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perfectly reflecting boundary conditions
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Abstract

We prove the existence of a solution to an equation governing the number density within a
compact domain of a discrete particle system for a prescribed class of particle interactions taking
into account the effects of the diffusion and drift of the set of particles. Each particle carries a number
of internal coordinates which may evolve continuously in time, determined by what we will refer to as
the internal drift, or discretely via the interaction kernels. Perfectly reflecting boundary conditions
are imposed on the system and all the processes may be spatially and temporally inhomogeneous.
We use a relative compactness argument to construct a sequence of measures that converge weakly
to a solution of the governing equation. Since the proof of existence is a constructive one, it provides
a stochastic approximation scheme that can be used for the numerical study of molecular dynamics.

Keywords: Convergence Theorem, Diffusion, Particle interactions.

1. Introduction

Under fairly general conditions, set out in section 2.2, we prove the existence of at least one measure-
valued solution to the following equation:

/Gf(z)Pt(dz) /f ) Po(dz) // 2as(2)Nf(2) Ps(dz) ds+// f(2) Ps(dz)ds
—|—/O/Hs(z)-v (2) Py dzds+//f s(dz) ds

+ZZZ']'/ Ksz,g zl»-u,Zi,dwl,...,dwj)

i=1 j=1 giti
X {i f(wm) — Zf (zn) } s(dz1) -+ - Ps(dz;) ds (1.1)
m=1

for ¢t > 0 and f a member of a suitable class of test functions obeying the boundary condition f/0n = 0
where n is the outward pointing unit normal. This condition corresponds to the imposition of perfectly
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2 C. G. Wells

reflecting boundaries. In equation ([I)), € is the configuration space consisting of a physical domain €
and a collection of internal degrees of freedom and P; is the measure representing the number density
of particles in €. The functions a;, b; and H; are rates associated with diffusion and the external
and internal drifts respectively. The measure I; describes a source term for the system and Ky ; ; are
interaction kernels describing the interplay of particles within the domain.

This equation has many potential applications for the quantitative description of molecular systems.
It generalizes Smoluchowski’s coagulation equation [I] and simple diffusion models, e.g., [2]. Existence
theorems for coagulation and fragmentation processes have been developed for spatially and temporally
inhomogeneous conditions in, e.g., [3, Bl EL [ [7, 8] (see also the references therein). The case of ‘cluster
coagulation’, extending this work, where the coagulation rate may have non-trivial dependence on some
internal coordinates has been examined in [9]. For a survey of some of the known exact solutions and
a discussion of the mathematical and physical reasons for studying the coagulation equation see the
review article [10].

Diffusion processes with boundary conditions have been studied using SDE techniques by, e.g.,
[T, T2, [13]. However we do not follow this route since here it is our aim to produce a constructive proof
for the existence of solutions to equation ([[I]). This is in order to provide a Monte Carlo approximation
scheme capable of simple computer implementation that can simulate the underlying physical system
accurately.

The existence problem for combined diffusion, coagulation and fragmentation processes has received
some attention in [T4} [TH [T6, [ for the case of spatially and temporally homogeneous diffusion co-
efficients. Van Dongen discusses the case when the diffusion coefficients are non-zero and equal for
masses no larger than some given mass and zero for larger masses. As a separate case he considers
the situation when all diffusion coefficients are equal. Collet & Poupaud found a local existence result
in the former case for a restricted range of coagulation kernels and a global existence result in the
latter case. Guiag [I8, [T9], developing the work in [T4], has presented a numerical approach to this
problem by dividing the domain into cells then solving each cell as a homogeneous coagulation system
with appropriate transfer of particles between neighbouring cells; thus combining a finite element and
Monte Carlo approach. Guiag provides the necessary mathematical theorems to justify this strategy.
In contrast to this combined finite element and Monte Carlo method, our resulting numerical approach
is purely stochastic in nature, and the diffusion, drift and other rate coeflicients may have spatial and
temporal dependence, we also allow for more general forms of particle interaction to take place.

The paper is organized as follows. In section 2 we give definitions of the physical domain and
configuration space, and describe the hypotheses we will be making. Then we introduce the class of
test functions and describe the boundary condition they obey. Before beginning the mathematical
assault on the problem, we relate the boundary condition on the class of test functions to appropriate
Neumann boundary conditions on the particle number density when such a density exists with respect to
Lebesgue measure and certain extra differentiability conditions are assumed. Additionally in section 3
we characterize the boundary conditions associated with the internal degrees of freedom.

Section 4 is devoted primarily to the proofs of proposition EETH and theorem EETQ that are needed
in section 5. Proposition EETH provides a bound for an appropriate stochastic generator associated with
the diffusion and drift terms in equation ([TI), whilst theorem LT provides a result that allows us to
deduce the uniform convergence of a discrete approximation to the derivative terms in the integrand of
the RHS of equation ([[Il). To implement the diffusion process each particle’s position is displaced by
a multivariate normal random variable that is scaled proportional to the square root of the time step.
The resulting displacement is modified to account for the drift terms and for any reflections off the
boundaries. Since in a finite time the distance travelled by such a particle becomes unbounded as the
time steps decrease, the proof relies on the cancellation of motions in opposite directions and it is this
that requires delicate analysis, particularly in a neighbourhood of the boundary. We point out that the
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use of such a multivariate normal random variable makes direct contact with the mathematical definition
of Brownian motion and with the paper of Roth [20] on generating a Feller semi-group associated with
a simple diffusive process.

In section 5 we formulate a relative compactness argument for a sequence of stochastic processes
taking values in an appropriate product space. The components of each term in the sequence comprise a
measure representing an approximation to the particle number density at each time and a non-negative
real number approximating that time. This fictitious time is expedient for recasting equation [l as a
pair of equations with no explicit time-dependence. Tightness of the sequence is proved and Prohorov’s
theorem is used to deduce the existence of a convergent subsequence. We verify that the limit is a
solution to equation () in the weak sense when the Linear Growth Condition holds and in the vague
sense if the growth condition on the internal drift and self-interaction kernel are relaxed. Finally a new
sequence of processes is presented with the same jump chain of measures but with modified holding
times determined by the the fictitious time variable. This has the effect of removing the fictitious time
quantity from the construction. This final result, theorem [E31] provides a simple approximation scheme
that is in essence a simple extension of that of Marcus [21] and Lushnikov [22] except that the holding
times are determined deterministically from the current state. We remark that proposition and
theorem 23Tl can be modified simply to remove all spatial dependence and in this way we recover the
earlier results of 7, §.

In section 6 we provide an explicit description of the approximation scheme for generating sample
paths for the stochastic processes, while in section 7 we make some remarks about potential applications
to physical situations. These include a brief discussion of the implications and limitations of the various
hypotheses assumed in the proof. Appendices A, B and C contain important supporting results that
do not fit naturally within the main text.

2. Definitions and Hypotheses

For any pair of Banach spaces X and Y, let Cp,(X;Y") denote the bounded continuous functions from
X to Y and write Cp(X) = Cp(X;R). Let C™(X;Y) denote the n-times continuously differentiable Y-
valued functions on X. We denote by C.(X) the compactly supported real-valued continuous functions
on X and define C7(X) = C™(X) N C.(X). Additionally Mp(X) denotes the space of bounded non-
negative Borel measures on X, B(X) is the Borel o-algebra of X and M (X) is the space of bounded Borel
measurable functions on X. For any P € Mp(X) and f € M(X) we will write P(f) = [y f(z) P(dz).

2.1. The Configuration Space €

Definition 2.1 Let Q = w™1(—00,0) be a bounded open subset of the Euclidean inner product space
(R4, -), with the induced norm denoted by | - ||, and where w € C?*(R%N) with ||Vw(z)|| > 1 for all
r € 00 = w {0}, Let Q be the closure of Q and write V = (d1,...,04,) for the gradient operator on
R% and A for the Laplacian.

Definition 2.2 Define the expressions

1 1
dy 2 dy 2
IVw|eo = sup <Z |6iw(x)|2> and [VVw|leo = sup Z 0;0jw(z)|? (2.1)
z€co(Q) ;=1 z€co(Q) i,j=1
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where co(A) denotes the convex hull of the set A.

Definition 2.3 Let aftm) < bftm) form € N and p = 1,...,d2. Define the sequence of compact sets
Ty = HZil[aELm), bftm)] C R¥%. We endow Ty, with the Euclidean inner product induced from R and

write a dot for this inner product and || - || for the Euclidean norm. In addition we let V= (51, o ,5,12)
denote the gradient operator on R%.

Definition 2.4 Define the configuration space €, and its extension €#, both subsets of N x R4 x R®
by
¢= °@1({m} xQxTp) and  €# = bjl({m} % co(Q2) x T'my), (2.2)

and endow each with the Euclidean metric induced from Rtditd2 - Define the three restrictions: o
C—=N,m5:¢€—=Q and mp : € — R by

Tm (20521, -« oy Zdy4dy) =  20; (2.3)

Tq(205 215 - -+ Zditds) = (21,5 2d,);

7T1‘(Z(),Z1,.. '7Zd1+d2) = (Zd1+1a- .- azd1+d2)a (25)
so that mr(z) € Dx 2y, It is useful to define eg,e1,...,¢eq,,€1,...,€q, to be the canonical basis for

RI+ditd2 in the obvious way. For convenience we will refer to my(z) as the mass of a particle with
coordinates z.

2.2. Hypotheses

In this subsection we present two choices of physical hypotheses that are sufficient to prove an
appropriate convergence result.

Hypothesis 2.5 Suppose the source rate is given by the continuous map I : [0,00) = Mp(C), with
I:t— I(t) = I; salisfying the boundedness condition

A(IV2) = sup {It(ﬂ.I(I.IZ\/Q)) -0 < t < OO} < 00 (26)

where we define wﬁ,‘f) (2) = (mm(2))? and where T some the non-negative integer defined implicitly by

equation (ICTI).

Hypothesis 2.6 Suppose the diffusion coefficient a : [0,00) x € = R (with a(u, 2) = a,(2) = 0,(2)?)
is continuous and there exists a bound oo such that

0<o0yu(z) 0o (2.7)
for all u € [0,00) and z € €. Write
a{ﬁ’iﬁl =1Anf{o(2): 2 €€, mu(z) <m, 0Kt < TY, (2.8)

which is strictly greater than zero by continuity on the compact set [0,T] x 7 {1,...,m}.
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Furthermore assume that the drift function b : [0,00) x € — R4 (with b(u, 2) = b,(2)) is continuous
and obeys the boundedness condition ||by(2)|| < beo for some bs € R and additionally satisfies the

boundary condition
i : Vw(z)

for all u € [0,00) and z € € such that mg(z) € ON.

Hypothesis 2.7 Suppose the internal drift rate H : (t,z) — Hy(z) = (Hy1(2),...,Hea,(2)) is a
continuous function from [0,00) x € to R% where

H> =1Vsup{||He(2)||/mm(2) : 2 € €, mp(z) < m, t €[0,00)} < 0 (2.10)
for allm € N. As a matter of notational convenience we set H3® = 1. We will also impose the boundary

conditions: Hy ,(z) > 0 whenever (mr(z)), = affrm(z)) and Hy ,(z) < 0 whenever (rr(z)), = bﬁf“‘(z)).

The purpose of these boundary conditions is to ensure that the internal drift does not take particles
outside of the domain of the internal coordinates.

Hypothesis 2.8 Suppose there exist uniformly continuous interaction kernels K;; for i =1,...,7,
j=1....T and (i,5) # (1,1) with K, ; : [0,00) x € — Mp(¢7) =2 Q;_, Mp(€) where we write

Kuﬂ-’j(zl, RN ) Bl X oo X B]) = K@J(U,, Zlyeeny Zi)(Bl X e X B]) (211)
which we require to be totally symmetric in Bi,...,B; € B(C), totally symmetric in z1,...,2; and to
satisfy

i J
Zwm(zl) = Zﬂm(wn), Kyij(z1,...,2,dw, ..., dwj)-a.e. (2.12)
=1 n=1
forallz1,...;z,€€ i=1,....7, and j=1,...,J, i.e., the interaction is mass preserving. Moreover
we assume that there exists a constant Ko, such that

1 - .

Z.|_j|Ku,i7j(Zl7"'72i7Q:j) < Koom(21) - T (2i) for (i,7) # (1,1). (2.13)

In addition we assume that there exists a continuous (though not necessarily uniformly continuous) self-
interaction kernel, K1 : [0,00) X € — Mp (&) where we write K, 11(z, B) = K1.1(u, 2)(B) satisfying
Tm (2) = T (w), Ky 1,1(2,dw)-a.e. and possessing the bound:

KX =1Vsup{K;11(2,€)/mm(z): 2 €€, mu(z) <m, t €[0,00)} < 0. (2.14)

Analogous to our definition of H3® we set K§° = 1.

Hypothesis 2.9 We assume that the initial measure-valued particle density has finite mass: Py(mm) <
00.

