server among the d servers. Ties are broken

uniformly at random. Given d > N*log N, A;(s) < \/—lﬁ when s < X\ + El"%fv]v.

3.2 Proof of Theorem 1

In this section, we present the proof of our main theorem. As modularized in

Chapter 2, we study gradient bounds and state space collapse (SSC).
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Let n = A+ % and § = 2% in Lemma 1, we have

VN VN
E |hy, (Z S)]
, (& log N

—E|g (Z_; S; (AAb(S) - % + sl> Hzglspn%] (3.4)
+E (g' (Z si) (—IO%V) ~ A1 A(8))g(6) + slg'@) P si%;v]

_ (3.5)
| (M= 40 + $19'0)) 1 } 36)

(2N ’ ! TSty | ’

Note in (3.4) and (3.6), we have random variables &, € <Zf:1 S, S+ %) and
£Ce (ZLI Si— % Zle Sz) whose values depend on Zle S;.
Next, we study ¢’ and g” to bound the terms (3.5) and (3.6), and SSC to bound

the term (3.4).
3.2.1 Gradient Bounds

Let n = A + % and § = % in Lemma 21 and Lemma 22. We have the

following two lemmas.

klogN

Lemma 3. For any x € |\ + =& %,)\+’m—gN

VN
2
< —
vV Nlog N
klog N

Lemma 4. Forz > \ + N we have

+ %] , we have

|9/ (2)]

N
9" ()] < VN
log N

Based on Lemma 3 and Lemma 4, we have the following lemma.

Lemma 5.

5
P —
~ V/Nlog N

19
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Proof. Based on Lemma 3, we bound the term (3.5)
log N -
( (Z S) (-253) - 20— g + slg/<§>> Hn_;gzgl&gnw]

<A+1gN+1) 2

VN VNlog N’
log N
VN

_ 1
(4kz log N) 0-5=o in Theorem 1.

where \ + < 1 in the first inequality according to the assumption that N >

Based on Lemma 4, we bound the term (3.6)

_E {L (M1 = 4(8))g"(©) + 519"(D) Tt s1os 8 }

2N
1 ~ 1 _|_ 1
< " " > )
B [y (U O+ SO I o] < e
These two terms collectively prove Lemma 5. O]

3.2.2  State Space Collapse (SSC)

In this section, we study the SSC term in (3.4). As mentioned in Chapter 2, we

proved SSC by Lyapunov drift analysis. Define

= min {Z Siy A k:l\(;g_N — 31} : (3.7)

where k — \/Nrog ~ = k < k. We have the following lemma on state space collapse.

Lemma 6. Given the Lyapunov function defined in (3.7) and denote k=1+ m,

we have

N ) s

Based on Lemma 6, we establish an upper bound on (3.4) by splitting two regions:

Pr (V(S) > “OgN) < o mmrt e

Q) and its complementary 2, where

B klog N
Q—{SIV(S)S NE }

and have the following lemma.
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Lemma 7.

(3.4) < (1 - ﬁ) E max{;Si —A— ki;gNN,o}]
b\/_ log2 N log N

+ e 32(— 1)2+16(b D
log N

The proofs of two lemmas are in Appendix B.2
3.2.3 Proving Theorem 1

Based on Lemma 5 and Lemma 7, we have

b
klog N }]
E |max ZSi_)‘_ ,0
{i:l VN

b
1 klog N
<{l—=———= | F ;— A —
_( 50 =1) ) maux{;:1 S; ~ 70}]
bv N log? N 5
+

e T 32(b— 1)2+16(b )

+ Wi A
log N V/Nlog N

1 k log N 10
<(1- max S; — 09| + —,
B ( 5(b—1) ) {Z VN }] Vv N log N
where the last inequality holds because b < 1 4 ¥—>— log implies

b\/_ log N log N 5

e T 32(b— 1)2+16(b 1) <

log N \/_ Nlog N

Therefore, we have

 klogN 50(b— 1)
maX{ZS \/N 0}] < \/N]—Og]\f,

which proves Theorem 1.

So far, we already see the application of Stein’s method and SSC in establishing

Theorem 1. In fact, by using an iterative refined procedure in Chapter 4, we are able

to obtain a high-order moment bound in the following theorem (here we only state

the theorem and the proof is clear after introducing the iterative refined procedure in

Chapter 4), which helps establish “zero-delay” results in Corollary 1.

21



Theorem 2. Assume A\=1—N"* for0<a <05 andb <1+ —VloggN. Given a load
balancing in 11, then for any integers N and r such that N > (41%10g N) 5= and

1<r< %, the following bound holds

b 7 r r
log N —1
E || max ZSi—)\—kOg ,0 SlO(M) :
—1 VN V/Nlog N
where k =1+ O

(b 1’

Note JSQ, JIQ, I1F and Pod with d > rN%log N are all in II;. A direct conse-
quence of Theorem 2 is asymptotic zero waiting (N — o0) at steady-state. Let W
denote the event that an incoming job is routed to a busy server, and py, denote the
probability of this event at steady-state. Let B denote the event that an incoming
job is blocked (discarded) and pg denote the probability of this event at steady-state.
Note the B C W because an incoming job is blocked when being routed to a busy
server with b jobs. Furthermore, let W denote the waiting time of jobs, which are not

blocked, at steady-state. We have the following results based on the main theorem.

Corollary 1. Assume A\=1—N"“ for0<a <05 andb <1+ —VloggN. Given a load
balancing in 11y, then the following results hold for any integers N and r such that
N > (4k:logN)05 @ and1<r< el

720—-1)2
Waiting Time per Job: E[W] SLb_ (3.8)
Nr(05-a)
Waiting Probability: py < Nr(i ) (3.9)
Fraction of Busy Servers: X\ — N ((1)15 ) <E[S] <A (3.10)
Number of Buffered Jobs per Server: i ] 1;;\%:_ i)l (3.11)
=2

The proof of this lemma is an application of the Markov inequality and Little’s

Law, which can be found in Section 3.3. We remark that the corollary above requires
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Ai(s) < ﬁ for any s € S such that s; < A + ki;gNN, which is more restrictive

than the assumption in the theorem which only requires A;(s) < 1/4/N for the same
s. However, it is easy to verify that JSQ, I1F, JIQ and Pod with d > rN“log N
also satisfy this condition. We further remark that the probability of waiting and
the expected waiting time are both O (m) . Under the assumption that b =
O (\/m ) , for any positive integer r, we can find a sufficiently large N such that r
satisfies the condition in the corollary. The significance of this is that it implies that
the waiting probability and the mean waiting time decay faster than any polynomial

function of 1/N in the sub-Halfin-Whitt regime. Furthermore, from (3.11), we have

11A0 4 11
ZNS] NT(0.5— a) 1°

Note that Z?:z N S; is the total number of jobs in the buffers at steady state, so our
result shows that for sufficiently large N, not only the expected number of buffered
jobs per server is almost zero, but also the total number of buffered jobs in all N

servers is almost zero.
3.3 Proof of Corollary 1

Based on the moment bound in Theorem 2, we study waiting probability pyy,

waiting time E[W], E[Sy] and E[>"_, ;] for JSQ, I1F, and JIQ. The analysis for

23



Pod is similar and will be provided later. We begin with the waiting probability pyy

) 1 klog N
<Pf<’% (ZS>>(N_ Wy >>
<E< hi( _f_l 5)) (3.12)
1 klogN
Ne VN
E | (X0 8:) (3.13)

10r(b—1) \"
< _ .
<10 ( NFaTog N) (3.14)

10

where (3.12) is from Markov’s inequality, (3.13) holds because N > (4klog N )ﬁ

implies %%N < 5=, (3.14) holds by substituting Theorem 2, and (3.15) holds because
r < sty implies log N > 107(b — 1).

From pyy, we can obtain an upper bound of E[W] :
E[W] =E[W] a job routed to busy servers|Xxpy, < bpyy

where the last inequality holds because the expected waiting time for a job routed to

a busy server is at most b — 1.

Moreover, for jobs that are not discarded, the average queueing delay according

to Little’s law is

E [Zli):l Si]
EWVI=Sa = !

Therefore, we have

b
By Si] =\ (1 —pg) (E[W] +1) < AE[W] + A
=1
10D
S)\bpw—i-)\g mﬁ‘)\.
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Further, according to the work conservation law, we have the following lower bound
on B [Sl]

10

E[S)] =AML =ps) 2 AL —pw) 2 A = =5

which yields an upper bound on F [Zfzz SZ} :

10Ab + 10
ZS] — Nr(0.5— a) ’

The analysis for Pod with d > rN®log N is similar, except the waiting probability

pw in the first step becomes

pw = Pr (W

1 1
<] - — <1 —
=l 2Na> br (51 =1 2Na>

1 1
Sl>1—W)PI'(Sl>1—2Na>

1 1
< - —
Sl 1 SN > + Pr (Sl>1 QNO‘)

1 rN%log N b 1
<(1- P > 1 —
_( 2NO‘> + Pr (;S@ > 2Na>
b 7 T
r 1 klog N
<N72 4Pr <h; (Z Si> > ( — — ) ) (3.16)
i=1 2N VN

+ Pr (W

<Pr (W

Eh (S, 5)

—Nim T (-lk Z@> (3.17)
aINe T UN

1 b h;’; ( ?:1 S@)
<tom t En | (3.18)
< Niﬁr +10 (%) (3.19)
o
S—Nr&).ls_a) (3.21)
where (3.16) holds because (1 — 1) < 1 for 2 > 1, (3.17) is a result of the Markov
inequality; (3.18) holds because N ( 10gN)°5 @ implies 4]%,(1 > ki;giN (3.19)
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holds by substituting Theorem 2; (3.21) holds because r < % implies log N >
207(b — 1). The remaining analysis to obtain E[W], E[S;] and E[Zi’:l S;] are the

same as analysis in JSQ.
3.4 Summary

In this chapter, we studied the steady-state performance of load balancing systems
in the Sub-Halfin-Whitt regime (o < 0.5). We showcase Stein’s method and SSC are
powerful tools to obtain the upper bound on a distance function of total queue length
and we established a set of load balancing algorithms, where waiting probability and
waiting time are asymptotic zero.

This chapter studied the Sub-Halfin-Whitt regime (a < 0.5), one interesting ex-
tension is to consider a “heavier” traffic regimes where 0.5 < a < 1. In such a regime,
the state space collapse result in this chapter does not hold. It would require a differ-
ent fluid model and a different state-space collapse analysis and we study this regime

in Chapter 4.
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Chapter 4

STEADY-STATE ANALYSIS OF LOAD BALANCING IN
BEYOND-HALFIN-WHITT REGIME

In Chapter 3, we already have “zero-delay” load balancing in the Sub-Halfin-

Whitt regime (0 < o < 0.5). This chapter studies the steady-state performance of

load balancing in the Beyond-Halfin-Whitt regime for 0.5 < a < 1, and we have

several main results:

e We first obtained a high-order moment bound at steady-state on a distant

function of total queue length (per server) under a set Ily of load balancing

algorithms (including JSQ, JIQ, I1F and Pod).

We then established under any load balancing in II,, the waiting probability and

log N
Nl—«a

the expected waiting time is O ( ) , which approaches to zero asymptotically

as NNV increases.

We also proved under any load balancing in ﬁQ, only busy servers and servers
with only exactly two jobs exist in the system. Interestingly and surprisingly, the
result coincides with Eschenfeldt and Gamarnik (2018) in Halfin-Whitt regime
(v = 0.5), which suggests, the proper scaled version of idle servers and servers
with exactly two jobs are very likely to converge into a two-dimensional stochas-

tic process as in Eschenfeldt and Gamarnik (2018).

