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Abstract—Assessing elastic material properties from shear
wave propagation following an acoustic radiation force impulse
(ARFI) excitation is difficult in anisotropic materials because of
the complex relations among the propagation direction, shear
wave polarizations, and material symmetries. In this paper, we
describe a method to calculate shear wave signals using Green’s
tensor methods in an incompressible, hyperelastic material with
uniaxial stretch. Phase and group velocities are determined for
SH and SV propagation modes as a function of stretch by con-
structing the equation of motion from the Cauchy stress tensor
determined from the strain energy density. The Green’s tensor
is expressed as the sum of contributions from the SH and SV
propagation modes with the SH contribution determined using
a closed-form expression and the SV contribution determined
by numerical integration. Results are presented for a Mooney-
Rivlin material model with a tall Gaussian excitation similar
to an ARFI excitation. For an experimental configuration with
a tilted material symmetry axis, results show that shear wave
signals exhibit complex structures such as shear splitting that
are characteristic of both the SH and SV propagation modes.

I. INTRODUCTION

Elastic properties of materials can be measured by observ-
ing shear wave propagation following an acoustic radiation
force impulse (ARFI) excitation and relating the shear wave
signals to a model of the material. This process is difficult
in anisotropic materials because of the complex relations
among the propagation direction, shear wave polarizations,
and material symmetries. For example, compressed [1], [2]
and stretched [3] phantoms exhibit transverse isotropy because
the deformation introduces a symmetry axis in the material.
Muscle is also an example of a transversely isotropic (TI)
material with the symmetry axis determined by the direction
of the muscle fibers. It can be shown that three material
parameters are required to characterize an incompressible, TI
material [4].

Typically, experiments in TI materials have been performed
using an experimental geometry such as shown in Fig. 1(a)
(see also Fig. 2 of Chatelin, et al. [3]) where SH propagation
mode is observed in a plane perpendicular to the excitation
axis, and the material symmetry axis is positioned in the same
plane. The shear wave speeds observed in these experiments

measure the group speeds for propagation along and across the
elliptical shear wave propagation and are sensitive to only two
of the three material parameters that characterize the material.
More complicated geometries using a tilted symmetry axis as
shown in Fig. 1(b) observe both the SH and SV propagation
modes and are sensitive to all three material parameters that
characterize an incompressible, TI material [4], [5].

In this paper, we describe a method to calculate shear wave
displacements for wave propagation in an incompressible,
hyperelastic material with uniaxial stretch. Previous calcula-
tions of shear wave displacement signals using Green’s tensor
methods have been used by Chatelin, et al. [6] based on the
special-case expressions for the Green’s tensor from Vavryčuk
[7]. However, this special case is not sufficiently general to
fully describe the shear wave signals that can be measured
with the tilted symmetry axis in Fig. 1(b) [5] .

II. BACKGROUND AND THEORY

A. Finite, uniaxial stretch

We consider an incompressible, hyperelastic material with
uniaxial stretch λ so that a point with coordinates (X,Y, Z) =
(X1, X2, X3) in the reference configuration has a position
(x, y, z) = (x1, x2, x3) in the stretched configuration,

x = X/
√
λ, y = Y/

√
λ, and z = λZ. (1)

The deformation gradient tensor F is given by

FiA =
∂xi

∂XA
, F =

 1/
√
λ 0 0

0 1/
√
λ 0

0 0 λ

 . (2)

This expression can be used to calculate the left Cauchy-Green
deformation tensor B = FFT and invariants I1 = trB, I2 =
1
2 [(trB)

2 − tr
(
B2

)
], and I3 = detB. For the incompressible

material considered in this study, I3 = 1.