Remark 2.10 If both K° and H>® are bounded functions on N then we say the system obeys the
Linear Growth Condition. In which case we may chose K, and H, such that for all m € Ny we have
K < Koo, H® < Ho and equation [ZI3) still holds. When this additional condition holds we will be
able to prove that equation ([[Il) holds in the weak sense. When it does not we show that equation ()
is true in the vague sense.
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2.3. The Class of Test Functions

Definition 2.11 Define the normed space of functions

F = {f:f(m,)€eC?*(QAxTy), forallmeN, ||f|| < oo
and Vw(rg(z)) - Vf(z) =0 for all z € € such that mg(z) € 0N} (2.15)

where § and its subspaces have the norm ||| - ||| defined by
A1 = masx{[| flloc, [V Flloos [V Flloos V'V £llc} (2.16)
with .
d1 3 d1 2
IV flloo = sup (Z |8if(z)|2> i IVVSllee = Sup > 10:0f(2)f (2.17)
TEE \4=1 TEE \ 4 j=1

and

2

da
I flloe = sup <Z|3uf(Z)|2> . (2.15)
zed =1

Furthermore we define §. = § N C.(€) and let the map R : § — Ny be given by

max{mm(supp f)} i f € Fe;
R(f) = {mm( ) ‘ (2.19)
0 otherwise.
Remark 2.12 By proposition ATl (., ||| - [||) is separable, therefore there exists a dense sequence

fn € Fe. We set fo = 1. Proposition [B2 implies that for each f € F.U{fo} there exists a second-order
continuously differentiable extension f# : ¢# — R with the property that || f#|||# is finite, where we
define the mapping ||| - [||# on each extension by equations ([ZIBHZIR) with € replaced by €#.

The reason for introducing these extensions is to allow us to assume that the test function is defined
on a convex domain for each integral mass. This allows us to make elementary estimates using Taylor’s
theorem applied to f# without regard for the possibility that the straight line segment between the two
points of interest may not lie entirely within the domain of the unextended test function f. In this way
we need not assume any convexity property of the physical domain €.

Definition 2.13 Let the sequence (f,)52, € F. be a dense subset of (Fe || - |||) with the following
properties )
WFEI* <27 Hpgy Ko, < 22" (2.20)

and (fn)ply is closed under the operation f v f(-)1y. <k for all k € N.

Remark 2.14 It follows from definition ZT3 that for every f € § there exists a subsequence of f,, such
that
bp-lim f,,, = f; bp-lim 9; fp, = 0; f; bp-lim 9;0; fr, = 0;0; f (2.21)
k—s o0 k—s00 k—o00
fori,j=1,...,d; and R N
bp-lim 9, fr, = Ouf (2.22)

k—o0
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for p=1,...,ds (where bp-lim denotes bounded pointwise convergence, i.e., bp-lim f,, = f if and only
n—oo
if fo(2) = f(2) asn — oo for all z € € and supsup |fn(2)| < 00). Moreover if f € F. then we may
n ze€

assume that
R(fn.) < R(f) (2.23)
for all k.

Definition 2.15 We endow Mp(€) and its subspaces with the complete metric generating the weak
topology given by

dyear (P, Q) = 24 (|P(fn) = QU AT (2.24)
n=0

and where fo = 1. We write P, — P to signify weak convergence.

Remark 2.16 We note that since € is separable Mp(€*) = ®§":1 Mp(€) and if P, — P then
P,k ~ pok,

Finally, to establish our conventions, let us make note of the following definition and the subsequent
remark; they will play a frequent role in proving the convergence of various quantities in the rest of the

paper.

Definition 2.17 If (X,dx) and (Y,dy) are metric spaces and f : X — Y is a continuous function we
define the modulus of continuity by

w(f,0) = sup dy(f(z),f(y)) (2.25)

dx (z,y)<d

whenever the RHS exists.

Remark 2.18 The function f is uniformly continuous if and only if
lim w(f,d) =0. (2.26)
6—0

In particular if f : X — R™ is continuous and compactly supported then f is uniformly continuous and
equation (Z226) holds.

3. Neumann Boundary Conditions on the Number Density

In this section we relate the properties of weak/vague solutions to equation (LIl to the boundary
conditions on the number density with respect to Lebesgue measure when such a quantity exists. Let
us write z = (m,X) and X = (,X) with m € N, 2 € Q, X € T, and assume that the following
definitions can be made with respect to Lebesgue measure: L;({m} x dX) = I[[*(X)dX,

Km-,j(zl, ey Ry {Tll} X dyl, ceey {TLJ} X dyj) = K::;Z-””mhnlwwnj (Xl, ceey Xi, yl, . ,yj) dyl . dyj,
(3.1)

mi,..., S M ey n; . . . . .
where K, 11] S and I are continuous functions on their respective domains, P;({m} x dX) =

T (X)dX, with a; € C2(€), by € CH(E;RY), Hy € C}(€;R?2). Suppose too that ¢*(X) is continuously
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differentiable in time and twice continuously differentiable on Q x T,,, then we discover for all X €
Q x (I',,)° (the interior of Q x I',,,) that

8c7n X m m - m m
L) LA () = V- ()6 () = T - ()" (X)) + ()
z J o)
1
+ _ dy;--- dy'—l/ le(Xl)d)(l"'/ ¢ (&) dX;
;; il (j—1)! Z _ /9T, ﬁxrnj_jl ﬁxlfml ﬁxf‘mi
’I’L171’,’I’7LJ 117 1
X Kznlj‘; ,m,i7n1,...7nj,1,m()(17 . Xi, yl, . ,yj_l, X)
S (X) i
DD R Z [ Ay, - 4; HX) dA - (X 1) Ay
=1 =1 (i =1yt QxDpy QxIy, QXle OxCm;
ni,.. 7n3*
mi,...,mi—1=1
X Kznlj‘; D=L Ty (Xl, ceey Xi—la X, yl, . ,yj). (32)

This follows by considering a suitable sequence of test functions concentrated at z and compactly
supported in Q x (I';,)°. Now multiply equation [B2) by f(z) € J., subtract the time derivative of
equation ([CTl) and apply the divergence theorem to leave the boundary terms:

/ /6 Q[lf(zw(axz)cz“(xn — Lay()AMX)VF(2) — F(2)e(X)by(2)] - n(x)dS dX

b( ) b( ?) L+)l bEiM) X b
—Z / X A% [ % [, [ e f T da(33)
ag,

p=ay
u+1

where n(z) is the outward pointing unit normal at z. The last two terms in the first integrand on
the RHS vanish by the definition of the boundary condition on the test functions and by hypothe-
sis 20 respectively. By taking a suitable sequence of test functions concentrated at z we deduce that

0(at(2)c*(X))/On = 0 for x € 02 and ¢[*(X) = 0 whenever X, = af,m) or bf,m) and Hy ,(z) # 0.

4. Perfectly Reflecting Boundaries

The diffusion, internal and external drifts of each individual particle are to be approximated by
a sequence of discrete jumps in the particle’s position in the configuration space €. To complicate
matters these jumps may involve reflections off the boundaries of the physical domain. In this section
we provide some detailed calculations giving estimates and convergence results for our diffusion and
drift approximations which will be vital in section 5.

\%
Proposition 4.1 (a) If z,y € 9Q with ||y — z|| = 0 # 0, and n(x) = % then there exists a
constant By such that
|n(x) - k| < Bob where k = ———. (4.1)
ly — ||

(b) If z,y € Q with ||Vw(x)|| = 1 and Vw(y) # 0 then there exists a constant Ag such that

[n(y) — n(z)|| < Ab. (4.2)



C. G. Wells 9

Proof. (a) Use Taylor’s theorem with y = z + 0k and the facts that w(z) =w(y) =0and [|[Vw(z)| > 1
to deduce that

~

In(z) - k| < [0 w(x+ 0k) — 0 w(z) — Vw() - k| < Bof (4.3)

where By = 1| VVw||w.
(b) Compute

w(y) Vw(z)
It - n@l = |2 (1.4
Vo)l V()]
[Vw(@)|| — [Vw (@)l Vw(y) — Vw(z) ‘
Vw(y) + —=———— (4.5)
‘ IVw (@) [[Vw(y)ll V()|
. LIVe@ = 19wl | + Vo) - Vola)] o
V()|
< 2)Vely) — Vela)] < Agb (47)
where Ay = 2[|VVW/| oo |
Definition 4.2 Let £ : Q x R*" — Q be defined by
&(z, k) =2, for some x* such that ||z + k — 2*|| = min{||z + k —y| : y € Q}. (4.8)
This exists by the compactness of §1.
Proposition 4.3 Ifz € 9Q, k- n(z) =0 and [|k|| < 3By then
€2, k) =« — k|| < 2Bo|[k]|*. (4.9)
Proof. Consider y = x + K where K = k — 2By||Vw(x)| Y| k||*n(x), then
w(y) < (k—2Bo||Vw(@)| 7 k|*n(2)) - Vw(z) + 5[V VWl | K] (4.10)
< —Bollk[*(1 - 4B3|Ik[*) < 0, (4.11)
and thus y € Q, it follows that
€@z, k) — 2 — k|| < |ly — 2 — k|| = 2Bo|| Vew(z)|| 7! ||k]|* < 2Bo]|k[|? (4.12)
as required. |

Definition 4.4 Define the map v : QxR — Q by the following procedure. If x € Q and k € R4 \{0}
then let Tg = and kg = k/||k||, let 9, = inf{t € [0, [|k|| — D1, L) T+ thn ¢ 0}, Tpp1 = T+ 9y Fon,
kni1 = kn (k n(Tnt1))n(Tnt1). We set v/ (z,k) = limy_o0 Tn (this exists since the {x,} are
contained in the compact ball of radius ||k|| centred at z, so there exists an accumulation point, which
is unique since Y oo ||t — Tp_1]| = DoregUn is finite). We define v'(x,0) = z. Finally we set
Y(z, k) =~ (z,k) if >ou” o 9n = ||k|| otherwise let v(z, k) = (7 (z, k), (|[k]| — Dore o Or Voo ), where we
remark that proposition@] implies that forn > m, ||k —km|| < 2 > it ki -n(zi)| < 2Bo > Ui
which shows that the k are Cauchy and the completeness of the (d1 — 1)-dimensional Euclidean sphere
implies that ky — keo for some koo with ||koo|| =1 and n(v'(z, k)) - koo = 0.
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Definition 4.5 Define for r > 0,
o0 ={y e Q:d(y,d9) < r}. (4.13)

where d(y, A) = inf{|ly — a|| : a € A}.

Proposition 4.6 There exists 0 < § < 2By such that for all z,y € 99% with ||z — y|| < 20 we have
In(x) —n(y)|| < Aollz — y|| and if additionally z,y € O then |n(z) - (x — y)| < Bollz — y||*.

Proof. Since ||Vw| > 1 whenever x € 9Q, 9Q is compact and = — ||[Vw(z)| is continuous, it follows
that there exists n > 0 such that [|[Vw(x)|| > 1+ n for all z € Q. The uniform continuity of Vw
on Q implies that there exists §o > 0 such that if ||z — y|| < &y then ||[Vw(x) — Vw(y)|| < 1 and
thus ||Vw(y)| = [|[Vw(2)|| — |Vw(z) — Vw(y)|| > 1. Let 26 = & A By ' and the result follows by
proposition BTl |

Proposition 4.7 For all z € € with 75(2) = x, k such that Zﬁr = k|| and v(z, k) # x2 we have
r=0
that

|(v(@, k) = — k) - Vf(2)] < 2(2Bo + Ao)[[VV oo | £]I° (4.14)
for each f € 5.

Proof. Suppose that x1,...,xy € 9Q with v(z, k) = zy41 and N > 1 then

N
|(y(z k) =z —k)-Vf(z)] = ZME—%)-W(Z) (4.15)
N oo
= DD Onlky —kp1) - VS(2) (4.16)
r=1p=1
Np r N
= 2zzﬁr(kp-n(xp))n(xp)-[Vf(Z)—Vf(zp)] (4.17)
r=1p=1
N r
< 2Bol| VY Fllacll®l DS 000y + 2 VY fllaollk9n|ky - nzn)|  (4.18)
r=1p=1
< 2Bo|VV flloo kP + 2V V fllsollk 19N (-1 - nzn—1)] + Ag¥Un—1)
(4.19)
< 2(2Bo + Ag)||VV ]l oo IK|? (4.20)

where z, = (Tm(2), 2p, 70 (2)). We have made use of proposition Bl to derive inequality @I9) and that

P p—1
IV£(2) = VI < DIV (zro1) = VI < IVl Y 0 < IVV FlloollEll, (4.21)
r=1 r=0

noting that the straight line segment [z,_1, 2] is contained within € to derive inequality EIH). In
the event that no such N exists the above proof shows that |(zy+1 — 2 — k) - Vf(2)] < 2(2By +
Ao)|IVV flso||k]|? for all N > 1 and the conclusion follows from ~(x, k) = v/(z,k) = imy_se0 TN
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Proposition 4.8 (a) If § is as in proposition -0, = € 9Q° and |k - n(x)| > (Ao + Bo)|k||® then
v(x, k) = z2.

(b) If y(z, k) = z2 and x = 7g(z) for some z € € then |(y(z, k) —x — k) - Vf(2)] < 2|VV [ x|k|? for
each f € 5.