We use Fig. 1.1 as in Fig. 4.1 to explain our main contribution. Our results show

Nsqo is O(N®log N) at steady-state for 0.5 < a < 1, which is blue line; Braverman

(2018) shown that Ns, is O(v/N) for Halfin-Whitt regime o = 0.5 at steady state,
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Figure 4.1: Illustration of Our Contribution and Related Work.

which is red dot; Gupta and Walton (2019) shown that Nsy is O(N) for a = 1
at diffusion level, which is green dot; Chapter 3 shown that Nsy can be O(1/N)
for 0 < a < 0.5 at steady state, which is purple line; In Fig. 4.1, we observed
an interesting phase transition phenomenon at o = 0.5, where Nsy vanishes for
a < 0.5 and scaled with N® for 0.5 < o < 1. The intuitive explain is as follows: we
approximate load balancing system to be M/M/1 system with arrival rate AN and
service rate N, where the number of “waiting” jobs in M/M/1is A\/(1 —X) = O(N?).
In load balancing systems, we compare the number of waiting jobs O(N®) with the

number of “idle” servers N(1 — \) = O(N'™®) when 0 < o < 1 :
e For a < 0.5, we have O(N®) < O(N'=®), and “waiting” jobs are close to zero;
e For o = 0.5, we have O(N®) = O(N'~®), and “waiting” jobs are O(v/N);
e For 0.5 < a < 1, we have O(N?) > O(N'~®), and “waiting” jobs are O(N®).

4.1 Main Results

Let S;(t) denote the fraction of servers with at least i jobs at time ¢ > 0 and

S € S be the random variables having the stationary distribution of (S(¢) : ¢t > 0).
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Let A;(s) denote the probability that an incoming job is routed to a busy server when

the system is in state s € S; i.e.
A;(s) = Pr(an incoming job is routed to a busy server| S(t) = s).

Define a set of load balancing I, to be

1 1
I, = {7? | under load balancing 7, A;(s) < \/_N for s such that s; <1 — 4Na} ,

A load balancing algorithm in Il implies that for any given state s in which at least

1
4N«

fraction of servers are idle, an incoming job should be routed to an idle server

L

TN There are several well-known algorithms that satisfy

with probability at least 1 —

this condition.

e Join-the-Shortest-Queue (JSQ): JSQ routes an incoming job to the least loaded

1
4N ”

server in the system, so A;(s) =0 when s; <1 —

o Idle-One-First (I1F): I1F routes an incoming job to an idle server if available

and else to a server with one job if available. Otherwise, the job is routed to a

1

randomly selected server. Therefore, A;(s) =0 when s; <1 — 7=.

e Power-of-d-Choices (Pod): Pod samples d servers uniformly at random and

dispatches the job to the least loaded server among the d servers. Ties are broken

uniformly at random. Given d > N*log®> N, A(s) < ﬁ when s; <1 — 4]%[04-

e Join-the-Idle-Queue (JIQ): JIQ routes an incoming job to an idle server if pos-

sible and otherwise, routes the job to a server chosen uniformly at random.

Therefore, A;(s) = 0 when s; <1 — 3.

We first have the following moment bounds which are instrumental for establishing

the main results of this paper.
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Theorem 3. Assume A =1— N~ for 0.5 < a < 1 and buffer size b. For any load

balancing algorithms in Iy, the following bound holds at steady-state

(maX{ZS e k]l;)lgi\f’o}> ] <10 (NZITLQ) )

where r is a positive integer and k = 32rb+ 1.

Note the expectation in Theorem 3 is with respect to the stationary distribution
of the CTMC (S(¢) : t > 0) according to the definition of S. Based on Theorem 3, we
have the universal scaling results and asymptotic zero waiting results in Corollary 1.
These results hold for load balancing algorithms that satisfy additional conditions,

defined below. Define a set of load balancing 1L, to be

2
Ay(s) < 10 < Nlﬁ

ﬁQ = {77'61_.[2,

a) Vs € S such that s, < 0.95,

and Ap(s) < s, Vs € S}.

The additional conditions require: (i) when at least 5% servers have one job or less,
the probability an incoming job is routed to a server with at least two jobs should be
no more than 10 ( ~ica )T , and (ii) given state s, the probability that a job is dropped
because of being routed to a server with full buffer is is upper bounded by that under
a random routing algorithm, which is s;. It is easy to see that JSQ, I1F and Pod with
d > N%log? N are in ﬁg, but JIQ is not.

To establish the universal scaling results, in Corollary 2, we first show that almost
no server has more than two jobs under a load balancing algorithm in L. T hough

JIQ is not in ﬁg, a weaker result is presented.

Corollary 2. Assume A =1— N~% for 0.5 < a < 1. The following results hold for

any N such that 12:]\1[;;\1 > 5,

o Under any load balancing algorithm in ﬁg,

3r \"
isiza(2)
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o Under JIQ),

< klog N 167

+ .
- 1— rl—o)
Nl-« N i

E[Ss]

Next, we analyze the waiting time, waiting probability for algorithms in ﬁg, and
the steady-state queues. Let VW denote the event that an incoming job is routed
to a busy server, and pyy denote the probability of this event at steady-state. Let
B denote the event that an incoming job is blocked (discarded) and pg denote the
probability of this event at steady-state. Note the B C W because an incoming job is
blocked when being routed to a busy server with b jobs. Furthermore, let W' denote

the steady-state waiting time of those jobs that are not blocked.

Corollary 3. Assume A =1— N~% for 0.5 < a < 1. Given any positive constant r,

the following results hold for a sufficiently large N

e Under load balancing algorithm in ﬁz and assume N'=® > 3(40)2r, we have

piw) < “o8 N
and ) )
pw < 20 ( Nf;) 2ol
We furthermore have
AN — 10N< il )g < E[NS;] < AN,
Nl-a

and

5
E[NSQ]SloN( i ) +2kN®log N = O(N® log N).

Nl—a
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o Consider JIQ) and assume log N > M We have

7klog N
T r(l-a)

N r+1

EW] <

and

12k log N 2k log N

<
Pw ==y = - Nl-a
We furthermore have
6k log N

r+1

and

]

In the M/M/N system where a centralized queue is maintained for complete re-

source pooling, the average waiting time per job is O (ﬁ) . In load balancing sys-

tems, Corollary 1 suggests the waiting time to be O (%ﬂg_ N ) . Therefore, the expected

waiting of a load balancing algorithms in IL, is close to that in the M /M/N system
when N is large. Therefore, load balancing algorithms in II, have near optimal delay
performance since the mean waiting time of the M/M/N system is a lower bound
on that of any many-server systems with distributed queues. We conjecture that
the average waiting time of load balancing algorithms in ﬁ2 is © (ﬁ) as in the
M/M/N system. The additional term klog N, howerver, is needed in establishing a

state-space-collapse result due to technical reasons.
4.2 Proof of Theorem 3

In this section, we present the proof of Theorem 3. As modularized in Chapter 2,

we study gradient bounds and state space collapse (SSC).
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Let n = 14 26N and § = L in Lemma 1, where k — < k < k. The

Nl—« Na N(xl

generator difference is summarized in the following lemma.

e ()
i)

+ F ( (Z SZ> (——) — M1 —=A(9))d'() + Slg/(g)) an%<21 1S<n+N]

=1

Lemma 8.

M@

.
I

Mv

(AAb A——ji—+w%> Sﬁm+§] (4.1)

(4.2)

_izék(x1—Aw$)(o+5w%©yulﬁpﬁﬁy (4.3)

Here £, € (Zle Si, Zle Si + %) and &,C € (Z?Zl Si— % Z?Zl SZ») are random

variables whose values depend on 30_ S;.

The following sections provide upper bounds on (4.1), (4.2) and (4.3).
4.2.1 Gradient Bounds

Let n = 14508 N and 6 = L

Nioa in Lemma 21 and Lemma 22. We have the following

Na

two lemmas.

Lemma 9. For any x € [1 + k]é?g,iv - %, 1+ %?%iv + %] , we have
27'
")) < ————.
0] < 3oy
Lemma 10. Forxz > 1+ ’j@?%{f, we have

9" (2)] < fogv ().

Based on Lemma 9 and Lemma 10, we bound the term (4.2) and (4.3), respectively,

and have the following lemma.
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Lemma 11.

a2 sy < 2 L ER S )]

Proof. Based on Lemma 9, the term (4.2) is bounded by

( (Z S) ( ) — M1 = Ay(9))g' (&) + Sw’(@) L-t<se si<n+]1v]

- )\+ 1 +1 or - 27‘—&-1.
— Na Nr—a — Nrfa’

Based on Lemma 10, the term (4.3) is bounded by

_B {i </\(1 — Ap(9))g" () + Sig’ (C)) Isv g, >n+N}

2N
r—1 b ' 1
< [ e (14 807 D) e < i %’;; s+4)]

The two terms collectively prove Lemma 11. O]
4.2.2 State Space Collapse

In this section, we study SSC term in (4.1). As discussed in Chapter 2, we proved

state space collapse by Lyapunov drift analysis. Define

klo N
= min {Z S; — ng —, 1 - 31} : (4.4)
we have the following lemma on state space collapse.

Lemma 12. For any load balancing in 11y, we have

klog N 1 1o
<m1n{25 ]\/iga , —Sl} > 2Na> ge—(k 11)61ng.

According to Lemma 12, we split SSC term (4.1) into two regions, € and its

b
: Z klog N 1
mln{ Sz_Nl—g—a’l_Sl}S2Na}

=2

complementary 2, where

Q:{s
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For (4.1) in the region 2, we have the key observation 1 — S; < For (4.1) in the

g 2Na)
region Q (outside ), we apply the probability tail in Lemma 12; the upper bounds

in the two regions collectively provide the following lemma.

5(2)

The proofs of Lemma 12 and Lemma 13 are in Appendix B.3.

Lemma 13.

(k—1)log N

1
(4.1) < §E + N%"e™ 16b

4.2.3 Iterative Moment Bounds

From Lemma 11 and Lemma 13, we have the upper bound on F [h}; <Z$:1 SZ>]

that .
E |n; (Z S)] < (4.2) 4 (4.3) + (4.1),

where F [hZ’l (Z?Zl SZ)} in Lemma 13 gives an iterative relation. We specify the

iterative relation between F [h}; (Z?Zl SZ)] and F [h};’l (2?21 Slﬂ in the following

lemma, which is used to prove Theorem 3.

Lemma 14. Assume A = 1 — N7, 0.5 < a < 1. The following bound holds at

steady-state for any positive integer v such that:

, 2r+2
h (ZS)] Nr—«a Nl a

Proof. Given Lemma 11 and Lemma 13, we have

h”(ZS+ )

b b
1 k—1)log
E |n <Zsi> <5E |hj (ZSZ) L Nopre— T
=1 i
2r+1 r—1
+ Nr—o Nl a h ZS +
1 ’ 4]y L 1
<E|m 3 E |- Si+ —
) k ; Nr—o + Nl—a k 221: + N

(4.5)
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where the second inequality holds because that

(k—1)log N 1
<

Nee™ 1 —
(& 6b < Nr_a7
under the assumption of k = 1+ 32rb. Finally, by moving sE [h; (Zle SZ)} in (4.5)
to the left-hand side, we have

b
; 249 2
E hk (Z S’)] S Nr—«a + leaE
i=1

b
1
byt (Z Si + N)
=1

4.2.4 Proving Theorem 3

Base on Lemma 14, we carefully expand the iteration and establish Theorem 3.

r+2 .
QNT,JQQ in Lemma 14, and we have

b b
hy (;SH <w, B |k (;S+%>

Expand FE [h’ (Ele SZ)} iteratively until » = 1 that

b T r—1 T
hr< SZ)] gij+ 2 H wj + 2y
i=1 j=1 i=1 =i+l

r r
S H W +1rz; H wy
j=1 j=2

<(r+1)z H w;
=2

Denote w, = % and z, =

E + 2.

