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On Kuratowski 7 —Convergence of Sequences of Closed Sets

Ozer Talo?, Yurdal Sever®

®Manisa Celal Bayar University, Faculty of Art and Sciences, Department of Mathematics 45040 Manisa, TURKEY
b Afyon Kocatepe University, Faculty of Arts and Sciences, Department of Mathematics 03200 Afyonkarahisar, TURKEY

Abstract. In this paper we extend the concepts of statistical inner and outer limits (as introduced by Talo,
Sever and Basar) to 7 —inner and 7 —outer limits and give some 7 —analogue of properties of statistical inner
and outer limits for sequences of closed sets in metric spaces, where 7 is an ideal of subsets of the set IN of pos-
itive integers. We extend the concept of Kuratowski statistical convergence to Kuratowski 7 —convergence
for a sequence of closed sets and get some properties for Kuratowski J —convergent sequences. Also, we
examine the relationship between Kuratowski 7 —convergence and Hausdorff 7—convergence.

1. Introduction

The concept of convergence of a sequence of real numbers has been extended to statistical convergence
independently by Fast [9] and Schoenberg [23]. The idea of 7 —convergence was introduced by Kostyrko
et al. [11] as a generalization of statistical convergence which is based on the structure of the ideal 7 of
subsets of the set of positive integers. Nuray and Ruckle [18] independently introduced the same with
another name generalized statistical convergence. Kostyrko et al. [12] gave some of basic properties of
I —convergence and dealt with extremal 7 —limit points.

For the last few years, study of 7 —convergence of sequences has become one of the most active areas of
research in classical analysis. Balcerzak et al. [2] studied on statistical convergence and ideal convergence
for sequences of functions. Komisarski [10] discussed the pointwise 7 —convergence and 7 —convergence in
measure of sequences of functions. Mursaleen et al. [16] defined and studied the concept of 7 —convergence
in probabilistic normed space. Nabiev et al. [17] gave Cauchy condition for 7 —convergence. Sahiner et al.
[26] introduced and investigated 7 —convergence in 2-normed spaces and examined some new sequence
spaces. Kumar and Kumar [13] studied the concepts of 7—convergence and J*—convergence for sequences
of fuzzy numbers.

In set valued and variational analysis, limits of sequences of sets have the leading role. See [1, 8, 20]. The
concepts of inner and outer limits for a sequence of sets are due to Painlevé, who introduced them in 1902 in
his lectures on analysis at the University of Paris; set convergence was defined as the equality of these two
limits. This convergence has been popularized by Kuratowski in his famous book Topologie [14] and thus,
often called Kuratowski convergence of sequences of sets. For some properties of inner and outer limits we
refer to [4, 5, 15, 20, 22, 24, 25, 28, 29]. Other convergence notions for sets are not equivalent to Kuratowski
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convergence but have significance for certain applications. One of them is Hausdorff convergence. We
mention some references related to Hausdorff convergence: [3, 4, 14, 22, 25]. Nuray and Rhoades [19] first
defined the statistical convergence for sequences of sets and studied Hausdorff and Wijsman statistical
convergence.

In this paper our aim is to discuss two kinds of 7 —convergence for sequences of closed sets which are
called Kuratowski 7 —convergence and Hausdorff 7 —convergence. For our purpose we give the definitions
of J—outer and J —inner limits for a sequence of closed sets and investigate some properties of them.

2. Definitions and Notation

Let K be a subset of positive integers IN and K(n) = |[{k < n : k € K}|, where |A| denotes the number of
elements in A. The natural density of K is given by 6(K) = lim,,. 2K() if this limit exists.

A sequence x = (x) is said to be statistically convergent to the number L if the set {k € IN : |x; — L| > ¢}
has natural density zero for every ¢ > 0. In this case we write st— limyen X = L.

Let X # 0. A class I of subsets of X is said to be an ideal in X provided:

(i) 0 e,
(ii)) A,B € 7 impliesAUB € 7,
(iii) A€ I,BC AimpliesB € 1.

7 is called a nontrivial ideal if X ¢ 7. A nontrivial ideal 7 in X is called admissible if {x} € I for each x € X.
Let X # 0. A non empty class ¥ of subsets of X is said to be a filter in X provided:

i 0¢7F,
(i) A,Be ¥ impliessANBeT,
(iii) A F,ACBimpliesBe F.

