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JFE

Magnetothermodynamics: measuring the equations of state of a

compressible magnetized plasma

M. R. Brown∗ and M. Kaur

Department of Physics and Astronomy

Swarthmore College

Swarthmore, PA 19081-1397

(Dated: November 20, 2018)

Abstract

Magnetothermodynamics (MTD) is the study of compression and expansion of magnetized

plasma with an eye towards identifying equations of state for magneto-inertial fusion experiments.

We present recent results from SSX experiments on the thermodynamics of compressed magne-

tized plasmas. In these experiments, we generate twisted flux ropes of magnetized, relaxed plasma

accelerated from one end of a 1.5 m long copper flux conserver, and observe their compression

in a closed conducting boundary installed at the other end. Plasma parameters are measured

during compression. The instances of ion heating during compression are identified by construct-

ing a PV diagram using measured density, temperature, and volume of the magnetized plasma.

The theoretically predicted MHD and double adiabatic (CGL) equations of state are compared

to experimental measurements to estimate the adiabatic nature of the compressed plasma. Since

our magnetized plasmas relax to an equilibrium described by magnetohydrodynamics, one might

expect their thermodynamics to be governed by the corresponding equation of state. However, we

find that the magnetohydrodynamic equation of state is not supported by our data. Our results

are more consistent with the parallel CGL equation of state suggesting that these weakly collisional

plasmas have most of their proton energy in the direction parallel to the magnetic field.
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INTRODUCTION

Magnetothermodynamics (MTD) is the study of compression and expansion of magne-

tized plasma with an eye towards identifying equations of state. The physics of MTD was

first elucidated at the SSX MHD wind tunnel at Swarthmore College [1, 2]. In experi-

ments using relaxed Taylor states [3–6], we accelerated and compressed magnetized plasmas

while measuring local proton temperature Ti, plasma density ne, and magnetic field B. A

particular equation of state (EOS) was identified in these experiments [7, 8].

Magneto-inertial fusion (MIF) experiments rely on the compression and heating of magne-

tized plasmas [9, 10]. The compression is often performed mechanically by either physically

imploding a liner [11], or collapsing a liquid metal wall [12]. As such, the magnetic lifetime

of the magnetized plasma state should be much longer than the mechanical implosion time.

Recently, on a smaller scale (5 mm diameter), compression experiments were carried out at

the magnetized liner inertial fusion (MagLIF) experiment at Sandia. In these experiments,

plasmas are heated in 100 ns from 100 eV to 4 keV , and magnetic fields are amplified from

10 T to 1000 T [13, 14]. Each of these experiments could benefit from a well-established

equation of state.

In section II we review the SSX experiment and diagnostics, in section III we discuss the

experiment and results, finally in section IV we propose a fusion engine using Taylor state

compression.

SSX PLASMA WIND TUNNEL AND DIAGNOSTICS

The Swarthmore Spheromak Experiment (SSX) has been used in many different config-

urations for studying several fundamental phenomena such as magnetic reconnection [15]

and self-organization [5, 6], MHD turbulence [2], and magnetothermodynamics [7, 8]. In

the present configuration, the SSX device features a ` ∼= 1.5 m long, high vacuum chamber

in which we generate ne ≥ 1015 cm−3, Ti ≥ 20 eV, B ≤ 0.5 T hydrogen plasmas (See

Figure 1). The protons are strongly magnetized (ρi ≈ 1 mm which is small compared to

the dimensions of the machine). The entire set-up is divided into three main sections: (i)

plasma source region, (ii) turbulence region and (iii) the compression region. In the first re-

gion, a magnetized coaxial plasma gun is installed which generates fully-ionized, magnetized
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plasma.

Plasmas are accelerated to high velocity (∼= 50 km/s) by large J×B forces in the gun

(104 N) with discharge currents up to 100 kA, acting on small masses (100 µg). Plasmas

are injected into a highly evacuated (10−8 torr), field-free, cylindrical target volume. For

these studies, the cylinder is highly elongated (`/r ≈ 20), and operated at 120o C. We find

that a hot plasma-facing surface tends to reduce accumulation of cold gas. The volume is

bounded by a highly conducting copper shell (r = 0.08 m, thickness 3 mm). We have used

inner plasma-facing surfaces of either glass or tungsten.