E

< (r+ 1)z (w,)*

2r \"
S 10 (Nla)

where the second inequality holds because z; H;ZZ L w; is decreasing for 2 < i <r

that
TI" . 24242
i Hj:i+1 wj oz N < 1 <1
) T . T 2i+tl42 2 — 9:ANa —
Zi—1 Hj:z' Wi Zi-1Wi o Ni-a 2iN
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the third inequality holds because w; = Nf,a <z = % implies

T T
H wj <z H Wy
j=1 j=2
the forth inequality holds because w, is increasing in 7.

4.3 Proof of Corollary 3

We prove Corollary 1 by following the main steps: i) bound the blocking probabil-
ity pg; ii) study the expected waiting time E[W] based on pg; iii) study the waiting

probability pyy based on pg and E[W].

4.3.1 Load Balancing Algorithms in ﬁg

Let 6, = v10 (N?{T,a)% , we study pg by splitting into two regions:

PB =Pr (B|Sb S (Sb)PI' (Sb S 6b)
+ Pr (B|Sb > (Sb)Pl" (Sb > 51,)

SPI‘(B‘SI) < (Sb)—FPI'(Sb > (Sb)
For load balancing in ﬁQ, we have

PB Séb + Pr (Sb > 5(,)

<dp + Pr (S3 > 51))

<6, + 215
0

3r 3
Slo (Nl—a)

where the first inequality holds because A,(s) < s, for load balancing in ﬁg; the third

inequality holds by Markov inequality; the last inequality holds because of the upper

bound on E[Ss] in Il in Corollary 2.
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For jobs that are not discarded, the average queueing delay according to Little’s

law is
K [Z?:l SZ}
A1 —pg)

Therefore, the average waiting time is

_E [Z?:l Si]

P =S !
14 Rl 2 )
- Al =ps)
B k]\l,%g + N%QQ + % + A\ps
A1 = ps)

3klog N - 4klog N
_)\(1 — pB) - lea

where the first inequality holds by letting » = 1 in Theorem 3 ; the last inequality
holds because the upper bound of pg for a large N such that N7 > 3(40)%7’.

From the work conservation law, we have
E[Sﬂ = )\(1 —pB),

which implies
3r

A— 10 <W) < B8] < .

The bound on E[S,] is established

b r =
3r \?2 (k+20)logN
ElS] < E ZS] =10 <N1—a> A

=2
by the fact
b —
klog N 20 -
E|Y Si| <1+ e + e k=320
=1

Going forward, we study the waiting probability pyy. Define W to be the event

that a job entered into the system (not blocked) and waited in the buffer and pyy; is
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the steady-state probability of W. Applying Little’s law to the jobs waiting in the
buffer,

MwE([Tg]l = E

b
> s
i=2
where Ty, is the waiting time for the jobs waiting in the buffer. Since E[T}] is lower

bounded by one, we have

E [Z?:z Si]

Py = b\

Finally, a job not routed to an idle server is either blocked or waited in the buffer

Pw =DPB + Pw

E [Zf:z Si]
A

3r \ 2 2klog N
§20 (Nl—a) + Nl-«a '

<ps +

4.3.2 JIQ

For JIQ, it requires more steps to establish the upper bound on pg. Let € =

r(l—a)

N~ and 9, = 3]_“%%]\[ (the reason to define the two quantities will become clear

as going forward). We study pg by splitting into two terms as above:

p3§55+Pr(Sb>5b).
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Consider Pr (S, > 6,) by splitting state space S according to state space collapse in

Lemma 12 and the high-moment bound in Theorem 3 as follows

1
Pr (Sb > 5{,) =Pr (Sb > O, V(S) > QNO‘)

b
1
<Sb > 6, hi (; sl) <eV(9) < 2N&>
1 b
< > T >
(1152 gt e (355) =)
b 1
<Sb > 6, hz (; sl) <eV(9) < 2N&>
1 10(2r)"
—N27‘ NT(1;104)

where the last inequality holds because

e the first term yields from

according to Lemma 12.

e the second term yields from

(o9 (e(59))

eI

61”

<102} —10(-2 )
eNlia NT+1

according to Theorem 3.
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e The third term is 0 because

b
1
Z = {s | sp > O, hy; (ZSZ> <eV(s) < 2N‘1}

i=1

is an empty set as we will show in the following.

Since V(9) < implies that

2N°‘

klog N 1
N1l-«a 2Na’

51>1—— or ZS

we have Z C Z; with

b -
klog N 1
le{S|Sb>5b,ZS¢§ ]\;)lg—a +€+2Na},

i=1

because
b 1
hr S| < d Si>1— —
% (; ) € an 1 SN
implies
2”: klogN o]
’ - Nl-a 2Na'

=1

However, we also have

> 8 >(b—1)8, > (b—1)d, > 3kelog N

which implies Z; = ().

Finally, we have upper bound on pg that

<315 log N 1 10(2r)"

pB >~ r(l—a r(l—a
by N

3k log N 1 2k logN
b NTEE O ONT b
6k log N

=T a0
b TT-&-la

where the second inequality holds because log N > 55( ZT)

41



4.4 Proof of Corollary 2
Let the test function f(s) = Z;’:3 $; in
E[Gf(S)] =0,

and we have F[S3] under JSQ, I1F, and Pod, respectively.

e For JSQ),
E[S5] = AE[1(Se =1) — 1(S, = 1)].
e For I1F,
E[S3] = AE [1(Sy = 1)(S2 — S3)]
e For Pod,

We then provide the upper bound of E[S3] under load balancing algorithms in IL,.

E[Ss] <E[Ay(S)]

—E[A5(5)]S5 > 0.95] Pr(S, > 0.95)

+ B[A5(5)]S2 < 0.95] Pr(S, < 0.95)

< Pr(S; > 0.95) + E [A5(S5)]S, < 0.95].
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The probability in (4.6) is bounded

where the last inequality holds because ,—j\lf;;\, >5

The conditional expectation in (4.6) is bounded

2 T
E[A(S)|S, < 0.95] < 10 (Nlia)

for any load balancing algorithms in IL,.

Next, we show JSQ, I1F, and Pod are in ﬁ2, respectively.

e For JSQ),
Az(S) = 1{52:1,S3<1} =0,
for s9 < 0.95.
e For I1F,
A2(3> = H{52:2}32 =0,
for s9 < 0.95.

e For Pod with d > N®log? N,

I
»

AQ(S)

[\

—_

o
——~ IN
=
]

)
~__

<



For JIQ,

A2(S) = H{51:1}S2,

which might not be in II,. However, we can still study E [S3] by using Theorem 3.

Let e =3 (N?{fa)#l and we have

E[S3] <E [I{s,-1}5]

b
]I{Slzl}SQ ’ hE (Z Sl) S €

<E

i=1

P (h,; (Z si) - )

7 b
klog N
< j\;)lgia +e+Pr <hk (g SZ») >€>

_ r b

klog N E [hk (Zz—l Sl)}
S 7N17a te €r

klog N 167
- Nl-a T<:;f)

where the first inequality holds by substituting As(s) = I, =152 in JIQ; the third
inequality holds because of the definition of h(-) and I5,—13 = 1; the fourth inequality

holds by Markov inequality.
4.5 Summary

In this chapter, we studied the steady-state performance of load balancing bal-
ancing systems in the Beyond-Halfin-Whitt regime (0.5 < a < 1). We established
high-order moments on a distance function of total queue length for a set of load
balancing algorithm II,. Based on the high-order moments, the waiting probability
and waiting time of incoming job under JSQ, JIQ, I1F and Pod are proved to be
asymptotic zero. Further, under JSQ, I1F and Pod, only servers with one or two jobs

exist asymptotically.
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Chapter 5

STEADY-STATE ANALYSIS OF LOAD BALANCING WITH COXIAN-2
SERVICE

The exponential service has a nice “monotonicity property”, which states a partial
order of two mean-field systems starting from two initial conditions to be maintained
over time. In particular, letting x(¢,y) denote the system state at time ¢ with initial
state y, given two initial conditions y; > ., where ”>" is a certain partial order,
“monotonicity” states that the partial order x(t,v1) > x(t, y2) holds for any ¢ > 0.

Monotonicity does hold under several load balancing algorithms with some non-
exponential service time distributions. Typically, it holds when the service time dis-
tribution has a decreasing hazard rate (DHR) Bramson et al. (2012); Stolyar (2015a);

Foss and Stolyar (2017), where the hazard rate is defined to be ; 7 gf()x) and f(x) is

the density function of the service time and F(z) is the corresponding cumulative
distribution function.

With monotonicity, Bramson et al. (2012) studied Pod load balancing assuming
the arrival load per server A\ < 1/4 under any general service time (the second order
moment exists) and shown the servers are asymptotic independent as the number of
servers N — oo to obtain the steady-state performance, where the proof of asymptotic
independence relies heavily on the monotonicity. Stolyar (2015a) shown JIQ achieved
asymptotic optimality under the service time with decreasing hazard rate (DHR)
for any A < 1 , where monoticity holds for JIQ under DHR assumption. Foss and
Stolyar (2017) relaxed DHR assumption in Stolyar (2015a) to any general service
distribution and proved the asymptotic optimality of JIQ when the average load per

server A < 0.5. Houdt (2018) proved the global stability of the mean-filed model of
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load balancing policies (e.g. Pod) under hyper-exponential distribution. The key
step in Houdt (2018) is to represent hyper-exponential distribution by a constrained
Coxian distribution, where p;(1 — p;) is decreasing in phase i (u; is the service rate in
phase i and p; is the probability that a job finishing service in phase 7 and entering
phase i + 1). With the alternative representation, monotonicity holds in a certain
partial order and the global stability is established.

The Coxian-2 distribution considered in this chapter does not necessarily satisfy
DHR. Each job has two phases (phase 1 and phase 2) under the Coxian-2 service
time distribution. When in service, a job finishes phase 1 with rate p;; and after
finishing phase 1, the job leaves the system with probability 1 — p or enters phase
2 with probability p. If the job enters phase 2, it finishes phase 2 with rate ps, and
leaves the system.

Now consider a simple system with two servers. Assume the Coxian-2 service
time distribution and JSQ is used for load balancing. Consider the system states
as shown in Figure 5.1, where jobs in phase 1 are in red color and jobs in phase 2
are in green color. The state of each server can be represented by its queue length
and the expected remaining service time of the job in service. Let Q%7 (t) denote
the queue length of server i at time ¢ in system j, and 709 (t) € {;%1 + =, MLQ,O}
denotes the expected remaining service time of the job in service at server 7 in system
4. At time 0, we have Q®V(0) > Q®?(0) and TV (0) > TG2)(0) for all 4. During
the time period (%o, t1], two jobs arrive and were routed to servers according to JSQ,
which resulted in the state shown in Figure 5.1. Suppose that (1 — p)uy < pg, then
at time ¢, we have T3V (t;) = = < TZ2(t) = &+ I, so the system does not
have mononticity. This is because Coxian-2 distribution does not satisfy the DHR

property when (1 — p)uy < po.
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Figure 5.1: Non-Monotocity of JSQ under Coxian-2 Distribution.

Due to the non-monotonicity challenge, there are only a few papers that deal with
the steady-state analysis of load balancing systems under non-exponential service
time distribution. In this chapter, we analyzed the steady-state performance of load
balancing algorithms in the heavy traffic regime, where A =1 —- N7 for 0 < a < 0.5,
under Coxian-2 service time. To overcome the non-monotonicity challenge, we develop
an iterative state space collapse (SSC) to show the steady-state “lives” in a restricted
region (with a high probability), in which the original system is coupled with a simple
system by Stein’s method. With iterative SSC and Stein’s method, we are able to
establish several key performance metrics at steady state, the expected queue length,
the probability that a job is allocated to a busy server (waiting probability) and the

waiting time. We summarize our results as follows:

e For any load balancing policy in II3 (please refer to (5.2) for the formal defini-
tion), including JSQ, JIQ, I1F and Pod with d = O(N*log N), the mean queue

: log N
length is A + O (%) .
e For JSQ and Pod with d = O(N“log N), the waiting probability and the ex-

o . . log N
pected waiting time per job are both O (—\/ﬁ > .

e For JIQ and I1F, the waiting probability is O <m> .
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5.1 Model and Main Results

We consider load balancing system with N homogeneous servers, where job arrival
follows a Poisson process with rate AN with A =1 —- N"% 0 < a < 0.5 and service
times follow Coxian-2 distribution (p1, g2, p) as shown in Figure 5.2, where pi,, > 0 is
the rate a job finishes phase m when in service and 0 < p < 1 is the probability that
a job enters phase 2 after finishing phase 1. Without loss of generality, we assume

the mean service time to be one, i.e.

