ORDER OF CONVERGENCE OF THE FINITE ELEMENT
METHOD FOR THE p(z)-LAPLACIAN

LEANDRO M. DEL PEZZO AND SANDRA MARTINEZ

ABSTRACT. In this work, we study the rate of convergence of the finite
element method for the p(z)—Laplacian (1 < p1 < p(z) < p2 <2)in a
bounded convex domain in R? .

1. INTRODUCTION

Let Q be a bounded convex domain in R™ and p : @ — (1,+00) be a
measurable function. In this work, we first consider the Dirichlet problem
for the p(xz)—Lapalacian

(11) {Am“ —fome

u=g on 012,

where A, u = div(|Vu[P®)=2V4) is the p(z)—Laplacian and |-|? = (-, -)g».
The assumptions over p, f and g will be specified later.

Note that the p(z)—Laplacian extends the classical Laplacian (p(z) = 2)
and the p—Laplacian (p(z) = p with 1 < p < +00). This operator has been
recently used in image processing and in the modeling of electrorheological
fluids, see [3, [7, 23].

For the applications in image processing, in [7] the authors introduce a
model that involves the p(z)—Laplacian, for some function p : Q — [p1, 2],
with p; > 1. Recently, in [3] the authors propose a variant of this model.
More precisely, they consider the functional

A
[ v s 3 [ -
Q Q

with p : Q — [1,2] a function such that p(x) = Py(|VGs * &|(z)), where
¢ is the observe image (the real image with a white noise), Gs(z) is an
approximation of the identity, M >> 1 and Pj; is a function that satisfies
Py (0) =2 and Py(z) =1 for all |z| > M.
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A function u € ng’p(')(Q) = {v € WHPL)(Q): v = g on IN} is a weak
solution of (1.1)) if

(1.2) /|Vu\p(m)2Vqud:1::/fvd:1:
Q Q

for all v € Wol’p(')(Q).

Motivated by the applications to image processing problems, in [9] the
authors study the convergence of the discontinuous Galerkin finite element
method and the continuous Galerkin finite element method (FEM) to ap-
proximate weak solutions of the equations of the type . On the other
hand, motivated by the application to electrorheological fluids, in [6, 22] the
authors prove weak convergence of an implicit finite element discretization
for a parabolic equation involving the p(z)—Laplacian.

In [I0], for the case n = 2, we prove the H? regularity of the solution of
when 2 is a bounded domain with convex boundary and under certain
assumptions for p, f and g (see Section [2| for details).

In the present work, we study the rate of convergence of the continuous
Galerking FEM in the case where n = 2 and p: Q — [p1, p2] with 1 < p; <
p2 < 2. To this end, we follow the ideas of [I], I8, 20], where the authors
study the case p(z) = p (1 < p < +o0) and n = 2. More precisely, let h > 0,
Q" be a polygonal subset of Q and 7" be a nondegenerate triangulation of
0" where each triangle x € 7" has maximum diameter bounded by h. Let
Sh denote the space of C° piecewise linear functions. Our finite element

approximation of ([1.1)) is:
Find u" € Sg such that

(1.3) / |Vuh]p(x)2Vuthdx:/ fodx Yve Sh
Qh Qh

where
St = {ve S": v=0o0n a0}, Sg = {v e S": v=g"on 0"},
and ¢ € S" is chosen to approximate the Dirichlet boundary data.

In [9, Theorem 7.2], the authors prove that if p(z) is a log-Holder conti-
nous function (see Sectionfor the definition) then the sequence of solutions
of converges to the solution of . In the present work, we study
the rate of convergence of this method. In general, all the error bounds
depend on the global regularity of the second derivatives of the solution.
For example, in the case p(z) = p € (1,2] and n = 2, there exists a constant
C = C(|lullw2»(q)) such that

lu = u" [y, < CR?,

where u € W2P(Q) is the weak solution of (T.1) and u” is the solution of
(1.3)), see [I]. It is shown in [I] that if 1 < p < 2, u € W3L(Q) N C>1+2/P(Q)
and

(1.4) / |Vu|P~2|D?ul? dz < oo
Q
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then
Hu - uhHWLp(Q) < Ch.

In [18], it is shown that if f € L>(Q), 9Q € C? and g = 0 then
holds for 1 < p < 2.

However, the regularity v € W31(Q) n C>'+2/P(Q)) is only shown for
p—harmonic functions with 1 < p < 2, that is the case f = 0, see [19].
Indeed it does not seem that such higher regularity is in general achievable
for the p—Laplacian (1 < p < 2) even with very smooth data. In [18], this
regularity condition is weakened to: and u € WIH2/PP(Q). Tt is still
not clear whether or not this weakened regularity is in general achievable for
smooth data. Recently, in [I5], it is shown that the regularity condition
is indeed sufficient for the optimal error bounds. Therefore, if f € L>(Q),
0Q € C? and g = 0 they have optimal error bounds.

The main results of the present paper are the following theorems.

Theorem 1.1. Let Q be a bounded convex domain in R? and p: Q — [p1,p2]
be a Lipschitz continuous function with 1 < p; < pa < 2, f € L1)(Q) with
q(r) > q > 2, g € H*(Q), u and u" be the unique solutions of and
respectively. If h < 1, then

lu — uhHWLP('>(Qh) < ChM2,
where C'is a constant that depends on p(xz), || fllpa0) () and |9]m2()-

We want to mention that, in the previous theorem, we take n = 2 since
the H? regularity is only known in this case.

