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Abstract
Differential Equations are used to mathematically express the laws of physics and models in
biology, finance, and many other fields. Examining the solutions of related differential equa-
tion systems helps to gain insights into the phenomena described by the differential equations.
However, finding exact solutions of differential equations can be extremely difficult and is of-
ten impossible. A common approach to addressing this problem is to analyze solutions of
differential equations by using their symmetries.

In this thesis, we develop algorithms based on analyzing infinitesimal symmetry features
of differential equations to determine the existence of invertible mappings of less tractable
systems of differential equations (e.g., nonlinear) into more tractable systems of differential
equations (e.g., linear). We also characterize features of the map if it exists. An algorithm is
provided to determine if there exists a mapping of a non-constant coefficient linear differential
equation to one with constant coefficients. These algorithms are implemented in the computer
algebra language Maple, in the form of the MapDETools package. Our methods work directly
at the level of systems of equations for infinitesimal symmetries. The key idea is to apply
a finite number of differentiations and eliminations to the infinitesimal symmetry systems to
yield them in the involutive form, where the properties of Lie symmetry algebra can be explored
readily without solving the systems.

We also generalize such differential-elimination algorithms to a more frequently applicable
case involving approximate real coefficients. This contribution builds on a proposal by Reid
et al. of applying Numerical Algebraic Geometry tools to find a general method for charac-
terizing solution components of a system of differential equations containing approximate co-
efficients in the framework of the Jet geometry. Our numeric-symbolic algorithm exploits the
fundamental features of the Jet geometry of differential equations such as differential Hilbert
functions. Our novel approach establishes that the components of a differential equation can
be represented by certain points called critical points.

Keywords: Symmetry, Lie algebra, equivalence mappings, differential elimination. Lin-
earization, differential algebra, differential elimination, involutivity, Jet Geometry, Cartan Ku-
ranishi algorithm, Numerical Jet Geometry, Critical points

i



Summary for Lay Audience
Differential Equations are used to mathematically express the governing laws of physics and
models in biology, finance, and other fields. However, such equations can be difficult to an-
alyze or solve analytically or numerically. For example, they may be nonlinear, or even if
they are linear, may have non-constant coefficients. In this thesis, we develop algorithms to
determine whether an invertible mapping of a nonlinear system of differential equations to a
linear system exists. Once existence is established, it can determine features of the map and
if possible explicitly determine the mapping by integration. We also provide an algorithm to
determine if a mapping of a non-constant coefficient linear differential equation onto a simple
constant coefficient differential equation exists. These algorithms are implemented in the sym-
bolic computation language Maple, as a part of the MapDETools package. So, our methods are
available to a wide audience through user-friendly interfaces.

The above methods depend on analyzing the symmetry properties of the input (e.g., non-
linear) systems for features that characterize the (e.g. linear) target. The methods also employ
an exact differential-elimination algorithm that applies a finite number of differentiations and
eliminations to the system of differential equations for the symmetries and reduces them to
the involutive form, where their properties are readily determined. We also generalize such
differential-elimination algorithms to the more realistic case of input systems with approxi-
mate real coefficients. This algorithm exploits fundamental features of the Jet geometry of
differential equations such as differential Hilbert functions.
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Chapter 1

Introduction and Mathematical
Background

Mathematical models from applications in science and engineering usually involve equations
between rates of change of unknown quantities and lead to differential equations. For this rea-
son determining information about solutions and solving differential equations approximately
or exactly is of fundamental importance. The fact that most differential equations are impos-
sible to solve exactly highlights the importance of determining if they can be mapped to more
desirable forms, or expressed in more suitable coordinates. The first major breakthrough for
addressing such problems was made in the 19th century by Sophus Lie with his theory of con-
tinuous symmetry groups of differential equations. Such Lie symmetry groups map equations
to themselves, and have many applications such as the determination of invariant solutions,
reduction of order and the determination of mappings between equations. Symmetry analysis
of differential equations is still under intense development [3, 14].

This thesis is aimed at developing theory and algorithms to determine the existence of
invertible mappings of less tractable systems of differential equations to more tractable systems
and characterize the map if it exists. The approach is based on analyzing symmetry features of
differential equations. Let us first give an overview and examples to help the non-expert reader.

Example 1.0.1 Consider the famous Black Schole’s equation which is fundamental in financial
applications [20]

∂

∂t
v +

s2

2

(
∂

∂s

)2

v + s
∂

∂s
v − v = 0 (1.0.1)

when v = v(s, t) is the price function of stock price s and time t. It has the obvious symmetry
of translation in t : t∗ = t + ε and scaling in s : s∗ = bs. The reader can easily verify
that these transformations leave the equation (1.0.1) invariant. Clearly, the transformation
ŝ =

∫
ds
s = log(s) + c1, t̂ = t + c2 maps the Black Schole’s equation to

∂

∂t̂
v +

1
2

(
∂

∂ŝ

)2

v − v = 0 (1.0.2)

which is a constant coefficient linear equation for which a wide array of solutions methods
exist.
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2 Chapter 1. Introduction andMathematical Background

In this chapter, we introduce mathematical background and definitions that are important
to the thesis. §1.1 gives some fundamental definitions for Lie transformation groups and their
associated Lie symmetry algebras. In order to understand these definitions, we present their
geometric features as well as their algebraic definitions. §1.2 presents symmetry properties
of a differential equation to give insights into mappings between differential equations. Some
symmetry properties are demonstrated through the example 1.0.1. Section §1.3 gives a brief
overview of differential-elimination algorithms which is used in the construction steps of our
mapping algorithm. Some basic background about the numerical algebraic geometry is pro-
vided in section §1.4. We end this chapter with brief overview of the contents of each chapter
presented in the thesis.

1.1 Symmetry
Roughly speaking, a symmetry of a geometric object is a transformation that preserves the
structure of the object.

First recall the definition of group:

Definition 1.1.1 [21] A group G is a set with binary operation g ◦ h for g, h ∈ G satisfying

[i] g ◦ h ∈ G for all g, h ∈ G

[ii] Associativity: g ◦ (h ◦ k) = (g ◦ h) ◦ k for all g, h, k ∈ G

[iii] Identity: the group have an unique identity element e; g ◦ e = g = e ◦ g

[iv] Inverse: each elements of the group has an inverse that; g ◦ g−1 = g−1 ◦ g = e.

Example 1.1.1 (Symmetry group) The set of symmetries of a geometric object forms a group
for which the group operation g ◦ h is composition (means first do h then do g). It satisfies;

[i] The composition of two symmetries is a symmetry.

[ii] The identity (do nothing) is always a symmetry.

[iii] The inverse of a symmetry (undo it) is a symmetry.

Now we derive the differential geometric definition of symmetry.

Definition 1.1.2 (Lie group) ([21], §1) A Lie group G is a smooth manifold such that the
group multiplication G×G → G, (g, h)→ g.h, and group inverse G → G, g→ g−1 are smooth
maps.

If the manifold has dimension r, the group is called a r-parameter Lie group.

Example 1.1.2 Consider G = Rr the set of vectors with r real entries with the operation
vector addition. Let g, h ∈ Rr then g◦h = g + h. Clearly, the identity element is the zero vector,
and the inverse of every vector g is −g. So, an r- parameter Lie group is the abelian (means
commutative) Lie group Rr.
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Naturally, in applications, groups are acting as a family of transformations on a space. In
terms of Lie groups, we have the following definition;

Definition 1.1.3 (Lie transformation) ([21], §1) A transformation group acting on a smooth
manifold M is determined by a Lie group G and smooth map Φ : G × M → M, denoted by
Φ(g, x) = g(x), which satisfies

e(x) = x, g(h(x)) = (g ◦ h)(x), f or all x ∈ M, g, h ∈ G (1.1.1)

Condition (1.1.1) implies that the inverse group element g−1 determines the inverse to the trans-
formation defined by the group element g, so that each group element g induces a diffeomor-
phism from M to itself.

Example 1.1.3 (Euclidean group E(2,R)) Transformations in this group map (x, y) ∈ R2 to
(x̃, ỹ) ∈ R2 by a rotation θ and translation (a, b):(

x̃
ỹ

)
=

(
cos θ − sin θ
sin θ cos θ

) (
x
y

)
+

(
a
b

)
(1.1.2)

This is a 3-dimensional Lie group since g ∈ E(2,R) depends on group parameters θ, a, b.

A r-dimensional Lie group on n-dimension smooth manifold M has group transformations
of the form

x̃i = φi(x1, . . . , xn, a1, · · · , ar) (1.1.3)

with smooth functions φi, i = 1, . . . , n and group parameters a1, . . . , ar. Lie showed that the
case of finite r-parameter Lie groups can be understood and analyzed in terms of their one-
parameter subgroups

x̃ = φ(x, ε) (1.1.4)

where x̃ = (x̃1, x̃2, . . . , x̃n) and x = (x1, x2, . . . , xn). If x̃ = φ(x, ε) and ˜̃x = φ(x̃, δ) with the group
parameters ε, δ ∈ R then we have

˜̃x = φ(x, ψ(ε, δ))

for some ψ. If the group composition is given by ψ(ε, δ) = ε + δ then the identity of the
transformation group is ε = 0 and the inverse is ε−1.

Clearly, these group transformations are nonlinear in their parameters a in (1.1.3), but they
are linearizable at their identity. Working with the linear form of Lie transformation group,
called infinitesimal transformations, is much easier than working with the nonlinear Lie group.

Definition 1.1.4 (Infinitesimal transformations) [21] Each x̃(ε) may be represented as a Tay-
lor series in ε (in a neighbourhood of ε = 0 )

x̃ = x + ε
∂φ

∂ε
(x, ε)

∣∣∣∣∣
ε=0

+
ε2

2
∂2φ

∂ε2 (x, ε)

∣∣∣∣∣∣
ε=0

+ O(ε2)

The infinitesimal form of the one-parameter Lie transformation group (1.1.4) is;

x̃ = x + ε ξ(x) + O(ε2) (1.1.5)

where ξ(x) =
∂φ

∂ε
(x, ε)

∣∣∣
ε=0

. The components ξ(x) are called the infinitesimals of (1.1.4).



4 Chapter 1. Introduction andMathematical Background

Example 1.1.4 The infinitesimal transformation of the 1-dimensional rotation group, known
as O(2), are obtained by expanding (1.1.2) in the neighborhood of θ = 0;

x̃ = x + θ
∂(x cos θ − y sin θ)

∂θ

∣∣∣∣∣
θ=0

= x − θ y

ỹ = y + θ
∂(x sin θ + y cos θ)

∂θ

∣∣∣∣∣
θ=0

= y + θ x (1.1.6)

The infinitesimals of the orthogonal group O(2) are ξ(x, y) = −y and η(x, y) = x.

Definition 1.1.5 (Vector Field) [21] The vector field

X ≡ ξ1(x)
∂

∂x1 + ξ2(x)
∂

∂x2 + · · · + ξn(x)
∂

∂xn (1.1.7)

is called the infinitesimal generator of the one-parameter Lie transformation group (1.1.4).

Example 1.1.5 The vector field of the 1-dimensional rotation group O(2) given in (1.1.2), is

X ≡ −y
∂

∂x
+ x

∂

∂y

The components of the vector field (−y, x) are tangent to circles x2 + y2 = r2. See Fig. 1.1.

Figure 1.1: The vector field of the rotation group

Such examples motivate the following definition.

Definition 1.1.6 [22] Suppose R is a system of differential equations involving n independent
variables x = (x1, . . . , xn) and m dependent variables u = (u1, . . . , um). A symmetry group of
the system R is a Lie group of transformations G acting on the space X ×U for the system such
that G transforms every solution of R to another solution of R.

In particular, a point transformation

x̂ = ψ(x, u), û = φ(x, u), (1.1.8)
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is a symmetry of the system R, if it maps each solution of R to another solution. Then, a point
symmetry group of R is a set of symmetries that forms a transformation group acting on X ×U.
In such case, the symmetry group has associated vector field:

X ≡
n∑

i=1

ξi ∂

∂xi +

m∑
j=1

η j ∂

∂u j (1.1.9)

where ξi and η j depend on x and u.

Example 1.1.6 In the Black Schole’s example, the vector fields ∂
∂t and s ∂

∂s generate a 2-dimensional
Lie group with infinitesimal generator of form

X ≡ ξ1(s, t, v)
∂

∂s
+ ξ2(s, t, v)

∂

∂t
+ η1(s, t, v)

∂

∂v

where ξ1 = as, ξ2 = b, η1 = 0.

At this point the reader should be more comfortable with Lie groups of transformation
and their associate infinitesimal generators. The following section is provided to get a better
understanding of such concepts to demonstrate a mapping algorithm for related differential
equations based on point symmetry properties to characterize the map based on exploring the
algebraic and geometric properties of Lie Algebras.

1.2 Construction of Mappings
Now, we define an important object that will help us implement the mapping algorithm.

Definition 1.2.1 (Determining equations for infinitesimal symmetries) [28] The coefficients
ξ1, . . . , ξn of the general vector field of a Lie transformation group, (1.1.7), satisfy a system of
linear homogeneous partial differential equations. They are called determining equations or
defining equations of the group.

Suppose a one-parameter Lie group of point transformations

x̃i = ψi(x, u, ε), ũ j = φ j(x, u, ε) (1.2.1)

has corresponding infinitesimal generator

X =

n∑
i=1

ξi(x, u)
∂

∂xi +

m∑
j=1

η j(x, u)
∂

∂u j . (1.2.2)

We determine the coefficients ξi and η j (i.e. the infinitesimals) such that (1.2.2) is a sym-
metry vector field of R.

Note in where follows we sometimes use the Einstein summation convention, what re-
peated indices imply summation. For example (1.2.2) can be abbreviated as X = ξi(x, u) ∂

∂xi +
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η j(x, u) ∂
∂u j . See Bluman, Anco and Cheviakhov [3] for these formula using the summation

convention.
The infinitesimal transformations need to be extended or prolonged to derivatives. This

yields the k-th extended infinitesimal generator (k-th prolongation) of (1.2.2) given by:

X(k) = ξi(x, u)
∂

∂xi + η j(x, u)
∂

∂u j + η
(1) j
i (x, u, ∂u)

∂

∂u j
i

+ · · · + η
(k) j
i1···ik

(x, u, ∂u, · · · , ∂ku)
∂

∂u j
i1···ik

(1.2.3)

where the extended infinitesimals are defined by

η
(1) j
i = Diη

j − (Diξ
j)u j

l

η
(k) j
i1···ik

= Dikη
(k−1) j
i1···ik−1

− (Dikξ
l)u j

i1···ik−1l

and

Di =
∂

∂xi + u j
i
∂

∂u j + u j
ii1

∂

∂u j
i1

+ u j
ii1i2

∂

∂u j
i1i2

+ · · ·

for i = 1, . . . , n, j = 1, . . . ,m and l = 1, . . . , k. In the above equations we have used the Einstein
summation convention of summing over repeated indices, to avoid excessive

∑
notation.

Definition 1.2.2 ([3]) A one-parameter Lie group of point transformations (1.2.1) leaves the
system R invariant if and only if its k-th extension (1.2.3) leaves invariant the solution manifold
of R in (x, u, ∂u, . . . , ∂ku)-space, i.e., it maps any family of solutions u = u(x) of the differential
system R into another family of solutions ũ = ũ(x̃) of R. In this case, the one-parameter Lie
group of point transformations (1.2.1) is called a point symmetry of the system R.

Theorem 1.2.3 The transformation (1.2.1 ) is a point symmetry of the R if and only if

X(k)R(x, u, ∂u, · · · , ∂ku)
∣∣∣
R=0

= 0

In summary, the result of X(k)R
∣∣∣
R=0

= 0 is a list of linear homogeneous partial differential
equations for ξi and η j, called the determining or defining equations for the vector fields (1.2.2)
of the system of differential equations [4, 14]. The determining system can be computed au-
tomatically by many existing computer algebra implementations [8, 35, 11, 25]. Sometimes ξi

and η j can be found by heuristic computer methods, but no general algorithm exists for this
task.

We illustrate these steps in the following simple example:

Example 1.2.1 ([14] §3) Consider the second order differential equation,

yxx = 0 (1.2.4)

with associated symmetry vector field

X ≡ ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(1.2.5)
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The determining equations for Lie point symmetries of (1.2.4) result from

X(2)
∣∣∣
yxx=0

= 0. (1.2.6)

We construct the determining equations as follows. In step 1, we prolong the vector field (1.2.5)
to order 2

X(2) = ξ
∂

∂x
+ η

∂

∂y
+ η(1) ∂

∂yx
+ η(2) ∂

∂yx,x

So, we need to calculate ηk where k = 1, 2;

η(1) = ηx + (ηy − ξx)yx − ξyy2
x

η(2) = ηxx + (2ηxy − ξxx)yx + (ηyy − 2ξxy)y2
x − ξyyy3

x + (ηy − 2ξx − 3ξyyx)yxx (1.2.7)

Step 2: Apply the vector field X(2) to the differential equation (1.2.4),

X(2)yxx = η(2)

We substitute equations (1.2.7) into

η(2) = ξωx + ηωy + η(1)ωyx

where yxx = ω(x, y, yx). So, we have

ηxx + (2ηxy − ξxx)yx + (ηyy − 2ξxy)y2
x − ξyyy3

x + (ηy − 2ξx − 3ξyyx)ω

= ξωx + ηωy + (ηx + (ηy − ξx)yx − ξyy2
x)ωyx (1.2.8)

Step 3: Restrict X(2)yxx to the subset where yxx = 0 in the prolonged space (x, y, yx, yxx). So,
(1.2.4) is

η(2) = 0 where yxx = 0

that is
ηxx + (2ηxy − ξxx)yx + (ηyy − 2ξxy)y2

x − ξyyy3
x = 0

Step 4: Now, split the above equation by powers of yx. Note ∂η

∂yx
= 0 =

∂ξ

∂yx
so splitting in powers

yx can be seen by taken derivatives with respect to yx:

ηxx = 0, 2ηxy − ξxx = 0, ηyy − 2ξxy = 0, ξyy = 0 (1.2.9)

So, the symmetry condition for (1.2.6) is given by the list of determining equations.
There is no general algorithm to solve such determining systems. However, heuristic computers
methods can sometimes solve such systems. The above system can be solved by hand or by one
of the available computer methods such as [35] yielding:

ξ(x, y) = c1 + c3x + c5y + c7x2 + c8xy

η(x, y) = c2 + c4y + c6x + c7xy + c8y2
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where c1, . . . , c8 are constants. Finally, the most general symmetry vector field of the ordinary
differential equation yxx = 0 is:

X ≡ (c1 + c3x + c5y + c7x2 + c8xy)
∂

∂x
+ (c2 + c4y + c6x + c7xy + c8y2)

∂

∂y
=

8∑
i=1

ciXi

where a basis of the infinitesimal symmetry generators is given by

X1 =
∂

∂x
, X3 = x

∂

∂x
, X5 = y

∂

∂x
, X7 = x2 ∂

∂x
+ xy

∂

∂y
,

X2 =
∂

∂y
, X4 = y

∂

∂y
, X6 = x

∂

∂y
, X8 = xy

∂

∂x
+ y2 ∂

∂y

The corresponding symmetry transformations for these vector fields satisfy an associated ordi-
nary differential equation initial value problem which can sometimes be solved. For example,
corresponding to the basis member ∂

∂x , the associated initial value problem is dx̃
dε = 1, x̃(0) = x

and has solution x̃ = x + ε corresponding to translation in x.

As you can see in the above example, the steps of point symmetry calculation are systematic
and tedious and are facilitated by computer algebra packages. [35, 3, 11, 9].

Example 1.2.2 For the Black-Schole’s Equation (1.0.1), the infinitesimal symmetry operator
has form

X ≡ σ(s, t, v)
∂

∂s
+ τ(s, t, v)

∂

∂t
+ η(s, t, v)

∂

∂v
.

Here comparing with (1.2.14) yields (ξ1, ξ2) = (σ, τ) and η1 = η. The automatically generated
un-simplified system of defining equations for infinitesimal symmetries is:

τs = 0, τv = 0, τv,v = 0, σv,v = 0,
τs,vs2 − 2σv = 0, ηv,vs − 2σs,vs − 4σv = 0,
−2 ηs,vs2 + σs,ss2 + 2σss + 6σvv − 2σ + 2σt = 0, (1.2.10)
τs,ss3 − 2 τss2 + 2 τvsv + 2 τts − 4σss + 4σ = 0,
−ηs,ss3 + 2 ηss2 − 2 ηvsv + 4σssv + 2 η s − 2 ηts − 4 vσ = 0

In general, the complexity of expressions arising in the process of setting up and attempt-
ing to solve determining equations for symmetries of a given differential system will increase
rapidly as the order or numbers of independent and dependent variables in the differential sys-
tem increases. Differential elimination algorithms are a common tool to address this issue. I
explain these algorithms in more detail in the next section §1.3. Generally speaking, the pro-
cess of finding the determining equations of a differential system has three steps: finding the
determining equations, reducing them to get their complete form, and finally solving them.
Many computer algebra packages can compute the determining equations. For example see
Bluman, Anco and Cheviakhov [3] for references to such packages which are available in all
the major computer algebra programs. The differential elimination completion method such as
rifsimp in Maple will improve the computation and increase the success rate of the solving
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step. At the end, any PDE solver like pdsolve in Maple can be used on the completion form
of the determining equation provided in the previous step. See section 1.3.

There are several important invariant objects associated with a transformation group, such
as, invariant function,vector fields, differential operators and etc. The invariant vector field is
the most important one since they serve as the infinitesimal generators of the group action.

Definition 1.2.4 (Lie Algebra [21] §2) A Lie Algebra L is a vector space (space of vector
fields) over a field F equipped with a bracket operations [, ] : L ×L −→ L (called the Lie
bracket or commutator) which is satisfied the following properties;

[i] Closure: ∀ X,Y ∈ L : [X,Y] ∈ L

[ii] Bilinear: ∀α, β ∈ F and X,Y,Z ∈ L : [αX + βY,Z] = α[X,Z] + β[Y,Z]

[iii] Anti-symmetric:[X,Y] = −[Y, X]

[iv] Jacobi Identity:∀X,Y,Z ∈ L : [X, [Y,Z]] + [Y, [Z, X]] + [Z, [X,Y]] = 0

Definition 1.2.5 (Structure Constants [21] §2) If the vector fields X1, . . . , Xr be a basis of a
Lie Algebra L . By the bracket relations [, ]:

[Xi, X j] = XiX j − X jXi =

r∑
k=1

Ck
i jXk (1.2.11)

where Ck
i j are called structure constants. If [Xi, X j] = 0 for all generators in the basis, then the

Lie algebra is abelian.

Lie algebra appears in several different branches in applied mathematics and physics. Let
us look at a well-known Lie algebra in the following example:

Example 1.2.3 ([14]) The space of vectors in R3 under the cross product is a Lie algebra. The
cross product as commutator

[x1, x2] = x1 × x2

is closure, bilinear, anti-symmetry and satisfies the Jacobi identity.
Consider the Cartesian basis for R3:

x1 =

 1
0
0

 , x2 =

 0
1
0

 , x3 =

 0
0
1


We have

x1 × x2 = x3, x1 × x3 = −x2, x2 × x3 = x1

with the following nonzero structure constants:

c3
12 = c1

23 = c2
31 = 1, c3

21 = c1
32 = c2

13 = −1.
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Example 1.2.4 ([14] §5) Consider the vector space of generators of Lie point symmetries of
yx,x,x = y−3 that is spanned by

X1 = ∂x, X2 = x ∂x +
3
4

y ∂y

Then the commutator of X1 with X2 is:

[X1, X2] = (X1(x) − X2(1)) ∂x + (X1(
3
4

y) − X2(0)) ∂y

= ∂x = X1

and other commutators are:

[X1, X1] = 0, [X2, X2] = 0, [X2, X1] = −[X1, X2] = −X1

then the structure constant for the basis are:

c1
11 = 0, c1

12 = 1, c1
21 = −1, c1

22 = 0

c2
11 = 0, c2

12 = 0, c2
21 = 0, c2

22 = 0.

A subalgebra M is a sub-vector space of L if it is closed under the commutator, [M ,M ] ⊂
M . 0 and L are trivial subalgebras. If [M ,L ] ⊂ M , then M is said an ideal of L . An
important ideal of Lie algebra L is derived subalgebra denoted by L (1). It consists of all
commutators of elements of L :

L (1) = [L ,L ]

If L (1) 6= L , the process can continue

L (i+1) = [L (i),L (i)] f or i ≥ 1

until obtaining a new subalgebras fails.

Indeed, Lie subalgebras and in particular derived algebras are core objects needed by our
mapping algorithms.

For an algorithmic treatment in this thesis, we limit the differential equation systems being
differential polynomials with coefficients from a computable sub-field of C (e.g. Q). Some
non-polynomial systems can be converted to differential polynomial form by using the Maple
command, dpolyform.

In this thesis, we consider systems of differential polynomial equations R (source) and
R̂ (target) with n independent variables and m dependent variables. Suppose a system R has
independent variables x = (x1, . . . , xn) and dependent variables u = (u1, . . . , um) and R̂ has inde-
pendent variables x̂ = (x̂1, . . . , x̂n) and dependent variables û = (û1, . . . , ûm). We consider local
analytic mappings Ψ: (x̂, û) = Ψ(x, u) = (ψ(x, u), φ(x, u)), so that R is locally and invertibly
mapped to R̂:

x̂ j = ψ j(x, u), ûk = φk(x, u), Det Jac(Ψ) = Det
∂(ψ, φ)
∂(x, u)

6= 0 (1.2.12)
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where j = 1, . . . , n and k = 1, . . . ,m. The map is locally invertible so the determinant of the
Jacobian of the mapping is nonzero:

Det Jac(Ψ) = Det
∂(ψ, φ)
∂(x, u)

6= 0 (1.2.13)

where ∂(ψ,φ)
∂(x,u) is the usual Jacobian (n + m) × (n + m) matrix of first order derivatives of the

(n + m) functions (ψ, φ) with respect to the (n + m) variables (x, u). Our goal is to determine
an invertible map from R to R̂ by exploiting the Lie symmetry invariance algebra of the source
without integrating its equations.

Suppose source system R has an associated Lie symmetry algebra L with symmetry defin-
ing system S . The infinitesimal Lie point symmetries for R are found by seeking vector fields

V =

n∑
i=1

ξi(x, u)
∂

∂xi +

m∑
j=1

η j(x, u)
∂

∂u j (1.2.14)

whose associated one-parameter group of transformations, (1.1.5);

x̃ = x + ξ(x, u) ε + O(ε2)

ũ = u + η(x, u) ε + O(ε2). (1.2.15)

Suppose two vector fields X =
∑m+n

i=1 νi ∂
∂zi , Y =

∑m+n
i=1 µi ∂

∂zi in a Lie algebra L and z = (x, u),
then the commutator of them is:

[X,Y] = XY − YX =

m+n∑
i=1

ωi ∂

∂zk (1.2.16)

where ωk =
∑m+n

i=1

(
νiµk

zi − µ
iνk

zi

)
.

Similarly, we suppose that the Target, R̂, admits symmetry vector fields;

V̂ =

n∑
i=1

ξ̂i(x̂, û)
∂

∂x̂i +

m∑
j=1

η̂ j(x̂, û)
∂

∂û j . (1.2.17)

where the Target infinitesimals (ξ̂i, η̂ j) satisfy a linear homogeneous defining system Ŝ gener-
ating a Lie algebra L̂ .

If an invertible mapping between R and R̂ exists, then it establishes an isomorphism be-
tween every Lie subalgebra of infinitesimal symmetry generators of the source and target. In
fact, restricting to a Lie subalgebra L

′

of L with corresponding Lie subalgebra L̂
′

of L̂ still
enables the existence of such mapping equations Ψ (Fig. 1.2). Identifying such subalgebra
leads simple mapping equations. It is important in reducing the computational difficulty of
such mapping methods.

Our interest in mapping is motivated by Lyakhov et al. [17], who used Reid’s results [23] on
the algorithmic determination of structure of Lie symmetry algebras of differential equations
to implement their mapping algorithm for ODE. Our approach also has been influenced by
the methods of Bluman and Kumei [12, 3] for exploiting the Lie symmetries of a system in the
determination of mappings between differential equations. Their method depends on extracting
subalgebra by explicit non-algorithmic integration, whereas we use algorithmic differential
algebra.
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Figure 1.2: The Figure represents the relationship between various solution sets: solutions of
the symmetry defining system S generating Lie algebra L for R and Ŝ its image under the
mapping Ψ = (ψ, φ). S ∗ is the symmetry defining system for the R̂ in (x, u) coordinates and
Ŝ ∗ is its image under the mapping Ψ (note S ∗ \ S is usually non-empty). S

′

is the symmetry
defining system for a Lie subalgebra of L

′

with the property that S
′

∩ S ∗ = S ∩ S ∗. Also Ŝ ′ is
its image under the mapping Ψ.

