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Abstract

In this paper we study some particular solutions of Douglas type equations by means of
generalized inverses and angles. We apply this result to characterize positive solutions and
some special projections which are symmetrizable for a semidefinited positive bounded linear
operator.

Introduction

Let H and K be Hilbert spaces. Generalized inverses of bounded linear operators T : H —
K can be parametrized by means of the sets Q" and QF of linear projections (not necessarily
bounded) in H and K, respectively. On the other side, a projection can be studied by means of
the angle (inclination) between its nullspace and its image. This paper explores in some detail the
relationships between generalized inverses, projections and angles. Before stating the main results,
we describe some previous facts. The main tool in the paper is the use of a particular type of
solutions of operator equations like BX = C where B,C' are bounded linear operators between
suitable Hilbert spaces. We refer to this sort of equations as Douglas equations, because R. G.
Douglas [8] proved the following theorem which appears once and again in the literature.

Theorem. Let B € L(H,K) and C € L(G,K). The following conditions are equivalent:
1. There exists D € L(G, H) such that BD = C.
2. R(C) C R(B).
3. There exists a positive number A such that CC* < ABB*.

If one of these conditions holds then there exists a unique solution Xy gy € L(G,H) of the equation

BX = C such that R(Xy(p)1) C N(B)*. This solution will be called the Douglas reduced
solution. It also satisfies || Xy p).|| = inf{||D| : D € L(G,H) BD=C}.
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We refer the reader to the papers by Douglas [8], Fillmore and Williams [10] and Nashed [12]
for proofs and applications of the previous theorem. In [1], the orthogonal complement of N(B) is
replaced by an arbitrary closed complement M of N(B). Then there exists a unique solution X
of BX = C such that R(X ) C M; it is called the reduced solution for M and it has some
analogous properties as those of Douglas reduced solution. In [1] we parametrize reduced solutions
by means generalized inverses under the hypothesis R(B) closed. Here, we omit this hypothesis.
This forces us to deal with unbounded generalized inverses.

The main result of the paper states that, among all solutions of the equation BX = C, reduced
solutions are those Y which can be factorized as Y = B’C for some generalized inverse of B such
that R(B'B) is closed; this set coincides with the set of those solutions Y such that R(Y') has
positive Dixmier angle with N(B) (see definition below). These results are applied to the problem
of characterizing positive solutions of a Douglas type equations. This problem, originally studied
by Z. Sebestyén [15], has been recently solved by A. Daji¢ and J. J. Koliha [5] for closed range
operators. Our methods here extend the result to non closed range operators.

Finally we apply the previous results to get a partition of a certain set of projections. More
precisely, given a closed subspace, S, of a Hilbert space H and a positive semidefinite operator
A € L(H) we consider the set P(A,S) ={Q € L(H) : Q* = Q, R(Q) =S, AQ = Q*A}. This set
is an affine submanifold of L(H), which may be void. If P(A,S) is not void and we consider the
matrix representation of operators of L(H) induced by the decomposition H = S @ S* then the
elements of P(A,S) admit the matrix representation

(1 y
Q—<00>,

where y € L(S+,S) is a solution of a certain Douglas type equation. Therefore we study the
elements of P(A,S) for which the operator y is a reduced solution.

1 Preliminaries

Throughout H, K and G denote separable complex Hilbert spaces with inner product (, ). By
L(H, K) we denote the space of all bounded linear operators from H to K. The algebra L(H,H) is
abbreviated by L(H). By L(H)* we denote the cone of positive (semidefinite) operators of L(H),
e, L(H)t :={A € L(H) : (AL, &) > 0VE € H}. For every T € L(H,K) its range is denoted by
R(T), its nullspace by N(T') and its adjoint by T*. In the sequel we denote by S + 7 the direct
sum of the subspaces S and 7. In particular, if S € 7+ we denote S® 7. If S is a closed subspace
of H we denote Qs := {Q € L(H) : Q* = Q and R(Q) = S} and Ps the orthogonal projection
onto S. Furthermore, if 7 is an algebraic complement of S, i.e., S +7 = H, then Q1 //s denotes
the unique projection with R(Q) = 7 and N(Q) = S. It is well known that Q7//s is bounded if
and only if 7 is closed.