1
—+ L
M1 2

Each server has a buffer of size b — 1, so can hold at most b jobs (b — 1 in the buffer

and one in service). Jobs are served in FIFO order.

251 K2
p :
l-p

Figure 5.2: Coxian-2 Distribution.

Let Q;m(t) (m = 1,2) denote the fraction of servers which have j jobs at time
t and the one in service is in phase m. For convenience, we define Qo1(t) to be
the fraction of servers that are idle at time ¢ and Qg2(t) = 0. Furthermore define
Q(t) to be a b x 2 matrix such that the (j,m)th entry of the matrix is Q. (%).
Define S; . (t) = >_,5; Qjm(t) and S;(t) = S 2 Sim(t). In other words, S;,,(t) is the

fraction of servers which have at least ¢ jobs and the job in service is in phase m at time

t and S;(t) is the fraction of servers with at least i jobs at time ¢. Furthermore define
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Figure 5.3: Load Balancing in Many-Server Systems under Coxian-2.

S(t) to be a bx 2 matrix such that the (j,m)th entry of the matrix is S ,,,(¢). Note Q(t)
and S(t) have one-to-one mapping. We consider a load balancing algorithm which
dispatches jobs to servers based on Q(t) (or S(¢)) and under which, {Q(¢),¢ > 0} (or
{S(t),t > 0}), which is a finite-state CTMC, is irreducible so has a unique stationary
distribution. This class of algorithms include JSQ, JIQ, I1F and Pod.

Let @ denote @ ,,(t) in steady state. We further define S, ,, = ijl. Qjm and
S; = Zm Sim- In other words, S; ., is the fraction of servers which have at least ¢ jobs
and the job in service is in phase m and S; is the fraction of servers with at least ¢

jobs at steady state. We illustrate the state representation S, ,, in Figure 5.4.
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Figure 5.4: Illustrations of States .S; .

Define S to be a b x 2 random matrix such that the (¢, m)th entry is S;,, and let

s € R"*2 denote a realization of S. Define S to be a set of s such that

S:{s

Let A;(s) denote the probability that an incoming job is routed to a busy server

2
1> 81 > > 80 20, 1> simi Nsjm €N, Vi,m}. (5.1)

m=1

conditioned on that the system is in state s € S; i.e.
Aq(s) = Pr(an incoming job is routed to a busy server|S(t) = s).

Among load balancing policy (or algorithm) considered in this chapter, define a subset

{ L+ g + o logN}
IIg =47 .

1
under m, A;(s) < ——= Vs € S,51 < A+ —
) FEA S - ) VN
Our main result of this chapter is the following theorem.

VN

(5.2)

Theorem 4. Define w, = max{(l — p)ui, 2}, w; = min{(1 — p)u1, o}, fmax =
max{py, po}, and k = <1 + %"lb) (lﬂ;# +2,u1> . Under any load balancing pol-

wcy in 13, the following bound holds when a large N satisfying feru?j;z > log N >

3.5
I H1u2)

in( #L HF2
mln(lﬁ’l )40

»

E

b
klog N 7 Himax
max S;i—A———,0 < ——. 5.3
{Z VN }] vV Nlog N (5:3)

i=1
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Note that the condition A;(s) < \/LN for s such that s; < \ + H“ﬂi#% means
that an incoming job is routed to an idle server with probability at least 1 — \/LN when
at least % — M% fraction of servers are idle. There are several well-known

wy

policies that satisfy this condition.

e Join-the-Shortest-Queue (JSQ): JSQ routes an incoming job to the least loaded

server in the system. Therefore, A;(s) = 0 when s; < 1.

e Idle-One-First (I1F) Gupta and Walton (2019): I1F routes an incoming job to
an idle server if available; and otherwise to a server with one job if available.
If all servers have at least two jobs, the job is routed to a randomly selected

server. Therefore, A;(s) =0 when s; < 1.

e Join-the-Idle-Queue (JIQ) Lu et al. (2011): JIQ routes an incoming job to an
idle server if possible and otherwise, routes a server chosen uniformly at random.

Therefore, A;(s) =0 when s; < 1.

e Power-of-d-Choices (Pod) Mitzenmacher (1996); Vvedenskaya et al. (1996): Pod
samples d servers uniformly at random and dispatches the job to the least

loaded server among the d servers. Ties are broken uniformly at random. When

d > Nelog N, Ay(s) < \/Lﬁ when s; < X+ H‘ﬁ)#%

A direct consequence of Theorem 4 is asymptotic zero waiting at steady state. Let
W denote the event that an incoming job is routed to a busy server in a system with
N servers, and py, denote the probability of this event at steady-state. Let B denote
the event that an incoming job is blocked (discarded) and pg denote the probability
of this event at steady-state. Note event W occurs implies B occurs because a job is

blocked when being routed to a server with b jobs. Furthermore, let W denote the
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waiting time of a job (when the job is not dropped). We have the following results

based on the main theorem.

Corollary 4. The following results hold when a large N satisfying zf_ﬁ?i;: >log N >

3.
B1 M2 B1H2

)
162127 40 )

o |

min(

e Under JSQ and Pod with d = 3 N*log N, we have

Yhlog N 1djiya + Lomes
E[W] < =R H b—\
VN VNlog N
oy < Hmax (K108 N T + y=ul
- \/N \/Nlog N

o Under JIQ and I1F,

< ]-4,umax
PV = Nos-alog N

O

The proof of this corollary is an application of Little’s law and Markov’s inequality,

and can be found in Section 5.4.
5.2 Proof of Theorem 4 under JSQ

In this section, we present the proof of our main theorem for JSQ, which is or-
ganized along the three key ingredients: 1) generator approximation; 2) gradient
bounds; 3) state space collapse. The proof for other load balancing algorithms is
similar and will be discussed in Section 5.3. Since load balancing under Coxian-2
service is more complex than load balancing under exponential service, we derive the

generator approximation from the beginning.
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5.2.1 Generator Approximation

Define e;,, € R**? to be a b x 2-dimensional matrix such that the (i, m)th entry
is 1/N and all other entries are zero.
Given the state of the CTMC s and ¢, there are possible events under JSQ as

listed below.

e Event 1: A job arrives and is routed to a server such that it has i — 1 jobs and
the job in service is in phase 1. When this occurs, ¢;; increases by 1/N, and

¢i—11 decreases by 1/N, so the CTMC has the following transition:

q—q+e—e_11,

§—>Ss+e€1.

This transition occurs with rate

qi—1,
PR P
qi—1

where q;_’—lil is the probability that the server which receives the job is serving

a job in phase 1 conditioned on the job is routed to a server with ¢+ — 1 jobs,
and {s;_1 = 1,s; < 1} implies that the shortest queue in the system has length

1 — 1.

e Event 2: A job arrives and is routed to a server such that it has ¢ — 1 jobs and
the job in service is in phase 2. When this occurs, ¢;» increases by 1/N, and

¢i—1,2 decreases by 1/N, so the CTMC has the following transition:

q— q+te2—e€_1p9,

§— S+ €;9.
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This transition occurs with rate

qi—1,
ANTZ2 10 e
qi—1

qi—1,2

where o s the probability that the server which receives the job is serving

a job in phase 2 conditioned on the job is routed to a server with ¢ — 1 jobs,
and {s,_1 = 1,s; < 1} implies that the shortest queue in the system has length

1 — 1.

Event 3: A server, which has ¢ jobs, finishes phase 1 of the job in service. The
job leaves the system without entering into phase 2. When this occurs, ¢;;
decreases by 1/N and ¢;_;, increases by 1/N, so the CTMC has the following
transition:

q—q—¢€1+e_11,

§—> 8 —¢€1.
This transition occurs with rate

NG 1 (1 —p),

where (1 — p) is the probability that a job finishes phase 1 and departures

without entering phase 2.

Event 4: A server, which has with 7 jobs, finishes phase 1 of the job in service.
The job enters phase 2. When this occurs, a server in state (i,1) transits to
state (4,2), so ¢;1 decreases by 1/N and ¢;» increases by 1/N. Therefore, the

CTMC has the following transition:

q—q— €1+ ¢€p,
i %
S — S — E €j1 -+ E €;2,
Jj=1 Jj=1

o4



where the transition of s can be verified based on the definition s; ,, = Zj>i Qjm

so s;1 decreases by 1/N for any j < i and s, increases by 1/N for any j <.
This event occurs with rate
1N gi1p,
where p is the probability that a job enters phase 2 after finishing phase 1.
e Event 5: A server, which has i jobs, finishes phase 2 of the job in service.
The job leaves the system. When this occurs, ¢; 2 decreases by 1/N and ¢;_1

increases by 1/N (because the server starts a new job in phase 1), so the CTMC

has the following transition:

q— q—¢€2+€-11,

i i—1
S — S — E 6j72+ E €1
j=1 j=1
This transition occurs with rate

2N g

We illustrate local state transitions related to state s in Fig. 5.5.
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.,
> <

)\N(J-v—l.] 1 S
. “gios Hsica=1s<1} T

S§— €1

1 - PN (gir + &
pll-lN(Qi,l + %) ( p)ﬂll (q i N) ;.I,QN((]@Q + %)

i i 5+ eil 1 i—1
s+ e =Y e EDICTED T
i=1 =1 =t =1

Figure 5.5: Illustrations of State Transitions for any ¢ with 1 <i <b.

Let G be the generator of CTMC (S(¢) : t > 0). Given function f : S — R, we

have
Gf(s) =§b; [ANq;’:j Vorimts<ny (f(s 4+ €i1) = £(5)) (5.4)
+wq;i_1f Lsrr—ts<ny (f(5 + €22) — £(5)) (5.5)
+ (1= puNgia (f(s — ein) — £(5)) (5.6)

+ praNgia <f <3 - Z €51 + Z €j72) — f(S)) (5.7)

i i—1
‘|‘,U2Nqi72 (f (S — Z €j2 + Z €j,1> — f(S))] (58)
j=1 j=1
For any bounded function f:S — R,

E[Gf(9)] =0, (5.9)

which can be easily verified by using the global balance equations and the fact that

S represents the steady-state of the CTMC.

o6



To understand the steady-state performance of a load balancing algorithm, we

will establish an upper bound on the following function:

b
log N
maX{ZSi—)\— k\;gﬁ ,0}.

i=1

The upper bounds measure the quantity that the total number of jobs in the system
(N Z;’:l S;) exceeds NA+ kv Nlog N at steady state, and can be used to bound the
probability that an incoming job is routed to an idle server in Corollary 4.