Proof. (a) If z1 ¢ 00 then y(z,k) = 2+ k = z1 = 2 and there is nothing to prove, so we assume that
x1 € 9. Tt follows by proposition Bl that ||n(x) — n(z1)]| < Aol|k|| and we have

Ky = ko — 2(ko - n(z1))n(z1), (4.22)
so that R R R
k1 - n(x1)| = |ko - n(21)] = [ko - n(2)| — [[n(x) — n(z1)|| > Bollk]. (4.23)

Proposition B also implies that v(z, k) = v(z1, (|k]| — 90)k1) = z1 + (||k|| — Fo)k1 = z2 ¢ 0.
(b) We have

(@ k) —z—k}- V()] = I{(Ilkﬂ—ﬂo)@l —ko)} - V£(2)] (4.24)
= [201(ko - n(@1))n(z1) - {Vf(2) = Vf(mm(2), 21,70 (2))} - (4.25)
< 2 VV ool (4.26)

where we have made use of the boundary condition n(z1) - Vf(mm(2),z1,7r(2)) = 0 and that the line
segment [z, z1] lies within .

Definition 4.9 Define the map jff, : [0,00) x € — R associated with the internal drift to be

(jf}[)(u, z))“ = affm(z)) V (7r(2), + CX,ZHM,H(Z)) A bff”‘(z)) forpu=1,...,do. (4.27)

Proposition 4.10 If f € §., ulY — s and cxy — 00 as N — oo then

i <jf]\73(uév, z) —mr(z) — HUCJ;V(Z)) . @f(z) —0 (4.28)

uniformly on € as N — oo.

Proof. We may assume that m,(2) < R(f) as otherwise the terms in the sequence are identically zero.
By the boundary conditions on the internal drift (hypothesis X)) and equation @21), if ¢4 (i35 (ul, 2) —
mr(2))y # Hy(ul,2) then either Hy(ulf,2) > (i (ul,2) = 7r(2)), and (iff (', 2)), = b7
letting us deduce that H,(ul, z+ (j{)(ul, z) —7r(2))e.) <0, or H,(ul, 2) < & (515wl 2) —7r(2)),
and (jff(ud, 2))u = a7 leading to Hyu(ul 2+ (iff (u), 2)—7r(2))) > 0. Let g,(A) = Hu(ulf, 2+
MG (W, 2) — 7 (2)) uen) — & (G (ul, 2) — 7r(2)),, then g, @ [0,1] — R is continuous and additionally
9,(0) and g, (1) are either zero or have opposite sign. Therefore there exists A, € [0,1] such that
9u(M\y) = 0. Take N, = 1if &G (ul,2) — mr(2)), = Hu(ul,2). Set (W = z + N\, (G (Y, z) —

7r(2))u€u), then we have that ||C(“) —z|| < | H (Y, z)ﬂﬂm(z)gR(f)Hc;V? < H}%‘zf)R(f)c;\,2 and

UN z =
2 (jf]%(uiv 2) —r(z) - M) D
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da
< NV lloo D e Gib (@l 2) = mr(2))p = Hu(ud, 2) L, () <rp) | (4.29)
p=1

do
< ”foOO Z |Hu(uévv C(M))ﬂwm(du))gl{(f) - Hu(uévv Z)Ilﬂ'm(z)<R(f)| (4'30)

da

< NV llso Y0 wHLC ) <y [0l — sl + H ) R(F)ex’) (4.31)
p=1

which tends to zero uniformly on € as N — oo using the uniform continuity of H, (-, )1~ () <r(s) on

[0,s 4 1] x € and the definition of the modulus of continuity (equation ([Z2ZH)).

Proposition 4.11 If Z ~ N(0,1,), n € R4 with |n|]| =1,1>0, m > 1 and cy — 00 as N — o0
then there exist constants Dll’m and D such that

DY™A+ D™ B

EZ(HZ”lﬂ|Z.n|<c}V—M(A+B||ZHm)) < cm—l (4.32)
N

Proof. If d; > 1 then write || Z] = r and Z - n = rsin@, then compute:
z 1
(HZ” 11|Z.n|<c}v m(A+BJZ]||™ ))

2277 Ar=l4Brm )AL
= d / / cosd1 2040 rith-le=3m" dr (4.33)
-1

Ar=1 4 B typltdi-le=3r® gy 4.34
23d1— r(3 dl——)c% 1/0 ( r (4.34)

S = : (4.35)
F(%dl — %)CN !
whereas if d; = 1 and [ > 0 then
EZ(|Z|I'n ) = 3 Oorle*%”ﬂ dr (4.36)
|Z-n|<cy T (A+B|Z||™)) T r<A+Brm .

< \/7/ L BrmThdr (4.37)

2: 2 (T(L)A+25T(L(1 +m))B

Ve

The situation is more delicate when d; = 1 and [ = 0. First consider B # 0, in this case we use that

1 (4.39)

<1 __1
r<cy ™ (A+Brm) N r€[0,24¢1=m]U[Len BT m-T 00)

which follows by noting that the function f(r) = cN (A 4+ Br™) — r has exactly two positive roots
with f(24cy ™), f(%BfﬁcN) < 0 provided that

1 1 1
cy > 2m=1 Am Bm(m—1) (4.40)
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To prove this, the inequality 2(1 — 27%)X > 1 for X > 0 is useful. It follows that

7 . 9 QAC}\;m Lo
E (HZ” H|Z-n|<c}\7m(A+BHZ||m)) < \/;/0 e 2" dr

2 o0
+\/;/ . 11e*%T2(2Bﬁc;V1r)m*1dr (4.41)
2¢ND T
1

3(m—1)

22 A+27 7 I(im)B
S T
N
When B = 0 the computation proceeds as above except that we note that there is only one zero of the

function f. The finite number of times when inequality ([EEZ0) may be violated can be dealt with by
taking either D™ or DL™ suitably large. |

(4.42)

Corollary 4.12 If cy — 00 as N — oo then there exist a function Fi(A) such that

Fi(A)
min I+1
W, 7Tm (2) C]\Jfr

EZ (|1k[|" 1 jhonay < afr)2) < (4.43)

ou(2)Z  bu(z)
cN A

for all z € €, where l € Ng, x = 7g(2), Z ~ N(0,14,) and k =

Proof. We make use of a special case of Holder’s inequality: |X +Y|' < 2/=1(|X|' + |Y|") which follows
for I > 1 by considering the vectors (X,Y) and (1,1) together with the pair of conjugate indices ! and
ﬁ. By inspection this inequality also holds for [ = 0. If |k - n(x)| < A||k||? then

A 2
|Z - n(z)] < o+ BlIZ|I (4.44)
CN
where
boo + 2Ab%_sup c]_\,2
o o 2A0?
= min z and ﬁ = mi:.OO (445)
w,Tm (2) w,Tm (2)
The result is completed by the use of proposition EETTl |
Proposition 4.13 The following is a (Taylor’s theorem) identity
1 1
Flx+hy+k)—Flz,y) = / hD1F(z,y + tk) dt + / kDo F(x 4 th,y + tk)dt
0 0
1 s
+/ / h2D?F(z + th,y + sk)dtds (4.46)
o Jo

where F : R2 — R is continuously differentiable, has continuous second order partial derivative in the
first argument and the domain of f contains the closed cuboid consisting of the points with coordinates
(x 4+ th,y + sk) for s,t €[0,1].

Proof. Write ¢t = sr in the last integral on the RHS and perform the integrals. |
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u Z u
Remark 4.14 Proposition LT3 implies that if k£ = 7u(z) + gz , ¢ =mg(z) and
CN CN

GN(u,2,2) = /Ol[v(x,k) —x—k]-Vf(imn(2),z, (1 —t)nr(z) +tjf}[3(u,z))dt
+ / e (V) (1= e (2) 6735 2) — VF(2))
1// (2, k) — 2)i(v(z, k) — 2);
< (D105 % (7 (2), (1 = D + ty(a, k), (L= s)mr(=) + i, 2)) — 9,0, () deds

+ Z Ly, k) — x — k)i(y(2, k) — =+ k);0,8; [ (2)

i,j=1
+ /O b (u, 2) — 7r(2)] - (W#(ﬂm@), (1 =tz + ty(x, k), (1 = t)wr(2) + ti) (u, 2))
v f(z)) dt
+ (j{]%(u,z) —7r(z) — H;‘Q(Z)> Z b bJ a 9if(z (4.47)
N

1]1

then if Z ~ N (0, I,),

Z (C?VGN(UH 2, Z)) = E? (C?Vf (ﬂ—m(z)aﬂ/(xﬂ k),]ﬁ])(u, Z)) - f(Z)) R
— $a,(2)Af(2) = bu(2) - Vf(2) — Hu(2) - Vf(z). (4.48)

Proposition 4.15 If f € F.U{fo}, cn — 00 as N — oo then there exists some constant L such that
forallze €

| X E” (f (mn(2), 1(mg(2), ), i (u, 2)) = f(2))] < Lavwa (2) Hi gy 1 I1# (4.49)
Jor all N where Z ~ N(0, I,) and k = 242 | bul2)
CN Cn

Proof. If f = fy there is nothing to prove, so we assume that f € F.. If x = m5(2) € 09 then
propositions B and EE8(b) imply that

| AE? ({v(z,k) — 2 — k} - Vf(2))]
< 20N||Vf||ooEZ(11|\k|\>a||k||)+]EZ(CN{7(9C k) —x =k} V()L k)=a)
+EX (R {y(z,k) —z — Kk} - Vf(2)L zk);ﬁxz) (4.50)
< 2007V lloo + IV V flloo + (2Bo + A0)dHIVV flo0 ) EZ (X [1%[1) (4.51)
< AQTHIV fllos + IVV flloc + (2Bo + A0)dH[VV flloc) (05 dr + b3 Sup cy’)  (4.52)

whereas if 2 ¢ 9Q° then

AE? ((y(a,k) — 2 — k) - VI)| < 26V IE? (@ a5kl (4.53)
201V fllocd ™ EZ (112 (4.54)

4V fllood (o2 dy + b2 sup cy). (4.55)
N

INCININ
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Note that
‘C?VEZ (k- Vf(z))| = |CNEZ (0u(2)Z -V f(2)) + bu(z) - Vf(z)‘ (4.56)
= [bu(2) - Vf(2)] (4.57)
< DoV lloe (4.58)
so that if we set
Lo=4(1+ 0"+ (2By + Ap)d ) (02 dy + b2, sup )+ boo (4.59)

then Taylor’s theorem in the form of proposition and hypothesis 27 give the upper bound

[EZ (A/Lf (Wm( ),7 (@, k), jib (u, 2)) = f(2)])]
< |EBZ (R {v(a, k) — 2} - VF(2)) | + sIVVFILE (R 1IK]%)
+ RIVFFIZE (i (s 2) = 7r(2) 1L, rey (T (2))) (4.60)

< LollF#(1IF + 3 IVVFFIL (Gidl +0% Sgpcj_vz) + Hp IV Lmm(z)  (461)

< L (2) HE gy LA (4.62)
where
L=1Lo+1+ 3(c2d1+ b2 supcy’). (4.63)
N
|

Proposition 4.16 Suppose f € F¢e, ey — 00 as N — o0, Z ~ N(0,14,) and 2t = (mm(2),z, (1 —
OuN (Z)Z buN (Z)
t)rr(2) + tidy (ul | 2)) for t € [0,1] and k = — + —5— then for each s € [0, 00),
CN CN

dy

dy
t) = ZC?V]EZ ([7(% k) =z — kL[0:f(2) + D _[3(v(a, k) —a + k)]j&&jf(z)]) =0  (4.64)

j=1

uniformly on € x [0,1] as N — oo.

