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PHYSICAL REVIEW D 100, 104055 (2019)

LISA for cosmologists: Calculating the signal-to-noise ratio for stochastic
and deterministic sources

Tristan L. Smith®' and Robert R. Caldwell®?

1Department of Physics & Astronomy, Swarthmore College, Swarthmore, Pennsylvania 19081, USA
2Department of Physics & Astronomy, Dartmouth College, Hanover, New Hampshire 03755, USA

® (Received 27 August 2019; published 26 November 2019)

We present the steps to forecast the sensitivity of the Laser Interferometer Space Antenna (LISA) to both
a stochastic gravitational wave background and deterministic wave sources. We show how to use these
expressions to estimate the precision with which LISA can determine parameters associated with these
sources. Tools are included to enable easy calculation of the signal-to-noise ratio and draw sensitivity
curves. Benchmark values are given for easy comparison and checking of methods in the case of three
worked examples. The first benchmark is the threshold stochastic gravitational wave background Qgy 1>
that LISA can observe. The second is the signal-to-noise ratio that LISA would observe for a binary black
hole system identical to GW 150914, radiating four years before merger. The third is the case of a monotone

source, such as a binary that is far from merger.

DOI: 10.1103/PhysRevD.100.104055

I. EXPLANATION

This document is intended to be used as a set of
instructions for calculating the sensitivity of the Laser
Interferometer Space Antenna (LISA) [1] to a stochastic
gravitational wave background (SGWB) or a continuous
wave source under idealized circumstances. By idealized we
specifically mean that all noise is Gaussian and stationary,
and that there are no foregrounds. Many of the results
presented are well known and have a long presence in the
literature (e.g., Refs. [2-8]). However, we perceive that an
accessible introduction is lacking. Moreover, we are unaware
of any literature that gives a complete, end-to-end derivation
of the signal-to-noise ratio for LISA in its current design. Our
goal is to facilitate sensitivity calculations, in the hope that
more theorists will be able to properly evaluate the ability of

|

LISA to detect and distinguish their favorite sources. We
have tried to write the type of document that we wish we had
when we started our investigations. In order that these tools
are not just a black box, we have included some basic
derivations that allow for an extension to other interfero-
metric designs. The calculation of the sensitivity presented
here gives a straightforward accounting for the standard time-
delay interferometry (TDI) signals and explains how the
monitoring of the instrumental noise using the Sagnac signal
leads to a significant increase in sensitivity. For the impatient
reader who wants to evaluate the signal-to-noise ratio or
forecast parameter sensitivity for a stochastic background,
here are the key results.

The signal-to-noise ratio (SNR) for a SGWB is given in
Egs. (60) and (63) as

QZ 4 2 3
e L
2 3H]

SNR2:T/°odf
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z,zﬁzo[s’m +S,,(f)] [1+( / )T
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(2zf)* 4f./3

where X, and X; are the inverse-noise weighted sensitivity to the spectral density and intensity for two TDI modes, T is the

observation time, where the nominal mission lifetime is 4 years,

f.=c/(2zL),L = 2.5 x 10° km, and S, and S,; are given

in Egs. (53) and (54). The last expression is made under a low-frequency assumption. A worked example is provided in

Sec. VIIT A.

The signal-to-noise ratio for a deterministic source such as an inspiraling binary is given in Eqgs. (86) and (87) as

h*(f)
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where X, is the inverse-variance weighted waveform
sensitivity for two TDI modes, % is the sky-, polariza-
tion-, and orientation-averaged waveform amplitude as
defined in Eq. (83), and R(f) =1+ (f/f,)? and f, =
25 mHz. The last expression is again made under a low-
frequency assumption. A worked example is provided in
Sec. VIIIC.

The layout of the article is as follows. In Sec. II we
introduce our notation. In Sec. III we introduce the form of
the signal and noise for the TDI modes, and calculate the
detector response. In Sec. IV we present the calculation of
the optimal statistic for a stochastic background, and in
Sec. V we introduce the LISA noise model. In Sec. VI we
present the calculation of the optimal statistic for a sky- and
polarization-averaged deterministic point source. Three
examples are presented in Sec. VIII. We wrap up in
Sec. IX, and summarize the notation used in this paper.
Finally, we also provide a Mathematica notebook to enable
easy calculations.'

II. GRAVITATIONAL WAVES

We begin by establishing our notation and conventions.
We expand the gravitational-wave metric perturbation in
plane waves with respect to a coordinate system at rest
relative to the Solar System barycenter:

hab(x t / df/d2 th f I’l n)el2ﬂfi nx/c)
(1)
P

where e, is the polarization tensor. For a P = +, X
polarized plane wave propagating in the 7 direction, the
polarization tensors may be written

i = (cos ¢ sin B, sin ¢ sin O, cos 6), (2)
e (1) = ting iy, — iy, (3)
ex, (i) = i, fy, + 0y, (4)
1 = (sing, —cos ¢, 0), (5)

fi = (cos¢cosO,singcosb, —sinb), (6)

sothate?, (i)e” (i) = 28pp and thv, fi are basis (Newman-
Penrose) vectors that define the coordinate system in the
plane transverse to the direction of propagation.

We assume that the SGWB is Gaussian distributed and
has zero mean so that its properties are characterized in
terms of the variance or power spectrum (i.e., the spectral
density). Considering the possible polarization states, we
express the covariance in terms of Stokes parameters, as

lhttps://doi.org/l 0.5281/zenodo.3341817.