For sufficiently regular solutions, we obtain optimal order of convergence.

Theorem 1.2. Let Q2 be a bounded convex domain in R? and p: Q — [p1, pa]
be a Lipschitz continuous function with 1 < p1 < py < 2, u and u” be the

unique solutions of (1.2)) and (1.3) respectively. If

(1.5) / [VuP®) =2 H[u)? de < +oo
Q

where H[u] - |u$1:v1| + ‘uﬂnm‘ + ‘UIQTQ‘ and

(1.6) uwe " (1) for each 7€ T"

with o = @=p")/p+ and p™ = meaxp(x), then
T

= |y < Ch.

Observe that the assumption (1.5)) implies that the solution u of (1.2) be-
longs to W2P1(Q). Then u € C(Q) due to n = 2, see Remark Therefore
the interpolant of u is well defined, see Subsection

On the other hand, the regularity assumption (1.6) on w is local and
depends only on pt. We also note that the assumption (1.5)) holds for
example if u € W31(Q), see Remark
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It is still not clear whether or not the regularity assumption of Theorem
1.2]is in general achievable for smooth data. However we show that if € is
a ball, p(z) and f(z) are radially symmetric functions, g is constant and

(1.7) peCYP(r), f e CP(r) with B> at VreT"

then the assumptions of Theorem are satisfied. So in this case we have
optimal order of convergence. Observe that these regularity assumptions on
the data are local and depend only on p™.

So in this case, in order to have optimal order, by , we only need
p e C! and f € C, in regions where the maximum of p is 2, and we need,
for example, p € CY! and f € C! only in regions where the function p(z) is
near 1.

Organization of the paper. In Section 2] we collect some preliminary
facts concerning variable Sobolev spaces, the weak solution of , finite
element spaces and the Decomposition-Coordination method; in Section [3]
we prove Theorem Theorem [I.2] and we study the radially symmetric
case. In Section [4] we show a family of numerical examples where we study
the behaviour of the error when we use the Decomposition—-Coordination
method to approximate the solution . Finally we give an example where
we have optimal order of convergence although assumptions of Theorem
are not satisfied.

2. PRELIMINARIES

We begin with a review of the basic results that will be needed in subse-
quent sections. The known results are generally stated without proofs, but
we provide references where the proofs can be found. Also, we introduce
some of our notational conventions.

2.1. General Properties of Variable Sobolev Spaces. We first intro-
duce the space LP0)(Q) and W1P0)(Q) and state some of their properties.

Let © be a bounded open set of R and p: Q — [1, +00| be a measurable
function, called a variable exponent on 2. Denote

p1 = essinf p(x) and ps = esssup p(z).

We define the variable exponent Lebesgue space Lp(')(Q) to consist of all
measurable functions u: 2 — R for which the modular

o) = [ ellulz)p(o) do

is finite, where ¢: [0, 400) X [1, +00] — [0, +0o0]
tP if p # oo,

o(t,p) = .
lovamy 12

with the notation oo -0 = 0.
We define the Luxemburg norm on this space by

[ullpey,0 = inf{k > 0: 0,0y a(u/k) < 1}.
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This norm makes LP() () a Banach space.
We will write it simply op.y(u) and ||lu||,.) when no confusion can arise.

Lemma 2.1. For any p,0 : @ — R>( be measurable functions with 1 < p; <
p(x) < pa <2, then for any &,n € R?, €]+ |n| # 0, x € Q we have

(21)  [|€P@2¢ — [yl 2y) < Cylg — 15 (€] + |y 20),

and

(2.2) (|26 — |p|P@)=2p) (€ — n) > Calé — n2H@)(|¢] 4 || )P@)—2-8()
where C1 = 227P1 and Coy = (py — 1)227P2,

Proof. First, we will prove the second inequality. By [0, Lemma 2.4], we
have that

(|E[PO72¢ — [P @ =2n) (€ —n) > (p(x) — 1)227 2@ — p|2(|¢] + |n])P=) 2.
Therefore holds due to
€ =@ (lg] + )’ > 1.

Finally, we follow ideas of [5, Lemma 3.5] to show that (2.1]) holds.
We can assume that |n| > |£] > 0. Let

/ /!
n=i5 §=15 k=521 and y=7n¢.
] i €]

Observe that |y| < 1. Then,
€772 — i) =2n| < 2277 g — ni((g] + )",
is equivalent with
kPl — '] < 2277 (4 1O 2k - &)

that is equivalent to proving
(2.3) K2P@=D g 9pp@) =1y < 94=20(@) () 4 1)20@)=2) (k2 £ 1 — 2kn).

Let f: [1,+00) x [—1,1] — (0, +00)

E2p)=1) 4 1 — ofp(@)—1y
(k+1)20@) =2 (k2 + 1 — 2kv)

f(k7 7) =
Then

p(r)—2 _ p(z) _
Of (= 2 DO 1)
oy (k + 1)20)-2) (k2 + 1 — 2k7)
due to p(z) < 2. Hence
B (kp(x)—l + 1)2
f(k,v) < f(k,—1) = (h+1)20@ -1

We therefore examine

kP14
k) = k,—1)= —— .
g(k) [k, —1) (k—i—l)p(x)_l
Observe that g(1) = 2277 and
Ep@)—=2 _ 1
%9 k) = (p(a) - DV L g ks 1

ok (k + 1)p(=)
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Hence
Flk,y) < fk,—1) = g(k)? < g(1)? = 24~2P()
for all (k,7) € [1,+00) x [~1,1]. Therefore (2.3) holds. 0

For the proofs of the following theorems, we refer the reader to [13].