The next theorem introduces the notion of reduced solution which is the starting point of this
article. The proof is similar to Douglas original proof [1].

Theorem 1.1. Let B € L(H,K) and C € L(G,K) be such that the equation BX = C has a solution
and let M be a topological complement of N(B). Then there exists a unique solution X € L(G, H)
of the equation BX = C such that R(Xam) € M. The operator X will be called the reduced
solution for M of the equation BX = C.

Corollary 1.2. If X v is a reduced solution for M of the equation BX = C then N(X ) = N(C).



Proof. Since BX )y = C then N(X\) C N(C). Now, if £ € N(C) then 0 = C¢ = BX €. So
X € € R(X) N N(B) C M0 N(B) = {0}. Therefore N(Xn) = N(C). 0

Remark 1.3. If the equation BX = C has a solution and M is an algebraic complement of N (B)
then there exists a unique linear operator X such that BXy = C and R(Xxr) € M. In this
case, as the next examples show, the boundedness of the solution X 4 is not guaranteed.

1. Let S be a closed subspace of H and M a non closed subspace of H such that M + S =
H. It £ € M then Py,q,(¢) is a solution of the equation Psi X = Pgi Py,un{¢y such that
R(Pgpaniey) © M, and Pypgpqey is bounded.

2. Given the equation BX = B and M a non closed subspace such that M + N(B) = H, then
Qm//N(B) is a solution such that R(QM//N(B)) C M, but, since M is not closed, Qq//n(B)
is not bounded.

Our goal is to study reduced solutions. For this, the notion of generalized inverse will play a
fundamental role. Note that, given T' € L(H,K) and an algebraic complement of N(T') then the
operator Thy = T'|pm : M — R(T) is injective. Hence, there exists

Tl = (TIm)™ " R(T) — M.

Definition 1.4. Given T € L(H,K), let T' be a linear operator K — H whose domain D(T")
contains the range of T and let M be an algebraic complement of N(T).

1. T is an inner inverse of T if T'| gy = Tf;ll.
2. T' is a generalized inverse of T if T is an inner inverse of T and D(T") = R(T) + N(T").

3. T' is the Moore-Penrose inverse of T, if T' is the generalized inverse of T with M =
N(T)* and N(T') = R(T)*. In the sequel, the Moore-Penrose inverse of T will be denoted
by TT.

These kinds of inverses have been extensively studied. We refer the reader to [9], [13] and [14]
for the proof of the following characterizations.

Proposition 1.5. Let T € L(H,K) and T" : D(T") C K — H a linear operator with R(T') C D(T").
1. The next assertions are equivalent:

(a) T' is an inner inverse of T';

(b) T'T = Qrqy/n (1) for some algebraic complement M of N(T');
(c) TT" : D(T'") — H verifies (TT')? =TT and R(TT') = R(T);
(d) TT'T =T.

2. The next assertions are equivalent:

(a) T' is a generalized inverse of T';
(b) TT'T =T and T'TT' = T';
(c) T is an inner inverse with R(T") = M.

3. The next assertions are equivalent:



(a) T' is the Moore-Penrose inverse of T';
(b)) T' : R(T) ® R(T)* — H werifies TT'T =T, T'TT =T, TT' = Prslper) and
T/T == PN(T)L
The inner inverses corresponding to a topological complement of the nullspace instead of an

algebraic complement are particularlly interesting because in such case T'T = Q \4 //N(T) 1s bounded.
Given T € L(H, K), we shall denote by

I(T) ={T": T'T = Qmyn(r) € L(H)}
and by
Z,(T) ={T" € Z(T) : T' is a generalized inverse of T'}.

Note that Tt € Z(T). Moreover, if T € Z(T) and C € L(G,K) verifies that R(C) C R(T) then
T'C € L(G,H). In fact, by Douglas theorem, there exists D € L(G,H) such that TD = C. Now,
it T' € Z(T) then T'C = T'TD = Quy/yn(r)D € L(G, H).

