Bulletin of TUIT: Management and Communication Technologies

Volume 1 Issue 2 Article 2

9-20-2018

INTERVAL EXTENSION STRUCTURE BASIC TYPES OF SOLUTIONS
OF BOUNDARY VALUE PROBLEMS FOR LINEAR PARTIAL
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

Shodmankul Nazirov prof.
Tashkent university of information technologies named after Muhammad al-Khwarizmi, elmira-
nazirova@mail.ru

Bahodir Boltayevich Muminov
Tashkent university of information technologies named after Muhammad al-Khwarizmi,
mbbahodir@gmail.com

Follow this and additional works at: https://uzjournals.edu.uz/tuitmct

Recommended Citation

Nazirov, Shodmankul prof. and Muminov, Bahodir Boltayevich (2018) "INTERVAL EXTENSION STRUCTURE
BASIC TYPES OF SOLUTIONS OF BOUNDARY VALUE PROBLEMS FOR LINEAR PARTIAL DIFFERENTIAL
EQUATIONS OF THE SECOND ORDER," Bulletin of TUIT: Management and Communication Technologies:
Vol. 1, Article 2.

DOI: 10.51348/tuitmct122

Available at: https://uzjournals.edu.uz/tuitmct/vol1/iss2/2

This Article is brought to you for free and open access by 2030 Uzbekistan Research Online. It has been accepted
for inclusion in Bulletin of TUIT: Management and Communication Technologies by an authorized editor of 2030
Uzbekistan Research Online. For more information, please contact sh.erkinov@edu.uz.


https://uzjournals.edu.uz/tuitmct
https://uzjournals.edu.uz/tuitmct/vol1
https://uzjournals.edu.uz/tuitmct/vol1/iss2/2
https://uzjournals.edu.uz/tuitmct?utm_source=uzjournals.edu.uz%2Ftuitmct%2Fvol1%2Fiss2%2F2&utm_medium=PDF&utm_campaign=PDFCoverPages
https://uzjournals.edu.uz/tuitmct/vol1/iss2/2?utm_source=uzjournals.edu.uz%2Ftuitmct%2Fvol1%2Fiss2%2F2&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:sh.erkinov@edu.uz

10 “Bulletin of TUIT: Management and Communication Technologies”

UDC 681.03

INTERVAL EXTENSION STRUCTURE BASIC TYPES OF SOLUTIONS
OF BOUNDARY VALUE PROBLEMS FOR LINEAR PARTIAL
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

|Nazirov SH. A.

. Muminov B.B.

Abstract. In this article, the interval expansion of the structure of solving basic types of boundary
value problems for partial differential equations of the second order of making the basic operations that
compose interval arithmetic is developed. For the differential equation (1) of the type, when constructing
the interval expansion of the structure of the formula, structural formulas were used to construct with the R-
function method and 4 problems were studied — the Dirichlet problem, the Neumann problem, the third
type problem, the mixed boundary conditions problem. For the Dirichlet problem, the solution is an interval
expansion of the structure in the form (5), where P = {w® , w®, @®, @®}u [ @, @|is an indefinite interval
function. For the Neumann problem, a solution is solved in the interval extension of the structure (10), (11),

[ﬂ, 31] [ 2y tTZ] is an indefinite interval function and D, is a differential operator of the form (9). For the

problem of the third type, the solution is solved in the interval extension of the structure (16), (17), [& 31]

[ﬂ, 52] - indefinite, interval function, D, - differential operator of the form (9). For the problem, mixed

boundary conditions are treated. The solution In the interval extension of the structure (22), (23),

(24), [& 31] [& @] is an indefinite interval function and D, is a differential operator of the form (9).
Keywords: structure solutions, interval arithmetic, boundary value problems, R-function method.

Introduction

R-functions method allows us to construct
coordinate sequences satisfying the boundary conditions
exactly, without any approximations [1]. However,
when solving systems of differential (integro-
differential) equations of high order due to bad of a
matrix (full matrix of large orders, compiled as a result
of sampling in the spatial variables using the method of
R-functions) lost accuracy of the approximate solutions
. Furthermore, such a loss of accuracy arise in cases
where the initial data of the problem are not accurate,
approximate values of the integrals are computed and
error methods for solving governing equations, etc.
These disadvantages can be eliminated by using interval
method [2, 5, 6]. Hence the need to develop an algorithm
combining R-functions method and interval method for
solving practical problems, which we call the interval-
valued R-function.