We consider a simple fluid system with arrival rate A and departure rate A + d

mmﬁzﬁﬁgJﬁ
log N
VN’

and function g(x) which is the solution of the following Stein’s equation in Ying

Tr =

(2016):
log N> { klog N }
"(z) | — =maxrt—A— ———,0p,Vx, 5.10
/0 (5 e 10
where ¢'(z) = dil(;). The left-hand side of (5.10) can be viewed as applying the

generator of the simple fluid system to function g(z), i.e.

dgd(tx) — ¢'(x)i = ¢'(z) (_ltz/g%\f) |

We note that the simple fluid system is a one-dimensional system and the stochas-

tic system is b x 2-dimensional. In order to couple these two systems, we define
b2
f(s)=g (Z Z si,m> , (5.11)
i=1 m=1
and use f(s) defined above in Stein’s method.
Since S0 32 sim =0 s < bfors €S, and f(s) is a bounded for s € S.
So
E[Gf(S)] = E

o (Z 3 s)] 0 519

i=1 m=1

o7



Now define

Note that according to the definition of f(s) in (5.11), e;; and e; 2, we have

b b
f(s + 6j,1> =g (Z Si1 -+ %) s f(S —+ Gj,2> =g <Z Si2 + %)

i=1 =1

and

: 1 é 1
f(S—ej,l):SJ(ZSi—N),f(S_ej,2):9< Si_ﬁ>

for any 1 < j < b. Therefore,

o($50)

i=1 m=1
b2 b2
=N\ (1 — 1{8b:1}) <g (Z Z Sim + %) -9 (Z Z Szm>>
=1 m=1 \ . 111 m=1 ; )
+ N ((1 = p)uisig + p2s12) <9 (Z Z Sim — N) -4 <Z Z Si,m)> ,
i=1 m=1 i=1 m=1

where the first term represents the transitions when a job arrives and the second term

represents the transitions when a job leaves the system.

o8



Substituting the equation above to (5.13), we have

)

i=1 m=1

() ()

—NA(1 — 1{5,,:1}) (9 (Z Z Sim + %) —g (Z Z Si,m))
=N (1 = p)p1Si1 + p251,2) (9 (Z Z Siym — %) -9 (Z Z Szm))] .

Define n = A + % to simplify notation. From the definition of ¢ and ¢’, for
any r <mn,

g(z) =g (x) = 0.

Also when = > n + %,

VN klog N
M) — — — A= 5.15
#10) =~y (2= A= AT, (5.15)
so for x > n+ %,
VN
/!
=— . 1
J'(@) =~y (5.16)
By using mean-value theorem in the region [n — %, n+ %] and Taylor theorem in
the region (1 + +,00), we have
1 1
9@+ )= 9@ = 9@+ )= 9@ ) (Lpcreper + Linnit )
g'(€) g'(x)  ¢"(¢)
- N 177_%S37§77+% + N + 2N2 ]‘:E>7]+ﬁ (517)
1

n
g(@)  ¢"(¢)
N n—}vsmsn+}v+<— N T one | Lewry (5:18)



where £,¢ € (z,z + &) and £,C e (x— ~, ). Substitute (5.17) and (5.18) into the

generator difference in (5.14), we have

()

b
log N
— , . J— J— J—
=F _g (;l Sz) (/\1{5,,_1} A N + (1 = p)paSig + ,u251,2) HZ?—15i>77+11v]

(5.19)
+E ( (i Sl> < l(z}giv> = A1 = Ls,=1y)g'(€)
(1= P)uaSis + 12512)9'6) Ty 1 ox s.cnrt ] (5:20)
_E % ()\(1 —1g5=11)9"(C) + (1 = p)pa Sus + M251,2)9"(5)> Hz?_ls»nﬂb] ‘
(5.21)

Note in (5.20) and (5.21), we have random variables £, € (Z?Zl S, Zle Si + %)
and &,¢ € (Z?Zl Si—+, S Si> whose values depend on Y>0_ S;.

To establish the main result in Theorem 4, we need to provide the upper bounds

n (5.19), (5.20) and (5.21). In the following subsection 5.2.2, we study ¢’ and ¢” to

bound the terms in (5.20) and (5.21); In the subsection 5.2.3, we study SSC to bound

the term in (5.19).
5.2.2 Gradient Bounds

Let n = A+ kijgN and 0 = % in Lemma 21 and Lemma 22. We have the

following two lemmas.

Lemma 15. Given x € |\ + kl\(}gﬁN -2 A4+ kijgﬁN + %] , we have
2
"(2)] € ————.
9 )|_\/N10gN
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klog N

TN we have

Lemma 16. Forx > A\ +

VN
og N’

IN

9"(@)] < -
]

Based on the bounds on ¢’ in Lemma 21 and ¢” in Lemma 22, we provide the
upper bound on (5.20) + (5.21) in the following lemma.
Lemma 17. For g(-) defined in (5.10), we have
(5.20) + (5.21) < —OHmax_
' 7 V/NlogN'

Proof. Note ((1 —p)pS11 + £2512) < fimaxS1 < fmax, then we have

(9’ <Z Si> (-E5) + g @)l + umax|g'<§>|> I SQ]

1 _
# [ 1001+ sl ) B e, |

ditmaz A+ [hmax \/N

(5.20) + (5.21) <E

<
“VNlog N N logN
S 6,umax
V' Nlog N
O
5.2.3 State Space Collapse (SSC)
In this subsection, we analyze (5.19):
i b
E |4 (Z SZ) ()\1{56:1} —n+ 1 =puSii+ M2S1,2) H23_15i>77+}v]
L \i=1
T .
=F ngNh ; Sz (—Al{sbzl} + n— (1 - p),ulsm — ILLQSLQ) I[Z;)ZI Si>’7+%
" E .
SE logNh Z; Sz (’I] — (1 — p),ulsm — MQSLQ) I[Eli):l Si>n+% s (522)
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where the equality is due to Stein’s equation (5.10), and the inequality holds because

VN [
logNh ;Si HZL Si>nt > 0.

We first focus on

(n— (1 =plusia — p2si2) Iyw o1, (5.23)

where (1 — p)uysiy and posio are the rates at which jobs leave the system when
in phase 1 and phase 2, respectively. Therefore, (1 — p)u1S11 + p2s12 is the total
departure rate when the system in state S = s.

We consider two cases: s € S, and s € Sy, where

Sssc = Ssscl U Ssscza

and

Ssscl = {S
Ssscz - {8

o Case 1: Ssq, is shown as the gray region in Fig. 5.6. Any s € S, satisfies

812)\+

1+ py + polog N >)\ log N >p)\ ullogN}
78,___—78,___— )
w VN T VNP T YN
b

klog N
> <

=1

log N
VN’

so (5.23) < 0 for any s € S, - The details are presented in Lemma 18. When

(1 —p)uasia+ p2s12 > A+

s € Ssscz )

IR 1 =0

i=1 5>ty

so (5.23) = 0 for any s € Sgse,-

e Case 2: We will show that

3

PI' (S ¢ 8880) S m

in Lemma 19 using an iterative state space collapse approach.
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Figure 5.6: State Space Collapse in Sgs, -

Lemma 18. For any s € Ssse,,

N

log N
()\ + JN — (1 =psiy — #281,2) HZLIWH%# <0

Proof. We consider the following problem

min (1 —p)p1si + pasi2,

(81,1751,2)688801

which is a linear programming in terms of variables s; ; and s; 5. Therefore, we only

need to consider the extreme points of set Sg,,. In fact, from Figure 5.6, it is clear

that we only need to consider the following two extreme points.

. _ XA __logN _ 14-p1+po log N _pA I4pa+ps
° : =2 — = —o_ _ = £
Case 1 317]_ w1 /N 9 31,2 )\_l_ w; /N 3171 12 + wy + 1
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where we use the fact ;%1 + % = 1. In this case,

14+ p + log N
(1 —p)p1si + pasie =X+ (—(1 — p)pr + po <M + 1)) &

wy VN
log N
ZA+&%1—Mur+G+urHMﬂ)j% (5.24)
log N
>A+(1+ +2
>+ (14 ppn + 2p0) Wi
2)\_i_logN’

where (5.24) holds because w; = min{(1 — p)p1, p2}-

. — pA_mlogN — Ltpitps log N _ — Ay ( lhmtps log N
e Case2: S12 = 12 VN y S1,1 = )\—i- ™ VN S12 = M1+ W + 125} N

At this extreme point, we have

1+ p + log N
(1 = p)uasiy + pasio =A + ((1 — P (M + Ml) - #2H1> =

wy \/N
log N
2Nt (Lot o b (L= p)pi = pogn) 5 (529
log N
>\t , 5.26
B VN (5.26)

where (5.25) holds because w; = min{(1 — p)u1, 2} and (5.26) holds because

H1 - f2 2> ppa + o = i fa.

n(m Ko p1H2 ) ’

O

Based on Lemma 18 and Lemma 19, we can establish the following bound on

(5.19), in the following lemma.
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Lemma 20. Under JSQ), we have

3b

519) < ————
(5:19) = N15log N

for a sufficiently large N such that log N > % 0

IR
n(e 40)

Proof.
(5.19) < (5.22)

(Z S; — ) A+ — (1 —p)urSia — p2512) Ises.clye s, >n+N]

[logN (ZS ) (A8 = (1= phinSin = o) sl si>n+fv]
2
Nl 5 log N (5.27)

where (5.27) holds because of Lemma 18 on S € S, and Lemma 19 on S ¢ Sgs.. O
5.2.4 Proving Theorem 4 under JSQ

Based on Lemma 17 and Lemma 20, we are ready to establish Theorem 4 under

JSQ.

b
3b 6 tmax
E - = (5.1 2 21
max{;:l& 77,0}] (5.19) +(5.20) + (5.21) < Nolog N VNlog N’

which implies

;  Thmax
E max{;si—n,O}] \/_logN
Remark: An important contribution of this chapter is the iterative state collapse
method we use to prove Lemma 19. The method continues refining the state space in
which the system stays at steady-state with a high probability. Figure 5.7 illustrates
the first few steps of the iterative state-space collapse proof. We first show that with

a high probability, S < p + 120\‘35 at steady-state. Then in the reduced state space
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(51,2 < ;% + M), we further show S ; > A _loeN with a high probability at steady

2VN = m VN
state. We then further establish S; 5 > ’;—2‘ — ’% with a high probability at steady

state in the reduced state space. Similar steps are taken to finally prove that S € S,
with a high probability at steady state.

A

Si,2 Si,2 Si2
P log N A + log N | A log N |
H2 2V N H2 2V N 2 2V N

pA _ palogN |
K2 VN

0,

=
S
\/

e

5
&
z

S1a1

E|>-
|
B

S1a1

Figure 5.7: Iterative State-Space Collapse to Show that S;; and S; 5 are in a

Smaller State-Space (Gray Region) at Steady-State

5.3 Extension to Policy Set 113

In this section, we extend the analysis of JSQ to any policy in II3. Most steps are
the same for a policy in II3 as for JSQ, except minor differences in proving Lemma
28 and Lemma 30. We next list the places where minor changes are needed.

sps 14+pi+po log N
In Lemma 28, under the condition s; < A + N

e For JSQ),

VV(s) = = Mys,<1y + 1511 — (1 — p)pasan — pasa2

== A+ sy — (1 = p)pisaey — pasae

e For a policy in I3,

VV(s) == A1 = Ai(s)) + pasig — (1 — p)uasan — piasa22

< — A+ sy — (1 —p)pisay — p2s2

2=
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Therefore, Lemma 28 still holds for policies in II3.
In Lemma 30, under the condition s; < A + H‘fj}#%,

e For JSQ),

A+ BN — 5 > 38,

VV(S) < — )\1{51:1} — (1 — p),d152,1 — H2S2.2

= - (1 - p),u182,1 — H2522

_ IfZ?:2Si>/\+%—Sl,

VV(S) < - )\1{Sl<1} + (1 - p)ulsl,l + U2S12 — (1 - p),ulsz,l — H252,2
=— A+ (1 —p)si1+ p2si2 — (1 —p)p1sa1 — f12522
e For a policy in I3,

- If}\—F kl\c/)gNN — 51 > 2?2251',

VV(s) <= MAi(s) = Lyg,=13) — (1 = p) 1521 — pas22

S\/_N — (1 — p)p1S21 — p2s2z2

— IfZ?:28i>/\+%—Sl,

VV(s) <= A1 —=A(s) + (1 = p)pasig + pasi2 — (1 — p)pasa1 — pasao

1
<——= - A+ (1 - p)M181,1 + p2S12 — (1 - p>M132,1 — H2522

VN

Therefore, Lemma 30 still holds for policies in II5.
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5.4 Proof of Corollary 4

Under JSQ, a job is discarded or blocked only if all buffers are full, i.e. when
N | S; = Nb. From Theorem 3, we have

ps =Pr (NZ S; = Nb) =Pr (Z S; > b) (5.28)

(max{zs kl\‘;gNN 0} >b—\— kijgNN> (5.29)

E [max {Eizl Si—A— M%N, O}]

< (5.30)
— klog N
b—A— A
8max 1
< 5.31
b=\ VNlog N (5.31)

where (5.29) to (5.30) holds due to the Markov inequality; and (5.30) to (5.31) holds

klog N .
because of Thereom 3 and b — A > A

For jobs that are not discarded, the average queueing delay according to Little’s

law is
E [Z?=1 S%}
A1 —pg)

Therefore, the average waiting time is

E [Z?:l SZ}
A =50 — ~

klog N 7 bmax
VN + V/Nlog N + )\pBN

<
N )‘(1 - pBN)
< 2/{? IOg N ]-4,U/max + 16umax

< +
VN \/_logN

where the last inequality holds because A\(1 — pg,) > 0.5.