Another notion which is relevant in this paper is that of angle between subspaces. Recall that
the Friedrichs angle between two closed subspaces S and 7 of H is the angle §(S,7T) € [0, 5]
whose cosine is defined by

(8. T) =sup{|[(&m)|:£€SN(ENT) e TN(SNT)" and €| <1, [0 < 1}

us

Furthermore, the Dixmier angle between S and 7 is the angle 6o(S,7T) € [0, 5] whose cosine
is defined by
co(S,T) =sup{| (&) [: £ €S,n €T and [[] < 1, [In] <1}

Clearly, if SN7 = {0} then both angles coincide. We present some well known results about angles
between subspaces that we shall use frequently during these notes. See [11] and [6] for their proofs.

Proposition 1.6. Let S,7 be two closed subspaces of H.
1. S+ T is a closed subspace if and only if ¢(S,T) < 1.
2. ¢(8,T)=0if and only if S=SNT &SNT+.
8. S+T is a closed subspace if and only if co(S,T) < 1

2 Reduced solutions of Douglas equations

Given a solution D of the equation BX = C then, in many cases, it is useful to express D as
a product BC for a certain B. In such cases, the operator B acts as a sort of inverse of B; in
fact, BBD = D. In the next proposition we provide equivalent conditions to the existence of such
factorization of the solution.

Proposition 2.1. Let D € L(G,H) be a solution of the equation BX = C. The following conditions
are equivalent:

1. D = BC for some linear operator B : D(B) — H with R(C) C D(B);

2. R(D)NN(B) = {0};
3. N(D) = N(C).



Proof. 1. — 2. Let £ € R(D)NN(B). Then, £ = Dn for some n € G and so Cnp = BDn = 0. Hence,
&= Dn=BCn=0.

2. — 3. Suppose that R(D) N N(B) = {0} and let £ € N(C). Then BD¢ = C¢ = 0, i.e.,
D¢ € R(D)NN(B) = {0}. So ¢ € N(D) and thus N(C) C N(D). It is trivial that N(D) C N(C).
Therefore, N(C) = N(D).

3. — 1. If N(C) = N(D) then the operator B : R(C) — H defined by B(C¢) = DE is well
defined. It is clear that B is linear and that BC' = D. O

Corollary 2.2. Every reduced solution X of the equation BX = C' can be written as X = BC,
for some linear operator B with R(C') C D(B).

Proof. Since R(Xap)NN(B) C MNN(B) = {0} then, by Proposition 2.1, the assertion follows. [

In the next result we describe the operator B of Corollary 2.2. Tt is well known that the Douglas
reduced solution of BX = C is given by B'C (see [13]). We prove that a similar factorization holds
for reduced solutions when the Moore-Penrose inverse of B is replaced by a generalized inverse in
Z4(B). Moreover, we characterize the reduced solutions by means of angles. As a consequence, we
shall prove that reduced solutions are exactly the solutions which can be written as BC' for some
linear operator B with R(C) C D(B) if some additional hypotheses regarding the dimensions of
the spaces involved are included.

Theorem 2.3. Let B € L(H,K) and C € L(G,K) be such that R(C)) C R(B). Hence, if Y €
L(G,H) is a solution of the equation BX = C then the following conditions are equivalent:

1. Y is a reduced solution of BX = C;
Y = Qum/ Ny Xn(s)L: where M is a topological complement of N(B);
Y = B'C, where B' € T,(B);

Y = B'C, where B’ € I(B);

S

co(R(Y),N(B)) < 1.

Proof. 1. — 2. Let Y be the reduced solution for M of the equation BX = C. Observe that
since M is a closed subspace then Quq//n(p) is bounded and so Qur//n(B)Xn(p)y: € L(G,H).
Furthermore, B(Qu//nB)Xn(B)L) = BXymr = C and R(Quy/n)Xn(pyL) © M. Thus, by
the uniqueness of the reduced solution, we get Y = Qr//nB)Xn(B)L-

2. — 3. Observe that the operator B' : R(B) + R(B)* — H defined by B' = Q) /np) B!
belongs to Zy(B). Furthermore, B'B = Q xq//n(p)- Hence, Y = Q) /n(3)Xn(p)yr = B'BXnp)r =
B'C

3. — 4. It is trivial, because if Z,(B) C Z(B).

