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1 Introduction

General Relativity admits a wide variety of Black Hole solutions, especially when coupled
to matter. For any such black hole, or black brane, one of the central questions is how it
behaves when perturbed, and in particular whether or not it is a (linearly) stable solution.

To answer this question one has to solve the linearized perturbation equations. This
can be a messy task, because the metric, and the matter fields, have many components
which all need to be fluctuated, and which may all couple.

The field of black holes perturbations was born with the seminal Regge-Wheeler [1]
paper, where the stability of the Schwarzschild solution under azial linear perturbations
was analysed. This study was extended to polar perturbations by Zerilli [2, 3] and given a
new perspective by Moncrief [4]. Later, it was extended to the Schwarzschild-de Sitter [5]
and Schwarzschild-anti-de Sitter [6] backgrounds. Finally, the problem of linear fluctuations
was treated in full generality by Kodama&Ishibashi (KI). In the outstanding work [7] the
problem was generalized for perturbations of general maximally-symmetric black holes i.e.
to arbitrary spacetime dimension, cosmological constant and to any of the three maximally
symmetric horizon topologies (spherical, planar and hyperbolic), and then extended to
include Maxwell field (electro-vacuum) in [8]. These master equations have also been
generalised to Gauss-Bonnet gravity in [9, 10] and to Lovelock gravity in [11].

The key result of black hole perturbation theory is that the general perturbation can
be given in terms of only few scalar functions satisfying scalar wave equation with some
potentials. In particular, in the case of maximally symmetric black holes with an electric
charge [8] it was shown that the full problem of linear fluctuations can be reduced to solving
5 fully decoupled scalar wave equations with potentials, the so called master scalar wave
equations. These are equations on the master scalars, in which all the fluctuations are
expressed in a fully analytic way.! Moreover, this structure can be extended beyond linear
approximation and we find it really remarkable that in metric perturbation approach to Ein-
stein equations, solving a full set of perturbation Einstein equations (at any perturbation
order) can be reduced to the problem of solving a couple of scalar wave equations [12, 13].

In this work we generalize Kodama&Ishibashi (KI) results [8] to theories which in
addition to a charge have a scalar field, with an arbitrary potential and an arbitrary
potential coupling to the gauge field. This covers a broad class of actions, which have been
heavily studied in the context of holography [14]. The simplest examples are Einstein-
scalar theories in anti de Sitter spacetimes, with the physics depending heavily on the
choice of potential and the background solutions typically being numerical, see e.g. [15—
17]. Including the gauge field some analytic examples are the GMGHS (Gibbons, Maeda,
Garfinkle, Horowitz, Strominger) black hole [18, 19] of which we will analyze the stability
in section 4.4, and the asymptotically Lifshitz black brane of [20].

Although our results are an extension of KI, our derivation (initiated in [12, 21]) is
slightly different. Instead of making manipulation with linearized Einstein equations (con-
sisting mainly in taking different linear combination of these equations and their derivatives

More precisely, in higher dimensions, D > 4, the master scalars in vector and tensor sectors come in a
number of copies corresponding to different polarizations of gravitational waves in these sectors.



to arrive at master scalar equations), we take the structure of the outcome of previous work
as the initial input for our procedure: we make an ansatz that all gauge invariant character-
istics of fluctuation (see below for their definition) are given in terms of linear combinations
of master scalars and their derivatives, where the master scalar themselves satisfy scalar
wave equations coupled with interaction potentials. As the final results, we express all the
perturbations analytically in terms of the three sets of master scalars, one for each helic-
ity h. We find such an ansatz approach to solve for the fluctuations to be a very robust
technique: interestingly it works also for time-dependent backgrounds, for example in the
cosmological perturbations context [12, 21]). The main advantage is that once we decide
on the correct form of the ansatz (i.e. the highest order of derivatives of master scalars
in the linear combinations for gauge invariants and/or the form of the couplings between
master scalars in master scalar wave equations), finding the function coefficients of these
linear combinations and the actual form of the coupling potentials is an purely algorithmic
task (although rather unthinkable to achieve in the pre-computer algebra packages era).

We express all the perturbations analytically into three sets of master scalars, one for
each helicity h.

Each set of master scalars satisfies a coupled master equation of the form,

ool —w™ (el = o, (1.1)
where [J stands for the wave operator on the background metric (see eq. (2.2) below) and
the potential matrix W couples the different master scalars with the same helicity, which
are labeled by their spin. The components of the perturbations are first expressed into
gauge invariant combinations (eq. (3.4)), which are then expressed in terms of these master
scalars (egs. (3.5), (3.7) and appendix C). The potentials are given in egs. (3.6), (3.9), (3.12)
and (3.14). In section 3.4 we discuss when these still coupled master equations can be
further decoupled into single equations. Then in section 4 we discuss a sufficient criterion
for linear stability and apply it to several specific cases.

2 Setup

We consider the class of Einstein-Maxwell-scalar theories described by the following action,

s= [ty (R 20— n(@6)” ~ [Z(@)F - v<¢>) , (2.1)

where R is the Ricci scalar, A is a cosmological constant, n is an arbitrary normalization
factor for the scalar field ¢,2 F' = dA is the field strength and V and Z are two arbitrary
functions of the scalar field, with V(0) = 0.

2This can be absorbed into ¢ but we keep it explicit to make it easier to substitute a particular model.



Any time-independent n + 2 dimensional solution with a maximally symmetric n-

dimensional spatial part can be written as

2 2 C(r)? 2 7y2
ds® = —f(r)dt + dr® + S(r)"dX(, gy,

f(r) (2.2)
A=a(r)dt.
Here d X (2n K) is one of the three maximally symmetric n-dimensional spaces,
de?+...+dx2, K= 0, planar
dX(2n,K) =4 dQp), K = +1, spherical . (2.3)

dH ), K = —1, hyperbolic

Here we note that while Kodama&/Ishibashi approach [7, 8] is coordinate indepen-
dent we prefer to work with the fixed Fefferman-Graham, or Schwarzschild-like, coordinate
system (2.2). However, since our final result, eq. (1.1) is a scalar equation it can be eas-
ily expressed in any coordinate system; similarly the rules that express gauge invariant
quantities in terms of master scalars can be easily transformed (see appendix D).

In order to avoid cluttering the presentation, we leave any complications relating to
spherical or hyperbolic symmetry to appendix A, focussing here on the planar case. In the
results presented we do show the most general expressions, where the dependence on the
topology shows up only through the parameter K defined above and the eigenvalues —k?
of the corresponding Laplace operator.

The equations of motion following from eq. (2.1) lead to the following equations for
the background:*

/ ' 12 71 14l or277)
¢//:¢/<<_n5>_a Z'+Anf'¢" —2¢°V

¢ 8 anf ’
d' =ad <CI —nil— Z/¢/)
\¢ Sz )’
S — C,S/ _ ﬂS(bQ, (2'4)
¢ n
0=5%(2nf¢” —Za?) —2nSf'S' —2n(n—1)fS?+2¢* (n(n—1)K — S*(V+A)) ,
f'¢ 8" 2(n-1)

f//:Za/2+

2n
n—2 a4 QK_ 5/2 i /2,
where in a slight abuse of notation, primes indicate radial derivatives except when acting
on V or Z, where they indicate a derivative with respect to ¢.
We further note that although we will work with the Fefferman-Graham coordinates
eq. (2.2) here, the final potentials in the master equations eq. (1.1) will be exactly equal in

3Note that we could set either ¢ = 1 or S = r by a gauge transformation, but we choose to keep it in
this more general form.

“Here and in everything that follows, we extrapolate the dimensional dependence from our calculations
atn=2,...,9.



the Eddington-Finkelstein coordinates parametrized as,
ds® = —f(r)dt® +2¢(r)dtdr + S(r)*dX(,  , (2.5)

Any differences between the two will be shown in appendix D.

