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We have studied collective recoil lasing by a cold atomic gas, scattering photons from an incident
laser into many radiation modes in free space. The model consists of a system of classical equations
for the atomic motion of N atoms, where the radiation field has been adiabatically eliminated. We
performed numerical simulations using a molecular dynamics code, Pretty Efficient Parallel Coulomb
Solver or PEPC, to track the trajectories of the atoms. These simulations show the formation of
an atomic density grating and collective enhancement of scattered light, both of which are sensitive
to the shape and orientation of the atomic cloud. In the case of an initially circular cloud, the
dynamical evolution of the cloud shape plays an important role in the development of the density
grating and collective scattering. The ability to use efficient molecular dynamics codes will be a
useful tool for the study of the multimode interaction between light and cold gases.

I. INTRODUCTION : SCATTERING OF LIGHT
BY ATOMS

One of the most basic light-atom interactions is
Rayleigh scattering. When an ensemble of N randomly
distributed, stationary atoms is weakly illuminated by a
laser, the atoms scatter independently and the resultant
scattered field intensity varies as ~ N. For an ensem-
ble of cold atoms which are free to move, the picture
can change drastically due to collective behaviour aris-
ing from the optical forces produced during scattering.
Each atom is affected by the optical field scattered by
the other atoms. Most studies of collective behaviors in-
volving cold and ultracold atoms coupled to light have
involved optical cavities [1], but similar phenomena have
also been observed or predicted involving single feedback
mirrors, optical fibres and simply scattering into vacuum.
These collective behaviors are at the origin of various
self-organization phenomena, e.g. collective cooling [2
4], symmetry breaking and pattern formation [5-13].

Superradiant light scattering was first demonstrated
using a cigar-shaped Bose-Einstein Condensate (BEC)
[14] and later using a cold, thermal gas [15]. In [14], su-
perradiantly scattered light was observed to propagate
along the major axis of the atomic cloud, simultaneous
with the development of a matter-wave/density grating
in the cloud. Some features of this phenomenon have
been described by single-mode/mean field models simi-
lar to that of the Collective Atomic Recoil Laser (CARL)
[16-27]. These mean-field models are appropriate in cer-
tain specific cases where there is a well-defined propaga-
tion axis and consequently, to a good approximation, a
single spatial mode, e.g., in a single-mode cavity or in
a highly elongated sample where the major axis of the
sample defines an ‘end-fire mode’ which dominates the
direction of emission. In general, however, for arbitrary

shapes of atomic ensembles, many spatial modes are in-
volved simultaneously in the collective scattering process.

The computational effort required to model large sys-
tems of atoms in 2D and 3D geometries is significant.
Large, efficient, publicly accessible ‘molecular dynamics’
(MD) codes, which solve dynamical equations of motion
for large collections of particles under the action of var-
ious forces (gravitational, electrostatic, van der Waals),
have become an essential tool in many areas of science,
e.g., plasma physics, astrophysics & computational chem-
istry. Despite the latter fact, to date, MD codes have
not been used in the study of light interacting with cold
atomic gases.

In this work we have simulated collective light scat-
tering from a gas of cold atoms in 2D and 3D, using
a model which describes the positions and velocities of
the atoms. The model has been derived from a mul-
timode theory, where the vacuum radiation modes are
adiabatically eliminated. The result is a set of coupled
N atoms where each atom is subjected to the radia-
tion force exerted by all the other atoms present in the
cloud. The form of the equations in this model makes
them suitable for implementation in MD codes, which
offers the possibility of efficient simulation of multimode
scattering involving very large numbers of atoms by ex-
ploiting methods developed for simulating N-body sys-
tems involving long-range interactions e.g., Barnes-Hut
methods [28]. We use a public MD code, PEPC [29],
to demonstrate that the collective scattering process de-
scribed by our model has similar characteristics to those
observed in [14], i.e., observation of a density grating,
which is responsible for collective enhancement of scat-
tered light intensity. Whereas for ultracold atoms the
grating is observed in momentum space [14], with spacing
hq = h(ko — k) —where hkg and hik are the momentum
of the incident and scattered photon—, here , in contrast,
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the grating is observed in real space, with atoms group-
ing periodically at distances which are multiples of 27 /q.
The model employed to depict the evolution of the cloud
is presented in Section II, along with its implementation
in the MD algorithm. It is possible to see that by using
particular atomic cloud shapes and orientations, different
density grating shapes and scattered light directions are
achieved. These results, for a 2D cloud and for a specific
3D geometry, are presented in Section IITA and IIIB,
respectively.

