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In the name of God, Most Gracious, Most Merciful.

“God is the Light of heavens and the earth. The parable of His Light is as
if there were a Niche and within it a Lamp: The Lamp enclosed in Glass:
The glass as it were A brilliant star: Lit from a blessed Tree, An Olive,
neither of the East nor of the West, Whose Oil is well-night Luminous,
Though fire scarce touched it: Light upon Light! God doth guide whom

he will To His Light: God doth set forth Parables For men (people): and
God doth know all things.”

The Holy Qura'an
Al-Noor chapter (35)
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Abstract

In this work, some developments in the theory of modelling integrated optical devices
are discussed. The theory of the Beam Propagation Method (BPM) to analyse longitudinal
optical waveguides is established. The BPM is then formulated and implemented
numerically to study both two and three-dimensional optical waveguides using several
Finite-Difference (FD) techniques. For the 2-D analysis, comparisons between the
performance of the implicit Crank Nicholson (CN), the explicit Real Space (RS) and the
Explicit Finite-Difference (EFD) are made through systematic tests on slab waveguide
geometries. For three-dimensional applications, two explicit highly-parallel three-
dimensional FD-BPMs (the RS and the EFD) have been implemented on two different

parallel computers, namely a transputer array (MIMD type) and a Connection Machine

(SIMD type). To assess the performance of parallel computers in this context, serial
computer codes for the two methods have been implemented and a comparison between the
speed of the serial and parallel codes has been made. Large gains in the speed of the
parallel FD-BPMs have been obtained compared to the serial implementations; both
methods, in their parallel form, can execute, per propagational step, a large problem
containing 10° discretisqtion points in a few seconds. In addition, a comparison between
the performance of the transputer array and the Connection Machine in executing the two
FD-BPMs has been discussed. To assess and compare the two methods, three different rib
waveguides and three different directional couplers have been analysed and the results
compared with published results. It has been concluded from testing these methods that the
parallel EFD-BPM is more efficient than the parallel RS-BPM. Then, the linear parallel
EFD-BPM was extended to model nonlinear second harmonic generation process in three-
dimensional waveguides, where the source field is allowed to deplete, using the transputer
array and the Connection Machine. The new nonlinear version of the EFD-BPM has the
same features of the linear counterpart in using two separate computational windows, one
for the fundamental field and the other for the second harmonic field. The implementation
and the application of this method to a nonlinear rib waveguide using the Quasi-Phase-
Matching technique are discussed in this work. It has been concluded that the new

nonlinear parallel EFD-BPM is accurate, efficient and very useful for the analysis of large
complicated optical devices.
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Symbols

Transverse Ccross sectional area
Normal unit vector
Vector magnetic flux density

Speed of light in vacuum

Vector electric displacement

Delta function
A small longitudinal step in the z-direction

The mesh spacing in the x-direction
The mesh spacing in the y-direction
The wave vector mismatch

Vector electric field
Scalar electric field

Normalised Electric field
Permittivity
Free space permittivity

Relative permittivity equals to (1+X)

A scalar electric field without a reference phase

A parabolic scalar electric field of ®

Vector magnetic field
Scalar magnetic field

Normalised magnetic field

Current density

Complex numbers notation

Wave vector 1n vacuum

Wave vector in the direction x (transverse)
Wave vector in the direction y (transvers_e) '
Wave vector in the direction z (propagation)

The grating period of second order nonlinearity
Linear susceptibility

Second order nonlinear susceptibility
Third order nonlinear susceptibility

Line shape function
Coupling length

Wavelength
The Laplacian operator

The transverse Laplacian operator

The x Laplacian operator

The y Laplacian operator

The total number of mesh points in the x-direction
The total number of mesh points in the y-direction

Permeability

Micro

1/m

1/m
1/m

prefix
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(X,Y,Z)
w(Zz)

Free space permeability
Relative permeability

Refractive index equals to /g,

A reference refractive index
Effective index

Angular frequency (radians)
Nonlinear Polarisation

Power (for two dimensional waveguides)
Power (for three dimensional waveguides)

One dimensional z-dependent electric field
Normalised frequency

Vector space location (X,y,z)