We will not specialize to any specific background, but consider any background that
satisfies these equations.

In the following section we will perturb this general solution and derive the master
equations that describe these perturbations.

3 Master equations

Perturbing the background solution to first order, we have to perturb all the fields: the
metric, the gauge field and the scalar. Because of the maximal symmetry of the spatial part
of the background, we can express the spatial dependence of these fluctuations using the
eigenfunctions of the Laplacian of the n-dimensional maximally symmetric space, which in
the present planar case are just plane waves, giving the following perturbations:

S9u = hu(t, T)e“m ,
0A, = a,u(t,r)e® (3.1)
0p = go(t,r)eikz ,

where we’ve chosen the plane waves to propagate along the first spatial coordinate in

X = (:r =2(1),Y =Ty, 2 = x(n)).
The derivation of the master equations takes the following steps:

1. Organise the fluctuations into three different sectors or channels, according to their
transformations under the little group.

2. Rewrite the fluctuations into gauge-invariant combinations (or equivalently choose a
gauge that is fixed uniquely).

3. Rewrite those gauge-invariant combinations as linear combinations of master scalars
and their derivatives, where the master scalars themselves satisfy eq. (1.1).

We shall now discuss each step in turn.

3.1 Sectors

The perturbations eq. (3.1) naturally decouple into three sets of equations, as summarized
in table 1. The sectors are classified by their helicity, 0, 1 or 2, or whether the fluctuation
transforms as a scalar, vector or tensor once the momentum is fixed. Various different
names are used in the literature for these sectors, we will stick to scalar, vector and tensor
since these seem to be the most natural and context-independent.

In table 1 we summarize how the different components fall into the three sectors. We
adopt a convention where indices i, j take values from (¢, r, x) and indices o # (3 take values
from (zo =y,...,z, = 2).



s
. Py ay ® copies X Neoupled names
scalar

hij h a; | ¢ parity-even, polar
0 6 1 3 1 1 x11 sound
vector

hia o parity-odd, axial
1 (n—1)x3 n—11— (n—1)x4 shear
hap  haa —hgg tensor
2 | in-1)n-2 n-2| — |—|i(n+1)n-2)x1 scalar

total (n+2)(n+3) n+2 |1 F(n+3)(n+4)

Table 1. Decoupling of perturbations into sectors. Under each perturbation we note the number
of components involved. In the rightmost column we list some names that are common in the
literature for these sectors, here we use the underlined ones.

Each of the 14+(n—1)+(1/2)(n+1)(n—2) = (1/2)n(n+1)—1 copies in the fourth column
will include one gravitational master scalar. This number is equal to the number of graviton
polarisations, which can be counted as a symmetric n by n matrix, subtracting the trace.

The scalar sector is the most complicated one, since it receives contributions from
every field. In particular the scalar field itself of course falls into this sector. So do the
components of the gauge field and metric with ¢ indices, and finally the trace of the spatial
metric perturbations, h. In the table we also list the number of components each of these
has. For the scalar sector there are 11 fluctuations in total, which all couple to each other.
In the next subsection we will show that the 11 coupled PDEs for fluctuations in this sector
are in fact 11 equations for 7 gauge invariant characteristics of scalar perturbations.

The vector sector consists of those fluctuations with one a index. This can be the
gauge field, or the metric where the other index is an ¢. Together these give 4 components,
times (n — 1) for the number of values that o can take. These are not all coupled though,
this sector further decouples into (n — 1) identical copies of sets of 4 coupled equations, one
for each value of a. In the next subsection we will show that each copy of the 4 coupled
PDESs for fluctuations in this sector is in fact a copy of 4 equations for 3 gauge invariant
characteristics of vector perturbations.

Finally the tensor sector can only have contributions from the metric, and consists of
those metric fluctuations with two distinct indices o, 8, of which there are (n —1)(n —2),
and differences of diagonal components, of which there are n — 2 linearly independent ones.
This sector is particularly simple, since none of these couple to each other. Thus it falls
into (1/2)(n + 1)(n — 2) decoupled equations. All components in this sector are in fact
gauge invariant — see the next subsection.

Since the tensor sector equations are all identical we can consider only one tensor
perturbation, which we will take to be h,.. Furthermore since the vector sector consists of
identical sets of coupled equations for each value of a we can also consider only one copy
of those, which we shall take along the z direction, so we perturb A, by, hyy and a,. In



the scalar sector we need all 11 perturbations, but instead of h,, and h we use different

linear combinations.

The perturbations we take are:

hu  1/2hgy ik O
1/2hey  hpp ik hyg O
ikhig ikhyg hgg O

o o o o O
-~
=
>
]
N

Sgu=| 0 0 0 hy, O hy: | e*e
: 0 0 (3.2)
0 0 0 0O 0 - 0
htz hrz lkhxz hyz 0 0 hzz
5‘4#: (at7a7"7 ikadfa 07 et 07 aZ) eik$7
36 = e,

where each function now depends on (¢,7), and we further rewrite:

(hy — (n—1)k*h_) ,

hxm =

SI—3-

hyy =+ =h.. = — (hy +k*h_) .

This particular convention comes from the decomposition into scalar, vector and tensor
components for general maximally symmetric topologies that we do in appendix A, taking

the planar case.

3.2 (Gauge invariant fluctuations

We can now use gauge transformations to simplify this further.

We do an infinitesimal coordinate transformation x# — z# + &* and an infinitesimal
gauge transformation 4, — A, + VA, where {# and A are arbitrary functions of (t,r). If
we keep the background fields invariant, the perturbations have to transform as,

5g;w - 6guu - V& — Vi,
514” — 514” + VA — éyv,,Au — A,,Vug” , (3.3)
0p — 0 —E"V0,0.



Now we further decompose the fluctuations into gauge-independent and gauge-
dependent ones. We find the following set of gauge-independent combinations:

helicity 2:

byz = hyz )
helicity 1:

Bez = hez — Othys s

!

S
[]rz = hTZ - 8rhmz + 27h$z 9

S
a; =0z,
helicity 0:
2 f 2
bt = hyt — 20¢hge + O h— + ZnSS’(h+ +kh-),
f ' ¢ 2
ht'f = htr - Qarhtm + 8t8rh— + 27htz - Tath— - nfSSlat(h+ +k h_) ’ (34)
_ ¢? 2
brr —hrr nfS,Sgr(h—l—'i_k h—)
(2 ! / C2 /2 2
+ (WSQS,(Sf +2f5") *77”2]05,2@5 ) (hy +k°h-),
_ 1 s’ ¢? 2
[]rz = Npg — ia'rh— + gh— - 2?’LfSS, (h—i- +k h—) )
a/
ar = ag — 8tax - m(h_t,_ + k2h_) R
a’ a
a, = a, — Oray + ﬁath, — — Ny,
p=p- i(fu +k°h_)
2nSS’ ’

Note here that although K does not appear in these expressions, these are the correct
expressions for any K. Although these expressions are independent of K, the definition of
the components through eq. (3.2) does need to be modified, see appendix A.

Note the structure of these definitions. The gauge invariants are formed by some
subset of the components, “dressed” with the other components and their derivatives to
make them gauge invariant. In the tensor sector this is trivial. If we demand this structure
and that the coefficients are known algebraically in terms of the background, this choice
of gauge invariants is unique in the vector sector. In the scalar sector there is however
another choice. The one we have chosen is the Detweiler gauge [22, 23]. Instead one could
have chosen the Regge-Wheeler gauge, where h, is taken as the basis for a gauge invariant
instead of h,,. We find the Detweiler gauge simpler to work with, however we note that
since the master equations are gauge invariant, it actually does not matter for the final
potentials. Intermediate results in the Regge-Wheeler gauge are discussed in appendix D.