1.3 Symbolic differential elimination completion algorithms
Differential elimination completion dec algorithms apply a finite number of differentiation and
linear eliminations to symmetry determining systems. Before we discuss a systematic dec
algorithm, we invite the reader to try simplifying the BS determining system (1.2.10) by such
operations. Indeed the first equations of (1.2.10), σv = 0 implies that τs,v = 0 by differentiation,
and substitution in s2τs,v − 2σv = 0 gives σv = 0, which then reduce the ηv,v = 0. So by a few
differentiations and eliminations, the first two equations of (1.2.10) become τs = 0, τv =

0, σv = 0, ηv,v = 0.

Example 1.3.1 Application of a differential-elimination algorithm to (1.2.10) system augmented
with ηv = η/v yields:

ηs =
(3 τts + 4σt) v

4s2 , ηt =

(
17 τts − 2 τt,ts + 12σt

)
v

8s
, ηv =

η

v
,

τt,t,t = 0, σt,t = 0, σs =
s τt + 2σ

2s
, τs = 0, σv = 0, τv = 0 (1.3.1)

Generally speaking, dec algorithms reduce the order of differential systems, expose sim-
ple equations and decouple equations to get an equivalent system where structural information
about solutions is visible. Much progress has been made in computer implementation of ex-
act differential elimination methods. See especially: Schwarz [29, 30], the differential
Gröbner basis by Mansfield [18, 19], the DifferentialThomas Package [33, 24], the
DifferentialAlgebra package [5, 6, 15] and the rifsimp algorithm in the PDETools pack-
age [26]. Differential elimination algorithms require a ranking which plays a similar role to that
used in Guassian elimination.

First, we introduce the crucial aspect in all dec algorithms known as ranking or ordering of
the derivatives.
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Definition 1.3.1 (Ranking [34]) The relation � is ranking on the set S ⊆ {u, u
1
, u

2
, . . . } if

• � is a reflexive, transitive relation on S

• � is a total order of S , that is for a, b ∈ S exactly one of the three conditions holds:
a � b, or b � a, or a = b

• � is positive, that is for any a, ∂xia ∈ S and all 1 ≤ i ≤ n we have a ≺ ∂xia

• � is invariant under differentiation, that is for any a, b, ∂xia, ∂xib ∈ S and all 1 ≤ i ≤ n,
a ≺ b⇒ ∂xia ≺ ∂xib

where a ≺ b is defined in the expected way, namely a ≺ b⇒ a � b, a 6= b.

A complete theory and description of such rankings is given by Rust [26].

Example 1.3.2 Consider the determining system related to the Black-Schole’s example 1.3.1
with independent variables (s, t) and dependent variables σ, τ, η, an admissible ranking for the
system (1.2.10) is;

τ ≺ σ ≺ η ≺ τt ≺ σt ≺ ηt ≺ τs ≺ σs ≺ ηs ≺ τtt ≺ σtt ≺ ηtt ≺ τts ≺ σts ≺ ηts ≺ · · ·

Consider a polynomially nonlinear system of differential equations R = {R1, . . . ,R`} = 0
with independent variable x = (x1, x2, . . . , xn) and dependent variables u = (u1, . . . , um) over
C (or R) with coefficients from some computable extension of Q. Replacing solutions and
derivatives by formal (Jet) variables allows manipulation of equations without first assuming
that solutions exist [7, 27, 31]. In particular, denoting the ith order derivatives of u by u

i
, then

the total derivative order q, where Rs : Jq → C , Jq = CN(n,m,q) is;

Dx j =
∂

∂x j +

m∑
`=1

u`x j

∂

∂u`
+ · · ·

Here N(n,m, q) is the number of jet variables of order less than or equal to q:

N(n,m, q) = n + m
(

n + q
q

)
.

The jet variety of the system in the jet space Jq(Rn,Rm) is;

V (R) =

{
(x, u

0
, u

1
, . . . , u

q
) ∈ Jq : R(x, u

0
, u

1
, . . . , u

q
) = 0

}
.

As in [27, 5, 31], studying differential equations by their Jet variety allows us to manipulate
equations without knowing if their solutions exist. By differentiation, the graphs of solutions
can be embedded as curves lying in the jet variety. The union of these prolonged graphs yields
the solution variety Vsol(R). Then Vsol(R) ⊆ V (R). Whenever Vsol(R) = V (R) the differential
equation is said to be locally solvable. Generally, a differential equation is locally solvable at
a point of its variety if at least one prolonged graph of a smooth solution passes through that
point [26].
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In order to understand differential elimination algorithms, we need to recall the two funda-
mental operations in Differential Algebra called projection and prolongation. A single prolon-
gation of the Jet variety of the qth order system denoted by D(R) is the list of first order total
derivatives of all equations of R with respect to all the independent variables.

D(R) =

{
(x, u

0
, u

1
, . . . , u

q+1
) ∈ Jq+1 : R = 0, DxiR j = 0, i = 1, . . . , n, j = 1, . . . , `

}
It extends the locus of a differential system from lower order to higher order of Jet space.

A single projection is;

π(R) =

{
(x, u

0
, u

1
, . . . , u

q−1
) ∈ Jq : R(x, u

0
, u

1
, . . . , u

q
) = 0

}
.

which is the mapping from higher order to lower order Jet space for example, from Jq to Jq−1.
Many differential systems arising in applications are over determined systems such as the

determining systems arising in the process of analyzing symmetry. Such systems require finite
number of prolongations and projections to complete them to a form that includes all their inte-
grability conditions. This form is known as the involutive form where an existence uniqueness
theorem is available.

The full method to complete partial differential equations is the Cartan-Kuranishi Algo-
rithm [10, 13]. Algorithm 1 is a simplified Cartan-Kuranishi Algorithm. This method prolong
the system to order q + 1, then project to order q to test for the existence of new constraints.
This continued until no new constraints are found.

Algorithm 1
Input: System R = (R1, . . . ,R`) = 0
Output: Involutive form of R
While R 6= (πoD)R repeat R := (πoD)R

The above algorithm succeeds in making the involutive form for many ordinary and partial
differential equations. It has been improved and made more widely applicable by the concept of
symbol matrix. The properties of the symbol are used to determine the integrability conditions
of partial differential equations.

Definition 1.3.2 (Symbol) The Jacobian of R = (R1, . . . ,R`) = 0 with respect to the highest
derivatives of the system is denoted symbol where q is the order of the system.

S ymbol R :=
∂R
∂u

q

The symbol is the coefficient of the highest derivatives in the prolongations equations DR, D2R, . . .
of R.

The symbol of a qth order system R is involutive if

rank Symbol(DR) :=
n∑

j=1

j β(q)
j (1.3.2)
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and the β(q)
j are the dimensions of certain subspaces of the Null Space of the Symbol of R. See

[31] for more details.

Algorithm 2 Full Cartan-Kuranishi
Input: System R = (R1, . . . ,R`) = 0
Output: Involutive form of R
repeat

While R 6= (πoD)R repeat R := (πoD)R
While Symbol R is not involutive repeat R := DR

until Symbol R is involutive and R := (πoD)R

In the Full Cartan-Kuranishi algorithm, if the symbol is involutive, then the algorithm has
terminated and return the involutive form of the system. Otherwise, the system is prolonged
until the symbol of the resulting q- order system becomes involutive. The involutivity test by
the symbol is the more technical part of the Cartan-Kuranishi algorithm [10, 13, 31].

1.4 Numerical algebraic geometry
Ordered Gaussian-elimination is generally unstable when applied to linear systems with ap-
proximate coefficients. Similarly, symbolic differential elimination algorithms such as, rifsimp,
are less suitable in approximate case since the dependency on the ordering of the variables in
such methods leads numerical instability. This instability has motivated the development of a
new generation of symbolic-numeric completion methods for systems of differential equations
[38, 37]. These methods such as representing the variety via certain points, give a coordinate
independent description of properties of systems in Jet space. Alternatively, such coordinate
independent methods have greater numerical stability. In this section, we give an overview of
such methods.

Sommese et al. introduced a numerical algebraic geometry method that represents the
irreducible components of an algebraic variety by certain points (witness points). Witness
points are computed as the intersection of irreducible components of a variety with a random
linear system. In particular, the method yields 0-dimensional system by appending a random
linear space to a given algebraic system [32].

For example, suppose a non-constant polynomial f (u, v) = 0 in C[u, v] intersected by a
random line au + bv + c = 0. The roots of { f (u, v) = 0, au + bv + c = 0} will be called
witness points. Based on the Fundamental Theorem of Algebra this system has at least one
complex root (a witness point). Obviously, this idea will fail in the real case. For instance, let
a circle f (u, v) = u2 + v2 − 1 = 0 in R[u, v]. Then, a random real line au + bv + c = 0 will not
intersect the circle with high probability. There has been remarkable progress in developing
more appropriate witness point methods for the real case such as the critical point method
[1, 36]. Generally speaking, critical point methods extremize the distance of a random point
(or plane) to a given variety.

Definition 1.4.1 [32, 2] Consider f as a system of k polynomials f = ( f 1, f 2, . . . , f k) = 0
from C[x1, . . . , xn]. Geometrically, the complex variety V ( f ) can be decomposed into irre-
ducible components which are represented by witness points obtained by slicing the variety
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with random planes of equal co-dimension.

V ( f ) =

dimV ( f )⋃
i=0

Vi =

dimV ( f )⋃
i=0

⋃
j∈Λ j

Vi j

where Vi is the pure i-dimensional component of V ( f ) consisting of all i-dimensional irre-
ducible components Vi j and Λ j is a finite indexing set for the i-dimensional irreducible compo-
nents.

A witness set for a i-dimensional solution component consists of i random hyperplanes
and isolated solutions out by the intersection of the component with those hyperplanes. In
particular, a numerical irreducible decomposition of V ( f ) has the form

dimV ( f )⋃
i=0

⋃
j∈Λ j

Wi j

where Wi j is a witness set for a distinct i-dimensional irreducible component of V ( f ).

Example 1.4.1 [2] Consider the algebraic system

f = {(y − x2)(x2 + y2 + z2 − 1)(x − 2) = 0,

(z − x3)(x2 + y2 + z2 − 1)(y − 2) = 0,

(z − x3)(y − x2)(x2 + y2 + z2 − 1)(z − 2) = 0}

The variety (solution set) of f can be decomposed as;

V ( f ) = V2 ∪ V1 ∪ V0

Where V2 = V2,1 is a surface (sphere), V1 = V1,1∪V1,2∪V1,3∪V1,4 where V1,1 is the cubic curve
and other components are the three lines and V0 = V0,1 is just the isolated point (2, 2, 2).

Applying directly such point-based methods to differential equations regarded as algebraic
equations in Jet space is not geometrically correct. Wu, Reid, and Golubitsky [38] extend
these algebraic concepts to differential equations. Finding such witness points in a variety of a
differential system R lies on the below property;

πrV (Dk(Rinvol)) = V (Rinvol) ⊆ V (R); f or any r, k ∈ N

where Rinvol is an involutive form of R. More precisely, since Rinvol contains all integrability
conditions so there is a power series solution of system R order by order at witness points in
V (Rinvol). Some progress has been made towards numeric involutive form based on witness
points (witness Jet points) in complex variety [38, 37].

Example 1.4.2 Consider a simple system of differential equations R which involves one inde-
pendent variable t and one dependent variable u.

R := {(u2
t + u2 + t2 − 1)(u − 2) = 0, (u2

t + u2 + t2 − 1)(ut − 2) = 0} (1.4.1)
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Replace {u→ X, ut → Y} yields an algebraic system with a variety

VR(R) := {(X,Y, t) ∈ R3; Y2 +X2 +t2−1 = 0, X−2 = 0, Y2 +X2 +t2−1 = 0, Y−2 = 0} (1.4.2)

Decomposition of V (R) yields two connected components (manifolds): a sphere and a line,
V (R) = S ∪ L in R3 ' J1.
Consider the two cases Y2 + X2 + t2 − 1 6= 0 and Y2 + X2 + t2 − 1 = 0. Lets look at L, where
we might anticipate L ' is a solution of R. However L = {(X,Y, t); X − 2 = 0,Y − 2 = 0}
in V (R) and {(ut, u, t); u − 2 = 0, ut − 2 = 0} in R. But if u = 0 on some open connected
interval I ⊆ R ⇒ ut = 0 . No such solution exits on any such I 6= ∅. So L does not correspond
to solution. Similarly consider S. To compare solution to S, we must take graphs of solutions
{(u, t); u2

t + u2 + t2 − 1 = 0, t ∈ I} and extend (prolong) them into 3-dimensional space
{(ut, u, t); t ∈ I} ⊆ R3.

This idea motivates us to generalize differential-elimination completion algorithms to a more
frequently applicable cases involving approximate real coefficients that appears in chapter 4 of
this thesis.

1.5 Thesis Outline

1.5.1 Contents of Chapter 2: “Introduction of the MapDE Algorithm for
Mappings Relating Differential Equations”

Symmetry analysis of differential equation systems is a major tool for studying the behavior of
their solutions. Applications include finding exact solutions, mapping solutions of a differential
equation to other differential equation solutions, and solving mapping problems. This thesis
aims to develop an algorithm that determines whether a given system can be mapped into an
equivalent system of interest by exploiting symmetry.

In this chapter, we introduce and demonstrate the core of our mapping algorithm called
MapDE, which takes a source differential equation and the desired target as input and returns
the reduced involutive form of the mapping system if such a mapping exists. For algorith-
mic implementation, we restrict our treatment to differential polynomial systems dps, which
are polynomially nonlinear functions of their derivatives and dependent variables with coeffi-
cients from some computable field (e.g., Q). In addition, we give an algorithm for invertible
mapping a linear differential polynomial equation to linear differential polynomial equation
with constant coefficients by exploiting symmetry (in particular the existence of on derived Lie
algebra).

We are motivated by some aspects of the Bluman-Kumei mapping approach for PDE and
remarkable work by Lyakhov and collaborators who developed a linearization algorithm for
ODE by using Reid’s result [23] on their algorithmic determination of the structure of Lie
group of symmetries of ODE.
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1.5.2 Contents of Chapter 3: “Symmetry-based algorithms for invertible
mappings of polynomially nonlinear PDS to linear PDS”

This chapter is a sequel to the previous chapter. We extend MapDE to determine if a nonlinear
dps is linearizable by an invertible mapping.
MapDE algorithm involves several tests to exclude non-linearizable systems. The most im-

portant necessary condition for Linearizability is based on a differential Hilbert Function to test
the equality of the size of the solution space of the given system with the size of the solution
space of the symmetry subgroup for linear superposition. This feature is a crucial hypothesis
that seems to be missed from Bluman et al. [3]. We compare the result of MapDE algorithm
with Lyakhov et al. algorithm through a set of test examples.

1.5.3 Contents of Chapter 4: “A Completion algorithm for real differen-
tial polynomial systems to Involutive Form”

Most differential systems arising in applications contain approximate coefficients. The de-
pendency of the MapDE on exact differential elimination completion algorithms that are unsta-
ble on differential systems with floating-point coefficients motivate us to improve the existing
symbolic-numeric completion algorithms.

This chapter is a sequel to the work of Reid and his collaborators on Numerical Jet Geome-
try in the complex case. The goal of that work is to extend concepts from Numerical Algebraic
Geometry to differential polynomial systems in Jet space. Geometrically, the components of
differential polynomial systems are represented by approximate complex witness points, which
are the intersection of random linear spaces with the components. Homotopy-based numerical
solver can compute such witness points efficiently, but this idea fails in the real case.

This chapter is influenced by remarkable work by Wu et al. [36] for the real case. In that
case, real witness points extremize the distance of a random point (or plane) to the variety
and are called critical points. The goal is to find at least one critical point on each connected
component. We have improved the symbolic-numeric completion algorithm based on this idea.
We implement our algorithm in Maple with an interface to Bertini which is a homotopy-
based solver [2].

We conclude with a discussion of our results and future work in chapter 5. Examples of
our MapDETools package are given in Appendix A.
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Chapter 2

Introduction of the MapDE Algorithm for
Mappings Relating Differential Equations

This paper is the first of a series in which we develop exact and approximate algorithms for
mappings of systems of differential equations. Here we introduce the MapDE algorithm and its
implementation in Maple, for mappings relating differential equations. We consider the prob-
lem of how to algorithmically characterize, and then to compute mappings of less tractable
(Source) systems R to more tractable (Target) systems R̂ by exploiting the Lie algebra of vector
fields leaving R invariant. Suppose that R is a (Source) system of (partial or ordinary) differ-
ential equations with independent variables x = (x1, x2, . . . , xn) ∈ Cn and dependent variables
u = (u1, . . . , um) ∈ Cm. Similarly suppose R̂ is a (Target) system in the variables (x̂, û) ∈ Cn+m.
For systems of exact differential polynomials R, R̂ our algorithm MapDE can decide, under cer-
tain assumptions, if there exists a local invertible mapping Ψ(x, u) = (x̂, û) that maps the Source
system R to the Target R̂. We use a result of Bluman and Kumei who have shown that the map-
ping Ψ satisfies infinitesimal (linearized) mapping equations that map the infinitesimals of the
Lie invariance algebra for R to those for R̂.
MapDE involves applying the differential-elimination algorithm to the defining systems for

infinitesimal symmetries of R, R̂, and also to the nonlinear mapping equations (including the
Bluman-Kumei mapping subsystem); returning them in a form which includes its integrability
conditions and for which an existence uniqueness theorem is available. Once existence is
established, a second stage can determine features of the map, and some times by integration,
explicit forms of the mapping. Examples are given to illustrate the algorithm.

Algorithm MapDE also allows users to enter broad target classes instead of a specific system
R̂. For example avoiding the integrations of the Bluman-Kumei approach MapDE can determine
if a linear differential equation R can be mapped to a linear constant coefficient differential
equation.

2.1 Introduction

This paper is the first of a series in which we explore algorithmic aspects of mappings of
differential equation systems that transform differential equations (DEs) to DEs. Naturally this
exploration includes symmetry transformations – transformations of a DE to itself, and also

22
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equivalence transformations where one member of a class of DEs is mapped to another member
of the class. We introduce the algorithm MapDE for characterizing mappings between DEs.
For algorithmic implementation we restrict our treatment to differential polynomial systems
(dps), systems which are polynomially nonlinear functions of their derivatives and dependent
variables; with coefficients from some computable field (e.g. Q).

In earlier work we developed approximate methods for determination of approximate Lie
symmetry algebra of DEs [9, 19]. A key motivation for our current work is how to practically
use such approximate methods. We see determination of approximate mappings of dps, to be
explored later in this series, as a practical way in which to exploit such approximate symmetry
information. Our interest in mappings was also motivated by recent work [21], which used
Reid [28] on the algorithmic determination of structure of Lie algebras of symmetries of DE,
to give an algorithm to determine the existence of mappings exactly linearizable ODE. We give
an algorithmic implementation of the methods of Bluman and Kumei [8, 17] for exploiting the
Lie symmetries of a system in the determination of mappings between DEs.

In particular in this paper we introduce an algorithm for such mappings in the presence
of symmetry. The algorithm MapDE is implemented as part of Huang and Lisle’s lavf object-
oriented Maple package [18]. We give examples to illustrate the algorithm and compare it with
the approach of Bluman and Kumei. We extend the algorithm, to determine the existence of a
mapping from linear DE, to linear constant coefficient DE, avoiding the heuristic integrations
of Bluman and Kumei’s approach.

We consider systems of (partial or ordinary) differential equations with n independent vari-
ables and m dependent variables. Suppose R has independent variables x = (x1, . . . , xn) and
dependent variables u = (u1, . . . , um) and R̂ has independent variables x̂ = (x̂1, . . . , x̂n) and de-
pendent variables û = (û1, . . . , ûm). In particular we consider local analytic point mappings Ψ:
(x̂, û) = Ψ(x, u) = (ψ(x, u), φ(x, u)), so that R is locally and invertibly mapped to R̂:

x̂ j = ψ j(x, u), ûk = φk(x, u) (2.1.1)

where j = 1, . . . , n and k = 1, . . . ,m. The mapping is locally invertible so the determinant of
the Jacobian of the mapping is nonzero:

Det Jac(Ψ) = Det
∂(ψ, φ)
∂(x, u)

6= 0, (2.1.2)

where ∂(ψ,φ)
∂(x,u) is the usual Jacobian (n+m)× (n+m) matrix of first order derivatives of the (n+m)

functions (ψ, φ) with respect to the (n + m) variables (x, u). Note throughout this paper, we
will call R̂ the Target system of the mapping, which will generally have some more desirable
features than R, which we call the Source system.

Algorithms for existence of such mappings, and methods for their explicit construction, is
the topic of this paper. A very general approach to such problems, Cartan’s famous Method
of Equivalence [27], finds invariants, that label the classes of systems, equivalent under the
pseudogroup of such mappings. The fundamental importance of such equivalence questions,
and the associated demanding computations has attracted attention from symbolic computation
researchers. For example, Neut, Petitot and Dridi [25], implemented Cartan’s method for ODE
and certain classes of PDE of finite type (i.e. with finite dimensional solution space). Olver and
collaborators developed a new version of Cartan’s moving frames [12]. Valiquette [34] applied
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this method to equivalence problems and further results are given by Arnaldson [3]. Also see
[2] which introduces the DifferentialGeometry package, available in Maple and has been
applied to equivalence problems. Also see [15, 22] for approaches to the non-commutative
calculus that results in calculations. Underlying these calculations, is that overdetermined PDE
systems, with some non-linearity, are required to be reduced to forms that enable the statement
of a local existence and uniqueness theorem (such include passive and involutive forms). See
[14] for estimates of complexity of such methods, which indicate their difficulty.

Our initial approach, is fairly direct, and exploits the linearity of the Bluman-Kumei map-
ping equations. It also is motivated by in the longer term, we wish to include invariant differen-
tial operators and using the newly developed methods of Numerical Jet Geometry, to investigate
approximate equivalence.

In contrast, Bluman and Kumei [17] consider a narrower class of mapping problems, which
is focused on the case where the Target system is uniquely characterized in terms of its Lie
symmetry invariance algebra (See [8, 17]). In this article we will implement an algorithm
based on the Bluman and Kumei approach.

Suppose that a Source system, has an associated Lie symmetry algebra, together with its
defining system. Such infinitesimal Lie point symmetries for R are found by seeking vector
fields

V =

n∑
i=1

ξi(x, u)
∂

∂xi +

m∑
j=1

η j(x, u)
∂

∂u j (2.1.3)

whose associated one-parameter group of transformations

x∗ = x + ξ(x, u)ε + O(ε2)

u∗ = u + η(x, u)ε + O(ε2) (2.1.4)

which away from exceptional points preserves the jet locus of such systems - mapping solu-
tions to solutions. See [6, 7] for applications. For a vector field (2.1.3) acting on the space with
coordinates (x, u), the operator ∂

∂xi denotes partial derivative with respect to xi, holding x j, j 6= i
constant, and u constant; with ∂

∂uk similarly defined. The infinitesimals (ξi, η j) of a symmetry
vector field (2.1.3) for a system of DEs are found by solving an associated system of linear ho-
mogeneous defining equations (or determining equations) for the infinitesimals. The defining
system is derived by an explicit algorithm, for which numerous computer implementations are
available [10, 11, 30]. Similarly we suppose that the Target admits symmetry vector fields

V̂ =

n∑
i=1

ξ̂i(x̂, û)
∂

∂x̂i +

m∑
j=1

η̂ j(x̂, û)
∂

∂û j (2.1.5)

in the Target infinitesimals (ξ̂, η̂). Computations with defining systems of both systems will be
essential in our approach. We have implemented our algorithms in Huang and Lisle’s powerful
object oriented lavf, Maple package [18].

In §2.2 we give preliminaries and the Bluman-Kumei Mapping equations, together with
a simple illustrative example. In §2.3 we describe our core algorithm MapDE, which takes R
and R̂ as input, and returns the reduced involutive form rif-form for Ψ, establishing existence,
non-existence of the mapping. Once existence of the mapping is established, a further phase,
is to try to obtain an explicit form for the mapping by integrating the mapping equations.
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We treat two cases: one in which R and R̂ are specified and another where TargetClass
= ConstantCoeffDE. In §2.4 we give examples of application MapDE and conclude with a
discussion in §2.5.

2.2 Preliminaries & Mapping Equations
For an algorithmic treatment, we limit the systems considered to being differential polynomials,
with coefficients from a computable subfield of C (e.g. Q). Some non-polynomial systems can
be converted to differential polynomial form by the use of the Maple command, dpolyform.

The geometric approach to DEs centers around the jet locus, where the derivatives are
regarded as formal variables and a map to polynomials, in our case, where the tools of algebraic
geometry can be used. In general systems of polynomial equations and inequations must be
considered (differences of varieties). The union of prolonged graphs of local solutions is a
subset of the jet locus in Jq, the jet space of order q. For details concerning the Jet geometry of
DEs see [26, 33].

Example 2.2.1 Consider the famous Black Schole’s equation which is fundamental in financial
applications [23], we will use as an introductory simple example:

∂

∂t
v +

s2

2

(
∂

∂s

)2

v + s
∂

∂s
v − v = 0 (2.2.1)

By inspection this equation has the obvious symmetry of translation in t : t∗ = t + ε and scaling
in s : s∗ = bs. Moreover the infinitesimal form of these symmetries (2.1.4) is generated by the
operators (2.1.3) given by ∂

∂t and s ∂
∂s . Since these vector fields obviously commute, it is natural

to map to new coordinates in which:

∂

∂t
=
∂

∂t̂
, s

∂

∂s
=
∂

∂ŝ
(2.2.2)

So by trivial integration the transformation ŝ =
∫

ds
s = log(s) + c1, t̂ = t + c2 should map the

Black Schole’s Equation into an equation invariant under two commuting translations, i.e. to
a constant coefficient equation. Indeed by inspection we find:

∂

∂t̂
v +

1
2

(
∂

∂ŝ

)2

v − v = 0 (2.2.3)

which is the famous Black-Schole’s transformation of (2.2.1) to the backwards heat equation.
This example simply illustrates that there can be a strong connection between symmetries ad-
mitted by an equation and mappings of the equation to convenient forms.

Indeed this illustrates the key idea of Bluman-Kumei’s method for determining when a lin-
ear differential equation (DE) in n independent variables can be mapped to a (Target) linear
constant coefficient DE: that the Target admits n commuting translations. Geometrically the
Source must correspondingly admit a subalgebra of its Lie symmetry algebra consisting of n
commuting symmetries (that act transitively on the space of its independent variables).
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One can try to devise an algorithm for determining such symmetries explicitly. In general
this involves integrating systems of overdetermined PDE, and, though advantageous in many
applications, no general algorithm is known for this task. In our paper we describe algorithms
using a finite number of differentiations and eliminations, and no integrations, that guarantees
the algorithmic determination of the existence of such transformations. The computer algebra
system Maple has several excellent such differential elimination algorithms, and also excellent
algorithms for generating the linearized equations for symmetries.

Example 2.2.2 For the Black-Schole’s Equation (2.2.1), the infinitesimal symmetry operator
has form σ(s, t, v) ∂

∂s + τ(s, t, v) ∂
∂t + η(s, t, v) ∂

∂v . Here comparing with (2.1.5) yields (ξ1, ξ2) =

(σ, τ) and η1 = η. The automatically generated unsimplified system of defining equations for
infinitesimal symmetries is:

τs = 0, τv = 0, τv,v = 0, σv,v = 0, τs,vs2 − 2σv = 0,
ηv,vs − 2σs,vs − 4σv = 0,
−2 ηs,vs2 + σs,ss2 + 2σss + 6σvv − 2σ + 2σt = 0, (2.2.4)
τs,ss3 − 2 τss2 + 2 τvsv + 2 τts − 4σss + 4σ = 0,
−ηs,ss3 + 2 ηss2 − 2 ηvsv + 4σssv + 2 η s − 2 ηts − 4 vσ = 0

Application of a differential-elimination algorithm to this system augmented with ηv = η/v
yields:

ηs =
v (3 τts + 4σt)

4s2 , ηt =
v
(
17 τts − 2 τt,ts + 12σt

)
8s

, ηv =
η

v
,

τt,t,t = 0, σt,t = 0, σs =
τts + 2σ

2s
, τs = 0, σv = 0, τv = 0 (2.2.5)

Application of rif’s initial data algorithm yields:

η(s0, t0, v0) = c1, τ(s0, t0, v0) = c2, τt(s0, t0, v0) = c3,

τtt(s0, t0, v0) = c4, σ(s0, t0, v0) = c5, σt(s0, t0, v0) = c6 (2.2.6)

The key aspect relevant for our paper is that (2.2.5) and (2.2.6) are obtained with algorithmic
operations and in particular without integration. In addition further algorithms from the lavf
package can determine the structure of its Lie Algebra. Indeed we find a two dimensional
abelian subalgebra from that output, a necessary condition for the existence of a map of the
Black-Schole’s equation to a constant coefficient equation.