(<hi(f,ﬁ)h+(f’ ') (R (f a)hy(f A ”)))
(e (fo )by (f.2) (I (f a)he (7))

@(n—=n i
- 20 (Ire Uiy

The overall intensity, I, and circular polarization, V, are
scalar quantities, and hence can be measured through the
monopole of the stochastic background; the Q and U are
spin-4 quantities and hence do not contribute to an
isotropic, stochastic, background. Since we are considering
the intensity of an isotropic background, for the rest of this
discussion we will take V = Q = U = 0. Note that the
intensity is related to the spectral density of the SGWB,

- (e ®

Our notation agrees with Refs. [3,5], where a signal power
is defined such that S,(f) = I(f). We caution that in
Refs. [6-8], a signal power S, = 21 is defined; this alternate
convention is offset by another factor of 2, elsewhere in those
references.

dInpgw
dinf

Qg =

III. THE SIGNAL AND COVARIANCE

The measured phase difference at a vertex of the
interferometer, ®, can be written in terms of the gravita-
tional response in terms of an interferometer phase at that
vertex, Ag, as well as the noise, n,

Dy, (1) = Ay, (1) + 14, (1). )

The subscript Az indicates the signal at the interferometer
consisting of arms AB and AC, as shown in Fig. 1. It is
straightforward but tedious to show that the phase differ-
ence measured at that vertex is given by [5]

A‘PABC :/ df/d2 thfn ’z”f’FP (ﬁ,f;t),
(10)
where

—12ﬂfn Xyt )/cegh (ﬁ)

ABC(n i) =
X [fab(gAB(t) -1, f) _}mb(gAc(f) -, £l

Fab(& - f) =S W(f.f.)Ee e

X (Sinc {250* (1— 2.,3)] o 3+ 2)

+ sinc [ZJ;* 1
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FIG. 1. (Left) The two round-trip interferometer paths used to

compose the Michelson signal. (Right) The two pairs of round-
trip interferometer paths used to compose the Michelson TDI
signal Agy,, ..

gives the gain of a detector vertex. The vector #, points
from vertex A to B, f, = ¢/(2xL), and # is the direction of
gravitational wave propagation. When W = 1, the above
expressions fully account for the round trip paths ABA and
ACA as illustrated in the left panel of Fig. 1. To mitigate
additional sources of noise, TDI uses longer paths, which
are illustrated in the right panel of Fig. 1. The phase
accumulated by these additional paths are given by the
same expressions, but with the time offset by a factor
of t - t —2L/c. The offset in time results in a phase shift
in the time-series Fourier transform. Hence, the factor
W(f.f.) = 1—e 2/~ accounts for the full round trips of
the TDI signal.

To detect the irreducible hum of a SGWB we correlate
the response between the different vertices of the con-
stellation of detectors. Assuming that the SGWB and the
noise are uncorrelated, the full response is a sum of the
gravitational wave signal and noise:

(P, (1)Px,, (1))

| e
:5/_ dfe’Z”f(’—f)[RAscaXyz(f;t’t/)I(f)+NABC,XYZ(f)},

) (13)

where the SGWB intensity response function R for a given
detector geometry is given by

d’n .
Rl i) = [ G s
X Fit (L f3t)+ F5, (A i) FE (R fir)],

(14)

and Ny, x,,(f) is the correlated noise power between the
two detectors. Note that the response depends on time
because of the orbital motion of the spacecraft, although we
will ultimately ignore this feature. When assessing the
sensitivity of LISA to a SGWB we wish to determine the
minimum intensity / that can be determined in the presence
of noise N, as a function of frequency.

Specializing to LISA (with three spacecraft arranged on
the vertices of a fixed equilateral triangle) we can write the
full covariance for the phases measured at each spacecraft as

C, G G
(@,()®@, (1)) =] C, Ci C, |, (15)
G, C C

where J, J' = {Agc, Bca, Cap}- Elsewhere in the literature,
Apc, Bea, Cap are labeled as X, Y, Z [9]. The correlations
C, , consist of a contribution from the SGWB and from the
instrument noise, 1.€.,

Ci=3S;+ N, (16)
where S is the signal power convolved with the instrument
gain and N is the instrument noise power.

We can construct three orthogonal (i.e., statistically
independent) signals by diagonalizing the above covariance
matrix. Note that by diagonalizing the covariance, the
cross-correlation between the TDI variables has zero
response fo both the instrumental noise and the SGWB.
The response eigenvectors are

O, = % (P4, —2Pp,, +Pc,,), (17)
@y =5 (@4, =0, (18)
Q) = \/Lg (P4, + Pp,, +Pc,,) (19)
which yield a diagonal covariance matrix with entries
Cr=Cp=0C -0, (20)
Cr = Cy +2C,. (21)

The eigenmodes 1,11,11] are none other than the TDI
variables A, E, and T. For the rest of this document we will
refer to these eigenmodes by their TDI labels [10-12].
Hence,

Ny =Ng =N, —N,, (22)
Nt =N, +2N,, (23)
Sa=S8g =8-S, (24)
Sp =8, +2S,. (25)

[For comparison, see Egs. (19)—(22) of Ref. [9].] We note
that the autocorrelations S; and N, are sometimes referred
to as the Michelson signal and noise [5,7]. Confusingly, the
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eigenmodes A, E, and T with W = 1 are also sometimes
referred to as Michelson modes. It might make more sense
if they were called Michelson eigenmodes. Finally, we refer
to the eigenmodes A, E, and T with W = 1 — e2///+ as
TDI modes.

The intensity response function in Eq. (14) has the
property that in the limit of vanishing frequency, for a
single Michelson interferometer,

2.
ApcApe gsmzﬁ, (26)

where f§ = 7/3 is the angle between the detector arms for
LISA. We use the same convention as Refs. [3,5]. On the
other hand, the response function denoted I" in Refs. [6—8]
is related to ours by a factor of R = 2I'. This factor of 2
compensates for the different, previously mentioned factor
in the signal power.