When these gauge invariants are substituted into the perturbation equations, the re-
maining non-gauge-invariant “dressing” components (h,, in the vector sector and hy,, hy



S
h h’“’ Au 2
btta btm hrra brz A, Ay o
hi (Et)7 h+ (§T)7 h_ (€x> Ay ()\) _
0 0 0
0 o} o | ol
htm brz
a
ha- (€2) -
1 1
1 (I)g ) (I)g ) B
By=
2 o5 ; }

Table 2. Decoupling of sectors into gauge-independent components. For each sector and each field
we list first the gauge-invariant components, then in the line below the gauge-dependent ones and
behind them in brackets the gauge parameter that can be used to set it to zero. The bottom line
is the master scalar of that field in that sector.

and a, in the scalar sector) automatically drop out. Instead of using the gauge invariant
components one may use the gauge freedom to set these components to zero, fixing the
gauge. We stress that fixing the gauge, to Regge-Wheeler or Detweiler gauge, is completely
equivalent to working with gauge-invariant variables.

This step, and the next, are summarized in table 2.

3.3 Master equations

The former two steps, the decoupling of independent sectors and the decoupling of gauge-
dependent modes, are quite standard and technically simple, and it is no surprise that this
can be done. The final step from the gauge invariant fluctuations to the master scalars is
technically more difficult, and here it is also not clear why the equations can be written in
the simple form that we will see.

Conceptually however this step is also very simple. We assume that we can express all
the fluctuations at a given spin and helicity into a single so-called “master scalar”, which
satisfies a Klein-Gordon equation with a certain potential. We make an ansatz for the coeffi-
cients relating the gauge-invariant components to the master scalars, and for the potentials.
Then we insert this ansatz into the perturbation equations and try to find a solution.

Around a vacuum solution, where the gauge field and scalar are zero in the background
and only consist of the fluctuations, the different spins also decouple. So for a given helicity

and spin (h, s) we can express all the fluctuations in terms of a single master scalar @gh)

that satisfies a Klein-Gordon equation with a potential WS(Z)

The coefficients and potentials in the ansatz are found by plugging the ansatz into
the perturbation equations, and using the background equations (2.4) and the master
equations (1.1) (which involve the as yet unknown potentials) to simplify. In each equation
every coefficient of the master scalar and its derivatives must individually vanish, provided

the master equations have been imposed. This system of equations is such that for a



given helicity and spin one has to solve a single simple first order ODE, that can be solved
analytically. This gives one integration constant for each spin and helicity, corresponding to
an arbitrary normalization of the master scalar. The rest of the equations are algebraic and
can easily be solved, although in practice it can be rather difficult even with Mathematica.

What changes when there is a gauge field and/or scalar field in the background, is
that now the (ril)aster scalars in a given sector couple through the non-derivative interaction
,8

potentials W ;. Remarkably, and non-trivially, these interaction potentials can be made

S
symmetric through a choice of the aforementioned integration constants. This leaves one
free integration constant per sector, that does not affect the potentials but just scales all
the master equations by the same constant. In order to get the master equations in this
form, the gauge-invariants also have to receive contributions from the other master scalars
at different spins.

We will now look at the results of this procedure sector by sector.

3.3.1 Tensor sector

In the tensor sector, only present for n > 2, nothing changes with respect to the vacuum
case. The fluctuation is proportional to the master scalar as,

by. = S20Y (3.5)
and the master scalar satisfies a free Klein-Gordon equation,
2 k?
W@ (r) = = (3.6)

Note that this single term comes simply from the Laplacian acting on a scalar eigenfunction,
meaning that tensor modes satisfy a free, massless scalar field equation.

3.3.2 Vector sector

The vector sector, which is present only for n > 1, is still quite simple and similar to the
vacuum case, in that there is no mixing between different fields at the level of the master

scalars,
n fSS’ (1) 1 fS2 (1)
L= T2 M 2 TP )

= Bt o
1¢S%, )

e =07 p O (3.1)
19

a, = %7¢§ ) 5

where we have defined k = VA2 — nK and we have chosen an overall normalization of the
master scalars to reflect the singularity of the zero momentum, or in spherical setting [ = 1,
limits, see appendix B.1.

However as mentioned we get two equations which are coupled through the potential

1 1
e _ (Wi Wi (3.8)
Wi wis)

) )

matrix,

,10,



where

(1) ]{72 f/S/ K f51/2 Za/2 fn¢/2 1 Z/

= — — —92 — — — —

Mi=g-ast-ae gz)t @ "0@ ez
Z/2 f¢/2 Z/ f5/¢/ f¢/22/,

724 7z (28 22z

(3.9)
/
W) = —Vk2 - nKﬁ“ ,
(1) - ]{?2 flsl f5/2 K f¢/2
WQ,Q(T)—SQ—H(CQS—@SQJFSQ +n o
and
V(r) = =203V +d?7". (3.10)

Note that as expected, when the background gauge field vanishes, the equations decouple.
Also note that the factor VA2 — nK in the interaction potential. In the planar case this
becomes simply k, and the equations decouple in the zero momentum limit. In the spherical
case this factor becomes equal to /(I — 1)(I + n), so that the equations again decouple if
I = 1. This makes sense too, because at [ = 1 there are no dynamical degrees of freedom
in the metric, only in the gauge field.

3.3.3 Scalar sector

Here it gets significantly more complicated, and we present the gauge invariants in ap-
pendix C. These are expressed in terms of three master scalars (I)go)’ <I>§O) and <I>(()0), which
in vacuum would correspond to the gravitational, gauge field and scalar fluctuations re-
spectively. In the general case however, both the metric and the gauge field fluctuations
receive contributions from all three master scalars, while the scalar field gets a contribution
from the gravitational master scalar in addition to its own.

These three master scalars again satisfy the coupled Klein-Gordon equations (1.1) with
the potential matrix,

0
Wé,f)) Woi Woa
wO = w w wi| . (3.11)
0 0 0
ity il wih



The three diagonal potentials are,

(0) K ¢ Sl / 472 (1.2
Woo(r) = o5 + D22 | o A+ FDSVY +2nf¢' (FP +4C*k* (k* — (n — 1)K))
1
+20FD' (S + (n— 2>fS’)> ~ e (V' —2a%2%/2)
2 VA 12
Wil = % * b (nQS PF(Sf = 2(n—1)fS) + 2fn*S*Za”S"

+4f¢% (nS™ ((2n — 3)k* — n(n — 1)K) + k*nS?¢"%) + 4§4k4)

1 A 1SS 7 2 ot S 7' o
L2 2V+f(n 2) ¢ T ;ﬁ L 2nf 2¢a (3.12)
Z \&n¢ 28 2 DC
B (n—1) (nf/S’ — fnS¢’2) 3f7242
(?ns ac2z2
2 —
W) = G+ s (4"2 (K —nK) fS5%a28"” - 8n¢'k'K

+ 80?524k (k* — nK)
+ 20282 F (Sf (2k* —nK) +2fS" ((n — 2)k* — n(n — 1)K))

+8¢ (nS' (fS" (k* —n(n —2)k*K +n*(n — 1)K?) — k4Sf’))> :

where we have further defined,
(3.13)

and where again primes indicate radial derivatives except when acting on V', Z or )V, where
they indicate a derivative with respect to ¢.

— 12 —



The three interaction potentials are,

B kvZd
V2D

271

D27z
(A+DSV + +20DSf¢"% 7' | Z

W) = S

+dnf¢ (P—n(n—1)S2F —2¢*S (1 —2n)k*+n(n— 1)K))> ,

vn—1

x <A+DSV+4nf¢’ (P+2¢%ns’ (k2_<n_1>K))) , (3.14)

(v/nSD?
+4f¢* (nS”? (K*(n—2) — K (n—1)n) +k*nS?¢)

— /
W) = vVk? T Y2V 1VZa (2 282 Za?S? +n2S 'SP F

Z/
+D fnSS’qﬁ'? + 4&1#) ,

We note again that if either the scalar or the gauge field vanish on the background,
their respective master scalars decouple from the rest. Furthermore at zero momentum in
the planar case, all equations decouple.