From the work-conserving law, we have

ES)] = M1 — psy) > A (1 _ Stmax 1 ) |

b—XA+/Nlog N
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Therefore, we have

1
S,Umax < E[Sl] < )\7

A\ —
b—)\\/ﬁlog]\/_

which implies

b 7] 8
7 max + pmax
E ZSZ Sk‘logN_i_ j2 b—\ 7
Py VN V' Nlog N

due to the fact

klog N T lhmax
E Sil <A+ + .
2‘21 vVIN Vv N log N

Next, we study the waiting probability pyy. Define Wy to be the event that a

job entered into the system (not blocked) and waited in the buffer and pyy is the
steady-state probability of Wy. Applying Little’s law to the jobs waiting in the
buffer,

AwE[Tg) = E

b
>si.
i=2
where Ty, is the waiting time for the jobs waiting in the buffer. Since E[Tj] is lower
bounded by TQ = min {L, i} , we have
1’ p2
L [2?22 Si]

Pw="37,

Finally, a job not routed to an idle server is either blocked or waited in the buffer

b
E |:Zi22 S’] 1 k log N 1 7ﬂmax + 8u_ﬂ
" < - il b—A
/\TQ B )\TQ vV N /\TQ vV N log N

Pw =P8y t Pw < PB+
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The analysis for Pod is similar, except that

1 1
=P <1- P <1-—
e (B o= MlN‘”‘) ' (Sb - MlNO‘)
1 1
+Pr(B|S,>1— Pr(S >1-— )
( ' MlNO‘) ' fuNe
1 1
<P <1-— P 1-—
< r(B Sb_ MlNa)+ l"(Sb> ,ulNa>

1 w1 N log N b b
( MlNa> — pi N

<8umax 1
“b—AVNlogN

The remaining analysis is the same.

Finally, for JIQ and I1F, we have not been able to bound pz. However,

b

b
<Pr [ max Si_)\_klogN ZL_k’log]\f .
i=1 VN Ne VN

The result follows from the Markov inequality.

5.5 Summary

In this chapter, we considered load balancing under Coxian-2 service time in

the Sub-Halfin-Whitt regime. We developed an iterative SSC to overcome the non-

monotonicity challenge and establish a policy set 113, in which any policy can achieve

zero delay asymptotically. The set Il3 includes JSQ, JIQ, I1F and Pod with d >

w1 N*log N.
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Chapter 6

CONCLUSION

In this dissertation, we studied steady-state performance of load balancing algo-
rithms for many-server systems (N servers) in heavy traffic regime. We developed
Stein’s method and (iterative) state space collapse (SSC) framework to analyze load
balancing systems in various traffic regime (Sub-Halfin-Whitt and Beyound-Halfin-
Whitt regime) and service assumption (exponential service and Coxian-2 service).

Chapter 3 studied load balancing in the Sub-Halfin-Whitt regime under expo-
nential service. Stein’s method and state space collapse (SSC) are introduced in this
chapter and demonstrated to be a potential framework in steady-state analysis of load
balancing. With the framework, a set of “zero-delay” load balancing are established,
under which the waiting time and waiting probability achieve zero asymptotically (as
N — 00). JSQ, JIQ, I1F, and Pod belong to “zero-delay” load balancing.

Chapter 4 studied load balancing in the Beyond-Halfin-Whitt regime under expo-
nential service. Though in “heavier” traffic regime, state space collapse is still proved
by Lyapunov drift analysis with a carefully-designed Lyapunov function. Combine
with an iterative refined procedure, high-order bound on total queue length are ob-
tained, and a set of “zero-delay” load balancing is also established.

Chapter 5 studied load balancing in the Sub-Halfin-Whitt regime under Coxian-
2 service. Load balancing under Coxian-2 service is challenging because of “non-
monotonicity”. To tackle the “non-monotonicity” challenge, an interesting iterative
state space collapse is proposed to reduce state space step by step, and it helps

establish a similar set of “zero-delay” load balancing as in exponential service.
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A.1 The First-Order Gradient ¢’
Lemma 21. For any x € [77 — %,77 + %} , we have

27’
ONT

g/ ()] <

Proof. For any x € [77 — %, n+ %} , we have from the closed-form expression of ¢,

A.2 The Second-Order Gradient g”

Lemma 22. For xz > n, we have

/" r r—
9"(2)] < & (max = 0,017
Proof. For x > n, we have
’ o (x B 77)T
g (I’) - _5 )
which implies
" r ('T — 77)7171
9" () 5
and
" r (513 — 77)T ' r r—1
")) = [P | < % (max f —9,0)

76



APPENDIX B

STATE SPACE COLLAPSE

7



B.1 A Tail Bound from Bertsimas et al. (2001)

First, we present the following result from Bertsimas et al. (2001). The following
version of the lemma is from Wang et al. (2017), but the result was proven in Bertsimas
et al. (2001).

Lemma 23. Let (X(t) : t > 0) be a continuous-time Markov chain over a countable
state space X. Suppose that it is irreducible, nonexplosive and positive-recurrent,
and X denotes the steady state of (X(t) : t > 0). Consider a Lyapunov function
V : X — RT and define the drift of V at a state i € X as

AV (i) = Z i (V (i) =V (3)),
i EX i £i

where q;; is the transition rate from i to i'. Suppose that the drift satisfies the following
conditions:

(i) There ezists constants v > 0 and B > 0 such that AV (i) < —~ for any i € X
with V(i) > B.
(11) Vmax := sup |V (i') = V(i)| < o0.

1,8’ €X:q;;, >0
(111) q := sup(—gq;;) < oo.
iexX
Then for any non-negative integer j, we have
GaxV/ J+1
Pr(V(X) > B+ 2Umaxj) < <—m“ e ) :
Qmaxymax + ,7

where

Gmax = Sup Z Qi -

€X eV (i)<V (ir)
B.2 SSC in Sub-Haffin-Whitt Regime
B.2.1 Proof of Lemma 6
Consider a Lyapunov function in (3.7)

V(s) :min{Zsi,)\ijl\jgNN —31}. (B.1)

=2

Lemma 24. Under any load balancing algorithm such that Ai(s) < \/LN when 51 <

_ _ 1
A+ klo%fvjv, we have for N > <4kl+gN> 77 that

1 logN 1
R T VA Vi

log N
for any state s € S such that V(s) = <
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Proof. For the Lyapunov function defined in (B.1), the Lyapunov drift is
vV(s) = E[GV(S)|S = 5]

= Z AN(Ai_1(s) — Ai(s))(V(s 4 &) — V(s)) + N(s; — si01)(V(s — &) — V(s)).

Given V(s) > 1%\77 we consider the following two cases.

e Case 1: Assume 2?22 s; < A+ BleN _ ¢ Note that

VN
b b
V(s+el)§2 si, V(s —e) ZS“
1=2 1=2
’ 1
Vis+e;) < N’ V(s — e Zsi —, V2<5<b
i=2 =2
Furthermore, V(s) = Z;’:Q s; > I%V, which implies sy > b_ill%v because
S9 > §3 > -+ > 5. Therefore, we have
1 logN 1

VV(s) < MAL(s) — Ap(s)) — s < — =1 N \/_

where the last inequality holds because Z?Zl $i < A+ % implies that s; <
A 4 BN which further implies that A;(s) < —L.

VN VN
e Case 2: Assume Zf si > A+ ki;gN s1. Note that
klog N 1 klog N 1
Vis+e)=A+ o8 — 51 — V(is—e1) <A+ o8 — 5

VN N’
klog N

VN

In this case Zb si > V(s) = N+ HeN 5 > 8N which also implies

1 logN
52 > 5 R Therefore, we have

V(S+€j):)\+

—s1, V(s—ej) <A+

VV(s) <= X1 — Ai(s)) + (51 — s2)
=$1 — 8o — A+ AA4(s)

log N
°8 — S+ A (s)

VN

1 logN 1
<(b-1-55) Vet om
< 1 logN 1
ST - VN VN

<(k-1)
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where the second inequality holds because s; < A + (k — 1)1‘\)/%\[ and it implies
Ai(s) < \/1_N5 the last inequality holds because sy > = 1‘\’%\[ the last equality

holds because k — < k<k.

T
Vv/Nlog N

From Lemma 24, we have

and it is easy to verify

1
max < N and vy < —.
q nd Unax <
Based on Lemma 23 with j = \/?blogl)N we have
rlogN_’_

klog N 1 o=y
Pr{v(s)> 2t <
VN 14 A leN L
20-1) VN VN
VN log N

< (1 1 logN+ 1 ) 8(-1)
B Ab-1) VN = 2vN

log? N 4 logN_
<e 32(b—1)2 16(b 1,

where the second inequality holds because ( L_logN

1
T S 1+ for a large .

B.2.2  Proof of Lemma 7
Given the SSC result in Lemma 6, we now bound (3.4) by considering two regimes,

Vi(s) < klog N o V(s) > ';i;gNN, as follows

i b
klog N log N
E log N (Z&—A— VN )(/\+ VN _Sl) Iy sonid

=1

- b T
klogN log N
=E (E Si — JN ) ()‘ - Nl Sl) HV(S)SL;%NHELIS»nJr%

2

=

(B.2)
[ VN klog N log N ]
] (B.3)
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To bound (B.2), we consider state s such that HV(s)g’“\‘/’gﬁN 1 and ]I S sl = 1
because otherwise (B.2) = 0. For any state s such that Z?zl si>n+~ =M % +
%, we have

klog N
Vi(is) =+ — 51. B4
) =2+ DEE (B.4)
Given (B.4), V(s) < gi;gNN means
log N log N

A+

~ —51_<k k—i—l)

(-

° klog N
maX{ZSi—)\— /N ,0}] . (B.5)

i=1

IN

\/_
Therefore, we have

1
B2)<|l—-———— | E
2= (1-5575)
To bound (B.3), we have

b
(B 3) — \/_ ]I l;logN
logN V(8>
Slbo\g/;e A (B.6)
where the first inequality holds because Zle Si — A — % < Zle s; < b and

A+ I%V — 51 < 1 for a large N; and the second inequality holds due to Lemma 6.
Based on (B.5) and (B.6), we obtain the following upper bound on (3.4):

b
, log N
g E S¢> (AB(S)—A———F&)H b s, ]
(z’:l VN =

1 ° klog N
S(l_él(b——l))E max{iz:;&—)\— N ,0}]

L VN ity
log N
B.3 SSC in Beyond-Haffin-Whitt Regime

(B.7)

B.3.1 Proof of Lemma 12

Consider Lyapunov function in (4.4)
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to study its drift in the following lemma.