II. MODEL OF COLLECTIVE SCATTERING

We consider a collection of N two-level atoms driven
by a laser field with frequency wy = cky, propagating
along the z-axis with wave number ky = k¢z and Rabi
frequency Qg = dEy/h, where Ej is the electric field and
d is the atomic dipole. The laser field is far detuned
from the atomic frequency w,, with Ay = wg — w, > T,
being I' = d?kj /2meoh the atomic linewidth. In the far-
detuned limit and for a dilute gas, absorption and multi-
ple scattering can be neglected. In this limit, the incident
light in the mode kg is scattered into the vacuum mode
k. The scattered optical field in the mode k interferes
with the incident mode kg to create a dipole force pro-
portional to the photon momentum transfer hi(ky — k).
When summed over the different vacuum modes, the re-
sulting equations for atomic positions r; and momenta
p; are (see Appendix A):

£ = 22, (1)
. 0\ 2 . sinfko(rjm — zjm)] . cos[ko(Tjm — Zjm)]
p; = Thko (2A00> > {(z B jpy) - — P (()korjm)Q : } : (2)

where M is the atomic mass, rj,, =r; — 1, and £, =
rjm/Tim. Each atom, labelled j, is coupled to all the
other m-atoms (where m # j) by an oscillating force with
components along the direction z of incident field and
the direction t;,, toward the other atoms. Furthermore,
the force has a finite range, consisting of terms which
decrease with distance between the atoms as 1/, or
1/r3,.
The intensity of scattered light in the direction k is

Is(k) :IlN2|M(kvt)|2v (3)

where Iy = (hwol'/8712)(Q0/2A0)? is the single-atom
Rayleigh scattering intensity and

N
1 .
M (k,t) = N E el(kofk)'rj(t) (4)
Jj=1

is the ’optical magnetization’, or ’bunching factor’. It
describes the strength of the density grating formed by
the moving atoms; ranging from zero, when the atomic
positions are uniformly distributed, to unity, when the
atoms are periodically packed into a length less than
27 /lko — k|. These equations generalize the Collective
Atomic Recoil Laser (CARL) model, obtained for atoms
interacting with a single mode in an optical ring cavity
[17], to many modes in vacuum. Here the incident pho-
tons are scattered in the 3D vacuum, and superradiant
scattering occurs along certain directions determined by
the atomic spatial distribution. In particular, for an elon-
gated atomic distribution along the z-axis of the incident

(

field, collective scattering occurs along the backward di-
rection k = —kq.

The present model assumes a scalar radiation field, dis-
regarding polarization effects. This approximation can
result in an inaccurate description of the scattered light
and/or the radiation force among the atoms, particu-
larly in the case of a 3D atomic distribution. However,
a full derivation of the vectorial light model (not pre-
sented here) shows that the scalar light model describes
correctly the long-range contribution—i.e., the first term
of the force in the right-hand side term of Eq.(2)—, for
a pump linearly polarized in a direction perpendicular
to the scattering plane. Differences between the vecto-
rial and scalar light models arise only in the short-range
terms of the radiation force, which are less important
in the collective recoil regime considered here. A de-
tailed study of collective scattering using the vectorial
light model will be the subject of a future publication.

A. Simulation Algorithm

Due to the form of Eqgs.(1) and (2), it is possible to
simulate collective light scattering using a molecular dy-
namics (MD) code. We used the Pretty Efficient Parallel
Coulomb Solver (PEPC) [8], which is commonly used for
simulating N-body systems where the forces involved are
described by an inverse-square law, e.g., Coulomb forces
in plasmas and gravitational forces. In order to model
collective scattering of light by atoms, we implemented
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FIG. 1. Schema of the three different configurations used in
our simulations. a) Elliptical/cigar-shaped gas of atoms with
a major axis directed parallel to the propagation direction of
the laser. b) The elliptical gas with major axis orientated
perpendicular to the propagation direction of the laser. c) A
circular-shaped atomic gas.

Eq. (2) as the force acting on each atom, and observed
the trajectories of the particles. Since the equations only
depend on the positions of the particles, the force for
each iteration was calculated using the position Verlet
algorithm, which updates the position of each atom ac-
cording to
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and 75, — /7%, + €2, where the singularity-avoiding

parameter becomes € = kge.