Lemma 2.1. [11]If T is a nontrivial ideal in X, X # O, then the class
FI)=McX:X\Me T}

is a filter on X, called the filter associated with I.
Lemma 2.2. [21, Lemma 2.5] K€ F(X)and M CIN.IfM ¢ 1 then MNK ¢ 1.

In what follows (X, d) is a fixed metric space and 7 denotes a non-trivial ideal of subsets of IN.

A sequence {x,},en Of elements of X is said to be J—convergent to & € X if for each ¢ > 0 the set
A(e) = {n € IN : d(x,, &) > €} belongs to 7. The element & is called the 7 —limit of the sequence x = {x,},en.
In this case we write 7 — lim,, o X, = &.

A sequence {x,},eN of elements of X is said to be 7*—convergent to & € X if there exists a set M € F (),
M={m; <my <--- <my <---} C N such that limy_, d(xy,,, &) = 0. In this case we write 7* —lim, o x,, = &.

We say that an admissible ideal 7 c 2N satisfies the property (AP), if for every countable family of
mutually disjoint sets {A1, Ay, ...} belonging to 7, there exists a countable family of sets {B1, By, ...} of sets
such that each symmetric difference A;AB; is a finite set for j € N and B = U}, B; € 7. (Hence B; € I for
each j € IN).

Lemma 2.3. [11, Proposition 3.2] Let I be an admissible ideal. If I* — limy, e X, = &, then I — limy, e X, = &.

Lemma 2.4. [11, Theorem 3.2] Let I C 2N be an admissible ideal. If the ideal I has property (AP) and (X,d) is
an arbitrary metric space, then for arbitrary sequence {x,},eN of elements of X we have I — lim,_,« x, = & implies
I —1lim, 00 X, = &.

This content downloaded from
88.253.101.132 on Tue, 31 Dec 2019 19:05:08 UTC
All use subject to https://about.jstor.org/terms



O. Talo, Y. Sever / Filomat 31:4 (2017), 899-912 901

An element & € X is said to be an 7 —limit point of a sequence x = (xi) if thereisaset M = {m; <myp <--- <
mg < ---} C IN such that M ¢ 1 and limy_,. X, = &. The set of all 7-limit points of a sequence x will be
denoted by 7 (A,).

An element & € X is said to be an 7 —cluster point of a sequence x = (xy) if for each ¢ > 0, we have
[k € N :d(x, &) < €} ¢ 1. The set of all 7—cluster points of x will be denoted by 7 (I'y).

Let L, denote the set of all limit points & (accumulation points) of the sequence x; i.e., & € Ly if there
exists an infinite set K = {k; < ky < k3 <---}such thatx;, = £asn — oo.

Obviously, for an admissible ideal 7 we have 7(Ay) € I (I'y) C Ly.

Lemma 2.5. [6, Lemnma 3.1] K be a compact subset of X. Then we have K N I(I'y) # O for every x = (x,) with
(nelN:x,€K} ¢ 1.

The concepts of 7 —limit superior and inferior were introduced by Demirci [7] as follows: Let I be an
admissible ideal and x = (xi) be a real number sequence.

supBy, By #0,

—00, Bx = wr

I —limsup x; := {

k—o0

I —liminfx; :=

k—o0

{ infAy,, Ac#0,
0o, Ay=0,
where A, :={aeR:{keN:x,<a}¢l}and B, :={beR:{kelN:x.>0b} ¢ I}
Lemma 2.6. [7, Theorem 1] If = 1 — limsup,_, , xx is finite, then for every & > 0,
keN:xx>p—¢}¢f and {(kelN:x>p+elel. (1)
Conwversely, if (1) holds for every € > 0 then p = I —limsup,_, . Xx.
The dual statement for 7 — lim inf is as follows:
Lemma 2.7. [7, Theorem 2] If & = I — lim infy_,, X is finite, then for every € > 0,
(keN:xy<a+el¢l and (kelN:xp<a-—e}el. 2)
Conversely, if (2) holds for every & > 0 then @ = I — lim infy_,« Xy.

Let (X, d) be a metric space. The distance between a subset A of X and x € X is given by d(x,A) =
inf{d(x, y) : y € A}, where it is understood that the infimum of d(x, .) is oo if A = (. For each closed subset A
of X, the function x — d(., A) is Lipschitz continuous, i.e. for each x,y € X

ld(x, A) - d(y, A)| < d(x, y).