3.4 Full decoupling

The final master equations are a single decoupled equation for the tensor sector, two coupled
equations for the vector sector and three coupled equations for the scalar sector.

We would like to be able to decouple the vector and scalar sector further to fully
decoupled equations. If this is possible, the decoupled potentials would be the eigenvalues

of the potential matrix,
wi 1 w4 w 1)) 2 w 2

However, it is only possible to decouple the equations in this way if the eigenvectors

of the potential matrix do not depend on r. Computing the eigenvalues and taking the
r-derivative, one finds that the equations can be decoupled under the condition that:

0,108 (W) = d.1og (WY - wfY) (3.16)
More simply, they can be decoupled if
(1) (1)
Wy — W.
% = const. , (3.17)
Wis

and in that case, the r-dependence in the square root in the eigenvalues factors out, leaving
a square root only of constants.
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In the sound channel the algebra is a bit more complicated, with the decoupled poten-
tials being the following eigenvalues of the potential matrix (if it can be decoupled):

1 T2+3U , C
0) _ = Loy 1
W, 3(T+a C +a>, (3.18)
where ¢ are the three roots of 0% = 2, and
T =t <W(O)) ,
U=1(u (W(O))2 NE
2 )

D = det (W<0>) , (3.19)

C= (21D +27° +9TU +R)"*

R = (27D +2T° + 9TU)" — 4 (T% + 3u2)3)1/2

Again this decoupling can only be done when the eigenvectors are constant, we have
however not been able to derive a simple criterion such as eq. (3.17) in this case.
3.5 Comparison to Kodama-Ishibashi

To compare with the results of Kodama and Ishibashi [8] for Reissner-Nordstrom we turn
off the scalar field,

o(r)=0, V(p)=0, Z(¢)=1, (3:20)
and we insert the Reissner-Nordstrom solution,
((r)=1,
S(r)=r,
/2 i, (3.21)
CL(T) - n—1 QT )
2
f(r)y=K —x? - 2M @

rn—1 r2n—2 :

From the decoupling condition eq. (3.17) we see by inserting this background that the
equations can be decoupled:

Wl(,ll) - W2(,12) _ 1 (TL2 _ 1) (K — A+ Q2) (3 22)
wiy VEZ = Kn/2n(n—1) Q ’ '

and since we’ve set the scalar to zero the scalar sector also has only two equations, so we
can apply the same criterion and find:

Wfﬂ)—Wéf’r}_ 1 n+1(K-\+@Q?
w®  VE2—Kn 2 Q '

(3.23)
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So the equations can indeed be fully decoupled and the resulting potentials are the
eigenvalues of our potential matrices.

In order to compare these with KI we first have to transform them to the Schrodinger
form,

n S
4 82¢2

(2Sf' + (n—2) 1S —”JTS”JrnfSH)n. (3.24)

VS(T):W(T)+< 9 C3 S 2C2 S

We will see how this arises in the next section, and note that this redefinition drops out in
the condition of eq. (3.17).

Computing the eigenvalues, which we shall call W from these potential matrices in
Schrédinger form, we obtain for the tensor sector:

~ 1
2) _ 2 (47.2 _ _ 2 2, n+l _ 2 2
W = 120D (r*" (4k% + K(n — 2)n — An(n + 2)r?) + 2Mn°r"™"' + (2 = 3n)nQ*r?) ,
(3.25)
which agrees with eq. (3.7) in [8] (with A\, = k% + 2(n — 1)K).
In the vector sector we obtain the two eigenvalues:
~ 1
WA = 2720 (320 (42 4 (n — 2 (K — Ar?))
AW (3.26)

2 n+1 2.2
—2M (n? +2) 7™ 4 n(5n — 2)Q r)jzr(m_l),

AWM = /(n2 =1)2M2 + 2n(n — 1) (k2 — nK)Q?,

which agrees with eq. (4.38) in [8] (with ky = k? — K).
Finally in the scalar sector we obtain two significantly more complicated eigenvalues:
W = Wi (r) £ AOW (),
AO = \/(n2 —1)2M2 4 4(n — 1)2(k2 — nK)Q2,

(3.27)

with Wl(OQ) functions too long to reproduce here.
This again agrees with KI, eq. (5.61)—(5.63), although superficially they appear very
different, in particular the structure of eq. (3.27) is not visible in [8].

4 Stability

If we define @gh)(t,r) = e_wS(r)_”/Q\I'gh)(r), and evaluate eq. (1.1) in Eddington-
Finkelstein coordinates (2.5), we obtain the following Schrédinger-like equation,

X =0, (fmz(r)> — 9%wd, U (r) — CVe(r)B(r) = 0, (A1)

¢
where for simplicity we drop s indices and h labels, but W is still a vector with 1, 2
or 3 components for the tensor, vector and scalar channel respectively, and Vg is the
corresponding Schrodinger potential matrix, that is related to the original potential W in
eq. (1.1) as in eq. (3.24).
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From the Schrédinger-like equation (4.1) it is possible to derive a sufficient, but not
necessary, condition for linear stability of the corresponding fluctuation [24]. We review
the argument here.

Start by defining the vanishing integral,

o0 _ o0 _ f _ _
= —/ vX = / (—\IJZ?T <8T\II> + 21wV o, ¥ + C\IJVS\II> . (4.2)
Th Th C
By partial integration, this can be written as

I= / <J£\a,,\m2 + 2000, + c@vw) - ]g\i/arqugz . (4.3)
Th

Provided W is regular at the horizon and dies off sufficiently fast at infinity, which are
exactly the conditions for quasinormal modes, the boundary term vanishes.
From the above we obtain,

Im(l) =0= /OO (w¥O, ¥ + 0Vo, V) , (4.4)

Th
where we have used that W, and thus V, is a real and symmetric matrix.
Now integrating the last term by parts we get

(w— @) /OO 0,0 = &|U(rp) |2 — @|T(00)[?, (4.5)

Th
where the last term vanishes again assuming that W dies off sufficiently fast.
Inserting this into I we finally obtain:

o) 2
7= [ (oo + covew) =~ jap. (16)

From this we see that wy is negative, meaning the perturbation is stable, if and only if
the integral J is positive. Since we do not know W(r), this is not directly useful. However
a sufficient condition is that the eigenvalues of V' are positive everywhere outside of the
black hole.

We stress that it is not required that although in practice it helps if the equations can
be further decoupled, it is not necessary for this argument. The only requirement is that
the potential matrix be symmetric (or more generally Hermitian), which it explicitly is for
any theory within our setup.

4.1 S-deformation

We can get something more by transforming the integral with what is called an S-
deformation [8].
For some arbitrary, possibly matrix valued, function S, define

= ¢
= 81“ 757
D 5
Vs =Vs+ 2 (S’ — §52> : (4.7)

J

/Oo dr (§|D\11|2 + cfof/S\p> .
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Provided the boundary term S|¥|?|?° vanishes and S is real and symmetric, or more
generally a Hermitian matrix, J = J.

So if we can find any S-deformation that makes the deformed potential positive every-
where, the corresponding perturbation is stable.

In practice, if the system can be decoupled it is usually easier to first decouple and
then find an S-deformation for the decoupled potentials. However, it is also possible,
and indeed if they do not decouple the only way, to deform the potential matrix with a
Hermitian matrix &, and then try to show positivity of the eigenvalues of the deformed
potential matrix.

This was used in [25] to prove stability of Reissner-Nordstrém black holes. If an
analytic S-deformation cannot be found one can also look for a numerical S-deformation
that is regular and makes the transformed potential vanish [26].

In the following sections we find analytic S-deformations to prove stability for various
specific cases.

4.2 Stability of tensor perturbations

The tensor perturbations are the simplest of all, having a potential W@ that comes only
from the eigenvalue of the Laplacian, with the additional contribution of eq. (3.24).
We can deform this with the S-deformation

/
(2 _ _nfS 4
8 2 CS Y ( '8)
to obtain the manifestly positive deformed potential:
- (9 k?
&) — @ (4.9)

Hence the tensor modes are always stable.

