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Abstract

Abstract

In this paper, we introduce the concepts of the Wijsman
Ir-statistical convergence, Wijsman Z»-lacunary statistical
convergence and Wijsman strongly Z»>-lacunary convergence of
double sequences of sets and investigate the relationship between
them.
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Introduction, Definitions and Notations

Introduction, Definitions and Notations

The concept of convergence of sequences of numbers has been
extended by several authors to convergence of sequences of sets.
The one of these such extensions considered in this paper is the
concept of Wijsman convergence (see, [2, 4, 11, 25, 27, 28]).
Nuray and Rhoades [17] extended the notion of convergence of set
sequences to statistical convergence, and gave some basic
theorems.

Ulusu and Nuray [25] defined the Wijsman lacunary statistical
convergence of sequence of sets, and considered its relation with
Wiijsman statistical convergence, which was defined by Nuray and
Rhoades.
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Introduction, Definitions and Notations

Introduction, Definitions and Notations

Recently, Kisi and Nuray [11] introduced a new convergence
notion, for sequences of sets, which is called Wijsman
T-convergence. The concepts of convergence, statistical
convergence and ideal convergence of double sequences of sets
were studied by Nuray et. al [19, 20, 21, 22].

Das et al. [5] introduced new notions, namely Z-statistical
convergence and Z-lacunary statistical convergence by using ideal.
Recently, Ulusu and Diindar [26] studied the concepts of Wijsman
ZI-statistical convergence, Wijsman Z-lacunary statistical
convergence and Wijsman strongly Z-lacunary convergence of
sequences of sets.
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Introduction, Definitions and Notations

Let (X, p) be a metric space. For any point x € X and any
non-empty subset A of X, we define the distance from x to A by

A) = inf .
d(x, A) = inf p(x, a)

Throughout the paper, we let (X, p) be a metric space and A, Ax
be any non-empty closed subsets of X.

DUNDAR Tp-Lacunary Statistical Convergence of Double Sequences Of Sets6/



Introduction, Definitions and Notations

Introduction, Definitions and Notations

Definition 1

([17]) We say that the sequence {Ax} is Wijsman statistical
convergent to A if for € > 0 and for each x € X,

lim 1|{k < n:l|d(x,Ax) — d(x,A)| > e} =0.

n—oco N

In this case we write st — limy Ay = A or Ay — A(WS).
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Introduction, Definitions and Notations

By a lacunary sequence we mean an increasing integer sequence

0 = {k,} such that kp =0 and h, = k, — k,_1 — o0 as r — oo.
Throughout this paper the intervals determined by 0 will be
denoted by I, = (k,—1, k], and ratio k W|I| be abbreviated by q,.

Definition 2

([25]) We say that the sequence {Ax} is Wijsman lacunary
statistically convergent to A, if for € > 0 and for each x € X,

1
lim h—]k €l |d(x,Ax) — d(x,A)| > ¢| =0.
r-nr
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Introduction, Definitions and Notations

Definition 3
([13]) A family of sets Z C 2N is called an ideal if and only if

(i) Vez,

(i) For each A,B € Z we have AUB €T,

(iii) For each A € 7 and each B C A we have B € T.

An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called
admissible if

{n} € Z for each n € N.

Throughout the paper we take Z, as a nontrivial admissible ideal in
N x N.
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Introduction, Definitions and Notations

A nontrivial ideal Z> of N x N is called strongly admissible if
{i} x N and N x {i} belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.
9 = {ACNxN: (3m(A) € N)(i,j > m(A) = (i,j) € A)}.
Then Z9 is a nontrivial strongly admissible ideal and clearly an
ideal 7, is strongly admissible if and only if Z9 C Zo.
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Introduction, Definitions and Notations

Definition 4
([13]) A family of sets F C 2 is a filter if and only if
(i) D¢F,

(i) For each A,B € F we have ANB € F,
(iii) For each A € F and each B D A we have B € F.