Proof. We may assume that N > Ny where for all N with N > Ny we have that v < s+ 1. Set
€ = 71 (99°), if 2z ¢ € then

¥z t) < 2627 (e lIRIP IV flloo + R IIRIPSIVY flloo) (4.65)
8(|V £l + 3 VV £l b5
L 5QCN” ” )<o§O1EZ(||Z||3)+g =0 (4.66)

uniformly on (C\Q‘S) x[0,1]. Now consider the more tricky case when z € €. Let 2t = (m,(2), z1(k), (1—
t) r(z ) + t]ID( ul¥,2)). We drop the (z,t) dependence for notational convenience and write IV =
IN + 1Y + 1Y where

di dy
o= Z o ([7(% k) —x — kLi[0: f(2") + Z[%(W(ﬂf, k) —x+ k)]j&&jf(z)]ﬂ”k”;(;) ;o (4.67)
)

I = KB ((x k) —a— k- V()1 k<s) ; (4.68)

=1

dl dl
Iy = ZC?VEZ ([’Y(% k) —x — K[0:f(2") — 0 f (21) + Z[%(’Y(xa k) —x+ k)]jaiajf(z)]ﬂ|k|<6) :
i=1
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(4.69)

then IV obeys the same bound as inequality ([@Z60) and therefore vanishes uniformly on €° x [0, 1] in the
limit N — oo. If y(x, k) = 9 then v(x, k) — x — k = —201ko - n(x1)n(x1) and therefore the boundary
condition on the class of test functions: n(xy) - Vf(z}) = 0 (definition EZTTI) implies that

Iy = B ([y(@, k) — 2 = K] - V(1) Loy ks L 1<) - (4.70)

Proposition implies that v(z,k) # x2 only if |n(z) - k| < (Ao + Bo)||k||?. If v(z, k) # 22 and
3%, Un = ||k|| then proposition EET gives an estimate for |(y(z, k) —x — k) -V f(2)]. If v(z, k) # 22 and

n=0
oo o Un # ||k then we may still use proposition EE7 and add an extra term given by proposition
In consequence

(@, k) =2 = k) - VIED] < (0@ k) =z —k) - VIE) + (0@, k) —z = k) - [VF(21) - Vf((it)7]|1)

o 3 o 2
< 2(2Bo + A0)[IVV fllso (Z%) +2By <||/€||—Z19n> IV flloo
n=0

n=0 =
+2[|VV floo I (4.72)
< [2{(2Bo + A0)3 + 1} VV fllo + 2Bo[[V flc] 1 511 (4.73)

Accordingly

11| < [22Bo + A0)d[IVV flloo + 2BollV £l EZ (R kP o)k < (Aot Boykiz)  (4.74)
[2(2Bo + A0)d||IVV fllso + 2Bol|V f|loc) F2 (Ao + Bo)

) min =0 (4.75)
CNOs11,R(f)
uniformly on €° x [0, 1] using corollary EETA Split I = IN + I where
dy a4
o= Y AR | k) —x — K0 f (') = 0:f () + D_[5(v(w. k) — 2 + k)]0, 1 (2)]
=1 =
x Il"Y(ac,k);rﬁzzﬂ||l~c||<5> ; (4.76)
d1 0
5= S AEL | Dek) - o~ KD ) ~ 0 () + Y k) — @+ K00, ()]
=1 =
X ﬂv(z,k)—rzﬂ||k||<5> (4.77)
and notice that
] < AIVVFIE (R L ) ki< avs Bole?) (4.78)
< 4|\VV fllooF2(Ao + By) o o)

min
CNOs11,R(f)
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uniformly on €° x [0, 1] using corollary EET2 Now decompose I as I& = IV + IN + IY + 1 where

Iév = Z ]EZ < (ml)(k — k . n(ml)n(xl))jn(ml)iﬁiﬁjf(z)ﬂvwk#m11||k||<5> ; (4.80)
I%V = 2 Z EZ < CN ||k||2k n(xl)(k —k- n(xl)n(xl))jn(xl)lal(‘?jf(z)ll||k||>,5> 3 (481)
i,j=1
dy
= ZEZ Ny, k) -z — ki <5z‘f(2t) — 9, f(21)
=1 N ;
+ [%(7@@ z + k) ||_k1||(k k n(ffl)"(xl))] _3i5jf(2)) (k) 1211||k||<5) (4.82)
Jj=1 J
diy d1
= S B Ao k) — o — K (alfw) IR = m]ﬁ@f(z))
i=1 j=1
Xﬂy(w7k)—wzﬂllk||<6> (4.83)
and
v = -2 Z EZ < N ||k||2k n(z1)(k—k- n(xl)n(xl))jn(xl)ﬁiajf(z)> . (4.84)
i,j=1

We observe that |I}¥] is bounded by a half of the RHS of inequality [EZ9) and therefore it too tends to
zero uniformly on € x [0,1]. We bound IV easily:

8IVV £l B,
1 <279k (1) < T (2mm (2 + 2 ) 50 )
N N
uniformly on €? x [0, 1]. Note that
d1 dl 1
Oif(2") — i f (1) + Z[xl —x];0;0;f(2)] = Z[x - $1]j/ [0:0;f (52" + (1 — s)21) — 9,0; f (2)] ds
j=1 j=1 0
(4.86)
dy
<RI w0051, 1K + ex” Hi g R(S)) (4.87)
j=1

and
dl dl
S w @0 Ik + P HE R < S w(@0i0if, 0wl Zeyt + booci? + e H ) RIS)) - (488)
j=1 j=1

which is bounded and, by the uniform continuity of 9;0; f, tends to zero uniformly on @ x [0, 1] at each
Z € R%. Therefore

dy
&) < 2B (c?v||k||22w(8i8jf, Tool|Zlen" + boocy’ +CJ_\72HIO%<Zf)R(f))) (4.89)

=1

=1

dy
< 4E7 ([ 21217 + 12, -Q]Zw<6iajf,ooo||2||c;&+booc;v2+c;v2ﬂﬁf)R<f>>) (4.90)
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which goes to zero uniformly on € x [0, 1] by the dominated convergence theorem. Let

di 2
=2 ‘Z_I EZ (c?v |Z|12k -n(x)(k—k- n(x)n(x))jn(x)lalajf(z)) . (4.91)

Then proposition Bl implies that

I 1| < SAGEZ (G KID) VY £ o
< 3240 (0% B (| Z1F) + b eIV floo = 0 (4.92)

uniformly on €° x [0, 1]. We need to show that I}}) — 0 uniformly, to this end set Z to be the rotation
of Z by angle 7 about the axis n(x):

Z =2Z -n(x)n(z) — Z, (4.93)

and notice that for any integrable function g(Z) we have EZ(g(Z)) = E?(1[g(Z) + g(Z)]). We also
define

oo (7 by (e)
_ I (4.94)
CN CN

so that k- n(z) = k- n(z) and

- - byn (2) — by~ (2) - n(x)n(x
k—k-n(x)n(z) = —(k —k-n(x)n(r)) + 20uy (2) 52( ) - i) )) (4.95)

CN

Thus I = I + I, + I + I}, where

dy -2
I = -2) E” </€ -n(z) |Z|1|Q(bugv (2) = buy (2) -n(x)n(x))jn(x)iaiajf(2)> ; (4.96)

4,j=1

dy 52 192
ny = Y E? <C§Vk -n(z) <@ - W) (k — k- n(z)n(z));n(2):0;0; f(2)
i,j=1

x ﬂk-n<z><—Bo{|k|vnE|}2) ; (4.97)

dy 52 192
g = Y E? <C§Vk -n(x) <ﬁ — W) (k — k- n(z)n(x));n(x);0:0; f(2)

4,j=1

X ]1Bo{nknwk||}2<k-n<w><o) ;o (4.98)

and
d 72 92
N = Z EZ <c?\,k n(z) <|E|12 — |k|12> (k—Fk- n(x)n(x))jn(x)iaiajf(z)llk.n(r)>0> . (4.99)
ij=1
We continue to bound:
2boo 0o boo
2 < 2099712 (1) < 2 (o m2 gz + 22 ) 0 o)

uniformly on €° x [0,1] as N — oco. Furthermore if k - n(z) < —Bo||k||? then for all 7 € [0, 1] we have
that

dy 1
w(x+rk) = wl)+rk-Vw+ Z 1"2/ (1 — s)kik;0;0;w(x + srk) ds (4.101)
ij=1 0

< w(@) —r{|Vw@)|Bo — 1l V¥l } [K? <0 (4.102)
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where we have recalled that By = 3||VVwl||o and [|[Vw(z)|| > 1 as z € €°. It follows that Jy = [|k||

and therefore that 991 = 0. This and the corresponding remark for 9J; imply that I3 = 0. Turning our
attention to I3% we derive the bound

I3 < IVVSllwE? (C?VHk'Pﬂ|k~n\<B0||k||2) + VY flloE? (C?\/Hkngﬂ\k.n|<BD|\E||2) (4.103)
2[|[VV fllocF2(Bo) 2 200 7112
< CNU?_SLR(J:) + 2O'OOHVVfHooE (HZ“ Il‘Z'n(w)‘<(2BDbgoC;r2+boo+QBoo’§o||ZH2)/CNU:Z:'{,R(”)
2[|VV £ oob?
+ 7H J;H ==y (4.104)
N

This tends to zero uniformly on €° x [0, 1] by using proposition EZTT1

Next we consider the expression

B
—L L) k.n(2). 4.105
<||k||2 1&]12 ) (4:109)
If 91,91 # 0 we deduce that
2 T 1 <191 El) & [193 /1
— — —— | k-n(x = |—— + = —Fk:k; 1—5)0;0;w(x + s9pk) ds
‘(IW i) * | = e ) 2 (e, (900t siob)
Ty —— 1 _
— ﬁkﬂﬂj/ (1 — )9 0;w(x + s¥ok) ds (4.106)
0
< VVllao (1K1 + 11E]1?) < 2(A0 + Bo)([[K]| + [[K])?, (4.107)

whereas if 97 = 0 and ¥, # 0 so that w(z + 190%0) =0 and ¥; = 0, we may set x; = z + 190@0 and
K =k — 9oko to derive

%1 = k-n(z) - 2o -n(x

Wk n(z) = k-n(x) Hka (x) (4.108)
= K- -n(z1)+ K- (n(z) —n(z1)) ~ (4.109)
< AollK | k]| + BollK|1* < (Ao + Bo)(I|k]| + [I%]1)* (4.110)

where we have used proposition EEl and the result that if K - n(xq1) > Bo||K||? then
wx+k) =wr + K) > w(r)+ K- Vw(z) — Bo||K|* > 0. (4.111)

This allows us to conclude that w(z + k) ¢ Q. Accordingly if k - n(z) > 0 then

920, o
EENE k-n(z)| < 2(Ao + Bo) ([l + (&))" (4.112)
In consequence we are led to a bound for I7}:
Ao+ B - by 1°
1IN < 840 + Bo)[VVfllo 2 ({aoo|2||+—} ) =0 (4.113)
CN CN

uniformly on €° x [0, 1]. |
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Theorem 4.17 If f € .U {fo} with extension f# € C*(
: Z (.2
Jim EZ (G[f (mul2).7

), uy — s and cy — 00 as N — oo then
(k) , gip (u

s 72)) - f(Z)])

= La,(2)Af(2) +bs(2) - Vf(2) + Ho(2) - Vf(2).  (4.114)
ouN (Z)Z buN(Z)
uniformly on € where x = 1g(z), Z ~ N(0,14,) and k = —= + —5
CN Cn
Proof. The case f = fy is trivial, so consider f € F..
EZ (3, GN(ul,2,2)) —

0 uniformly on € as N — oo.
0; f# we compute

By remark EET4 we must prove that
In terms of the modulus of continuity of

[jID(U Z)_TfT( )] A (vf#(ﬂ'm(z))(l—t)ZE—Ft’}/(J),k)’(l_t)ﬂ.F( )+t]ID( )) @f( )) ‘
d2
H3 RSB <w (@ o olZl | b

R(f
= R(%() =0 (4.115)
= CN N N
uniformly on € by noting that
N ol Z]
CN

HE . R(f) -
= boo DRIV ) <o 1
CN CN

(4.116)
and using the dominated convergence theorem together with the fact that ) f# is uniformly continuous
Similarly,

CNEZ(k)-/O (Vf(mm(2), 2, (1 = t)mr(2) + i (u, 2)) = V.f(2)) ‘

bu(2) /O (Vf (T (2), 2,70 (2)(1 = 1) + jib(u, 2)t) = Vf(2)) dt|  (4.117)
dl (o]
" (aif, w> —0
i=1 ‘N

uniformly on € as N — oo

//EZ (2, k) — 2)s(y(a, k) — ),

X (8i8jf#(7rm(z) (1 —t)x +ty(x, k), (1 —s)mr(z) + sjﬁ])(u 2))
<

g ZH
< EZ k E 88 # °°”
CNH H w( 7, N

(4.118)

- 81(9].]0(2))) dtds

Hy n R(f)
e I (4.119)
=1 N N
and
bib;0:0;f(2) | _ b3IVV flls
<= —0 (4.120)
v ;1 2ck 2¢%
uniformly on € as N — co. Using proposition ELI0 it remains only to prove that
1

/0 EZ (["/(x, k) —x—k] - Vi(mm(z),z,mr(2)(1 —t) + jip (u z)t)) dt
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dy
+ 3k Y B (k) — 2 — k)i(y(2 k) — 2+ K);0:0; f(2))| = 0 (4.121)

ij=1

uniformly on € as N — oo which is a direct consequence of proposition EETG |

5. Convergence of the Sequence of Stochastic Processes

In this section we use a relative compactness argument to deduce the existence of a sequence of
measures that converge weakly to a weak solution to equation ([LII) in the case of the Linear Growth
Condition or a vague solution to equation ([CIl) if the more general growth conditions are satisfied.
The strategy is to consider spaces of discrete measures with bounded total mass and investigate the
two component process (P, u”) where u is an approximation to the time. By using u" instead
of the true time we may utilize a stochastic generator that has no explicit time dependence and it is
moderately easy to write down a set of rules that solve the associated martingale problem. We proceed
to show that the sequence of stochastic processes is tight and Prohorov’s theorem reveals the existence
of an accumulation point. We verify that this accumulation point is a solution to equation ([II) in the
relevant sense. Once this is done we prove a result that allows us to dispense with the fictitious time
variable.

It is advantageous to introduce an extra process associated with the fictitious time variable, the
purpose of which is to bound the total rate of all processes away from zero. This clock process does not
alter the current state of the measure describing the stochastic particle ensemble, it merely advances
the fictitious time variable. In this way we can be sure that if all the other rates momentarily become
zero the computed holding time in the current state remains finite.

Throughout this section we assume that my and cy are sequences of positive real numbers that
tend to infinity as N — oo.