4.3 Stability of vector perturbations in Einstein-scalar theory

The vector sector is already significantly more complicated and we cannot prove stability
in general.

However for specific cases we can, and curiously in the cases where it can be done, it
can be done with the same simple S-deformation:

n fS'
S = I 4.10
55 (4.10)
the negative of the tensor one.

In particular if we turn off the gauge field, leaving just Einstein-scalar theory with
an arbitrary potential, we are left with a single decoupled equation and the rather simple
potential W2(712). The modified potential becomes,

2
- 1)  k*—nK

This is manifestly positive for K = 0 and —1, and in the spherical case k? = [(I4+n—1),

so the numerator becomes (I — 1)(I + n), also manifestly positive since in the vector sector

[ >1.
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4.4 Stability of vector perturbations of the GMGHS black hole

We now turn to a more involved application that has all the fields in our ansatz, an
asymptotically flat charged black hole with a dilaton in 3+1 dimensions, which minimizes
the action given by our ansatz (2.1), with

n=2,
V(qiz N (4.12)
Z(¢) = 4e77,

where « is a free parameter corresponding to the dilaton coupling. For o = 0 this reduces
to the usual Reissner-Nordstrém action, while for a = 1 this is the low energy effective
action obtained from heterotic string theory.

The solution is given by [18, 19],

((r)=1,

S(r)y=r <1 - r‘) e (4.13)
oy = SRR

A=\ +a2r’

where Ry > R_ are the horizon and singularity respectively, in which the charge and mass

2
can be expressed as: 2M = R, + %R, and Q? = ?152_

For this solution, the master equations can be completely decoupled. Indeed this was

already noted in [27], where stability was also argued for by numerical inspection of the
decoupled potentials for several parameter values, although without analytical proof. Per-
turbations of this background were also analysed in the small charge approximation in [28].

Here we can prove stability analytically in the vector sector with the same S-
deformation of eq. (4.10), and the process is only slightly more involved. The deformed
potential takes the form,

7 _ (1— Rf/r)ﬁ

S+~ 9 (r—R.)? <2R_ (L1401 (3401)) +30R+ 201 (34 0l) (0r + 6R) = A

n 4R_
L+n2)"

_1601(01 +3) (9> + 1) R_(6R + R_) + (30R (n* + 1) +2 (> + 3) R-)”
- (? +1)*

(4.14)

where

A? . (4.15)
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and to be able to more easily show positivity we have defined the manifestly positive, or
at least non-negative, quantities:

0R=Ry — R_,
or=r—Ry, (4.16)
ol=101-1.
Now in fféi) every symbol is positive, and there are no minus signs in the expression,

so this is manifestly positive.

(1)

To show the same for V/, we have to show that A is smaller than the sum of the other

terms in the expression. Or equivalently, we can show that A? is smaller than the square
of the sum of the remaining terms. Simply writing this out using the same definitions as
above, this is immediately seen to be true.

In the scalar channel the equations can also be decoupled. However the resulting
potentials are very complicated and we have not been able to do a similar analytic stability

proof in this case.

5 Discussion

We have reduced the problem of linear fluctuations in Einstein-Maxwell-scalar theories with
maximally symmetric horizons to a small set of master scalars, one for each graviton po-
larization, in which everything can be expressed analytically. The equations fall into three
sectors, tensor, vector and scalar, consisting of respectively a single decoupled equations
and 2 and 3 coupled equations.

Although the potentials in the resulting master equations are rather complicated, the
form is conceptually very simple. In fact it is not clear to us why we could obtain such a
simple form, in particular with symmetric potential matrices in the coupled equations.

Furthermore, in several cases, such as Reissner-Nordstrom and the GMGHS black hole
of [18, 19], the coupled equations can be decoupled further into fully decoupled equations.
However there also exist analytic solutions, such as the asymptotically Lifshitz black brane
of [20], where this cannot be done. It is not clear to us on a general level what distinguishes
these theories.

The symmetry of the potential matrices allows one to derive a sufficient condition for
stability, and the full decoupling makes it simpler to apply.

Furthermore our way of deriving the master equations is conceptually very simple and
we believe would be rather simple to generalize to for instance other matter content. One
simply has to find an ansatz which is sufficiently, but not too, general and ask Mathematica
nicely to solve it for you.

We expect that our results can be straightforwardly generalized to include also time-
dependence in the background, as was done in [8, 12, 21]

Finally we wish to comment on the differences with the Kovtun-Starinets (KS) ap-
proach [29] to solve fluctuation equations for black-branes, a widely used approach in holog-
raphy. In appendix E we go into more detail. Instead of expressing all gauge-invariants
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in terms of a master scalar, KS single out one gauge-invariant, b, and decouple its equa-
tion from the others. We believe that the Kodama-Ishibashi approach that we follow has
several advantages. On a more conceptual level, one explicitly solves all the equations of
motion by solving the master scalar equations, and one can reconstruct analytically all of
the components of the metric and the matter fields. Furthermore the master equations one
obtains are covariant. On a practical, numerical, level, we find that the master equations
are more accurate in finding the quasinormal modes in several ways. We discuss this in
appendix E, along with a quantitative comparison.

In holographic studies a full quasinormal mode analysis is often lacking, especially in
the most complicated sound channel. We hope that this work simplifies this sufficiently
to make such a complete analysis more accessible and thus more common. The master
equations are available in Mathematica notebook form upon request to the authors.
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A Spherical case

A convenient way to parametrize all three n-dimensional maximally symmetric spaces at
once is as X = (x1 =z, 29 = y,23,...,Tp_1, Ty = z) and

dX(Zl) = dz?,
1
dX? = ——— _dz? . 1— K22 . ;) dXx?
(7) (1 _ K(li%_i+1) Tp—it1 + ( xn—z—i—l) (i—1)

(A1)

where i = 2,...,n and
+1 spherical

K=<¢ 0 planar . (A.2)
—1 hyperbolic

The difficult part of the spherical case with respect to the planar is the decomposition
into the three sectors. That is, to find an ansatz for the fluctuations analogous to eq. (3.2),
in such a way that the decomposition given in table 1 still applies. Note that the very simple
ansatz in the planar case no longer suffices because under a rotation components get mixed.

Once such an ansatz has been found, everything else goes through in exactly the same
manner, so here we discuss this ansatz.

— 20 —



To find this ansatz we follow the treatment of the harmonics on maximally symmetric
spaces in appendix B of [30].

The basic ingredient for constructing the different components is of course the scalar
eigenfunction S of the Laplacian on the maximally symmetric space D?, with eigenvalue k2,

D?S +k*S=0. (A.3)
We can choose S that depends only on z, and the equation becomes
(1- K.%‘2) S"(z) = nKzS'(z) — k*S(z), (A.4)

with k2 = (I +n — 1).
With this we can immediately write the (¢,7) part of the fluctuations as (a,b € {t,7})

hee  1/2hy,
0Gab = S(x), A5
Gab (1/2ht7~ Iy > ( ) ( )

this piece can remain unchanged apart from the change of the scalar eigenfunction S(z).
Any vector can be decomposed into a longitudinal and transverse part,

V=V,+Vp,
D'Vr,; =0, (A.6)
VL,i == 815 .

For the longitudinal part we already have an explicit expression in terms of S, and
furthermore since .S depends only on x it reduces to a single component. This will also
contribute to the scalar sector and can be used to express h;, and h..