Proposition 2.1

([13]) T is a non-trivial ideal in N if and only if

F(Z) = {M c N: (3A € T)(M = N\ A)}

is a filter in N.
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Introduction, Definitions and Notations

Definition 5

([6]) We say that an admissible ideal Z, C 2N*N satisfies the
property (AP2) if for every countable family of mutually disjoint
sets {A1, Az, ...} belonging to Z,, there exists a countable family of
sets {Bi, B, ...} such that A;AB; € I3, i.e., AJ/AB; is included in
the finite union of rows and columns in N x N for each j € N and
B =72, Bj € o (hence B; € I for each j € N).

Throughout the paper, we let (X, p) be a separable metric space,
7T C 2N be an admissible ideal, Z, C 28V%N pe a strongly admissible
ideal and A, Aj; be any non-empty closed subsets of X.
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Introduction, Definitions and Notations

Definition 6

([12]) We say that the sequence {Ax} is Wijsman Z-statistical
convergent to A or S (Zy)-convergent to A if for each £ > 0,
6 > 0 and for each x € X,

{n EN: %|{k < 0 Jd(x, Ag) — d(x, A)| > e}| > 5}

belongs to Z. In this case, we write Ay — A(S (Zw)) -

DUNDAR Zj-Lacunary Statistical Convergence of Double Sequences Of Sets13/!



Introduction, Definitions and Notations

Introduction, Definitions and Notations

Definition 7

([12]) Let € be lacunary sequence. We say that the sequence {A}
is Wijsman Z-lacunary statistical convergent to A or

So (Zw )-convergent to A if for each € > 0, § > 0 and for each

x € X,

{rEN: hi|{ke I+ |d(x, Ad) — d(x, A)| > e} | 25}

belongs to Z. In this case, we write Ay — A(Sg (Zw)) .
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Introduction, Definitions and Notations

([12]) Let @ be lacunary sequence. We say that the sequence {Ax}
is said to be Wijsman strongly Z-lacunary convergent to A or
Ng[Zw]-convergent to A if for each € > 0 and for each x € X,

1
reN: hrg\d(X,Ak)—d(x,Aﬂ > €

belongs to Z. In this case, we write Ay — A(Np [Zw]) .
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Introduction, Definitions and Notations

([21]) We say that the double sequence {A;} is Wijsman
statistically convergent to A if for each ¢ > 0 and for each x € X,

1
lim —|{k<m,j<n:|d(x,Ag)—d(x,A)| >} =0,

m,n—o0 mn

that is,
|d(x, Akj) — d(x,A)| <&, aa. (k).

In this case we write st — limy, Ay = A.

DUNDAR Zj-Lacunary Statistical Convergence of Double Sequences Of Sets16/!



Introduction, Definitions and Notations

Introduction, Definitions and Notations

The double sequence 6 = {(k, js)} is called double lacunary
sequence if there exist two increasing sequence of integers such
that

k=0, h =k —k_1—>00 as r— oo

and

jo=0, h,=j,—jy,-1—00 as u— .
We use following notations in the sequel:
kru = krju; hru = hrl_7U7

Iy ={(k,j) : kr—1 < k< k. and j,—1 <j <j,},
kr Ju
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Introduction, Definitions and Notations

Definition 10

([22]) We say that the double sequence {A;} is Wijsman lacunary
statistically convergent to A, if for each € > 0 and for each x € X,

) 1 .
Jim (k) € d(x, Ag) - d(x A)] 2 2} =0.

In this case we write st — limy,, Ay = A.
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Introduction, Definitions and Notations

Definition 11

([19]) We say that the double sequence of sets {A;} is
Zw,-convergent to A, if for every x € X and for every ¢ > 0,

{(k,j) €N x N: [d(x, Ay) — d(x, A)| > e} € .