4. — 5. Let Y = B'C for some inner B’ € Z(B). Then, R(Y) = R(B'C') C R(B'B) = M for
some closed subspace M such that M + N(B) = H. Thus, R(Y) € M and so R(Y)NN(B) = {0}.
Moreover, since M + N(B) = H is closed, we have that ¢o(M, N(B)) < 1. Hence, as R(Y) C M,
co(R(Y), N(B)) < co(M, N(B)) < 1.

5. — 1. If ¢o(R(Y), N(B)) < 1 then, by Proposition 1.6, it holds that R(Y") + N(B) is closed.
Hence, there exists M = (R(Y)+ N(B))*+ R(Y), which is closed since (R(Y)+N(B))* C R(Y)*,
such that R(Y) C M and M + N(B) = H. Therefore, Y is the reduced solution for M. O

Corollary 2.4. Let B € L(H,K), C € L(G,K) and Y € L(G,H) be such that BY = C. If H has
finite dimension then the following conditions are equivalent:



1. Y is a reduced solution of the equation BX = C;
2. Y = BC for some linear operator B with R(C) C D(B).

Proof. 1. — 2. It follows by Theorem 2.3.

2. — 1. If Y = BC for some linear operator B with R(C) C D(B) then, by Proposition 2.1,
R(Y)N N(B) = {0}. Furthermore, as R(Y) + N(B) has finite dimension, then R(Y) + N(B) is a
closed subspace and, by Proposition 1.6 we get that co(R(Y'), N(B)) < 1. Therefore, by Theorem
2.3, Y is a reduced solution of the equation BX = C. 0

As the next example shows, Corollary 2.4 fails, in general, in the infinite dimensional case.

Example 2.5. Let D € L(H) be a non closed range operator and let £ € R(D)\ R(D). Define B =
Ppan{ey+- Clearly, D is a solution of the equation BX = BD. Moreover, as N(B) = span{¢}, then
R(D)NN(B) = {0} and so, by Proposition 2.1, D = BBD for some linear operator B : D(B) — H
with R(D) C D(B). However, D is not a reduced solution of the equation BX = BD. Indeed, as
R(D)N N(B) = N(B) # {0} then ¢y(R(D), N(B)) = 1 and, by Theorem 2.3, D is not a reduced
solution.

Remark 2.6. By Douglas theorem, the Douglas reduced solution has minimal norm. A similar
property holds for every reduced solution. Let X4 be a reduced solution for M of the equation
BX = C. If we consider the generalized inverse, B’ : R(B) + R(B)* C K — M C H of B such
that B'|p(p) = By and N(B') = R(B)*, then Xy = B'C. Now, let A =Q*Q + (I - Q")(I — Q)
where Q = Qq//n(p)- Thus, A € L(H)* is invertible and the functional (¢, n) , = (A€, n) for every
&,m € 'H defines an inner product. Hence, it can be checked that M is the orthogonal complement
of N(B) with respect to (, ), . Thus, if we consider H with the inner product (, ), then the
generalized inverse B’, defined above, is the Moore-Penrose inverse of B. Then, X = B'C is the

Douglas reduced solution of the equation BX = C and so ||| X ||| = inf{|||D||| : BD = C} where

l|D]|| = sup %. Note that (, ), and (, ) are equivalent because A is invertible.
0#£€g

2.1 Positive reduced solutions

This subsection is devoted to study positive reduced solutions of Douglas type equations. The
next result due to Z. Sebestyén [15] provides an equivalent condition for the existence of a positive
solution.

Theorem (Sebestyén). Consider operators B,C € L(H,K) such that the equation BX = C' has
a solution. Hence, the equation admits a positive solution if and only if CC* < ABC* for some
constant A > 0.

