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Abstract: In this paper, we focus on different convergence results of the long-term
1t . :
return Ej'orudu, where the short interest rate r follows an extension of the Cox,

Ingersoll and Ross! model. Using the theory of Bessel processes, we proved the
convergence almost everywhere of % I; X, du, where (Xu )UZO denotes a generalisation

of a Besselsguare process with drift. We also studied the convergence in law of the

long-term return in order to make some approximations. We observed the
convergence  in the sequence of processes (Y") = with

)., = ( if 2,8 )du)po. By Aldous criterion, this sequence converges

in law to a Brownian motion. These convergence results have some immediate
applications.
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1. Introduction

In this paper, we concentrate on different convergence results of the long-term return
1t . .
" Lrudu, where the short interest rate r follows an extension of the Cox, Ingersoll

and Rossl model. Since it is reasonable to conjecture that the market will influence
the reversion level and the volatility coefficient, we assume the reversion level to be
stochastic and also take the volatility more general.
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Using the theory of Bessel processes and more specifically results of Pitman-YorZ,
we proved in Deelstra-Delbaen3 the convergence almost everywhere of the long-

term return % J'; X, du, where (X,),., denotes the process defined by the stochastic
differential equation dX_ = (24X, +6,)ds+g(X )dB, with <0, with g a positive
function, vanishing at zero and satisfying a Holder condition of order 1/2, and with
(53)SZO a stochastic process satisfying some hypotheses. In case of the generalized
Besselsquare processes (g(x) =2+/x) with drift parameter <0 and stochastic
reversion level (5,)_,, we found in Deelstra-Delbaen? that - under the right
assumptions - the sequence of processes (Y")  with

()= (\/27! ><u+2ﬁ) ]

converges in law to a Brownian motion for n going to |nf|n|ty. Both theorems have
some straightforward applications.

In section 2, we introduce the family of processes (XU)UZO. The convergence a.e.

result is stated in section 3. An immediate application of this theorem is proposed. In
the last section, we look at the convergence in law result and we discuss some
approximations of the long-term return and of bond prices (see also Deelstrad). These
approximations have applications in finance and in assurance.

In this paper, we omit the long and technical proofs in order to obtain a clear
summary of the different convergence results of the long-term return.

2. Stochastic interest rate models

We analyse the convergence of the long-term return, using an extension of the Cox,
Ingersoll and Ross] stochastic model of the short interest rate r . Cox, Ingersoll and
Ross express the short interest rate dynamics as
dr, = x(y —r,)dt + or,dB

with (B)., a Brownian motion and «, y and o positive constants. It is a well-
known fact that this model has some empirically relevant properties. In this model, r
never becomes negative and for 2k > o, r does not reach zero. For x>0 and
y >0, the randomly moving interest rate is elastically pulled towards the long-term
constant value y . The volatility increases with the instantaneous interest rate. There

isasteady state distribution.

In a mathematical respect, the CIR square root process r is interesting since it isa
transformation of a Besselsquare process with drift. Indeed, if we define X by the



. 4 . . .
transformation X=—r, then X is a Besselsquare process with drift parameter
O

, .4
—k /2 and dimension ’(27 . The many results known about these processes (see e.g.
O

Pitman-Y or2 and Revuz-Y or6), convinced us that these processes are very tractable.

However, it is reasonable to conjecture that the market will constantly change the
reversion level y and the volatility o. A lot of authors already have extended the
CIR model in order to reflect the time-dependence caused by the cyclical nature of
the economy or by expectations concerning the future impacts of monetary policies.
For example, Hull and White/ assumed time-dependent parameters, Brennan and
Schwartz8, Schaefer and Schwartz9 and Longstaff and Schwartz10 suggested two-
factor models with a fixed correlation. We take the volatility more general and we
allow the reversion level to be stochastic and to have an arbitrary correlation with the
short-term interest rate process. In this way, we treat two-factor models where the
two factors may have arandom correlation.