Lemma 2.2. Let p: Q — [1,+00] be a measurable function with p; < oo.
If 0p(y(w) > 0 or pa < oo then

min{ g, ()77, 0,y (W) /P2 } < Jlullpe) < max{gp) ()77, 0y (u) 172}
for all u € LPO)(R).

Theorem 2.3 (Holder’s inequality). Let p,q,s: Q — [1,+00] be measurable
functions such that

Then
1£9lls¢y < 20 fllpey gl
for all f € LPO)(Q) and g € LIO(Q)

Let W10 (Q) denote the space of measurable functions u such that, u
and the distributional derivative Vu are in LP()(Q). The norm

ull1pey,0 = lullpeyo + VUl

makes W1P()(Q) a Banach space.
We note
and we just write |u||1 ;. instead of |lul|; ()0 and |u|y ,.) instead of |u|; 4 0
when no confusion arises.
Theorem 2.4. Let p,p' : Q — [1,4+00| be measurable functions such that
1 + 1
p(z)  p(z)

Then LP')(Q) is the dual of LPO)(Q). Moreover, if p1 > 1, LPO)(Q) and
WPO)(Q) are reflezive.

=1 inQ.

We define the space Wol’p(')(Q) as the closure of the C§°(Q) in WHP)(Q).
Then we have the following version of Poincaré inequity (see Theorem 3.10
in [17]).

Lemma 2.5 (Poincaré inequity). If p : Q — [1,+00) is continuous in Q,
there exists a constant C such that

[ullpy < ClVullp

for all u € Wol’p(')(Q).
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In order to have better properties of these spaces, we need more hypothe-
ses on the regularity of p(z).
We say that p is log-Hélder continuous in € if there exists a constant Cjog

such that o
lo
Ip(z) — p(y)] < g " Va,y € Q.
<6 + T—y\)

B log
It was proved in [12, Theorem 3.7], that if one assumes that p is log—Holder
continuous then C*(Q) is dense in WHP()(Q), see also [1T} 13, 14} (17, 24].

Proposition 2.6. Let p : Q — [1,00) be a bounded log-Hélder continuous
function. Let B > 0, D C Q and h = diam(D). Then there exist constants
C independent of h such that

(2.4) BB (@) —p(y)) <C Va,ye€D.

Moreover, if p(x) is continuous in D then the inequality (2.4) holds for all
z,y € D.

2.2. The weak solution of (I.1J).

Lemma 2.7. Let Q be a Lipschitz domain in R™, p : Q — [p1,p2] be a
bounded log-Hélder continuous function, f € LI (Q) with q(z) > ¢ > (pt)’,
g € WHPO)(Q), and u be the weak solution of (L.1)). Then

[Vullpy < C
where C is a constant depending on || f4¢y, |gll1,p(.), P1, P2 and .
Proof. Let

o) = [ L our@ g
J(v) : /Qp(w)wv’ da.

By the convexity of J and using (|1.2) we have that,

J(u) < J(g) — / \Vu[P®)=2Vu(Vg — Vu) d
Q

~ 10~ ([ Ho-was).

Using Holder inequality, that ¢/(z) < ¢} < pt, W'P1(Q) < L%(Q) con-
tinuously and Poincare inequality, we have that

T(w) < (J0) + 20 F gyl = gllc)
< (9(9) + Cl o Iu = gl

< (J(9) + Cllfllg)lIVu = Vgllp,)
< C (141l IVu = Vally))

where the constanat C' = C({|gl|1 (), 1./ ll4¢), 2 p1)-
Thus, we have that

[Vl de < € (14 [Valy)
Q
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where C' = C([|gll1 p(), I fllq¢)> €2, p1,p2). Using the properties of the LrO(Q)—
norms this means that

IVullpty < C (L4 1Vully))

for some m > 1. Therefore ||[Vull,.) is bounded by a constant C' that
depends on gl s [/ ]q(y: 2 1. and po. 0

The following results can be found in [10].

Theorem 2.8. Let 2 be a bounded domain in R? with convex boundary,
p € Lip(Q) with 1 < p1 < p(z) < 2, f € LI®)(Q) with q(x) > q1 > 2, and
g € H?(Q). Then the weak solution of (1.1)) belongs to H*(Q).

Remark 2.9. If © is a bounded domain with Lipschitz boundary in R2, we
have that W?2P1(Q) is continuously imbedded in C(f2), see [21, Theorem
5.7.8]. Therefore, if the weak solution u of (I.1)) belongs to W?2P1(2) then

u e C(Q).

Remark 2.10. The proof of Theorem follows using that there exists
{tn}neny C H%(Q) such that

[unll22 < C=C@C), [ fllq) l9ll22) Vn €N,

and
u, —u weakly in H(Q)
where u is the weak solution of ([1.1]). Therefore,

[ull22 < C = C(p(-), | fllgc), llgll2.2)-
See the proofs of Theorem 1.1 and Theorem 1.2 in [10].

2.3. Finite Element Spaces. Let 2 be a bounded convex domain in R?
with Lipschitz boundary. Let Q" be a polygonal approximation to Q defined
by Q" = (J,crn & where T" is a partition of Q" into a finite number of
disjoint open triangles k, each of maximum diameter bounded above by h.
We assume that 7" is nondegenerate, that is

K
max — < 7o
KETH Pk

where h,, = diam(k) and p, = sup{diam.S: S C k is a ball}. In addition,
for any two different triangles, their closures are either disjoint, or have a
common vertex, or a common side. We also assume that Q" C €, and if a
vertex belongs to 90" then it also belongs to 9.