Definition 5.1 Define spaces of measures by

1 n
Mo ={P € Mp(Q€) : P(mm) < C}, and mY = {P =¥ > 6.2 €€ Plmm) < mN}
=1

(5.1)
where 8, is the Dirac measure concentrated at z. It is convenient to set EN = MV x [0, 00).

Definition 5.2 We put the metric D(-,-) on E = Mp(€) x [0,00) and its subspaces in terms of
equation [Z2Z) by defining

D((P7 u), (vi)) = dweak(Pa Q) + |U - U| (5.2)

and let D be the Skorohod metric on the space of cadlag functions Dg|0,00) derived from D where if p
is a metric on a space X then the Skorohod metric p on Dx|[0,00) is defined by (cf. equation (3.5.2) in

23])

p(r,y) = inf [V(A)V/ e T sup p(@iar, yapyar) AT |3 () = esssup
0

log
AEA t>0 0<t<s

As) — A1)

-t

} (5.3)

where

A={)e C([0,00),[0,00)) : A is a strictly increasing Lipschitz function with v(\) < co}. (5.4)



22 C. G. Wells

Remark 5.3 We adopt the notational conventions for the mass-weighted source moments:

Ay = L(C) and AD = sup{I;(7(9) : 0 < t < o0}.

(5.5)

Definition 5.4 Let v : Mp(€) x B(€)" — R be defined by v (P,By x --- X Bp) = N~"v,,(NP, B x

-+« X By,) where

vn(P,By x - x By)=Y_Clo) [[ PBin...NB;).

TESn disjoint cycles
(41 4eees ir) of o
Here S,, is the symmetric group on {1,...,n} and C is the signature homomorphism.
Remark 5.5 By proposition [C1]
1 & N-i if there exists an injection o : {1,...,i} — {1,...
vl <N Z(swk’ {z1} x -+ x {%}) = such that z, = wq(y for r=1,...,4;
k=1 0 otherwise.

Definition 5.6 Define the sequence of generators AN : M(EN) — M(EN) to be

AN(F)(Pu) = Nr{F(I.(Pu) — F(P,u)}
N /e (FN((Pou), 2)) — F(P,u)}L(d2)
+ Nc?V/QIEZ {F (ng ((P, w),z, A2 | b“—§2>)> — F(P, u)} P(d2)

CN CN

r J
1
+NZZ”—]'/¢L+] Ku,¢7j(z1,...,zi,dwl,...,dwj)

i=1 j=1

(5.6)

X {F(J%((P, W)y 215y 20y W, ey wh)) — F(Pou) N (Pydzy, ..., dz) (5.8)

where Z ~ N(0,14,), and the jumps: Jx : EN — E, JN : EN x€ - E, J¥N : EN x ¢ x R4 — F,

andJi]yj:ENfoifoj—>Ef0ri=1,...,I and j=1,...,J are given by

1
JCLK( 7”) ’u+pN(P,u) ) (5 9)
1
JI (( ,U),Z) ]I( ’Z)’u—'_pN(P,U,) ) (5 0)
1 ) T (%)
: P EN P m <
i (Pz) = t e Y Pm) = <smy (5.11)
P otherwise;
1 1
N .
']0 ((P, U),Z,k) = (P + N(5(7Tm(2)7’Y(W§(Z),k),jﬁ;(u,z)) — 52),U + 7pN(P7 u)> ; (512)
JN(Pu), Zi, W wj) = [P 1 Ej Ow,, — ; ] U+ 1
0, ) sy Rly ey gy W1y .y, Wy — N — Wi P Zn | 3 pN(P,u)

fori=1,.... 7, j=1,...,7;
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and
r J 1 .

oN(Pu) =N r—l—Au—i—c?\,P(C)—i—ZZf‘/ Kuij(z1, 20, @WN(Pdzy, ... dz) | (5.14)
. @i

Notice that the image of each of the jumps is a member of EN whenever P({z}) # 0 in equation &I2)

and vN (P, {z1} x - x {2;}) # 0 with 327 _| 7o (wy,) = En 1 ™m(2n) in equation (EI3). This provides
the motivation for deﬁnition-

Remark 5.7 The generators A" define a standard Markov jump process:
AEYPw) = M (Pa) [ (PO = PP (P, ) (5.15)
EN
with transition function p : EN x B(EN) — [0, 1] defined by

N rN
(Pou),-) = degLK(P,u)

N[ panE? (s
+pN(P7u) . (dz) (Jév((P,u)7z7ou(z)ZcR,leru(z)c;,Q))

o1
Z'_]"/quﬂ Kuzg(Zl,.. Zudwl’” dw])

Vi (P, le,. "7dzi)5Jﬁj((P,u),z1 ..... Zi,w1,~~~,wj)' (516)

.

Note that
N(Pu) < N(r+ A + Gmy + TTKoomk + KX). (5.17)

In consequence the generators are bounded for each N and according to section 4.2 [23] there exists a
sequence of EV-valued random variables (P, ul¥) such that

MN(F)=F(PN,ul) - / AN (F)(PYN,uY) ds (5.18)
is a martingale for each F' € M(E"Y) for any random initial condition (P, ul) € EN.
Hypothesis 5.8 Let u)Y = 0 for all N, and suppose that there exists a sequence P € IMN with

Py — Py as N — oo such that PV is deterministic with P{ (mm) bounded above. For notational

convenience we define
Z =sup P2 (mm). (5.19)
N

Remark 5.9 By considering the bounded measurable functions 72 (P,u) = uA L and ®¢(P,u) = P(f)
where f € § we find that

K 1
0 s

S

t
MY @) = PYN(f) - PN(f) - / /c VLo (ny (/N <oy Ty (d2) s
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_ c?v/ /EZ{f(wm(z)ﬂ/(m(z),ou(z)Zc;VI + by (2)e?), i (uh, 2)) — f(2)} PN (dz) ds
0 ¢ ‘

r J 1 t J i
- — Ky~ i(z1,..., 25, dwy, ..., dw; Wy ) — Zn
ZZ,],// e 1 n{ﬂ;f( M )}

x v (PN, dz,. .. dz;) ds (5.21)

where Z ~ N(0, I4,), are martingales for each N.

Proposition 5.10 Let (.7-',5]\7)
i (P,u) = u? then

>0 be a filtration adapted to (PN ul). Suppose that m,(P,u) = u and

MNm)=ulN -t  and  MN&P) (5.22)

u

are FN -martingales for each N.

Proof. We have

t
EuMAL) = t+/ E(AN (zLYy (PN ul) — 1) dr (5.23)
0
t 1
_ N/pN , N N,
= e+ [B (ot { (o + e )
1

Hence by the monotone convergence theorem u is of class L' and E(u?) < t. Furthermore if ¢ > s,

t 1
EEuNAL—t|FN)—@WNAL—s)| = E/E(pN(PiV,uiV){@iWiN ¥ N>AL
s PN (PN u)
1
AN - — N 2
uy A VPN o) | F¥ ) dr|  (5.25)
1
< E{(t—s)P(uN >L—— |FN 2
(t = s)E(E(u)|FY)) t(t —s)
< 5 2K 2
LN T -yt 00 63

as L — oo, the conditional form of the monotone convergence theorem and Fatou’s lemma then imply
that ul¥ —t is an F¥-martingale. Similarly

t 1 2
E((uM)?AL?) = t2+/OE<pN(PTN,uiV){<uiV+m> A L2

— (W) A L% - _ 2wy dr (5.28)
T PN (PN ul) '

< 2 4+urTINTL (5.29)

Thus the monotone convergence theorem gives that E((ulY)?) < co. Moreover

E ((uiV)Q/\LQ—/ pN(Pvau]Tv){GdV"'m) —(UJTV)Q} dT|.7:sN> —(WN)2AL?

T 0 Yr

E
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<(t—s)E { ({2ut TN Y vy o | F )} (5.30)
= (t—s)E ({2ut +N—1r—1}nukL,ﬁ) =0 (5.31)

as L. — oo by the dominated convergence theorem. Applying the conditional form of the monotone
convergence theorem and Fatou’s lemma on the LHS we deduce that

e B O e e T Ec) IS

and thus MY (7{?) is an FN-martingale. i

Proposition 5.11 For all N andt > 0,
E(PN(mn))') < Qi(t)  i=0,....T, (5.33)

where Q; is an increasing polynomial on [0,00) of degree less than or equal to i.

Proof. We prove the result by induction. If i = 0, then we can take Qo(¢t) = 1. For 0 < i < Z,
we assume the result holds for all 7 < 4, set F((P,u)) = (P(mm))" < mly in equation (BI8) and take
expectations to deduce that

B(RY (mn))) = (R (ma)) + N [ E([P;%m)JmT(Z)] —[P;Vwm)]i)

X ﬂpN(ﬂm)Jrﬂm(z)/NgmN Iuév (dz) ds (5.34)
i—l
i AT
=T H,T,/QT )ds = Q). (5.35)
where we have made use of hypothesis 223 |

Proposition 5.12 For all T > 0, f € F. U {fo} there exist an increasing polynomial Q on [0,00) of
degree no more than Z + 1 such that

1
AN e e
(@ B sw @nl < (7)) KR HR I (5:36)
TA®
o) B sup [M7(@r,)] < 2 537
0<t<T N

(c) for all € > 0 there exists Rr(e) > 0 such that

IE”( sup |ul —t| > RT(e)) <e. (5.38)
0<t<T
(d) In particular
IE”( sup |uiv—t|>N%) (T—l—l)ér IN"F 50 as N — oo. (5.39)
0<t<T+1
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Proof. The previsible increasing processes associated with the martingales equations (B20H2ZT)) are
given by

WYY = / NEN Ny [ R - PPN )N (PN ud), dX) ds (5.40)
0 EN
=N [ PP )~ PN )
0
LN, / / EZ{F(JY (PN ), 2,0 (2) 26t + b (2)e?)) — F(PYu)}12PN(dz) ds

+N/ /{F (TN (P ud), 2)) — F(PY,u)}? Iy (d2) ds
+NZZZ']'/ AHF ulN i j zl,...,zi,dwl,...,dwj)

=1 j=1
x {F(J;, ((PSN, S) Zlyeeny Ziy W1, e, Wy)) — F(PSN, év)}szV(PSN,dzl,...,dzi)ds
(5.41)

leading to

1 t
MY (@) < / / F(2)? Ly (dz) ds

W /O /G]Ez{f(ﬂ-m(z)a ’Y(ﬂ-ﬁ(z)a OuN (Z)ZC]_Vl + bué\f (Z)foz),]ﬁg (uév7 Z))
— f(2)}*PN(dz)ds

1 7 1 t
— S Ky~ ey Ziy s e .
+N;J_217,']'/0 »/Q:i+j wl 71,j(Z1) , 2, dwy dwj)
J i 2
m=1

n=1

Write k = o,v (2)Zcy' + bun (2)cy’ and z = m5(2). The inequality

NE? ([f (7 (2), (2, k), J IJ(YD(uéV 2)) = f(2)]%)

< 2CNEZ([ m(2),7(x, k), j D(uév,z)Q) - f(wm(z),xjﬁg(}vtév,z))]?) ,
+ 2ex[f (mm(2), 2, Jip (uy , 2)) — f(2)] (5.43)
2K EZ(IRIPIV L) + 4l f lloc HR IV £ lloomm (2) (5.44)
<4 [(azodl s N) IV P12 4 (oo B35 1) 97 oo | 7om(2) (5.45)
then shows that
S(t)
N < Y :
(M) < (5.46)
where
t
Sit) = {4A(O)t+ [160§0d1 + 1662 sup cy> + 16] / PN () ds
N 0

t t
+4/ P;V(wm)ds+4IJ(I+J)2KOO/ (PSN(wm))I ds}Kj}‘Ef)Hﬁf)|||f#|||#2. (5.47)
0 0
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It follows by proposition BTl that if
t t
Q(t) = 4 402 dy + 4b% sup ey + 5] / Q1(s)ds +4A Ot + 4T T (T + T)* K / Qz(s)ds  (5.48)
N 0 0

then E(M™ (®;))p < L1Q(T)N1K5S

rnHR Il £#]//#2. Doob’s L*-Inequality

2

<IE sup |MN (F)|) SAR(MN (F))r (5.49)
0<t<T

gives part (a). Our definitions R(fy) = 0 and H§® = K§° = 1 are essential to check the n = 0 case.

Furthermore inequality (BZ2) and the mass preserving property of the interaction kernels given by
hypothesis give (MY (@, )y <tAP /N, and thus inequality ([£49) leads to part (b).

By proposition BI0, M () and M}N (m(f)) are martingales. In consequence the increasing process
associated with M} (r,) is given by equation (1) with F = 7, thus

t t
N
—thy < — <= .
(W —th < <t (5.50)
and hence .
t 2
E su uév—s <2 <—) . 5.51
Ogsrétl | N (5.51)

Inequality (E3R) follows from inequality ([E49) applied to u)¥ — t and the Markov inequality, with
Rp(e) = 2T2r~2 N~ 2e ! establishing part (c). If we set e = 2(T + 1)2r~ 2 N~4 then part (d) follows.