Even though Sebestyén’result characterize the Douglas equations which admits a positive so-
lution, it does not provide an expression of them. A formula of positive solutions is given by A.
Daji¢ and J. J. Koliha in [5], but under some extra hypotheses. More precisely, they proved the
following result.

Theorem 2.7. Consider operators B,C € L(H,K) such that R(B) and R(BC*) are closed. If the
equation BX = C has a positive solution then the general positive solution is given by

X =C*BC*YC+ (I-BB)S(I-BB)*, ScLH)T,

where (BC*)' and B’ are arbitrary inner inverses of BC* and B, respectively. Moreover, Xy =
C*(BC*)'C is a particular positive solution of BX = C, independent of the choice of the inner
inverse (BC*)'.



Here, we shall prove that the formula given by A. Daji¢ and J. J. Koliha still holds if the
conditions R(B) and R(BC™) closed are replaced by certain angle condition. In Remark 2.10, we
show that our hypotheses are weaker than Daji¢ and Koliha’s ones. Before that we present the
following technical lemma.

Lemma 2.8. Let B € L(H,K). The general selfadjoint solution of the homogeneous equation
BX =0 is given by Y = (I — B'B)Z(I — B'B)*, where Z € L(H) is selfadjoint and B’ € Z(B).

Proof. Let Y be a solution of BX = 0. Then, Y = (I — B'B)Y for every B’ € Z(B). If in addition
Y =Y*thenY = Y(I — B'B)* and thus Y = (I — B'B)Y (I — B'B)".

Conversely, if Z € L(H) is selfadjoint then Y = (I — B'B)Z(I — B'B)* is a selfadjoint solution
of BX =0 for every B’ € Z(B). O

Theorem 2.9. Consider operators B,C € L(H,K) such that the equation BX = C' has a positive
solution. If R(C) C R(BC*) and co(R(C*),N(B)) < 1 then Xo = C*(BC*)'C is a positive reduced

solution of the equation BX = C. Furthermore, the general positive solution is given by

Y = C*(BC*)'C + (I — B'B)S(I — B'B)*, (1)
where S € L(H)* and B’ € Z(B).

Proof. Note that Xo = C*(BC*)1C € L(H) because R(C) C R(BC*). Moreover, since the equation
BX = C admits a positive solution then, by Sebestyén’result, BC* € L(K)* and so (BC*) is
positivel. Therefore Xy € L(H)*. Now, BXy = (C’*(BC*)TC’) Prenlo(sesnC = €. On
the other hand, R(Xy) = R(C*). Indeed, since BXy = C then N(Xy) C N(C) which implies that
R(C*) C R(Xp). The other inclusion follows from the definition of Xy. Then ¢o(R(Xo), N(B)) =
co(R(C*), N(B)) < 1 and so, by Theorem 2.3, we assert that X is a positive reduced solution.

The last part of the proof is devoted to obtain formula (1). Let Y be a positive solution of
BX = C. Then Y — X is a selfadjoint solution of BX = 0. Now, consider Be Z(B) such that
BC = Xj; the existence of such B is guaranteed by Theorem 2.3. Therefore, by Lemma 2.8, we
have

Y — Xy = (I — BB)Z(I — BB)*, (2)
for some Z € L(H) selfadjoint. Then

N N A~ ~ N

(I - BB)Y(I — BB)* = (I—BB)Xo(I —BB)*+ (I — BB)Z(I — BB)*
(I — BB)Z(I — BB)*.