The value of the singularity-avoiding parameter used
in our simulations was € = 1072. This implies that
the atoms in our simulation have an effective scattering
length ~ 1072\, where Ay = 27 /kg is the laser wave-
length. Regarding other important variables, we have
used w, ~ 10*s~!, as the recoil frequency, I ~ 107571,
for the atomic decay rate, and we have selected A = 1.0
for simplicity. By choosing these values, we roughly

where a,, is the acceleration at time step n. The Ver-
let integrator provides good numerical stability, as well
as other properties that are important in physical sys-
tems such as time reversibility and preservation of the
symplectic form in phase space. The form of the model
equations shows a singularity when the particles are close
to each other. This becomes an important issue during
the simulation, since it results in strong forces appear-
ing abruptly, causing the particles to be ejected from the
cloud, i.e., two atoms repel one another violently when
they get too close to each other. We solved this prob-
lem using the idea of Plummer [30], which is used in
gravitational force simulations, and involves making the

replacement:
Tjm - \/ szm + € ’ (6)

where € is a small parameter introduced in order to avoid
singularities in the equations. This parameter does not
change the general behaviour of the system when the par-
ticles are well separated. It just allows the particles to
pass each other as if they were experiencing an elastic col-
lision characterized by the parameter (€), which in some
sense acts as a numerical scattering length. This collision
could be interpreted as a repulsion generated due to van
der Waals forces between a pair of atoms.

The equations have been scaled in order to work with
dimensionless variables. Positions have been scaled like
r’ = kor; the momentum variable as p’ = pp, 1 where
po = hkg is the momentum of a single photon; and the
time variable like ¢ = w,t, where w, = hkZ/2m is the re-
coil frequency. Introducing these variables into the equa-
tion of motion (1) and (2) we obtain equations

zjnz]

(

achieve that Ag = 150, hence fulfilling the necessary
conditions of the model. For both simulations in 2D, we
have adopted a time step, 6t = 0.15 x 103, with 2000
steps, which makes a total simulation time of ¢ = 0.3w, .
Instead, for the simulations in 3D, the selected step is
5t' = 0.25 x 10™3 with 7000 steps, which in turn corre-
sponds to a total time of ¢ = 1.75w,t.



III. RESULTS

A. Simulations of the scattering from a 2D atomic
cloud

In this section we restrict ourselves to a simpli-
fied configuration where the atomic distribution is two-
dimensional, consisting of two geometries: an ellipse (sec-
tions IITA1 and IITA 2) and a circle (section IITA 3),
with both distributions being contained in the (z,z2)
plane. It is well known from experimental studies of
superradiance and superfluorescence, both in excited
atomic systems of effectively stationary atoms [31] and
in BECs [14, 15, 32|, that the geometry of the atomic
cloud/sample can have a significant effect on the spatial
distribution of the emitted field. We will demonstrate
that the spatial distribution of both the scattered ra-
diation and the associated atomic density distribution,
which is produced during collective scattering of light,
are also strongly affected by the geometry of the atomic
cloud.

1. Pump propagation parallel to the major axis of an
elliptical cloud : Backscattering and 1D grating formation

The first case we examine is that of an elliptical atomic
cloud illuminated by an optical pump field whose propa-
gation direction is parallel to the major axis of the cloud
as shown schematically in Fig. 1(a). Fig. 2(a) shows
the initial, random, distribution of atoms in the atomic
cloud. As a consequence of the optical forces arising from
Rayleigh scattering, this initially random spatial distri-
bution of atoms develops a strong periodic modulation
along the z-direction, with a spatial period ~ A/2, as
shown in Fig. 2(b). Consequently, the atomic cloud un-
dergoes the spontaneous formation of a 1D density grat-
ing, analogous to the ones occurring in CARL or a free
electron laser (FEL). Observing Fig. 2(d) we conclude
that the 1D grating forms because light is predominantly
backscattered, due to the geometry of the atomic cloud,
which leads to scattering along the cloud’s major axis in
both the 4z directions. Light which is forward scattered
in the 4z direction will not produce an optical force on
an atom, as there is no change of the photon momentum
during scattering. We remember that we have neglected
the effect of the scattering force, in the limit of large de-
tuning A > I' (Appendix A), which eventually pushes
the atoms in the direction of the pump [33]. Conversely,
light backscattered along the —z direction produces an
optical force on an atom, as the optical field propaga-
tion direction and consequently momentum changes dur-
ing the scattering process. This change in momentum
of the optical field is taken up by an atom, moving it
and modifying the atomic density. The backscattered
light interferes with the pump field to form a 1D optical
potential with a spatial period of ~ w/kg, that has an
amplitude and a position which evolve dynamically, and

consistently, with the developing atomic density modu-
lation.