The transverse part will contribute to the vector sector and is not readily expressible in
terms of the scalar S. It must however satisfy the equation (as does the longitudinal part),

D*Vr+ (K* —K)Vr =0, (A.7)

with a shifted eigenvalue.
As in the planar case there are n—1 solutions, but it suffices to find a single one, since by
symmetry all should satisfy the same equations. The simplest solution to this equation is,

Vrn = Sv(z), Vi =0(i #n),

A8
(1 - K2?) S} (z) = (n — 2)KzS}, () — (k* + (n — 2)K) Sy (z). (A8)

Note that we had to choose the last component to be nonzero in order to avoid explicit
dependence on the other coordinates on the sphere.

With these we can express the ai part of the metric fluctuations, where a € {t,r} and
1 goes over the remaining coordinates, as,

(th%x)O...OthV@ﬂ>
5gai =

= (A.9)
hyS'(2) 0 ... 0 hy, Sy ()
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and any symmetric tensor can be decomposed into a transverse, traceless and symmetric
part, a longitudinal part and a trace part,

T=Trr+1,+ 17,

Tr;; = SQ;,

Tyi; = DiVj + D;Vi, (A.10)
D'Trp;; =0,

Tir; =0.

So we already have explicit expressions for the trace and longitudinal part. The former
contributes to the scalar sector through h,, and the latter comes in two parts since for the
vector it’s built on we can take the longitudinal or transverse vector. It is more convenient
to redefine these as:

Trrij = DiVry + DjVr,,

2 (A.11)
TLL,ij = DiVLJ‘ -+ DjVL7i — ED VL,inj .

Here T will contribute to the vector sector through h,., and T will contribute to the
scalar sector through h_.
The transverse traceless part must satisfy the equation (as do the other components),

D*Trr + (k* — 2K) Trr =0, (A.12)

Again it suffices to find a single solution to this equation, which we have found to be,

n—2

Trrye = (1 Ky?) "0/ (Hu—m?)) Sr(x), Tri=0((i.j) # (1.2)),
1=2
$2
(1-K2?) S (z) = (n—4)KzSp(z) — (k2+2K (1—(n—4)1i{$2>> Sr(z).  (A.13)

This component is in the tensor sector.

Summarizing, the full metric perturbation we do is,
8w = <httdt2 + hypdtdr + hypdr® + %m Q;jda’ da? ) S +2 (hizdtdz + hyydrdz) S'(z)
+2 (hyodtdz + hy.drdz) Sy + <;hTLm +ha:Trr +hszTT,ij> dr'dz?, (A.14)
and this reduces exactly to eq. (3.2) when K = 0.

B Special cases

In this appendix we discuss the special cases, which are [ = 1 and [ = 0 in the spherical
case and k£ = 0 in the planar case. Although these cases are special, at the end of the day
if one is interested in the quasinormal mode spectrum, one can use the potentials derived
for the general case here as well.
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B.1 Spherical I = 1 in vector sector

In the following derivation, we follow [31]. For | = 1, there is no h;, in the harmonic
decomposition, therefore h;, and b, defined in (3.4) are not gauge invariant anymore. We
can fix the gauge to set h,, = 0. Then, from equations F;, = 0 and F,, = 0, we find:

R Zd () ¢
oo () = VEap
n+2
0. = 2 W
N/
c1 being an arbitrary constant. @gl) fulfils an inhomogeneous wave equation:
Z !/
D6 - wial) — o Y20 5.2

C5n+1 ’

where potential Wﬁ is given by (3.12) with K = 1 and k = \/n (I = 1). The interpretation
of (B.2) is the following: particular (stationary) solutions contribute to the angular mo-
mentum of the black hole (e.g. to linearised Kerr-Newman black hole in 3+1 dimensions),

whereas the homogeneous solution is the dynamical degree of freedom of an electromagnetic
field.

B.2 Spherical Il = 0 and Il = 1 in scalar sector

At 1 = 0 (with K = 1, so k = 0) the only dynamical degree of freedom is in the scalar
field. Naively plugging this in into our potentials, one sees that now the interaction terms
between the scalar master scalar and the others, Wé’ol) and Wo(,02) vanish. So one is left with
a decoupled master equation for the only physical degree of freedom which is in the scalar
field, and the potential is simply the one we found, WO(%), which is perfectly regular for £ = 0.

To obtain this result, we firstly use the fact that for [ = 0 there are no hyy, hyyy h—
and a, components of perturbations and no £, gauge vector component. Gauge invariants
defined for k? > n do not make sense anymore. Instead, we can use &, & and \ to set e.g.
hiry hy and ay to zero. Making such a choice, we are left with four variables: hy, hyy, ar,
. As expected, scalar field is the only dynamical variable in the system:

0
o =o". (B.3)

This master scalar satisfies the wave equation with the potential Wéf)o) of the general case,
with [ = 0 plugged in, but, as well as in the vector | = 1 case, this wave equation is

inhomogeneous:

0(a/2zl o 2g2v/) N o (Sf/ + f(n o 1)s/) d)/ B 0077¢/3
4fC77Sn—15’/ f(S"S’/ CnS"—25’2 ’

oy - wipael” = © (B.4)

co being an arbitrary constant. The other fluctuations can be found from the Einstein
equations directly. In contrary to [ > 2, however, not all of them can be directly expressed
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by a master scalar and it’s derivatives, but integration for hy and a, will be necessary:

3 2 /
coC n 2¢*nS¢ 0

h'r'r = fQSn_]_S, fnS’ 0 »

o (M) _ (SQCV = Z'a —dnf'd) | 2fiPSP¢®  2An—1nfd"\ L)
1o f) 2n.S’ n2572 " ot
(B.5)
26086 g0, 6 (11S%67 = nSf'S' — un—1)5?)
nS’ r=0 fnSnSIQ )
_ @ 1, (020 0SYN o) __codd
Orar = 2f + na < 7z S Py — 2fSn—1g/"

The constant ¢ corresponds to a static perturbation of the zeroth order solution (e.g. to a
shift of mass in the Reissner-Nordstrom background).

The case [ = 1 (with K = 1, so k% = n) is special because since the metric has spin 2,
it does not have any dynamical degrees of freedom with [ = 1. This is the reason that we
see factors of v k2 — nK in the potentials. In particular this factor occurs as a prefactor in
all interaction potentials of the gravitational master scalar with the others, so W1(12), Wé’oz)

and W1(,02)~ So simply plugging in [ = 1 in the potentials we have the master equations
for the scalar and gauge field fluctuations, which do have physical degrees of freedom with
[ =1, and they decouple from the unphysical gravitational degrees of freedom.

To see this more concretely, note that for [ = 1 there is no h_ component (the spherical
harmonic can be explicitly solved in this case to be S(x) = x, and the 17, tensor that
defines h_ is given by second derivatives of this, hence vanishing). This means that the
gauge-invariants of (3.4) are no longer gauge invariant. In particular they transform under
the infinitesimal coordinate transformation component &, as,

/
Lo o,

bee — b + g
2(Sf'S +¢?)

htr — htr + Zataréx - fSS/ 8t§x ’
(285 +4787 —6f5%6) g2 ;
Hrr = brr + 2f2525/2 §x — 7SS -z
(25/2 - 47) (B.6)
hra: — hr:c + Wﬁaz - 7"€I ’
/
0 — g — @fzy
a’a5
arp — ap + - 0ta
f
(b/
=P oot

but are still invariant under the other components.
So we have an extra gauge choice that we are free to make. If we take the simple
& = —SQ<I>go) and plug this into equations (C.1) to (C.5) expressing the gauge-invariants in
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(0)
2

terms of the master scalars, we see that @, completely drops out from all expressions. This

confirms the fact that there are no dynamical degrees of freedom in the metric with [ = 1.

B.3 Planar k=0

Without momentum there is no way to distinguish between what at finite momentum
were different channels, and so by symmetry one expects the physics to be the same in all
channels. This is seen explicitly in the approach of Kovtun and Starinets [29], where the
equations for metric fluctuations become identical in each channel, and those for vector
perturbations become identical to each other as well.