Proposition 5.13 There exist an increasing polynomial @ on [0,00) of degree no more than I such
that (a)

EJAN (@)(PN ul)| < QK35 p Hi p A7 I# (5.52)
forall f € F.U{fo} and t >0 and (b)
AN (@7, ) (P u) < AW, (5.53)

forallt >0

Proof. (a) Setting z = mq(2), k = o,» (2)Zeyt + by (2)cy? and Z ~ N(0, I;,) we have
AN (@) (PN u)] < Ly (If]) + ?v/ [EZ (f (mm (2), v (2, k), 55 (ur', 2) = f(2)) [P (d2)
1
—I—ZZ— “t ”(zl,...,zi,dwl,...,dwj)

Z flwm) — Zf Zn) Pt ,dz1, ..., dz) (5.54)

< AO|flloo + LHF |||f#|||#PtN(7Tm)
+ K3 P (mn) 1 flloo + ZT (T + T) Koo P (1) [ oo (5.55)
where we have used proposition EETH with L given by equation (G3). Accordingly equation (b2

follows with

Ot) = A® + (L+1)Qi(t) + IT (T + T)KQxz(t) (5.56)
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where we have made use of proposition BETIl The n = 0 case is dealt with by using the definitions
Hy* = Kg° =1

(b) Inequality ([23) follows directly from inequality (E54]) together with the mass conserving property
of the interaction kernel (hypothesis ZJ). |

Proposition 5.14 For all T > 0 and € > 0 there exists Ly (¢) such that for all N > 1 we have that

P (sup PN () > LT(6)> <e. (5.57)
t<T

Proof. If t < T we have from the martingale definition
T
PN (mm) < Pév(ﬂm)+/ AN (@, ) (PN ul) | dt + MY (®r,,)] < 2+ TAY +sup [MY (®r,,)]. (5.58)
0 t<T

Take the supremum and expectation and apply proposition BET(b) to find

E (sup PtN(wm)> < Krp (5.59)
t<T
where
Kr =24 TAM +2(TA®)> (5.60)
and thus, if Lr(e) = Kt /e then Markov’s inequality gives equation (E21). |

Corollary 5.15 For all T >0 and 0 <n < 1,

inf P (PN, u)) € Mppin2) X 0,7+ Rr(n/2)], 0<t<T)>1—n1. (5.61)
Proof. This is immediate from propositions and T4 |

Proposition 5.16 For all C > 0, the space M is a compact subset of Mp(C).

Proof. First we show that 9 is closed. Suppose p, € Mc with p, — p, then for each L € N set
7L (2) = L A mm(2), we have that C' > p, (%) — p(rL). Thus p(rk) < C and by taking L — oo, the
monotone convergence theorem implies that p(mm) < C, i.e., p € M since p(€) < p(mm) < C and so

pE MB(Q).

Next we show sequential compactness. Suppose p, € Mc, write p, = Mg, with ¢,(€) = 1 and
An = pn(€). Then )\, € [0,C] and therefore there exists a convergent subsequence \,, — A. If A =0,
then for any bounded continuous function f on € we have p,, (f) < A, |[fllcc = 0 as k — oo, ie.,
Dn, — 0. If A # 0 then we may assume, by passing to a further subsequence if necessary, that A,, > %)\
for all k£ and we find that for any n > 0 we have

Any,
77’” Cqn, (mm) =2 1—n (5.62)

dny, (ﬂ'r;l{l’ ER) [20/)‘77-'}) =1-qn, (Wr;l{DC/)"ﬂ +1,.. }) z1-

where [2] = min{n € Z : n > z}. Note that since m,, is continuous 7, {1,...,[2C/ ]} is closed
and bounded, and thus compact. Accordingly the g,, form a tight sequence of probability measures.
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Prohorov’s theorem (theorem 3.2.2, [23]) implies that there exists a further subsequence gy, ,, which
converges weakly to a probability measure q. Hence

=1
dweak(pnk(r) ) /\L]) = E(|)\nk(7~) Any (fl) - )‘Q(fl” A 1) —0 as r — 00 (5'63)
=0

with limiting measure A\qg € M by closure. It follows that M is sequentially compact. |
Corollary 5.17 The sequence (PN, ul) obeys the compact support condition (remark 3.7.3, [23]).

Definition 5.18 The modulus of continuity of an element x € Dg|0,00) is defined to be

w'(z,0,T) = inf max  sup D(zg,24) (5.64)

v vosteftio1,ti)

where 0 =tg <t1 < -  <tp1 < T <ty and min{t; —t;_1} > 4.
Proposition 5.19 For any T >0 and n > 0,
limsup P(w'((PY,u™),6,T) = n) <7 (5.65)
N
for sufficiently small §.

Proof. We investigate the partition given by ¢; = 254, then for € Dg[0, 00),

w' (2,6, T) < 2max sup D(z2j5,xs). (5.66)
I 2j5<s<2(j+1)6

It follows that

P(w' (PN, u"),8,T) 2 n) < P(Inax sup D((P§5,UZ5),(P§,U5))>%W> (5.67)
I 2j5<s<2(j+1)8

N

2
“E (max sup D((PQJ}I(;, uévj[;), (PSN, u?))) ) (5.68)
n I 256<s<2(j+1)8

If 256 < T and 2j0 < s < 2(j + 1)6 and we write @y, (P,u) = P(f,) we have

= 1
D((Pyjs, ubjs), (P, ul)) < Z4—n(lP§V(fn)—Pﬁa(ﬂJIAlHluf—u%(sl (5.69)
n=0
o0 1 s
< 3 g (e - v+ [ @@ aar ar)
n=0 J
+ ud — ug)s] (5.70)
= 1 N "N N , N
< Yoz s (MN@g )+ [ AN (@) (PN ul)dr| A
=4 0<r<T+26 256
+2 sup |u — 7|+ 20. (5.71)

0<T<T+28

Thus propositions (T2 and give

E(Hlax p D«Pga,ug@a),wﬁ,u?»)
7 258<s<2(j+1)5
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/AN

NE
S =
VRS

3
Il
=]

2E  sup |MiV(CI>fn)|+25Q(T+25)K§‘Efn)H§CEfn)|||ff|||#‘/\1)
0<T<T+25

+2E  sup |ul —7|+26 (5.72)
0<7<T+26

2K 3 g0 Hi g 1T I

(Q(TN+25)>3

3
Il
=]

/AN
]38
S =
PN

T+26
T

+6@(T+25)H/\1)+4< )é+25 (5.73)

where we have made use of inequalities (B36) and (BB0) and checked the n = 0 case separately.
Consequently

1

46(14 Q(T +2) 32 273"
sup P/ (P, ), 6,7) ) < LUE LI D e 7 o (5.74)
N
whenever § < in2[1+\/§Q(T+2)/(\/§— D]7YAL |

Corollary 5.20 The laws of the random variables (PN, u’) are relatively compact in the space of
probability measures defined on Dgl0,00) equipped with the weak topology.

Proof. Note that since € is polish so too is E. The result follows by applying proposition 3.7.4 of [23],
together with corollary BET7 and proposition

N, N,

Corollary 5.21 There exists a subsequence (P, u""™) converging in distribution (which we denote by

=) to (P,u) € Cg[0,00) almost surely.

Proof. Corollary B20 implies the existence of a subsequence converging to an element of Dg[0, c0). By
theorem 3.10.2 [23] to prove the corollary it will suffice to check that the distance between neighbouring
states vanishes uniformly as N — oo. We have for any (p,v) € EN, z,21,...,27,w1,...,ws € € and
k € R% that by using || fulleo < |IIfnlll < If7 |17 < 27 for all n € Ny that

D((p,v), JoLk (p,v)) = mém; (5.75)
=1 (| fa(2) 1 2 1
D((p,v), 1" ((p;v),2)) < 7;4—“ ( | A 1) N D) <y toN (5.76)
> Tm(2), Y(m5(2), k), i (v, 2)) — ful(z
Do), T (o) 2 ) = Y a (| LB QI SR E )yl
"~ (5.77)
2 1
< ¥ty (5.78)

D((p,v), Ji]’vj((p,v),zl, e 2 W, W)

_ = -n ZZn:lfn(wm)_Zizlfn(Zl)
_24 <‘ - !

1 20T+ J) 1
/\1>+pN(p,v)< N +r_N' (5.79)

n=0
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Proposition 5.22 For allt > 0,

sup Ps(mm) < 00 a.s. (5.80)
0<s<t

Proof. Observe that PN« (m, AL) = Ps(mm A L) by weak convergence, moreover, since by corollary B2Z1]
the limit is almost surely continuous in time the convergence is almost surely uniform on compact sets
(theorem 3.10.1 in [23]). Thus sup PN#(my, A L) = sup Ps(mm A L). Now Fatou’s lemma implies

s
0<s<t 0<s<t

that

E ( sup Ps(mm A L)) < liminf E < sup PN7 (my A L)) <E4+tAW 4+ 2(tA(2))%. (5.81)

0<s<t 0<s<t

Taking L — oo and using the monotone convergence theorem yields

E ( sup Ps(wm)> < E4tAM 4 2(tAP)3. (5.82)
0<s<t
Accordingly P < sup Py(mm) < oo) =1 |
0<s<t

Definition 5.23 Let V; = {(p,v) € Dg[0,00) : sup ps(mm) < oo}, then proposition BEZA implies that
0<s<t
P(PeV,)=1foralt>0

Remark 5.24 Since FE is separable, so too is Dg[0,00) by theorem 3.5.6 of [23]. Now the Skorohod
representation theorem (theorem 3.1.8 Ibid.) implies that there exists a common probability space

(Q, F,P) on which (PN»,uN») are defined and (PN, u™)(ww) B (P, u)(w) as n — oo for all @ € Q.

Proposition 5.25 If for allt > 0, (p",v"™) € ViN Dgn, [0,00) and (p,v) € Cgl0,00) NV, with p? — ps

and sup [v? — s| = 0 as n — oo then for every f € ¢, (a)
s<t

/ /f (Tm)+7m (2) /N <mn,, Un(dz ds—)/ ds (5.83)

asn — oo and (b)

//+ Koyn (21,05 2z, dws, .. dwj){Zf( )—Zf(zn)} vV (p,dzy, ..., dzg) ds
¢iti

_>//WKS” 21,y 2y dwi, ... dwj)
{wam —wa} ps(dz1) ... ps(dzi) ds  (5.84)

as n — Q.

Proof. (a) For all compactly supported functions f,

f(z)ﬂpfg(mn)JrTrm(Z)/Nn>mNn =0 (5-85)
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for large enough n, as by Fatou’s lemma we have limsup p? (7 A L) < ps(mm A L) < ps(mm) and thus
n

the monotone convergence theorem implies that limsup p?(7my) < ps(mm). Equation (B8H) follows by
n

the condition my, — oo. Continuity of the map ¢ +— I; (hypothesis EEH) implies that I (f) — Is(f)
and thus

‘Af(z)ﬂpg(ﬂm)+ﬂm(z)/Nn<mNnIv? (d2) _Is(f)‘ < ‘/@f(z)ﬂpg(ﬂm)Jﬂrm(z)/Nn>mNnIv?(dz)‘
+ [op (f) = Ls(f)] = 0 (5.86)

< A f|ls and hence the dominated

asn — 0o. We know that ‘/ () L pn () 470 (2) /N <, Lom (d2)
¢

convergence theorem implies that

¢
/ [/ T2 L pn () £t (2) /N <, Lon (d2) — Is(f)} ds =0 as n — oo. (5.87)
0o e

(b) We make separate arguments depending on whether we are considering the self-interaction kernel
corresponding to (¢,7) = (1,1) or not. If (¢,5) # (1, 1) we have by hypothesis 28 that the function

i %
K(s,21,...,2) = /CKsﬂ',j(zl,...,zi,dwl,...,dwj){Z fwy) —Zf(zn)} (5.88)
J m=1 n=1

is bounded in modulus by (i + 7)i! j! Kol flloo™m (1) - - - ™m(2:). We assume that n > ng where
sup sup v < t+ 1. Moreover since € is separable, Mp(€") = Q;_; Mp(€) and p? — p, implies
n>ng 0<s<t

that (p7)®" — ps®". Then if f € F. and r <i and «: {1,...,3} — {1,...,r} we find

| L KO a2 o2 ) )
< R e (s ) 0 (5.589)
Ny, 0<s<t
as n — 0o. Recalling that
v (pl,Bix-x B) = NP Y o) [ Napi(Bun---nBiy) o (5.90)
o€S,

disjoint cycles

(il,...,ik) of o

it follows that

K2, z1,. .., Zl)l/lN" (p¥,dz1,...,dz) — K2, z1, ...y 2i)p(dzr) - - pi(dz)
i ¢i

— 0. (5.91)

Furthermore we have

K2 z1...,2)pe(dz) - pl(dz) — K(s,21,.-.,2i) ps(dz1) - - ps(dz;)
¢i ¢i
< [l o = s pi(an) - p2(dz)
q:l

+

K(s, 21,00, 2i) P (dz1) - pi(dzi)
C‘L
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— [ K(s,2z1,...,2) ps(dz1) - ps(dzi)| . (5.92)
@‘L
The first term on the LHS vanishes as n — oo by the uniform continuity of K (which follows by the
uniform continuity given by hypothesis Z¥)), equation ZZH), combined with the fact that p?(¢) —
ps(€) < 0o, the second term vanishes by the aforementioned weak convergence of (p?)®?. Accordingly
for each s,

K(U?,zl,...,zi)ufv"(pg,dzl,...,dzi) — K(s,21,...,2i)ps(dz1) -+ - ps(dz;) (5.93)
¢i ¢i

as n — 0o0. The LHS is cadlag and therefore integrable in time, for large enough n the LHS has modulus
bounded above by

IC(’U;L, 2Ly ZZ) p?(d21) o p?(dzl)
ol

<@+ flloo Koo (1 + sup ps(wm)i> <oo  (5.94)
0<s<t

then the dominated convergence theorem yields equation (BE4)).