We specify the response of LISA to gravitational waves
as follows. For this simplified discussion, we model the
position of the spacecraft as fixed in space,

X, = {0,0,0}, (27)
Xp = L{1/2,4/3/2,0}, (28)
Xc = L{-1/2,7/3/2,0}, (29)

where L = 2.5 x 10° m, or 25/3 cs (light seconds). Even
though the spacecrafts are moving relative to the Solar
System barycenter (the frame in which we expand the
gravitational wave signal), the optimal statistic effectively
filters any correlation with a time-lag much greater than the
light-travel time across the constellation [5]. In this dis-
cussion we ignore the relative motion between the instanta-
neous frames of the spacecraft within this time lag. See
Ref. [13] for more details.

The intensity response functions for the SGWB covering
the full frequency range must be calculated numerically.
We can obtain an analytic approximation by expanding the
gain of a detector vertex [given in Eqgs. (11) and (12)] in
powers of x = f/f, < | and integrating that expansion
over the sky to obtain

3169 85 165073
Ri(fit 1) = WP —=— g ‘- °
(f36,0) = W] <10 1680" 6048 159667200

132439 0

2830464000 O ))’ 0

3169 85 29239
) = |[WPA [ —= 2= ! ’
Ralfst,1) = [W] ( 20 3360" " 12096" 45619200

251389

_ B s o). 31
5660928000° O )> .

____________ \\\
-1 \\
10 X
i
10724 iy
& RAE
e RE
73 ’
107 — Ryl
e [REY
104 ‘

FIG. 2. The LISA response functions R, r and Ry along with
the fitting functions are shown as functions of frequency.

where we have left the factor |W|* intact to enable
switching between Michelson and TDI variables. We have
expanded these response functions to such a high power so
that we keep the leading and next-to-leading orders in the
expansion for the T response S| + 2S,.

The A and E response functions are constant for f < f,
and scale as f~2 for f > f,; the T response function goes as
fofor f < f,and as f~2 for f > f,, as shown in Fig. 2. We
find that an approximate fit for these response functions is
given by

ith f 27 -1
@rmWP%mQ}’ 2
itNLi6 Lig_l

R = om (f;) |wq2<1 * 16128 { *} > ' (33)

The full response functions and the fits are shown in Fig. 2.
It is clear that the T mode is much less sensitive than the A
and E modes.

IV. THE OPTIMAL STATISTIC FOR A
STOCHASTIC BACKGROUND

Here we describe the procedure to obtain the optimal
statistic for assessing sensitivity to a SGWB [2,3,8]. At
issue is how best to distinguish the signal from the noise.
As discussed in Ref. [14], the TDI T signal (also called the
Sagnac signal) is much less sensitive to the SGWB at lower
frequencies than the A and E signals. Because of this we
can use the T signal to partially remove the instrumental
noise from A and E. For simplicity we will assume that the
T mode allows us to completely characterize the instru-
mental noise associated with the @,  modes, N(r — ). We
will also ignore any effects due to the motion of the
spacecraft, since these are expected to be negligible. This
means that for a stationary SGWB the LISA response is
also stationary [5,15].

Our assumption that the SGWB is stationary allows us to
write down an optimal statistic of the form [15]

104055-4
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N T/2 T/2 1
=[S et - gmia-1)
-T/2J-T/2 ;(ZxE 2

x Q,(t = 1')drdr , (34)

where Q(t — t') is a weight that is chosen so as to maximize
the SNR of this statistic. Note that in order to obtain an
unbiased statistic with respect to the SGWB we must
subtract the instrumental noise. This might seem unneces-
sary since if we had access to two signals whose correlation
had zero response to the instrumental noise and nonzero
response to the SGWB we could form an unbiased SGWB
statistic without subtracting the instrumental noise.
However, as noted after Eq. (15), by diagonalizing the
covariance, the cross-correlation between the TDI variables
has zero response to both the instrumental noise and the
SGWB. This leaves us with using the autocorrelation
between A and E while using the T signal to estimate
and subtract the instrumental noise. The expectation value
of this statistic is given by

p=(C) = / Si(t=1)Q;(t — )drdr, (35)

1

== /m5%(f1+f2)5i(f1)Qf(f2)df1df2’ (36)
2i:A,E —c0

where 87 (f| + f») = Tsinc[(f + f»)zT] is the finite-time
approximation to the Dirac delta function. Note that the

actual measurements will be discrete in time so that in order
|

(o -5

= (@), (1), (1), () + N

Computing each term separately, under the hypothesis that
no signal has yet been detected, we have

(@,(1)@,(1)) = SNt = 1), (41)

(D;(1,)D;(1])D;(12)D;(15))

= Nt = N (02 = ) 8, [Ni{ay = )N, (1 = 1)
EN(t = BN, (1 - 1) )

where we use the fact that both A and E modes have the
same noise power spectra. Combining all of these terms and
summing over i and j we then find

H)N;(ta = 15)

to write the Fourier transform we have assumed that the
sampling rate is larger than the frequency support for
the signal and weight. For a fixed f| when |f,| > |f,] the
finite-time delta function scales as 1/(f5)?. In addition to
this the width of the finite-time delta function is 1/7. As
long as the filter function is smooth on scales of order 1/T
and grows slower than 1/|f,| we have

& (f1+ f2) = Tp(f1 + f2) (37)

so that
T
=33 [Tsnewa. 69
i=A.E

We will see that these conditions on the filter function are
satisfied for a wide range of power-law SGWBs toward the
end of this section.