In our results, setting the momentum to zero makes all the equations decouple. How-
ever, the potentials for a given field are not all identical. In particular, the potential for
the metric master scalar in the scalar channel vanishes, but in the vector channel it does
not. The gauge field potentials do not vanish and are not equal to each other either.

This is not what we expect by symmetry, but there is an elegant solution. Defining

Schrédinger-like potentials in Fefferman-Graham or Schwarzschild-like coordinates as,”
d>w 5 -
il (w2 = V) w =0, (B.7)

with 0,, = %&, then if two of these potentials can be written in terms of a single super

potential Wg as
dWyg

dr,

then these two potentials are isospectral, having the same set of quasinormal modes [32, 33|

Vst =W3F + 8, (B.8)

(see also appendix A of [34]).
As expected by symmetry, we can write the zero-momentum potentials in this way:

~ dw,
(Ve)ya(r) = Wip + =22,
- dWs,
(Vo)sa(r) = Wiz = =% (B.9)
n fS'
WS72 - Egi‘s .

Curiously, this super potential is exactly equal to the S-deformation we had to do to show
stability in the vector sector.
Similarly for the gauge field we can write the potentials as,

- dW.

(Ve)in(r) = Wiy + ==

~ (1 dWs 1

(Vo)L (r) = Wi, = = > (B.10)

- __(n_2)fS/ _ngS/Z/_ fSCLIQZ
S1 = 208 20Z  (Sf —2fCS
>This makes Vs = f(r)Vs with Vs defined in eq. (3.24).
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C Scalar sector master scalars

The relation between the gauge invariant fluctuations in the scalar sector and the master
scalars is as follows. For the scalar field and gauge field they are, using k = vk? — nK and
i =/ —1)/n,

kS
= Vel + 500

nik S’
Qoo V28C 0 1 Sia ©)
" k f\F ikk f ’
a = LSL (nS' (K2Sf' + 215" ((n — 2k — n(n — )K)) + 2nk>S>f¢* + 2¢%k*) &)
nkk DnS’
f 2 132 10 (0) , 2V2 (0)
+\]/f (25'Z (nS%aZ+D(n—1))+DS¢'2') &\

Note the factors of 1/n which, here and below, always occur in front of the gravitational
master scalar, indicating the fact that in 3 dimensions there are no dynamical degrees of
freedom in the metric. For n = 1 there is no h_ component and with the same procedure
as in appendix B.2 above we can show that the same potentials apply to this case.

For the metric fluctuations, we can first express by, directly in terms of the others,

4 2n S5’
b = 20400 + 25200 — 22 L oy (€.2)
k k* ¢
The remaining three are as follows,
NG / / N 4 (0) / (0)
by =—255 (\/7745 (St —215") ) +V2ckd \/Z($)D )
k CZ ral 12 122 2 012 Q2 14 2al2 /(7.2 N 2,262 72 (0)
JrﬁW(QSfS <2fS —=C%k )75 1287 44f (<4087 (K —(n—1) K)+-5 K56 ))@2
k 2¢°S . (0 C3
+nﬁl::fn5’arq)2 ’ (C.3)
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1 1
nivkk S'D?
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D Transformations

D.1 Regge-Wheeler gauge invariants for the scalar sector

Firstly, let’s remind slight difference between using Detweiler gauge and using Detweiler
gauge invariants: Detweiler gauge is a certain choice of gauge, where we put all the scalar
sector metric coefficients apart from hy, Ay, Ry, hep to zero, whereas in Detweiler gauge
invariant formulation, we work with f)tt, f]tT, hw, hm, atD , ,P , P, which do not feel gauge
transformations at all (from now superscripts D and RW correspond to Detweiler and
Regge-Wheeler respectively). Importantly, in Detweiler gauge non-zero quantities corre-

spond exactly to Detweiler gauge invariants: hi} = b, hE =P hD =4pD hE =pP aP =

aP,aP = aP oP = pP (compare with (3.4)), analogously for Regge-Wheeler.
Regge-Wheeler (RW) gauge invariants are another set of gauge invariants which can be
build in a way described in 3.2. In principle, we could build them from the beginning, by
“dressing” hy, hir, hpry by, ag, ar, @ with the remaining metric components to make them
gauge invariant. However, RW gauge invariants, as well as any other set of independent
gauge invariants in this sector, must be function of Detweiler gauge invariants. To find this
relation, we use the previous observation, that in the Detweiler gauge non-zero quantities
correspond exactly to Detweiler gauge invariants, the same for RW. It means that it’s suffi-
cient to find the transformation between Detweiler and RW gauge and translate it into rela-
tion between gauge invariants, which reduces to moving from h? = 0 and k2, # 0 to hRW #*
0 and AV = 0. It can be done by acting with a gauge vector ¢* = (0, h,,Dx, 0,. ()) ik,

Finally, the relations between Detweiler and RW gauge invariants read:

ff'

w D D
= btt + ?hrx’

W:th'r‘_Qatbf)xv
hﬁW:h%(%/—f) bl — 20,1, .

¢ f
SS
™~ - LD
QW gD
™ = ol - fc(gbfi-
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D.2 Transformation between Fefferman-Graham and Eddington-Finkelstein
coordinates

Potentials in master equations (1.1) have the same form for both Fefferman-Graham (FG),
or Schwarzschild-like, and Eddington-Finkelstein (EF) coordinates. The difference in equa-
tions appears only in the form of laplacian — for numerical purposes it’s probably more
useful to use EF coordinates, since master equations involve only first time derivatives then.

How to express Detweiler gauge invariants in EF coordinates in terms of Detweiler
gauge invariants in FG coordinates? (Again, these are distinct quantities related by some
functions). Let’s start with linear metric and gauge vector perturbations, which transform

as:
Wit = LoLhLS 0.2)
alT' = Igal®,
where
1-%0
(LH=101 0 |- (D.3)
00 1,

Since we already know how to express h,, and a, by Detweiler gauge invariants, we can
use the transformation rule (D.2) to express bfl}EF and aD EE by hD FC and a,’ FG For
vector sector it reads (we need to add another superscripts: F'G or EF and in vector sector
we can omit D and RW, since they are the same):

— bf;G
¢
hEF = plc — ?hf;G, (D.4)
aBF — oFC

and for scalar sector:

D,EF _ ,D,FG
htt - htt

)

D,EF D FG oG .DFG
htr - -2 h

f )
2

pDEF _ pDFG _ < DFG <C) D,FG

f tr f tt ’ (D5)
hD JEF bD JFG ,
atD,EF _ a? FG
(DEF _ (D.FG ¢ pFa
a, =aq, — =a, .

S

. . . . RW,EF
RW gauge invariants transform analogously as (D.5), with one difference: h =

RW,FG.
by

To fully move to EF coordinates, namely to express hEI}EF in terms of master scalars
like we did for FG coordinates ((C.1)—(C.5)), one should transform derivatives as well:
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Oy — 0O, Op — O + %at. For example, gauge invariants in EF coordinates in vector sector,
express by master scalars in the following way:

EF _ fSS/ fS
F 1275 8!
i ¢ q
1 (1) 2 (1)
gF - ”fsg D, n IS ({27@2 + 520@51) : D.6)
hEF = —529,0") — nSs'ay)
S

afF = /12 —nk oV

VZ

Having transformation rules from this paragraph and from (D.1) one can move
from ((3.7), (C.1)-(C.5)) to the desired gauge and coordinate system without perform-
ing calculations from the beginning.