The proof for the self-interaction kernel is similar, though in this case we remark that X is supported
on [0,00) x supp f and therefore the uniform continuity of K comes from the mass preserving property
of the self-interaction kernel.

Definition 5.26 Let (P,u) be as in corollary EZI then for all f € §. (or for all f € § if the linear
growth condition is satisfied), define

t

() = PN -r0 - [ 1nas- [ pGaas vy as- [ e (5 95) a

t

T 7
_§ E F » AKsym(zl,...,zi,dwl,...,dwj)
im1 =1 o S
i

X <Z f(wm) — Zf(zn)> Py(dz)...Py(dz)ds. (5.95)

n=1
Proposition 5.27 For all f € §. and allt > 0,
MM (@) = My(f)  asn — . (5.96)

Proof. Since (PN» u™Nn) converges in distribution to (P,u) with P((P,u) € Cg[0,)) = 1 we may
prove this result by considering those sequences of sample paths with limit in Cg[0, 00).

By corollary 2T and the convergence in distribution of u/¥» = u, an almost surely continuous limit
in time, theorem 3.10.1 in [23] implies that the convergence is almost surely uniform on the compact
set [0, ], i.e., for almost all of the sample paths

sup v —s|—0 as n — 0o (5.97)
0<s<t

where for convenience we have written v" = u/¥» (@).

un Z bvn .
7oy (2) + *2(2) with Z ~ N(0, I4,) then
CN, N,

Let p? = PNo (), with p? — p,. If k =

&, / B (f (i (2), 2 (me(2), 1), 4535 (00, 2)) — £(2)) pl(d2)
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- |G DA+ bu(a) - VIG) + () - DFE)RA)| - (598)
< [k B (£ (rm (). A (mgi (=), K, i (02, 2)) = £(2)
— (3as(IAS() +bs(2) V() + Hol2) - V()| _suppl(€)
+| [Fo@A ) +0.) - VFE) + H2) - T7)pb(a)
— [Beu@A8G) 4 bu(e) - VIG) + () FFE) (). (5.99)

The first term on the RHS of inequality (E239) converges to zero by theorem EET7 and the weak conver-
gence implying p?(€) — ps(€). The second term tends to zero by the weak convergence p? — p, since
the integrand is a bounded continuous function on €. The cadlag property implies that

. / EZ (f (mn(2), 7 (ma(2), k), 25 (0, 2)) — £(2)) pl(d2) (5.100)

is integrable in time, and proposition EETH implies it is bounded in modulus by LHIO{CEf)|||f#|||#(1 +
ps(mm)) for large enough n, and thus the dominated convergence theorem gives

c?vn/o LEZ(f(ﬂm(z),v(ﬂQEz),k),jflvg"(v?,Z))—f(Z))pZ(dZ)ds
—>/ /(%as(Z)Af(Z)ers(z)-Vf(z)+HS(z)-@f(z))ps(dz)ds. (5.101)
0 [

Proposition and the weak convergence results p}(f) — p:(f), py(f) — Po(f) then complete the
proof. |

Proposition 5.28 Suppose f € F. (or [ € § if the linear growth condition holds), f = bp-lim f,, ,
Vf = bplimVf,,, 0;0;f = bp-lim0;0; fn,, Vf = bp-limVf,, and R(fn,) < R(f) (with ny > 1)
whenever f € §¢, then for allt > 0,

Mi(fn,,) = M(f) as k — oo. (5.102)

Proof. Set F = sup|||fn,|ll- Then for every (p,v) € Cg[0,00) we have |f,, (2)] < F, p(F) < oo and
k

hence by the dominated convergence theorem p;(fn, ) — p:(f) as k — oo. Furthermore I,(F) < FA©),

so that Is(fn,) — Is(f) and therefore ‘fot I,(F) ds‘ < tFA©®. A final application of the dominated

convergence theorem yields fg Is(fn,)ds — fg I;(f)ds, where we have made use of the continuity
condition, hypothesis LI to justify the integrability of the LHS with respect to Lebesgue measure.

Additionally by proposition B222 almost surely (p,v) € Cg[0, 00) NV}, therefore we have for s € [0, ¢]

|2as(2) A fny (2) + bs(2) - V o (2) + Ha(2) - Vi ()] < (0% + boo + DFHR pymn(2)  (5.103)
when f € §.. We use the bound

|2as(2) A fr, (2) + bs(2) - Vi, (2) + Hy(2) - Vi (2)] < (202 4 b + 1) FHoom (2) (5.104)

when the linear growth condition holds (recall remark EZT0). To deal with both conditions at once set
Hy = ngf) when f € F.. Therefore ps((%ago +boo+1)FHoomy) < oo thus the dominated convergence
theorem implies that

ps(%asAfnk + bs . v.fnk + Hs : ﬁfnk)
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— ps(asAf +bs-Vf+H,- Vf) (5.105)
< (202 + b+ 1)FHy sup py(mm) (5.106)
0<s<t
which is integrable on [0, ¢] when f € F.. and hence
t t
/ ps(%asAfnk +bs Vi, + Hs Vi, )ds— / ps(%asAf +bs-Vf+Hs - Vf)ds. (5.107)
0 0

The integrability of the LHS comes from the continuity of ps( asA fr, +bs -V, +Hs v Fr)-

For the interaction kernel terms with (4, j) # (1, 1) the dominated convergence theorem implies that

i J
KS’1’7]‘(2’1, e ,zi,dwl, e ,dwj) { Z fnk(wm) — Z fnk(zn)}
m=1 n=1
7 J
= [ Kiji(z1,...,2;,dw, ..., dw;) { Z flwm) — Z f(zn)} (5.108)
m=1 n=1

@i

¢I

the LHS being bounded by (i + j) Koo F'mm(21) - - ™m(2;). In consequence a further application of the
dominated convergence theorem implies that

Kj(z1,...,2;,dw,. .., dw;) {Z Frp (W) — ank Zn } ps(dz1) -+ ps(dz;)
m=1

¢CitJ
J

- Ks,i,j(zl,---,Zi,dwl,---,dwj){Z fwm) — Z } (dz1) -+ - ps(dz;). (5.109)
m=1

¢iti n—1

We deduce that

j
/ y Ksij(z1,...,2,dwy, ..., dw;) {Z Frp (W) Z } s(dz1) -+ ps(dz;) ds
¢iti m=1

n=1

i J
—>/ Kg;j(z1,...,2,dw, ..., dw;) {Z flwm) — Z } ps(dz1) - - - ps(dz)ds (5.110)

since the integrand on the LHS is continuous by hypothesis (and assuming that ps is continuous

which is almost surely true) and is bounded in modulus by K. F(i + j) sup ps(mm)? which in turn is
0<s<t

integrable on [0, ¢].

For the self-interaction kernel term i = j = 1, we have for all z € € by the dominated convergence
theorem,

/QKs,l,l(z,dw){fnk(W)—fnk(Z)}—>/Ks71,1(z,dw){f(w)—f(Z)} (5.111)

which is bounded by 2F K7, if f € § and bounded by 2F K 0oTm(z) when the linear growth condition
holds. It follows by the dommated convergence theorem that

/Q K45, 00 () = o (2)}5(d2) /Q Ko dw){fw) - fE)lp(dz). (5.112)

Under either the linear growth condition or f € §. the RHS is bounded and integrable in time, so that

// Ks,l,l(zadw){fnk(w)_fnk(z)}ps(dz)ds_>// Ko11(z, dw){f(w)—f(2)}ps(dz)ds. (5.113)
0 Je2 0 Je2

Putting these results together proves the proposition. |
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Proposition 5.29 Almost surely, for all f € §. (or for all f € § if the linear growth condition holds)

and for all t > 0, M¢(f) =0.

Proof. For each t € Q* and n € N we have by proposition 27, proposition and Fatou’s lemma
E[M, (£,)] < liminf B2, (25,)| =0, (5.114)

so that M;(f,) = 0 almost surely. Observe that
P{M(fn) # 0 for some n and t € QT}) =0 (5.115)

and since every f € §. (or f € § if the the linear growth condition holds) is the limit in the sense of
proposition B28 of a subsequence f,, (with ny # 0) we have that M;(f) = 0 for all t € Q*. Recall from
corollary 21 that almost all the sample paths of (P, u) are continuous in time, and hence M;(f) =0
for all f and for all £ > 0 except on a set of zero probability.

Definition 5.30 Define the random variables
ol =sup (u™¥)710,1] and QN = PJ}/V. (5.116)

Theorem 5.31 The sequence of random variables Q¢ € Dy ([0, 00) converges in distribution to P

as k — oo, where D pqp, () [0,00) 4s equipped with the Skorohod metric c?weak derived from dyeax uSing

equation (Z224]).

Proof. Observe that if sup |ul —t| < N~4, then sup |v) —¢] < 2N~
0<t<T+1 0<t<T

I

. Now equation (B3)

implies that

dyear (QN, PN) < / e T sup duear (QN, PN)dT. (5.117)
0 o<tLT

Since dyear(QN, PV) is a non-negative random variable bounded above by 2 we have that

E sup duear(QF,PN) = EY 47 sup |PX(fa) — PN(fa)I A1) (5.118)
0<t<T ne0 0<t<T t
0o v{v
<y 4 <1/\1E sup Mﬁv(@fn)—MtN(@fn)Jr/ AN(fﬁfn)(PéV,uiV)dS)
ne0 0<t<T t t
(5.119)
<N 4 (2B sup  |MN (@) + 2N TQ(T + 2K, Hi || £ #)
> (22 s (o) (T + K55, B I
—|—%]P’< sup |uiv—t|>N_i> (5.120)
0<t<T+1
2v/2 .
< T‘fl[(g(zw 2))IN"2 + N 1Q(T +2)] + 3(T +1)8r 2N 1 (5.121)
on using proposition BI2(d). Thus
E(dyear (@Y, PV)) =0 as N — oo, (5.122)

it follows that dwear(QN*, PN*) — 0 in probability. Now apply corollary 3.3.3 and remark 3.3.4 of 23]
to deduce that QV* = P. |
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6. The Discrete Approximation Scheme

Theorem B3] combined with the construction of sample paths to the martingale problem for jump
processes (e.g., section 4.2 [23]) provide us with a technique for generating the sample paths of the
processes Q. We start with an initial weak approximation p)Y € MY to Py at time ¢ = 0. Given the
sample path generated up to and including time ¢, the procedure is then to compute 7= = p™ (p/, )
from equation (4] and set p¥ = p¥ for s € (¢,t + 7). With probabilities

Ay c?vpév(ef) r Kmv,j(zl,...,zi,ij)VfV(in,dzl,...,dzi)
PNy t)  pNY.t) pNpNt) ci il jLpN (pyY 1)

fori=1,....,7 and j = 1,...,7, determine py, . by rules (1), (2), (3) and (i, ) respectively where
rule (1) is to select an element z € € according to the law I;/A; and let p¥ . = pY + N~14, if this
is in MY, otherwise set pY. . = pi¥. Rule (2) is to choose an element of € according to py /pl¥(€)
and compute its evolution under the diffusion, external and internal drifts: i.e., choose Z according to
the N (0, I4,) distribution and let 2" = (mm(2), v(7q(2), 01(2) Zey' + bi(2)ey?), 55 (2)) then let plY . =
pY + N1 (6. —6.). Rule (3) is to do nothing: pfy . = p¥. Rule (4, ) is to select z1,...,2 according
to the law

(6.1)

Kt’¢7j(z1, cee 9 Ry Q:j)VlvN(pév,dzl, e ,dzl)

: (6.2)
Km',j(zl, cee 9 Ry @J)ViN(piv,dzl, e ,dzi)
Q:i
then choose wy, ..., w; in accordance with the law
Km',j(zl,...,zi,dwl,...,dwj) (6 3)

Kiij(z1,..., 2, @)

J i

and set p, . = p¥ + N7! Z O, — Z 6%). In terms of computer implementation, the scheme
m=1 n=1

may be augmented by the use of majorants and their associated fictitious jumps. The computation of

efficient majorants for these processes will depend on the precise form of the interactions.

7. Applications to Gas Phase Dynamics

The approximation scheme presented in section 6 may be readily applied to the problem of the
simulation of the formation of particle clusters in a reactor. In this section we point out some of
the limitations of the method and to what extent they limit practical applications. We also point
out how the rather general interaction kernels may be constructed to describe a selection of common
phenomonena.

One of the major limitations of the current work is that hypothesis precludes a purely local
interaction, i.e., where m5(21) = ... = mq(2) = mg(w1) = ... = mq(w;), Kt j(21,. .., 2, dws, ..., dw;)-
a.e. Further restrictions on the diffusion, drift and interaction kernels need to be made to yield the
corresponding existence results. In the literature, e.g., [I8, [T9, [I7, 24], the diffusion coefficients are
usually assumed to be spatially homogeneous. This rules out some important physical applications, in
particular we are not able to deal with those situations where the temperature of the gas may vary
according to its position in the reactor vessel.