B. Wave motion superimposed on the uniaxial stretch

We consider plane wave propagation at an angle θ relative
to the ẑ = Â axis in the x̂− ẑ plane, i.e., the plane shown in
red in Fig. 1. Wave motion is characterized by the SH, SV, and
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Fig. 1. (a) Experimental configuration commonly used for investigations
of shear wave propagation in an incompressible, TI material. The ARFI
excitation force F⃗ is directed along the Z axis and the material symmetry axis
Â and propagation direction n̂ are in the Z = 0 plane. Polarization vectors of
the SH, SV, and P propagation modes are defined relative to the Â− n̂ plane
shown in red. Ultrasonic tracking measures the Z component of the shear
wave displacement signal and is sensitive only to the SH propagation mode.
(b) A more complicated experimental configuration in which the material
symmetry axis Â is tilted relative to the Z = 0 plane. Measurements of the
Z component of shear wave displacement are sensitive to both the SH and
SV propagation modes.

P propagation modes defined by their polarization directions
relative to the x̂ − ẑ plane. For the incompressible material
considered here, the P wave with longitudinal polarization has
infinite wave speed and zero amplitude, and it will not be
considered further.

Using a tilde to indicate quantities with the superimposed
wave motion, the deformation x̃ is given by the relation

x̃ = x+ P̂SHASHf(η, t) + P̂SV ASV g(η, t) (3)

where x is the deformation (1) without wave motion, P̂SH and
P̂SV are polarization vectors, ASH and ASV are amplitudes,
and the functions f(η, t) and g(η, t) are plane waves functions
of the position η = n̂ · x⃗ along the propagation direction n̂ for
the SH and SV propagation modes, respectively. The quantities
F̃, B̃, Ĩ1, and Ĩ2 can be calculated from (3) using (2) and
relations following (2) above.

C. Cauchy stress tensor and the equation of motion

Isotropic, hyperelastic materials can be characterized by a
strain energy density W which is a function of the invariants
I1, I2, and I3 of B [8]. Here, we use I3 = 1 for an
incompressible material so that the strain energy density for
the stretched material with wave motion from section II.B can
be written as W̃ = W̃

(
Ĩ1, Ĩ2

)
. The Cauchy stress tensor T̃

can be determined from W̃ by the relation [8]

T̃ = −p1+ 2
∂W̃

∂Ĩ1
B̃− 2

∂W̃

∂Ĩ2
B̃−1 (4)

where p is an undetermined pressure. The equation of motion
for a point at postion x̃ is given by the divergence of T̃,

ρ
∂2x̃i

∂t2
=

∂T̃ij

∂x̃j
(5)

D. Phase and group velocities
Equations of motion for the SH and SV wavefunctions

can be found by combining (3), (4), and (5) and assuming
infinitesimal wave amplitudes. For the SH propagation mode,

ρ
∂2

∂t2
f(η, t) = ρv2SH

∂2

∂η2
f(η, t) (6)

where the phase velocity vSH is given by

ρv2SH =

(
2λ2 ∂W

∂I1
+ 2λ

∂W

∂I2

)
cos2 θ

+

(
2

λ

∂W

∂I1
+ 2λ

∂W

∂I2

)
sin2 θ.

(7)

Note that the derivatives in (7) (and (9), below) are evaluated
in the stretched material, without including the wave motion.
Expression (7) has the same form as the SH phase velocity
for wave propagation in an incompressible, TI material [4],

ρv2SH = µ∥ cos
2 θ + µ⊥ sin2 θ (8)

where µ∥ and µ⊥ are shear moduli that characterize wave
propagation parallel and perpendicular to the symmetry axis.
Thus, the group shear wave speed for the SH wave will have
an elliptical shape with speeds along the semi-major and semi-
minor axes of V∥ =

√
µ∥/ρ and V⊥ =

√
µ⊥/ρ, respectively.

Similarly, the SV phase velocity is given by the relation

ρv2SV =

(
2λ2 ∂W

∂I1
+ 2λ

∂W

∂I2

)
cos2 θ

+

(
2

λ

∂W

∂I1
+

2

λ2

∂W

∂I2

)
sin2 θ

+ 4

[(
λ2 − 1

λ

)2
∂2W

∂I21
+

(
λ− 1

λ2

)2
∂2W

∂I22

+ 2

(
λ2 − 1

λ

)(
λ− 1

λ2

)
∂2W

∂I1∂I2

]
sin2 θ cos2 θ.