In this case we write Zyy, — lim A = A.
k,j—00
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Main Results

Main Results

In this section, we define the concepts of Wijsman Z»-statistical
convergence, Wijsman Z,-lacunary statistical convergence and
Wijsman strongly Z,-lacunary convergence of double sequences of
sets and investigate the relationship between them.
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Main Results

Definition 12

We say that the sequence {A;} is Wijsman Z-statistical
convergent to A or S (Zy, )-convergent to A if for each ¢ > 0,
0 > 0 and for each x € X, the set

1
{(m, n) e NxN: %Hk <m,j < n:ld(x,Ag) —d(x,A)| > e} = 5}

belongs to Z5. In this case, we write Ay; — A(S (Zwy,)) -

The set of Wijsman Zy-statistical convergent double sequences will
be denoted by {S (Zw,)}.
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Main Results

Definition 13

Let 0 be a double lacunary sequence. We say that the sequence
{Ayj} is said to be Wijsman Z»-lacunary convergent to A or
Ng(Zw, )-convergent to A if for each € > 0 and for each x € X, the
set

(r,u) e Nx N (h Y d(xAg) - (x,A))Ze

Ll (k,J)EIru

belongs to Z5. In this case, we write Ag; — A(Np (Zws,)) -
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Definition 14

Let 6 be a double lacunary sequence. We say that the sequence
{Axj} is said to be Wijsman strongly Z»-lacunary convergent to A
or Ng[Zwy,]-convergent to A if for each € > 0 and for each x € X,

1

(r,u) e NxN: —
hyhy

D 1d(x,Ag) — d(x, A)| > € ¢ € T.
(kuj)Elru

In this case, we write Ag; — A (Np [Zws]) -

The set of Wijsman strongly Z»-lacunary convergent double
sequences will be denoted by {Nyg [Zw,]} -

DUNDAR Zj-Lacunary Statistical Convergence of Double Sequences Of Sets23/!



Main Results

Main Results

Definition 15

Let 8 be a double lacunary sequence. We say that the sequence
{Aj} is Wijsman Z-lacunary statistical convergent to A or

So (Zw, )-convergent to A if for each € > 0, § > 0 and for each
x e X,

{(r, u) e NxN: h,lhu’ {(k,j) € Iy 1 |d(x, Aj) — d(x,A)| > e} | > 6}

belogs to Z5. In this case, we write Ag; — A(Sp (Zws)) -

The set of Wijsman Zr-lacunary statistical convergent double
sequences will be denoted by {Sp (Zw,)}.
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Main Results

Definition 16

A double sequence {A;} is said to be bounded if there exists a
positive real number M such that

|d(x, Ag)l < M,
for each x € X and for all k,j € N. That is

sup d(x, Agj) < oo.
kJj

The set of all bounded double sequences of sets will be denoted by
12
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Main Results

Let 0 be a double lacunary sequence. Then,
Akj — A(Ng[IWz]) = Akj — A(S@(IWZ)).
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Main Results

Proof: Let Ayj — A(Ny[Zw,]) and € > 0. Then, for each x € X
we can write

v

D ld(x, Ag) — d(x, A)l > |d(x, Akj) — d(x, A)|
(k)€ (kj)Elry
|d(X,Akj)—d(X,A)‘ZE

> 5{(k7./) € Iru : |d(X7 Ak_j) - d(X7 A)‘ > 8}

and so
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Main Results

Proof:

S Y Jd(xAy) — d(x. A)

(k,_])elru

{(k,J) € I+ |d(x, Ayg) — d(x, A)| = €}
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Main Results

Proof: Hence, for each x € X and for any § > 0,

1
hrhy

{(r, u) ENxN: {(K.J) € u : |d(x, Ag) — d(x, A)| > e}| > 5}

C(r,u) e NxN:—
hrhy (kj)el,,

. > |d(x,Ag) — d(x, A)| > 5-5} Sy

This proof is completed.
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Main Results

Theorem 18

Let 6 be a double lacunary sequence. Then, {Ax} € L2, and
Akj — A(S@(IWZ)) = Akj — A(NQ[IW2]).
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Main Results

Proof: Suppose that Ay — A(Sp(Zw,)) and Ay € L2,. Then,
there exists an M > 0 such that

|d(x, Agj) — d(x,A)| <M

for each x € X and all k,j € N.
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Main Results