2.2.1 Mapping Equations
Assuming existence of a local analytic invertible map Ψ = (ψ, φ) between the Source system R
and the Target system R̂ and applying it to the infinitesimals (ξ̂, η̂) yields what we will call the
Bluman-Kumei (BK) mapping equations:

n∑
i=1

ξi(x, u)
∂ψk

∂xi +

m∑
j=1

η j(x, u)
∂ψk

∂u j = ξ̂k(x̂, û)

n∑
i=1

ξi(x, u)
∂φ`

∂xi +

m∑
j=1

η j(x, u)
∂φ`

∂u j = η̂`(x̂, û) (2.2.7)
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where 1 ≤ k ≤ n and 1 ≤ ` ≤ m. See Bluman and Kumei [5, 8] for details and generalizations
(e.g. to contact transformations). Note that all quantities on the LHS of the BK mapping
equations (2.2.7) are functions of (x, u) including φ and ψ.

Example 2.2.3 We informally illustrate the BK mapping equations on Example 2.2.1. Here
we follow an approach based on heuristic integration of the symmetry defining system. Indeed
the defining system is easily integrated to find the full 6 dimensional Lie symmetry algebra.
And among the basis of symmetries the reader can easily find the two operators previously by
inspection:

∂

∂t
, s

∂

∂s
(2.2.8)

which implies that mapping has form: ŝ = ψ1(s, t), t̂ = ψ2(s, t), v̂ = φ(s, t) = v. When the
corresponding coefficients of (2.2.8) are substituted into the BK system (2.2.7) we get:

s
∂

∂s
ψ1(s, t) = 1, s

∂

∂s
ψ2(s, t) = 0

∂

∂t
ψ1(s, t) = 0,

∂

∂t
ψ2(s, t) = 1 (2.2.9)

which yields by simple integration the same result as before for the mapping of the Black-
Schole’s to constant coefficient:

ŝ = ψ1(s, t) = log(s) + c1, t̂ = ψ2(s, t) = t + c2 (2.2.10)

Indeed this integrating and breaking down into a basis, is the method used by Bluman and
Kumei. However it does not yield an algorithm, since it depends on heuristic integration.

Finally we mention, that we are not opposed to integration, and in fact, a combination
of integration and the algorithmic methods of this article, are probably a preferable way to
proceed in practice.

Let S , Ŝ denote the symmetry defining systems for the Source system R and the Target
system R̂ respectively, with corresponding Lie symmetry algebras L and L̂ . If an invertible
map Ψ exists mapping R to R̂ then it most generally depends on dim(L ) = dim(L̂ ) parameters.
But we only need one such Ψ. So reducing the number of such parameters, e.g. by restricting
to a Lie subalgebra L

′

of L with corresponding Lie subalgebra L̂
′

of L̂ that still enables the
existence of such Ψ, is important in reducing the computational difficulty of such methods. We
will use the notation S ′, Ŝ ′ denote the symmetry defining systems of Lie sub-algebras L

′

, L̂
′

respectively. See [8, 27] discussion on this matter.

Example 2.2.4 The mapping of the linear Black-Schole’s equation (2.2.1) to a constant coef-
ficient linear equation; we exploited the existence of a two dimensional abelian subalgebra.
Indeed if we are lucky enough to identify this subalgebra immediately, then it gives very simple
mapping equations with only two parameters. In the general algorithm for mapping linear
equations to constant coefficient equations we described later, we can first bring such equa-
tions to homogeneous form. Restricting to symmetries, and mappings that retain the homo-
geneous form, can be imposed by restricting to symmetries with {ηv = η/v, σv = 0, τv = 0},
which has a finite 6 parameter Lie group of symmetries. Thus we rejected the unhelpful infinite
super-position subgroup as we did in the Black-Schole’s example earlier. For more details see
Bluman et al. [8].
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2.2.2 Algorithms EquivDetSys and DimEquivTest

With the Source system R, the Target system R̂ and the mapping Ψ, the algorithm MapEqs(R, R̂,Ψ)
is to return the full non-nonlinear defining equations for mappings from R to R̂ which are in-
vertible (i.e. Det Jac(Ψ) 6= 0). As preparation for the description of this algorithm we introduce
the following algorithm.
EquivDetSys(R, R̂): This is Maple implementation of returning the nonlinear dps for invertible
mappings Ψ from R to R̂. Our implementation currently requires that R, R̂ are in solved form for
their leading derivatives with respect to a ranking graded by total differential order; though this
could be weakened in the future. Then Maple’s general purpose routine for changing variables
dchange is applied, yielding expressions in the parametric derivatives of R. Setting coefficients
of independent powers of the parametric derivatives to zero, together with Det Jac(Ψ) 6= 0 sim-
plified with respect to Ψ yields the nonlinear determining system for Ψ. This construction is
well-known (indeed it is used in [21] in the special case of mappings linearizing ODE). How-
ever the nonlinear overdetermined systems are challenging to compute due to the expansion of
determinants as the number of variables and differential order of R, R̂ increase.

Our approach in this paper, is to take advantage of such linearized infinitesimal information,
available from Lie symmetries and in particular via the BK equations, which are linear in the
mapping variables. Then if necessary, at the end of MapDE apply EquivDetSys, which can be
much simplified by the earlier computed conditions in Ψ.

Also we employ a number of efficient preliminary tests that can some times quickly deter-
mine if R and R̂ are not equivalent via Ψ.
DimEquivTest(R, R̂): Differential-elimination algorithms such as those in the packages RIF,
DifferentialAlgebra and DifferentialThomas allow a determination of a coordinate
dependent description of initial data, and using that the determination of the coordinate in-
dependent quantities dim(R), dim(R̂). Thus a quick first test applied by DimEquivTest is
dim(R) = dim(R̂).

If the input ranking is graded first by total derivative order, then further dimension invari-
ants can be derived from that initial data: which are the number of parametric derivatives at
each derivative order n (determining the Differential Hilbert Series). DimEquivTest tests the
equality of these invariants up to the maximum involutivity order for R, R̂. One further in-
variant is the number of arbitrary functions of the maximum number of independent variables
appearing in the initial data. For background information see [33].

2.3 MapDE Algorithm
In §2.3.1 we describe MapDE for a specific Source system R and specific Target system R̂. In
§2.3.2 we give a description of MapDE for a linear input equation and a class of Target systems
(where the Target is constant coefficient linear equation).

2.3.1 The MapDE Agorithm for specific R and R̂

The algorithm MapDE(R, R̂,Ψ) returns the system of mapping equations in rif-form, and, if
their integration is successful, an explicit form of the transformations to map the system to
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the TargetClass. It is described in the MapDE Algorithm 3 provided next. In that algorithm
we suppose that L , L̂ are respectively the Lie algebras of symmetries of R, R̂, with defining
systems S , Ŝ .

For mathematical properties of the algorithms, including finiteness, see the following refer-
ences. For lavf see [18], for rif’s existence and uniqueness theory see [32], for the classification
of differential rankings see [31]. For the algorithmic determination of structure of transitive Lie
pseudogroups see Lisle and Reid [20].

Algorithm 3 MapDE
MapDE(Source,Target,Map)
Input:
Source: a dps system R, [x, u], [ξ, η], Opt
Target: a dps system R̂, [x̂, û], [ξ̂, η̂], Opt
Map: Ψ, Opt
Output: ∅ if no consistent rif-form cases computed, otherwise
a consistent rif-form case Q for Ψ and pdsolve (Q)

1: Compute
R := rif(R), ID(R), dim(R)
R̂ := rif(R̂), ID(R̂), dim(R̂)

2: if DimEquivTest (R, R̂) 6= true then return Ψ = ∅ end if
3: Compute

S = rif(DetSys(R)), Ŝ = rif(DetSys(R̂))
ID(S ), ID(Ŝ ), dim(S ), dim(Ŝ )

4: if DimEquivTest (S , Ŝ ) 6= true then return Ψ = ∅ end if
5: Compute StrucCons(L ), StrucCons(L̂ )

where d = dim(L ) = dim(L̂ ).
6: if L 6' L̂ then return Ψ = ∅ end if
7: Set MBK =(2.2.7) and obtain the mapping system:

M := S ∪ Ŝ |Ψ ∪ MBK(L , L̂ ) ∪ {DetJac(Ψ) 6= 0}
where Ŝ |Ψ is Ŝ evaluated in terms of (x, u) and (ξ, η, ψ, φ) as
functions of (x, u) via Ψ.

8: Compute Mrif := rif(M,≺, casesplit,mindim = d)
9: if Mrif = ∅ then return Ψ = ∅ end if

10: if ∃Mrif[`] ∈ Mrif with d < ∞ dimensional ID for Ψ

then return Q := Mrif[`] and pdsolve(Q)
end if

11: Compute Sys(Ψ) := EquivDetSys(R, R̂)
Q := ∅

12: while Q = ∅ for each consistent sys Mrif[k] ∈ Mrif do
Q := SelSys(rif(Sys(Ψ) ∪ Mrif[k], casesplit,mindim = d))

end do
13: if Q 6= ∅ return Q and pdsolve (Q) else return Ψ = ∅ end if
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Notes for the MapDE Algorithm

Input: The input Source R consists of differential polynomial system (dps) of differential poly-
nomials with coefficients in some computable field (e.g. Q); Opts are additional Options
such as input rankings if not default.

Output: pdsolve is Maple general purpose exact PDE solver: the application of Maple’s pdsolve
which can not guarantee successful integration of DE.

Step 1: Here and throughout rif and ID refer to Maple’s DEtools package commands rifsimp
and initialdata commands. Alternatively one could use other Maple packages such
as diffalg or DifferentialThomas.

Step 2: As introduced in §2.2.2, DimEquivTest(R, R̂) is a simple algorithm for checking some
necessary conditions for the existence of a mapping: the simplest being dim(R) = dim(R̂),
and include others corresponding to coefficients of the Differential Hilbert Series for R
and R̂.

Steps 3, 4: Restriction to a subalgebra is also possible and can improve efficiency. Similarly to Step
2, invariant dimension information can lead to early rejection of existence of a mapping:
the first being that dim(S ) = dim(Ŝ ).

Steps 5, 6: lavf command StructureCoefficients algorithmically determines the structure con-
stants of the algebras for d < ∞. Maple’s LieAlgebras and DifferentialGeometry
packages, are then used to generate the polynomial system for bi, j in a change of basis
matrix B = [bi, j] which is then analyzed by the solver Triangularize.

Step 7: The change of coordinates to compute Ŝ |Ψ is accomplished by applying the Maple com-
mand dchange and using the transformation properties of Lie vector fields [8, 26].

Step 8: Differential elimination with casesplitting is applied and useless computations on branches
with ID < mindim= d wrt (ξ, η, ξ̂, η̂) avoided. The ranking ≺ ranks the map variables Ψ

less than any derivative of the infinitesimals (ξ, η, ξ̂, η̂) yielding an uncoupled system in
Ψ whose ID is then examined and cases with less than d dimensional data rejected. This
ranking means that the linearity in (ξ, η, ξ̂, η̂) is maintained in computations.

Step 11: See §2.2.2.

Step 12: SelSys (M) selects a consistent system from the output of rif (M, casesplit,mindim = d)

2.3.2 MapDE for mapping Linear Homogeneous DE to Constant Coeffi-
cient Linear DE

Here we consider how to map a linear homogeneous source DE to a constant coefficient linear
homogeneous DE, with an algorithm which results from straightforward changes to Algorithm
3.
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The idea introduced in Bluman et al. [8, §2.5] for this problem is to introduce a chain of Lie
subalgebras whose purpose is to focus on the Target: L̂ ⊃ L̂

′

⊃ L̂ ∗ and via Ψ also a chain
L ⊃ L

′

⊃ L ∗.
Now R̂ =

∑
i∈I aiK(i) = 0 where K = {K(i) : i ∈ I} is the set of derivatives of û of order

≤ differential order of R̂. The unspecified constants ai are the coefficients of the target. It is
natural to restrict to transformations that preserve the linearity and homogeneity of the input
DE and result from eliminating the superposition symmetry: x̂ = f (x) and û = g(x) u where
x = (x1, . . . , xn) (see Bluman et al. [8]). Correspondingly it is natural to consider a subalgebra
L ′ that results by appending the equations ξ j

u = 0, j = 1, . . . , n and ηu = η/u to S to form S ′:

S ′ := {ηu = η/u, ξ j
u = 0 : j = 1, . . . , n} ∪ S (2.3.1)

and similarly for L̂
′

. To avoid the early calculations that involve R̂, we focus like Bluman et
al, on accessible infinitesimal information encoded in a Lie algebra L̂ ∗. In this case L̂ ∗ corre-
sponds to n commuting translations in the independent variables x̂1, . . . , x̂n, i.e. n translations
with generators ∂

∂x̂ j . The corresponding differential system for Ŝ ∗ and L̂ ∗ is

Ŝ ∗ = {η̂ = 0, ξ̂ j
û = 0, ξ̂ j

x̂k = 0 : 1 ≤ j, k ≤ n} (2.3.2)

Algorithm 4 MapDE with TargetClass =ConstantCoeffDE

MapDE(Source,Target,Map)
Input:
Source: A single linear homogeneous dps R, [x, u], [ξ, η], Opt
Target: TargetClass =ConstantCoeffDE , Opt
Map: Ψ, Opt
Output: ∅ if no consistent rif-form cases computed, otherwise
a consistent rif-form case Q for Ψ and pdsolve (Q)

1: Compute
R := rif(R), ID(R), dim(R)
R̂ :=

∑
i∈I aiK(i) = 0

2: Compute S = rif(S ′), ID(S ′), dim(S ), dim(Ŝ )
3: Compute StrucCons(L ′)
4: M := S ′ ∪ Ŝ ∗|Ψ ∪ MBK(L ′, L̂ ∗) ∪ {DetJac(Ψ) 6= 0}
5: Compute Mrif := rif(M,≺, casesplit,mindim = n)
6: if Mrif = ∅ then return Ψ = ∅ end if
7: if ∃Mrif[`] ∈ Mrif with d = n < ∞ dimensional ID for Ψ

then return Q := Mrif[`] and pdsolve(Q)
end if

2.4 Examples

2.4.1 Equivalence
Example 2.4.1 Bluman et al. [8, §2.3.2, pg 133-137] apply their mapping method based on
explicit integrations to determine an invertible mapping by a point transformation of the cylin-
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drical KdV equation R to the KdV equation R̂ that first appeared in the work of Korobeinikov
[16]:

R :=
{
ux,x,x = −uux − ut −

u
2t

}
(2.4.1)

R̂ :=
{
ûx̂,x̂,x̂ = −û ûx̂ − ût̂

}
(2.4.2)

They give details of their calculations and for illustration we apply the MapDE algorithm 3 to
the same example. Here we seek transformations x̂ = ψ(x, t, u), t̂ = φ(x, t, u), û = Υ(x, t, u).

Steps 1, 2: Both R and R̂ are already in rif-form with respect to any orderly ranking. The initial
data for the R and R̂ are

{u(x0, t) = F1 (t) , ux(x0, t) = F2 (t) , ux,x(x0, t) = F3 (t)}

{û(x̂0, t̂) = F1
(
t̂
)
, ûx̂(x̂0, t̂) = F2

(
t̂
)
, ûx̂,x̂(x̂0, t̂) = F3

(
t̂
)
}

Here there are arbitrary functions in the initial data, so dim R = dim R̂ = ∞. Their
Hilbert Series obviously are equal, and up to the order of involutivity: HS(s) = 1 + 2s +

3s2 + 0(s3) where the coefficient of sn is the number of parametric derivatives of order n.
So DimEquivTest(R, R̂) = true in Step 2.

Step 3, 4: The rif-form systems S , Ŝ are

S = [ηu,u = 0, ξx = −
1
2
ηu, βx = 0, ηx =

−3 tηu − 2 β
4t2 , βt = −

3
2
ηu,

ηt =
4 tηuu + 2 β u − η t

2t2 , ξu = 0, βu = 0, ξt = −ηuu + η] (2.4.3)

Ŝ = [η̂û,û = 0, ξ̂x̂ = −
1
2
η̂û, β̂x̂ = 0, η̂x̂ = 0, (2.4.4)

ξ̂t̂ = −η̂ûû + η̂, β̂t̂ = −3/2 η̂û, η̂t̂ = 0, ξ̂û = 0, β̂û = 0]

and yield ID giving dim(S ) = dim(Ŝ ) = 5. Also DimEquivTest(S , Ŝ ) = true in Step 4.

Step 5: Here MapDE uses the lavf command StructureConstants to compute the structure of
the 4 dimensional Lie algebras for R and R̂ obtaining:

L :[[Y1,Y4] = −1/2 Y1, [Y2,Y3] = Y1, [Y2,Y4] = −3/2 Y1 + Y2,

[Y3,Y4] = −3/2 Y3, [Y1,Y3] = 0, [Y1,Y2] = 0] (2.4.5)

L̂ :[[Ŷ1, Ŷ4] = −1/2 Ŷ1, [Ŷ2, Ŷ3] = Ŷ1, [Ŷ2, Ŷ4] = −3/2 Ŷ2,

[Ŷ3, Ŷ4] = Ŷ3, [Ŷ1, Ŷ2] = 0, [Ŷ1, Ŷ3] = 0] (2.4.6)

Steps 5, 6: We obtain L ' L̂ and the explicit isomorphism:

Ŷ1 = Y1, Ŷ2 = Y3, Ŷ3 = Y1 − Y2, Ŷ4 = Y4 (2.4.7)

Bluman et al. [8, Eqs (2.39), (2.40), pg 134]obtain the structure and an isomorphism by
explicitly integrating the defining systems, whereas we avoid this. This isomorphism is a
necessary but not sufficient condition for the existence of a local analytic invertible map
to R̂.
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Steps 7, 8: The rif-form of the mapping system results in one consistent case with d = 4-dim ID in
the infinitesimals for S , Ŝ . The rif-form of the Ψ system is:

[φt,t = −3/2
φt

t
, Υu,u = 0, Υx = −1/2

Υu

t
, ψx = φtΥu,

φx = 0, Υt =
Υuu

t
, ψt = −uΥuφt + Υ φt, ψu = 0, φu = 0] (2.4.8)

Steps 9, 10: Step 9 does not apply. The above rif-form for the Ψ system has ID for z0 = (x0, t0, u0):

Υ(z0) = c1, Υu(z0) = c2, φ(z0) = c3, φt(z0) = c4, ψ(z0) = c5

Geometrically, since the ID has dimension 5 > d = 4, there is a class of systems with
the same d dimensional invariance group, that possibly includes the Target system. So
Step 10 does not apply. Thus we have to apply EquivDetSys to find missing condition(s).
After explicit integration Bluman et al also find that they don’t uniquely specify the target,
and essentially they substitute the transformations to obtain the parameter values to
specify the target.

Steps 11, 12: Applying rif to the combined system {EquivDetSys(R, R̂), (2.4.8)} yields a single case:

Mrif = [ψt,t = −3/2
ψt

t
, Υu,u = 0, Υx = −1/2

Υu

t
, φx = 0,

ψx =
Υuψt

−uΥu + Υ
,Υt =

uΥu

t
, φt =

ψt

−uΥu + Υ
, φu = 0, ψu = 0]

where the constraint is −ψt
2Υu

3+Υu
2u2−2Υ uΥu+Υ2 = 0, and the inequation ψt

2Υu
2

(−uΥu+Υ)2 6=

0. The ID shows we now have 4 = d parameters, confirming the existence of the trans-
formations, without integration.

Step 13 Applying pdsolve yields the solution for the transformation below:

{x̂ =
c3 x
√

t
− 2

c3 c2
√

tc1

+ c4, t̂ = −2
c3
√

tc1

+ c5, û = 1/2 (2 tu − x) c1 + c2}

where (
−1/4 c1

3c3
2 + 1/4 c1

2
)

x2 +
(
c1

2c2 c3
2 − c1 c2

)
x − c1 c2

2c3
2 + c2

2 = 0.

subject to the determinental condition. The last condition implies c1c2
3 = 1. Specializing

the values of the c j give the transformations obtained also in Bluman et al.

2.4.2 Mapping to constant coefficient DE

Example 2.4.2 The harmonic-oscillator Schrödinger Equation is i}ϕt = − }2

2mϕxx + 1
2mω2x2ϕ

which in normalized rif-form becomes:

R := {ux,x = −x2u + ut} (2.4.9)
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Applying the MapDE algorithm using the option Target = ConstantCoeffDE shows that
(2.4.9) maps to a constant coefficient linear DE:

R̂ :=
{
a1ûx̂,x̂ + a2 ûx̂,̂t + a3ût̂,̂t + a4ûx̂ + a5ût̂ + a6û = 0

}
(2.4.10)

Existence of such a mapping is given algorithmically and the output includes the system for Ψ

with dim(Ψ) = 6:

Ψ = [ψu = 0, Υu = 0, Υx,x = 0, φu =
φ

u
, ψx = Υx, ψt = −Υx

2 + Υt,

φx = −
φ

(
−Υx

2 + Υt

)
2Υx

, Υt,t,t = −
12Υt,txΥx − 16Υt

2
− 3Υt,t

2

2Υt
,

Υx,t = −
Υx

(
4 xΥx − Υt,t

)
2Υt

,

φt =
φ

(
4Υx

3x − 4Υx
2Υtx2 − Υx

4Υt + 2Υx
2Υt

2
− Υt

3
− Υx

2Υt,t

)
4Υx

2Υt
]

Integrating the system and specializing the 6 constants gives:

t̂ = ψ(x, t, u) =
2 x + cos (2 t)

sin (2 t) − cos (2 t)

x̂ = Υ(x, t, u) =
2 x + 3 cos (2 t)

sin (2 t) − cos (2 t)

û = φ(x, t, u) = u(x, t)
√

sin (2 t) − cos (2 t) exp(h(x, t))

h(x, t) =
4 (sin (2t) + cos (2 t)) x2 + 12 x + 9 cos (2 t)

8 (sin (2t) − cos (2 t))

where R̂ is ûx̂,x̂ + 2 ûx̂,̂t + ût̂,̂t − ût̂ = 0.
When the mapping system M := S ′∪ Ŝ ∗|Ψ ∪ MBK(L ′, L̂ ∗) ∪{DetJac(Ψ) 6= 0} is reduced

to rif-form as in Step 4, of Algorithm 4 it yields a consistent system for Ψ with 10 arbitrary
constants in its initial data, hence establishing existence of a mapping to a constant coefficient
DE. Since dim(L ) = 6 this means that there is a 4 dimensional target class of constant coeffi-
cient linear DE. Two possible approaches to proceed are now described. The first is to attempt
to (heuristically) integrate this system; and this successfully yielded the solution of the system
with 10 parameters. The second approach is to further simplify the problem using algorithmic
differential elimination before integrating. In particular we inserted an optional step in the al-
gorithm, that executes a general change of coordinates on the TargetDE which has 5 arbitrary
constants. Applying differential-elimination ranking those constants highest in the ordering
yielded the subsystem:

a2 = 2
Υx

ψx
, a3 =

Υx
2

ψx
2 , a4 =

−φψt − 2ψxφx

ψx
2φ

, a5 = −
φΥt + 2Υxφx

ψx
2φ

,

a6 = 1/4
4 φ2x2Υt − 4 φ2xΥx + φ2Υt,t + 4 φΥtφt + 4Υtφx

2

Υtψx
2φ2
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The system Mrif is updated by appending the above equations for the constants, which amount
to integrations, that reduce the dimension of the system for Ψ by specializing the values of the
constants. This yielded 6 dimensional system for Ψ. Note that it was reduced by 4 dimensions
(after eliminating the relation a2

2 = 4a3).

Example 2.4.3 Consider the DE arises in financial models known as Black Schole’s[23] as
the Source system R,

vt +
s2vs,s

2
+ svs − v = 0

Using our algorithm MapDE with TargetClass = ConstantCoeffDE, automatically yields
the mapping Ψ:

ŝ = ln (s) , t̂ = t, v̂ = v

and the Target system R̂ is v̂t̂ + 1/2 v̂ŝ,ŝ − v̂ = 0.

2.5 Discussion
Mappings of mathematical models are a fundamental tool of mathematics and its applications.
This fact and the notorious difficulty of their computation motivates us to explore the approach
we presented in this article. This resulted in our algorithm, MapDE, which is given algorithmic
realization for two cases, involving point mappings. The first is where the input systems R
and R̂ are specified as polynomially nonlinear DEs and MapDE returns a reduced involutive rif-
form for the mapping equations. The second is where R is a linear homogeneous DE and the
TargetClass is a constant coefficient linear homogeneous DE (Target = ConstantCoeffDE).
Our approach exploits the linearity of the Bluman-Kumei mapping equations that arise in the
presence of symmetry, and postpone, simplify and even avoid direct computations with the full
nonlinear determining equations for the mappings. We also implement some fast preliminary
tests for equivalence under mappings.

The works of Anco, Bluman and Wolf [1] and also Wolf [35], consider a computer program
for computing linearization mappings. It exploits Wolf’s program ConLaw’s strong facilities
for integrating systems of PDE exactly in addition to the BK mapping equations, as well as an
embedding technique involving multipliers and conservation laws. They also mention that the
problem of full algorithmization using differential algebra as an important open problem. In
another paper [24], we give various extensions to MapDE. One of these involves extending it to
determining existence of exact linearization mappings of DE. In so doing we provide algorithm
and combining aspects of the approach of Bluman, Anco and Wolf [1, 35] and also of Gerdt
et al [21]. Building in invariant properties into the completion process is also a possibility;
borrowing aspects of the more geometrical approaches. Also we plan to extend our methods
beyond point mappings to also include contact and nonlocal transformations. An important
open problem is the characterization of equivalence classes of linear PDE. Maximally invariant
linear PDE, constitute one class, as do minimally invariant PDE. Our work gives clues to such
characterizations, as does the more complete results known for ODE.

On the longer term we are particularly interested in exploring approximate mappings and
approximate equivalence. Indeed lavf already has the first available algorithm for determining
the structure of approximate symmetry of DE theoretically first described in Lisle, Huang and
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Reid [19, 29]. For example, consider Poisson’s equation for a gravitational potential u(x, y, z):
∇2u = f (x, y, z) and an interstellar gas with density proportional to f (x, y, z) = 1

2 (G(x, y, z−a)+

G(x, y, z + a)) where G(x, y, z) = exp(−x2 − y2 − z2) and a = 10−3:

uxx + uyy + uzz = f (x, y, z) =
1
2

(G(x, y, z + a) + G(x, y, z − a))

Applying Lie’s standard method where

L = ξ(x, y, z, u)
∂

∂x
+ η(x, y, z, u)

∂

∂y
+ ψ(x, y, z, u)

∂

∂z
+ φ(x, y, z, u)

∂

∂u
,

discarding the superposition via φu = φ/u and performing an exact symmetry analysis yields
only a 1 dimensional rotation group about the z axis; throughout all space no matter how small
a is. However as a → 0 or as we move further away from (x, y, z) = (0, 0, 0) we expect
additional approximate symmetries. Symbolic (exact) approaches to finding such approximate
symmetries, based on identifying a small parameter in the DE, and using perturbation series
expansion of the solution and symmetry, are given by [4, 13]. Instead we apply the method
of Lisle, Huang and Reid [19] that uses stable tools of numerical linear algebra to find the
approximate Lie algebra of symmetries of Poisson’s Equation near a point (x0, y0, z0). Choosing
(x0, y0, z0) = (0, 3.2, 0) and a = 10−3 we find:

[L1, L2] = −1.182 × 10−13 L1 − 2.724 × 10−9 L2 − 0.707 L3

[L1, L3] = −1.446 × 10−7 L1 + 0.236 L2 + 2.724 × 10−9 L3

[L2, L3] = −0.707 L1 + 1.446 × 10−7 L2 − 6.042 × 10−14 L3

which we can recognize as

[L1, L2] = −
1
√

2
L3, [L1, L3] =

1

3
√

2
L2, [L2, L3] = −

1
√

2
L1

or after the basis change L1 = Y1√
6
, L2 = − Y2√

2
, L3 = Y3√

6
is so(3):

[Y1,Y2] = Y3, [Y2,Y3] = Y1, [Y3,Y1] = Y2

Choosing a grid of points (x0, y0, z0) we get different regions with different approximate Lie
algebras, plus transition bands. Potentially and intuitively the model can be mapped to various
forms depending on the region, a topic for future research.
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Figure 2.1: Regions of approximate symmetry in the x − y plane for ∇2u = f (x, y, z). Purple
Region: dim L = 1, L ≈so(2); Yellow Region dim L = 3,L ≈so(3); Red Region dim L =

11. Between the red, yellow and purple regions are transition bands in which the approximate
Lie algebra was not stably computed.
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Chapter 3

Symmetry-based algorithms for invertible
mappings of polynomially nonlinear PDE
to linear PDE

This paper is a sequel to our previous work where we introduced the MapDE algorithm to deter-
mine the existence of analytic invertible mappings of an input (source) differential polynomial
system (dps) to a specific target dps, and sometimes by heuristic integration an explicit form of
the mapping. A particular feature was to exploit the Lie symmetry invariance algebra of the
source without integrating its equations, to facilitate MapDE, making algorithmic an approach
initiated by Bluman and Kumei. In applications, however, the explicit form of a target dps is
not available, and a more important question is, can the source be mapped to a more tractable
class?