The open ball with center x and radius ¢ > 0 in X is denoted by B(x, ¢) = {y € X | d(x, y) < ¢}. Also, for any
set A and ¢ > 0, we write B(A,¢) = {x € X |d(x, A) < ¢}.
Now we recall some basic properties of Kuratowski convergence. We use the following notation:

N = {(NCIN:IN\N finite}
= {subsequences of IN containing all n beyond some 1}
N* = [N CNN:N infinite} = {all subsequences of IN}.

We write lim,,,., when 1 — oo as usual in N, but lim,ey in the case of convergence of a subsequence
designated by an index set N in N*.
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Definition 2.8. For a sequence (Ay) of closed subsets of X; the outer limit is the set

limsup A, := {xl\/e>0, aN e N, \/nGN:AnﬁB(x,e)i(D}

n—oo
= {x |[AN e N*, VneN, Ax, € A, : lirl{]lx,, = x},
ne.
while the inner limit is the set

liminfA, := {x |[Ve>0, AINeN,VneN:A,NB(x,e¢) # 0}

n—o0

{x | AN €N, VneN, T, € A, :lim, = x}.
ne.

The limit of a sequence (A,) of closed subsets of X exists if the outer and inner limit sets are equal, that is,
lim, e Ay = liminf, . A, = limsup, ,  A,.

Talo et al. [27] introduced Kuratowski statistical convergence of sequences of closed sets. The statistical
outer limit and statistical inner limit of a sequence (A,) of closed subsets of X are defined by

st —limsup A,

n—o0

st—liminfA, = {x IVe>0, AN€ES, ¥neN: A, NBx,e) % @},
n—oo

{x|V£>O, AN e S, VneN:AnnB(x,e);é(Z)},

where
S={NCN:6(N)=1} and S*:={NCIN:5N) #0).
The statistical limit of a sequence (A,) exists if its statistical outer and statistical inner limits coincide;
ie. st —lim,; e A, = st —limsup,_ , A, = st —liminf, .. A,.
3. Kuratowski 7—Convergence

In this section, we introduce Kuratowski J—convergence of sequences of closed sets. We use the
analogous idea employed by Kuratowski [14] and Talo et al. [27] for convergence and statistical convergence
of sequences closed sets. Let us consider

Nr={NCN:N\NeIl}=F(I) and Nj:={NCN:NgT}
Firstly, we define the 7 analogues for outer and inner limits of a sequence of closed sets.

Definition 3.1. The I —outer limit and T —inner limit of a sequence (A,) of closed subsets of X are defined as follows:

I —limsupA, := {x |Ve >0, ANe N*, ¥ne N: A, NB(x,¢) £ (Z)},
n—o00
and
T —liminfA, = {x |Ve>0, AN € Ny, Vne N : A, N B(x, &) £ (2)}.

The I —limit of a sequence (A,) exists if its T—outer and I —inner limits coincide. In this situation we say that the
sequence of sets is Kuratowski I —convergent and we write

I —liminfA, =7 —limsup A, =7 — lim A,.
n—0oo n—oo n—o00
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Moreover, it’s clear from the inclusion Ny C Nf,‘ that

I —liminfA, C 7 —limsup A,

so that in fact, 7 — lim, . A, = A if and only if
I —limsupA, CACJ -IliminfA,.

Remark 3.2. 7 —lim,_,., A, = A if and only if the following conditions are satisfied:
(i) for every x € A and for every ¢ > 0 we have {k € N : B(x, &) N Ax # 0} € F (1),
(ii) for every x € X \ A there exists ¢ > 0 such that {k e N : B(x, ¢) N Ay = 0} € F (1).
We give some examples of ideals and corresponding 7 —convergence.
(I) Put 7 = {0}. 1, is the minimal ideal in IN. Then for a sequence (A,) of closed sets we have
JTy—1liminfA, = ﬁAn and JZy-limsupA, =cl OA”’

=00 n—co

n=1 n=1

where cl(A) denotes the closure of the set A in the metric space (X, d). A sequence (4,) is Kuratowski
Ty—convergent if and only if it is constant set.

(II) Let M € N, M # IN. Put T3 = 2M. Then I is a nontrivial ideal in IN. Then for a sequence (A,) of
closed sets we have

Ty —liminfA, = ﬂ A, and Ty -—limsupA, =d U A,
n—oo
neN\M n—oo nelN\M

A sequence (A,) is Kuratowski Jy—convergent if and only if it is constant set on IN \ M, i.e. thereis a
closed set A such that A, = A for eachn € N \ M.