Let o

Sh = {v e C(Q") : v, is linear Vx € T"},
and 75, C(Q") — S" denote the interpolation operator such that for any
v € C(Q"), mpv satisfies
mhv(P) = v(P)

for all vertex P associated to T7.

The finite element approximation of (1.2)) is: Find u” € Sg such that

(2.5) / VUl P@ =270y do = fodx Yve Sk
Qh Qh
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where
h .__ h.,, _ ,h h
Sy ={ve S v=yg"on 0"},
and ¢g" = m,u with u the solution of (T.2).

Observe that mu is well defined due to u € C(€), see Remark
Lemma 2.11. Let p : Q — [p1,p2] be a bounded log-Hélder continuous
function, f € LIO(Q) with q(x) > q1 > (pt)’, g" € WPO(QP), and u* be
the solution of (2.5). Then
(2.6) IV "y 0n < C

where C is a constant depending on || f||4).0 and thHLp(.)’Qh-

Proof. The proof follows as in Lemma changing u by u" and g by ¢"*. O
Let m € {0,1,2} and ¢ € [1,+00]. We define the following seminorm on
Wm,‘I(Q)
Jull o) it m =0,
ulm,g0 = IVullpaqy  if m =1,
”D2u||Lq(Q) 1fm: 2.
The following interpolation theorem can by found in [§].
Theorem 2.12. For m = 0,1 and for all q € [1,00] we have that,
|U - 7Th?-]’m,q,Qh < Ch2_m’fu|27q,9
for all v € W24(Q).
2.4. Decomposition—Coordination method. Let V, H be topological vec-
tors spaces, B € L(V,H)and F': H — R, G: V — R be convex proper, lower

semicontinuous functionals. To approximate the solution of variational prob-
lems of the following kind

(2.7) min F'(Bv) + G(v)

veV

we use the following algorithm:
Given r > 0 and

{no, \1} € H x H;

then, {n,—1, \p} known, we define {u,,n,, \nt1} € V x H x H by
G() — G(up) + (A, Blv —up)) g + r(Bup — p—1, B(v —uy))g >0
for all v € V;
F(n) = Fn) — Ans — 1) 5 + 700 — Bup,n — ) >0
for all n € H;
A1 = An + pn(Bun — 1n)

where p, > 0.

The following theorem can be found in [16].

Theorem 2.13. Assume thatV and H are finite dimensional and that (2.7)
has a solution u. If

e B is an injection;

e GG is convex, proper and lower semicontinous functional;
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o F' = Iy + Fy with Fy convex, proper and lower semicontinous func-
tional over H and Fy strictly convex and C' over H:

1+5
5 )

e 0<p,=p<
then
Up —> U strongly in V,
N — Bu strongly in H,
Ant1 — Ay — 0 strongly in H,
and N\, is bounded in H.

For more details about the Decomposition—Coordination method, we refer
the reader to [16] and references therein.

3. PrROOFS OF THEOREM [[.1] AND THEOREM
In the remainder of this work we use the notation 0° = 1.

Let 1 < p1 < p(z) < p2 < oo and o(z) > 0, we define for any v €
weO)(Qh)
[0l p(),00)) = 1EUAVU], [Vo], ) llg ) 0ns
and

‘U‘(p(.)yg(.)) = /Qh {(‘Vu” ’vv”w)a(x) dz,
where u is the solution of (2.5)), and &: [0, +00) X [0,+00) x 2 — R

(2)—o(=)
g(a b-’E): (a+b)p ) a 1fa+b>07
Y 0 ifa+b=0.

Observe that when o is constant we have ||v\|‘(’p(.)7a) = || (p(),0)-
Before proving Theorem we need some technical lemmas.
Lemma 3.1. Let p,o: Q — (1,400) be measurable functions such that

L <p1 <p(z) <o(r) < og < +oo.

Then
(3.1) 1Vl p(yoy) < NV 7O 50 an
Moreover, if there exits a constant M such that
(3.2) op(y,0n ([ Vul + [Vu]) < M
then
(3.3) 170]|y,0n < Cmax {M1 MY} 0]| (). 00
where
o(z)p(x) o(z)p(x)

o1 = essinf and a9 = esssup .
zeqh o(z) — p(x) zeqr 0(z) — p(x)
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Proof. If o(x) = p(x) a.e. then both inequalities are trivial.

Then, we will assume that esssup{co(z) — p(z): z € Q*} > 0. Therefore,
the inequality (3.1)) holds due to |Vu| + [Vv| > |Vv|.

To prove inequality (3.3]), we will assume that |[Vu|+ |Vov| > 0 in a set of
positive measure; the other case is trivial.
Let w: Q" = R, w(z) = (|Vu(z)| + |Vo(z)|)P® =) Then, by Hélder’s
inequality, we have
V0]l 0n = w77 Ow7O V0] o
(3.4) < Clw™ gy anllw”O V[l qn
= Cllw™"" oy, 10l o) 0());

where a(z) = %. Observe that a(z) = oo if only if o(x) = p(z).

On the other hand, by the definition of g, .y or the fact that goc a(1) =0
for any A C Q and (3.2)), we get

-1

%om«w7>:%mw(wgﬂﬁd)+%mm«wéﬂmﬂ)
= op(y.0n ((IVul +1VVD)X(pzo}) + Ca()0n (Xfazoo})
= 0p(.00 ((IVul + Vo)) X {pro)
< 0p(y,0n (IVul + [Vv))
< M.