We consider a family of stochastic processes X, which contains the Besselsquare

processes with drift, namely X satisfying the stochastic differential equation
dX, = (28X, +5,)ds+g(X,)dB, with & a non-negative measurable and adapted

stochastic process, with <0 and g a positive function, vanishing at zero and such
that there is a constant b such that |g(x)-g(y)<bylx-y. This stochastic

t
differential equation has a unique non-negative strong solution as soon as Iodudu <o

foral teR”.
3. Convergence a.e. of thelong-term return

Using the theory of Bessel processes, we found the following theorem, which is very
useful for deducing the convergence amost everywhere of the long-term return in
guite general situations:

Theorem 1
Suppose that a probability space (Q,(Ft)tZO,P) is given and that a Brownian motion

(Ei})tZO is defined on it. A stochastic process X:QxR*— R* is assumed to satisfy

the stochastic differential equation
dX, = (28X, +3,)ds+g(X; JdB,
with <0 and g:R —R" a function, vanishing at zero and such that there is a

constant b with |g(x) - g(y)l < bylx -y .



The measurable and adapted process 5:Q x R* — R" isassumed to satisfy:
1% - =
gjéuduins with 5:Q — R
0

Under these conditions, the following convergence almost everywhere holds:

1 -0
I, du—2e 522,
S% 20
The proof of the convergence a.e. result relies on the theory of stochastic differential
equations and on Kronecker's lemma. The interested reader is referred to "Long-term
returnsin stochastic interest rate models'3.

We immediately turn to an application of theorem 1. We consider the long-term
return in the following CIR two-factormode!:

dr, = x(y,—r )dt+ oyr.dB

dy, 272(77_7t)jt+8 7tdét
with ()., and (3 )ZO two Brownian motions and with x, x, o, o and y positive
constants. The short interest rate process has a reversion level which is a stochastic
process itself. Since the reversion level (7/t) follows a CIR square root process, we

>0
know that the stochastic reversion level (J/t) is elastically pulled towards the long-

=0
term constant value y . We are interested in the convergence of the long-term return

%Jgrudu.

We remark that we do not need any assumptions about the correlation between the
Brownian motions of the instantaneous interest rate and of the stochastic reversion
level process. They even may have an arbitrary random correlation. We stress this
fact because it is not trivial. Most authors of two-factormodels require, for technical
reasons, that the Wiener processes are uncorrelated or have a deterministic and fixed
correlation.

Itisclear that (y, )., satisfies the conditions of theorem 1 and that consequently
1% .
iy du a.e. )
(s
We now consider the instantaneous interest rate r itself and verify whether the
assumptions of theorem 1 are fulfilled by r. Trivialy, the volatility function
g(x) = ov/x satisfies a Holder condition of order 1/2 and B=-x/2 is strictly
negative. The process (x7,),., is measurable and adapted and clearly,
15 ae ~
= J Ky du———xy .
S 0



Therefore, we may invoke theorem 1 to obtain

-J'ruduiﬁ/.
S 0
We conclude that the long-term return converges ae. to », the long-term constant

value towards which the reversion level process (,)., is pulled in this two-

factormodel.
4. Convergencein law

Encouraged by the convergence amost everywhere result, we anaysed the
convergence in law in "Long-term returns in stochastic interest rate models:
Convergence in lav"4. We are interested in the convergence in law since it is useful
to know how the long-term return is distributed in the limit so that one can find
approximations.

We suppose the same hypotheses as in theorem 1, so that we can apply the previous
convergence theorem. Adding some assumptions about the second moment of the
stochastic reversion level process ¢, we find the following theorem:

Theorem 2
Suppose that a probability space (Q,(Ft)tZO , P) is given and that a stochastic process

X:QxR"— RN isdefined by the stochastic differential equation
dX, = (26X, +6,)ds+2/X,dB,

with (B})t .o @Brownian motion and £ < 0. Let us make the following assumptions
about the adapted and measurable process 5:Qx R* —> R :

* j§ du—2% 55 where S isastrictly positive real number;
* suptﬂﬂE[éf]du <k with k a constant independent of t;
0

t
* Forall ae®R™ lim 3]E[55]du=o.
t-a

t>w

Under these conditions, the foIIowi ng convergence in distribution holds:

o
5’f X +245)duj ) —(B, )t>o

with (B ), a Brownian motion.

Remark that there is no assumption about the correlation between the process X and
the reversion level process 6.



In order to prove the convergence in law, we have checked that the sequence (Y“ )m,

3 N
defined by Y/ ‘/ 25 .[ X, + du converges to a Brownian motion (B)_ i

the sense of finite distributions. Afterwards, we have shown that the sequence is
weakly relatively compact by using Aldous' criterion for tightness.