(Ill) Take for I the class I of all finite subsets of IN. Then 7 is a non-trivial admissible ideal and
Kuratowski  j—convergence coincides with the usual Kuratowski convergence.

(IV) Denote by I the class of all A ¢ IN with 6(A) = 0. Then 75 is non-trivial admissible ideal and
Kuratowski 7 s—convergence coincides with the Kuratowski statistical convergence.

Note that if 7 is an admissible, then 7 C 1. It is clear that

liminfA, € 7 —liminfA, € 7 —limsup A, C limsup A,.

n—oo n—o00 n—00 n—s00

Hence every Kuratowski convergent sequence is Kuratowski 7 —convergent, i.e.,

lim A, = Aimplies 7 — lim A, = A.

n—o0 n—oo
But, the converse of this claim does not hold in general.

Example 3.3. Let X = IR? (with the usual Euclidean metric). We decompose the set N into countably many disjoint
sets

N;={2/"'(2s-1):seN}, (j=1,2,3,..).

It is obvious that N = U2 Njand Ni(\N; = 0 for i # j. Denote by I the class of all A C IN such that A intersects
only a finite number of N;. It is easy to see that I is an admissible ideal. Define (A,) as follows: for n € N; we put

A, = {(x,y) cR?: GTiP <P+ < ]12} (Gj=1,2,3,..).
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Let e > 0. Choose p € N such that ; < e. Then
{(neN:A,NBO,e=0CN;UNyU---UN,.
Thus {n € N : A, N B(0,¢) =0} € T ie,, {n € N : A, N B0, ) # 0} € F(I). So T - lim,,_e0 A, = (0}. However

liminfA, =0 and limsupA, = {(x,y) eER*:*+y* < 1}.

n—o0
Therefore (A,) is not Kuratowski convergent.

In what follows 7 denotes a non-trivial admissible ideal of subsets of IN.

Proposition 3.4. Let (A,) be a sequence of closed subsets of X. Then

I —liminfA, = m clUAn and I —limsupA, = ﬂ clUAn.

n—-oo
NeN} neN NeN; neN

Proof. We prove only the first equality because the proof of the second one is similar to the first one. Let
x € 1 —liminf,_,. A, be arbitrary and N € Nf. be arbitrary. For every ¢ > 0 there exists N1 € N1 such that
for every n € Ny

A, N B(x, €) # 0.
From Lemma 2.2 we have N N N; ¢ 7. So there exists ny € N N Nj such that A, N B(x, €) # 0. Therefore,

U An] N B(x, ) # 0.

neN

This means that x € cl |,y Ay This holds for any N € N%. Consequently,

X € m clUAn.

NeN% neN
For the reverse inclusion, suppose that x ¢ 7 — liminf,_. A,. Then, there exists ¢ > 0 such that
N={1eN:A4,NB(xe)=0}¢7,
ie, N € N% Thus

U AnJ N B(x, ) = 0.

neN

This means that x ¢ clJ,,cy An. This completes the proof. [

As a consequence of Proposition 3.4, for any given sequence (A;) the sets 7 — liminf, .. A, and 7 —
limsup,_, Ay are closed.

Proposition 3.5. Let (A,) be a sequence of closed subsets of X. Then

7 —liminfA, = {x | 7 — lim d(x,A,) = 0}/

n—oo

I —limsup A,

n—oo

{x | T —liminfd(x, A,) = 0}.
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Proof. For any closed set A we have
dx,A) > e & ANB(x,¢e)=0. (3)
Suppose that I — lim,—,. d(x, A;) = 0. Then for every ¢ > 0
{neN:dx A2 efel.
By (3), for every € > 0 we obtain
(neN:A,NB(x,e)=0}eT.
This means that
{neN:A,nBxe) 0} e F(I).
Thatis, x € 7 —liminf, . A;.
Now, we show the reverse inclusion. Let x € 7 —liminf,,_,.o A,,. Then for every € > 0 there exists N € Nt
such that A, N B(x, €) # 0 for every n € N. Since
(neN:A,NB(xe) =0l CN\N
we have
{neN:A,NB(xe)=0}eT.
By (3)
(neN:d@A)2efel.