The forward lobe of the scattered intensity in Fig. 2(c)
is the result of the diffraction by the atoms in the initial
distribution. For a uniform ellipse with semiaxis R, and
R, the bunching factor |M (0, ¢)| is

2, [ko\/Ri sin® 0 cos? ¢ + R2(1 — cos 6)2
M (0, )] = ,
ko\/Rg sin? f cos? ¢ + R2(1 — cos 0)2
(10)
where we assumed k = ko(sin 6 cos ¢, sin 6 sin ¢, cos §),
ko = koz and Ji(z) is the first-order Bessel function.

The majority of the emission is within the diffraction an-
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FIG. 2. Simulation of collective scattering of a pump laser
propagating parallel to the major axis of an elliptical 2D
atomic cloud: a) Initial atomic density distribution showing
N = 5000 particles distributed randomly. b) Density grating
formation due to collective scattering at ¢t = 0.135w; *. The
corresponding bunching factors, |M (k, t)| are shown in (c) at
t =0 and in (d) at ¢t = 0.135w, *.

2. Pump propagation perpendicular to the major axis of an
elliptical cloud : Off-axis scattering

We now consider the case where the optical pump field
propagates perpendicular to the major axis of the ellip-
tical atomic cloud, as shown schematically in Fig. 1(b).
The initial random distribution of atoms in the atomic
cloud is shown in Fig. 3(a). In this case, the initially
random distribution of atoms again develops a strong
periodic modulation and forms a density grating, but in
contrast to the previous case of section III A 1, this grat-
ing is now no longer restricted to the z-axis, but is a
2D structure in the (x, z) plane. Figs. 3(c,d) show that
the 2D grating forms because the geometry of the atomic
cloud, which leads to significant scattering perpendicu-
lar to the pump propagation direction, along the major



axis of the atomic cloud in both the +z directions. Scat-
tering of light along the +z directions will produce an
optical force on an atom directed at approximately F45°
to the z-axis. This can be understood using a photon
picture of a scattering event which involves an incident
photon with momentum (%kg)z and results in a scattered
photon of momentum (fko)%x. This results in a net mo-
mentum change of the atom of hky(z F %), i.e., directed
at approximately F45° to the z-axis, depending whether
the photon is emitted upward or downward, respectively.
This scattered light interferes with the pump field to form
a dynamically evolving, 2D optical lattice potential [19].
An atomic density distribution similar to that shown in
Fig. 3(b) was observed by Inouye et al. [14] for the case of
an elongated, elliptical Bose-Einstein condensate (BEC),
illuminated by a pump beam propagating perpendicular
to its major axis. Whereas in the experiment of Ref.[14]
the grating is observed in momentum space, after the
interaction with the pump laser, here the grating is ob-
served in real space.
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FIG. 3. Simulation of collective scattering of a pump laser
propagating perpendicular to the major axis of a 2D elliptical
atomic cloud: a) Initial atomic density distribution showing
N = 5000 particles distributed randomly. b) Density grating
formation due to collective scattering at t = 0.159w;, *. The
corresponding bunching factors, |M (k, t)|, are shown in (c) at
t=0and in (d) at t = 0.159w, .

3. Scattering from a circular atomic distribution

We now consider the light scattering from the circular
2D simulation shown in Fig. 1(c). Since now there is not

any preferred scattering direction, we would expect to
observe no density grating in this case. Instead, we can
still see the formation of a 2D grating due to a periodic
modulation. Observing the polar plot that represents the
bunching parameter for this configuration, Figs. 4(c,d),
we can see that, at a certain time, the cloud scatters
light in two directions, at approximately £45° from the
backward direction. This can be interpreted taking into
consideration the deformation of the initially round dis-
tribution. It can be observed in Fig. 4(b) that the atoms
close to the z-axis and on the right edge of the initial dis-
tribution are pushed forward by the pump laser, making
the atomic cloud form an ’egg-like’ shape. Since scat-
tered light ir preferentially amplified along the longest
propagation path in the cloud, this path results in be-
ing along the edges of the egg-like shape formed after an
initial transient time. If we look at the deformed shape
in Fig. 4(b) as if it was a triangle with two equal angles
(located at the negative plane of z-axis) and a third one
(placed on the positive z-axis) that would identify the an-
gle between the two scattered light directions. Naming
0 the angle of the scattered light direction with respect
to the z axis, we still interpret a scattering event using
a photon picture: the incident photon with momentum
Qin = hkoz is scattered in the directions 460 as a photon
of momentum qi = hko[zcosf + xsin 6], respectively.
The atomic recoil momentum is