The real part of the quantity in the bracket

Charge density

Poynting vector

The Transpose of a matrix

Time -

Cartesian co-ordinate system

Window Function in the longitudinal direction
Total longitudinal distance

Complex conjugate
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Term

1-D
2-D
3-D
ADI
BC
BPM
CM

CM-FORTRAN

EIM
FDTD

MEFD

NGM

QPM
RSM
SHG
SIMD
SIPIM
TBC

Abbreviations

Description

One Dimension

Two Dimensions

Three Dimensions
Alternating Direction Implicit
Boundary Conditions

Beam Propagation Method
Connection Machine

Connection Machine FORTRAN
Crank Nicholson

Explicit Finite Difference
Effective Index Method

Finite Difference

Finite Difference Time Domain
Finite Element

Fast Fourier Transform

Modified Explicit Finite Difference
Multiple Instruction Multiple Data
Number of Guided Modes
Number of Processors

Quasi Phase Matched

Real Space Method

Second Harmonic Generation
Single Instruction Multiple Data

Shifted Inverse Power Iteration Method
Transparent Boundary Conditions
Transverse Electric field

Transverse Magnetic field
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Chapter 1

Introduction

1.1 General

Lightwave technology has become increasingly important to the future of the
telecommunication field due to the high bandwidth of light (= 100 THz). The inventions,

first the laser in 1960 as an optical source and later the low-loss optical fiber as a key
communication link, have made optical communication becomes a reality [1-7]. However,
due to losses and dispersion, the optical signal has to be regenerated (re-amplified) along
the path of transmission. Then it was realised that a complete optical system has to be
integrated upon a single substrate to allow for efficient optical signal processing [1].
Following these lines the idea of integrated optics emerged. Such complicated circuits of
integrated optics use optical waveguides to execute various different functions. In most
practical applications, these waveguides have a rectangular geometry (e.g. rib waveguides),
where the main purpose of designing the rib waveguide structure is to confine the optical
field in two dimensions, vertically by refractive index changes and horizontally by
geometrical changes. In some devices the rectangular waveguide has to split into two other
waveguides forming a branch coupler (Y-junction) such as the Mach-Zehnder switch,
which is the basic element of many integrated optical signal processing devices, and the
junction of a ring laser [1]. The practical reason for designing the branch coupler
waveguide is to divide the input power into two output waveguides or, conversely, to
combine the power from two input waveguides.

In the current state of integrated optics, switching of light between two output
channels is executed using the electro-optic effect, where an external dc electric field is

used to change the refractive index of the medium resulting in a phase change, over a
certain distance, to the guided wave [8]. However, the involvement of electronics in optical

communication degrades greatly the use of the allowed bandwidth of light due to the speed
limitation of electronics and opto-electronics devices [9]. It seems that large bandwidth is
only obtainable using all-optical integration where the modulation and the switching have
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to be executed in the optical domain. In this context nonlinear optics plays a very important
role for developing an all-optical switch [8,9]. Initially, most of the research was focused
on intensity-dependent nonlinear materials in which the wave produces its own phase shift
and hence selects, according to its power level, its own output path [8]. Such an effect,

where the refractive index of the material depends on the intensity of the wave, has been
demonstrated using the %) nonlinear response of the material, sometimes referred to as the

Kerr-effect [8,9]. x@® here is the third-order nonlinear susceptibility of the material.
Recently, theoretical and experimental studies of the (? response of the material showed
that a large nonlinear phase shift to the wave can be obtained, where v (2) here is the
second-order nonlinear susceptibility [9-12]. In the past, %(?) response was mainly used to
generate a wave that oscillates with double the original frequency (Second Harmonic
Generation (SHG)). Initia'lcomparison studies between the two responses of %2 and x©®,
for GaAs material, showed that the ¥ switching device may be more efficient than the
v(3) counterpart [11].

1.2 The Objective'of the Thesis

All these developments in the area of integrated optics show that there is a great need
for theoretical studies in order to understand and improve these devices. In addition,
modelling avoids the fabrication of devices by trial and error, and therefore reduces the

cost and the time of fabrication [13]. From the previous discussion, we can distinguish two
classes of linear three-dimensional optical devices, the directionally non-varying
waveguides (z-invariant), such as the rib waveguides, and the directionally varying
waveguides (z-variant), such as the Y-junction. z-invariant waveguides can be modelled
only numerically, because the rectangular geometry of the dielectric waveguide does not
have an exact analytical solution. Therefore, efforts have been devoted to try to find the
optimum solution using numerical techniques [14]1. On the other hand, modelling z-variant
waveguides is much more complicated than the previous class of waveguides, because they
contain variations in the z-direction and this leads to a very involved analysis [13]. For
example, the Y-junction is not a three-port device but a four-port one, where the three arms
are connected with guided modes and the fourth is connected with radiation modes. With a
field incident upon the junction from the combined waveguide, it is required to find the

power transmitted to the two output waveguides, the reflected power in the input

waveguide and the power radiated from the junction into the surrounding medium.
Modelling z-variant waveguides using Coupled Mode Theory is very challenging, because