Thatis, 7 — lim, . d(x, A;) = 0.
Similarly, for any closed set A we have

dix,A)<e & ANB(x,e) #0. 4)
Suppose that T — liminf,,_,., d(x, A;) = 0. Then for every ¢ > 0

(neN:d@A)<efel.
By (4), for every ¢ > 0 we obtain

{neN:AnﬁB(x,e);t(D}ﬁEI.

This means that x € 7 — limsup, ,  A;.
Now, we show the reverse inclusion. Let x € 7 — limsup,_,  A,. Then for every ¢ > 0

{neN:A,NBxe)#0)¢T.
By (4) and Lemma 2.7, we have 7 — liminf, , d(x,A,) =0. O

Proposition 3.6. Let (A,) be a sequence of closed subsets of X. Then

I —liminfA, = {x [VneN, dy, €A, : I - limy, = x}. (5)
n—o0

n—-oo
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Proof. Letx € I —liminf,_,. A, be arbitrary. By Proposition 3.5,
I - nlggo d(x,A,) = 0.
For every ¢ > 0
{n €N :d(x,A,) > g} er.

Since A, is closed, for n € IN, there exists y, € A, such thatd(x, y,) < 2d(x, A,). Now, we define the sequence
{Yn | yn € Ay, n € N}. Then I - lim, o0 ¥y = x.

On the contrary, assume that x belongs to the right-hand side set of the equality (5). Then, there exist
{Yn | yn € Ap,n € N} such that 7 — lim,,_,. ¥, = x. Then for every € > 0

{ne]N:d(x,yn)Ze}e].
The inequality d(x, y,) > d(x, A,) yields the inclusion
(neN:d(x,A,) > E} CineN:dxy,) > 6}.
So,
neN:d(x,Ay) > e} e T.
This means that 7 — lim,,_, d(x, A,) = 0. By Proposition 3.5 we have x € 7 — liminf, .0 A;,. O

The following result is well known in the theory of Kuratowski convergence. x € liminf,_. A, if and
only if there exist N € N = N iy and x, € A, for all n € N such that lim,ey x, = x. For Kuratowski
I —convergence, if 1 has property (AP), then this fact holds.

Corollary 3.7. Let I be an admissible ideal. If the ideal 1 has property (AP) then
7 -liminfA, = {x AN € N7, Vi €N, Fy, € Ay :lim y, = x}. ®)
n—oo ne

Proof. Suppose that I satisfies condition (AP). Let x € 7 — liminf,_,oo A,. Then 7 — lim, . d(x, A,) = 0. By
condition (AP) we have I — lim,,_,., d(x, A;;) = 0. Then there is a set M € ¥ (J) such that

lim d(x, A) = 0.

Since A, is closed, for m € M, there exists y,, € A, such that d(x, y,,) < 2d(x, A;). Now, we define the
sequence {Yy, | Ym € A, m € M}. Then limyepm yim = x.
On the contrary, assume that x belongs to the right-hand side set of the equality (6). Let us define

_ Yn if n €N,
Zn = arbitrary element of A,, if n¢N.

Then 7™ - limy, 0 2, = x. S0 I — lim,, .« 2, = x. By Proposition 3.6, we have x € 7 — liminf, . A,. O

Remark 3.8. In Corollary 3.7 the property (AP) can not be dropped. Let X = R (with the usual Euclidean metric)
and I be the ideal introduced in Example 3.3. Define (Ay) as follows: for n € N; we put A, = {%} (j=123,..).
Then the sequence {y, | y, € Ay, n € IN} can be defined as follows: for n € N; we put y, = % (j=1,2,3,..). Clearly,
I —lim,e yn = 0. So I — liminf, . A, = {0}.

Suppose in contrary that 0 belongs to the right-hand side set of the equality (6). Then there is a set M € F (1)
such that for m € M, there exists y,, € Ay, and

’1111'2{1/I Ym = 0. (7)
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By the definition of ¥ (1) we have M = IN \ H, where H € 1. By the definition of I there is a p € IN such that
HCN; UN2U...UNP.
But then M contains the set N1 and so y,, = rﬁl for infinitely many m'’s from M. This contradicts (7).

Corollary 3.9. Let X be a normed linear space and (A,) be a sequence of subsets of X. If the ideal I has property
(AP) and there is a set K € F (1) such that A, is convex for each n € K, then I — liminf,_,. A, is convex and so,
when it exists, is 7 — im0 A,,.