We now concentrate on some applications of the convergence in law. We consider
t

the possibility of approximating I r,du since this integral appears in bond prices,
0

accumulation and discounting factors, etcetera.

As an example, let us retake the generalized Cox-Ingersoll-Ross two-factor model,
which is introduced in the previous section. Since we are interested in the

1.t , .
convergence of the long-term return " Iorudu, we verify whether the assumptions of

theorem 2 are fulfilled.

Defining X by the transformation X =—r, we find that X satisfies the stochastic
O

differential equation

dX, :(427“ +2( )Xu)du +2/X dB,.

Since we know that the hypotheses of theorem 1 are fulfilled, it only remains to check

. 4 .
the conditions about the second moment of (3,),._, = (L}Z/‘) .Since (»,),, follows
8 . S

t>0

a CIR sguare root process, its second moment is given by:
E. [/ (21(‘}/4-6{7/0 7/e + 7}+e2"sr7/§ 7/_~7(2)(21;}~/+5'2)—|
roRss K 2 L 2K J
and atechnical calculation leads to the resultsthat forall aeR”
= jE[5 Jdu=0

t_

lim

t>w©

and that
1t
wptﬂ;JE[5f]du <k
0

with k aconstant independent of t.

Consequently, we may apply theorem 2 and we find that

(0 & }Ot(ru - n)duj —(B).,-

t>0




Thisisnot atrivial result since r and y may have an arbitrary, random correl ation.

t
Given this convergence result, we consider the possibility of approximating j r,du or,

t
more general, of approximating .[Xudu where X is defined as in theorem 2. The
0

convergence in law result inspired usto approxi mate

J?ﬁsf[ ZﬂJdu'

by B for n large enough.
Using the scaling property of Brownian motion, namely JnB B, = B't , We estimate
5 ——B.
-2
t

1 - .
As . j 5,du—>*>—¢,weobtainfor t large enough that
0

_[X du by J—du+

t
undu Ly %Bt
0 25 \-2p

Therefore, we approximate j X, du by the constant convergence ae. limit of the

long-term return times t plus a scaled Brownian motion.

t
A drawback of this estimator is that the moments of J' X,du do not equal those of the
0

estimator, although they are the same asymptotically. If the period observed is large

enough, this is satisfying. If the objective is to approximate the distribution of the

long-term return of an investment made at time O, it seems appropriate to
t

approximate jxudu by a scaled Brownian motion with drift since the Central Limit
0

Theorems are applicable on long-term.

However, one of our objectives is to find approximations of bond prices for al
t

maturities. Therefore, the moments of J X, du and of the estimator should be equal for
al t eR". If onelooks at a zero-coupon bond price in arisk-neutral setting, namely
ool 1) = ool
Exol_exp joxudu ~ exp Zﬁt 4,8

a second drawback of the approximation immediately appears. It is not realistic that
an estimation of abond price isindependent of the current short interest rate X, .



In case of the Cox-Ingersoll-Ross one-factor model, the approximating bond price

equals:
E,O[exp(—jgruduj ~ exp[yt[%—l)j.

This approximation is a decreasing function of the speed of adjustment parameter «,
where in the case of the Cox-Ingersoll-Ross model, two cases are distinguished: for
r, < 7, the bond price is a decreasing function of the parameter x, and for r, > y, it
isan increasing function of « . In Deelstra-Del baen?, we showed by comparing these

approximating bond prices with the exact bond prices (see Pitman-Yor2 or Cox,
Ingersoll and Rossl), that there is an underestimation of the bond prices if r, <y and

an overestimation if ry> y.

Therefore, we searched for an improved approximation. In "Long-term returns in
stochastic interest rate models: Applications'D, we propose the approximation
t t s

J;Xudu ~ jOE[xu]du+ 2235'

In this case, the expectation value is equal for al t and the variance still is
asymptotically equal.

The improved approximation has some interesting applications in insurance. For
example, the expected values, the variances and the skewness of various insurance
products can be approximated in quite general stochastic interest rate models.
Following the method of Parker11,12 n -year temporary life assurances, whole-life
assurances and endowment assurances have been treated in Deelstra® in case of a
generalisation of the Cox-Ingersoll-Ross model.
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