Finally, let o; = essinf a(x) and ap = esssup a(x). Observe that a; < 0o
zeQh zEQh

due to esssup{c(z) — p(z): x € Q"} > 0. Therefore, by Lemma we have
that

[07 lagyqn < max{d¥er, ez},
Combining this inequality with (3.4]) we obtain (3.3)). O

Remark 3.2. Let u and u” be the unique solutions of (1.2) and (2.5)), re-
spectively. Then

Jo(u) <Ja(v) Yve WrrO(Q),
Jon(u") <Jq, (v) Vv e Sh,
where

Ja(v) :—/Ap(lx)]Vv]p(w) dx—/Afvdac

with A = Q or A = QM.
Observe that Jy is Gaxteaux differentiable with

J[’\(u)(v):/ |Vu|p(m)_2Vqudx/fvdx.
A A

for any v € WHPO(A).
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Lemma 3.3. Let p: Q — [p1,p2] be a log-Hélder continuous function with
1 <p1 <ps<2. Let u and u" be the solutions of and , respec-
tively. Then, for any d1,02: Q — [0,+00) measurable functions such that
0 <d(x) <0 <2, we have

[ = 4" () 248209 < Clu = vlp() 2-5,())

for allv € Sg.

Proof. We first observe that for all v € Sg”
(3.5) Jon(v) — Jon(u) = A(v) + Jon (u) (v — u),
where

1
A(v) :/ / (|V(u + sw)|P@ 2V (u + sw) — ]Vu|p(x)_2Vu) Vwdzds,
0 Janr

with w =v — u.
Observe that, for all vy, ve. and s € [0, 1] we have

S
(3:6) (V[ +[Vea]) < [V(v1 + sv2)| + [Vor| < 2([Vor] +[Va).

By and (B.6), for ¢1(z) =1 —61(z) and go(z) = p(x) — 2+ &1 (z) we

have
1
|A(v)| SC//(]V(u+sw)|+\Vu])qQ(x)]Vw|Hm(x)sm(x)dxds
0JQh
1
<c[ (1wl + vul)= rwlw@( / sqlmds) "
(3.7) g 0
<5 [ (Tl [Fulp ) [P
2—6% Jon

=Clw|(p(),2-61())
=Clu = v|(p(),2-61())-

On the other hand, by (2.2)) and (3.6)), for g3(z) = 1 + d2(z) and g4(x) =
p(z) — 2 — d2(x) we have

1
|A(v)] ZC// (IV(u + sw)| + [Vu|) @@ |Vw| +93(#) 53 gg.ds
0JQh

1
>0 [ (V] + [Vul)) [Tt ( / sp<x>1ds> "
Qh 0
ZC/ (IVw| + IVqu@)_Q_é?(z) |V |02 @) gy
D2 Jor
=Clw|(p(),2+65())

=Clu = v[(p() 2462())

for all v € Sg )
Using (3.5)), we have that

A(ul) + J&h(u)(uh —u) < A() + Jou(u)(v —u) Yve S;
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due to u” is a minimizer of Jgn. Then,
A(uM) < A(Ww) + T (u)(v —u) Vv e Sg.
Therefore, by (3.7) and (3.8), we have
| — | () 2462()) < Clu = vl(p(y2-6,() + [Jon (W) (v —w)| Vv € Sp.
Finally, for any v € S[;, since Q" is Lipschitz, Q" cQand p =v—ut e Sg,
we can extend ¢ to be zeros in Q\ Q" by a function ¢ € Wol’p(')(ﬂ). Then
on (u)(p) = Jo(u) (@) =0

due to u is a minimizer of Jo. Therefore Ji,, (u)(v — ul) =0 for all v € Sg.
This completes the proof. O

Now we are able to prove Theorem

Proof of Theorem [I.1. We begin by noting that, by Lemma 2.7 and Lemma
2.11) we can apply Lemma Using (3.3) with o = 2, we get

u— v} .0, < Cllu—u" (1302 = Clu— "2
Then, taking 01(z) = 2 — p(z) and §2(x) = 0 in Lemma [3.3] we have that
lu — uh]ip v < Clu =] p0) = Crpeya,([Vu— Vo) Vo e Sg.
By Lemma we have that

(3.9) \u—uhh’p(,),gh < Cmax{]u i/f ) yu — \1;21/;2)9 } Y e S[;.

On the other hand, by Poincaré inequality and triangle inequality,

L h
lu— a1 peyor < llu—mrullypeyon + lu = maully ey o

(3.10) <C (Hu — 7Thu||17p(.)’gh + |uh _ 7Thu|1’p(.)?Qh>

<C (H“ = mnully i 0 + [ — “‘Lp(-),m) :

Using Theorem for m = 0,1 and ¢ = py, Theorem Remark
and that po < 2, , we have that

(3.11) lu — 7Thu|m’p(_)’gh < Clu — TRty py on < Ch2_m|u|2,p279.
Taking v = mpu in (3.9) and, using (3.10) and (3.11)), we get
2 2
=y < € (Blulapa, + max {ulf o, [ulB220 ) n2),

for all h < 1. Hence

2 2
=y < € (ulapm + gy + lfy2o) /2 v <1,
Moreover
s < O (Julza +lulsyg + ulsyo) W/” vh<1
duet to py < 2.
Finally, using Remark we obtain the desired result. U

Lastly, we prove Theorem
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Proof of Theorem [1.4. By Lemma[3.1]with o = 2 and taking 61 (z) =d(z) =
0 in Lemma we obtain
= "7 . on < Clu—u"|p2)
< Clu — mhul(p() 2)
oY / (V| + [V (1 — mp) PO |V (1 — mp) 2 d
TeTn 7
=:1.
On the other hand, by interpolation inequality, we have
(3.12) |V(u—mpu)(z)| < Chl[H[u]|| Lo (r) < ChH[u](z)+Ch't*" vz e,
due to u € C2°" (7).