Note that since Y is positive then S = (I — BB)Z(I — BB)* € L(H)*. Now, let B’ € Z(B). Then

(I — B'B)(I — BB) = (I — BB) and so, from (2), we get Y = X, + (I — B'B)S(I — B'B)*.
Conversely, if Y = X+ (I — B'B)S(I — B'B)* with S € L(H)" then Y is a positive solution

of BX =C. O

Remark 2.10. Let us note that the hypotheses of Theorem 2.9 are weaker than A. Daji¢ and
J. J. Koliha’s hypotheses. In fact, suppose that A. Daji¢ and J. J. Koliha’s hypotheses hold.
Thus, since the equation BX = C' admits a positive solution then CC* < ABC* for some positive
constant \. Hence, by Douglas theorem, R(C) C R((BC*)'/2). Thus, if R(BC*) is closed then
R(C) C R((BC*)'/?) = R(BC*) and so R(C) C R(BC*) = R(CB*) C R(C), i.e., R(C) is closed.
Furthermore, from R(C) C R(BC*) we get that N(BC*) C N(C*) which implies R(C*)NN(B) =

'Here, the positivity of 77 means <TT§, £> > 0 for every & € D(TT).

7



{0}. Finally, if Xo = C*(BC*)IC then R(C*) = R(XoB*) C R(Xo) C R(C¥), ie., R(C*) =
R(Xp). Now, R(C*) + N(B) = R(Xo) + N(B) = B~*(R(C)) is closed and so, by Proposition 1.6,
co(R(C*),N(B)) < 1.

On the other hand, let C' € L(H)" with non closed range and B = Pi). Hence the equation

BX = C admits a positive solution, R(C') C R(BC*) and ¢o(R(C*), N(B)) =0 < 1, but R(BC*) =
R(C) is not closed.

3 Reduced projections

In this section we will study some special projections @) € Qs which are orthogonal respect to the
semi-inner product induced by A € L(H)™", namely,

<7 >A:HXH_>(C’ <§777>A = <A§a77>

This functional is an inner product if and only if A is injective. Moreover, if A is invertible then
(, )4 and (, ) are equivalent in an obvious sense.

Given T' € L(H), we say that T is A-selfadjoint (or symmetrizable for A) if (T¢,n), =
(€,Tn) 4 for every &,m € ‘H or, which is equivalent, if AT = T*A. Given a closed subspace S, we
denote by P(A,S) the set of A-selfadjoint projections with fixed range S:

P(A,S) ={Q € Qs : AQ =Q A}

If P(A,S) is not empty, then the pair (A,S) is called compatible. The compatibility of a pair
(A,S) can be read in terms of range inclusions. For this, let us consider the matrix representation
of operators in L(H) induced by the decomposition H = S@S+. Thus, every Q € Qg is represented

? Q—<1y> 3)
0o 0 )’

where y € L(S*,S); and every A € L(H)™ is represented by

(e

where a € L(S)T and ¢ € L(S+)". Therefore, the pair (A,S) is compatible if and only if R(b) C
R(a) (see [2]). Moreover, @ € P(A,S) if and only if ay = b. The main goal of this section is to
characterize the elements @ € P(A,S) such that

Q=<éx§>, (5)

where x4 is a reduced solution of the equation ax = b. This sort of projections will be called
reduced projections. Observe that, by Douglas theorem, if the pair (A,S) is compatible then
there always exists a reduced projection in P(A4,S), namely,

. 1 '/I;N(a)J‘
e ()

Different properties of the element P4 s have been studied by Corach et al. in [4] and [3]. Here,
we describe the set of reduced projections by means of the results obtained in Section 2. For this,
we start providing an equivalent condition for a projection Q) € Qs to be A-selfadjoint.



In what follows, given a subspace S of H we denote
Sta={¢eH: En),=0VneS)
The following identities hold: St4 = (AS)+ = A~1(S1).

Proposition 3.1. Let (A,S) be a compatible pair and Q € Qs. The following conditions are
equivalent:

1. Q e P(AS);
2. N(Q) = S*+4 N M for some topological complement, M, of SN N(A).

Proof. 1— 2. Let Q € P(A,S) and N = SNSt4 = SNN(A). First, let see that ST4 = N+ N(Q).
Observe that since @ € Qg, then N N N(Q) = (SN N(Q)) N N(A) = {0}. Furthermore, as
Q € P(A,S), then N(Q) C S*4 and so N+ N(Q) C S4. On the other hand, if £ = & + & € S*4,
where ¢ € S and & € N(Q) then £ — & = & € ST4NS = N. Therefore S*4 = N+ N(Q). Now,
define M = N(Q) + (S+4)* which is closed because N(Q) C S+4. We claim that M + N = H.
Indeed, M+N = N(Q)+ (St4)L+ N = N(Q)+ N +(S§t4)L = Sta 4 (St4)L = H. Moreover, let
n=m-+n € MNN, where n; € N(Q) and 2 € (§+4)*1. Now, n—mn = ne € Stan(St4)+ = {0}.
Then n = m € N(Q)NS = {0}. Hence, M + N = H. It only remains to show that N(Q) =
STANM. It is straightforward that N(Q) € ST4NM. On the contrary, let u = pu1+po € STANM,
where p7 € N(Q) and pg € (ST4)L. Then pu — p1 = pp € St4 N (SH4)L = {0}. Therefore
p=p1 € N(Q) and so N(Q) = St4 N M.

2— 1. As N(Q) C S*t4,if € = & +& and n = 1y + 12, where £1,71 € S and &2,772 € N(Q) then
(QE,m) 4 = (&1,m) 4 = (§,@Qn) 4. Therefore @ is A-selfadjoint. O

Lemma 3.2. Let A € L(H)" with the matriz representation (4) and let S be a closed subspace of
H. If the pair (A,S) is compatible then N(a) =S N N(A).

Proof. Let £ € N(a) € S. Then, as the pair (A4,S) is compatible and a is positive it holds
N(a) € N(b*) and therefore b*¢ = 0. Hence, A{ = a& + b*¢ = 0, ie., £ € SN N(A). The other

inclusion is clear. O

Lemma 3.3. Let Q1,Q2 € Q. If N(Q1) C N(Q2) and R(Q1) € R(Q2) then Q1 = Q».

Proof. The assertion is consequence of the following equivalence: (i) N(Q1) C N(Q2) & Q2Q1 =
@2 and (ii) R(Q1) € R(Q2) & Q2Q1 = Q1. O

In the next theorem we characterize the reduced projections. Observe that in Proposition 3.1
we describe the nullspace of the elements of P(A,S) by means of a complement of SN N(A). Now,
we shall give an additional condition on such complement in order to @ € P(A,S) be a reduced
projection.

Theorem 3.4. Let (A,S) be a compatible pair and Q € P(A,S). Then the following conditions
are equivalent

1. Q is a reduced projection;
2. N(Q) = SN M, where M is a topological complement of SON(A) such that ¢(M,S) = 0;

3. co(R(QPs1), SAN(A)) < 1.



Proof. Let Q = ( (1) Z(/] ) € P(A,S) and, for simplicity, let N =S N N(A).

1. — 2. If y a reduced solution of the equation ax = b then R(y) C W for some closed subspace W
such that W+ N(a) = S. Define M = W +S+. Then, M+ N = M+ N(a) =W+ S+ + N(a) =
S+S8+ = H. Furthermore, M NN = {0}. Indeed, if £ = & +& € MNN with & € St and & € W
then ¢ — & = ¢ € SNST = {0}. Thus, & =0 and so £ = & € WN N(a) = {0}. Hence, £ = 0 and
so M+N = H. It is straightforward that S+ (S+4 N M) = H. By Proposition 3.1 and Lemma 3.3,
in order to prove that QQ = QS//SJ_AQM we must see that N(Q) € St4 N M. Now, as Q € P(A,S),

then N(Q) C St4. Let us see that N(Q) € M. For this, let £ = & + & € N(Q) with & € S
and & € ST, Then Q€ = & +y&y = 0. Hence, & = —y&o € W. S0, E =6+ & eW+ S =M
and then N(Q) € M. It only remains to show that ¢(M,S) = 0 or, which is equivalent, that
M=(MnNS)d(MNSt). Clearly, ( MNS) P (MNSt) C M. Now, let n =11 + 12 € M, where
meWandn eSSt Thenn—m =meMnStandn—mn=mn € MNS.