Ap = Qi — q+ = hiko[z(1 — cos @) F xsin ], (11)

with an angle ¢ respect to the z axis given by

sin @

_— 12
1—cosf (12)

tan ¢ = F
The previous cases of horizontal and vertical ellipses,
shown in fig.2 and 3, correspond to § = 7 and 6§ = 7/2,
respectively. For the case of circular distribution, we es-
timated from fig.4(d) the scattering angle to be § ~ 135°.
Using this value in Eq.(12) we obtained two crossed lat-
tices, oriented respectively at ¢ = F22.5° with respect to
the z axis, in qualitative agreement with Fig. 4(b). The
shape deformation of the atomic distribution observed
here is similar to the electrostrictive effect described in
[34] for a BEC illuminated by laser light. We postpone
the study of this rather surprising effect to a more ex-
tended 2D and 3D investigation, which will take into ac-
count also the vectorial character of the scattered light.

B. 3D simulation of scattering

In this section, we relax the assumption of a 2D distri-
bution of atoms and consider a full 3D case. The compu-
tational effort required to model large systems of atoms
in 3D is substantially greater than in 2D, so the effi-
ciency of the computational methods used becomes more
significant. Eq. (7-8) are explicit equations whose solu-
tion does not require inversion of large matrices, nor the
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FIG. 4. Simulation of collective light scattering from a 2D
circular atomic cloud : a) Initial atomic distribution showing
N =~ 5000 particles distributed randomly. b) Atomic distri-
bution at t = 0.22w, !. The corresponding bunching factors,
|M(k,t)|, are shown in (c) at ¢ = 0 and in (d) at t = 0.22w;"".

use of a mesh, which is attractive from the viewpoint of
run-time of numerical simulations, In addition, use of a
code like PEPC to solve eq. (7-8) offers the potential for
improved scalability to large 3D simulations involving ex-
tremely large numbers of over a ”brute-force” solution of
eq. (7-8). This is due to the fact that PEPC is designed
to use tree-algorithms (e.g. [18]) originally designed for
astrophysical N-body simulations, which reduce the com-
putational effort or run-time associated with the calcu-
lations from O(N?) to O(Nlog(N)). As an illustrative
example we study a 3D atomic sample, analogous to the
system configuration considered in section ITI A 1, with
the pump propagation parallel to the major axis of the
cloud with a cigar-shaped distribution—see Fig. 5(a))—;
again, we have the atoms initially randomly distributed
within the cloud. After a time t = 0.21w !, we observe
the formation of a longitudinal density grating along the
z-axis, depicted in Fig. 5(b)), similar to the one observe
in the 2D simulation. We outline again that the scalar
model of light used for the 3D simulations gives only
an approximated description of the scattering, so that a
full vectorial model is required for an accurate descrip-
tion of the scattering. However, preliminary results show
that for very elongated atomic cloud and the pump prop-
agating along the major axis of the cloud, the scalar
model describes correctly the long-range term of the ex-
act force but not its short-range terms. Since we assume
a dilute system, where multiple scattering is negligible,
short-range terms in the force play a minor role, and the
collective recoil scattering is dominated by long-range in-
teractions. For these reasons, the scalar model is able to
reproduce the mean features of the collective atomic re-
coil lasing in free space.

Finally, we make some comment about the scaling laws
with N and the size of the atomic cloud. In our 3D
simulation, the number of atoms is N = 10* and the