The square of the estimator is given by

o= /T/Z > [q)i(;l)q)l.(t’l) —%Ni(tl —t’l)}

—T/2 ;(ZAE j=AE
1
« |,(1),(8) = 5,02 - 1)
x Qi(ty — 1) Qj(ty — t)dt dtydtdt). (39)

To evaluate the expectation value of the square of the
estimator, we must compute

~ )] [(Df(’z)q’j(’lz) - %N-i(tz - té)] >

_%<¢i(t,)<l>,~(t’1)>Nj(f2 — 1)

(40)
[
o2 = (C?)
=5 N = NG = )+ N = NG = )
x Q(t; = 17)Q(ty — 1)d1, dty diydt,
—3 | ardradfsfaonss - £)on i + £
X N(f1)N(f2)Q(f3)Q(f4) (43)
X [67(f1+f4)0r(fo=Fa) +6r(f1—Fa)or(f2+f4)]
(44)
=1 [T an (e, (43)
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The SNR of this measurement is then given by

Zl AEf00 de Ql(f) )
2 s S dfN D)

SNR = £ (46)

Our retention of the sum over A, E is a formality, since the
signal and noise is the same for the two detector eigen-
modes. Hence, we can write

VIS AN @A)

To determine what filter function Q4 (f) will maximize the
SNR, we introduce a noise-weighted inner product

(A.B) = / TAFADBUINA().  (48)

With this the SNR can be written as

SNR = VT M (49)
(N

It is clear that the SNR will be maximized if Q,(f) =
ASA(f)/NA(f), where 4 is some normalization. With this
choice, the optimal SNR is given by

e o)
LT

where in this last equality we have divided by two to rewrite
the integrand as a sum over A and E modes, and multiplied
by two in changing the range of integration.

As we will see next, at small frequencies Q « f3S(f)
due to the acceleration noise, and at large frequencies Q «
f72S(f) due to the frequency of the instrument response.
Our ability to approximate the finite-time delta function as
a Dirac delta function relies on the filter growing slower
than 1/|f]. This means that our SNR expression will be
correct as long as we have —5 < [0InS(f)/01In f] at f <
fvand [0InS(f)/0In f| <3 atf = f,.1f the SGWB has a
power-law index outside of this range, then we cannot
approximate the finite-time delta function as a Dirac delta
function and the SNR of this statistic will take a differ-
ent form.

V. LISA NOISE MODEL

Expressions for the expected noise power spectra are
given in the LISA Science Requirements Document [16].
The dominant sources of noise in this idealized treatment

are due to acceleration noise and optical path-length
fluctuations, with rms amplitudes

(6a)>=3x10"5m/s?, 1/(6x)>=15x10"""m. (51)

The acceleration and optical metrology noise are given by

S, = 4(257‘;]()4 > Sy = S, (52)
where
si=4(\6a2/L) (1 + (1/£7) B

=576 x 1078 (1 + (f,/f)?) s™*Hz! (53)

2
S, = ( (5x)2/L) Hz ' =3.6x 10 Hz! (54)

with L = 2.5 x 10° m, f, = 0.4 mHz. These noise spectra
contribute to the interferometer noise (see, e.g., Ref. [5])

Ny = [45,(f) + 8[1 + cos*(f/£.)]Sa(f)] (55)
Ny = —=[25,(f) + 8S.(f)] cos(f/f.)[W|*. (56)
The noise of the A and E signals is given by
Nag=N1—-N,
= ((4 +2cos(f/f.))S, + 8(1 +cos(f/f.)
+cos*(f/f.))Sa)|W|? (57)
= ( (58)

where the latter expression is obtained under a low-
frequency approximation, cos(f/f,) ~ 1, which provides
a good fit to the exact noise curve without the high
frequency wiggles. We use these expressions for the noise
in Eq. (50).

With these results in hand, we can determine the inverse
noise-weighted response to the variance in the SGWB
intensity or spectral density

RA 2 RE 2]-1/2 47[2f3
P | ' &8 sy =35,
G )T e
(59)

In terms of these new variables, the SNR is

SNR? — T/0°° df /52 = T/Ooo df Q4w/2%.| (60)

104055-6
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We repeat for the impatient reader that 7 is the time of
observation, e.g., 4 years. We use Egs. (59) and (60) to
evaluate the signal-to-noise ratio of LISA for a given
SGWB.

The sensitivity to the intensity is therefore

| Ny
X =—=— 61
1 \/ERA ( )

1 68,4248, )

V251l + )T

We refer to Eq. (61), using Eq. (57) for the noise and the
exact expression Eq. (14) for the response, as our exact,
numerical result. The second expression, Eq. (62), gives
our approximation which uses the low-frequency approxi-
mation in Eq. (58) for the noise and the fitting function
Eq. (32) for the response, whereby

=2 (]

We note that the factors of W for the extra TDI paths cancel
exactly from both numerator and denominator in our
idealized treatment. The boxed equations, with noise
spectra given in Eqgs. (53) and (54), are sufficient to specify
the signal-to-noise ratio of LISA for a given SGWB.

VI. POLARIZATION- AND SKY-AVERAGED
LISA SENSITIVITY FOR SHORT-LIVED
“MULTITONAL” DETERMINISTIC
POINT SOURCES

The optimal SNR for a short-lived multitonal point
source (i.e., a deterministic source that evolves through
the LISA band in a short time compared to the mission
lifetime) takes a slightly different form. Examples of such
sources are a spinning neutron star or a binary merger. This
is a standard calculation [6], although the detector response
is not usually included for reasons of generality. We start by
identifying the signal S as the interferometer phase @
convolved with a filter, Q,

3 [, a0

/ df1df267(f1 + [)@(F)Q(f). (64)
i=AE

&

The expectation value of this statistic is then given by
u=1(C)
-y / df\dfdr(f1 + F)Aw(F)OH ). (65)
i=AE

If the source has a broad frequency dependence, then the
finite-time delta function approximates a Dirac delta; in
other words, the source passes through the LISA band in a
time much shorter than the observation. For the following
discussion we will focus attention on those sources with a
Fourier transform that is smooth on frequencies around and
below 1/T so that we can write the signal as

w= Y [T draninoion. (66)

i=AE

The squared noise is the mean of the square of this same
convolution in the absence of signal,

/ drdr Q,(0Q, (1) (@(1)@(r))  (67)

i=AE
=3 [awewewizne-n
~ / a1 5N () (69)
i=AE

where in the last line we again approximated the finite-time
delta function as a Dirac delta function. Here we introduce
the inner product