Main Results

Proof: Given € > 0, for each x € X we have

1
— D ld(x, Ag) — d(x, A)
T (k)€
1
= = > |d(x, Ayj) — d(x, A)|
h/h, .
(kJ)Elru
|d(x,A)—d(x,A)[>5
1
+= > d(x, Ay) — d(x, A)]
rtu (kf)Ely
‘d(X,Akj)—d(X,A)|<%
M 5 5
<— ' : ) — >} 4.
_h,hu{(k’J)Elr” |d(x, Agj) — d(x, A)| > 2}+2
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Main Results

Proof: Hence, for each x € X we have

(r,u)eNxN:hrﬁu Z |d(x, Aj) — d(x,A)| > ¢ p C
(kj)Elru
[(Fou) € NXN - —{(koj) € hu ¢ 1d(x Ag)—d(x, A)| = 5} > =} €
hhy o 1AV AG) A AN = 5T = oM

This proof is completed.
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Main Results

We have the following Theorem by Theorem 17 and Theorem 18.

Theorem 19

Let 0 be a double lacunary sequence. Then,
{So(Zw,)} N L3, = {NolZws]} N L.

Theorem 20

Let 6 be a double lacunary sequence. If liminf, g, > 1 and
liminf, g, > 1 then, Ay — A(S(Zw,)) implies Aj — A(So(Zws,))

v
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Main Results

Main Results

Proof: Assume that liminf, g, > 1 and liminf, g, > 1, then there
exist A, > 0 such that

g =>14+Xand q,>1+pu
for sufficiently large r, u which implies that

h.h, S AL
kru - (1 +)\)(1 +M)
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Main Results

Proof: If A; — A(S(Zw,), then for every € > 0, for each x € X
and for sufficiently large r, u, we have

1 ..
; |{k < krv./ S.lu : |d(X7Ak_j) - d(XvA)‘ > 5}‘
1 .
> K {(k.Jj) € Iy = |d(x, Ayj) — d(x, A)| > €}

- (1+AA)€L1+M)' (hlh [{(k.J) € I+ 1d(x, Ag) — d(x, A)| = 6}!> :
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Main Results

Proof: Hence, for each x € X and for any § > 0 we have

1
hrhy

{(r, u) ENxN: {(K,j) € u : |d(x, Ag) — d(x, A)| > e}| > 5}

1
< €N < g < Ag) — )] 2 ) >

Hence, Akj — A(Sg(IWz))
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Main Results

Let 0 be a double lacunary sequence. If limsup, g < oo and
limsup, g, < oo then, Aj — A(Se(Zw,)) implies
Akj — A(S(IWQ))
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Main Results

Main Results

Proof: If limsup, g- < co and limsup, g, < oo, then there is an
M, N > 0 such that g, < M and g, < N, for all r, u. Suppose that
Akj — A(SQ(IW2)) and let

Ups = U(r, u, x) = ‘{(k,j) € Iy ¢ |d(x, Ag) — d(x, A)] > g}].

Since A; — A(So(Zwy,)), it follows that for each x € X, for every
e>0andd >0

{(k,) € b+ |d(x, Ag) — d(x, A)| > g}j > 5}

rttu

1
{(r,u)ENxN: —
hrh

Uru
= ,U ENXN: — >0 € Ip.
{('”) hehy } ?
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Main Results

Proof: Hence, we can choose a positive integers ry, ug € N such

that U
2 <6, forall r> rg, u> up.
hhy

Now let
K::max{Um:lgrgro,lguguo}

and let t and v be any integers satisfying k,_1 < t < k, and
Ju—1 < Vv <y
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Main Results

Proof: Then we have

1
|k <ty < vild(x Ag) - dixA)| = )|

—|{k < kej < 1d(x, Ag) — d(x, A)] > €}
Kr—1ju—1

=—— (Vi1 + U+ U1+ Upp+ -+ Upguyg + -+ + Uny)
kr—1ju—1

K 1 T Ur up+1 - Ur +1,u
< —— rgup+ ——— | hyyhyyt1 —=2"= + h, 41 hy —22
Kr—1Jju—1 Kr—1Jju—1 ( oot hryhug+1 o e hry+1hu,

ret )

DUNDAR Ty-Lacunary Statistical Convergence of Double Sequences Of Sets41/!