We extend MapDE to determine if a source nonlinear dps can be mapped to a linear dif-
ferential system. MapDE applies differential-elimination completion algorithms to the various
over-determined dps by applying a finite number of differentiations and eliminations to com-
plete them to a form for which an existence-uniqueness theorem is available, enabling the
existence of the linearization to be determined among other applications. The methods com-
bine aspects of the Bluman-Kumei mapping approach with techniques introduced by Lyakhov,
Gerdt and Michels for the determination of exact linearizations of ODE. The Bluman-Kumei
approach for PDE focuses on the fact that such linearizable systems must admit a usually in-
finite Lie sub-pseudogroup corresponding to the linear superposition of solutions in the target.
In contrast, Lyakhov et al. focus on ODE and properties of the so-called derived sub-algebra of
the (finite) dimensional Lie algebra of symmetries of the ODE. Examples are given to illustrate
the approach, and a heuristic integration method sometimes gives explicit forms of the maps.
We also illustrate the powerful maximal symmetry groups facility as a natural tool to be used
in conjunction with MapDE.

3.1 Introduction

This paper is a sequel to [29] and is part of a series in which we explore algorithmic aspects of
exact and approximate mappings of differential equations. We are interested in mapping less

41
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tractable differential equations into more tractable ones, in particular in this article focusing on
mapping nonlinear systems to linear systems. This builds on progress in [29] where we con-
sidered mappings from a specific differential system to a specific target system and mappings
from a linear to a linear constant coefficient differential equation.

As in [29] we consider systems of (partial or ordinary) differential equations with n in-
dependent variables and m dependent variables which are local analytic functions of their
arguments. Suppose R has independent variables x = (x1, . . . , xn) and dependent variables
u = (u1, . . . , um) and R̂ has independent variables x̂ = (x̂1, . . . , x̂n) and dependent variables
û = (û1, . . . , ûm). In particular, we consider local analytic mappings Ψ: (x̂, û) = Ψ(x, u) =

(ψ(x, u), φ(x, u)) so that R is locally and invertibly mapped to R̂:

x̂ j = ψ j(x, u), ûk = φk(x, u) (3.1.1)

where j = 1, . . . , n and k = 1, . . . ,m. The mapping is locally invertible, so the determinant of
the Jacobian of the mapping is nonzero:

DetJac(Ψ) = Det
∂(ψ, φ)
∂(x, u)

6= 0, (3.1.2)

where ∂(ψ,φ)
∂(x,u) is the usual Jacobian (n + m) × (n + m) matrix of first order derivatives of the

(n + m) functions (ψ, φ) with respect to the (n + m) variables (x, u). Note throughout this pa-
per: we will call R̂ the Target system of the mapping, which will generally have some more
desirable features than R, which we call the Source system. A well-known direct approach to
forming the equations satisfied by Ψ is roughly to substitute the general change of variables
into R̂, evaluate the result modulo R, appending equations that express the independence of Ψ

on derivative jet variables (or equivalently decomposing in independent expressions in the jet
variables). The resulting equations for Ψ are generally nonlinear overdetermined systems. Al-
gorithmic manipulation of these and other over-determined systems of PDE are at the core of
the algorithms used in this paper. We make prolific use of differential-elimination completion
(dec) algorithms, which apply a finite number of differentiations and eliminations to complete
such over-determined systems to a form including their integrability conditions, for which an
existence uniqueness theorem is available. Maple is fortunate to have several such differential
elimination packages. Currently we use the rif algorithm via the Maple command rifsimp
[40] in our implementation, but other Maple packages could be used [37, 10]. To be algorith-
mic we restrict to systems R and R̂ that are polynomially nonlinear (i.e. differential polynomial
systems, DPS). In this paper dec refers to a Differential Elimination Completion algorithm to
emphasize that a number of algorithms are available.

A very general approach to such problems, concerning maps Ψ from R to R̂, is Cartan’s
famous Method of Equivalence which finds invariants that label the classes of systems equiv-
alent under the pseudogroup of such mappings. See especially texts [32] and [27]. The fun-
damental importance and computational difficulty of such equivalence questions has attracted
attention from the symbolic computation community [30]. For recent developments and ex-
tensions of Cartan’s moving frames for equivalence problems see [14], [43] and [3]. The
DifferentialGeometry package [2] is available in Maple and has been applied to equiva-
lence problems [18]. Underlying these calculations is that overdetermined PDE systems with
some non-linearity must be reduced to forms that enable the statement of a local existence and
uniqueness theorem [17, 15, 41, 40, 9].
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Our methods here and in [29] are based on the mapping approach initiated by Bluman
and Kumei [19] which focuses on the interaction between such mappings and Lie symmetries
via their infinitesimal form on the source and target. In particular, let G be the Lie group of
transformations leaving R invariant. Also, let Ĝ be the Lie group of transformations leaving R̂
invariant. Locally, such Lie groups are characterized by their linearizations in a neighborhood
of their identity, that is by their Lie algebras L , L̂ . If an invertible map Ψ exists then G ' Ĝ
and L ' L̂ . This yields a subsystem of linear equations for Ψ which we call the Bluman-
Kumei equations. It is a significant challenge to translate the methods of Bluman and Kumei
into procedures that are algorithmic (i.e., guaranteed to succeed on a defined class of inputs
in finitely many steps). Please see [1, 7, 44, 45] for progress in their approach and some
(heuristic) integration-based computer implemented methods. Our methods are also inspired
by remarkable recent progress on this question for ODE by Lyakhov et al.[25] who presented
an algorithm for determining when an ODE is linearizable. It was also stimulated by their use
of an early method by one of us (see Reid [33]), which has been dramatically improved and
extended [34, 23] with the latest improvements in the lavf package [22, 16].

In our previous work [29] we provided an algorithm to determine the existence of a mapping
of a linear differential equation to the class of constant coefficient linear homogeneous differ-
ential equations. Key for this application was the exploitation of a commutative sub-algebra
of symmetries of L̂ corresponding to translations of the independent variables in the target.
The main contribution of this paper is to present an algorithmic method for determining the
mapping of a nonlinear system to a linear system when it exists. Using a technique of Bluman
and Kumei, we exploit the fact that R̂ must admit a sub-pseudo group corresponding to the
superposition property that linear systems by definition must satisfy. Once existence is estab-
lished, a second stage can determine features of the map and sometimes by integration, explicit
forms of the mapping. For an algorithmic treatment using differential elimination (differential
algebra), we limit our treatment to systems of differential polynomials, with coefficients from
Q or some computable extension of Q in C. Thus our input system R should be a system of
dps. Some non-polynomial systems can be converted to differential polynomial form by using
the Maple command, dpolyform.

In §3.2 we provide some introductory material on differential-elimination algorithms, initial
data and Hilbert dimensions. In §3.3 we give an introduction to symmetries and mapping
equations. In §3.4, we introduce the MapDE algorithm. Examples of application MapDE are
given in §3.6, and we conclude with a discussion in §3.7. Our MapDE program and a demo file
are publicly available on GitHub at: https://github.com/GregGitHub57/MapDETools.

3.2 Differential-elimination algorithms, initial data and Hilbert
functions

The geometric approach to dps centers on the jet locus, the solution set of the equations obtained
by replacing derivatives with formal variables, yielding systems of polynomial equations and
inequations and differences of varieties (solution sets of polynomial equations). In this way
the algorithmic tools of algebraic geometry can be applied to systems of dps. The union of
prolonged graphs of local solutions of a dps is a subset of the jet locus in J(Cn,Cm), the jet

https://github.com/GregGitHub57/MapDETools
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space, with n independent variables, and m dependent variables. For details concerning Jet
geometry see [31, 41].

Throughout this paper we make prolific use of differential-elimination algorithms which
apply a finite number of differentiations and eliminations to an input dps to yield in a form that
yields information about its properties and solutions. For example, consider

uxyy − uyy = 0, uxx + uxy − ux − uy = 0, uxx − uxy − ux + uy = 0 (3.2.1)

Simply eliminating using the ordering uxx � uxy � uyy � ux � uy gives the equivalent system
uxyy = uyy, uxx = ux, uxy = uy. The first equation can be omitted since it is a derivative of the
third, yielding

uxx = ux, uxy = uy (3.2.2)

The operations to reduce the example above mirror those to reduce a related polynomial system
via ∂

∂x ↔ X, ∂
∂y ↔ Y , XY2−Y2 = 0, X2+XY−X−Y = 0, X2−XY−X+Y = 0 to a Gröbner Basis.

Indeed a natural generalization of Gröbner Bases exists for linear homogeneous PDE. However
dps are much tougher theoretically and computationally, with straightforward generalizations
yielding infinite bases, and undecidable problems. Currently we use the rif algorithm via
the Maple command rifsimp [40] in our implementation, but other Maple packages could
be used such as DifferentialThomas Package [42, 37], and the DifferentialAlgebra
package[9, 10, 21] or casesplit which offers a uniform interface to such packages.

A key aspect of these dec packages for dps is that they split on cases where certain leading
polynomial quantities are zero or nonzero. This leads to systems of differential polynomial
equations and inequations. In particular a system R of equations {p1 = 0, p2 = 0, · · · , pb = 0}
and inequations {q1 6= 0, · · · , qc 6= 0} has solution locus

Z(R) = V=(R) \ V 6=(R) (3.2.3)

where V=(R) are the solutions satisfying {p1 = 0, p2 = 0, · · · , pc = 0} and V 6=(R) is the set of
solutions of Πi=c

i=1 qi = 0.
Moreover, a central input in such algorithms are rankings of derivatives [39]. Indeed let

Ω(R) be all the derivatives of dependent variables for R. Throughout this paper the set of
derivatives also includes 0-order derivatives (i.e. dependent variables). A ranking on Ω(R) is a
total order ≺ that satisfies the axioms in [39]. Given a ranking and algorithms in [40] determine
initial data and the existence and uniqueness of formal power series solutions. Additionally,
if the ranking is orderly and of Riquier type (i.e. ordered first by total order of derivative,
with a ranking specified by a Riquier ranking matrix) analytic initial data yield local analytic
solutions. See [36] for a proof of this result. We will need some block elimination rankings
that eliminate groups of dependent variables in favor of others. Enforcing the block order via
the first row of the Riquier Matrix and then enforcing total order of the derivative as the next
criterion for each block enables analytic data to yield analytic solutions that is sufficient for
this paper.

The differential-elimination algorithms used in this article enable the algorithmic posing of
initial data for the determination of unique formal power series of differential systems. We will
exploit a powerful measure of solution dimension information given by Differential Hilbert
Series and its related Differential Hilbert Function [28, 20]. Indeed given a ranking algorithms
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obtained by diagonal count-
ing of the empty circles.

such as the rif algorithm, Rosenfeld Groebner and Thomas Decomposition partition the set of
derivatives of the unknown function at a regular point x0 into a set of parametric derivatives P
and a set of principal derivatives. Principal derivatives are derivatives of the leading derivatives
and parametric derivatives are its complement, the ones that can be ascribed arbitrary values at
x0. Then the Hilbert Series is defined as:

HS(R, x0, s) :=
∑
G∈P

sdord(G) =

∞∑
n=0

ansn (3.2.4)

where dord(G) is the differential order of G, an is the number of parametric derivatives of dif-
ferential order n. To algorithmically compute such a series exploits the fact that the parametric
data can be partitioned into subsets.

For example consider R = {uxx = ux, uxy = uy}, which is already in rif-form with respect to
an orderly ranking. Then P = {ux} ∪ {u, uy, uyy, uyyy, · · ·}, and the associated set of initial data
is {ux(x0, y0) = c0} ∪ {u(x0, y0) = c1, uy(x0, y0) = c2, uyy(x0, y0) = c3, · · ·}. In what follows it is
helpful to associate these derivatives with corresponding points in N2 via ∂i+ j

∂xi∂y j u↔ (i, j) ∈ N2.
See Fig. 3.1 for a graphical depiction of P .

Then
HS(R, (x0, y0), s) = 1 + 2s + s2 + s3 + s4 + · · · (3.2.5)

A crucial condition to check in our algorithms will be that two Hilbert series are the same,
which is complicated since no finite algorithm exists for checking equality of series. For our
example, however, the series can be expressed finitely HS(R, (x0, y0)) = 1+2s+s2+s3+s4+· · · =

s + 1
1−s . This collapsing of the series into a rational function can be accomplished in general. In

our implementation, we exploited the output of the initialdata algorithm in the rif package.
For example this returns data as a partition of two sets: a finite set of initial data F and an set
that represents an infinite set of data I by compressing them into arbitrary functions. For our
example this compression is:

F ∪I = {ux(x0, y0) = c0} ∪ {u(x0, y) = f (y)} (3.2.6)

This approach is easily extended to yield the Differential Hilbert Function by applying a func-
tion that acts on each piece of initial data in F and I

HF(F ,I ) :=
∑
G∈F

sdord(G) +
∑
G∈I

sdord(G)

(free(G) − 1)!

(
d
ds

)free(G)−1

(1 − s)−1 (3.2.7)
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where we have suppressed the dependence on x0 and s for notational brevity. In the above
formula free(G) is the number of free variables in the right hand side of the infinite data set I .
So for our example with G = u(x0, y) = f (y) we get free(u(x0, y) = f (y)) = 1 and dord(G) = 0.
Then the formula yields as before

HF(F ,I ) := s +
1

1 − s
(3.2.8)

For leading linear dps, in rif-form with respect to an orderly Riquier ranking, the Differential
Hilbert Series gives coordinate independent dimension information. If a ranking is not orderly
then the Differential Hilbert Series is no longer invariant. For example just consider the initial
data for vxx = vt in an orderly ranking compared to vt = vxx in a non-orderly ranking.

The output of the initial data which partitions the parametric derivatives into disjoint cones
of various dimensions ≤ n, can express this in the rational function form HS(s) =

P(s)
(1−s)d

where
d = d(R) is the differential dimension of R. It corresponds to the maximum number of free
independent variables appearing in the functions for the initial data. For further information
on differential Hilbert Series see [28]. The algorithms are simple modifications of those for
Gröbner bases for modules.

3.3 Symmetries & Mapping Equations

3.3.1 Symmetries
Infinitesimal Lie point symmetries for R are found by seeking vector fields

V =

n∑
i=1

ξi(x, u)
∂

∂xi +

m∑
j=1

η j(x, u)
∂

∂u j (3.3.1)

whose associated one-parameter group of transformations

x∗ = x + ξ(x, u)ε + O(ε2)

u∗ = u + η(x, u)ε + O(ε2) (3.3.2)

away from exceptional points preserve the jet locus of such systems, mapping solutions to so-
lutions. See [5, 6] for applications. The infinitesimals (ξi, η j) of a symmetry vector field (3.3.1)
for a system of DEs are found by solving an associated system of linear homogeneous defining
equations S (or determining equations) for the infinitesimals. The defining system S is derived
by a prolongation formula for which numerous computer implementations exist [12, 13, 38].
Lie’s classical theory of groups and their algebras requires local analyticity in its defining equa-
tions. Such local analyticity will be a key assumption throughout our paper.

The resulting vector space of vector fields is closed under its commutator. The commutator
of two vector fields for vector fields X =

∑m+n
i=1 νi ∂

∂zi , Y =
∑m+n

i=1 µi ∂
∂zi in a Lie algebra L and

z = (x, u), is:

[X,Y] = XY − YX =

m+n∑
i=1

ωi ∂

∂zk (3.3.3)
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where ωk =
∑m+n

i=1

(
νiµk

zi − µ
iνk

zi

)
.

Similarly, we suppose that the Target admits symmetry vector fields

V̂ =

n∑
i=1

ξ̂i(x̂, û)
∂

∂x̂i +

m∑
j=1

η̂ j(x̂, û)
∂

∂û j (3.3.4)

in the Target infinitesimals (ξ̂, η̂) that satisfies a linear homogeneous defining system Ŝ generat-
ing a Lie algebra L̂ . Computations with defining systems will be essential in our approach and
are implemented using Huang and Lisle’s powerful object oriented lavf, Maple package [22].

Example 3.3.1 Consider as a simple example the third order nonlinear ODE which is in rif-
form with respect to an orderly ranking

uxxx =
3
(
uuxx + ux

2 + 1
)2

u(uux + x)
−

3uxuxx

u
+

8x (uux + x)4
(
u2 + x2 + 1

)
u(u2 + x2)

(3.3.5)

at points u 6= 0, uux + x 6= 0, u2 + x2 6= 0. When Maple’s dsolve is applied to (3.3.5) it
yields no result. Later in this section, we will discover important information about (3.3.5)
using symmetry aided mappings. It will be used as a simple running example to illustrate the
techniques of the article.

The defining system for Lie point symmetries of form ξ(x, u) ∂
∂x + η(x, u) ∂

∂u of (3.3.5) has rif
form with respect to an orderly ranking given by:

S = [ξ = −
η u
x
, ηx,u =

(u − x) (u + x) η
u3x

+

(
u2 + x2

)
ηu

xu2 −
ηx

u
+

xηu,u

u
,

ηx,x = −

(
2 u4 − x2u2 + x4

)
η

u4x2 +

(
u2 + x2

)
ηu

u3 + 2
ηx

x
+

x2ηu,u

u2 , (3.3.6)

ηu,u,u = −

(
16 u8 + 24 u6x2 + 8 u4x4 + 16 u6 + 8 u4x2 + 3 u2 + 3 x2

)
η(

u2 + x2) u3

−

(
8 u6x2 + 8 u4x4 + 8 u4x2 − 3 u2 − 3 x2

)
ηu

u2 (
u2 + x2) + 8

u3x
(
u2 + x2 + 1

)
ηx

u2 + x2 ]

Its corresponding initial data is

ID(S ) = [η (x0, u0) = c1, ηx (x0, u0) = c2, ηu (x0, u0) = c3, ηu,u (x0, u0) = c4] (3.3.7)

There are 4 arbitrary constants in the initial data at regular points (x0, u0), so (3.3.5) has a 4
dimensional local Lie algebra of symmetries L in a neighborhood of such points: dim L =

4. The structure of L of (3.3.6) can be algorithmically determined without integrating the
defining system [34, 23, 22, 16]:

[Y1,Y2] = −Y1 − 2 Y2, [Y1,Y3] = Y1 − 2 Y3, [Y1,Y4] = −2 Y4,

[Y2,Y3] = Y2 + Y3, [Y2,Y4] = Y4, [Y3,Y4] = −Y4 (3.3.8)

where a regular point (x0 = 1, u0 = 1) was substituted into the relations.
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But what can such symmetry information tell us about nonlinear systems R such as the above
ODE using mappings? In particular, in this paper we focus on the question of when a sys-
tem R can be mapped to a linear system R̂. Throughout this paper we maintain blanket local
analyticity assumptions. So in the case of a single linear differential equation R̂ has the form
H û = f (x̂) where H is a linear differential operator with coefficients that are analytic func-
tions of x̂ and f is also analytic. Lewy’s famous counterexample of a single linear differential
equation in 3 variables, of order 1, where H is analytic with smooth inhomogeneous term,
without smooth solutions, provides a counterexample in the smooth case. Then supposing we
have the existence of a local analytic solution ũ in a neighborhood of x̂0, in this neighborhood
the point transformation û→ û− ũ implies that without loss we can consider R̂ to be a homoge-
neous linear differential equation H û = 0 where û ∈ A (x̂0, δ), the set of analytic functions on
some sufficiently small disk |x̂ − x̂0|< δ. Then solutions of R̂ satisfy the superposition property
H (v̂ + ŵ) = H v̂ + H ŵ = 0. This corresponds to point symmetries generated by the Lie
algebra of vector fields

L̂ ∗ :=
{

v̂(x̂)
∂

∂û
: H v̂(x̂) = 0 and v̂ ∈ A (x̂0, δ)

}
(3.3.9)

Consequently, assuming the existence of a local analytic map, dim L̂ ∗ = dim R̂ = dim R. If
R is an ODE of order d ≥ 2 then dim L̂ ∗ = dim R̂ = dim R = d. Similarly the superposition
property H (cv̂) = cH v̂ = 0 corresponds to a 1 parameter family of scalings with symmetry
vectorfield û ∂

∂û . So we get the well-known and obvious result that an ODE of order d that can
be mapped to a linear ODE must have dim L = dim L̂ ≥ d + 1. Similarly if R is linearizable
and dim R = ∞ then dim L = dim L̂ = ∞ with similar properties for systems. The Lie
sub-algebra L̂ ∗ is easily shown to be ‘abelian‘ by direct computation of commutator [32] in
both the finite and infinite dimensional case. Indeed consider the so-called derived algebra
L ′ = DerivedAlgebra(L ), which is the Lie subalgebra of L generated by commutators of
members of L and similarly for L̂ ′. By direct computation of commutators L̂ ∗ is a sub-
algebra of L̂ ′ (e.g. [v̂(x̂) ∂

∂û , û
∂
∂û ] = v̂(x̂) ∂

∂û ∈ L̂ ). Thus, a necessary condition for the existence
of a map Ψ to a linear target is that L̂ ′ has a d dimensional abelian subalgebra in the finite and
infinite dimensional cases (see Olver [32]). In the preceding paragraph we considered the case
of a single dependent variable, which is easily extended to the multivariate case. For example
in equation (3.3.9) the symmetry generator v̂(x̂) ∂

∂û can be replaced by
∑m

i=1 v̂i(x̂) ∂
∂ûi for the case

of a system.
Lyakhov, Gerdt and Michels [25] use this to implement a remarkable algorithm to deter-

mine the existence of a linearization for a single ODE of order d. See Algorithm 5 and [25, 26]
for further background. There are two main cases. The first is when the nonlinear ODE has a
Lie symmetry algebra of maximal dimension, as shown in Step 5 of Algorithm 5. Such maxi-
mal cases are always linearizable. These occur for d = 1, 2 where the maximal dimensions of
L are ∞ and 8 respectively, and for d > 2 where the maximal dimension of L is d + 4. The
second main case is sub-maximal and occurs for d > 2 when dim L = d + 1 or dim L = d + 2.

Example 3.3.2 We illustrate the above discussion and Algorithm 5 by a continuation of Ex-
ample 3.3.1. For that example d = 3 and dim L = 4. Then from the commutation relations the
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Algorithm 5 LGMLinTest(R)
Input: a leading linear ODE R solved for its highest derivative of order ≥ 1
Output: Lin = true if R linearizable otherwise Lin = false

1: Lin:= false
2: Compute S := ThomasDecomposition(DetSys(R))
3: Find dim L := dim S , d := difforder(R)
4: ComRels := Structure(S )
5: if d = 1 or (d = 2 and dim L = 8) or (d > 2 and dim L = d + 4) then Lin := true

else if d > 2 and (dim L = d + 1 or dim L = d + 2) then
L ′ := DerivedAlgebra(ComRels)
if IsAbelian(L ′) and d = dim(L ′) then Lin := true
end if

end if
6: return Lin

derived algebra L ′ is generated by

[Z1 = Y1 − 2 Y3, Z2 = Y2 + Y3, Z3 = Y4] (3.3.10)

Thus dim DerivedAlgebra(L ) = dim L ′ = 3. Also its structure is easily found as

[Z1,Z2] = [Z1,Z3] = [Z2,Z3] = 0 (3.3.11)

so L ′ is abelian and by Algorithm 5, (3.3.5) is exactly linearizable.

The Algorithms introduced by Lyakhov et al. [25] have two stages: the first given above
is to determine whether the system is lineaizable. The second stage is to attempt to construct
an explicit form for the mapping by integration. A fundamental algorithmic tool for both
stages is the ThomasDecomposition algorithm which is a differential elimination algorithm
which outputs a disjoint decomposition of a dps finer than that of [9] or [40]. It is based on
the work of Thomas [42, 37]. The algorithm is available in distributed Maple 18 and later
versions. We note that the construction step involves heuristic integration. The algorithm that
they use to construct a system for the mapping to a linear ODE, before it is reduced using
ThomasDecomposition, is related to the algorithm EquivDetSys given in our introductory
paper [29]. It is expensive as we illustrate later with examples. One of the contributions of
our paper is to find a potentially more efficient algorithm that avoids the application of the full
nonlinear equivalence equations generated by EquivDetSys in [29].

3.3.2 Bluman-Kumei Mapping Equations
Assume the existence of a local analytic invertible map Ψ = (ψ, φ) between the Source system
R and the Target system R̂, with Lie symmetry algebras L , L̂ respectively. Applying Ψ to
the infinitesimals (ξ̂, η̂) of a vectorfield in L̂ yields what we will call the Bluman-Kumei (BK)
mapping equations:

MBK(L , L̂ ) =


ξ̂k(x̂, û) =

∑n
i=1 ξ

i(x, u)∂ψ
k

∂xi +
∑m

j=1 η
j(x, u)∂ψ

k

∂u j

η̂`(x̂, û) =
∑n

i=1 ξ
i(x, u)∂φ

`

∂xi +
∑m

j=1 η
j(x, u)∂φ

`

∂u j

(3.3.12)
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where 1 ≤ k ≤ n and 1 ≤ ` ≤ m, and (ξ, η) are infinitesimals of Lie symmetry vectorfields in L .
See Bluman and Kumei [4, 8] for details and generalizations (e.g. to contact transformations).
Note that all quantities on the RHS of the BK mapping equations (3.3.12) are functions of
(x, u) including φ and ψ. See [29, Example 1] for an introductory example of mappings and the
examples in [8].

Remark 1 When considered together with x̂ = ψ(x, u), û = φ(x, u) the BK mapping equations
(3.3.12) are a change of variables from (x, u) to (x̂, û) coordinates. Simply interchanging target
and source variables then yields the inverse of the BK mapping equations below. Considered
together with x = ψ̂(x̂, û), u = φ̂(x̂, û) these are a change of variables from (x̂, û) to (x, u)
coordinates.

MBK(L̂ ,L ) =


ξk(x, u) =

∑n
i=1 ξ̂

i(x̂, û)∂ψ̂
k

∂x̂i +
∑m

j=1 η̂
j(x̂, û)∂ψ̂

k

∂û j

η`(x, u) =
∑n

i=1 ξ̂
i(x̂, û)∂φ̂

`

∂x̂i +
∑m

j=1 η̂
j(x̂, û)∂φ̂

`

∂û j

(3.3.13)

We note the following relation between Jacobians in (x, u) and (x̂, û) coordinate systems

∂(ψ̂, φ̂)
∂(x̂, û)

=

[
∂(ψ, φ)
∂(x, u)

]−1

(3.3.14)

If an invertible map Ψ exists mapping R to R̂ then it most generally depends on dim(L ) =

dim(L̂ ) parameters. But we only need one such Ψ. In other words, if Ψ : R → R̂ is an
inverible mapping then Ψ ◦ g : R → R̂ is also an invertible mapping for any g ∈ G . So
reducing the number of such parameters, e.g., by restricting to a Lie subalgebra L

′

of L with
corresponding Lie subalgebra L̂

′

of L̂ that still enables the existence of such a Ψ, is important
in reducing the computational difficulty of such methods. We will use the notation S ′, Ŝ ′ to
denote the symmetry defining systems of Lie sub-algebras L

′

, L̂
′

respectively. See [8, 32]
for discussion on this matter.

For mapping from nonlinear to linear systems, a natural candidate for L
′

is the DerivedAlgebra(L ),
and the natural Lie symmetry algebra for target is L̂ ∗ corresponding to the superposition de-
fined in (3.3.9).