For any fixed z, we have that ¢(t) = (a+t)?®*)~22 with ¢ > 0 is increasing

and q(|t1 +t2]) < 2(q(|t1]) + q(|t2])). Then, taking a = |Vu(z)|, by we
get

a(IV (u = ) (@)]) < 2 (g(ChH[ul(x)) + q(CH*T))

Hence, since p(z) < 2, we have

1<Cy h / (IVu| + ChH[u))*™ =2 H[u)? da

TETH
(2)-2
+ Z/(!Vuuch”a*)p R20+T) gy
T€TH T
< Ch? / VP2 Hu do+C Y [ mP@0HT) gy
Qh

T€TL YT
< Ch? / IVuP@ =2 [u)? de 4+ Ch?
Qh

where in the last inequality we are using Proposition [2.6] This completes
the proof. O

Remark 3.4. Since,
/ IVuP@ =2 H[u)? do < / (VulP2"2H[u)? dx + / \VulP =2 H[u]? dx
Q Q Q

we have, by Lemma 3.1 in [I], that (1.5 holds if u € W31(€).

Remark 3.5. We can see that can be interpreted as follows: in order to
have optimal rate of convergence we only need C? regularity of the solution,
in regions where the maximum of p(z) is 2, and we need, for example, O
regularity of the solution, only in regions where the function p(z) is near 1.

The next example is a generalization of [20, Example 3.1].

Example 1. We consider the radially symmetric version of the problem.
Let 2 = B1(0), p(z) = P(r) be a log-Holder continuous function, f(z) =
F(r) e LY(Q) for some ¢ > 2, where r = |z| and g be constant. We assume
that

1 T
(3.13) P(r)#2 if / tF(t)dt =0,
0

r
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and for each 7 € T
(3.14) peCY(r), f e CO(r) with 8 > at.
We will see that (1.5)) and (1.6) of Theorem hold.

First observe that f € LI0)(Q) if only if ¢/ F € LI0)(0,1).
If we consider

1 T
20y = -1 / LE(t) dt.
™ Jo
then, by Holder’s inequality, we have that
P'(r)
1 pr L ¢/d O )
[z o< | [P Ol ooy | dr <o
0 0 qu(,)(om)

due to ¢’ < 2 and tY*OF € L40)(0,1). Then Z(r) € L¥'()(0,1) and we can
define U € W'()(0,1) as the solution of

dU |72 du
(dr dr) (r)=Z(r).

Therfore the solution of (|1.2)) is

2—P(t

1 )
wmzmmz/zww@mwwug

Ju 1P
If we derive Z, using that |Z| = |— , we have that
d*U 1 dZ _ 2-p 1 2-p dP
- ~\Z|P-1 — ——_|Z|P—1 log(|Z])~Z.
oz - p—1ar” P o1 AT g eellZD)

2

d“U
Observe that el is well define since (3.13)) implies
T

(3.15) Z(r)#0if P(r) = 2.

On the other hand, for each 7 € T" there exist a cloused set A, C
{(r,0): >0 and 0 € [0,27)} such that 7 = ¢(A,) where ¢(r,0) = (r cos(d), rsin(h)).
Then, by (3.14]), we have that

(3.16) PeCY¥(A,) and F € CP(A;)
for any 7 € T".
Then
(3.17) ZeCYWA,) vreTh
and therefore
_ —pt
(3.18) 12|75 € o1 (A,)

where Pt = H}‘aXP forallTe 7.

On the other hand, since log(t)t is a Holder continuous for any exponent,

we have that
+

2-P 2=-PT h
(3.19) |Z|P-Tlog(|Z|)Z € CPF-1(A;) VTeTh,
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and then, by (3.16)(3.19), for each 7 € 7" we have that

d? 2— Pt
qu S CPY(AT) where Y= min {B, _F)‘i’]_} .
: : dU d*U
Finally, since Z(0) = 0 and by (3.15]), we have that d—(()) = W(O) =0so
T r
u € C?7(7) for all T € T" and (L.6) holds.
If we define H[u]? = (ug,e,)? + 2(Usy2)% 4 (Ugye,)? We have
Hlu) < 381,
. 2\ |au|P? 1 |au|”
3.20 Hu?|VulP?2 = (== ) |== Sl i
(3.20) LIVl (dr2 ) dr r2 | dr
First, since P, Z € C! and by (3.15)), we have that
AT
3.21 —s — =G(Z,P) e L*(0,1
(3.21) (%) |% (2,P) € 1*(0.1),
where
1 A 2 2-p dP
Z,P)= —= | — | |Z|P T — ——=|Z|P-T—log(|Z])Z
6(2.7) = s (G ) 12177 — gyl 25 5 how(i2)

2 dP\? 2-pP
g () 12 o222

On the other hand using, that Z(0) = 0 and Z € C*, we have that

1|au
r2 | dr

Therefore, by (3:20)-(3-22)

. 1d2U2
HUQVup_Qd:v:QW/ <>
| ft?v (G

so (|1.5)) holds.

p 1 P
(3.22) = —|Z|P=T € L>(0,1).
T

P-2 11du|®f
—| dr < oo,
dr

ﬂ
dr

r

4. NUMERICAL EXAMPLES

In this section, for each h > 0 we approximate the solution u” of (2.5)) by
the sequence u! driven by the algorithm described in Subsection [2.4. For
simplicity we will denote uﬁ = Up.