(A,B) = /_oo df/M (70)

to facilitate writing the SNR as

SNR? — ﬂ_z _ (Zi:A,E(AQDi’%NiQi))z
o’ Zi:A,E(%NiQia%NiQi)

(71)

This ratio is clearly maximized by the filter Q; =
where /1 is some normalization, whereupon

|A<pz HI?
df —————. 72
i= AE/ f ( )

j’A(pi/%]\,i’

SNR? = Y (A 00,) =

i=AE

If we were to rename the phase as “h” = Ag;, then we
would recover the appearance of a standard formula

. 7 2
24 /O df %({}) (73)

i=AE

SNR? =

[e.g., Eq. (16) of Ref. [6]]. However, the signal is the
interferometer phase, so to take into account the response of
the detector, we adapt Egs. (13) and (14) and we have
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SNR? = Z4A df'A(p’((f))' (74)

i=AE

|Ag;(f. )P = (. f l) ; (75)

where 71, is a unit vector that points to the source. To
calculate the SNR due to a specific object, this is the
expression to use. Note that the direction of this vector will
change in time due to the motion of LISA relative to the
source location. However, we are going to proceed under
the assumption that the instrumental response varies on the
timescale of days to weeks due to the orbital motion of the
spacecraft, whereas the signal oscillates on seconds to hour-
long timescales.

We proceed for the case of an average source, such as a
radiating binary. We assume that the source is in a plane
with a normal that points in the & direction (for a binary this
is the orbital angular momentum). This axis defines a
coordinate system in which we can establish a natural basis
on the sky

Al

n s n s X e
6; == s e_/y = —\Télxl. (76)
x

way:
ey (g ) = (25),4(25), = (89)4(83)5- (77)

eap(frs, 1) =(24)4(8)), + (8))4(24) - (78)

This set of polarization tensors are related to the detector-
defined polarization tensors [see Egs. (3) and (4)] through a
polarization matrix

cos 2y

(79)

= (22 )

—sin2y  cos2y
where e* = R3(w)e’®. Defining v = i, - it = cos0, the

gravitational wave received at the detector can be
written

= A(f)lg+ R (w)e'sy (0. i)
+g><(l/)RX( ) ah(gu7¢u)] (80)

hab (f)

The most agnostic assumption is that we do not have any
prior information on the direction of #. In this case we can
average over the orientation # as well as the direction 7, of
the source on the sky, in which case we take

20HP = o [ deuy [ as, > ol FrGg f30)|
(81)
= SRR, (82
2
P = [a,sn0)@ 00+ 200 ©)

Averaging over polarization is implicit in Egs. (81) and (82)
so that the polarization- and sky-averaged SNR is finally

>4 n=" fzh

i—AE

By collecting terms in the middle expression above, we
define the noise power spectral density %, for short-lived
sources in terms of the detector noise N and response R,

SIE N

The contribution of the T mode can be included by an
obvious generalization of the above expression. For the
exact, numerical sensitivity we use Egs. (57) and (14) for
the noise and response. For the low-frequency approxima-
tion, we use Eqgs. (58) and (32). Hence, the signal-to-noise
ratio is given by

SNR? =

(84)

[~ FO)
SNR? A AT (86)
with
N R L

where R(f) =1+ (f/f2)* and f, =25 mHz (note that
with L = 2.5 x 10° m we have 4f,/3 = 25.4 mHz). This
SNR is useful for cases in which the waveforms are known.
Equations (86) and (87) match the expression for the SNR
given in the LISA Science Requirements Document [16].

The range of integration in the SNR for burst sources is
set by considerations of the noise properties of the instru-
ment (i.e., foin & 107 Hz and f,,,, ~ 1 Hz). However, we
can generalize this expression for the SNR to cover
continuous wave sources that sit for an extended period
of time within the LISA band by taking [, =
max(107 Hz, fo,s) and fo, is set by the time the object
has been observed. Likewise, f.x = min(1 Hz, f,,) and
fm 1s an upper frequency based on the source, such as the
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frequency at the innermost stable compact orbit for a binary
merger. See Ref. [17] for details.

It may be surprising that the sensitivity for a continuous
source differs from that of a SGWB. However, the optimal
statistic is responding to an important difference between these
two cases. Namely for a continuous source the signal is linear
in wave amplitude, whereas for a SGWB the signal is the
intensity, which is quadratic in wave amplitude. Since I « h?,
it follows that the uncertainty in the intensity is related to the
uncertainty in the wave amplitude 61 o 2h6h. Consequently,
the sensitivity to / should be half of that to /4, assuming that we
restrict our simplistic argument to one TDI mode. Indeed,
revisiting Egs. (63) and (87) for one TDI mode, %, | = \/52,
and X, ; = 2%,. Comparing these expressions, we find that
X1 =2%; 1, asexpected. A similar behavior for the sensitivity
of pulsar timing arrays to a SGWB and deterministic signal has
recently been pointed out in Ref. [18].

VII. POLARIZATION- AND SKY-AVERAGED
LISA SENSITIVITY FOR MONOTONE
POINT SOURCES

The case of a long-lived monotone point source (i.e., a
source that remains fixed within the LISA band for a period
of time of longer than the mission lifetime), such as a
binary that is many years before merger, can be treated in
a fashion similar to the short-lived source. We consider a
gravitational wave that oscillates like a cosine with fixed
amplitude. Consequently, the interferometer phase is
Ap(t) = A@,, cos(2xf,,t + ¢), where the subscript m indi-
cates the source is monotone. The Fourier transform of this

waveform is
1

We can insert this expression into Eq. (65) to obtain

i= Y [Canapets - psetriel )

i=AEY~®

/ Af 380511+ F) + 510~ £,)Q.F).

i=AE
(90)

The noise is unchanged from Eq. (69), so we may proceed
directly to Eq. (72), whereby

2_ | Aqoml 6T(f+fm)+57'(f fm))|
= 3 e

i=AE

(O1)

e o [ O )+ (= Fu))
= .E2|A§0m,z‘/_ af Ni(f) :

i=A

(92)

Since N(f) is slowly varying in the region where the
finite-time delta functions have support, we can replace

3(f £ fm) ~TSp(f £ f,). The SNR becomes
A
SNRZ = 3 T| Ol (93)
i= AE fn’l

This result is valid for a general, long-lived monotone source.
The sky and polarization averaging is the same as before,

A, i|* = 3h2Ri(f,,). Our final result for the SNR is
therefore
1. K
SNR? =-T_—"_, 94
500 o

where T is the observation time and 7, is the dimensionless,
polarization-averaged waveform amplitude.