Example 3.3.3 This is a continuation of Examples 3.3.1 and 3.3.2 concerning (3.3.5). Here
we will use the BK mapping equations (3.3.12) where L

′

= DerivedAlgebra(L ).
For the construction of Ψ we actually need differential equations for L ′, in addition its struc-
ture which are provided by the algorithm DerivedAlgebra in the lavf package which for
(3.3.5) yields its rif-form:

S ′ = [ξ = −
η u
x
, ηx =

(
u2 + x2

)
η

xu2 +
ηux
u
, (3.3.15)

ηu,u,u = −

(
8 u8 + 8 u6x2 + 8 u6 + 3 u2 + 3 x2

)
η(

u2 + x2) u3 + 3
ηu

u2 ]

The derived algebra is then shown by lavf commands to be both 3 dimensional and abelian.
Moreover, its determining system (3.3.15) is much simpler than the determining system of L
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given in (3.3.6). Crucially it means we can exploit this determining system using the BK map-
ping equations. Since the target infinitesimal generator is ξ̂ ∂

∂x̂ + η̂ ∂
∂û = 0 · ∂

∂x̂ + η̂(x̂) ∂
∂û where

H û = 0. So ξ̂ = 0 and H û = 0 and the BK equations are:

MBK(L
′

, L̂ ∗) =


0 = ξ(x, u)∂ψ

∂x + η(x, u)∂ψ
∂u

η̂(x̂, û) = ξ(x, u)∂φ
∂x + η(x, u)∂φ

∂u

(3.3.16)

where η̂û = 0 and H û = 0. These equations are an important necessary condition for the
linearization of (3.3.5) and this will be exploited in Section §3.4 in the computation of the
mapping.

3.4 Algorithms and Preliminaries for the MapDE Algorithm
The MapDE algorithm introduced in [29] is extended to determine if there exists a mapping of
a nonlinear source R to some linear target R̂, using the target input option Target = LinearDE.

3.4.1 Symmetries of the linear target and the derived algebra
We summarize and generalize some aspects of the discussion in §3.1 and §3.3. The following
theorem is a straightforward consequence of the necessary conditions in [8] where we have
also required that the target system is in rif-form.

Theorem 3.4.1 (Superposition symmetry for linearizable systems) Suppose that the analytic
system R is exactly linearizable by a local holomorphic diffeomorphism x̂ = ψ(x, u), û = φ(x, u)
to yield a linear target system. Then R̂ locally takes the form

R̂ : H û(x̂) = 0 (3.4.1)

where H is a vector partial differential operator, with coefficients that are local analytic func-
tions of x̂ and the system (3.4.1) is in rif-form with respect to an orderly ranking. Moreover R̂
admits the symmetry vector field

∑m
j=1 η̂

j(x̂) ∂
∂û j :

Ŝ ∗ :=
{
ξ̂i = 0, H η̂ = 0, η̂ j

ûk = 0 : 1 ≤ i ≤ n, 1 ≤ j, k ≤ m
}
. (3.4.2)

From the previous discussion, computation of determining systems for derived algebras is
important in both the finite and infinite cases. In the Remark below we sketch what appears to
be the first algorithm to compute such systems in the infinite case.

Remark 2 (Algorithm for computation of infinite Derived Algebras) A simple consequence
of the commutator formula (3.3.3) is that the commutators generate a Lie algebra which is
called the derived algebra. Lisle and Huang [22] implement efficient algorithm in the lavf
package to compute the determining system for the derived algebra for finite dimensional Lie
algebras of vectorfields. We have made a first implementation in the infinite dimensional case,
together with the Lie pseudogroup structure relations [34, 23]. First each of the ν, µ, ω in
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the commutation relations (3.3.3) must satisfy the determining system of L so we enter three
copies of those determining systems. We then reduce the combined system using a block elim-
ination ranking which ranks any derivative of ω strictly less than those of µ, ν. The resulting
block elimination system for ω generates the derived algebra in the infinite case.

The commutator between any superposition generator and the scaling symmetry admitted
by linear systems yields  m∑

i=1

v̂i(x̂)
∂

∂ûi ,

m∑
i=1

ûi ∂

∂ûi

 =

m∑
i=1

v̂i(x̂)
∂

∂ûi (3.4.3)

So we have the following result as an easy consequence (See Olver [32] for related discussion
in both the finite and infinite case).

Theorem 3.4.2 Suppose that the analytic system R is exactly linearizable by a local holomor-
phic diffeomorphism x̂ = ψ(x, u), û = φ(x, u), to yield a linear target system (3.4.2) and L ,
L ′ are the Lie symmetry algebra and its derived algebra for R. Also, let L̂ , L̂ ′ be the corre-
sponding algebras for R̂. Let L ∗, L̂ ∗ be the superposition algebras under Ψ. Then L̂ ∗ is a
subalgebra of L̂ ′ and L ∗ is a subalgebra of L ′. Moreover L ∗ and L̂ ∗ are abelian.

We wish to determine if a system R is linearizable and if so, characterize the target R̂, i.e
H η̂ = 0. But initially we don’t know H . One approach is to write a general form for this
system that specifies Ŝ ∗ with undetermined coefficient functions whose form is established in
further computation. See for example, [25] use this approach in the case of a single ODE, but
don’t consider the Bluman-Kumei mapping system. We will apply our method to a test set of
ODE (3.6.9) given in [25]. Instead, we only include ξi = 0, η̂ j

ûk = 0 and don’t include H η̂ = 0.
Thus, we only include a subset Ŝ ? of Ŝ ∗, denoting the truncated system as

Ŝ ? :=
{
ξ̂i = 0, η̂ j

ûk = 0 : 1 ≤ i ≤ n, 1 ≤ j, k ≤ m
}

(3.4.4)

and allow H η̂ = 0 to be found naturally later in the algorithm. We note that Ŝ ? are the defining
equations of a (usually infinite) Lie pseudogroup.

3.4.2 Algorithm PreEquivTest for excluding obvious nonlinearizable cases

As discussed in §3.3, R being linearizable implies that the superposition is in its Lie symmetry
algebra and is a coordinate change of R. This implies some fairly well-known efficient tests
for screening out obvious non-linearizable cases. For linearization necessarily dim S ≥ d + 1
and dim S ′ ≥ d for finite d. For d = ∞, necessarily dim S = ∞ = dim S ′ and in terms of
differential dimensions d(S ) ≥ d(S ′) ≥ d(R). Note that Algorithm 6 returns null, if all its tests
are true. The most well-known of the above tests occur when d = ∞ and dim S = ∞ and are
given for example, in Bluman and Kumei [6]. Also see Theorem 6.46 in Chapter 6 of Olver
[32].
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Algorithm 6 PreEquivTest
PreEquivTest(R, IDR, IDS, IDS′)
Input: R is a leading linear dps system in dec-form R with no leaders of order 0

with respect to an orderly Riquier ranking
IDR, IDS, IDS′ are respectively the initial data for R, S and S ′

where S and S ′ are the symmetry determining systems for L and L ′

Output: [IsLinearizable, DimInfo]
IsLinearizable = false if one of the necessary conditions T j tests false
DimInfo is the dimension info (dimension, differential dimension and
Differential Hilbert Function, computed for each of R, S , S ′.

1: Set IsLinearizable := null. Apply DifferentialHilbertFunction to IDR, IDS, IDS′ to get
2: DimInfo := [ dim R, d(R), HF(R), dim S , d(S ), HF(S) , dim S ′, d(S ′), HF(S ′)]
3: if d = ∞ then

T1 := evalb(dim S < ∞)
T2 := evalb(dim S ′ < ∞)
T3 := evalb(d(S ) < d(R))
T4 := evalb(d(S ′) < d(R))

else if d < ∞ then
T5 := evalb(dim S < d + 1)
T6 := evalb(dim S ′ < d)

end if
4: if ∧i=6

i=1Ti = false then IsLinearizable := false; end if
return [ IsLinearizable, DimInfo ]

3.4.3 Algorithm ExtractTarget for extracting the linear target system

When a system R is determined to be linearizable by Algorithm 7, the conditions for lineariz-
ability will yield a list of cases

⋃
c∈C Qc where each Qc is in rif-form. To implicitly determine

the target linear system R̂ for a case Qc, Algorithm ExtractTarget is applied to Qc. It first selects
from Qc the linear homogeneous differential sub-system R∗c in ξ(x, u), η(x, u) with coefficients
depending on (x, u, ψ, φ) in the (x, u) coordinates. Algorithm ExtractTarget then applies the
inverse BK transformations (3.3.13) to convert the system R∗c to (x̂, û) coordinates, after which
ξ̂ = 0 and also η̂(x̂, û) = η̂(x̂) is imposed. This yields R∗c as a system R̂∗c which is a linear ho-
mogeneous differential system in η̂(x̂) with coefficients in x̂, û, ψ̂, φ̂. Though R∗c is in rif-form,
R̂∗c is not usually in rif-form so another application of rif is applied, to yield R̂∗c in rif-form for
η̂(x̂); case splitting is not required here. As shown in the proof of Algorithm 7, the coefficients
of R̂∗c depend only on x̂, ψ̂, φ̂ and not on û. The proof of Algorithm 7 also shows that η̂(x̂) can
be replaced in R̂∗c with û(x̂) yielding the target linear homogeneous differential equation R̂c.
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3.4.4 Heuristic integration for the Mapping functions in MapDE using
PDSolve

This routine is still in the early stages of its development. The heuristic integration routine
PDSolve, basically a simple interface to Maple’s pdsolve which is applied to the Ψ sub-
system (the sub-system with highest derivatives in ψ, φ) together with its inequations in Qc

to attempt to find an explicit form of the mapping Ψ. We naturally use a block elimination
ranking in Ψ sub-system where all derivatives of φ are higher than all derivatives of ψ. Then
we attempt to solve uncoupled subsystem for ψ using the lavf routine Invariants, which depends
on integration, and subsequently solve the substituted system for φ by pdsolve.

The geometric idea is that in the (x̂, û) coordinates the Lie symmetry generator correspond-
ing to linear superposition has the form

∑
k η̂

k(x̂) ∂
∂ûk and generates an abelian Lie algebra with

obvious invariants x̂. So the independent variables for the target linear equation are invariants
of this vector field acting on the base space of variables (x̂, û), and thus on (x, u) space via the
map Ψ. The process of integrating the mapping equations first starts with the determination of
these invariants in terms of (x, u) using the lavf command Invariants. If the integration is
successful this yields x̂ j = ψ j = I j(x, u), for j = 1, · · · , n. Then substitution into the Ψ sub-
system, yields a system with dependence only on the φ̂ mapping functions, which we attempt
to integrate using Maple’s pdsolve.

3.5 The MapDE Algorithm
The main subject here is Algorithm 7 which makes heavy use of differential-elimination com-
pletion (dec) algorithms, which in our current implementation is the rif algorithm accessed
via Maple’s rifsimp. Other dec algorithms could be used such as ThomasDecomposition,
RosenfeldGroebner or casesplit.

In §3.5.1 we will describe pseudo-code for MapDE. In §3.5.2 we will give notes about the
steps of MapDE and in §3.5.3 we will a proof of correctness of MapDE.

3.5.1 Pseudo-code for the MapDE algorithm
Here we describe the pseudo-code for MapDE.
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Algorithm 7 MapDE with Target =LinearDE

MapDE(Source,Target,Map,Options)
Input:

Source: A leading linear dps system in dec-form R with no leaders of order 0
with respect to an orderly Riquier ranking; vars [x, u], [ξ, η]

Target: Target =LinearDE

Map: Ψ

Options: Additional options (for strategies, outputs, etc).
Output:

IsLinearizable = false if there @ an invertible local linearization Ψ

IsLinearizable = true if there ∃ an invertible local linearization Ψ and
— Collection of cases in rif-form yielding such linearizations
— Implicit form of the target linear equation for R̂ (see 3.4.3 )
— Explicit form of Ψ if the heuristic method PDSsolve is successful (see §3.4.4)

1: Set IsLinearizable := null. Compute IDR := ID(R)
2: Let L ′ = DerivedAlgebra(L ) and compute:

S := dec(DetSys(L )), S ′ := dec(DetSys(L ′))
IDS := ID(S ), IDS′ := ID(S ′)

3: [ IsLinearizable, DimInfo ] := PreEquivTest(R, IDR, IDS, IDS′)
if IsLinearizable = false then return [ IsLinearizable, DimInfo ] end if
When R is an ODE also calculate LGMLin := LGMLinTest(R).

4: Set Ŝ ? :=
{
ξ̂i = 0, η̂ j

ûk = 0 : 1 ≤ i ≤ n, 1 ≤ j, k ≤ m
}

M := S ′ ∪ Ŝ ?|Ψ ∪ MBK(L ′, L̂ ?) ∪ {DetJac(Ψ) 6= 0}
5: Compute list of consistent cases P = [P1, · · · , Pnc] with dim ≥ d:

P := dec(M,≺, casesplit,mindim = d)
6: if P = ∅ then IsLinearizable := false return [ IsLinearizable, DimInfo ] end if
7: Q := [ ]
8: for k = 1 to nc do
9: if HF(R) = HF(Pk) then Q := Q ∪ Pk end if

end do
10: if Q = [ ] then IsLinearizable := false return [ IsLinearizable, DimInfo ]

else if Q 6= [ ] then IsLinearizable := true
end if

11: if CaseSelect 6∈ Options then C := [1] else Assign C using Options end if
12: for c ∈ C do R̂c := ExtractTarget(Qc) end do (See 3.4.3)
13: for c ∈ C do Attempt heuristic integration Ψc

sol := PDSolve(Qc) end do (See 3.4.4)

14: return
⋃

c∈C [Qc, R̂c, R̂c|Ψc

sol
, Ψc

sol]

Abbreviations used above: dec: Differential Elimination Completion, MBK BK system,
ID: InitialData

3.5.2 Notes on the MapDE Algorithm with Target = LinearDE

We briefly list some main aspects of Algorithm 7.
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Input: Due to current limitations of Maple’s DeterminingPDE we restrict to input a single sys-
tem R, in dec (i.e. rif-form) leading linear equations with leading derivatives of differen-
tial order ≥ 1, together with inequations and no leading nonlinear equations. This form
is more general than CauchyKowalevski form, and includes over and under-determined
systems, but not systems with 0 order (algebraic) constraints.

Options refers to additional options for strategies and outputs. For example including
OutputDetails in Options yields more detailed outputs.

Step 2: See Remark 2, where we briefly describe our new algorithm for computing determining
systems for infinite dimensional derived algebras.

Step 3: As discussed in §3.3, R being linearizable means that linear superposition generates a
symmetry sub-algebra of L , yielding some fairly well-known efficient tests for rejecting
many non-linearizable systems. See Algorithm 6 for details. We also apply Algorithm
5 for the LGMLinTest [25] when R is an ODE in order to compare and test our Hilbert
linearization test which occurs later in the algorithm.

Step 4: Ŝ ?|Ψ is Ŝ ? evaluated in (x, u) coordinates via Ψ using differential reduction. Ŝ ? :={
ξ̂i = 0, η̂ j

ûk = 0 : 1 ≤ i ≤ n, 1 ≤ j, k ≤ m
}

Step 5: Here mindim = dim(R) = d, as computed by the Maple command initialdata of
the dec form of R. The mindim option avoids computing cases of dimension < d by
monitoring an upper bound based on initial data of such cases. The block elimination
ranking ≺ ranks all infinitesimals and their derivatives for the first block [ξ, η, ξ̂, η̂] strictly
greater than the second block of the φ map variables, which are strictly greater than all
derivatives of the third block of ψ variables. This maintains linearity in the variables
[ξ, η, ξ̂, η̂]. The mindim dimension is computed with respect to these variables, and not
the degrees of freedom in the map variables (ψ, φ). The block structure also facilitates
the later integration phase. Each case Pk consists of equations and inequations.

Step 9: The Hilbert Functions of R and Pk, disregarding the equations that don’t involve infinites-
imals, should be equal if the system is linearizable.

Step 11: Note that Q can consist of several systems. If CaseSelect = all is included in Options,
then all cases leading to linearization are returned. By default, MapDE returns only one
such case: C = [1].

3.5.3 Proof of correctness of the MapDE Algorithm
Theorem 3.5.1 Let R be a single input system in rif-form consisting of leading linear equa-
tions with leaders of differential order ≥ 1, inequations, and with no leading nonlinear equa-
tions. Then Algorithm 7 converges in finitely many steps, and determines whether there exists
a local holomorphic diffeomorphism x̂ = ψ(x, u), û = φ(x, u) transforming R to a linear homo-
geneous target system

R̂ : H û(x̂) = 0 (3.5.1)

In the case of existence the output rif-form consists of dps of equations and inequations includ-
ing those for the mapping function (ψ, φ).
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Proof We first note that Algorithm 7 converges in finitely many steps due to finiteness of
each of the sub-algorithms used [40, 25, 9, 37]. To complete the proof we need to establish
correctness of the two possible outcomes:
Case I: IsLinearizable = true and Case II: IsLinearizable = false.

Case I: IsLinearizable = true
Our task here is to show that given consistent input R, IsLinearizable = true and output Q then
there exists a local holomorphc diffeomorphism Ψ to some linear system R̂. To do this we build
initial data for a solution of R, and initial data for solutions of Q. A complication is that these
spaces have different independent variables x and (x, u). The assumption that all leaders for the
rif-form of R are of order ≥ 1 enables us to regard (x, u) as independent variables for Q. The
inequations for Q include those for R together with the invertibility condition DetJac(Ψ) 6= 0.

Suppose that the input rif-form of R has differential order dR and consists of equations and
inequations with associated varieties V=(R), V 6=(R) in Jet space JdR(Cm,Cn). So any point on
the jet locus satisfies (x, u(≤dR)) ∈ V=(R) \ V 6=(R) in jet space JdR(Cm,Cn) where u(≤dR) denotes
the jet variables of total differential order ≤ dR. Let πdR

0 : JdR → X be the projection of points
in JdR , the jet space of order dR, to the base space of independent variables X ' Cm where
x ∈ X. The assumption that all leaders for R are of order ≥ 1 implies that πdR

0 (V=(R) \V 6=(R)) =

Cm \ πdR
0 (V 6=(R)).

When IsLinearizable = true there will be several systems Pk in the list of systems Q at Step
11 of Algorithm 7. We consider the case where there is only one such system, and without loss
denote it by Q. For the case of several systems in Q we simply repeat the argument below for
each such system. Suppose the system has differential order dQ, and consists of equations and
inequations for v = (ξ, η, ψ, φ, η̂) with associated varieties V=(Q), V 6=(Q) in JdQ(Cm+n,C(2m+3n)),
so that ((x, u), v(≤dQ)) ∈ V=(Q) \ V 6=(Q) in JdQ(Cm+n,C(2m+3n)). Then π

dQ

0 (V=(Q) \ V 6=(Q)) =

Cm+n \ π
dQ

0 (V 6=(Q)).
Consider points x0 ∈ Cm \ πdR

0 (V 6=(R)) and (x0, u0) ∈ Cm+n \ π
dQ

0 (V 6=(Q)) belonging to the
projections of R and Q onto their base spaces X ' Cm and X × U ' Cm+n. Then a family of
initial data corresponding to all local analytic solutions u in a neighborhood of x0 exists, and
similarly for v. For R there exists a neighborhood N (x0, u

(≤dR)
0 ) ⊆ V=(R) \ V 6=(R) in JdR and

from Q there exists a neighborhood N ((x0, u0), v(≤dQ)
0 ) ⊆ V=(Q) \ V 6=(Q) in JdQ . The existence

and uniqueness Theorems associated with rif-form implies that for such analytic initial data
there corresponds unique local analytic solutions and implies that there exists a local holo-
morphic diffeomorphism Ψ between neighborhoods mapping R to R̂, and similarly between
neighborhoods mapping Q to to Q̂. Under this diffeomorphism the images of N (x0, u

(≤dR)
0 )

and N ((x0, u0), v(≤dQ)
0 ) are ˆN (x̂0, û

(≤dR)
0 ) and ˆN ((x̂0, û0), v̂(≤dQ)

0 ) respectively.
To show that R̂ is linear we consider the subsystem of Q for η̂:

L ∗∗ =

 m∑
`=1

η̂`(x̂)
∂

∂û`
: η̂ j

ûk = 0,H (η̂) = 0

 (3.5.2)

where the linear system for η̂ is in rif-form and ultimately we will show that H (η̂) can be
taken as R̂. First we note the linear operator H cannot have any coefficients depending on û.
If not, and a coefficient did depend on a particular û`, then differentiating (3.5.2) with respect to
û` would yield a relation between parametric quantities, violating the freedom to assign values
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independently to these parametric quantities. This would violate the rif-form and its existence
and uniqueness Theorem. So H only has coefficients depending on x̂. As a remark we note
that it is now easily verified that L ∗∗ generates an abelian Lie pseudogroup.

Exponentiating the infinitesimal symmetry (3.5.2) and applying its prolongation to a solu-
tion û(x̂) in ˆN (x̂0, û

(≤dR)
0 ) yields another solution in ˆN (x̂0, û

(≤dR)
0 ) given by ũ(x̂) = û(x̂)+η̂where

H (η̂) = 0. We have assumed in Step 9 of Algorithm 7 that HF(R) = HF(Q), which implies
that all local analytic solutions in ˆN (x̂0, û

(≤dR)
0 ) are of form ũ(x̂) = û(x̂) + η̂ in ˆN (x̂0, û

(≤dR)
0 ).

Consequently by a point change ũ(x̂)→ ũ(x̂)− û(x̂), R̂ is equivalent to the linear homogeneous
system H (η̂(x̂)) = 0. The rif-form of Q includes the system for Ψ that determines mappings
to R̂ given by H (η̂(x̂)) = 0.

Case II: IsLinearizable = false
Suppose to the contrary that Algorithm 7 returns IsLinearizable = false, yet a local analytic
linearization exists. Since the tests in Algorithm PreEquivTest in Step 3 of Algorithm 7 are
all necessary conditions for a linearization to exist, they all test true.

Step 5 of Algorithm 7 applies rif using binary splitting, partitioning the jet locus into
disjoint cases; and the linearization must belong to some of these cases. By assumption, and
the discussion above, there is diffeomorphism Ψ of R in some neighborhood N (x0, u

(≤dR)
0 ) in

JdR to a linear system R̂. Further the equations of the cases corresponding to linearization in
terms of v = (ξ, η, ψ, φ, η̂) must have dimension d.

It cannot belong to a case of dimension < d, the ones discarded by the mindim = d option.
Therefore by disjointness it must belong to one of the nc cases in P, say Ps. Therefore this case
must fail the condition that HF(R) = HF(Ps) which is contrary to our assumption that such a
linearization exist, completing our proof of correctness.

3.6 Examples
To illustrate the MapDE Algorithm 7 we consider some examples.

Example 3.6.1 (Continuation and conclusion for Examples 3.3.1,3.3.2 and 3.3.3 using Algo-
rithm 7.)

The input is 3.3.5 which is in rif-form with respect to the orderly ranking u ≺ ux ≺ uxx ≺ · · ·,
together with the inequations u 6= 0, uux +x 6= 0, u2+x2 6= 0 or equivalently u(uux +x)(u2+x2) 6=
0. This can be regarded as being derived from the leading linear dps which results from
multiplication by factors in its denominators.

Step 1: Set IsLinearizable := null. Here ID(R) = [u(x0) = c1, ux(x0) = c2, uxx(x0) = c3] and
dim R = 3, subject to u(uux + x)(u2 + x2) 6= 0.

Step 2: See Example 3.3.1 for S := rif(DetSys(L )) in 3.3.6, together with its ID(S ) and
dim L = dim(S ) = 4. See Example 3.3.3 and in particular 3.3.15 for S ′ := rif(DetSys(L ′))
which yields dim L ′ = dim(S ′) = 3.

Step 3: Since dim S = 4 ≥ d + 1 = 4 and dim S ′ = 3 ≥ d = 3, the simplest necessary
conditions for linearizability hold. Also d(S ) = d(S ′) = d(R) = 0. Application of Algorithm 5
for the LGMLinTest in Example 3.3.2 shows that R is linearizable, subject to u(uux + x)(u2 +

x2) 6= 0.
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Step 4: DetJac(Ψ) = ψxφu − ψuφx 6= 0, Ŝ ? :=
{
ξ̂ = 0, η̂û = 0

}
and L̂ ∗ is replaced with L̂ ?

in 3.3.16 to yield:

MBK(L ′, L̂ ?) =
{
ξ̂(x̂, û) = 0 = ξψx + ηψu, η̂(x̂, û) = ξφx + ηφu

}
(3.6.1)

Evaluate Ŝ ? modulo Ψ : x̂ = ψ(x, u), û = φ(x, u) to obtain Ŝ ?|Ψ. This yields Ŝ ?|Ψ=
{
ξ̂ = 0, ψuη̂x − ψxη̂u = 0

}
.

Note that for brevity of notation we have replaced ξ̂(x̂, û) with ξ̂(x, u) and η̂(x̂, û) with η̂(x, u).
Thus, the mapping system M = S ′ ∪ Ŝ ?|Ψ ∪ MBK(L ′, L̂ ?) ∪ {DetJac(Ψ) 6= 0} is:

M = [ξ = −
η u
x
, ηx =

(
u2 + x2

)
η

xu2 +
ηux
u
,

ηu,u,u = −

(
8 u8 + 8 u6x2 + 8 u6 + 3 u2 + 3 x2

)
η(

u2 + x2) u3 + 3
ηu

u2 , (3.6.2)

ξ̂ = 0, ψuη̂x − ψxη̂u = 0, ξ̂ = ξψx + ηψu,

η̂ = ξφx + ηφu, ψxφu − ψuφx 6= 0]

Step 5: Compute P := rif(M,≺, casesplit,mindim = d) where d = 3. This results in 3
cases, two of which are rejected before their complete calculation since an upper bound in the
computation drops below mindim = d = 3. The output for the single consistent case P1 found
is:

P1 = [ξ = −
η u
x
, ηx =

(
u2 + x2

)
η

xu2 +
ηux
u
,

ηu,u,u = −

(
8 u8 + 8 u6x2 + 8 u6 + 3 u2 + 3 x2

)
η(

u2 + x2) u3 + 3
ηu

u2 ,

φx,x =
2 φx,uxu2 − φu,ux2u + φuu2 + φux2

u3 , ψx =
ψux
u
, (3.6.3)

η̂ = −
(uφx − xφu) η

x
, ξ̂ = 0, xφu − uφx 6= 0, ψu 6= 0]

Step 6: P 6= ∅ contains 1 case.
Step 7: Initialize Q := [ ]
Step 8: k = nc = 1
Step 9: Also HF(R) = 1 + s + s2 and the ID for P1 yields HF(P1) = 1 + s + s2. So

HF(R) = HF(P1) and the system is linearizable.
Step 12: We set Q := [P1]. To extract the target we apply Algorithm 3.4.3 so that R̂1 :=

ExtractTarget(Q1) which yields R̂1 in the form:(
d
dx̂

)3

û(x̂) = a2(x̂)
(

d
dx̂

)2

û(x̂) + a1(x̂)
∂

∂x̂
û(x̂) + a0(x̂)û(x̂) (3.6.4)

where a2(x̂), a1(x̂), a0(x̂) are explicit expressions in (x̂, û, ψ̂(x̂, û), φ̂(x̂, û)) and derivatives of
ψ̂(x̂, û), φ̂(x̂, û).

Step 13: The ψ system here is ψx =
ψu x

u . Using Invariants from the lavf package yields
a single invariant x2 + u2 and so ψ = x2 + u2. Here and elsewhere the Invariants removes
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the need for us to specify arbitrary functions which would be the case if we started from the
general solution of the ψ equation which is in this case ψ = F(x2 + u2). Then substitution and
solution of the φ equation then yields φ = G(x2 +u2)x+H(x2 +u2). The program specializes the
arbitrary functions and constants to satisfy the inequations including the Jacobian condition,
and in this case yields

x̂ = ψ = x2 + u2 (3.6.5)
û = φ = x

Substitution of 3.6.5 into the target 3.6.4 requires first inverting 3.6.5 using Maple’s solve to
give x = ψ̂ = û, u = φ̂ =

(
x̂ − û2

)1/2
yields it explicitly as:(
d
dx̂

)3

û(x̂) = −
(x̂ + 1)

x̂
û(x̂) (3.6.6)

So far our work on the integration of the mapping equations to determine the transformations
is preliminary and experimental. We have shown that the basic structure of the linear target
can be determined implicitly. It remains to be seen how useful this would be in applications,
where the mapping cannot be determined explicitly. Heuristic methods appear to be useful
here, and we encourage the reader to try explore their own approaches.

From the output we also subsequently explored how far we could make the Target explicit
before the integration of the map equations. In particular we exploited the transformation (as
do [25]) that any such ODE is point equivalent to one with its highest coefficients (here a2, a1)
being zero. This yields additional equations on ψ, φ and the target takes the very simple form:(

d
dx̂

)3

û(x̂) = −
8u3(u2 + x2 + 1)

(u2 + x2)ψ3
u

û(x̂) (3.6.7)

The rif-form of the system for φ, ψ is:

ψx =
ψux
u

ψu,u,u = −1/2
−3ψu,u

2u2 + 3ψu
2

ψuu2

φx,x = 2
xψu,u (φxu − φux)

ψuu2 +
φu,ux2u + φuu2 − 2 φxux + φux2

u3

φx,u =
ψu,uφxu − ψu,uφux + ψuφu,ux − ψuφx

ψuu
(3.6.8)

The general solution of the system is found by Maple and yields the same particular solution
as before for ψ, φ. It seems to have made a straightforward problem, more difficult!