Let V = Sg,

H={n:R>—R?:5|, = constant b
Fo= [ e Gy = [ goa
n) = x, v) = — vdx,
o p(z) Q
and B : V — H defined by B(v) = Vv. Then
Jan(v) = F(B(v)) + G(v).

V and H are endowed with the L?—norm and the L? x L?—norm, respec-
tively.
If we take p, = r = 1 then the algorithm is:
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Given
{7707)\1} € H x Ha

then, {n,—1, \n} known, we define {u,, np, Ant1} € V x H x H by

(4.1) / Vu,Vodr = / fudr + / (-1 — A\p)Vode, Yo eV,
9] Q Q

(4.2) / (InalP@ =20, + o) doe = / (An + Vug)ndx Vn € H,
Q Q

)\n—f—l = )\n + (vun - nn)-

Remark 4.1. Since V, H, F, G, B, p, and r satisfy the assumptions of The-
orem the conclusions of Theorem are satisfied, that is u, — u®
and Vu, — Vul.

Observe that (4.1)) can be replace by,
MUn = F’n?

where

My = [ VeV
Q

Fn, = / ; fdx +/(77n1 — M) Vipjdz,
Q Q

and {¢;}j<n is a basis of V with N = dim(V’). Thus

N
Up — E un,j(Pj~
j=1

On the other hand, we define 7, , = 7 |x, in the same way we define \,, .
and V,u,. We can see from (4.2]) that n, . satisfies

1
( / |77n,n’p(x)72 dz + 1) nk = )\n,n + Vi,

||
Let p,, = p(Zx), where Z,; is the varicenter of k. Then using a quadrature
rule for the first term, we can approximate 7, , by the equation,

(’nn,m‘miz + 1) = A+ Vitin,
thus |7y, | solves
’nnﬁ’ﬁﬁ_l + ’nn,.‘i’ = ’An,ﬁ + vf{'“n’,

and therefore
>\n,n + Viup

B ‘nn,n Pr=2 + 1
Summarizing, each iteration of the algorithm can be reduce to the follow-
ing:

Find {un, nn, Adn+1} € V x H x H such that

N
Uy = § Un,joj,
7j=1

.k
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where U, solves,

(4.3) MU, = Fy;
. Anw + Viln
nn,n - bﬁ"i_2 + 1
where b € R>( solves
(4.4) Vel b b= Ak + Vi),
and

A=\, + (Y, — ).
Observe that each step of the algorithm consists in solving the linear equa-
tion (4.3)) and then the one dimensional nonlinear equation (4.4)).

We now apply the algorithm to a family of examples. For each h, we
use a stooping time criterion and we approximate u” by uz, and finally we
compute [|u; — ully100) (-

In the following examples, we have considered a rectangular domain € =
[-11]x[—1 1] and a uniform mesh, with linear finite elements in all triangles.
We denote by N the number of degrees of freedom in the finite element
approximation.

Example 1. In this example we consider the case f = 0, and the following
function p(z),

b -1
14+ (=(x1+z2)+1+0b if b # 0,
p(x)— <2( 1 2) > 7é

2 if b=0.
It is easy to see that the solution of (1.1)) is
b+1
ﬁz (e%(“m) - 1) if b 0,
u(x) =
2
f@ (.%'1 + 1’2) ifb=0.

2

The experimental results for different values of b and N are shown in the

following table, where e = u — ul.

N'/2
20 40 60 80 100 120 140

0.1 0.0200 | 0.0100 | 0.0067 | 0.0050 | 0.0040 | 0.0033 | 0.0029
0.5 0.1707 | 0.0848 | 0.0567 | 0.0427 | 0.0342 | 0.0286 | 0.0245

1 0.6704 | 0.3341 | 0.2244 | 0.1692 | 0.1357 | 0.1135 | 0.0973
2 5.5457 | 2.7592 | 1.8683 | 1.3750 | 1.1055 | 0.9250 | 0.7940
2.5 5.5457 | 2.7592 | 1.8683 | 1.3750 | 1.1055 | 2.3770 | 2.0434
3 14.2471 | 7.2017 | 4.8641 | 3.6136 | 2.8534 | 6.6850 | 5.8923

TABLE 1. |le]|; ) respect to N2 and b
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Figure 1| exhibits a plot, for different values of b, of log(||el|; ,(.)) respect
to N1/2,

20 40 60 80 100 120 140

FIGURE 1. |[le]|1 () respect to N2 in loglog scale

Fitting these values by the model |lel|; ) ~ CN~°/% using least square
approximation gives us the results of Table

(o[m [ a [ C |
0.1|1.83]0.0984 | 0.1992
05| 15 | 0.9961 | 1.6842
1 | 1.33]0.9900 | 652289
2 [ 1.2 | 0.9998 | 55.3856
2.5 | 1.16 | 1.0007 | 143.9890
3 [ 1.14 | 0.0495 | 329.2832

TABLE 2. Numerical order

Observe that the numerical rate of convergence is still of order one.