We can make a connection between the SNR for
deterministic long-lived monotone and short-lived multi-
tonal point sources by considering a process through which
an evolving source radiates in narrow frequency intervals
[fn —3Af. fn+%Af] for a sequence of times T,,. We can
adapt Eq. (94) to describe such a sequence as

7.2
Z— h'"" (95)

SNR? =

Likewise, we can adapt Eq. (86) to describe radiation into a
sequence of frequency intervals, to obtain

St lAf hz(f ’ﬂ*lA’ dfhz(f)
SNR?= Z/ Z[——At dtz,(f)
Z dfh 06)

" dt S, (f

We assume that the detector noise X, is very slowly varying
across the frequency intervals. These two expressions for
the SNR are equivalent, provided that

1., df
2
m.n d

i =R, 57)

The above equation is indeed valid. As shown in Ref. [17],
given a function B(r) = A(r) cos ¢(¢), then under a pair of
conditions that restrict the rate of change of ¢, and which
are satisfied for both monotone and multitonal sources, the
Fourier transform is B(f) = 3 A(r) (%)_l/ %, In our nomen-
clature, A(f,) = %l_zm!n(‘;—{)_l/z, so that Eq. (97) is proved.
Our results for monotone and multitonal sources are
consistent.
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VIII. WORKED EXAMPLES

Here we will present worked examples of how to apply
the SNR expressions to determine sensitivity to various
sources of cosmological interest.

A. LISA sensitivity curve to a SGWB

We now compute the sensitivity of LISA to a SGWB.
We require the signal-to-noise ratio as given in Egs. (59)

and (60),
fmax QZ 1/2
SNR = [T / df C;W} , (98)
T
J min Q

to exceed SNR =5 for T = 4 years observation. A rea-
sonable range of frequencies is f,;, = 0.1 mHz and
Smax = 0.1 Hz. In the case of a flat, scale-invariant spec-
trum, assuming Hy, = 67 km/s/Mpc [19], we obtain
Qagw = 4.7 x 10713 or Qgwh? = 2.1 x 10713, We stress
that this includes both A and E TDI modes. This is an
idealization, which we have made clear throughout, as we
ignore foreground contamination, non-Gaussianities, data
interruptions, and other systematics. For example, we
expect that the scientific dataset will be shorter, due to
engineering tests and cuts in the data. The LISA Science
Requirements Document [16] projects that “the duty cycle
of usable science data at full (nominal) performance
shall be greater than 75%,” which we interpret to mean
a T > 3 year dataset. To adjust our forecast accordingly,
Qgw is scaled upwards by a factor of \/m Hence, we
obtain Qgw = 5.4 x 10713, or Qgwh* = 2.4 x 10713,

In the case of a scale-free, power-law spectrum, we use
the method of Thrane and Romano [7] to draw the
integrated sensitivity curve. The procedure is as follows:

(1) We model the SGWB as a power law so that
Qew (f) = Qaw.o(f/fo)".

(2) For each value of the spectral index n; we determine
the threshold Qg that yields SNR = 5.

(3) We draw the maximum of the locus of curves consist-
ing of Qgw (f) for each value of ny and Qg o, at each
frequency. This gives the integrated sensitivity curve.

The integrated SGWB sensitivity curve using all TDI modes
is shown in Fig. 3. The curve shows that by combining
information from the A and E modes, a four-year-long LISA
mission can detect a SGWB as low as Qg ~ 4.7 x 10713
with SNR = 5. Any power-law spectrum that intersects with
the above curve is detectable at SNR = 5.

In the case of a SGWB with any other shape within the
sensitivity range, e.g., abroken power law, then drawing such
acurve is only useful to guide expectations. The sensitivity is
determined by evaluating the SNR on a case-by-case basis.

B. Computing the Fisher matrix

We can also use a Fisher analysis to determine how well
a gravitational wave observatory can infer parameters

1077

GW

S 10794

10711 i

10—13 . . . .
10°° 104 107% 1072 107! 10

f (Hz)

FIG. 3. The integrated sensitivity of LISA to a power-law
SGWB with SNR = 5 and observation time 7 = 4 years.

associated with the spectral density of a SGWB [20,21].
In order to perform this analysis we need to identify the
data and then compute its covariance. Laser interferometers
monitor the phase difference between light traveling along
different paths, ®,(t;) = Ag,(t;) + n,(t;), where Ag,(t;)
is due to gravitational waves and n,(¢;) is the instrumental
noise. We will denote the time interval between these
measurements by At = ;.| —t;.