Example 3.6.2 (Lyakhov, Gerdt and Michels Test Set) Lyakhov, Gerdt and Michels [25] con-
sider the following test set of ODE of order d, for 3 ≤ d ≤ 15:(

d
dx

)d

(u(x)2) + u(x)2 = 0 (3.6.9)
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By inspection this has the linearization for any d:

Ψ = {x̂ = x, û = u2} (3.6.10)

They report times on an Intel(R)Xeon(R) X5680 CPU clocked at 3.33 GHz and 48GB RAM.
All the following times are measured from the entry to the program. The times for detecting the
existence of the linearization by the LGM Test in [25] range from 0.2 secs for d = 3 to about
150 secs for d = 15. For comparison, we run MapDE with our own implementation of the
LGMLinTest using lavf. Our runs of the same tests to detect the existence of the linearization
using on a 2.61 GHz I7-6600U processor with 16 GB of RAM range from 0.422 secs when
d = 3 to 11.5 secs when d = 15.
Their method from start to existence and then construction of the linearization (existence and
construction), takes 7512.9 secs for d = 9 and is out of memory for d ≥ 10. In contrast,
we report times for existence and construction that are only slightly longer than our existence
times for 3 ≤ d ≤ 15. For d = 3 to d = 15 we also report the time for our Hilbert test for
existence of linearization and the total time for the existence and construction of the explicit
linearization. Thus LGMTest time < Hilbert Test time < Existence and Construction. These
results are displayed in Fig. 3.2 on a log10 axis.

Figure 3.2: The graph represents the CPU times for
(

d
dx

)d
(u(x)2) + u(x)2 = 0. Timings from

t = 0 (start of MapDE) to the time to LGMLin linearization Existence confirmation (Red), time
to Hilbert Existence confirmation (Yellow), time from t = 0 to existence and construction of
the linearizing transformations (Green).

On this test, our approach appears to have more favorable memory behavior, which possi-
bly is due to our equations being less nonlinear than those of Lyakhov et al. [25]. However,
more testing and analysis are needed to make a reasonable comparison.

Example 3.6.3 Consider Burger’s equation, modeling the simplest nonlinear combination of
convection and diffusion:

ux,x = ut − uux

Using our algorithm MapDE with TargetClass = LinearDE shows that it has finite dimen-
sional Lie symmetry algebra with dim L = 5 < ∞. Thus by the preliminary equivalence test
PreEquivTest, it is not linearizable by point transformation. However rewriting this equation
in conserved form ∂

∂x (ux + 1
2u2) = ∂

∂t u implies that there exists v:

vx = u, vt = ux +
1
2

u2 (3.6.11)
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Applying MapDE with TargetClass = LinearDE to 3.6.11 shows that this new system is
linearizable, with the rif-form of the Ψ system given by:

φu,u = 0, ϕu,u = 0, φu,v = −1/2 φu,

ϕu,v = −1/2ϕu, φv,v = −1/2 φv,

ϕv,v = −1/2ϕv,Υu = 0, ψu = 0,Υv = 0, ψv = 0 (3.6.12)

After integration this yields Ψ:

x̂ = ψ = x, t̂ = Υ = t, û = ϕ = u exp
(
−

v
2

)
, v̂ = φ = exp

(
−

v
2

)
and the Target system R̂ is [ûx̂ = −2v̂t̂, v̂x̂ = −û/2] so that v̂t̂ = v̂x̂x̂, ût̂ = ûx̂x̂. This implies that
the original Burger’s equation is apparently also linearizable, through the introduction of the
auxiliary nonlocal variable v. This paradox is resolved in that the resulting very useful trans-
formation is not a point transformation, since it effectively involves an integral. For extensive
developments regarding such nonlocally related systems see [8].

Example 3.6.4 (Nonlinearizable examples with infinite groups) Consider the KP equation

ux,x,x,x = −6 uux,x − 6 ux
2 − 4 ux,t − 3 uy,y (3.6.13)

which has

ID(R) = {u(x0, y, t) = F1(y, t), ux(x0, y, t) = F2(y, t),
ux,x(x0, y, t) = F3(y, t), ux,x,x(u)(x0, y, t) = F4(y, t)}. (3.6.14)

Applying MapDE shows that the defining system S for symmetries ξ ∂
∂x + η ∂

∂y + τ ∂
∂t + β ∂

∂u , has
initial data which is the union of infinite data along the Hyperplane p = (x0, y0, t, u0) and finite
initial data at the point z0 = (x0, y0, t0, u0):

ID(S ) = {β (p) = H1 (t) , βy (p) = H2 (t) , βy,y (p) = H3 (t)}
∪ (3.6.15)

{βx(z0) = c1, βu(z0) = c2, η(z0) = c3, ηt(z0) = c4, τ(z0) = c5, ξ(z0) = c6}

So both the KP equation and its symmetry system have infinite dimensional solution spaces:
dim R = dim S = ∞ since both have arbitrary functions in their data. However the KP
equation has differential dimension d(R) = 2 since there are a max of 2 free variables (y, t) in
its initial data while its symmetry system has d(S ) = 1 since it has a max of one free variable
in its data. Thus d(S ) = 1 < 2 = d(R) and by the PreEquivTest the KP equation is not
linearizable by point transformation.

Consider Liouville’s equation ux,x + uy,y = eu which we rewrite as a dps using Maple’s
function dpolyform. That yields v = eu and the Liouville equation in the form vx,x = −vy,y +

v2
x/v + v2

y/v + v2. MapDE determines that dim L = ∞ = dim R, and also that the Liouville
equation is not linearizable by point transformation. Interestingly it is known that Liouville’s
equation is linearizable by contact transformation (a more general transformation involving
derivatives). For extensive developments regarding such contact related systems see [8].



3.7. Discussion 63

Example 3.6.5 Given that exactly linearizable systems are not generic among the class of
nonlinear systems, a natural question is how to identify such linearizable models. Since lin-
earizability requires large (e.g. ∞ dimensional) symmetry groups a natural approach is to
embed a model in a large class of systems and seek the members of the class with the largest
symmetry groups. Indeed in Wittkopf and Reid [35] developed such as approach. We now
illustrate how this approach can be used here. For a nonlinear telegraph equation one might
embed it in the general class of spatially dependent nonlinear telegraph systems

vx = ut, vt = C(x, u)ux + B(x, u) (3.6.16)

where Bu 6= 0,Cu 6= 0, Bx 6= 0,Cx 6= 0. Then applying the maxdimsystems algorithm avail-
able in Maple with dim = ∞ a quick calculation yields 11 cases, only 4 of which satisfy the
dimension restriction which we further narrow by requiring restriction to those that have the
greatest freedom in C(x, u), B(x, u). Integration yields the linearizable class:

vx = ut, vt =
1

qxu
f
(

u
qx

)
ux −

qxx

q2
x

f
(

u
qx

)
(3.6.17)

and the linearizing transformation

x̂ =
u
qx
, t̂ = v, û = q(x), v̂ = t (3.6.18)

Similarity, we can seek the maximal dimensional symmetry group for the normalized linear
Schrödinger Equation

i}ϕt = −
}2

2m
∇2ϕ + V(x, y, t)ϕ (3.6.19)

Restricting to 2 space plus one time yields V(x, y, t) = ω(t)(x2 + y2) + b(t)x + c(t)y + d(t),
and satisfies the conditions for mapping to a constant coefficient DE via the methods of our
previous paper [29].

3.7 Discussion
In this paper we give an algorithmic extension of MapDE introduced in [29], that decides
whether an input dps can be mapped by local holomorphic diffeomorphism to a linear sys-
tem, returning equations for the mapping in rif-form, useful for further applications. This
work is based on creating algorithms that exploit results due to Bluman and Kumei [4, 8] and
some aspects of [25]. This is a natural partner to the algorithm for deciding the existence of
an invertible map of a linear dps to a constant coefficient linear DE given in our previous paper
[29].

The mapping approach [25] for ODE explicitly introduces a target linear system R̂ with
undetermined coefficients, then uses the full nonlinear determining equations for the mapping
and applies the ThomasDecomposition Algorithm [42, 37]. In contrast, like Bluman and
Kumei, we exploit the fact that the target appears implicitly as a subalgebra of the Lie sym-
metry algebra L of R and avoid using the full nonlinear determining equations for the trans-
formations. Unlike Bluman and Kumei, who depend on extracting this subalgebra by explicit
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non-algorithmic integration, we use algorithmic differential algebra. We exploit the fact that
the subalgebra corresponding to linear superposition appears as a subalgebra of the derived al-
gebra L ′ of L , generalizing the technique for ODE in [25]. Instead of using the BK mapping
equations (3.3.12), [25] apply the transformations directly to the ODE. In contrast, our method
works at the linearized Lie algebra level instead of the nonlinear Lie Group level used in [25]
which may be a factor in the increased space and time usage for their test set compared to our
timings given in Fig. 3.2.

Bluman and Kumei give necessary conditions in [8, Theorem 2.4.1] and sufficient con-
ditions [8, Theorem 2.4.2] for linearization of nonlinear PDE systems with m ≥ 2. Their
requirement dim L = ∞ is dropped in our approach allowing us to deal with ODE and also
linearization of overdetermined PDE systems. They also use the Jacobian condition to intro-
duce a solved form of the BK equations with coefficients αi

σ(x, u), βνσ(x, u) (see [8, Eq 2.69]),
and further decompose the resulting system with respect to their f σ(φ)’s (our η̂’s). This de-
composition results for input PDE having no zero-order (i.e. algebraic) relations among the
input systems of PDE, a condition that is not explicitly given in the hypotheses of their theo-
rems. We are planning to take advantage of this decomposition in future work, as an option to
MapDE, since it can improve efficiency, when applicable. For the more general case of contact
transformations for m = 1, not considered here, see [8, Theorems 2.4.3-2.4.4].

An important aspect of Theorem 3.5.1 concerning the correctness of MapDE, is to show that
the existence of an infinitesimal symmetry

∑
` η̂

`(x̂) ∂
∂û` where H (η̂) = 0, when exponentiated

to act on a local analytic solution of R̂ produces all local analytic solutions in a neighborhood.
Showing this depends on showing HF(R) = HF(Pk) in Step 9 of Algorithm 7 or in intuitive
terms, the size of solution space of the input system is the same as the size of the symmetry
subgroup corresponding to Pk. In contrast the statement and proof of [8, Theorem 2.4.2] ap-
pears to miss this crucial hypothesis about the size of the solution space of the input system
being equal to the size of the solution space of the symmetry sub-group for linearization (as
measured by Hilbert Series).

It is important to develop simple, efficient tests to reject the existence of mappings, based
on structural and dimensional information. In addition to existing tests [25], [8, 1, 45] we
introduced a refined dimension test based on Hilbert Series. We will extend these tests in future
work. We note that the potentially expensive change of rankings needed by our algorithms
(for example to determine the derived algebra when it is infinite dimensional) could be more
efficiently accomplished by the change of rankings approach given in [11].

Mapping problems such as those considered in this paper are theoretically and computa-
tionally challenging. Given that nonlinear systems are usually not linearizable, a fundamen-
tal problem is to identify such linearizable models. For example [1, 45] use multipliers for
conservation laws to facilitate the determination of linearization mappings. Wolf’s approach
[45] enables the determination of partially linearizable systems. Setting up such problems by
finding an appropriate space to define the relevant mappings is important for discovering new
non-trivial mappings. See Example 3.6.3 and [8] for such embedding approaches where the
model is embedded in spaces that have a natural relation to the original space in terms of so-
lutions but are not related by invertible point transformation. Another method is to embed a
given model in a class of models and then efficiently seek the members of the class with the
largest symmetry groups and most freedom in the functions/parameters of the class. Example
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3.6.5 illustrates this strategy.
In this paper, we have emphasized algorithmic results by using algorithms involving a finite

number of differentiations and eliminations. However, differential-elimination can often be
expensive, and the early use of heuristic integration, can some times quickly yield results,
which take longer by the algorithmic methods [44]. In particular, if we are seeking whether a
system of PDE is linearizable, we can try to integrate its equations (for example its one term
equations of the form derivative = 0). Then use the differential Hilbert function to pick out an
appropriate subalgebra.

Example 3.7.1 Consider the nonlinear diffusion equation

ut = u−2
x uxx

which is discussed in Olver [32, Example 6.47, pg 210]. The determining system for this
example is

τx = 0, ηx = 0, τu = 0, ξx,x = 0, ηt,t = 0, ηu,u = 0,

ξu,u = ξt, τt = 2 ηu, ξx,u = −ηt/2, ξx,t = − ηt,u/2

where the first row, is a row of one term equations. Integation of the one term equations yields

η = (c1 u + c2) t + c3 u + c4, τ = f (t) , ξ = g (t, u) x + h (t, u)

Substitution of this into the remaining equations and reduction using rif yields:

hu,u = ht, ft = 2 c1 t + 2 c3, gt = −c1/2, gu = −c1 u/2 − c2/2

where f = f (t), g = g(t, u) and h = h(t, u). Application of the differential Hilbert function
shows that the only Lie symmetry sub-algebra that could lead to linearization corresponds to
the infinite sub-algebra with generator: h(t, u) ∂

∂x where hu,u = ht.
In particular that sub-algebra has the same differential Hilbert function as the the original

PDE ut = u−2
x uxx. We introduced an option to MapDE InputRDetSys, which when present in the

optionlist of MapDE:

InputRDetSys = [ξt = ξuu, ξx = 0, τ = 0, η = 0]

yielded the linearizing transformation

x̂ = t, t̂ = u, û = x

We invite the user to compare with Olver’s example. This example shows that judicious inte-
gration may facilitate the determination of the mapping.

We provide a further integration phase to attempt to find the mappings explicitly, based on
Maple’s pdsolve which will be developed in further work. Even if the transformations can’t
be determined explicitly, they can implicitly identify important features. Linearizable systems
have a rich geometry that we are only beginning to exploit, such as the availability group ac-
tion on the source and target. This offers interesting opportunities to use invariantized methods,
such as invariant differential operators, and also moving frames [27, 17, 14, 3, 24]. Further-
more, they are available for the application of symbolic and symbolic-numeric approximation
methods, a possibility that we will also explore. Finally a model that is not exactly linearizable
may be close to a linearizable model or other attractive target, providing motivation for our
future work on approximate mapping methods.
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Chapter 4

A completion algorithm for approximate
real differential polynomial systems to
Involutive Form

Real numerical algebraic geometry is a new approach in which each connected component of
a real algebraic set is represented by at least one point. Such points, called critical points,
are efficiently computed by Numerical Homotopy continuation methods [11, 38]. We extend
this idea to systems of differential polynomial equations where differentiation (prolongation)
of the system is required to identify their hidden constraints (integrability conditions) to yield
existence and uniqueness criteria for their power series solutions.

This work is part of a sequence focused on developing a numeric-symbolic algorithm to
analyze a system of differential polynomial equations in the framework of the classical Jet
geometry. We apply the results of Wu et al. [41] to determine critical points on the jet variety of
the prolongation of the system. In our algorithm, we combine the penalty-based critical point
method with the geometric involutive form approach to address the instability of the exact
completion algorithms where the system contains real approximate coefficients. We remove
the regularity conditions assumed in previous work [38].

Some applications related to approximate defining systems are given. We also discuss the
potential of application to approximate symmetry by an example.

4.1 Introduction
There is a well-known isomorphism between polynomials and constant coefficient linear ho-
mogeneous partial differential equations.

xi ↔
∂

∂xi

See Gerdt et al. [10]. In fact, studying differential polynomial systems is much more challeng-
ing than polynomial systems.

Systems of differential equations can be over or under-determined, and also contain alge-
braic constraints. Increasingly, such systems arise from mathematical modeling of engineering
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and science problems such as multibody mechanics, electrical circuit design, etc. These sys-
tems require a finite number of prolongations (differentiations) and projections (eliminations)
to determine their hidden constraints and determine all their integrability conditions. Much
progress has been made in terms of exact differential elimination methods to get the involutive
form of a differential system. See Seiler [32], Boulier [4], Chen and Gao [9], Hubert [12],
Mansfield [16], Reid and Rust [30]. Often, these methods are not stable in the approximate
case. The coordinate dependency on ordering the variables that are used in these methods can
lead to numerical instability, especially in approximate systems.

The failing of exact differential elimination algorithms to get the involutive form of real
approximate differential polynomial systems (dps) motivates our interest in real Numerical Jet
Geometry methods. In fact, numerical algebraic geometry methods are combined with the
geometric prolongation methods to address numerical instability in these methods.

Complex numerical algebraic geometry was pioneered by Sommese et al. [33, 2]. For
complex varieties, they described the solution components of an algebraic equation by slicing
the solution set with appropriate random planes. The intersection points are known as witness
points. The obvious extension of the complex approach to a real case will fail, since such
random planes may not intersect some components at real points. For example, let f (u, v) =

u2 + v2 − 1 = 0. Then a random real line au + bv + c = 0 can miss the variety of f with
high probability. Several algorithms have been proposed to compute real solutions of algebraic
equations [15, 3]. The efficient method that we use is calculating real witness points (critical
points) by setting up an optimization problem [38, 11]. In these methods Lagrange multipliers
are used to optimize the distance from a random (plane) point to the real variety of an algebraic
system. Later, Wu, Chen, and Reid improved their method in [41].

Directly applying these point-based algebraic methods to differential systems in Jet space
is not geometrically correct. Although these points belong to certain manifolds in jet space,
they may not belong to the solutions of the differential equation. By differentiation, the graphs
of solution can be embedded as curves lying in the jet variety. The union of these graphs yields
a solution variety Vsol. We have Vsol ⊆ V in general and whenever Vsol = V the differential
equation is said to be locally solvable. For details concerning jet geometry see [19, 32].

In this article, we implement a symbolic-numeric completion algorithm for differential
polynomial systems that contain real approximate coefficients. We use numerical homotopy
methods to determine real jet witness points on the jet variety of the prolongations of differen-
tial systems. In particular, we combine aspects of Cartan-Kuranishi theory for partial differen-
tial equations with the result of Wu et al. [41] to identify missing constraints of approximate
nonlinear polynomial differential systems raising from applications. We implement our algo-
rithm in the symbolic computation language Maple with an interface to Bertini, which is an
efficient numerical homotopy-based polynomial solver written by Bates and his collaborators
[2].

Some basic material is reviewed in section §4.2. We provide detailed descriptions of the
algorithm in section §4.3. In §4.4, we give examples of the algorithm and conclude in §4.5.
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4.2 Mathematical Background
Suppose a system of differential polynomial equations R = (R1, . . . ,R`) = 0 over a field F (C or
R) with n independent variables x = (x1, x2, . . . , xn) and m dependent variables u = (u1, . . . , um).
The operator of formal total derivation is:

Dx j =
∂

∂x j +

m∑
`=1

u`x j

∂

∂u`
+ · · ·

If we consider u
i

as the ith order derivatives of u, then the jet variety of a q-th order system in

Jq(Fn,Fm) ≈ FN(n,m,q) is

V (R) =

{
(x, u

0
, u

1
, . . . , u

q
) ∈ Jq : Ri(x, u

0
, u

1
, . . . , u

q
) = 0, f or i = 1, . . . , `

}
(4.2.1)

where Ri : Jq ≈ FN(n,m,q) → F, and N(n,m, q) = n + m
(

n + q
q

)
is the number of jet variables

of order less than or equal to q.

Example 4.2.1 (Pendulum curtain [37]) Consider the dynamics of the curtain made of many
pendula hanging under constant gravity g as shown in Fig. 4.1. In the limit as the number of
pendula becomes infinite, we obtain a continuous curtain modeled by

Xt,t + ΛX = KXs,s, Yt,t + ΛY + g = KYs,s, X2 + Y2 = 1 (4.2.2)

where X,Y and the Lagrange multiplier Λ, are functions of s, t. The Jet variety of (4.2.2) is a
17 dimensional submanifold of F20.

V (R) = {(t, s, X,Y,Λ, Xt,Yt,Λt, Xs,Ys,Λs, Xt,t,Yt,t,Λt,t, Xt,s,Yt,s,Λt,s, Xs,s,Ys,s,Λs,s) ∈ J2 :

Xt,t + ΛX = KXs,s, Yt,t + ΛY + g = KYs,s, X2 + Y2 = 1}

Figure 4.1: Curtain Pendulum([37])

This system similar to most differential systems arising from applications, contains missing
constraints. The key to determining these missing constraints lies in prolonging the system to



4.2. Mathematical Background 75

get the involutive form of the system. Generally, uncovering all hidden constraints is needed
for finding exact or numeric solutions of a differential system since the initial value problem
(IVP) for its solution should justify their constraints.

Note: There are different methods of treating this example: a differential-geometric ap-
proach [21], an approach using Gröbner bases [20], and an approach using characteristic sets
[34]. Obviously, one can remove the constraint by using polar coordinates in this example, but
for multi-body systems this may not be possible.

A single prolongation of the Jet variety of the qth order system denoted by D(R) is lo-
cally the list of first order total derivatives of Ri , i = 1, · · · , ` with respect to all independent
variables:

D(R) =

{
(x, u

0
, u

1
, . . . , u

q+1
) ∈ Jq+1 : R = 0, Dx jRi = 0; i = 1, · · · , `

}
It extends the locus of a system from lower order to higher order Jet space.

A single projection maps Jq to Jq−1 is locally defined as:

π(R) =

{
(x, u

0
, u

1
, . . . , u

q−1
) ∈ Jq : R(x, u

0
, u

1
, . . . , u

q
) = 0

}
.

Multiple projections πr : Jq → Jq−r are defined iteratively.
The completion of nonlinear partial differential equations to the involutive form is based on

the Cartan-Kuranishi algorithm [32, 25]. In general, the algorithm prolongs and projects the
differential system until no new constraints are found. The final system is involutive, and the
algorithm has terminated when the symbol of the q-order system is involutive.

Definition 4.2.1 (Symbol [5]) The symbol of a qth order system is locally the linearized high-
est order part of the system, which is given by the matrix:

Symbol R :=
∂R
∂u

q

(4.2.3)

The symbol of a qth order system R is involutive if

rank Symbol(DR) :=
n∑

j=1

j β(q)
j (4.2.4)

and the β(q)
j are the dimensions of certain subspaces of the Null Space of the Symbol of R. See

[32] for more details.

Definition 4.2.2 The system R is said to be involutive at order k and projected order r, if πrDkR
is involutive. Equivalently, it satisfies

dim πrDkR = dim πr+1Dk+1R

and the symbol πrDkR is involutive.
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Symbolic differential elimination compilations algorithms such as rifsimp use a finite
number of exact differentiation and eliminations to reduce an over-determined system of dif-
ferential equations to involutive form and uncover all hidden constraints. See [23, 42]. For
example, the Pendulum system (4.2.2) when K = 0 has two missing constraints identified by
differentiating the constraint twice.

X Xt,t + Y Yt,t + X2
t + Y2

t = 0, X Xt + Y Yt = 0 (4.2.5)

Definition 4.2.3 (Constant Rank Conditions [5]) Suppose a qth order system R(x, v
q
) = 0

with independent variables x and jet variables v
q

= (u, u
1
, · · · , u

q
) corresponding to depen-

dent variables and their derivatives. This system satisfies the constant rank conditions at
(x0, v

q
0) = (x0, u0, u

1
0, · · · , u

q
0) ∈ V (R) ⊆ Jq if there exist nonzero constants α, β such that

rank
∂R(x, v

q
)

∂(x, v
q
)

= α = rank
∂R
∂v

q

, rank
∂R
∂u

q

= β

in a neighborhood of (x0, v
q

0) in the usual Euclidean norm. We call (x0, v
q

0) Euclidean point.

Traditionally, most symbolic completion algorithms apply coordinate dependent differen-
tial elimination methods. In particular, triangular decomposition or Gröbner basis techniques
are generalized to differential equation systems in such methods. The dependency on ordering
of variables often leads to numerical instability like the numerical instability of ordered Gaus-
sian Elimination. However, geometric approaches such as representing the variety via certain
points, give an independent coordinate description of properties of systems in Jet space. Such
coordinate independent methods can have greater numerical stability since they do not pivot
on small leading quantities.

4.2.1 Symbolic-Numeric Method for Linear Homogeneous DPS
The Singular Value Decomposition of Numerical Linear Algebra is a powerful tool in imple-
menting the symbolic-numeric algorithm for completion of linear differential systems. Reid
and his collaborators [5] apply this technique in their symbolic-numeric methods for general
linear systems of differential equations. An early application of this approach appears in the
problem of Camera Pose determination, which is an essential problem in computer vision [22].
We give a brief overview of their hybrid symbolic-numeric approach.

Any linear homogeneous polynomial differential system R with constant coefficients and
differential order q can be written in the matrix form, with an identical representative matrix
Aq

Aq(x)v
q

= 0, v
q

=


u
q
...
u
1
u

 (4.2.6)
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where x = (x1, . . . , xn) and v
q

is a column vector of all partial derivatives of order 6 q.

The singular value decomposition technique computes the null spaces of these polynomial
matrices. This construction is based on characterizing the constant rank conditions (4.2.3).

The sequence of linear homogeneous matrix systems:

Aq(x)v
q

= 0, Aq+1(x) v
q+1

= 0, Aq+2(x) v
q+2

= 0, · · · (4.2.7)

yield the prolongations of the system R, DR, D2R, · · · respectively. The right hand side of each
system is a zero vector with the appropriate dimension.
As rank A = rank A(x0) for any generic point x0 ∈ Fn, a random point x = x0 is chosen to avoid
degenerate ranks of the matrix systems. This yields a sequence of constant matrix systems:

Aq(x0)v
q

= 0, Aq+1(x0) v
q+1

= 0, Aq+2(x0) v
q+2

= 0, · · · (4.2.8)

In the next step, the projected system πrDkR, where r = 0, 1, · · · , k are constructed for each
prolongation, DkR. The projection π on vector v

q
∈ Jq which is presented by πv

q
∈ Jq−l is

obtained by deleting coordinates in v
q

of order q.

πrR =

{
πrv

q
∈ Jq−l : Aq(x0)v

q
= 0

}
(4.2.9)

The key tool in this approach is the singular value decomposition. After each symbolic
prolongation, the singular value decomposition (SVD) of the related matrix is computed at a
random point, x0:

Aq+k(x0) = UΣV t

where U is a unitary matrix, V t an orthogonal matrix, and Σ a diagonal matrix whose diagonal
entries are known as singular values. The number of nonzero singular values represents the
numerical rank of Aq+k(x0). A basis for the Null space of Aq+k(x0) is a sub-matrix of V t obtained
by deleting the first r rows of V t. It yields an estimate for dim (DkR). An approximate basis for
the kernel of the prolonged matrix is obtained by considering user input tolerance and setting
singular values below it to zero. For the projection step, deleting coordinates corresponding to
highest order derivatives from the basis for DkR yields a spanning set for πDkR, which can be
converted to an orthogonal basis by using the singular value decomposition again. We apply
this idea in our main algorithm (9).

4.2.2 Critical Point Approach for Nonlinear PDS
The zero set of a differential polynomial system of equations in Jet space can be considered as
an algebraic variety. We are interested in describing the set of real solutions of a differential
polynomial system R of order q,

V (R) ⊆ Rn

arising from applications.
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Sommese et al. [33] pioneered complex numerical algebraic geometry which is an ap-
proach that represents the irreducible components of an algebraic variety by certain complex
points, called witness points. Witness points are intersections of irreducible components with
a random linear space. Directly applying such point-based methods to differential equations
in Jet space is not correct. Wu, Reid, and Golubitsky [39] extend these algebraic concepts to
differential equations. Finding such witness points in a variety R relies on the below property:

πrV (Dk(Rinvol)) = V (Rinvol) ⊆ V (R); f or any r, k ∈ N

where Rinvol is an involutive form of R. Since Rinvol contains all integrability conditions (hidden
constrains) there is a power series solution of system R constructable order by order at witness
points in V (Rinvol). Some progress has been made towards a numeric involutive form based on
complex witness points (witness Jet points) in the complex case [39, 36].