The plasma ejected out of the gun is tilt-unstable and turbulently relaxes to a twisted

magnetic structure [3–6]. We use the initial relaxation phase to study MHD turbulence,

though this work focuses on the fully-formed plasma object. Parameters match those of

earlier studies in which the magnetic structure of the object was confirmed by detailed

measurements [5, 6]. We use an axially-oriented Ḃ probe array to measure magnetic field

structure in this study, and find that the structure is consistent with the previous observa-

tions. The plasma evolves to an equilibrium that is well described by a non-axisymmetric,

force-free state (Taylor state) despite finite plasma pressure (β ≈ 20%).

We use vacuum ultraviolet (VUV) spectroscopy for line-averaged measurements of Te [16].

The VUV spectroscopy is installed 0.05 m away from the gun (in the turbulence region) and

is line integrated over a diameter. We find that our electron temperature is about 7 eV for

most of the discharge. We can calculate an e-folding lifetime of τ = µ0
λ2η

= 30 µs, where η is

the Spitzer resistivity and λ is the Taylor state eigenvalue from ∇×B = λB [16].

Ion temperatures are measured at the far end of the flux conserver in the compression

region (1.24 m away from the gun) using an ion Doppler spectroscopy (IDS) system with

a 1 MHz cadence [17]. We measure emission from CIII impurity ions and rely on rapid

equilibration of protons with the carbon ions (τequil ≤ 1 µs). Light from the CIII 229.687 nm

line collected from the plasma along a chord is dispersed to 25th order on an echelle grating

and is recorded using a 16-channel PMT. The time-resolved proton temperature and line-of-

sight average velocity are inferred from the observed thermal broadening and Doppler shift

of the emission line, respectively. The line-of-sight is across the flow direction and is located

near the end wall of the flux conserver where the plasma stagnates. Our typical peak ion

temperatures are Ti ≥ 20 eV . We measure a line-averaged plasma density at the same axial

location using a HeNe laser interferometer. Our typical peak densities are 4× 1015 cm−3.
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EXPERIMENT AND RESULTS

In prior studies, we tested three candidate equations of state [7, 8]. One is appropriate for

MHD, the other two are the double-adiabatic, or Chew-Goldberger-Low (CGL) equations

of state, appropriate for protons with different T⊥ and T‖ [18]:

∂

∂t

(
P

nγ

)
= 0 (1)

∂

∂t

(
P⊥
nB

)
= 0 (2)

∂

∂t

(
P‖B

2

n3

)
= 0 (3)

The CGL EOS are related to constancy of adiabatic invariants µ = W⊥/B and J = v‖`.

We determined that equation 3 featuring P‖ best fit our data. We briefly describe the

experimental procedure in what follows.

In Figure 2 we present a typical time trace from the compression region, highlighting a

candidate compression event (pink bar). During these events, algebraic combinations of these

dynamical variables (such as the functional forms above) are used as test model equations

of state. We extract density, temperature, and magnetic field during the compression time.

A viable equation of state would remain constant during the event.

The axial compression of the Taylor state is depicted in Figure 3. Note that the twisted

Taylor state behaves like a spring. From this data we can extract the axial wavenumber

of the structure using wavelet analysis, and therefore obtain the length and volume as a

function of time. We construct a PV diagram using the measured volume (Figure 4).

Valid compression events have three criteria. First, the compression is more that 10%.

Second, the event lasts more than 1 µs (less than, but on the order of an Alfvén time).

Third, there should be ion heating as demonstrated by a transition to a higher isotherm

on the PV diagram. Candidate EOS are displayed in Figure 5 for nearly 200 compression

events. Because SSX plasmas relax to an equilibrium described by MHD (eg [5, 6]), one

might expect the thermodynamics to be described by the corresponding EOS. Instead, we

find that the parallel CGL EOS best fits our data.

Our measurement of Ti is insensitive to the direction of magnetic field. The IDS diagnostic
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is line-averaged over a diametrical chord where the direction of the magnetic field changes

significantly, so we mix both T⊥ and T‖ information along a chord. In addition, the IDS

collection chord is several mm in diameter [17] so even when the magnetic field is fortuitously

aligned with the optics, the sampling volume is over several proton Larmor orbits. We

are considering other techniques to resolve T⊥ and T‖, but the results presented here are

averaged over both components. In light of this averaging, it is particularly interesting that

the parallel CGL EOS best fits our data.