We also observe that p; is close to one when b >> 1, for example p; = 1.14
if b = 3. Table [2| shows that the constant C increases when p; is near to
one. In fact, the bound of the ||ul|2(q) and the constants C' in Lemma
depend on 1/(p;—1). See [10] and Lemma
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Finally, we give an example where the regularity assumption of Theorem
[1.2] are not satisfied. This example is a generalization of an example used
for the case p(x) = p. See [1l, (5.9)].

Example 2. Let p € C! be a radially symmetric function, p € (0,1),
C = 1/(1+p) and

(@) = f(lz]) = [a|HPPEDTDA 4 p(p(|2]) — 1) + plz| log(|z])p'(|]))
then u(x) = C(1 — |z|'*?) is a solution of
—Ap(x)u = f
Observe that u € W25(Q) if only if s < l%p. Thus, in the limit case (p — 0),
we only have H? regularity.

For our example, we take p(z) = 2 + (p1 — 2)|z| with 1 < p; < 2. Note
that p; < p(z) < 2.

The experimental results for p; = 1.5 and different values of p and N
are shown in the following tables, where |le||12 = ||u — ul||1.2 is given with
respect to N'/2 and p.

pP1 = 1.5
Py P01 0.5
10 0.2956 | 0.1773
20 0.1550 | 0.0883
30 0.1057 | 0.0588
40 0.0803 | 0.0441
50 | 0.06491 | 0.0353
60 0.0545 | 0.0294
70 0.0470 | 0.0252
80 0.0413 | 0.0220
90 0.0369 | 0.0196
100 | 0.0333 | 0.0176

Fitting these values by the model ||e|l1 o ~ CN /2 using least square
approximation gives us the results of Table

o lm ]| a |
0.1 1] 1.50.9498
0.5 1.5 1.0027

TABLE 3. Numerical order



ORDER OF CONVERGENCE OF THE FEM FOR THE p(z)-LAPLACIAN 21

On other hand, in all these cases, we can apply Theorem since all
the solutions belong to H?(f2). Then we can conclude order 0.75 when
p1 = 1.5 in the W'?()(Q) norm. However, in our numerical examples, we
can observe a better order in a better norm since, in all the cases, the order
of the H'—error is near to one. Hence, the conclusions of Theorem are
pessimistic for these cases. For this reason, we believe that the error bound
obtained in Theorem can be improved. That means that we expect that
the regularity assumptions in Theorem can be weakened.

5. SOME COMMENTS

During the refereeing process of this article, Breit et al published the

work [4] where they show, for the general dimension case that if p € C%(1)
(without the restriction p(x) < 2), g =0 and

(5.1) F(-,Vu) € HY(Q)

then
[1F (-, Vu) = F(-, Vu)|| 2(q) < CR®

p(z)—2

where C' depends on ||F'(+, Vu)| g1 (). Here Fi(x,&) = [§] 2 €.

In the case a < 1 one cannot expect that F(-, Vu) € H(Q) even locally,
see [4, Remark 4.5]. In fact, as far as we know the best regularity proved for
the solution is H?(£2) for the two dimensional case. Therefore, Theorem
is the best order that we could prove without assuming extra assumptions
over the solution. In fact, this is the reason why we assume along the paper
that we are in the two dimensional case.

Theorem 4.4 in [4] and Theorem [1.2] have extra assumptions over u. For
the case @ = 1 both theorems prove order one, in the first case for the
quasi-norm ||F(-, Vu) — F(, Vu)||2(q) and in the other for the error in the

Wr() () norm.
Observe that, by Lemma replacing p(x) by @ + 1 and taking § =0
we have that

p(z)—2 p(z)—2

€172 €=l = 0l ~ I§ = nl(I€] + InDP 2.
Then, as in the case p(x) =constant (see [2, Remark 2.2]), we have that

(5.2) IF(, V) = F(, Vu) 720y ~ [t = 1" 2)-

Therefore, since in the proof of Theorem [1.2] we arrive at
h2 h 2
’U —u ‘LP(.)Qh < C‘u —u ’(p(-),Z) < Ch7,

we also obtain, assuming (|1.5]) and ([1.6)), order one for the quasinorm defined
in [4].

On the other hand, it is possible to see that if p(z) is Lipschitz then
IVE(, V)l Z2) =

) plx) —2 VuVuyg, 2
/Q|Vu]p() QZ(( ( )2 ) +log(|Vu)uxjpxi+uxixj> dx.
7]

Ug; Va2
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Therefore,

IVF(, Vu)llZa) < C/(IWV"(”””\DQU!2 + (log(IVul)?|Vul"™|Vp|?) dz.
Q

Thus if u satisfies (1.5 and

(5.3) /(log(]Vu|))2|Vu|p(m)|Vp]2dm < 00
Q

then F(-, Vu) € HY().

In particular, in Example [2, we have that

/ IVulP® =2 D2u)? de = (p* + 1)/ |2|PP@) L dg
Q Q

and

IVF(, V)22 = / 27011+ C(1 + Clog(|x])|])? da
Q

and since log(|z|)|z| is bounded, in this case

IVFC )l ~ [ (96202 b

Then, in this example our assumption (|1.5) and their assumption ([5.1)) are
equivalent. Observe that this example is not consider in [4] since here g # 0.

Finally we want to emphasize that we only use that we are in the two

dimensional case to ensure the H? regularity of the solution in Theorem
Therefore, as in Theorem [T.2] we are assuming the regularity of the solution,
the result it is also valid for any dimension.
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