Recent progress in numerical approaches for real algebraic equations developed by Wu,
Chen, and Reid [41] motivates us to extend their remarkable algorithm to a system of differen-
tial polynomial equations, and especially to approximate systems where symbolic algorithms
are not successful. Rouillier et al. [28] pioneered the idea of finding at least one real witness
point, called critical point, on each connected component of an algebraic set. In particular,
critical points on a real variety are obtained by constructing an optimization problem for the
distance of a random point (not on the variety) to components of the variety. The critical point
method is currently under intense development. Our work is more related to methods intro-
duced by Wu et al. [38] and Hauenstein [11]. The algorithm in Wu et al. [38] works under
regularity conditions, whereas Hauenstein’s algorithm works with input that is pure dimension.
Later, Wu and his collaborators introduced a new method that does not require the previous re-
strictions. Their algorithm has three stages. First, embedding the system of algebraic equations
into a higher-dimensional space. Second, finding at least one approximate critical point on each
connected component. Finally, refining the points by a homotopy continuation method. See
[41] for more details.

Our first algorithm, presented below, is based on the critical point approach introduced by
Wu et al. [41] for polynomial systems. We partition the input system into linear and nonlinear
parts to reduce the number of the paths followed by numeric homotopy solvers. We apply this
algorithm to our main algorithm.

The key idea in Wu et al. method [41] is using slack variables and embedding the sys-
tem into higher-dimensional space. Indeed, this idea helps remove the singularity. See the
following example.

Example 4.2.2 Let R = {v2−(1−u2)3 = 0}. Its augmented system is R̃ = {v2−(1−u2)3+z1 = 0}.
See Fig. 4.2. The Jacobian matrix

∂R̃
∂(u, v, z1)

=

 6u(1 − u2)2

2v
1


has full rank at any point (u, v, z1) ∈ VR(R̃). Meanwhile, each point of VR(R̃) approaches VR(R)
when the norm of the z1, slack variable, approaches zero.
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Figure 4.2: v2 − (1 − u2)3 = 0 (left), v2 − (1 − u2)3 + z1 = 0 (right)

Lemma 4.2.4 [41] Let F = { f 1, . . . , f k} be a set of polynomials with u = (u1, . . . , um). The
Jacobian matrix of corresponding augmented system F̃ = { f 1 + z1, . . . , f k + zk} of F with
variables (u1, . . . , um, z1, . . . , zk) has rank k at any point of smooth submanifold VR(F̃) of Rm+k

with dimension m. Also, points of each point of VR(F̃) approaches VR(F) when the norm of the
slack variables z = (z1, . . . , zk) approaches zero.

We present the subroutine CritcalPoints of our main algorithm for finding critical points on
a variety which is the extension of Wu et al. [41].

Algorithm 8 CritcalPoints
Input: A system of polynomials F = { f 1, · · · , f k} in the variables u = (u1, · · · , um) ∈ Rm

with real coefficients
Output: At least one critical point on each connected component of VR(F)

1: Set G := { f ∈ F; f is Linear} and the nonlinear equations H := {F \G}
2: Compute Gsol := solve(G)
3: Simplify the nonlinear part wrt G, H := subs(Gsol,H)
4: ` := nops(H)
5: u := u ∩ indets(H)
6: n := nops(u)
7: Perturb H to construct the augmented system

H̃ := {h̃i = hi + zi; ∀ i with hi ∈ H}
8: Choose a random point a = (a1, · · · , an) /∈ VR(H)
9: Formulate the optimization problem (4.2.10) to find the minimum distance from the ran-

dom point a to VR(H):
F1 := {u + β Jt h − a = 0}

10: u∗ := solution of F1 found by numeric solver . (Bertini or Hom4Ps2 )
11: Refine the solution u∗ by substituting t = 1

β
in F1 and constructing a homotopy system:

F2 := {t(u − a) + Jt h = 0}
12: HCP := solve the homotopy system F2 . (Bertini or Hom4Ps2 )
13: CriticalPoints := Gsol ∪ HCP

Abbreviations used above: β : Penalty factor:: parameter, J : Jacobian

In line 7 of the CritcalPoints algorithm, we formulate the optimization problem for the
augmented system of the nonlinear part, H̃ = {h̃i = hi + zi; ∀ i with hi ∈ H} with penalty
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function β (z2
1 + · · · + z2

`)/2 to extremize the distance from VR(H) to the random point a =

(a1, · · · , an) /∈ VR(H). In particular, let

µ(u, z, β, a) = (β(z2
1 + · · · + z2

`) +

n∑
i=1

(ui − ai)2)/2

then u∗ = min µ(u, z, β, a)|H̃=0

(4.2.10)

So Lagrange multiplier techniques ∇µ = λ∇H̃ yield:

u1 − a1

...
un − an

β z1
...

β z`


=



∂h1

∂u1 · · ·
∂h`
∂u1

... . . . ...
∂h1

∂un · · ·
∂h`
∂un

1
. . .

1




λ1
...
λ`

 (4.2.11)

Substitute λi = −β zi = −β hi f or i = 1, . . . , ` yields the square system:
u1

...
un

 + β (Jacobian H)t


h1

...
h`

 =


a1

...
an

 (4.2.12)

which is represented by F1 = {u + β Jt h − a = 0}.
Choosing a large value for β to find critical points close to singular points of VR(H) leads to

numerical instability. The solution for F1 is refined by using homotopy techniques as discussed
by Wu et al. [41]. The following step formulates this approach.

In line 9 of algorithm 8, to refine the solution u∗, we substitute t = 1
β

in (4.2.12):

t


u1 − a1

...
un − an

 + (Jacobian H)t


h1

...
h`

 =


0
...
0


n×1

(4.2.13)

Then F2 = {t(u − a) + Jt h = 0}. We use Bertini, a homotopy solver, with initial point
(t0 = 1

β
, u∗) to solve F2. So the homotopy path approaches points of VR(H) when t approaches

zero.

Correctness and termination See [28, 41] for the proof of termination. The use of optimiza-
tion techniques to find critical points was introduced by Rouillier and his collaborators [28].
Wu et al. used the penalty function in this approach [41]. Their analysis of the convergence
rate makes their method more reliable and matches the theory.

How can these real solving methods determine the hidden constraints of a differential poly-
nomial system of equations? Also, how can they be applied to approximate symmetry? We
respond to these questions in the next sections.
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4.3 Implementation

4.3.1 Symbolic-Numeric completion algorithm for approximate real DPS
In this section, we sketch the outline of a symbolic-numeric completion algorithm for a system
of differential polynomial equations that have approximate real coefficients. The key idea in our
algorithm is based on the termination of the Cartan- Kuranishi algorithm [32]. In particular,
the geometric prolongation methods of Cartan and Kuranishi are married with critical point
methods in the classical (jet) geometry of differential equations in our algorithm. The numerical
method helps to efficiently approximate critical points on each connected component of the
involutive form of such systems.

The procedure of completing the nonlinear system depends on finding critical points on the
related variety, which is explained in section §4.2.2. The CriticalPointCompletion algorithm,
besides computing critical points, gives us some information in the neighborhood of singular
critical points on real jet variety corresponding a given differential polynomial system of equa-
tions. This work is a sequel to [38, 41, 14] and is aimed at developing a numeric-symbolic
approach to geometric prolongation of a differential system containing floating-point coeffi-
cients.

For numeric computation in our algorithm, we use the Bertini software, a numerical
solver for polynomial systems, developed by Bates et al. [2]. It is an open-source software
package that solves systems of polynomial equations numerically based on homotopy con-
tinuation. The key features of the Bertini that convinced us to use it in our implementation
include: finding isolated solutions and positive-dimensional solutions, adaptive multi-precision
that is implemented to deal with singular cases, increasing speedup of computers and capacity
to interface with Maple.

Algorithm 9 CriticalPointCompletion
Input: System R = {R1, . . . ,R`}.
Output: InvCP which includes critical points p on the prolonged variety of the system R
and r(p), k(p): πr(p)Dk(p)R is involutive at p.

1: InvCP := ∅
2: for k = 0 by 1 do
3: Prolong the system k times: R = DkR.
4: Compute critical points of DkR: CP = CriticalPoints(DkR)
5: Compute the Jacobian DkR at point p ∈ CP, and related regularity information using

local information of p determined by = RegCP
6: if p ∈ CP is not regular then p ∈ NonRegCP end if
7: Compute Tangent space Tp(DkR) for p ∈ RegCP
8: for r from 0 to k do
9: for each p ∈ RegCP use Tp(DkR) to decide involutivity of πrDkR

10: if Ip = {(p, r(p), k(p)) : πr(p)Dk(p)R involutive at p} then InvCP := InvCP ∪ Ip.
11: end do
12: until all p ∈ RegCP test involutive for some projection

The CriticalPointCompletion algorithm consists of prolonging the system increasing at
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each main iteration (its differential order by one) until the following criteria are satisfied. In
particular, at each of these prolongations, we find the real critical points by the CritcalPoints al-
gorithm and linearize the system about these critical points formed the tangent space Tp(DkR).
The obtained linear homogeneous partial differential equation (LHPDE) for Tp(DkR) can have
its projections πrDkR for involutivity computed by the numerical algorithm described in §4.2.1.
The Cartan-Kuranishi characters are numerically evaluated to determine if the symbol of the
projected system is involutive, together with the equality of dimensions at successive prolongation-
projection steps.

We remove the regularity restrictions by computing critical points based on the penalty
function in step 4 of the CriticalPoints algorithm. The Cartan-Kuranishi method also makes
regularity restrictions, which are a significant challenge to algorithmic computation of involu-
tive form for nonlinear systems.

Correctness and termination. The termination of the CriticalPointCompletion algorithm is
based on famous Cartan-Kuranishi prolongation theorem [6, 13]. It guarantees that a finite
number of prolongations and projections yield the involutive form of a given differential sys-
tem.

In our approach sketched above, certain non-regular cases are not analyzed:

(i) Regularity fails due to the generators of the system, not generating a real radical ideal.
For example, (u + v − 1)3 = 0, or u2 + (v − 1)2 = 0.

(ii) Regularity fails at points where the Symbol of a projected system has degenerate
rank. For example, R = u2

x − u = 0 has a degenerate singular case when ∂R
∂ux

= 2ux = 0.

To address these difficulties:

(i) There are evolving methods in Semi-Definite Programming that can in some cases
approximately compute an equivalent set of generators, generating the real radical of a
real ideal. See Wang, Reid and Wolkowicz [24].

(ii) As in Reid, Wu and Golubitsky [39] we can embed a space with extra coordinates.
For the example this space has coordinates (x, u, ux, dx, du, dux) and ∂R

∂ux
z = 0 yields the

generic regular case when ∂R
∂ux

= 2ux 6= 0 so z = 0. The singular case arises when
∂R
∂ux

= 2ux = 0. So ux = 0 and u = 0.

In previous work, a check was needed to determine if the CP is a regular jet point on the
real variety. The rank of the Jacobian matrix is constant in some ball centered at the CP, and
this rank does not vary as the independent variables are varied in a neighborhood of the CP.
Now, by applying the algorithm CriticalPoints we can omit this restriction. Suppose p is a
non-regular critical point when p is not a manifold point of the jet variety. Such points arise
as the intersection of two smooth components. For example, (u, v) = (0, 0) of u2 − v2 = 0 or
(u, v) = (±1, 0) of v2 − (u2 − 1)3 = 0. We address this difficulty by constructing the augmented
system. See the example 4.2.2.
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4.3.2 HybridInvolutiveFormLHPDE
The partition idea which we used in the CriticalPoint algorithm is efficient especially in the
polynomial cases. However our experiments using this approach in CriticalPointCompletion
did not show as much improvement as we expected. This lack of improvement mostly results
from the need in this method to prolong the whole system at each iteration. To address the
difficulty of prolonging the whole system, a natural approach is to partition the system into two
disjoint subsystems: one that is purely symbolic and one which has approximate coefficients.

Then efficient symbolic differential elimination that exploits sparsity can be applied to the
exact subsystem. Subsequent simplification of the approximate subsystem and its prolonga-
tions reduces its size and improves the difficulty of SVD based numerical methods when they
are applied to this system.

In particular for the case of input linear homogeneous approximate dps this leads naturally
to the new algorithm described in the algorithm 10.

Algorithm 10 HybridInvolutiveFormLHPDE
Input: Linear Homogeneous differential polynomial system R = {R1, . . . ,R`}.
Output: Geometric Involutive Form for system R

1: Select the subsystem with exact coefficients from R: ExSys := ExactSystem(R)
2: The remaining equations are regarded as approximate: ApSys := R \ ExSys
3: Find the rif form of ExSys wrt an orderly ranking: rExSys := rif(ExSys)
4: Use the Mansfield prolongation theorem ( See [17]) to predict q (order of prolongation):

prolongation of rExSys to order q is involutive.
5: IDExSys := initialdata(rExSys)
6: HFExSys := DifferentialHilbertFunction(IDExSys) (See [18])
7: Simplify the approximate system with respect to the exact system:

SimpApSys := dsubs(rExSys,ApSys), q̂ := difforder(SimpApSys)
8: for k from 0 do

compute prolongations SimpApSys[k] := dsubs(rExSys,DkSimpApSys)
9: until the joint system rExSys ∪ SimpApSys[k] tests projectively involutive

for k prolongations (Dk) and r projections (πr)
10: end do;
11: return rExSys,SimpApSys[k], r, k,

The full approximate (and inefficient) method prolongs the joint system rExSys ∪ ApSys
until an involutive projected system πrDk(rExSys ∪ ApSys) is found. See Scott et al. [31]
for proof of termination for that case. The main difference in the above algorithm is that the
dimensions of the symbols of the prolongations of rExSys can be extracted from using the
DifferentialHilbertFunction without prolonging the exact system. Further as each prolongation
is made of the approximate system, it simplified with respect to the exact system using the
Maple command dsubs. Then the algorithm produces the same dimension information as the
full approximate algorithm, but exploits the availability of the rif-form of the exact system
rExSys.

Note: The assumption that part of the system is exact needs to be carefully considered with
respect to the application. For example, in a circuit system a junction of two wires with currents
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I1 and I2 naturally results in an output at a third wire I3 = I1 + I2 which is an exact relation, and
should not be viewed approximately (e.g. I3 = I1 + 1.0025 ∗ I2 does not make physical sense).

4.4 Example
In §4.4.1, we describe our algorithm through an example to represent how the numerical al-
gebraic methods can be used in the prolongation and projection stages of the completion of
nonlinear differential polynomial systems of equations to the involutive form. We implement
our algorithms on symbolic computing language Maple, with homotopy numerical calculations
being carried out by Bertini [2].

In §4.4.2 an application of our algorithm to a problem involving symmetry is given. We
show that our method can be applied to the defining symmetry system containing floating-
point coefficients. The successful results yield new approaches to approximate symmetry and
approximate mapping.

4.4.1 Illustrative example
Example 4.4.1 Let

R = {ux − v = 0, uy − v = 0, u2 + v2 − 1 = 0} (4.4.1)

Algorithm CriticalPointCompletion is applied to 4.4.1 and prolongs the system to order one:

DR =[ux − v = 0, uy − v = 0, u2 + v2 − 1 = 0,
2 uux + 2 vvx = 0, 2 uuy + 2 vvy = 0 ]

The algorithm requires critical points on the variety of this system to check the involutivity
conditions. So sub-algorithm CriticalPoints is employed on DR. The CriticalPoints algorithm
partitions the system DR into linear and nonlinear parts:

Lin DR = [ux = v, uy = v]

NonLin DR = [u2 + v2 − 1 = 0, 2 uux + 2 vvx = 0, 2 uuy + 2 vvy = 0]

We use rifsimp of the DEtools package, to solve the linear part (Other packages such as
RegularChains could be used). The output is Lin DRsol =

{
ux = v, uy = v

}
. We can then

simplify nonlinear part by using these solutions;

NonLin DR = [u2 + v2 − 1 = 0, 2uv + 2vvx = 0, 2uv + 2vvy = 0]

For the nonlinear part with variables {u, v, vx, vy} we need to construct and solve two systems
F1 and F2. We consider β = 1000 and random point

a = (.358837425248938, .741287241561886, .561438802681635, 0.807180189405902e−1)

to construct system F1 in the CriticalPoint algorithm, Fig 4.3. The system is solved numerically
by bertini. Here, we choose one solution of F1 to present the process of refining.

NonLin DRCP = (u = −0.99482675475317300000, v = −0.09376990666497330000,
vx = 0.95180174176519900000, vy = 0.96955501366575500000)
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This solution needs to be refined as we explained in the CriticalPoint algorithm and its re-
finement is u∗ (NonLin DRCP). So, the homotopy system F2 is constructed with start point
(t∗ = 1/β,NonLin DRCP). See Fig 4.4 for the input Bertini for refining u∗. Bertini returns
the below values. It is the critical point on the variety for the nonlinear part of R.

NonLin DRCP = (u = −1.00000000000003, v = −0.137343822443538e − 12,
vx = 1.00000000000008, vy = 1.00000000000007)

We use maple to interface with Bertini to systematically complete all steps 4 to 9 of CriticalPoints
algorithm.

Figure 4.3: System F1 Figure 4.4: System F2

So the critical point on the variety R is

RCP =Lin DRsol ∪ NonLin DRCP = (4.4.2)
( u = −1.00000000000003, v = −0.137343822443538e − 12,
ux = −0.137343822443538e − 12, uy = −0.137343822443538e − 12,
vx = 1.00000000000008, vy = 1.00000000000007) (4.4.3)

We check that the linearized system is involutive at this point. Then π0DR is the involutive form
of the system at this point. The output of the CriticalPointCompletion algorithm is

InvCP = {(RCP, 0, 1) : π0DR involutive at RCP}

where RCP is 4.4.2.

We next apply our algorithm to Example 4.2.1 with K = 0.

Example 4.4.2 The Lagrange equations of motion for a unit length planar Pendulum moving
under constant gravity are

Xt,t + ΛX = 0, Yt,t + ΛY + g = 0, X2 + Y2 = 1

After choosing the initial time t randomly, four sequences of projection-prolongation steps were
executed to find the involutive completion of the input system by running CriticalPointCompletion
algorithm. The sub-algorithm CriticalPoints of the main algorithm found 8 critical points in
the first iteration, and the process of checking the involutivity was executed for all of them. The
results are consistent with those determined by the exact symbolic methods.
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Example 4.4.3 Real varieties admit diverse singular behavior which will be interesting to
explore in future work. For example, consider the Whitney Umbrella as a constraint of a
differential polynomial system. Over the real number, it is singular along the z-axis. The
canopy is two dimensional and has a self-intersection along the positive z-axis, whereas the
negative z-axis has dimension one. By applying the CriticalPoints algorithm after embedding
the system into a higher dimension (adding slack variables), we can remove the singularity and
find a point near the stick and then get a critical point on the stick by the refining step of the
CriticalPoints algorithm.

Figure 4.5: Whitney umbrella (This picture is taken from Wikipedia)

4.4.2 Application to approximate symmetry
In this section, we apply our numeric-symbolic algorithm [9] to get the involutive form of the
overdetermined linearized homogeneous system for the unknown symmetries. Many symmetry
properties can be determined from their involutive forms. For example, it is possible to uncover
the structure of the Lie symmetry algebra and the dimension of their symmetry group, etc.

A local transformation group of a differential equation can be formed by a set of continuous
point symmetries of a system R with independent variables x = (x1, . . . , xn) and dependent
variables u = (u1, . . . , um) whose associated vector field is

V =

n∑
i=1

ξi(x, u)
∂

∂xi +

m∑
j=1

η j(x, u)
∂

∂u j . (4.4.4)

The group of transformation leaves invariant the solution set of the differential equation.
The linearized form of such symmetry groups in a neighborhood of their identity yields the
infinitesimal Lie symmetry:

x̃ = x + ξ(x, u)ε + O(ε2)

ũ = u + η(x, u)ε + O(ε2) (4.4.5)

and generates a Lie algebra. Determining the components ξi(x, u) and η j(x, u) of (4.4.4) leads
a linear homogeneous system called determining equations [1, 19]. The determining system is
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derived by an explicit algorithm. Some existing computer algebra implementations are [35, 7,
8, 29].

Most of the differential equations arising from applications contain approximate coeffi-
cients, since differential systems that describe a model which are only known approximately.
So applying exact symbolic methods to their related determining equations will not be reliable.
Reid and his collaborators develop symbolic-numeric algorithms to address such difficulties
for symmetry analysis [5, 14]. They implement the symbolic-numeric algorithm to determine
the structure of the Lie algebra specified by the approximate determining system. As explained
briefly in §4.2.1, their method is a combination of symbolic differential, and numeric elimina-
tion methods.

In this section, we show how CriticalPointCompletion algorithm can be applied to the ap-
proximate determining system. We try to use the numerical techniques in the prolongation
(differentiation) step to get the involutive form of the determining system. The success of this
idea dramatically shrinks the cost of the prolongation step.

We consider a simple example to illustrate our idea. The successful result motivates our
further study of approximate symmetry.

Example 4.4.4 Consider the symmetry defining system:

R = [ηx + 2.1 ξy = 0, γx = 0 ηy − 1.1 ξx = 0,
γy = 0, Hy = 0, −2 H ξx − ξ Hx = 0] (4.4.6)

The computation is performed with Maple by setting Digits:=15. CriticalPoints algorithm
partitions the input into two-parts, Linear and Non-Linear, to control the number of paths being
followed by the numeric solver, Bertini.
The output of the Non-Linear part after refining the solution which is computed by Bertini
is:

[H = .283717587235499, Hx = −.835404842698773,
ξ = −.225709735554639, ξx = −.332300524553122] (4.4.7)

We consider β = 1000 as the penalty function, and tolerance 0.1e − 5 for the projection stage.
The dimension of the πrDk(R) and dimension of the symbol matrix of the πrDk(R) was computed
at this critical point to check the involutity criteria.

4.5 Conclusion
We provide a symbolic-numeric algorithm based on numerical algebraic techniques to get the
involutive form of differential polynomial systems of equations, especially those containing
floating-point coefficients.

Under-over determined systems of differential equations also arise in applications and have
hidden constraints. They require differentiation and projection to determine their missing con-
straints. The difficulty of exact differentiation elimination algorithms in the case of approxi-
mate systems has motivated Reid and his collaborators to apply numerical techniques to address
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this problem. In early work, Reid et al. illustrated a numeric method based on the computation
of Riquier Bases and analyzed nonlinear systems of differential polynomial equations includ-
ing hidden constraints [40]. Their algorithm works for a narrow class of differential systems
(square systems) that are dominated by pure derivatives in one of the independent variables.
Later, Reid et al. introduce geometric involutive methods where numerical homotopy contin-
uation techniques are combined with the Cartan-Kuranishni approach [38, 41, 14]. This paper
is a sequel to these works.

Adapting numerical algebraic geometry methods (witness point methods) to differential
geometry has difficulties, including those difficulties from characterizing geometric prolonga-
tion. Some progress has been made in this area [39, 38, 41, 14]. No doubt, the real case is more
challenging than the complex case. In the previous work, a real polynomial input system needs
to satisfy certain regularity conditions [38]. In this paper, we give a real symbolic-numeric
completion algorithm for real differential polynomial systems of equations containing floating-
point coefficients. Our algorithm includes loosening the regularity conditions and the pure
dimension for the input that was a necessary condition in previous works [11, 38].

We provide a different prolongation phase based on critical points to attempt to find at least
one point on each connected component of real involutive variety of a differential system. This
work is still in progress. We do not propose a general method achieving this goal, but we
provide criteria that are helpful in practice. The success of this strategy in primary examples
is a motivation to partition a given system into approximate and exact parts which will be
developed in further work. We aim to apply reliable existing symbolic algorithms for the exact
part and the CriticalPoints algorithm for the approximate part. Numerical techniques will help
us to bypass the instability of exact differential elimination algorithms for approximate systems.
In the future we would like to use this new method of Numerical Jet Geometry to investigate
approximate symmetry and approximate mappings.
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Chapter 5

Conclusion and Future work

Finding an algorithmic method that determines whether a given differential equations system
can be mapped into a target system of interest is a fundamental geometric problem that is im-
portant in applications. Such theoretically and computationally challenging mapping problems
have motivated us to explore the approach we present in this thesis.

The main goal of this thesis is to develop an exact and approximate mapping algorithm that
exploits symmetry information. Mappings of differential equations and differential structures
have a long history in geometry and applications. Significant contributions relevant to our work
are those of Riemann and Lie in the 19th-century, Cartan [7], Eisenhart [8] and more recently
Olver [14] and Anderson [2]. In particular, our approach has been influenced by the work of
Lyakhov-Gerdt-Michels [11] and Bluman-Kumei [4, 5].

The mapping method introduced for ODE in [11] works at the nonlinear Lie Group level,
whereas we work at the linearized Lie algebra level. Lyakhov et al. [11] explicitly intro-
duce a target with undetermined coefficients and use the full nonlinear determining equations
for the mapping. In our method, we avoid using the full nonlinear determining equations for
the transformations. We exploit the fact that the target appears implicitly as a subalgebra of
the Lie symmetry algebra of the given differential equation. It is used in the Bluman-Kumei
method [5], which depends on extracting this subalgebra by explicit non-algorithmic integra-
tion, whereas we use algorithmic differential algebra. We exploit the fact that the subalgebra
corresponding to linear super-position appears as a subalgebra of the derived algebra related to
the given differential equation.

In this thesis, our main goal is to develop an exact mapping algorithm. In chapter 2, we
introduce our mapping algorithm, called MapDE, for two applications. The algorithm is given
where the input and target systems are specified as Differential Polynomial System dps, and
it returns a reduced involutive form (rif-form) for the mapping equations. Meanwhile, an ex-
plicit form of the transformations is returned if the analytic integration of the related mapping
equations is successful. In addition, we give an algorithm for deciding if a linear differential
polynomial equation can be mapped to a linear differential polynomial equation with constant
coefficients. These results are published in Mohammadi, Reid and Haung [12].

In chapter 3, we extend the MapDE algorithm to determine whether a nonlinear Differential
Polynomial system can be invertibly mapped to a linear system and return equations for the
mapping in rif-form if the map exists. This work is based on creating algorithms that exploit the
results of Bluman and Kumei [5] and some aspects of [11]. One of the important achievements
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of the MapDE algorithm is providing a linearization test based on the equality of the size of
solution space of the given system with the size of the symmetry sub-group characterizing
linear superposition which are measured by differential Hilbert Series. This crucial hypothesis
appears to be missing in [5]. The results are submitted to Mathematics in Computer Science
[13].

Most differential equations that arise in applications are nonlinear systems and are not
usually linearizable. Consequently developing efficient tests to reject the existence of mappings
based on structural and dimensional information is important. An important question is how to
facilitate the search for linearizable differential systems. One approach is to find the system in
an appropriate space [15]. Another approach is to embed a differential equation in a class and
look for the member in the class with the largest symmetry group [5]. Anco, Bluman and Wolf
[1] and Wolf [15] to facilitate the determination of linearization mappings by using multipliers
for conservation laws. Besides the existing linearization tests in [1, 15, 5, 11], we implement
a test based on using Hilbert Series in the MapDE algorithm. We plan to extend this test in our
future work based on the change of rankings approach given in [6].

We use the Lie Algebras of Vector Fields (lavf), Maple package in the development of
our MapDE algorithm [10]. Since we work at the linearized Lie Algebra level to construct
the map, lavf commands facilitate our computation. lavf can automatically compute defining
systems and Lie algebra structure for various objects, including derived algebras, which are
core operations needed by MapDE.

We heavily employ differential-elimination algorithms in our approach. Approximate ex-
amples, such as Poissons equation result in different regions of symmetry structure and dimen-
sion (See Fig. 2.5). These results have motivated us to generalize such differential-elimination
algorithms to the more realistic case of differential polynomial systems with approximate real
coefficients. The dependency of the MapDE on exact differential completion algorithms and fail-
ure of exact symbolic completion algorithms in the case of differential systems with floating
point coefficients motivated us to work on the ideas presented in chapter 4.

In chapter 4, we give a symbolic-numeric algorithm to compute the solution (critical) points
on the real variety of approximate dps. This work is influenced by the significant results of
Wu et al. [16] for algebraic equations. We extend that approach to exploiting fundamental
features of the jet geometry of differential equations such as differential Hilbert functions.
Our algorithm enables loosening the regularity conditions and the pure dimension assumptions
required in previous works [9, 17]. We implement our algorithm in Maple with an interface
to the numerical homotopy Bertini [3]. We apply our algorithm to an approximate defining
system of DE and compute critical points on the involitive form of system. We plan to extend
this approach to approximate symmetry and approximate mapping.

Highlights of this thesis:

(1) We extend and improve the algorithm introduced by Lyakhov et al. [11] for determining
if an ODE is linearizable. Our algorithm works for ODE and PDE. For comparison, see
Example 3.2.

(2) We provide an efficient test for existence of exact linearization based on differential
Hilbert series.
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(3) We discovered a missing crucial hypothesis in [5, Theorem 2.4.1] concerning sufficient
conditions for the existence of an invertible linearization mapping.