Lemma 25. Given any load balancing in Iy, we have

ElogN
b Ni-o’

2
vV(s) < —
W= TR
for any state s € S such that

1
> .
V(s) 2 e

Proof. Given V(s) >

1
Tvas We have two cases.

e Case 1: 1 —s1 > V(s) = 2?22 S; — ’jvk;—g_ff > ﬁ, we have

VV(s) <SA(Ai(s) — Ap(s)) — s2
1

S—N — 52
< 1 1 klog N
~V/N 4bNe b N«
< 1 klog N
—\/N b Nl—oz

where the second inequality holds because we consider load balancing in II; the

. . . Z’Z: Si k log N
third inequality holds because sy > =222 > - + ¥85
e Case 2: 2?22 S; — li\lﬁg_f]v >V(s)=1—s > ﬁ, we have

VV(s) <= A1 — Ai(s)) + (s1 — s2)
=51 — 89 — A+ AA4(s)

3
<—— — 59+ A

=4Ne (5)

1 3 1 klog N
<—— + - -
—V/N 4N«  4pNe b Ni-«
< 2 klog N
—\/N b N1—«

where the second inequality holds because s; < 1 — ﬁ; the third inequality holds

b
. . . -5 S;
because we consider load balancing in IT and s, > Zl—b? L > 4b11\m %}3? ,J\; O

From Lemma 25, we have

1 k—1log N
= Og qmaX S N and /Umax S

B=— P = B
ANo' 7T Ty Nia

==
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Based on Lemma 23 with j =

Pr (V(S) >

11—«
NT, we have

N
1 8
) < <1_ﬂlogN>
b Ni-a

Nl-«a

1_k:—llog]\f s
2b Nl-«

(k—1)log N
<e~ 166 .

B.3.2 Proof of Lemma 13

According to Lemma 12, we split SSC term (4.1) into two regions, 2 and its

complementary €2 as follows

[ b klog N

E Na <Zsz—)\_ Nl—a
i=1
b

o klog N

e (3050 K0
i=1

b
log N
+E |N° <ZSZ-—>\— kNolg_a
L =1

T

T

T

The term (B.8) is related to the region in €2, where V(s) <
implies s; > 1 —

then V(s) =1—s; and V(s) <

1
— 2N«

(BS) < 5 F

()\"‘__Sl) 1 1S>77+N]

(A t e Sl) Iy (s) SO Sisn+

(o

Sl) HV(S mw 22 LSt

2N°‘

b klogN |\
<max{izlsi—/\— i ,0})].

(B.8)

(B.9)

. b 1
< 2Na' Given ) ) ; s; > n++,
Therefore, we have

The term (B.9) is related to the region in €, where we use Lemma 12 and have

(B.Q) < Nabref“ 16b

These two terms give Lemma 13.

—1)log N
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C.1 A Conditional Tail Bound

To prove the space space collapse results, we first introduce Lemma 26, which
will be repeatedly used to obtain probability tail bounds. Lemma 26 allows us to
apply Lyapunov drift analysis to in reduced state spaces instead of the complete
state space. The lemma is an extension of the tail bound in Bertsimas et al. (2001).
This Lyapunov drift analysis on reduced state space enables us to iteratively refine
the state space in which the system stays at steady state. The lemma was proven in
Wang et al. (2017). We include the proof so the dissertation is self-contained.

Lemma 26. Let (S(t) : t > 0) be a continuous-time Markov chain over a finite state
space S and is irreducible, so it has a unique stationary distribution w. Consider a
Lyapunov function V : S — R* and define the drift of V at a state s € S as

VV(s)= Y g (V(s)=V(s)),
s'€S:s'#s
where qs ¢ is the transition rate from s to s'. Assume

o— / _ 7 -— _
Vimax ._873,6%13;}(5»0\1/(3) V(s)| <oo and q: Iileafsx( Is,s) < 00

and define

Gmax ‘= I?e%x Z Qs,s’ -
s'eS:V(s)<V (s")
If there exits a set € with B > 0, v > 0, § > 0 such that the following conditions
satisfy:

o VV(s) < —v when V(s) > B and s € £.
>

o VV(s) <0 whenV(s) > B and s ¢ E.
Then .
Pr(V(s) > B+ 2Upaj) <&’ + BPr(s¢ &), Vj €N,
with

ma.tha:L’ 5
a = _ OmazVmaz and f=—+1.
Qmazymam + ’y

Proof. Let C' > B — V4, and consider Lyapunov function
V(s) = max{C,V(s)}.
At steady state, we have

0= Y 7)Y 4w (V) = V()

V(8)<C—vmaz s'#s

Y Y (VE) - V)
C—Vmaz <V ($)<CHVmaa s'#s

Y Y g (V) - V(). ()
V(8)>C4Vmaa s'#s
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Note VV (s) = Derzs s’ <V(8’) - V(s)) We consider three terms in (C.1) as
follows:

e The first term is 0 because V(s) < C' — e and V(s') < C imply V(s) =
Vi(s)=C.

e The second term is bounded

S A9 e (V) - V()

C*Vmaz<V(S)SC+Vmaz S/7£S

S E 7T(S>Qmaxymax
C—Vmasx <V(S) §C+Vmaz

<GmazVmaz (Pr(V(s) > C = Vpaz) — Pr(V(s) > C 4 vpaz))

e The third term is divided into two regions s € £ and s ¢ &

S )Y g (V) - V)

V(S)>C+Vmaz ,755
= Y )Y g (V) - V()
V(8)>C+Vmaz 5’753
se€
Y w9 (V) - V()
V(s)>CHvmas s'#s
s¢E

<—=9Pr(V(s) > C + Vmaz, s € E) + 6 Pr (V(s) > C + Vinaz, s ¢ )
=—aPr(V(s) > C+ vnaz) + (0 +7)Pr(V(s) > C+ Vnas, s ¢ E)

where the inequality holds because of two conditions (i) and (ii).
Combine three terms above, we have

(Qma:(,‘yma:t + PY) PY(V(S) >C + Vmaa:)
SQmameaac PI‘(V(S) >C — Vma,aj) + (5 + /Y) Pr (V(S) >C+ Vmazs S ¢ 8)

which implies

Pr(V(s) > C 4 Vpaz)

qmaxymax 5 + P)/
<————Pr(V(s) >C —vpaa) + ——————Pr (V(s) > C+ vyas, S € €
max®” max 5
SL Pr(V(s) > C — Viax) + iPr (s¢ &)
QW(MB Vmaa: + ’7 Qmam Vmaaﬁ —I— /y

=aPr(V(s) > C — Vpaz) + KPr(s ¢ )
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where
qmam Vmam

0+
o= and R=—.
Qmanmaz —"_ fY Qmaxymax —"_ 7

Let C = B + (2 — 1)Vjaz, Vj € N and we have

Pr(V(s) > B + 2Vpnaz])
<aPr(V(s) >B+2(j — 1)Vpae) + € Pr(s ¢ &)

By recursively using the inequality (C.2), we have

J
Pr(V(s) > B + 2Umasj) <o’ + kPr (s ¢ S)ZO/

=0
gaj—l—%Pr(sgéE)

=a’ + BPr(s ¢ €)

(C.2)

]

As mentioned above, Lemma 26 is an extension of Theorem 1 in Bertsimas et al.
(2001), where £ = S is the entire state space and Pr(s ¢ £) = 0. As suggested in
Lemma 26, constructing proper Lyapunov functions are critical to establish the tail
bounds. In the following lemmas, we construct a sequence of Lyapunov functions and

apply Lemma 26 to establish SSC results.
C.2 SSC under Coxian-2

The proof of this lemma is based on an “iterative” procedure to establish SSC,

which is achieved by proving a sequence of four lemmas.

Lemma 27 (An Upper Bound on S »).

02
Pr <Sl,2 <P logN> > 1= e
j25) 2\/N

Lemma 28 (A Lower Bound on S ;).

A
Pr(S;{>——
(171_N1 VN

Lemma 29 (A Lower Bound on S ).

pr (50> 22 - 0N 5y 10 Ny
papiz log™ N

5
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Lemma 30 (A Lower Bound on 5 via Z?:g S;).
b
log N log N
Pr | min< A+ klog _Shzsi < (c1 + 1) log
VN VN
1.5
>1- —24 —N3 —min( 4} 42,4462 ) log® N
pip2 log” N

for min{py, po} > @, where

uwb 1
v )( +M1+M2+2u1> and ¢ =
wy wy

wyb (14 p +
( M1 T H2 4 2/“) 4.
wy wy

k:<1+
O

Define sets 31 and 32 such that

< A logN pA ,ullogN}
S =4s|s11 > — — and 19 > — — ———
' { e VN BT VN

b

< klog N log N
So={s|ming A+ et 5 3, clatm)logN |

VN = VN
According to the union bound and Lemmas 28-30, we have
Pr (S ¢ Sl 082) Si \/N e_min(%’MiSQ)lo‘gQN I 16 ];7 e—min(%,%,”}lSQ)lofN

pulog N paps log? N

o N g 2t

pipz log” N

< 3
_m7

3.5
K1 p2 HIHD ) :

where the second inequality holds for a large N such that log N > — (
min{ 75,725 40

We note that S; NS, is a subset of S,,.. This is because for any s which satisfies

c1 + ,ul) IOg N

b
: klog N (
min { \ + — S1, E Si p < ;
{ N } VN

we either have
klog N < (c1 4 1) log N

A+ — s
VN 7 VN

9

which implies
b
14 pq + p2log N klog N
s1> A+ or s <A+ — S1,
b= wy VN Zz; VN '
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which implies

klog N
2 =AY
Note that . o N
5 + 1 + po log
SN >\ = S
! { N } 1
and

Slﬂ{é‘

b
klog N
Z S; S A + O,—g g Ssscl .
i=1 N

We, therefore, have o
Sl N 82 g Sssc;

and

3

Pr(S ¢ S...) < Pr (s ¢ S, msz) <

so Lemma 19 holds.

We next present the iterative SSC approach for proving Lemma 27-Lemma 30. The
first three lemmas are on the upper and lower bounds on S;; and 5 o, illustrated in
Fig. C.1, which shows that both S;; and S are close to its equilibrium values, in

particular, with a high probability, S11 > A/ — % and Sy > pA/pe — %.
However, these two low bounds do not guarantee the total departure rate, which is
(1 —p)p1S11 + paSh 2, is larger than the arrival rate A. Therefore, we need Lemma 30
to guarantee sufficient fraction of busy servers S; such that the total departure rate
is "larger than” the arrival rate \. We therefore need Lemma 30 to further establish

a lower bound on S; unless the total normalized queue length Zle S; is small.

A A
Si,2 Si,2 S12
p . logN 2 4 logN |
w2 U 2VN n2 2N
pA _ plogN |
H2 VN
i 0 >
>
v A _ logN Si1 0 A _ logN Sy
VN ’ m T VN !

Figure C.1: Bounds (Red Lines) on S;; and S ».

C.2.1 Proof of Lemma 27: An Upper Bound on S ».