1 A review to some of these techniques is given in chapter 2.
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it is not easy to deal with the continuous mode spectrum of radiation modes. However, if
the device is enclosed inside an artificial box then these radiation modes can be
approximated [1]. But the size of the artificial box is a very critical parameter in solving
these kinds of problems; the larger the box, the more the method converges to the correct
results. In addition, inaccurate calculation of radiation modes may lead to misleading
results. On the other hand, nonlinear waveguides are very difficult to model using
analytically-based techniques like the Coupled Mode theory, and even more difficult when
the devices have geometrical and/or material change in all three directions. Other methods,
based on numerical analysis, are much better suited to such devices. In this context,
numerical modelling of integrated optics devices is of great importance. In addition, the
continuous rapid development of hardware helped to produce new powerful computers
specifically for the purpose of numerical studies. This has also helped to produce/add new

numerical techniques to improve the accuracy and the efficiency of the solution.

One of the numerical methods that can be used to study optical devices is the Finite-
Difference Time-Domain technique (FDTD) [16-20]. The method was first used by Yee in
1966 [16] and later has been used by many workers to model electromagnetic wave
interaction with arbitrary structures [17]). Recently, the technique was used to model two-
dimensional optical devices [18-20]. For a time independent refractive index, the FDTD
can be employed by discretising, using centred finite-difference approximations, the
electric and the magnetic fields of the full set of Maxwell's equations and uses a time
stepping mechanism, using again the centred finite-difference approximation for time
derivatives, to update the discrete field values [17]. The time-stepping is continued until
the sinusoidal steady state is achieved at each point. This technique is conditionally stable,
where the time step size depends on the space grid size [17]. As the space grid size
decreases, the time step size must also decrease for the method to remain stable. For
practical applications the time step is very small, resulting in a very long simulation time.
While this method combines manyfeatures of scattering problems, it requires enormous
computer resources even for simple two-dimensional waveguides [19]. In addition, in
many applications of cw operation, the transient response of the problem is not very
important; however, the computation of this response, using the FDTD, is essential in order
to find the steady state response, and that takes most of the computing time in a FDTD
simulation.

Another attractive method to analyse complicated structures of integrated optics is
the Beam Propagation Method (BPM). From the large volume of literature on this method,
one can conclude that the method has established itself as a prime numerical tool for the
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analysis of two and three-dimensional linear and nonlinear optical devices [15]2. This is
mainly due to its simplicity and applicability to a variety of optical devices. This method
depends on the idea of marching the optical field along the direction of propagation using a
one-way propagation principle. The main advantage of the BPM over the Coupled Mode
Analysis is that it predicts both the guided and the radiation modes in the same formalism
and its propagational ability makes it a good tool in the analysis of longitudinally varying
devices. The original method was based on the FFT algorithm; however, recently new
techniques to improve the accuracy and the efficiency of the method have been reported,
mainly based on the Finite-Difference (FD) approximation. Broadly speaking, the FD-
BPM proves to be more efficient than the classical FFT-BPM in terms of computational
time and flexibility. The most popular FD-BPM is an implicit method based on the
Alternating Direction Implicit (ADI) approximation. On the other hand, the explicit FD-

BPMs are becoming more popular due to their simplicity and high efficiency. The explicit
Real Space (RS) method, depends on splitting the finite-difference matrix operator into
two matrix operators where each matrix contains small sub-matrices that are solved
analytically. The Explicit Finite-Difference (EFD) technique is another attractive method
for the BPM, and is a very simple technique to implement.

Generally the BPM is very efficient for the analysis of two-dimensional optical
structures but consumes a lot of time when applied to three-dimensional devices, due to the
following reasons3. Three-dimensional problems always lead to very large computational
tasks. In addition, practical integrated optical circuits contain multiple coupled linear and
non-linear waveguides which are generally longer than several hundreds of wavelengths.
On top of that, the existence of large-contrast media will force the BPM to use small
transverse mesh sizes and/or small longitudinal step sizes for convergence or stability
reasons. When all of these are added together, the computational problem becomes very
large, and conventional serial computers are not adequate for this kind of problem.
Therefore, it is very natural to turn to parallel processing implementations in order to
achieve practical run times for realistic devices [21-27]. On the other hand, parallel
computers are built for the purpose of speeding up the execution time of large

computational problems. In addition, the very intensive research activity in the area of high
performance computation shows that most standard mathematical application can gain
speed in the parallel environment [28-29]. However, not all serial methods are readily
adapted to the parallel environment, and care needs to be exercised in selecting the