(9)

E. Calculation of the Green’s tensor
Neglecting the P propagation mode, components Gin(r⃗, ω)

of the Green’s tensor in the temporal frequency domain can
be written a sum of the SH and SV propagation modes as [5]

Gin(r⃗, ω) = GSH
in (r⃗, ω) +GSV

in (r⃗, ω)

=
∑

N=SH,SV

1

8π3

∫∫∫
P̂N
i P̂N

n

ρk2v2N − ρω2
eik⃗·r⃗ d3k

(10)

where P̂SH and P̂SV are polarization vectors, and the phase
velocities vSH and vSV are given by (7) and (9), respectively.

For the SH propagation mode, it can be shown [5], [9] that
GSH

in (r⃗, ω) is given by the closed-form expression

GSH
in (r⃗, ω) =

1

4πµ⊥

(
δin − ri rn

r2⊥

)
e−ik0r

′

r′

− i

4πµ∥

(
δin − 2 ri rn

r2⊥

)
e−ik0r

′ − e−ik0|z|

k0 r2⊥
(11)



where r2⊥ = x2 + y2, r′2 = r2⊥µ⊥/µ∥ + z2, k20 = ρω2/µL,
and the sign of k0 has been chosen to give outgoing waves
when combined with the e+iωt time dependence.

We have not found a closed-form expression for GSV (r⃗, ω).
Instead, it can be shown [5] that GSV

in (r⃗, ω) are given by

GSV
in (r⃗, ω) =

−iω

16π2ρ v30
ISin(α, θr,∆SV )

+
1

8π2ρ r v20
ILin(θr,∆SV )

(12)

where v0 =
√
µ∥/ρ is the phase velocity along the symmetry

axis, α = rω/v0, ∆SV is a function of the material parameters
and angle θk determined from (9), and the surface and line
integrals are given by

ISin(α, θr,∆SV )

=

∫ 2π

0

∫ π

0

P̂SV
i P̂SV

n

(1 + ∆SV )3/2
e−iα|k̂·r̂|/√1+∆SV sin θk dθk dϕk

(13)

and

ILin(θr,∆SV ) =

∫ 2π

0

∫ π

0

P̂SV
i P̂SV

n

1 + ∆SV
δ
(
k̂ · r̂

)
sin θk dθk dϕk.

(14)

III. METHODS

A. Mooney-Rivlin material

In this paper, we apply the methods described in Section II
to the case of a Mooney-Rivlin material model with strain
energy density given by the relation

W = C10 (I1 − 3) + C01 (I2 − 3) . (15)

Specifically, we present results using the material parameters
C10 = 5.0 kPa and C01 = −1.0 kPa. We note that for this
material model, only first order derivatives of W with respect
to I1 and I2 are nonzero in (9), and the phase velocities for
the SV propagation modes have the same form as for the SH
propagation mode, though the values of µ∥ and µ⊥ in (8)
are different. Thus, the group shear wave speeds for the SV
propagation will be elliptical as for the SH mode.

B. Calculation of the shear wave displacement signals

The shear wave signal u⃗(r⃗obs, t) at an observation position
r⃗obs and time t was calculated by dividing the excitation
force f⃗(r⃗s, ts) into spatial and temporal source voxels s and
summing the contributions from each voxel. The Greens tensor
Gin (r⃗obs − r⃗s, t− ts) gives the relative contribution to the
signal from each source voxel. Assuming the force can be
factored into a spatial function f⃗(r⃗s) and temporal window
W (t), components ui(r⃗obs, ω) of the shear wave signal can
be written in the temporal frequency domain as

ui(r⃗obs, ω) =
∑
s

Gin(r⃗, ω) fn(r⃗s)W (ω) (16)

where r⃗ = r⃗obs− r⃗s is the relative position between the source
and observation positions and summation over the component
index n of the force is implied.

To simplify these calculations, we distinguish between two
coordinate systems; the (x, y, z) = (x1, x2, x3) coordinate
system defined by the material symmetry axis Â and propaga-
tion direction n̂ used to calculate the Green’s tensor in (10),
and a second (X,Y, Z) = (X1, X2, X3) coordinate system to
describe the experimental configuration as in Fig. 1. Defining
a rotation matrix R with elements RAi = X̂A · x̂i to transform
from the xyz to XY Z coordinate system gives [5]

uA(r⃗obs, ω) =
∑
s

RAi

[
GSH

in (r⃗, ω) +GSV
in (r⃗, ω)

]
×

(
R−1

)
nB

fB(r⃗s)W (ω).