Proof. Let I —liminf, ,.o Ay = A. If x; and x; belong to A, by Corollary 3.7, we can find for all n € N in
some set N € ¥ () points y, and 32 in A, such that

lnig\} yr=x; and Llenl\} V2 =X

Since K € (1), we have M € ¥ (1) with M = N N K. Then for arbitrary A € [0,1] and n € M, let us define
yr=(1 -y, +Ay2 and x,:=(1-A)x; + Axy.

Then
iy =

By Corollary 3.7, we obtain x, € A. This means that A is convex. [

Proposition 3.10. Let (A,) be a sequence of closed subsets of X. Then

T —limsup A, = {x 1IN € N*, Vn e N, Jy, € Ap i x € I(l"y)}. ®)

n—oo

Proof. Letx € I —limsup,_, A, be arbitrary. By Proposition 3.5,
I —liminfd(x, A,) = 0.

n—oo

By Lemma 2.7, for every € > 0 we have
{n €N :d(x,A,) < g} ¢r.

Since A, is closed, for n € IN, there exists y, € A, such thatd(x, y,) < 2d(x, A,). Now, we define the sequence
{yn | yn € Ay, n € N}. Then

{ne]N:d(x,yn)<e}¢I.

Therefore x € 7(T',).
On the contrary, assume that x belongs to the right-hand side set of the equality (8). Then there exist
N e N_ﬁ a the sequence {y, | y, € Ay, n € N} such that x € 7(I'y). That is, for every ¢ > 0

{ne]N:d(x,yn)<e}§£I.
The inequality d(x, y,) > d(x, A,) yields the inclusion
meN:dx y,) < 8} CnelN:dx A, < s}.
So, the set
N ={neN:dxA)<clel

That is, N € N%. By (4), for every n € N’ we obtain A, N B(x,¢) # 0. This means that x € 7 —
limsup, , A, O
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Remark 3.11. In Proposition 3.10 the set of I —cluster points can not be replaced by the set of T—limit points. Let
(An) and (y,,) be the sequences introduced in Remark 3.8. Let us take I = I 5. It can be easily shown that 6(N;) = 1 \2/.
From Example 2.1 of [6] we have 0 € 15(T',) but 0 ¢ I5(A). So,0 € 15 —limsup,_,  A,. However

0¢{x|EIN€N#, Vn eN, ElyneAn:liIIr\}yn :x}.
ne

By Proposition 3.6 and Proposition 3.10, note that J — liminf, . A, is the set of 7—limits of sequence
(Yn)new with y, € A, and I —limsup,_, A, is the set of 7 —cluster points of sequence (y,).en With y,, € A;,.

Lemma 3.12. Let (A,) and (B,) be two sequences of closed subsets of X. If there is a set K € N such that A, € B,
for each n € K, then the inclusions

I —liminfA, €7 —liminfB, and I —limsupA, €1 —limsupB,
n—-oo n—oo n—0c0 N—00

hold.

Proof. To prove the first inclusion suppose that there exists K € Ny such that for each n € K the inclusion
A, C B, holds. In this case for each x € 7 — liminf,_. A,, we obtain

d(x,By) < d(x, Ap). )
By Proposition 3.5, we have

7 - lim d(x, A,) = 0. (10)
n—oo

Consequently, combining (9) and (10), we have 7 — lim, . d(x, B;) = 0. Namely x € 7 — liminf,_,. B,
The proof of second inclusion is analogous to that of the first one and so we omit the details. [

Corollary 3.13. Let (A,) and (B,,) be two sequences of closed subsets of X. Then, the following statements hold:

1. 7 —limsup,_, (A, NB,) € I —limsup, , A, NI —limsup,_, . B,.
2. I —liminf, (A, N B,) C I —liminf, A, N1 —liminf,_, B,.
3. I —limsup, , (A,UB,;)=1-limsup, , A,UTI-limsup, B,.
4. 7 —liminf, (A, UB,) 2 7 —liminf, ,, A, UJ —liminf, . B,.

Proof. For each n € N, the inclusions A, N B, € A,, A,NB, € B,, A, €A, UB, and B, € A, UB, hold. Now,
the proof is immediate by Lemma 3.12. [

Definition 3.14. A sequence (Ax) is said to be T —monotonic increasing, if there exists a subset K = {k; < ko < k3 <
---} € F(I) such that Ax, C Ax,,, for every n € IN. Similarly, sequence (Ay) is said to be T —monotonic decreasing, if
there exists a subset K = {ky < ky < ks < ---} € F(T) such that Ay, 2 A,,, for every n € IN.