2 See also the references of chapter 3.
3 As mentioned before, practical devices of integrated optics have three-dimensional geometries.
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appropriate method for parallel implementation. Generally, problems that can be divided
into smaller sub-problems where each is spatially localised, to minimise the
communication cost, are most suitable for parallel implementation. Therefore, this work
was motivated to investigate and develop efficient numerical BPMs for the analysis of
three-dimensional linear and nonlinear optical waveguides using parallel-processing
computers. In the nonlinear domain, waveguides that contain second order nonlinear
processes of % (2) of the material will be considered, as an example of one of the demanding

topics of the current nonlinear optics research investigation [9-12]. It has to be noticed that
analysing waveguides containing ¥(2) requires slightly more than double the computation

effort of the linear counterpart in which parallel computers are very useful for efficient
modelling. To the best of my knowledge, the first numerical methods for the analysis of 3-
D linear optical devices using large scale parallel computers were first reported from the

output of this thesis [21-23]. In addition the first efficient parallel BPM for the analysis of

Second Harmonic Generation in 3-D optical waveguides is also published using the results
of this work [24-27].

1.3 Organisation of the Thesis

This thesis consists of three parts in addition to an introduction and a conclusion; part
I is Theory, part II is Implementations (Analysis and assessments) and part III is Nonlinear
optical waveguides. The theory part consist of three chapters, the implementation part
consists of two chapters and the nonlinear optical waveguides part contains only one
chapter. The description of these chapters is as follows:

Chapter 1 is this introductory chapter to the entire work that provides a general survey on
the current issues of lightwave technology and modelling integrated optical devices and
also gives the motivation of this study.

Chapter 2 is an introductory chapter to the theory of linear optical waveguides. The
analysis in this chapter is restricted to z-invariant waveguides. The linear three-
dimensional wave equation is derived from Maxwell's equations for general linear
waveguides. The theory of guided modes of two-dimensional slab waveguides is also
given including TE and TM modes. In addition, radiation modes of two-dimensional
waveguides are also discussed. Then the rest of the chapter deals with modelling three-

dimensional rectangular optical waveguides with a review of some of the techniques used
~ to approximate the solution of 3-D waveguides.

Chapter 3 contains the theory of the Beam Propagation Method. The start of the chapter
gives a literature review of the method, then the derivation of the parabolic equation from
the Helmholtz equation and the relationships between the eigenvalues and the eigenvectors
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of the two equations are shown. The formulation of the classical FFT-BPM and three
- different FD-BPM techniques for the analysis of 3-D waveguides are described. The
chapter also shows two different techniques to compute the modes’ propagation constants
and their three-dimensional field distributions from the BPM field for z-invariant
waveguides.

Chapter 4 describes two different advanced parallel computers; the Multiple Instruction
Multiple Data (MIMD) machine and the Single Instruction Multiple Data (SIMD)
machine. The MIMD is a PARSYTEC super-cluster transputer array and the SIMD is a
Connection Machine (CM-200). These computers are used for the implementation of the
linear and the non-linear BPM of this work. The chapter concentrates on the differences
between these two parallel machines and how applications can be implemented on them.
The chapter also describes two different compilers for developing parallel algorithms on
these two computers.

Chapter 5 shows the formulation and the implementation of three FD-BPMs for the
analysis of 2-D waveguides (slab geometry). These methods are the Crank Nicholson, the
Real Space and the Explicit Finite Difference BPMs. Detailed comparisons between the
accuracy and the efficiency of the three techniques are shown. A new modified EFD-BPM
that improve the stability of the EFD-BPM is discussed at the end of the chapter. The
chapter also contains the application of the FD-BPM to analyse practical directional
couplers and Y-junctions. |

Chapter 6 first shows an approximate attempt to parallelise the three-dimensional ADI-
BPM on the MIMD and the SIMD machines. Then the chapter shows the detailed
implementations of the two explicit BPMs (the RS and the EFD) on the transputer array
and the CM-200 for the analysis of 3-D waveguides. In addition the chapter shows
comparisons between the performance of these parallel methods. Then these methods have
been used to analyse practical devices of 3-D nature (rib waveguides and directional
couplers) where comparisons between their accuracy are made and their results have been
compared with published data of serial techniques. Simulation examples for the
propagation of light inside 3-D three-core directional couplers are also shown.