2. — 1. It is sufficient to show that there exists a closed subspace W such that W + N(a) = S
and R(y) C W. Define W = M NS. Then W+ N(a) C S. Now, let & = & + & € S, where
&eMand & e N=N(a). Then{ —& =6 e MNS =W and so £ =& + & € W+ N(a).
Furthermore, W N N(a) = WNN = M NN = {0}. Thus W+ N(a) = S. Now, given £ € S, it
holds —y&+¢& € N(Q) C M. Since ¢(M,S) = 0 then, by Proposition 1.6, M = (MNS) @ (MNSt)
and so —y& + &€ = k1 + Ko, where k1 € M NS and ko € M NS*. Therefore —yé = k1 and € = ko
and so R(y) CMNS=W.

1 «+ 3 It is consequence of Theorem 2.3. ]

Remark 3.5. If the pair (A,S) is compatible and @ € P(A,S) then @ is the reduced projection
P, s if and only if any of the following conditions hold:

L N(Q) = S14 0 (SN N ()L
ii. Co(R(QPSJ_),S NN(A)) =0.

The compatibility of a pair is related to the existence of solutions of certain Douglas type
equations. For example, in [3], Proposition 4.2, it is proved that the pair (A,S) is compatible

if and only if the equation AY/2PsX = P—7p— IVETS )A 1/2 has a solution. As a consequence, in the

next result we show that if the pair (4,S) is compatible then the equation AY/2X = A1/2( )A1/2
has a solution. In that case, the reduced solutions are A-selfadjoint projections. Moreover, if

SN N(A) = {0} then Py s is a reduced solution of such equation.

Proposition 3.6. Let A € L(H)* and (A,S) be a compatible pair. Then the following conditions
hold:

1. The equation AY2X = P AY? has a solution;

Al/28
2. If X is a reduced solution of the equation AY2X = AY2 then Xz is an A-selfadjoint

projection with N(X ) = S*4;

A1/2$

3. If SN N(A) = {0} then there exists a closed subspace M of ‘H such that S C M and
M+ N(A) = H. In that case, Pas is the reduced solution for M of the equation AY?X =
A1/28A1/2 In other words, Pas = (AY2) P5<AY? where (A'/?) is the generalized inverse

for M of AV/2.

Al/2S
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Proof. 1. If the pair (A,S) is compatible then the equation A'/2PsX = P

A1/25A1/2 has a solu-
tion (see [3], Proposition 4.2). Hence, R(P Al/2) € R(AY?Ps) C R(AY?). Thus, AY/2X =
P 5z

Al/2S
2. Let D be a reduced solution for M of the equation AY/2X = P

AI/QSAI/Q. Hence, AY/2D? =
AV2DD = PAI/QSAl/QD P21/2 A2 = A1/2$A1/2‘ Hence both, D and D? are reduced solution

for M of the equation AY/2X = P 1/2$Al/2 and so, D = D?. Furthermore, AD = A1/2P
is selfadjoint. Thus, D is an A-selfadjoint projection. Finally, since N(D) = N (P 7 SAI/ 2), it is
sufficient to show that N( Al/QSAl/Q) St4 = (AS)*. Now, since for every n € S and € € H it

holds (£, An) = < A1/2$A1/2§ A2 > , then the assertion follows.

3. Let M = S+(S+N(A))*. Since (S4+N(A))*+ C S*, then M is closed. Moreover, since (4, S) is
compatible then S+ N(A) is a closed subspace of H (see [2], Theorem 6.2) and so M + N(A) = H.
Now, if X denotes the reduced solution for M of the equation AY/2X = PAl/QSAI/2 then, by
item 2., X is an A-selfadjoint projection. Furthermore, S C R(X (). In fact, if n € S then

Pz A1/217 = A2y = AY2X \m. Thus, n — Xpn € M ﬂN(Al/Q) = {0}. Then, n = Xun €
R(X ). Since SN N(A) = {0}, by item 2. it follows that N (X)) = N(Pas). Therefore, X is
an A-selfadjoint projection with R(P4s) =S C R(M) and N(Xx) = N(Pa,s). So, by Lemma
3.3, Xpm = Pas. O

Al/28
A/2 has a solution.
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