Theorem 3.15. Suppose that (Ax) is T —monotonic increasing sequence of closed subsets of X. Then I — limy_,, Ak
exists and

I-limAc=cl| Ay,

k—o0

Proof. Let (Ax) is a 7—monotonic increasing sequence of closed subsets of X and A = ¢\ J,en Ak,- Then,
Ar, S Aforeveryn € N. If A =0, then Ay, = 0 for everyn € N. So, 7 —limA; = 0. Let A # 0 and
x € cl\J,en Ak, In this case, for every ¢ > 0

B(x, &) N U Ag, 0.

nelN
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Then there exists n19 € IN such that B(x, €) N A, # 0. Since (Ay,) is an increasing sequence, Ay, C Ay, for all
n > np. Define the set M

M={m|m=k,, n>ng, n e N}

Then M € F(I) and B(x, €) N Ay, # 0 for all m € M. Consequently, we obtain x € 7 — lim infy_, Ay.

Now we show that 7 — limsup,_, Ay € A. Letx € 7 —limsup,_, , Ai be arbitrary. Then for every ¢ > 0
there exists N € N_’; such that for every k € N we have A N B(x, €) # 0. By Lemma 2.2, since K € F(J) and
N ¢ I,wehave KN N ¢ 1. So, there exists k,, € KN N such that

B(x, &) N Ag,, # 0.
Therefore we obtain

B(x,e) N ) Ar, #0.

nelN

This means that x € ¢/ |,,en Ak, - This step concludes the proof. [

Theorem 3.16. Suppose that (Ax) is an I —monotonic decreasing sequence of closed subsets of X. Then I —limy_,c Ak
exists and

7 — lim Ak = Ak,,~
k—oo ,Q\I

Proof. Let A = (e Ax,. Clearly if x € A, then x € Ay, for every n € IN. Define M = {m | m =k,,n € N}.
Then M € F(I). Alsoforall e > 0and m € Mwehave B(x, e)NA,, # 0. This means that x € 7 —lim inf;_,, Ag.

Now we show that 7 —limsup,_,.  Ax € A. Letx € T —limsup,_, , Ay be arbitrary. Then, for every ¢ > 0
there exists N ¢ I such that for every m € N, A,, N B(x, €) # 0. Since 1 is an admissible, N is infinite. So
for every n € IN there exists m € N such that k, < m. Since the sequence (Ay) is decreasing, the inclusion
Ax, 2 Ay holds and consequently B(x, €) N A, # 0. This means that x € clAy,. Since Ay, is closed, x € Ay, .
Therefore x € (,en Ak, - This step concludes the proof. [

In the next section we introduce Hausdorff 7 —convergence of closed sets. Then, we compare Hausdorff
I —convergence and Kuratowski 7 —convergence of the sequence of closed sets.

4. Hausdorff 7—Convergence
The Hausdorff distance h(E, F) between the subsets E and F of X is defined as follows:
h(E, F) = max{D(E, F), D(F, E)},
where

D(E,F) = supd(x,F) = inf{e > 0 : E C B(F, ¢)}

xeE

unless both E and F are empty in which case h(E, F) = 0. Note that if only one of the two sets is empty then
h(E,F) = oo.
It is known, for a long time (see [3, 14]), that

h(E,F) = supld(x,E)—d(x,F).
xeX

Definition 4.1. Let (A,) be a sequence of closed subsets of X. We say that the sequence (A,) is Hausdorff
T —convergent to a closed subset A of X if

7 - lim h(A,, A) = 0. (11)

In this case, we write A = Hy — lim,,_,00 As.
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Lemma 4.2. Suppose that {A; A,, n € IN} is a family of closed subsets of X. Then A = Hy — limy, o Ay, if and only
if either there exists M € F(I') such that A and A,, are empty for all n € M or for any € > 0 the sets

(neN:A¢BA,e)) and {neN:A, ¢BA,e) (12)
belong to 1.

Proof. If A = 0, then for every ¢ > 0
(neN:nA,A)2el={neN:A, =0l

Thus {n € N : A, # 0} € T. Namely, {n ¢ N : A, = 0} € F(Z).
Conversely, there exists M € F(I) such that A, is empty for all n € M. Then, for every ¢ > 0
{neN:nA,0) 2efeT.