(17)

In practice, the surface (13) and line (14) integral func-
tions were precomputed. Then, when performing the sum
over source positions in (17), values of ISin(α, θr,∆SV ) and
ILin(θr,∆SV ) were evaluated by interpolation with an effi-
ciency comparable to the evaluation of a closed-form ex-
pression. In addition, because the surface and line integral
functions are parameterized, the evaluation of these functions
is reduced by a factor of roughly 106 compared to the
calculation of the integrals for each combination of rs, robs,
and ω in (17).

C. Ultrasonic excitation and tracking

Results are presented in Section IV for the case of a tall
Gaussian excitation directed in the Ẑ direction as in Fig. 1,

f⃗(r⃗s, t) = e−X2/2σ2
X e−Y 2/2σ2

Y e−Z2/2σ2
Z W (t) Ẑ (18)

where σX = σY = 0.4 mm and σZ = 7.5 mm. A 200 µs
rectangular excitation window W (t) was used. Results show
only the Z-component of the shear wave displacement signal
as would be observed with ultrasonic tracking.

IV. RESULTS AND DISCUSSION

Figure 2 shows the phase velocities (left) for the SH and SV
propagation modes calculated using (7) and (9), respectively,
for the Mooney-Rivlin described in Section III-A with stretch
λ = 1.8. The group velocities (right) are calculated from the
phase velocities using the standard procedure [4]. As noted
in Section III.A, both the SH and SV group velocities are
elliptical because second order derivatives in (9) are zero for
the Mooney-Rivlin material (15).
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Fig. 2. Phase (left) and group (right) velocities for the SH and SV progagation
modes in the Â−n̂ (red) plane in figure 1 for propagation in a Mooney-Rivlin
material (15) with C10 = 5.0 kPa, C01 = −1.0 kPa, and λ = 1.8.



Fig. 3. Views of shear wave signals in the X = 0, Y = 0, and Z = 0 planes
at time t = 3.20 ms from the tall Gaussian excitation. The planes overlap
and are shown with semi-transparency in the center, and are also duplicated
without transparency at positions displaced from the center. The experimental
configuration is shown in Fig. 1(a) with the material symmetry axis positioned
along the X axis and the excitation force directed along the Ẑ direction. The
Ẑ component of displacement is shown.

Figure 3 shows a snapshot of the shear wave displacement
signal in the X = 0, Y = 0, and Z = 0 planes from the
tall Gaussian excitation at a time t = 3.20 ms. Signals are
shown as overlapping, semi-transparent planes at the center,
and are duplicated without transparency at positions displaced
from the center. The experimental configuration is shown in
Fig. 1(a) with the material symmetry axis positioned along the
X axis and the excitation force directed along the Ẑ direction.
The Ẑ component of displacement is shown. Only the SH
propagation mode contributes to the signals in the Z = 0
plane, thereby giving the expected elliptical shape.

Figure 4 shows shear wave signals observed with the exper-
imental setup shown in Fig. 1(b) where the material symmetry
axis is tilted at an angle of 45◦ with respect to the Z = 0 plane.
As in Fig. 3, only the Ẑ component of displacement is shown.
However, in this case, both the SH and SV propagation modes
contribute to the shear wave signals observed in the Z = 0
plane and give shear splitting for propagation along the Y -axis

V. CONCLUSION

This study describes the calculation of phase velocities
and shear wave signals following an ARFI excitation in an
incompressible, hyperelastic material with uniaxial stretch.
By using an experimental configuration with the material
symmetry axis tilted relative to the exciation axis, both the SH
and SV propagation modes can be observed, thereby providing
additional information regarding the material properties of
stretched phantoms, and of anisotropic tissue such as skeletal
muscle.

Fig. 4. Shear wave signals for the same case as in Fig. 3 with the excitation
setup shown in Fig. 1(b).
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