To prove Lemma 27, we first establish a Lyaponuv drift analysis for € = S (the
entire state space) in Lemma 31.
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Lemma 31. Consider Lyapunov function

p
Vi(s) =812 — —.
( ) b2 M2
When V(s) > T\g/%, we have
pa iz log N
VVi(s) < — )
DETEUR
Proof. When V (s) = s19 — % > %, we have
VV(S) =PH1S1,1 — H251,2 (CB)
<pp1 — (pp1 + pi2)s1,2 (C4)
log N
=p1(p — pas12) < —MTQ \/gN (C.5)

(C.3) to (C.4) holds because s11 = s1 — s12 < 1 — s19; (C.4) to (C.5) holds because
o+ =1 implies 1 + po = pupio. O

From Lemma 31, we know B = T\g/% and vy = & }“ . 1%\[. According to the definition

Of Gmax and Vmax, we have ¢uax = N and vpma = 3. Since £ = § is the entire space,
then Pr(s ¢ £) = 0, we use Lemma 26 (or Theorem 1 in Bertsimas et al. (2001)) to

obtain the following tail bound with j = @,
. P log N
Pr(V(S) > B + 24z :Pr(S’ - = > > C.6
( ( ) j) 1,2 L1 2\/N ( )
VN log N
( : |
< | —— (C.7)
— 12 log N
I+ ey
1 N VN log N
i ft2 10g s
<[(1- C.8
< (1-tpmie ) (©8)

_ip2 log? N
<e 40

e (C.6) holds by substituting B = 2% 1y, ., = L and j = Yesl,

e (C.6) to (C.7) holds based on Lemma 31;

e (C.7) to (C.8) holds because g < 1(\)/5\7 for a large N.
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C.2.2 Proof of Lemma 28: A Lower Bound on S ;.

To prove Lemma 28, we first establish a Lyaponuv drift analysis in Lemma 32.

Lemma 32. Consider Lyapunov function

A
V(s) = o S11
we have
e VV(s) < —%l%\], when
V(s) > 12051—]\\; and s12 < % + 1205%;
e VV(s) <1, when
V(s) > log N and sy > p, logN

~ 2VN pe 2N

Proof. Assuming s; 9 < u% + % and H—Al — 511 > 120%, we have
A 1 1 log N
31:511+312§£+—=1— <A+ i 2 08 < 1.
o pNe we VN
Therefore, the drift of V(s) is
VV(s) =— Algs <1y + p1s11 — (1 — p)p1S21 — posaso (C.9)
<= A+ sy — (1= p)prsay — pas2 (C.10)
<= A+ s (C.11)
pu log N
<_ " C.12
<- kel (c12)
< _ M log N
3 VN’
where
e (C.9) to (C.10) holds because 15, <1} = 1 under JSQ;
e (C.11) to (C.12) holds because s1 1 < % - 1203%.
Assuming sjp > u% + 120% and s1; < ﬁ — 120%, we have
VV(S) = —)\1{51<1} + p1811 — (1 - p),ulsz,l — proSa2 < pisiy < L
]
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Let € = {3 | s < £ 4 lzo\g/ﬁ} . we have V(s) = % — s1,1 satisfying two conditions:

<
1 log N logN
o VV(s) < =55 when V(s) > 5% and 515 € €.

e VV(s) <1 when V(s) > logN and syo ¢ £.

Define B = 2 — %logN and § = 1. Combining ¢ne, < N and Ve, < +, we

2V'N N
have
1 1
a:—1+ﬂ10gN and ﬁ:—&bg_N—l-l.
3 N 3 UN
Based on Lemma 26 with j = \/NiogN, we have
. A log N
Pr(V(s) > B+ 2vpej) =Pr | — —S11 > C.13
Vi) > D= (25 x Y 13
VN log N
1 4
S <1 1 log N +5PI’ (SLQ gé (9) (014)

(C.15)

Vv Nlog N

[1,1 log N 4 s 4 \/ ,ul,uQ log N

<(1-=— + —
4 /N 11 log N°

Bt 1?221\1 4 \/ uwzlog N

<e
p log N
5 \/_ 7m1n(—é gQ)IOgQN
Ml i log N ’
where
log N 1

e (C.13) holds by substituting B = oy Vmae = § and j = M;

e (C.13) to (C.14) holds based on Lemma 32;

e (C.14) to (C.15) holds because (i) in the first term in (C.15), pu; < % for a
large N, and (ii) the second term in (C.14) can be bounded by applying Lemma
27.
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C.2.3 Proof of Lemma 29: A Lower Bound on S .
Lemma 33. Consider Lyapunov function

A
V(S) = % — 51,2,

we have

1\ log N A log N
V(S) > (lﬂ + _) 8 and S1,1 > — = 08 )
VN 11 vVIN

Pl 1)logN A log N
Vis)> | —+ = and s11 < — — )
0= (5 +3) Y =g

Proof. Assuming V' (s) = pA _ S12 > (M + l) log N and s11> > — log V" we have

H2 12 2) VN H1 VN
VV(s) = — (ppasi,1 — p2s12) (C.16)
ppi1 log N )
<— (- PRET s c17
>~ (p \/N H2812 ( )

<_&10g1\7

i (C.18)

where

e (C.16) to (C.17) holds because s; 1 > ﬁ — I%V;

e (C.17) to (C.18) holds because s1 9 < IZ_’Q\ _ (% + %) 1%\/‘

; pA D 1) logN A log N
Next, assuming o 512 > (u—; + 5) v and s;; < T Uy we have
VV(s) = —(pms11 — p2512) < posi2 < pA < 1.

]

Defining £ = {s | s > ﬁ — I%V} , we have V(s) = ’;—’2\ — 51,2 satisfying two condi-
tions:

o VV(s) < —225 yhen V(s) > (ZL + %) N and s, € €.

e VV(s) <1 when V(s) > (% + %) I%V and s ¢ &.
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Define B = (—“——l—%)lgN, v = %logN and 6 = 1. Combining ¢, < N and

Vinaz < %, we have

2 VN
o= g N and :—1\/?\[-1—
I+ 5 A M2 10g
Based on Lemma 26 with j = M, we have
. PA Pl log N
Pr(V(s) > B+ 2Vmax :Pr(——S (——I—l) ) C.19
V(s) =P (s x (22 41) 252 (.19
VN log N
1 ! 2 VN
<N —— + — Pr(Si1¢&) (C20)
log N )
(1 + & \/gﬁ o log N
VN1 ogN
(o log N 3 VN
1-= — Pr (S &) (C.21
N
<o 10N wmin( ) g N (C.22)
papiz log™ N
16 N —min(q—l % M}LgQ)logQNj
~ ppialog® N
where
e (C.19) holds by substituting B, V.. and j;
e (C.19) to (C.20) holds due to Lemma 33;
e (C.20) to (C.21) holds because s < 1@ for a large N for the first term in
(C.21);
e (C.21) to (C. 22) holds by applying Lemma 28 to obtain the tail bound in the
second term in (C.22).

Recall % + 1 = p1 and the proof is completed.

C.2.4 Proof of Lemma 30: SSC on S; and Z?:Q Si.

Define L;; = u I%V and Ly o = 2’2\ 1\1/°§N Recall

w, = max((1 — p)u, p2) and w; = min((1 — p)p, pa),

Wy, b 14 pug + wub (14 g +
k= (1 + = ) ( i T B2 + 2,ul) and ¢; = ( i T B + 2H1> + 2p1.
wy wq w wp
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Lemma 34. Consider Lyapunov function

b
V@)zmm{A+kng }: }

we have

e VV(s) < —%, when V(s) > % with s11 > L1 and $12 > Ly o;

(] VV(S) S Wy, when V(S) Z % with S1,1 S Ll,l oT S1.2 S LLQ.

Proof. When V (s) > MT]%[N, the following two inequalities hold

k —c1)log N 1 log N
gqo<ay kme)loeN  Thmtpslos N (C.23)
\/N Wy \/N
b
1 N
Y s> qog (C.24)
1=2
We have two observations based on (C.23) and (C.24):
e (C.23) implies 15, <13 = 1 under JSQ;
e (C.24) implies sy > & li’%v because sy > s3 > -+ > 5, and we have
wicy log N
(1 = pursan + piasa2 > wisy > —;) : jﬁ (C.25)

We study the Lyapunov dirft and consider two cases:

e Supppose A + kijgN 81 > ZLQ s; > 98N Ty this case, V(s) = Z?:z s;, and

VN
VV(s) <Algs=1y — (1 = p)pasan — paszp (C.26)
— (1 = p)p1sa1 — f1252,2 (C.27)
wycy log N
<= C.28
=y UN (C.28)
2wy log N

Vi (C.29)

where

— (C.26) to (C.27) holds because 1y5,—13 = 0 under JSQ;
— (C.27) to (C.28) holds because (C.25);
— (C.28) to (C.29) holds because ¢; > %”2@1.
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e Suppose S s; > N BloeN g > alsN 1 thig case, V(s) = N4 BleN g,
pp =2 N N N ’

VN VN

and

VV(s) <= Mg <1y + (1 = p)psig + prasi2 — (1 — p)pasay — pasa
<= At wyst — (wy — (1= p)pr) $11 — (wy — p2) S1.2
- (1 - p),u132,1 — H2S2.2
<= A4 wy(s1 —Lig— Lig) + (L —p)uaLig + poly2)
- (1 —P)Mlsz,l — H2S822

log N
=(wy(k —a1 +1+ —(1— —
(wu( 1 1) = ( P — flafiz) JN

- (1 _P)M132,1 — H2S22
log N wcilog N

Wi

< (wu(k—cr+1+ ) = (1= plun — ppe)

VN b VN
w log N
=Wy, (k‘ — (1 + w_ulb) 1+ ,u1) \/gN — (L =p)pa + papre — wy)
w log N
<w, (k: - (1 + wulb) 1+ ul) jﬁ
< - Wy 1 IOgN’
VN

where

(C.30)
(C.31)

(C.32)

(C.33)

(C.34)
log N

VN
(C.35)

(C.36)

(C.37)

— (C.30) to (C.31) holds by adding and substructing wy,s1 = wy(S1.1 + 512);
— (C.31) to (C.32) holds because s and s 2 taking the lower bounds at Ly ;

and L 5 gives an upper bound;

— (C.32) to (C.33k) h?}dsbe substituting L, ; = 1%1 — I%V, Ly = 7;—’2\
—c1) log

and s; < A+ ( N
and (1 —p)urLig + pelio = A — (1 — p)pa + pape) 1%\[.

p1 log N

VN

.Wehave sy —L1; —Lio=(k—c1+1+ Ml)logN

VN

— (C.33) to (C.34) holds by substituting the lower bound of (1 — p)uis21 +

H252.2 in (025),
— (C.34) to (C.35) holds by combining the terms with cy;

— (C.35) to (C.36) holds because (1 — p)uy + papre — wy, = pq + o — wy, > 0;

)
— (C.36) to (C.37) holds because k — (1 + w%@)) 1 < —2p.
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Let & = {s| s11> L1, s12> L2} and V(s) = mm{)\ + kl\(/’g—N — 3172?:2 si}

satisfying the following two conditions based on Lemma 34:

e VV(s) < —% when V(s) > % and s € £.

o VV(s) < w, when V(s) > % and s ¢ E.

Define B = <8N - — wumnlogN g § — 4. Combining ¢mee < N and Vpmes < —,
VN VN & N
we have U
1 N
=iy and f=_————+1
1 4 Sebi = 111 log
Based on Lemma 26 with j = /M#, we have
Pr(V(S) > B+ 2Vmas])
1
—Pr <V(S) >4 OgN i 1OgN) (C.38)
ulflogN
1 ’ N
S T ooz N + \/_ + 1| Pr (S §é 5) (039)
1+ uu\l/ﬁg p1 log N
}Ll\/ﬁlogN
Wyt log N) 2 VN
<(1-— + +1|Pr(s¢é& C.40
(-5 (e reeeecw
comtett (VN ) 2N g ey ()
p log N papiz log® N
o34 NV (5,02 ) 0g2 N
~ iz log® N ’
where
olds holds by substituting Vmaz and 7;
C.38) holds holds by sub B, d 7;
e (C.38) to (C.39) holds based on Lemma 34;
e (C.39) to (C.40) holds wyuy < for a large N for the first term in (C.40);
e (C.40) to (C.41) holds by applying the union bound on Pr (s ¢ &) such that

PI(S¢5) SPI‘(Sl’l <L1,1)+PI'( 1,2 <L12)
32 N u
< 2
papiz log™ N

“—é—,“ )log N

— min(
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