So A =0.
On the other hand if A # @, then (11) holds if and only if for every ¢ > 0

(neN:nA,A)2eler
or equivalently,
{ne N: (A, A) < e} € F(D).
By the definition of Hausdorff metric,
{neN:ACBA,¢) and A, CB(A, &)} € F(I).
Consequently,
[neN:AgBA,elU{neN:A, ¢BA, ) el
This completes the proof. [J

The next theorem answers a natural question about relationships between Hausdorff 7 —convergence
and Kuratowski 7 —convergence.

Theorem 4.3. Suppose that {A;A,,n € IN} is a family of closed subsets of X with A # (0. Then Hausdorff
I —convergence implies Kuratowski I —convergence, i.e.,

Hr — lim A, = A implies I — lim A, = A.
n—o0 n—o00
Proof. Take x € A. By (12), for any € >0

M={neN:ACBA,e)|eFQI).

Then, for n € M we have B(x, €) N A, # 0. So condition (i) in Remark 3.2 is provided.
Conversely, x ¢ A. Then, there exists ¢ > 0 such that x ¢ B(A, ¢), i.e., d(x, A) > €. By (12)

K={neN:A, CB(Ae)eF7I).

Take 6 = d(x, A) — €. Then, for n € K we obtain B(x, 5) N A, = 0. So condition (ii) in Remark 3.2 is provided.
From conditions (i) and (ii) in Remark 3.2 we have J — lim,,.c A, = A. O

Definition 4.4. The sequence (A,) is said to be T —bounded if there exists a compact set K such that

{neN:AngK}eI.

This content downloaded from
88.253.101.132 on Tue, 31 Dec 2019 19:05:08 UTC
All use subject to https://about.jstor.org/terms



O. Talo, Y. Sever / Filomat 31:4 (2017), 899-912 911

Now, our aim is to show that, for a 7 —bounded closed set, Kuratowski 7 —convergence is equivalent to
Hausdorff 7 —convergence.

Theorem 4.5. Let (A,) be a T—bounded sequence of closed subsets of X. If I —lim,_,co Ay = A with A # 0, then
H] - limn_m An = A.

Proof. Let (A,) be a 7—bounded sequence of closed subsets of X. Then there is a compact subset K of X
such that

M={neN:A, CK}eF(Q).

By Lemma 3.12, 7 — lim,,.o Ay = A € K. So, the closed set A is compact. Then given ¢ > 0, A has a finite
cover with open balls of radius ¢; i.e., there exists {x1,x2,x3,...,x,} with x; € A such that

acJs(x5)
i=1

Since 7 — lim, ., A, = Aand x; € A fori € {1,2,...,n}, we obtain 7 — lim,,_,, d(x;, A,)) = 0. Therefore, for
each i

{n e N :d(x;, An) < €/2} € F(1).

Let us define

N = ﬂ neN:dx,A) < e/2).

i=1
Then N € F(Z). Thus, we obtain
d(yrAn) < d(yl xi) + d(xi/ AVI) <E&

forany y € Aand n € N. So, A C B(A,, ¢) for every n € N. This means that {n eIN:A¢ZB(A, e)} elr.

Now, suppose that C = {n e N : A, € B(A, e)} ¢ 1 for some ¢ > 0. Then, there exists a sequence

{ye | vy € AK\B(A, €), k € C}. By Lemma 2.2, MNC ¢ 1. Hence, {k | yx € K} ¢ 7. By Lemma 2.5, the sequence
(vn) has at least 7 —cluster point that belongs to 7 — limsup, _, A, = A but does not belong to B(4, ¢) 2 A,

which leads to a contradiction. So we have shown that {n eN: A, £ B(A, e)} € 7. This completes the
proof. [

5. Conclusion

In this paper we give the definitions and some properties of 7—outer and 7—inner limits for a se-
quence of closed sets. We have also introduced two kinds of 7—convergence for sequences of closed sets
which are called Kuratowski 7—convergence and Hausdorff 7 —convergence. We prove that Hausdorff
I —convergence implies Kuratowski 7 —convergence. Additionally, for a 7-bounded sequence of closed
sets, we show that these convergences are equivalent.

Continuity properties of a set-valued mapping can be defined on the basis of Kuratowski convergence
or Hausdorff convergence (see Chapter 1 in [1], Chapter 3 in [8] and Chapter 5 in [20]). In the light of the
main results of our paper, one can define 7 —continuity for a set-valued mapping and get J analogues of
continuity properties.
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