We will divide up the total dataset of duration 7' into
time intervals of duration 1/f;,, where f; is the highest
frequency we are interested in (for LISA’s nominal design
f1 = 0.1 Hz; see Fig. 3). We imagine performing a Fourier
analysis on each interval and will assume that different
intervals are statistically independent (this is a better
approximation the further separated the intervals get in
time) [22,23]. In this way we obtain M = f;,T quasi-
independent measurements in each frequency bin f;.
The “data” are then given by each phase measurement,

{d)fl”(fi), o (fi)s-ees oM (fi)}, for the two independent
modes a = A,E. The mean of the data vanishes and its
covariance is diagonal and is given by

C = @ ()0} (£))) (99)
1
= z [Sa(fi) + Na(fi)]éijépqéab (100)
Assuming that the data are a realization of a Gaussian

distribution, then the Fisher information matrix is given
by [20]

Fip =T [C_l ,C" g_ecﬂ] (101)
1 % egm é‘gg;)
:EMa:ZA,EZ[Na(fi) +S.(f)? (102)
e [r
zETaA,EA [Na(f)+sa(f)]2df’ (103)
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where we integrate to maximum frequency f, ~ 1/At, 0, is
a parameter used to model the SGWB, and we have
assumed that the instrumental noise can be completely
characterized by monitoring the Sagnac (7-mode) signal.
Rewriting the signal in terms of Qgw [3] we have

Q6w (f Qcw (f

h RZ
a=aEYf1 [N,(f) +WQGW (F)R.(f)]

The inverse of the Fisher matrix is the parameter covariance
matrix giving us estimates for their uncertainties (see,
e.g., Ref. [24]).

C. A binary inspiral

We consider the sensitivity of LISA to a black hole
binary inspiral far from merger. We describe such a system
in terms of a waveform

- 1 20
h+:A(f)*cos‘P, (104)
hy = A(f) cos @, sin ¥, (105)

where 6, describes the inclination of the orbit relative to our
line of sight and ¥ is the phase. Considering Newtonian
orbits, the leading-order contribution to the amplitude is

(GM/)Ve
A(f) = \/;Wf e,

valid for frequencies far below the frequency at the inner-
most stable compact orbit, where M is the chirp mass and
D is the comoving distance. (See Refs. [17,25] for more
details.) Note that M and f are in the source reference
frame. Adapting Egs. (80) and (83), we obtain

(106)

4 (GM/S3)3 .,
Y ez

W (f) = (107)
We can apply this to Egs. (86) and (87) to evaluate the
signal-to-noise ratio. If we assume that the binary is
radiating when the detector turns on, and subsequently
evolves out of the sensitivity window, then the range of
frequency for integration of the SNR extends from the
initial frequency up to the highest frequency detectable,
which is about 1 Hz.

As aclassic example [26], we consider a system identical
to GW150914 [27] that is radiating in the LISA band for
several years prior to merger. We take M; = 36M,
M, = 29M,, and place the binary at z = 0.09 in a standard
cosmology with Q;, = 0.3, Q, = 0.7, and & = 0.7 so that
D; = 411.5 Mpc. The chirp mass is M = ((M;M,)?/
(M, + M,))'/> ~28M. We consider the situation that
when LISA first spots the binary, it is radiating at a

frequency f, in the binary rest frame, or f;=f,/(1+2z)
in the reference frame of the observer. This predicts a time
to merger in the binary frame

5

Sae (GM/E) R,

(108)

tmerge =

which is Atyps = (1 4+ 2)fyeree in the observer frame. For
convenience, we imagine observing the binary in the
LISA window 4 (10) years before merger, so that Az, ~
4(10) years implies f, =0.018(0.013) Hz and f; =
0.016(0.012) Hz [26]. Using Eq. (107), we find that the
characteristic strain is

he = ho(f)(f/fi)7"°,

 2(GM(1 ) 3o
hc(fi) - \/; 7272/3(DL/C)

(109)

with h.(f;) ~ 1.2 x107° and h = h./(2f), and f is now
in the reference frame of the observer. We can now use
Egs. (86) and (87), integrating from f; up to f..x = 1 Hz,

C [fee RA(f) [ h2(f)
SNRE = / T~ / M

(110)

Figure 4 shows the characteristic strain 4, relative to the
characteristic strain sensitivity, 1/4f2;,. A good rule of
thumb for assessing detectability is that the strain must lie
half an order of magnitude above the strain sensitivity over
an order of magnitude span in frequency. In our worked
case, the result is SNR = 2.3(3.4) as shown in Table I,
which is just at the threshold of detection. We have also
verified that, given the frequency of GW150914, the T
mode contributes negligibly to the SNR.

10718
? 10719_
'z
£
2,
< 1070}
102 L : : :
10~* 1073 1072 1071
Frequency (Hz)

FIG. 4. The characteristic strain /. due to a system identical to
GW15094 [27] that is radiating in the LISA band for 10 years
prior to merger (dashed line) is shown relative to the strain
sensitivity 2+/f%;, (solid line), calculated from Eq. (87).
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TABLE I. The SNR for LISA to observe a system identical to
GW150914 under various conditions. The left (right) column
shows the case that the binary is radiating for 4 (10) years before
merger in the reference frame of the observer. The SNR is
calculated first using the low-frequency approximation to the
sensitivity, given in Eq. (87). Second, the SNR is calculated using
the exact, numerical results for the noise and response functions
in Eq. (85). All SNR values include two independent TDI modes.

GW150914 benchmarks

Time to merger 4 years 10 years
min(f)|ops 0.016 Hz 0.012 Hz
SNR, Egs. (86),(87) 23 34
SNR, Egs. (85),(86) 2.7 3.8

D. A monotone binary

We consider the sensitivity of LISA to a binary system that
is far from merger, which emits at essentially a single
frequency. We describe such a system in terms of a waveform

. 1 20
h+:Am%cos\P, (111)
hy = A,,cos 0, sin P, (112)

where 6, describes the inclination of the orbit relative to
our line of sight, and ¥ is the phase. In this case, again
considering Newtonian orbits, the leading contribution to
the amplitude is

(GM)* P (af )

A, =4 Do

(113)

(See Ref. [28] for more details.) Adapting Egs. (80) and
(83), we obtain /2, = 2A2, so

_ 64 (GM 10/3 ” 4/3
72, :?( )(Dcf;f oy (114)

We can apply this to Egs. (87) and (94) to evaluate the
signal-to-noise ratio.