Application algorithm of interval- valued R-
functions for solving boundary value problems for
differential equations of various orders consists of the
following steps:

1. Construct interval extensions systems of R-
functions.

2. Construct interval extensions for formulas
differential tuples.

3. Construct interval extensions of structural
formulas.

4. Construct interval extensions of cubature
formulas.

5. Construct interval extensions solutions
resolving equations (in the case of a static setting - the
system of algebraic equations, and in the case of
dynamics - a system of ordinary differential equations
with initial conditions).

Interval extensions systems of R-functions and
formulas for the interval extensions of multidimensional
differential tuples are given in [7-10]. Here we consider
only the interval extensions of structural formulas for
basic boundary value problems for partial differential
equations of second order.

Constructing interval extensions of structural
formula

In constructing the interval extension structure
formula used to build structural formula method of R-
functions given in [1.4, 10].

Suppose we are given the differential equation

m

Z A 0%u N F< ou ou )
L7 0x;x; o ox," " 0xpy,
ij=1

=0 (D)
Where, A ={ai;} - symmetric matrix, u function.
As is known, the characteristic of the matrix A are real
[5]. Equation (1) is elliptic in Q, if at all points of Q
eigenvalues of the matrix A have the same sign.
The main types of boundary conditions
for the equation (1) are the following tasks:

Nazirov SH. A., Muminov B.B.

2018, 2 (44)


http://demo.uz-journals.bepress.com/tuitmct

“Bulletin of TUIT: Management and Communication Technologies”

Dirichlet problem. Boundary condition
on T has the form

ul . =g, (2
Problem Digde ¢, : ' — R (or R", if u vector -
function). ¢, function can be set only on the boundary
I' and have on different parts of I; c T different
analytical expressions ¢;:
@4, x el
U=T e 3)
O x €l
We assume that ¢; € M(H) - some H -
functions implemented. In practice, most often H = H,,
ie, M(H) - a plurality of elementary functions.
These limit values can be extended into the
domain and glue by using the EC. EC¢, = ¢ - operator
bonding limits. For this operator can be given various

. + Heot
options and formulas here ¢, = £12r%2l2t T¥mim
T1+T2+ 4Ty

T, = mil ECpy = ¢ if the structure of the solution

of the problem (1), (2) the construction of a polynomial
of the form R-functions method V.L. Rvachev has the
form [1]:

u=¢+wd 4)

where @ - undefined function and - equation
of the boundary region, the following species,

>0, (x,y)en
w= =0, (x,y)eT
<0 (x,y)¢Tun
Applying interval arithmetic  operations,

construct interval extension solution structure (4):
[wi] = | 0,¢]+[w @] 23]
= | ¢ 3] + [min{P}, max{P}] =
= [f + min{P}, p + max{P}].

And we get the interval extension structure in
the form:

[wa] = [2 + min{P}, @ + max{P}]
where P = {w® ,w®,&®, @®}and [ ®, D] -
undefined gap function.

)

11.2. Neumann problem. The boundary condition
for this problem has the form

du _ :
Here n - normal to T'. If T" is the point at which the
direction ¢@o is not defined, requires special

consideration. Suppose, as in the preceding paragraph,
ECq, = ¢ . This allows the condition (6) rewritten as

ou
=9 ™

an

Structure of the solution of the problem (1), (7)
is to construct a polynomial method of R-functions VL
Rvachev has the form [1]:

where @;, ®,-undefined function and D;-
differential operator with the following form
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= dw du 9
— axi axi ( )

i=1
Applying interval arithmetic  operations,
construct interval extension solution structure (8):

[wa] =| @, %]
+[08] ([ a] |2,
o[ 0,7]+ [ .0]) -
| 2, @] + [ @ ] (Imin{Q}, max{o}]
=[]+ | 0. ]) =
[ 2, @] + [ @] ([min{Q}, max{Q}]
—[ D1y + ¢, D +]) =

Dlu =

11

= [ 24,1 + [ ] ([min{e} - D,®; + ¢, max{Q}

~Diby ) =

= [ &, + min(Q,), ; + max(0y)]

where,

Q = {0, P, 50,5 F,}, Q=
{@min{Q} - D, +9), w (max{Q} — D, @, +
@), @ (min{Q} — —D;®; + §), 5(max(Q} — Dy @, +
[ )} = {9 min{Q} — w D, ®; + w), w max{Q} —
0D P, + we ), ®min{Q} — —oD; P +
@p), @max{Q} — @Dy Py + &g )}

u nojxyvdacm HWHTEPBAJIbHOC pacuimpeHue
CTPYKTYPBI B BHJIE:
[w@] = [ @, +min(Q,), ®;
+ max(Q) (10)

or you can build a structure of the solution
interval extension (8) alternatively:

[wa] = 20, - [wa]D: | 2.,
+lwal | 2,]
++ ][ 00| =
=2, - [wa] D, [2,3]
+ +[min{F}, max{F}|
+ [min{L}, max{L}] =
= [ﬂ' 31] — [min{K}, max{K}]
+ [min{F} + min{L}, max{F}
+ max{L}] =
= [& — max{K} + min{F} + min{L}, &, —
min{K} + max{F} + max{L}]
and obtain
[wa] = [& — max{K} + min{F} + min{L}, @,
— min{K} +

+ max{F} + max{L}] (11D
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In the interval extension structure (10), (11),
[451,31], [cbz,cTz] - undefined interval function D; -

differential operator of the form (9).
11.3. The task of the third type. The
boundary condition of this problem has the form

du

(% + hy (x)u) .
Here hy and ¢, - function of M (H) defined, in

general, just on the border. Let ECh, = hy, ECp, = ¢.

Then the condition (11) can be replaced

(Z—Z + hl(x)u) (13)

Structure of the solution of the problem (1), (12)
the construction of a polynomial of the form R-functions
method has the form [1]:

u=o, —wh®, —h®,w + pw

+ w2, (14)

where, &;, ®,-undefined function and D, -
differential operator of the form (9). Applying interval
arithmetic operations, construct interval extension
solution structure (14):

i) =[0,5] - (0o, [0,]

[ h][ 20 B [w.@] +
+| 0.¢|[w @]
+wal’|2,®,
Taking into account that

[Q' 5]D1 [&' ¢T1] = [Q: E] [D1 @4, D1¢T1] =

[ ko]

where K; = min{K}, K; = max{K}, K; =
{wD: ¢, 0 D&y, @D, &1, 60,1},
| 1] [ 20| [@ @] = | b [ K KO
= [ %75
Where K, = min{K,}, K, = max{K,}, K, =
{wo,0®,6 0,05},
K3 = min{K3}, K3 = max{Kz}, K; =
{ 1 o, 1 o oy Ky TR,
[2.0]lwa] = [KK],
where K, = min{K,}, K, = max{K,},K, =

=@ (12)

= @(x)

(15)

{00009 00}
[06]| 2,%] = [ K. K],
where K5 = min{Ks}, Ks = max{Ks}, Ks =
{Qz @, w? B, @? @, Ez(ﬁ},
then the interval extension (15) has the form:
[wa] =2, @] - [ K K] - [ Ko K] +

(ko] + [k K] a6)
or
[wa] = [ &~ K ~Ks + Ky + Ko, @1~ Ky~ Ks
+ Ky + K| (17)

In the interval extension structure (16), (17),
[&, c)ﬁ] [& ?2] — undefined, gap function, D, -
differential operator of the form (9).

11.4. Mixed boundary conditions. The
boundary conditions of this problem are of the form

u

=1
I,

=90 (5ot hyGou) (18)

1

Functions ¢,, hy(x) and 1, assumed, as
previously defined on I" (possibly different formulas of
IM(H) at different parts of the border). Their
continuation in T denotes ECh, = hy(x), ECep, =
@(x), ECyy = y(x). Then instead of (23) we obtain

- <6u + Ry () ) - 19
L= GGpthe)| =y a9
1 2
Structure of the solution of the problem (1), (19)

the construction of a polynomial of the form R-functions

method has the form [1]:
W1 W3

u

(¢ + w, @, — D1(2) (0191)

u= (‘)1(1)1 +
w1 + wy

- DfZ)(p - hlwld)l - hl(p) +

+o. (20)
where &,,®, -undefined function and D;-
differential operator of the form (9), D,® =
(Vw,, V); wy, w, —equation  boundary.  Applying
interval arithmetic operations, construct interval
extension solution structure (20):

[wi] =[wy@][0,,]
w @ [0y @]
o]+ aza] 2
+ [&, w_z] X
x[ 22 @] -0 (v @] [ 20®1]) - 01 [ 0. 9]
][]
x[ 2] - [hi][2.0])
+[0.9]
Taking into account that
[vn][202)] = [0 @]
where Q; = min{Q,}, Q; = max{Q.}, @, =