(4) The LAVF package does not deal with infinite Lie pseudogroups. We make a progress on
algorithms for infinite Lie pseudogroups.

(5) We apply critical points techniques introduced by Wu et al. [16] in terms of Jet Geometry.

(6) We implement our mathematical results of mapping in the computer algebra language
Maple in the form of MapDETools, a sub-package of LAVF library. The MapDETools
package provides tools to help the user to characterize the map if it exists. See appendix
A.

We will now discuss possible future work. First, we intend to improve our main MapDETools
package that is publicly available on GitHub at: https://github.com/GregGitHub57/MapDETools
Some potential new features to our package have been discussed such as extending the exist-
ing linearization tests, and providing a potentiality to work with other differential-elimination
completion (dec) algorithms in Maple packages, such as Rosenfeld Groebner and Thomas
Decomposition. We also plan to improve the MapDE algorithm for the infinite Lie pseu-
dogroups case.

Second, many extensions of our main MapDE algorithm are possible. For example our
algorithm is based on point symmetry. The results can be extended to generalized, contact
symmetry and nonlocal symmetries. The MapDE works with dps. We plan to extend MapDE to
other systems beyond dps. Last, we plan to extend MapDE to approximate systems.

https://github.com/GregGitHub57/MapDETools
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Appendix A

Demo for the MapDETools Package

In this appendix we give the reader an example-based introduction to the function MapDE in the
MapDETools package. The MapDETools Package will be a part of the LieAlgebrasOfVectorFields
(LAVF) Maple package. MapDETools gives tools to help the user to determine the linearizabil-
ity of nonlinear differential polynomial systems and some times construct the map if it exists.
The MapDETools package is available at the following GitHub repository:

https://github.com/GregGitHub57/MapDETools
The MapDETools package is a work in progress. At the moment, some commands, e.g.

DerivedAlgebraInf(...), provide internal information for implementing the MapDE algo-
rithm. All of them will work outside of the MapDE in the final version of the MapDETools
package.
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(1)(1)
> > 

MapDETools Package

with(MapDETools);

MapDETools:-MapDE

Description

The command

> MapDE(Source, Target, Map, Options)

implements the MapDE algorithm and is designed to determine the existence of mappings of a given 
input Source polynomially nonlinear system of differential equations to a Target differential system 
(or class), via an invertible mapping on the space of independent and dependent variables of the 
differential system.

Please see the paper ISSAC 2019 for the case of a specific source and specific target, and also for 
mappings from a variable coefficient source PDE to a constant coefficient PDE, "Introduction of the 
MapDE Algorithm for Determination of Mappings Relating Differential Equations",  Proceedings of 
the 2019 on International Symposium on Symbolic and Algebraic Computation, Pages 331-338,
ACM, 2019.

The implementation we give here is for the case where the source is a DPS and the target is a linear 
differential system with theory and examples given in our paper "Symmetry-based algorithms for 
invertible mappings of polynomially nonlinear PDE to linear PDE" , Z. Mohammadi, G. Reid, and S.
-L.T. Huang. 2019.  Technical Report arXiv:1903.03727v1 [math.AP]. ArXiV. http://arxiv.
org/abs/1903.03727v1.

> MapDE(Source, ToLinearDE, Map, Options)

Parameters:

Source: is a list [DE::list, vars::list, infinitesimals::list] where 
DE:  Is a list of polynomially nonlinear differential equations and inequations.
vars:   [[x], [u]] where [x] is a list of independent variable names and [u] is a list of dependent 
variable names.
infinitesimals:  [[xi], [eta]] is a list of the names of the infinitesimals corresponding to independent 
and dependent variables respectively.

ToLinearDE: For the application in this worksheet (mapping nonlinear to linear) the entry for 
Target is: ToLinearDE

Map :  [[], [[psi],[phi]]]    A list of inputs related to the mapping functions. 
[]: Empty in the examples below (under development). The user can enter a system of differential 
equations, in psi, phi as extra constraints for the mapping problem.



(2.1)(2.1)

> > 

> > 

(2.2)(2.2)

> > 

> > 

[psi]:  is a list of  the names for the components of the mappings variables corresponding to the 
independent variables. Thus the number of components of [psi] is equal to the number of independent
variables of the Source.
[phi]: is a list of  the names for the components of the mappings variables corresponding to the 
depenthat variables. Thus the number of components of [phi] is equal to the number of  dependent 
variables of the Source

Options: A list of options controlling outputs and other aspects of MapDE, 
outputvars = [[indep], [deps]], where 
[indep]: is a list of the names of the output target independent variables
[deps]: is a list of the names of the output target dependent variables

OutPutDetails: which user can print more output from MapDE 

infolevel[MapDETools] := integer  Gives useful details about MapDE, during its application. 
Where integer {0, 1, 2, 3, 4, 5, 6}

Example 1:  Running Example (with details) 

The first example is the DE above used for the running Example in the paper "Symmetry-based 
algorithms for invertible mappings of polynomially nonlinear PDE to linear PDE". 

The running example begins with Example 1 and Eqn (15) given by DE[1] below: 

Let's try Maple's dsolve:

No solutions returned.

What does MapDE function enable us to do with this?

Lets apply MapDE.  Here [[x], [u]] inputs indep (x) and dep var (u) names; [[xi], [eta]] inputs the 



> > 

(2.4)(2.4)

(2.3)(2.3)

> > 

(2.7)(2.7)

(2.6)(2.6)

> > 

> > 

> > 

> > 

(2.5)(2.5)

symmetry infinitesimal names;  [[psi], [phi]] the input names for the components of the Mapping;  [
[xh], [uh]] the target indep and dep variable names.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Single ODE so apply the Lyakhov-Gerdt-Michels ODE Test 
for Existence of Linearization
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 3 
ranking = [rho[1] xi eta] RifStrategy = ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 0.78e-1
MapDE: After rif ncases = 3
MapDE: Number consistent cases satisfying minimum dim condns 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= s^2+s+1 = s^2+s+1 =HF(P) for consistent case j = 
1
MapDE: System linearizable, now attempting to integrate 
mapping eqns



(2.10)(2.10)

> > 

> > 

(2.9)(2.9)

(2.7)(2.7)

> > 

> > 

> > 

(2.8)(2.8)
> > 

(2.11)(2.11)

Note that above MapDE has obtained the target DE which is Eq (38) in our paper.  

true

TimeInfo reports the CPU time for the existence of the linearization of  the LGM test, 
HilbertFunction test and the total time for the existence and construction steps of MapDE algorithm,
respectively. Also, this list contains the result of the linearizability test.

Detailed Output:

This is the rif-form of the determining system S for symmetries given in

This is the ID for the Det Sys, ID(S), given in (17).  Note it also includes the dim(S)=3, DiffDim(R) 
= differential dimension = 0, HF(R) = 



> > 

> > 

(2.16)(2.16)

(2.12)(2.12)

(2.7)(2.7)

(2.14)(2.14)

> > 

> > 

(2.13)(2.13)

> > 

> > 

(2.15)(2.15)

> > 

> > 

The structure relations above evaluated at a regular point (x,u) = (1,1) give (18) in our paper:

A basis for Derived Algebra generated by the commutators of elements of the Lie Algebra can be 
easily derived by Gauss Elimination of the coefficient matrix for the commutators from the 
commutators above, yielding the basis given in Eq (20) of our paper, then shown to be abelian 
giving (21) of our paper, and by Algorithm 1, that the ODE is linearizable.  In fact we do not follow 
this in MapDE, instead getting the determing equations for the derived algebra, by the approach of 
Lisle and Huang resulting in the determining equations for the Derived Algebra given Eq (25) of our
paper:

The derived algebra (DA)  initial data ID is:

So the DA is 3-dim, and MapDE shows shown to be abelian by using LAVF comands (internally 
IsAbelian(DA)).
Note in the output above is calculated ID(P) and its HilbertFunction HF(P).



> > 

> > 

> > 

(2.7)(2.7)

> > 

(2.18)(2.18)
> > 

> > 

> > 

> > 

(2.17)(2.17)

(2.19)(2.19)

In particular the key computation of the algorithm, checking that HF(R)= s^2+s+1 = HF(P) so the 
system is linearizable.

The Target Linear DE is:

Note that rho[1](x,u) above  is    as a function of (x,u).

Case 3: 3-d

The caseplot above shows the case analysis by rifsimp.  The green branches are where the system 
was either inconsistent or the dimension fell below the minimum for linearization. The black branch 
corresponds to the the linearizable case.



(2.1.3)(2.1.3)

> > 

(2.1.1)(2.1.1)

(2.1.4)(2.1.4)

> > 

> > 

(2.20)(2.20)

(2.1.2)(2.1.2)

> > 

(2.7)(2.7)

> > 

> > 

Below are the inequations for invertibility of the map:

Checking the result using dchange

You can check with dchange, that this nice linear DE, MDE[1][TargetLinearDE] is (invertibly) 
mapped to the complicated nonlinear DE by the transformation:

So we have independently checked the result of MapDE.

Example 2: 

The second example, ,  used as a  member of the test set of ODE 
 "Symmetry-based algorithms for invertible mappings of 

polynomially nonlinear PDE to linear PDE". It originates from Example 5, Eqn(41). This set was 
considered by Lyakhov, Gerdt and Michels [ . 

Now apply MapDE where d = 3 where [[x], [u]] inputs indep (x) and dep var (u) names and[[xh], 
[uh]] are the target indep and dep variable names.



(3.1)(3.1)

(4.1)(4.1)

> > 

> > 

(3.7)(3.7)

> > 

> > 

(3.2)(3.2)

(3.6)(3.6)

(3.4)(3.4)

(3.5)(3.5)

(3.3)(3.3)

> > 

> > 

> > 

(2.7)(2.7)

> > 

> > 

> > 

> > 

> > 

> > 

(3.8)(3.8)

true

Example 3: Test Class of linearizable ODE of order d: 
,  d = 3..15   

Now apply MapDE to the test set ,



> > 

(4.4)(4.4)

(4.3)(4.3)

(4.2)(4.2)

> > 

> > 

> > 
(4.5)(4.5)

(2.7)(2.7)

> > 

> > 

> > 

> > 

, considered by Lyakhov, 
Gerdt and Michels [ ] and present the existance and constructed 
CPU times. See our paper "Symmetry-based algorithms for invertible mappings of polynomially 
nonlinear PDE to linear PDE"  for more details.

ODEtime represents the existence and construction time for MapDE for d=3..15.

LinTest is the lists of  CPU time for Linearizability existence of LGM test, HilbertFunction test and 
the time for the existence and construction steps of MapDE algorithm with the result of the test for 
each order. More precise, timings from t = 0 (start of MapDE) to the time to LGMLin linearization 
Existence confirmation ,time to Hilbert Existence confirmation, time from t = 0 to existence and 
construction of the linearizing transformations, respectively.

So, the existence time for each test will be:



> > 

(5.1)(5.1)

> > 

> > 

> > 

(4.5)(4.5)

(5.2)(5.2)

> > 

> > 

(2.7)(2.7)

(4.6)(4.6)
> > 

> > 

Also, the exsitence and construction time in MapDE algorithm for d=3..15 will be:

We note that the times differ by roughly a factor of 2 from those in row 4 of  Table 1 in our first 
submission.  These are probably due to code changes since submission, and we investigated them 
further.  These times are still far less than the times given in LGM (out of memory for d  10).

 Example 4:  Nonlinear System 
Lets try another example which Maple's pdsolve  yielded no result after about 1000 secs and 700 MB
of RAM. We stopped the computation. 

The command below yields no result after 1000 seconds.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] rho[2] xi tau eta beta] RifStrategy
= ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 7.141
MapDE: After rif ncases = 46
MapDE: Number consistent cases satisfying minimum dim condns 2
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
2



(6.3)(6.3)

> > 

(6.2)(6.2)

> > 

> > 

> > 

> > 

(4.5)(4.5)

(6.1)(6.1)

> > 

> > 

(5.4)(5.4)

> > 

(5.3)(5.3)

(2.7)(2.7)

(5.6)(5.6)

> > 

(5.7)(5.7)

> > 

(5.5)(5.5)

> > 

> > 

MapDE: System linearizable, now attempting to integrate 
mapping eqns

true

Example 5:   Burger's equation 
Consider Burger's equation appeared in Example 6. Early tests in MapDE shows that it is not 
linearizable by point transformation.



> > 

(6.3)(6.3)

> > 

(6.4)(6.4)

(4.5)(4.5)

> > 

> > 

> > 

(2.7)(2.7)

> > 

(7.2)(7.2)

(7.1)(7.1)

MapDE: Input R not linearizable since dim(L}= 5  <  infinity  
= dim(R))

false

Example 6:   Burger's System 
Rewriting Burger's equation in conserved form, see Example 6 and Equ (43) in "Symmetry-based 
algorithms for invertible mappings of polynomially nonlinear PDE to linear PDE", and run MapDE 
in the new system. 

The expected computation time for this example is about 50 sec.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] rho[2] xi tau eta beta] RifStrategy
= ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 31.766
MapDE: After rif ncases = 43
MapDE: Number consistent cases satisfying minimum dim condns 2



> > 

(6.3)(6.3)

(7.3)(7.3)
> > 

> > 

(4.5)(4.5)

(7.8)(7.8)

> > 

(7.6)(7.6)

> > 

(2.7)(2.7)

(7.4)(7.4)

> > 

> > 

(7.7)(7.7)

(7.5)(7.5)

> > 

MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
2
MapDE: System linearizable, now attempting to integrate 
mapping eqns

true

Example 7:   KP Equation 

KP Equation  correspond to equation (45) and 



> > 

(6.3)(6.3)

(8.1)(8.1)

(9.2)(9.2)

(4.5)(4.5)

> > 

> > 

> > 

(9.1)(9.1)

(8.2)(8.2)

(2.7)(2.7)

> > 

> > 

> > 

Example7 in "Symmetry-based algorithms for invertible mappings of polynomially nonlinear PDE 
to linear PDE".

MapDE: Input R not linearizable since DiffDim(L}= 1  <  2  = 
DiffDim(R))

Example 8:    Liouville's equation  

Consider Liouville's equation  which we rewrite as a differential polynomial system 

(DPS) by using Maple's function dpolyform. That yields  and the Liouville equation in the 

form 

Error, (in DEtools/Rif/setup) Unable to handle functions of 
constants and/or dependent variables such as {exp(u(x,y))}



(6.3)(6.3)

(9.5)(9.5)

> > 

> > 

(4.5)(4.5)

> > 

(2.7)(2.7)

> > 

> > 

(9.4)(9.4)

(9.3)(9.3)

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 



(6.3)(6.3)

> > 

(9.8)(9.8)

(9.7)(9.7)

> > 

> > 

(9.6)(9.6)

(4.5)(4.5)

> > 

> > 

(2.7)(2.7)

> > 

> > 
> > 

(9.3)(9.3)

MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] xi eta beta] RifStrategy = 
ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 2.188
MapDE: After rif ncases = 12
MapDE: Number consistent cases satisfying minimum dim condns 0
MapDE: System is not linearizable 

The system is not linearizable. The Rif Case Tree is given below:



(6.3)(6.3)

> > 

> > 

> > 

(4.5)(4.5)

(9.9)(9.9)

(10.3)(10.3)

> > 

> > 

(10.2)(10.2)

(10.1)(10.1)

> > 

(2.7)(2.7)

(9.10)(9.10)

> > 

(9.3)(9.3)

false

Example 9: 

MapDE: Input R not linearizable since dim(L}= 5  <  infinity  
= dim(R))



(6.3)(6.3)

(11.1)(11.1)

(11.2)(11.2)

> > 

> > 

> > 

(4.5)(4.5)

> > 

> > 

(2.7)(2.7)

(11.3)(11.3)

> > 

(9.3)(9.3)

Example 10:  Nonlinear Diffusion Equation 

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] xi tau eta] RifStrategy = 
ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 1.984
MapDE: After rif ncases = 13
MapDE: Number consistent cases satisfying minimum dim condns 3
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1/(1-s)+s/(1-s) = 1/(1-s)+s/(1-s) =HF(P) for 
consistent case j = 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1/(1-s)+s/(1-s) = 1/(1-s)+s/(1-s) =HF(P) for 
consistent case j = 2
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1/(1-s)+s/(1-s) = 1/(1-s)+s/(1-s) =HF(P) for 
consistent case j = 3
MapDE: System linearizable, now attempting to integrate 
mapping eqns



(6.3)(6.3)

> > 

> > 

> > 

(12.1)(12.1)

(4.5)(4.5)

> > 

> > 

> > 

(12.3)(12.3)

> > 

(2.7)(2.7)

(11.3)(11.3)

> > 

(12.2)(12.2)

(9.3)(9.3)

From the above output we see that the input DE is linearized to the heat equation.

Example 11:   

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] xi tau eta] RifStrategy = 
ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = .328
MapDE: After rif ncases = 4
MapDE: Number consistent cases satisfying minimum dim condns 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1/(1-s)+s/(1-s) = 1/(1-s)+s/(1-s) =HF(P) for 
consistent case j = 1
MapDE: System linearizable, now attempting to integrate 
mapping eqns



(6.3)(6.3)

> > 

> > 

(13.2)(13.2)

(4.5)(4.5)

> > 

> > 

(12.3)(12.3)

> > 

> > 

(2.7)(2.7)

(11.3)(11.3)

(13.1)(13.1)

(9.3)(9.3)

Example 12:  

Linearization for  Hodograph system  

This example took about 170 sec on our laptops (I7 with 8GB RAM).

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 
infinity ranking = [rho[1] rho[2] xi tau eta beta] RifStrategy
= ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 100.938
MapDE: After rif ncases = 145
MapDE: Number consistent cases satisfying minimum dim condns 4
MapDE: R is linearizable by DifferentialHilbertFunction Test 



(6.3)(6.3)

> > 

> > 

(14.1)(14.1)

> > 

> > 

(13.2)(13.2)

(4.5)(4.5)

(12.3)(12.3)

> > 

(2.7)(2.7)

(11.3)(11.3)

(9.3)(9.3)

since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
2
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
3
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 2/(1-s) = 2/(1-s) =HF(P) for consistent case j = 
4
MapDE: System linearizable, now attempting to integrate 
mapping eqns

Example 13:  A linearizable DE where MapDE can't find the 
linearizing transformation



(6.3)(6.3)

(14.1)(14.1)

> > 

(13.2)(13.2)

(4.5)(4.5)

(14.2)(14.2)

(12.3)(12.3)

> > 

> > 

> > 

(2.7)(2.7)

(11.3)(11.3)

(9.3)(9.3)

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Single ODE so apply the Lyakhov-Gerdt-Michels ODE Test 
for Existence of Linearization
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 3 
ranking = [rho[1] xi eta] RifStrategy = ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = .188
MapDE: After rif ncases = 3
MapDE: Number consistent cases satisfying minimum dim condns 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= s^2+s+1 = s^2+s+1 =HF(P) for consistent case j = 
1
MapDE: System linearizable, now attempting to integrate 
mapping eqns
MapDE: pdsolve could not find phi



(6.3)(6.3)

(14.1)(14.1)

> > 

(13.2)(13.2)

(4.5)(4.5)

(12.3)(12.3)

> > 

> > 

> > 

(14.4)(14.4)

(2.7)(2.7)

(11.3)(11.3)

> > 
(14.3)(14.3)

> > 

(14.5)(14.5)

(9.3)(9.3)

true

We emphasize that MapDE is not guaranteed to determine the mapping explicitly as the above 
example shows.  MapDE does determine if a system is or is not linearizable, as well as giving a 
reduced involutive system for the map.  The system above is linearizable by passing the HF 
linearization existence test, but the heuristic integration step, using pdsolve to attempt to solve the 
PsiPhi map sub-system (the sub-system with highest derivatives in  mapping variables phi and psi ) 
together with its inequations to find an explicit form of the mapping was not successful. See step 13 
in MapDE algorithm in our paper "Symmetry-based algorithms for invertible mappings of 
polynomially nonlinear PDE to linear PDE" for more information. 



(6.3)(6.3)

> > 

> > 

(14.1)(14.1)

> > 

(14.7)(14.7)

> > 

> > 

(13.2)(13.2)

(15.1)(15.1)

(4.5)(4.5)

(12.3)(12.3)

> > 

> > 

(14.6)(14.6)

(2.7)(2.7)

> > 

(14.8)(14.8)

(11.3)(11.3)

(14.3)(14.3)

(14.5)(14.5)

(9.3)(9.3)

Example 14:  First order ODE
A single first order ODE always has an infinite Lie symmetry group.  Indeed the superposition group 
that we target is a 1 dimensional subgroup of this infinite dimensional group.  Further all first order 
ODE are linearizable by invertible mappings of the type we consider.  However finding the 
linearization is equivalent to explicitly solving the ODE, a well-known problem, for which there is no
general algorithm.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 1 
ranking = [rho[1] xi eta] RifStrategy = ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 



(6.3)(6.3)

> > 

(4.5)(4.5)

(15.2)(15.2)

> > 

(11.3)(11.3)

(14.5)(14.5)

(9.3)(9.3)

> > 

(14.1)(14.1)

> > 

> > 

(16.1)(16.1)

> > 

(13.2)(13.2)

(15.4)(15.4)

(12.3)(12.3)

> > 

> > 

> > 

(15.3)(15.3)

> > 

(2.7)(2.7)

(14.3)(14.3)

Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 2.047
MapDE: After rif ncases = 6
MapDE: Number consistent cases satisfying minimum dim condns 4
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1 = 1 =HF(P) for consistent case j = 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1 = 1 =HF(P) for consistent case j = 2
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1 = 1 =HF(P) for consistent case j = 4
MapDE: System linearizable, now attempting to integrate 
mapping eqns

Example 15: First order ODE where MapDE can't find the linearizing 
transformation
See the details in Examples 13 and 14.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 1 
ranking = [rho[1] xi eta] RifStrategy = ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = 4.219
MapDE: After rif ncases = 6
MapDE: Number consistent cases satisfying minimum dim condns 4
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1 = 1 =HF(P) for consistent case j = 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 



(17.1)(17.1)

(6.3)(6.3)

> > 

(16.3)(16.3)

(16.4)(16.4)

(4.5)(4.5)

> > 

> > 

(11.3)(11.3)

(16.2)(16.2)

(14.5)(14.5)

(9.3)(9.3)

> > 

> > 

(14.1)(14.1)

> > 

> > 

> > 

(13.2)(13.2)

(12.3)(12.3)

> > 

> > 

(2.7)(2.7)

(14.3)(14.3)

(16.5)(16.5)

> > 

since HF(R)= 1 = 1 =HF(P) for consistent case j = 2
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= 1 = 1 =HF(P) for consistent case j = 4
MapDE: System linearizable, now attempting to integrate 
mapping eqns
MapDE: pdsolve could not find phi

true

Example 16:  Inappropriate inputs
One of technical conditions for our algorithms, is that our spaces are appropriately fibered.  In 
particular we need to regard, dependent variables in the input system, as independent variables for the
mapping system.  This means we don't allow constraints of differential order 0, such as that in the 
example below.

Error, (in MapDETools:-MapDE) Nontrivial leading nonlinear 
constraints found in rifsimp(R), [u(x)^7+u(x)+1 = 0], After 
rifsimp R should be leading linear



(6.3)(6.3)

> > 

> > 

(18.5)(18.5)

(18.3)(18.3)

(17.2)(17.2)

(4.5)(4.5)

> > 

> > 

(18.4)(18.4)

(11.3)(11.3)

(18.1)(18.1)

(14.5)(14.5)

> > 

(9.3)(9.3)

> > 

> > 

(14.1)(14.1)

> > 

(13.2)(13.2)

> > 

(12.3)(12.3)

> > 

> > 

(2.7)(2.7)

> > 

(14.3)(14.3)

> > 

(18.2)(18.2)

We also require that the input systems are leading linear to avoid casesplitting on the input and also 
because Maple's symmetry routines (like all others to our knowledge) implicitly make this 
requirement.

Error, (in MapDETools:-MapDE) Nontrivial leading nonlinear 
constraints found in rifsimp(R), [(diff(u(x), x))^7+diff(u(x),
x)+1 = 0], After rifsimp R should be leading linear

The command DifferentialHilbertFunction(...) determine the differential dimension of DE. It is used 
as sub-routine in the MapDE algorithm in the exsitence step.

> DifferentialHilbertFunction(ID, s)

where ID is initialdata of a DE and s is a variable. The OutPut is a list of dimension, differential 
dimension and Differential Hilbert function of a DE.



(6.3)(6.3)

> > 
(18.8)(18.8)

(18.5)(18.5)

> > 

(4.5)(4.5)

(11.3)(11.3)

> > 

(14.5)(14.5)

> > 

(9.3)(9.3)

(18.6)(18.6)

(14.1)(14.1)

> > 

> > 

(13.2)(13.2)

> > 

(12.3)(12.3)

> > 

> > 

> > 

(2.7)(2.7)

(14.3)(14.3)

(18.7)(18.7)

> > 

> > 

Also, It is computed in the MapDE where we need to check the linearizability of the DE.

MapDE: Begin section where we compute sys S' of subalgebra L' 
of L, containing solution of mapping problem. 
MapDE: Single ODE so apply the Lyakhov-Gerdt-Michels ODE Test 
for Existence of Linearization
MapDE: Mapping equations constructed.
MapDE: Set up ranking and mindim specification for 
differential-elimination.
MapDE:  Settings for differential-elimination: MinDim = 3 



(6.3)(6.3)

(14.1)(14.1)

> > 

(18.5)(18.5)

(18.9)(18.9)

(13.2)(13.2)

(4.5)(4.5)

(12.3)(12.3)

> > 

> > 

(2.7)(2.7)

(11.3)(11.3)

> > 

(14.3)(14.3)

(14.5)(14.5)

> > 

(9.3)(9.3)

ranking = [rho[1] xi eta] RifStrategy = ezcriteria = [1 .9]
MapDE: Apply differential-elimination (rifsimp) to Mapping 
Equations.
MapDE: Completed differential-elimination and casesplitting of
Mapping System. Time in rifsimp = .141
MapDE: After rif ncases = 3
MapDE: Number consistent cases satisfying minimum dim condns 1
MapDE: R is linearizable by DifferentialHilbertFunction Test 
since HF(R)= s^2+s+1 = s^2+s+1 =HF(P) for consistent case j = 
1
MapDE: System linearizable, now attempting to integrate 
mapping eqns



Appendix B

Copyright Release

• A version of Chapter 2 has been published by proceedings of the 2019 International
Symposium on Symbolic and Algebraic Computation, ACM, Pages 331-338, 2019. The
electronic copyright-permission form ACM which was signed by author states: Owner
shall have the right to do the following:

– Post the Accepted Version of the Work on (1) the Author’s home page, (2) the
Owner’s institutional repository, (3) any repository legally mandated by an agency
funding the research on which the Work is based, and (4) any non-commercial
repository or aggregation that does not duplicate ACM tables of contents, i.e.,
whose patterns of links do not substantially duplicate an ACM-copyrighted volume
or issue. Non-commercial repositories are here understood as repositories owned
by non-profit organizations that do not charge a fee for accessing deposited articles
and that do not sell advertising or otherwise profit from serving articles.

– Post an ”Author-Izer” link enabling free downloads of the Version of Record in the
ACM Digital Library on (1) the Author’s home page or (2) the Owner’s institutional
repository.

• A version of Chapter 3 has been submitted to Mathematics in Computer Science (Revi-
sion requested 15-MAY-2019), A preprint of that is accessible in arXiv with Technical
Report arXiv:1903.03727v1 [math.AP], 2019. On the publishers website, under Copy-
right Transfer Statement, they state:

– Authors may self-archive the Authors accepted manuscript of their articles on their
own websites. Authors may also deposit this version of the article in any repository,
provided it is only made publicly available 12 months after official publication or
later. He/she may not use the publisher’s version (the final article), which is posted
on SpringerLink and other Springer websites, for the purpose of self-archiving or
deposit. Furthermore, the Author may only post his/her version provided acknowl-
edgement is given to the original source of publication and a link is inserted to the
published article on Springer’s website. The link must be provided by inserting
the DOI number of the article in the following sentence: ”The final publication is
available at Springer via http://dx.doi.org/[insert DOI]”.
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– Prior versions of the article published on non-commercial pre-print servers like
arXiv.org can remain on these servers and/or can be updated with Author’s accepted
version. The final published version (in pdf or html/xml format) cannot be used for
this purpose. Acknowledgement needs to be given to the final publication and a link
must be inserted to the published article on Springer’s website, by inserting the DOI
number of the article in the following sentence: ”The final publication is available
at Springer via http://dx.doi.org/[insert DOI].” Author retains the right to use his/her
article for his/her further scientific career by including the final published journal
article in other publications such as dissertations and postdoctoral qualifications
provided acknowledgement is given to the original source of publication.
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