Main Results

Main Results
Proof:
roup - K 1 Uy, _ B -
< ; : su — h. h +h h, +---+hh
kr—1ju—1 Kr—1ju—1 r>g h,h, ( roMup+1 ro+1Mug rhy
u>ug
< folo - K . (kr — k,o)gu — Juy)
krfl'lufl kr*l./ufl
K K
SM07.+€‘qr.qu§be107.+€.M‘N.
krfl_/ufl krflJufl

DUNDAR Ty-Lacunary Statistical Convergence of Double Sequences Of Sets42/!



Main Results

Main Results

Proof: Since k,_1j,_1 — 00 as t,v — oo, it follows that
tiv‘{k <tj<vild(x, Ag) — d(x, A)| > 5}‘ =0
and consequently, for any d; > 0, the set
{(t, v) € NxN: %Hk <t,j<vild(x,Ag)—d(x, A)| > e}| > 51} €1

This shows that Ay; — A(S(Zws,)).
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Main Results

Let 6 be a double lacunary sequence. If
1 <liminf, g, < limsup, g, < oo and
1 < liminf, g, <limsup, q, < oo then {Sp(Zw,)} = {S(Zw,)}-

Proof: This follows from Theorem 20 and Theorem 21.
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Main Results

Let T, C 2Y%N pe a strongly admissible ideal satisfying property
(AP2) and 0 € F(I»). /f{Akj} € {S(Zw,)} N{Se(Zw,)}, then
S(IW2) — lim Akj = S@(IW2) — lim Akj-
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Main Results

Proof: Assume that S(Zy,) — limA,j = A and
So(Zw,) —limAy; = B and A # B. Let

1
0<e< §|d(x, A) — d(x, B)|
for each x € X. Since Z; satisfies the property (AP2), there exists
M € F(Zy) (i.e., N x N\M € I) such that for each x € X and
for (m,n) € M,

lim S [{k < m,j < n: [d(x, Ay) — d(x, A)| > £}| =0,

m,n—00 mn
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Main Results

Proof: Let
P={k<m,j<n:|d(x,Ag)—d(x,A) >¢|}

and
R={k <m,j<n:|d(x,As)—d(x,B)| >¢}.

Then, mn = |P U R| < |P|+ |R|. This implies that

LN
~ mn mn
Since R p
ugl and lim u:O,
mn m,n—oco mn
so we must have
S L
lim =1.

m,n—00 mn
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Main Results

Proof: Let M* = M N6 € F(Iz). Then, for (k;,jr) € M* the
kijrth term of the statistical limit expression

1
—|{k < mj < nld(x, Ag) - d(x,B)] > e}

is
1 It
e (kv./)e U Iru: |d(XaAkj)_d(Xa B)| >e
kl'/t r,u=1,1
1 It
Ea— Z Vruhrhy, (3 1)
Z hrﬂu r,u=1,1
r,u=1,1
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Main Results

Proof: where

Vi = —— [{(k.j) € hy - |d(x, Ag) — d(x, B)| = ¢} B0
hrhy
because {Axj} — B(S¢(Zws)). Since 6 is a double lacunary
sequence, (3.1) is a regular weighted mean transform of v,,'s and
therefore it is also Z>-convergent to 0 as /,t — o0, and so it has a
subsequence which is convergent to 0 since 7, satisfies property

(AP2).
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Main Results

Proof: But since this is a subsequence of
1 .
(ol ks mi<nildoeay - dx ez}
mn (m,n)eM

we infer that

1
{\ {k <m,j < n:|d(x,Ay) —d(x,B)| > e} |}
mn (m,n)eM

is not convergent to 1. This is a contradiction. Hence the proof is
completed.
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