{(1)1 @y, w1 Py, @; ﬂ' E@}l

(21

(v ][ ez @] = [0 a].
where q; = min{q,}, ¢ = max{q.}, . =
{1 @5, 01,07 0, @y
A
(o1 + 0@+ @,
where @, = min{Q,}, Q; = max{Q.}, Q, =
1

]: [&'@]'
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o] 27 - 023,
Where
Qs = min{Qs}, Q_s = max{Qs}, Q3 =

{2 220, 8, @ 0,35,
o ([es1] 07
- [ 55]0(7 03]
+[ 20 0 | w151 =
[ 040:] + [ 005 =[ 05 0],
where [&0_6] = [@Qﬁ] + [%Q_s] =
[ Q4+ 05, Qs + 05, @ = min{Q,),
Qs = max{Q4}, Q4 =

2 g —n (2 — (@)
{&Dl( )ﬂ’ﬂDl( )(DI' w1D1( )ﬂ» w1D1( )‘p1}: Qs =

= min{Qs}, Qs = max{Qs}, Qs =
(0,00 w0, 035,502 wy, B 235),
[ i [0n @] [ 20,81] = [ € @7)
where Q; = min{Q,}, 0, = max{Q,},Q, =
Ry Qb Q1 , )
{01y T T @1 T}
[ m 7] [ 0.0] = [ 2.0,
where Qs = min{Qs}, Qs = max{Qs}, Qs =

{h 0,1y .7; 0,7
and obtain the interval extension structure (21)

" - [eo]+[ea] (v oo
_ [ Q6lQ_6] _
[ 009] - [00] - [ 20 )
+[ ¢ 7] (22)

[wa] =] 00

+(e][vv]

+[ 2@ [ 0]

~ [0 [ 00 Q) -
- 0@ [P 0.075] - [ 2. @] [ 2.7

-2 @]| )+ [e9]
(23)

Taking into account that
[ 02| [0 = [ Lo T,
where Ly = min{L,}, Ly = max{L,}, L, =
AT A AT
(][0 @] =L L]
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where L, = min{L,}, L, = max{L,},L, =
(@ 0,005 0, 0:0:)
[02:][ 20T = [ 12 T3],

where Ly = min{Ls}, L3 = max{L3}, L3 =
(02 050,750 05,0205}

[ 2. @] [P ¢.00] = [ L Ta],
where L, = min{L,}, L, = max{L,},
Ly ={Q: D ¢,0,05,0; D 9,007},
||| 0.0 =15 T5]

where Ls = min{Ls}, Ls = max{Ls}, Ls =

(@ 0.0.0.% 0, 0.0}

[ ][ 00 %] = [ Lo Zd]

where Lg = min{Lg¢}, Ls = max{L¢},Ls =

{Q2 05,0205, Q; 05, 0205 ),
and obtain the interval extension structure (22)

[wi] = [ Q@] + [ Lo L] + [ Lo T - [ Lo T3]
- LT -
o L B 2 B Y e

or
u=(&+ﬁ+L2+L_3—L_4—L_5—L_6+<p)

13

- @5

(Q_1+L_1+L2 L3 L4 Ls L6+‘P)
Inthelnterval extension structure (22), (23), (24),
[&, cbl], [& d)z] - undefined interval function D, -

differential operator of the form (9).

In constructing the interval extension of the
structure of the formula, we used structural formulas
with the R-function method and 4 problems studied - the
Dirichlet problem, the Neumann problem, the third type
problem, the mixed boundary conditions problem, and
the Sol2Interval software library in C ++ was created.
This billetka makes it possible to construct an interval
3D graph for interval expansion of structures (Fig-1).

There are three main areas for the successful use
of interval analysis and interval methods on the basis of
the Sol2Interval software library:

* Solving practical problems that have interval or,
more generally, limited data uncertainty.

+ Strict accounting of rounding errors in
calculations with floating point numbers on digital
computers.

*+ New approaches to solving traditional
mathematical problems (such as, for example, the global
optimization problem, global evidence-based solution of
systems of nonlinear equations, etc.)
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Figure 1. Graphic solutions for interval expansion of structures.

Conclusion

Built interval extension structure basic types of
solutions of boundary value problems - Dirichlet
problem, Neumann problem of the third type, mixed
boundary conditions for partial differential equations of
second order. The results can be used to construct
interval - value structure solutions for other boundary
value problems of differential equations of different
order. The resulting interval - values the solution
structure is easily implemented on computers.
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