A FUSION ENGINE

Using our measured equation of state, we can hypothesize how a Taylor state would

perform as a working fluid in a fusion engine. We imagine that we are able to compress

the Taylor state by a factor of 10 or more, and that the magnetofluid obeys our candidate

equation of state:
∂

∂t

(
P‖B

2

n3

)
= 0.

We make three assumptions. First, that the compression occurs faster than the magnetic

decay time: τcompress � τB. Second, we assume that the total particle number is conserved

during compression, so the density increases inversely with volume: n ∝ 1/V . Finally, that

magnetic energy is conserved. This means that Wmag =
∫

(B2/2µ0)dV is a constant, so B2

also increases inversely with volume: B2 ∝ 1/V .

In Figure 6, we show a cartoon of axial compression. We imagine a convergence ratio

of 10 or more could be performed either axially or radially. Radial compression could be

done either with a collapsing liquid metal wall [12] or an imploding liner [13, 14]. Axial

compression could be done as we show here at SSX, but the Taylor state would have to be

accelerated to super-Alfvénic speeds.

From this analysis, we conclude:

P‖B
2

n3
=
nkT‖B

2

n3
∝
T‖B

2

n2
= constant

Since B2 and n both scale like 1/V , we find that T‖V = constant, so that a decrease in

volume by a factor of 10, results in an increase in temperature by a factor of 10. Note that

this is much more favorable scaling than is predicted by the MHD equation of state:

P

nγ
= constant
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for which the prediction is that TV γ−1 = TV 2/3 = constant. A convergence ratio of 10 would

bring fusion fuel from 1 keV to 10 keV while increasing the density by a factor of 10.

SUMMARY

We have presented results from SSX experiments on the thermodynamics of compressed

magnetized plasmas. The key aspects of the experiment are to compress rapidly so the

physics is adiabatic, yet quasi-statically so that no shocks develop (practically speaking,

this means τcompress ≤ τAlf ). We identify a particular equation of state, associated with the

CGL parallel adiabatic invariant.
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FIG. 1. Schematic of the SSX device in the wind tunnel configuration. Taylor state plasmas are

launched by the magnetized coaxial plasma gun (left). In the stagnation flux conserver, a long Ḃ

probe array is aligned axially to measure magnetic field structure and time of flight velocity. In

addition, co-located ion Doppler spectroscopy and HeNe laser interferometry chords are used for

measuring the ion temperature and plasma density, respectively at a distance of 1.24 m away from

the gun.
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FIG. 2. Heating event. Plot of (a) density ne, (b) proton temperature Ti, and (c) modulus of

the magnetic field B measured at the same location in the compression region, highlighting a

compressive heating event in pink. The blue bar indicates the entrance of the Taylor state into the

stagnation flux conserver. For this event, we see a jump in density of about 50%, and a jump in

ion temperature of almost a factor of four. Combinations of these data as a function of time are

used to test EOS models.
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FIG. 3. Compression. Plot of the axial structure of the twisted Taylor state as it compresses

against the back wall of the stagnation flux conserver. Note that initially only one lobe is present

in the flux conserver (64 µs), but eventually, 1.5 lobes fill the volume (80 µs). It is from this data

that we measure the length and volume of the object.
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FIG. 4. PV diagram. We require that the length of the object compresses by at least 10%, and

that the event persists for at least 1 µs. In this event, we see a compression of about 20% (from 30

to 24 cm). We also require a transition from a lower isotherm to a higher one. This event shows a

temperature increase of a factor of four.
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FIG. 5. Model equations of state. Nearly 200 distinct compressive heating events are plotted here

in light blue, for three candidate EOS models. The standard error is depicted as a darker blue

band. Since there are 200 events, the standard error is about a factor of
√

200 tighter than the

standard deviation. (a) MHD EOS, (b) CGL perpendicular EOS, and (c) CGL parallel EOS. Note

in particular that the MHD EOS is not constant over the heating intervals. It appears that the

parallel CGS EOS is a better model.
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FIG. 6. Fusion engine. Axial compression of a Taylor state, in this case, depicting the 30%

compression we typically see at SSX. A fusion engine would need at least a factor of 10 compression.

Radial compression is also a possibility, but would require an imploding liner or collapsing liquid

metal wall.
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