Included within the model defined by equation ([ITT)) is that discussed in [25]. In this paper Turing
showed by analysing the Fourier series of the concentration that a diffusion-reaction system can exhibit
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catastrophic instability from a homogeneous equilibrium when non-homogeneous perturbations are in-
troduced. The catastrophic instability refers to the divergence of the local particle concentration in
finite time and arises when the magnitude of one of the Fourier coefficients becomes infinite. It follows
from Parseval’s theorem that the particle density is not square integrable for all time and a localized
version of equation ([[J]) with quadratic or higher order terms will not in general have a solution in
the weak/vague sense. For this reason it seems unlikely that solutions to a localized version of the
model can be found except in a number of special cases. Let us mention a number of approaches to
this problem. In [26], the existence and uniqueness of a suitably regular solution to the Smoluchowski
coagulation equation was assumed, the stochastic particle approximation could then be compared to
the solution and convergence established. However Norris [ has shown that uniqueness need not
hold for general coagulation kernels even in the homogeneous setting. Deaconu & Fournier [I7] use a
spatially inhomogeneous mass-flow technique to generate solutions to a mollified version of the pure
coagulation equation. In this case the spatial independence of the diffusion coeflicients (and absence
of drift term) in the domain R allows them to exploit the properties of the heat kernel to make an
a priori estimate of the local particle density. This estimate is uniform in the quantity ¢ determining
the mollification, and allows the ¢ — 0 limit to be taken. The theorem is proved under conditions of
uniform ellipticity on the diffusion terms. In the discrete case the coagulation kernel obeys a bound
of the form K(m,m’) < C(m + m'). Laurencot & Mischler [I6] have used weak compactness and a
diagonal argument together with the results of [27] to deduce an existence theorem under more general
conditions, in particular fragmentation is taken into account and the uniform ellipticity condition is
dropped.

In those cases where no existence result is known for the localized version of equation (IIl) we can
make the following heuristic arguments from order of magnitude considerations. Supposing a well-
behaved limit exists it might be expected that our model approximates the localized version well on
condition that both the effective range of the particle interaction is large compared to the hydrodynamic
scale (~ N~1/41) and tends to zero, i.e., the interaction localizes, as N — oo. In this way the interaction
terms correctly detect the limiting particle density as N — oco. From the point of view of the simulation
of molecular dynamics it would be relevant to mollify the interactions on any macroscopic scale over
which the limiting particle concentration has a suitably small variation, indeed the pointlike particle
limit assumed in the derivation of equation ([[J) is itself unphysical, and would need to be modified in a
way that prevents infinite particle densities from arising if the molecular dynamics were to be correctly
described.

Now let us turn to the possible applications of the model. The individual particles can carry
additional information that evolve with time and during interactions with other particles; these might
include discretely changing quantities such as electric charge or the number of active sites, such as in the
theory of soot formation arising from combustion theory, where free radicals on the surface of the soot
particles lead to sites where binding to other particles can occur. The number of these sites typically
decay with time. To incorporate this decay process into the model we include an internal coordinate
taking values on a closed finite interval which contains all non-negative integers less than the largest
possible number of active sites for a particle of the given size. The coagulation kernel will depend on
the number of active sites of each of the potential coagulation partners and the self-interaction kernel
will describe, possibly amongst other things, the rate at which the active sites decay.

Often it useful to have additional information about the morphology of the particles under investiga-
tion. For instance the distribution of surface area is a valuable piece of information for certain chemical
engineering applications. To account for this we take the particle’s surface area as one of the internal
coordinates and allow this to decay in time according to a size-dependent internal drift term. In this
way sintering can be quantitatively described in the model.

The generality of the diffusion and drift terms in equation ([II]) allows us to incorporate the effect
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of a thermophoretic force, this is a force arising from the differential change in pressure acting on the
particles due to a temperature gradient in the reactor. The thermophoretic force manifests itself as a
mass-dependent drift term in the modelling equation ([ITI).

Chemical reactions may be modelled by labelling each of a finite number of chemical species by an
integer, then, provided the chemical reactions proceeds by the law of mass action (if not it may be
possible to write the reaction as a number of more elementary reactions that do obey the law of mass
action) a suitable coagulation or fragmentation kernel can be used to implement the reactions.

8. Conclusions

In this paper we have constructed a purely stochastic scheme to solve a complicated partial dif-
ferential integral equation. After imposing a number of hypotheses on the growth of the terms in the
equation we were able to show the convergence, in a suitable sense, of this scheme to a solution of the
equation. Our approach differs from many results in the mathematical literature in that we incorporate
many possible physical processes rather than concentrating on just one or two. In addition we chose
our hypotheses in such a way so as to maximize the physical usefulness of the resulting scheme; for this
reason we are satisfied with using mollified interaction kernels if it means, for example, being able to
model non-trivial diffusion, convection and source terms and realistic reactor geometries. Very few of
the existing mathematical results allow for temporal inhomegeneity in the parameters describing the
system. In contrast our result allows for such inhomogeneity, which may typically result from time
dependent thermal variations in the reactor vessel.

The aim of this work has been to develop an approximation scheme and associated convergence
result with wide applicability for the numerical study of molecular dynamics. In the scientific modelling
literature it is relatively easy to write down a reasonable Monte Carlo scheme depending on many
variables, though in those cases it is highly unlikely that any existing convergence theorem will apply
directly. By proving the convergence for a sizable class of such models we have been able to put some
of these schemes on a firm mathematical foundation.

One particular objective of this current work was to avoid the necessity of using a hybrid approach of
Monte Carlo and finite element methods. A strength of the Monte Carlo approach is its superior scaling
properties with the dimension of the configuration space compared to finite element methods. It is useful
therefore to develop a purely stochastic approach to solving these problems. The author believes that
there is considerable merit in having a number of different approaches to tackling such problems and
the development of new schemes of all types is welcome, and all the more if the convergence of these
schemes can be demonstrated.
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Appendix A. Separability of §.
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Proposition A.1 The space (Fe, || - |I|) defined in definition 211 is separable.

Proof. Let {p,}52, be the set of all polynomials on € with rational coefficients and suppose that
G € C*(R) is a fixed smooth map satisfying Il (_o ) < G < I (_o,1). Set

{gr}izs = {z = Gzl = r)pa(z) © n,r €N}, (A1)

and notice that by using proposition A.7.1 [23] and the ||| - |||-density of (p,,)52; in the space of all
polynomials on each compact set of € that {gx}7°; is a countable set of compactly supported functions
that is dense in (C2(€),]|| - [||). For each n,m € N, let Cp.;n = {f € Fe : ||f — gml| < n~'}, and for
every pair of integers (n, m) such that C,, », # @ choose fy, ;m € Ch m, it follows that

{frm: Cnm # @, n,m e N} (A.2)

is a countable collection of functions that are dense in (Fe, ||| - |||)- |

Appendix B. Whitney Extension Result

Proposition B.1 Suppose x € 09 and y,z € Q such that ||y — x|, ||z — 2| < £[|VVw||3 A where §
is such that for all w with ||z — w|| < § we have that ||[Vw(w)| > 1. Let
p=y—2lz—y[Vw(y)/[[Vu(y)l (B.1)

then the line straight line segments from y to p and from p to z are contained within .

Proof. For § € [0,1] we use Taylor’s theorem to compute

w(y(l—0)+p0) < wly) =20z =yl Vo) +26°[ly — 2I* [VVwlls (B.2)
< 20z —yllA = [ly — 2] [VVw]s) < 0. (B-3)
and
Wiz =0 +p0) < w@)+0[(z—y) - Valy) =2z =y [Vwy)l] + 30y — 2|71Vl
+ 50y =2l IVVwllee  (B4)
< —Olly =21 = 2y - 2 [VVwl) <O (B.5)
since |ly — z|| < |ly — z|| + ||z — 2| < &|VVw]||3}. This proves the proposition. |

Proposition B.2 (a) If f € F.U{fo} then there exists a function f# € C%(¢#) such that the restric-
tion satisfies f%|ec = f and || f7||* is finite.

(b) If f € T then f7 can be chosen such that max my, (supp(f#)) = R(f).

Proof. If f = fy = 1 then let f# = 1 and the proposition follows. Assume that f € §.. The result will
follow from the Whitney extension theorem ([28], [29] appendix A, [23] proposition A.6.1). For each
m € Nlet €, =QxT,, ¢ =co(Q) xI', and let F,,, € C%(¢,,) be defined by F,,(-) = f(m,-). If
F,, = 0 then let the extension F7# € C?(€7) be identically zero. In this way part (b) is satisfied. We
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note that [| F#]1# = sup{|.F# ()|, IV £# () [VF# (), [VVF#(2) | : 2 € €, mnlz) < R(P)} is fimite
by the compact support condition and continuity. Suppose that F,, # 0, then for u,v € €, construct

R(u,v) = Fp(u) — Fp(v); (B.6)
Fu(w) = Pu0) = Fy@u=v) 3

RY(u,v) = lu — | ’ (B.7)
0 if u=uv;
Fu(w) = P (o) = Fy(@)(u =) = Po)(u=o)(u=v) 0,

Bl = 1 Ju— ol ST ey

To ascertain the existence of an extension F7# € C?(¢#) it suffices to show that each of these functions
is (uniformly) continuous on the compact set &, X €,,. The function RO is clearly continuous, as are
R' and R? if u # v. Examine continuity at (z,z). Write 7g : €,, — € for the projection onto Q.
If 2 = 7g(2) & O then there exists a ball, B of radius r > 0 centred at z contained within Q. Let
C = B x T, then C is a convex open set (in the topology on €,,) and it follows that if u,v € C with
u # v then

1 v —Uu
R o) = | [ (=00 ) = P = ] <l Ju o) 50 (B9)

as (u,v) — (z, 2z) and where the modulus of continuity is defined by equation ([Z23) using the operator
norm. Similarly

(v—u) (u—v)

R?(u,v)| =
[ (w,0)] lu—ol Tu—o]

(1—1) dt‘ < 2w(F), lu—vl]) = 0.

(B.10)
If x € 09 then there may not exist a convex neighbourhood of z contained in €,, in which case we
make use of the path given by proposition Bl Write u = (y,Y) and v = (w, W), with y,w € Q and
YW ey, set p=y —2||y — w||Vw(y)/||Vw(y)|| and £ = (p,Y) then we have for u # v,

/0 (FI((1— tyo + tu) — F(0)}

ol = | [ {Em =g n - mEHES im0 - Bl

0 [[u— o [[u— v
< Sw(F),3|lu—wv]) —0 as (u,v) — (z,2). (B.11)

since [Ju — §|| < 2||lu —v|| and || —v|| < 3|lu — v||. Similarly

(u=¢) (w=%)

R%(u,v)| = SV SV
A (u;0)] la—ofl Tu =]

oo - og 4 - mre
0

U= QI = o 1) - o)l E =0 10
+[EL((1 — t)o + t€) — Flu(v)] II(i — Zﬂ |TZ — f}ﬂ } dt‘ (B.12)
< %w(F,%,BHu —vl]) =0 as (u,v) = (z,2). (B.13)

It follows by the Whitney extension theorem that there exists F#¥ € C?(€7.) such that F#|e = F,,.
Define f#(m, z) = F#(z) to complete the proof.
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Appendix C. Particle Selection Measures

Proposition C.1 IfP = sz\; 0z, then v, (P, By XX By,) is the number of injections « : {1,...,n} —
{1,..., N} such that (24(1),- -+ Za(m)) € B1 X -+- X By.

Proof. Amap 5:{1,...,n+1} — {1,..., N} with 25,y € B, forr =1,... ,n+1land a = f|g,.
injection, is either an injection itself, or there exists a unique j € {1,...,n} such that a(j) = 8(n + 1)
with zo(jy € Bj N Bpy1. Accordingly

V41 (P, By XX Bpy1) = vn(P, By x - X By)P(Bni1) = Y _ vn(P, By X+ X (BjNByy1) X+ - X By)
j=1

(C.1)
with v1(P,By) = P(B1). We show that equation (BH) satisfies this equation. Clearly equality holds
for v;. We regard S, as the stabilizer of n + 1 in S, 1. Note that for any o € S,,+1 either o € S, or
o=(n+1,j)0 witho' € S, and j =c(n+1) € {1,...,n}. Thus

Y <o) JI P®Bun..nBy) = > ((0)P(Bnia) 11 P(B;,N...NB;,)

oE€Snt1 disjoint cycles TESn disjoint cycles
(1,4..,01) of o n+1¢(i1,...,5x) of o
in Sn+1 in Sn
+Y° Y CO)P((BuyiNB)NByjyN...0Bomgyy)  [[  P(BiN...NBi,)(C.2)
j=1 a'€S, disjoint cycles
o=(n+1,5)0’ G (i1,.vik) of o
in S,
= (P, By X -+ X Bp)P(Bpy1) = Y _vn(P,By X -+ X (Bj N Bny1) X -+ X By) (C.3)
j=1
= Vn+1(P, Bl X X B7L+1). (04)
i
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