semi-axis of the ellipsoidal are kgR, = koR, ~ 5 and
koR. ~ 15, corresponding to a volume of V ~ 6A3
which, for Ay = 780nm as for the Rb atoms, conforms
a rather unrealistic density of n ~ 10'5 atoms/cm3 and
a resonant optical thickness of b ~ N/(kZR,R,) ~ 400,
which is large but not unreachable. Hence, it is impor-
tant to know how the superradiant scattering rate scales
with NV and the atomic system size. It results from a
single-mode theory [19] that the superradiant scattering
rate is sg ~ (Q0/A¢)y/Tw,N/(koR;)?, i.e., it scales
with the square root of the optical thickness. Hence,
a realistic atomic cloud with N ~ 10° and transverse
size kgR, ~ 50 would have the same optical thickness
and hence the same superradiant rate of the simula-
tion shown in Fig. 5. For Qy/A; = 1/15, N = 10°,
koR, = 50, w, ~ 10* rad/s and T = (27) 6MHz, then
I'sr ~ 10° 1/s, which is much more than the two-photon
recoil 4w,, and so satisfying the condition for the clas-
sical regime of superradiant scattering [35]. The initial
velocity spread is negligible if 2ko, < I'sg or equiva-
lently Ty < hl'%,/(8kpw,), where Ty = Mo?2/kp is the
initial temperature and kg is the Boltzmann’s constant.
For Rb atoms and I'sg = 10° 1/s, the initial temperature
must be much less than 100 pK.

IV. CONCLUSIONS

We have presented a model which describes collec-
tive scattering of light in 2D/3D due to a gas of cold
atoms in vacuum that depends only on the positions of
the atoms, making it suitable for implementation using a
MD simulation code. Using the public MD code, PECP,
we were able to follow the trajectories of the atoms and
calculate the spatial and temporal evolution of the in-
tensity of the scattered light. The 2D simulations show
that the evolution of collective scattering by an ellipti-
cal atomic cloud is sensitive to the orientation of the
cloud relative to the pump field propagation direction.
When the major axis of the cloud is aligned parallel to
the pump propagation direction, the simulation showed
formation of a 1D grating in the density of the atoms,
analogous to that occurring in CARL or a free electron
laser (FEL), which enhances the backscattered light. In
contrast, when the major axis of the cloud is oriented
perpendicular to the pump propagation direction, a 2D
pattern formation, similar to that observed in superradi-
ant scattering experiments of [14], was observed; in both
cases, the collectively scattered radiation propagates pre-
dominantly along the major axis of the cloud. In the in-
termediate case of a circular cloud, it was demonstrated
that the force produced by the collective scattering pro-
cess is electrostrictive in nature, leading to elongation of
the cloud along the pump propagation direction, simul-
taneous with the development of a 2D grating. As an ex-
ample of the capabilities of the code and the method we
used, we have also been able to produce 3D simulations
of the collective scattering process. As the importance of
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FIG. 5. Numerical simulations in 3D: (a) Initial disposition of particles in a cloud of particles. (b) 1D grating formation in
the case of laser propagation parallel to the major axis of the cloud of atoms at ¢t = 0.21w,!. In the simulation we have used
N = 10000 particles distributed randomly in space.
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Appendix A: derivation of the motion equations
1. Multimode collective recoil equations

We consider the Hamiltonian of N two-level atoms, with atomic frequency w, and dipole d, interacting with a laser
field and the vacuum radiation modes:

N 2 N * N
H=Y 2L s} B"A + h} RIS g [afoy AT g gt detRen ] (A1)
j=1 Jj=1 J=1 k

Here g = dEy/h is the Rabi frequency of the laser, with electric field Ey, wave vector kg and frequency wg, with
detuning Ay = wg—w,. The quantum radiation modes in vacuum with wave vectors k and frequency wy, are described
by the operators ay, with Ay, = wy—w,, with coupling rate g, = d[wk/(Zheonh)]l/g, being V,, the quantization volume
of the radiation field. We disregard polarization and short-range effects, using a scalar model for the radiation field.
The internal dynamics of the two-level atoms are described by the operators oF = |e;){e;| — [g;)(g;], O';_ = le;)(g;]

and o; = |g;){e;|. Furthermore, we also consider the dynamics of the external degrees of freedom, where r; and p;
are operators. The Heisenberg equations are:

iy = 23, (A2)
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Introducing o; = U;@iAOt and neglecting the population of the excited state (assuming weak field and/or large

detuning Ay), so that o7 ~ —1:

. _Pj A
¥ =3 (A7)
p; = ihkg |:a_jezk0~l‘j — h.c} + ithgk {algjel(wrwo)t—zkrj _ h'c'} ’ (A8)
k
6= (i = T/2)o; = 2™ iy granee™Hn o, (A9)
2 k
g = —igpe' TNy " ek, (A10)