As a timely example, we consider a system comparable
to the recently discovered double white-dwarf binary
ZTFJ1539 [29]. We use M| = 0.6M and M, = 0.2M,
so that M = 0.3M, the orbital period is P = 415 s so that
fm = 4.8 x 1073 Hz, and we place the object at a distance
2.3 kpc, where the difference between physical and
comoving distance is irrelevant. The time to merger is
over 2 x 10° years, and the radiating frequency evolves

TABLE II. Summary of the notation used in this paper.

Symbol Description (dimensions) Defining equation
f GW frequency (1)

2 Unit vector along the GW direction of propagation (1)
hey(f, 71) Fourier transform of the GW strain (frequency™') €))
e:l;x(ﬁ) Linear gravitational wave polarization tensor 3) & 4)
I(f) Total intensity of the SGWB (frequency!) (7)
Qcw Energy density of SGWB per log f in units of the critical energy density (8)
Agy,. (1) Laser phase accumulated at detector vertex due to GW (10)
N, (1) Phase noise accumulated at detector vertex (10)

F f{BC(ﬁ, fi1) Geometrical function describing gain of a detector vertex (11) & (12)
w The “TDI” factor (12)

S Characteristic interferometer frequency (12)

L Interferometer arm length (12)
Rayex,,(fit.7) SGWB intensity response (14)
Nx_aET TDI spectral noise response (frequency™!) (22) & (23)
SX=AET TDI spectral signal response (frequency™!) (24) & (25)
Rgt: AET Fit to TDI intensity response (32) & (33)
T Lifetime of the mission (34)

C Optimal statistic (34)
o(t—1) Optimal weight (34)
S5r(f1+ f2) Finite-time delta function (frequency™') (36)

S, Acceleration noise spectral density (frequency™!) (52)

S, Optical metrology noise spectral density (frequency™!) (52)

Ty Noise-weight response 59)

g Unit vector pointing to a point-source (75)

i Unit vector normal to point-source plane (76)

v Cosine of angle between 71, and @t (80)
A(f) Gravitational wave amplitude (80)

M Chirp mass (80)
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very slowly, changing by 107® per year. Hence, we are
justified to treat this system as a monotone source. Using
these numbers, the averaged strain amplitude is £, =
1.8 x 10722, and the noise power spectral density is
2y (fm) = 1.5x 107 Hz™!'. For T = 1, 4 years observa-
tion, the sky- and polarization-averaged SNR is 40,80. All
SNR values include two independent TDI modes. This
source should be clearly observed by LISA [30].

IX. DISCUSSION

We have presented expressions for the optimal signal-to-
noise ratio for LISA, in particular the power spectral density
X, for sensitivity to a SGWB and X, for the sky- and
polarization-averaged sensitivity to a deterministic source.
We have illustrated each with a worked example. A summary
of the notation used in this paper is included in Table II. We
envision that these tools should enable a cosmologist to be
able to assess the detectability of any new source of
gravitational waves. These examples include benchmarks
for easy comparison of methods. LISA should be able to
observe a SGWB with Qgwh? = 2.1 x 10713 assuming T =
4 years at SNR = 5. A binary black hole system that is
identical to GW 150914, radiating for 4 years prior to merger,
would be marginally resolved with SNR = 2.3. A nearby
double white-dwarf binary similar to ZTFJ1539 should be
clearly detected with one year of observation, with
SNR = 40. All three results are obtained through idealized
calculations that ignore the presence of foregrounds and
other systematic effects beyond the noise model.

Additional, independent sources of noise, beyond the
instrumental noise modeled herein, can be included easily
in the SNR expressions. For example, a noise spectral
density representing a foreground of unresolved sources
AN,; can be included by replacing N; — N; + AN, in
Egs. (50) and (84). Covariance or cross-correlation across
different detectors is straightforward to calculate, but is
beyond the scope of this article.

The tools we have presented may be naively extended
to other space-borne gravitational wave observatories, such
as TianQin [31] and the DECi-hertz Interferometer
Gravitational Wave Observatory (DECIGO). TianQin is
a LISA-like constellation of three drag-free spacecraft,
but orbiting the Earth with separation L = /3 x 10% m.
The targeted acceleration noise and optical path-length

(6a)? = 107" m/s? and
(6x)? = 1072 m. Assuming identical TDI modes as for
LISA, then the equations in Secs. V and VI can be adapted
(and rescaled, as for f) to obtain X, for sensitivity to a
SGWB and %, for polarization- and sky-averaged sensi-
tivity to a deterministic source. DECIGO is another LISA-
like constellation, but with arm length L = 1000 km.

We provide a Mathematica notebook, available to
download from our url, to facilitate easy computation.
The notebook contains easy to use tools for SGWB studies.
This includes a data table for X; using the calculated
response functions, the analytic expression for X; to enable
fast calculation of SNR for a SGWB, as well as a data table
for the SNR =5 integrated sensitivity curve shown in
Fig. 3 for easy graphing. For studies of continuous sources,
a data table and analytic expression for X;, are included, as
well as a data table for the strain sensitivity curve shown
in Fig. 4.

At this moment, during this first stage of the age of
gravitational wave astronomy, it is clearly necessary for the
gravitational wave community to provide clear, simple, and
accurate tools with which researchers in adjacent fields can
estimate the sensitivity of current and future gravitational
wave observatories to a variety of sources. The current state
of the literature on this topic can be at best described as
confusing, with a proliferation of various notations and
conventions; there are several popular online tools that
produce sensitivity curves for LISA but which are signifi-
cantly out of date, e.g., Refs. [32,33].

In this paper we have provided a derivation of this
sensitivity curve from start to finish along with specific
examples of the SNR for LISA due to a handful of standard
sources. Our hope is that this paper provides a clear guide
for any researcher looking to estimate the SNR for LISA
due to any source and can provide the basic building blocks
to assess the sensitivity of other space-based gravitational
wave observatory designs.

fluctuation rms amplitudes are
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