E Quasinormal modes of AdS planar black holes

In this appendix we derive master scalar wave equations for gravitational black brane
perturbations in our approach. To ease the comparison with the Kovtun-Starinets (KS)
approach [29], widely used in holography, we stick in this section to KS notation and discuss
in detail the scalar (sound in KS terminology) sector of perturbations. The background
line element, eq. (KS-4.2), reads

ds* = a(u) (—f(u)alt2 + dz? + dy? + sz) + b(u)du?, (E.1)
with
r 2 2
a(u) = ( O/UR) and b(u) = 4u5f(u)’ (E.2)

where w is the AdS bulk variable (with the planar black hole horizon located at u = 1
and AdS boundary at u = 0), f(u) = 1 — u?, R is the AdS radius and rq is related
to black hole temperature: T = rq/(7mR?). We take gravitational fluctuations in the
form hy, (t,u, 2) = hy,(t,u)e’®. Under a gauge transformation induced by a gauge vector
Eut,u, z) = &,(t,u)e'? these fluctuations transform as

huy — h 72 ufl/ - vygu . (ES)

There are seven components of /1, that enter linearized Einstein equations in the KS sound
sector, namely A, hiy, hoyus Pz, hiz, hez, and b = by + by, and out of them four gauge
invariant characteristics of fluctuations can be constructed. The Detweiler gauge invariants
(i.e. gauge invariants obtained by dressing hyt, hey, hyy, and hy, with linear combinations
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of hyy, h,,, and h and their derivatives) read:

}.Ltz hzz

f’(u)> h+ %htz + 2—2 — q—Q , (E.4)

a(u)

a'(u

but = o + = <f(u) +

(S S (o (1))

* 2 (o) * 70 ) *4(112” %hlzz ()
= s~ A LB, (E5)
o = = gyt (5] + dgaer) g 2 =0

(and by corresponds to KS Zs, cf. eq. (KS-3.12)). Indeed, it can be easily checked that
the above expressions are gauge invariant, and moreover when (E.4)-(E.7) are solved for
hity huw, hiw, and h,. and these solutions are substituted into Einstein equations E,,, :=
R, + %gw = 0, all gauge dependent terms drop out at linear order and the linearized
equations read:

3 2_1 2R2 RZ
Ep,= U(22 )huu+ o0 2 btu+lq2 2 buz+0(h2 ):O (ES)
EtZ:2iq(u2— )u huu—qu(u — )u htu—4zqu btr—Q(u2—1)u26;Z
+0(h2,)=0, (E.9)
_ Ru . 2u(u®-2) , PR 4(2ut—4u?+1)
Euu - 27“(2) (u2 - 1) huu+ R2 buu + 27% + R2 (u2 ) []uu
_|_R (2u — )f) R’u [')/ B R*u " R2( ) b,
212 R ) 2w ) 2 (w2 1)
R2u(u2—3) iqR*u,,  iqR* (2u - )
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(q2R4u+ 27“(2) (u2 + 1))

—ub+ 22 (a2—1) ber —4iq (u? —1) b, —2iq (3u®+1) uby,.
+0 (k) =0, (E.13)
ardu? (u? 1)), Sr2u(—2ut+u+1 .
RQ(Ex;r+Eyy):_ TOU (UR4 ) + TOU( ;4 “ )huu+2uhtu
2
1
—uby,+ (Z;l) ber+2iqu (u®—1) by +0O (h2,) =0. (E.14)

Now, we make our ansatz that the gauge invariant characteristics of perturbations are
given in terms of linear combinations of a single master scalar ®(¢, u) satisfying scalar wave
equation on the background solution (E.1), namely

(—~O04+V)®(t,u)e" =0, (E.15)

where [J is the scalar wave operator corresponding to line element (E.1). Plugging such
ansatz into linearized Einstein equations (E.8)—(E.14) one gets uniquely defined formulas,
namely

2
by = m 297 (697 f (u) +6q* +9u” +6q°u’ + (49" —27) u® +27u) (¢, u)
—3uf(u) (297 +3u) (49> +3u’ +3u) 9, @ (t,u) —uf (u) (29% +3u) 0 ®(t,u))]|  (E.16)

o 3uf (u) (20%+3u) 0p P (t,u) +2 (—1292 f (u) +99% +9u® +2q" u) 0, P (t,u)

=11 3u2f (u) (242 + 3u) (E-17)
e 292 (29%u+3) 1
B 2u = 21704 <3u2f(u) (271 30) O(t,u)— Eautﬁ(t,u) (E.18)
o497 [— (497 f(u) —29° —3u®) B(t,u)+uf (u) (202 +3u) 8, D(t,u)]
B =R 3u? f2(u) (2924 3u) (E.19)
and 897 (297 + 3u® + 6¢%u? + 9u)
V—— , (E.20)

R? (292 + 3u)?
where q = ¢/(27T) = qR?/(2r¢), cf. (KS-4.6). Now, from the master scalar wave equa-
tion (E.15) quasinormal modes of the planar black hole can be effectively computed
with [35] algorithm. The key point to be noted is that the scalar wave equation (E.15)
is by definition covariant i.e. once the form of the potential is found in one coordinate
system, for example (E.1) used here, it can be easily transformed (as a scalar) to any other
coordinate system.

Now we compare the KS and KI approaches for doing numerics, where we focus on
the approach of discretizing the QNM equation on a pseudospectral grid and computing
the generalized eigenvalues, an approach first used in gravity in [36], and which is used in
the publicly available package QNMspectral[35].

First, the only time derivatives come from the Laplacian, which in Eddington-
Finkelstein coordinates gives a linear dependence of the equations on the quasinormal mode
frequency. This is of great practical convenience, since it naturally has the form of a gener-
alized eigenvalue equation when discretized. In contrast, the KS approach introduces higher
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o,
+0.7414299655 — 0.2862800072i
+1.733511095 — 1.343007549i
+2.705540 — 2.357062i
+3.689 — 3.364i
+4.7 — 4.4

A lw oo

Table 3. QNMs in sound channel of AdS5-Schwarzschild black brane at momentum q = 1. Full
results are computed using the KI approach, only showing converged digits. Underlined digits are
what is visible at the same numerical accuracy using the KS equation.

orders of the frequency into the equation through the decoupling process, up to fourth order
in the sound channel. In order to turn this equation into a generalized eigenvalue equation
one has to linearize it in the frequency by introducing extra functions w?® and writing it as a
coupled system of equations, effectively increasing the size of the matrix by a factor of four.

Second, from the KS equation one obtains a lot of numerical artifacts near w = £k,
which are approximate solutions of the discretized equation but not physical solutions. In
the KI form these are completely absent.

Finally, at the same level of numerical accuracy the KI equations give much more
accurate results for the physical frequencies, even when disregarding the factor 4 increase
in matrix size due to the higher powers of the frequency.

As a quantitative illustration we compute the QNMs at q¢ = 1 using both equations,
with the package [35]. From the KS approach we use (KS-4.35) with the replacement
Zy(u) = u?(1 — u)"®/2Z,(u), so that the normalizable and ingoing mode is regular at
both endpoints. From the KI approach, we use eq. (E.15) but in Eddington-Finkelstein
coordinates ds? = — f(u)dt? — 2u=2dudt + u=t (dz? + dy® + dz?), with f(u) = u=2(1 —u?).
The potential is simply eq. (E.20) with the replacement u — u?. We also have to rescale
the master scalar as ® = u?®, where now the non-normalizable term goes as ® ~ log(u)
and the normalizable term goes to a constant.

For both we use N = 40 grid points and check for convergence by comparing with the
same computation at N = 50 grid points. so we are comparing the eigenvalues of a 40 x 40
matrix to a 40 x 40 matrix. Illustrating the points made above, the KS computation
takes about 150 ms versus about 10 ms for the KI computation. The KS computation
has many unphysical poles around tv = 41 while the KI has none. Finally we show the
physical modes that are visible with this accuracy in table 3.

A final curiosity is that as one takes the zero-momentum limit in the planar case, one
obtains different potentials for different helicities, even though without any momentum
these can no longer be distinguished. On the other hand in the Kovtun-Starinets formalism
one obtains identical equations independent of the helicity, only of the type of field (metric,
gauge field or scalar). It turns out however that these different potentials actually give rise
to the same spectrum of QNMs (as tested in Reissner-Nordstrém backgrounds in various
dimensions), so the potentials are iso-spectral.
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