Jj=1

where we added the spontaneous emission decay term —(I'/2)o;, with I' = 2k /2megh as the spontaneous decay rate.
Assuming T' > wrec, being wree = hk?/2M the recoil frequency, we can adiabatically eliminate the internal degree of
freedom, taking ¢; ~ 0 in Eq.(A9):

QO kT ]- ,'( k— 0)t+'k. .
[ LN VI - - i (wr—w ik-r; All
2(Ag +il/2)° Ao +1i0/2 zk:g"“ke (ALL)

O'j%

The first term describes the dipole excitation induced by the driving field, whereas the second term is the excitation
induced by the scattered field. By inserting it in Eq.(A10), the field equation, we obtain:

) . gkfdo pilwe—wo) i(ko— ‘ i(wn—wp ) i—i(k—k')r;
aK = —1————— Z e — Z Z gk/ak/e %k K (A12)
2(Ap +i0/2) A0+ZF/2 —

The first term describes the single—scattering process, where the momentum transfer to the atoms is from the incident
field to the vacuum field. The second term describes multiple scattering processes, where a photon is exchanged

between the mode k and all the other modes k’. We limit our analysis to single-scattering processing, neglecting the
second term in Eq.(A12). We also insert Eq.(A11) in the force equation (AS),

]C. ih 1 “0 iko-r; § :] ikr;—i(wp—wp)t QS —iko-r; E T —ikrj+i(wy—wo)t h.c
I AO _ZF/Z [ 0 2 Y g ’ ' ’ 2 Y ’ ' ’ o

The first and second terms in the first squared parenthesis describe the absorption of an incident photon with momen-
tum hkg and a scattered photon with momentum Ak, respectively. The second squared parenthesis is the response of
the atom, i.e., the induced polarization of the atoms to the total radiation. Explicitly, we write:

_ ro2
= 0|k
Pi [4A%+F2] 0

2iA . ,
4A21 +01"2 Z h(ko — [ankeﬂ(k"fk)'”72(‘*”““’“” — h.c.]

r . )
- * —i(ko—k)-r;—i(wr—wo)t
+ 4A% + 12 Ek h(ko + k)gk [Qoak6 0 kWO h.C.}



1
mZnggk/akak/e(k K [iAgh(k — k') + (0/2)h(k + K')] . (A14)
k Kk

Notice that the first term is the radiation pressure exerted by the incident light (which is constant for a plane wave);
the second and third terms describe the momentum transfer due to the exchange of photons between the incident and
the scattered light. The last term is the contribution due to the exchange between two scattered vacuum photons of
momentum hk and hik’. Again, since we neglect multiple-scattering events, we drop the last term. Then, we assume
Ag > T, so that the first and the third terms of Eq.(A14) are negligibly small, thus, achieving:

p; ~ QA Zh (ko — K)gk {Q aye~ (Ko =k ms —iwr—wo)t fh.c.} . (A15)
0
The force on the atoms is the usual dipole (or gradient) force, where the momentum transfer is maximum for back-
scattering emission (i.e., k = —kg). In conclusion, the multi-mode equations describing the collective recoil are:
P = z (A16)
;= zhgz ko — [Ake_z(ko kT _ ATkei(kO_k)'rj , (A17)
k= —1ig Z eilko—k)r; _ 10k Ay, (A18)

10t

where Ax = age %", 0p = wp —wo and g = gk, (Qo/2A¢); we assumed gy ~ gx, and Qg real.

2. Collective recoil equations in free space

In free space the light is scattered in the 3D vacuum modes. Following ref.[16], we eliminate the scattered field by
integrating Eq.(A18) to obtain

t
A(t) = A(0)e=i@r—e0)t _ jg N / pres _1e(t — 7)eiR—w0)7 g (A19)
0

with
1 N
NE j iar;(t) (A20)

The first term in Eq.(A19) gives the free electromagnetic field, i.e., vacuum fluctuations, and the second term is the
radiation field due to Rayleigh scattering. If Eq.(A19) is substituted into equation (A17) for p;, we obtain:

t
— thN Z kO _ / dT |:pk07k(t _ T>e—i(ko—k)'1‘j e—i(wk—wo)r + hC] , (A21)
0

where the first term of Eq.(A19) has been neglected. Then, transforming the sum over k into an integral and using
Eq.(A20), we attain the coming expression:

\Va ) t ) ) .
p] — h928% |:e—zko'(l‘j—l‘m)/(; dTezon/dk(kO _ k)ezk'(l‘j—l‘m)e—’wkT + hC:| ; (A22)
m#j

in which we used the Markov approximation so that r;(¢ —7) ~ r;(t). The integral over k, in the latter equation, can
be manipulated as follow:
ik-(r; =T, ) ,—ickT = QSin(krjm) —ickT
dk(ko — k)e™\riTTmle = 47kg dkk*——e¢
0 krjm

. i krim)  sin(krim)] _;
4 o dkk?) COS( J _ J ickT A2
+ dimr; /0 [ KT (k1 m)? e ) (A23)
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being rj, =T —Tp, Tjm = |Tjm| and Tjp, = rjm/7jm. Since k = kg, we can replace k by ko in the integrals; we also
extend the lower integration limit to —oo, reaching the next expression:

Z

/dk(ko — Kk)elk @imrm) o iehT o g3 / dk sin(kr j,, )e kT

ko'f’jm

_ t; o sin(krjm)] _;
4 k3 Jm / dk k ) — jm ickT
o 0 kOij — 00 COS( r] ) kO'rjm ¢

m2k3 Z
_4 cko {ikorjm 6T = jm/c) = 8( + Fjm/c)]
— .krjn? [6(T —rjm/c) + 6(T + 1jm/c)]
LROT jm,
~ T 0 = /)~ (7 + rjm/c)]} , (A24)

where we assumed ko = koz and used the following two integrals:
/ dksin(kR)e~* = T [5(r — R/e) ~ 5(r + R/e)),

/OO dk cos(kR)e™FT = % [0(tr —R/c)+d6(t+ R/c)]. (A25)

— 00

By inserting Eq.(A24) into Eq.(A22), together with the definitions of g and ', we are able to derive the final expression
for the force:

. T Q \° i o [(@=Em) i
= “hko [ —— ko (7jm—2jm) jm) _ jm hoc.
Pi=35 °(2A0> 2. {6 { ikoTm 2| e

mj (korjm
Qo >2 { o sinfko(rjm — zjm)] . cos[ko(rjm — zjm)]}
=Thky | —— Z—Tim — T . A26
0 (2Ao m%:] o tm) korjm ’ (korjm)? (426)
3. Radiation field
The scattered radiation field amplitude is

- Vo i(ko-r—wot) i(k—ko)-r

Ey(r,t) = i——e'tor—wo dk& Ax(t)e )T, (A27)
(2m)? Ak

being & = (hwy/260Vpn)/? the 'single-photon’ electric field. Using eq.(A19), neglecting the fluctuation term and
transforming the sum over k into an integral, as done before, we obtain

N t 00 .

Vv , , , Eles(t — 7) — ,

Ey(r,t) = :Dh3 ge—zwot Z / dreiwoT pikor;(t=7) / dkkE, sin(k|r;(t —7) —r]) p—icht (A28)
(2m) =Jo 0 rj(t —7) —r|

The scattered intensity will be centered about the incidence laser frequency wg. The quantity ck varies little around

k = wp/c for which the time integral in 7 is not negligible. We can therefore replace k by wp/c and extend the lower

limit in the k integration by —oo:

v, Nt > sin(klr; —r|)
Ey(r,t) = %gko&me*iw“t Z/o dTei"’“T”k“'”(t*T)/ dkﬁeﬂdﬁ. (A29)
j=1 oo J

By using Eq.(A25) we obtain:

dk3 Qo Y gkoR i(ko-r; —wot
= Ti—wo)Q(t > R, A30
4’/T60 QAO Zl ikoRj € ( > j/C)’ ( )

=

Ey(r,t)
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where R; = |r; —r| and r; is evaluated at the retarded time ¢t — R;/c. Assuming r > r;, we can write R; = r —if-r;
with & =r/r, and

dk2 O i(kor—wot) V. )
Ey(kt) ~ 0 220 Y e, (A31)
=1

471'60 QAO 7

where k = kqot. We have obtained the expression of the Rayleigh scattering field in the far-field limit, i.e., a spherical
wave proportional to the factor form, depending on the geometrical configuration of the scattering particles. For
small clouds we can neglect the retarded time R;/c. In conclusion, the scattered intensity spatial distribution in the
far-field limit is

I(k) = [LN?|M (k, )|, (A32)
in which I; = (hwel'/8772)(Q0/2A0)? is the single-atom Rayleigh scattering intensity and
M(k,t) = = XN: etko—k)r; (1) (A33)
, N 2

is the ’optical magnetization’, or ’bunching factor’.
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