Chapter 7 investigates the phenomenon of SHG. In this chapter the parallel EFD-BPM is
extended to study 3-D waveguides in the presence of a second order nonlinearity % (2). The
chapter shows the derivation of the nonlinear coupled wave equations both in 3-D (for the
SHG-EFD-BPM) and in 1-D, which is commonly used in the literature to validate

experimental results and to study possible concepts for optical devices. The chapter also
shows the implementation of the SHG-EFD-BPM on the two parallel machines used in the

linear implementations. Then the parallel SHG-EFD-BPM is used to analyse
semiconductor rib waveguides containing a second order nonlinearity. In one of the
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simulation, Quasi Phase Matching (QPM) technique has been used to model the relative
phase between the fundamental and the second harmonic fields. In addition the parallel
SHG-EFD-BPM results have been compared with the solution of the reduced 1-D coupled
wave equations where the Runge-Kutta numerical technique has been used for the solution
of the 1-D model.

Chapter 8 contains a summary and a conclusion for the entire thesis work with suggestions
to future work of this study.
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Chapter 2

Modelling Optical Waveguides

9.1 Introduction

In this chapter, we start with the basic equations of electromagnetic theory which are
based on the solution of Maxwell's equations that describe precisely the propagation and
the distribution of electromagnetic energy in dielectric waveguides. In order to model the
complicated theory of nonlinear waveguides, it is essential initially to understand the
analysis of the simpler linear counterparts. Therefore, this part of the thesis will deal with
practical linear two and three dimensional optical waveguides. In addition, this chapter is
written as an introduction to the rest of this thesis where the information of this chapter is
the starting point to derivations or a reference for the later chapters. Further, we will
restrict the analysis, in this chapter, to waveguides that are uniform along the direction of

propagation (z-invariant).

The derivation of the linear three-dimensional vector wave equation from Maxwell's
equations is given in detail in the next section, where these equations can be considered as
o fundamental mathematical tool that describes the full behaviour of electromagnetic fields
in dielectric media. Then, in section 2.3, the analysis of an asymmetric slab waveguide is
considered, based on the solution of the simplified wave equation. The slab waveguide

consists of three regions of different dielectric constants in which light can be confined in
the middle layer (one dimensional confinement). Although the treatment of two-

dimensional waveguides 1s simple, the concept of the analysis can be extended to
understand the more complicated theory of three-dimensional waveguides. For practical
waveguide theory, generally it is required to find all information about guided fields in the
waveguide and the condition of guidance. The derivations of the field distributions and the

eigenvalue equations of the TE and the TM guided modes of the slab waveguides are given
in section 2.3. In addition, radiation modes of the slab waveguide are discussed, which is

very important for waveguides that have discontinuities in the direction of propagation



because the total transverse field at any position of the waveguide can be written as a
superposition of all orthogonal transverse modes. |

Section 2.4 contains a discussion about different types of practical rib waveguides
(three-dimensional waveguides) which are the skeleton of integrated optics circuits. As a
closed form analytical solutions of this type of waveguide are not usually known, the
section contains a review of some methods used to approximate the solution of rib
waveguides, ranging from simple and fast to accurate and time consuming. The limited
Effective Index Method (EIM), known for its simplicity, is discussed in section 2.4 as an
extension to the solution of slab waveguides. Then the section shows some of the more
rigorous analysis used, based on the solution of the wave equation in its vectorial, semi-
vectorial and scalar forms, using the well-known finite-difference approximation.

2.2 The Wave Equation

We start with Maxwell's equations [1-6]. These equations are very accurate
mathematical representations that describe the propagation of electromagnetic enérgy in
materials from a macroscopic perspective. They combine relations between all
electromagnetic fields and can be described in differential form as

dD

VXH=—
X o +J (2.1a)
oB
VXE=—-—
X o (2.1b)
V:-D=p (2.1c)
V-B=0 (2.1d)

where respectively, E(r,t) and H(r,t) are the electric and the magnetic field vectors, D(r,t)
and B(r,t) are the electric and magnetic displacement vectors and J(r,t) and p (r,t) represent
the current and the charge sources. r and t represent the vector space location (x,y,z) and
the time variable respectively. In this thesis, we restrict the analysis for source free cases in
 which J and p are set to zero. Each of the vector fields, in Eq. 2.1, contains three unknown

quantities (a total of 12 unknowns). For isotropic materials the magnetic flux density

vector B has a direct relation with the magnetic field vector H through the scalar magnetic
permeability | and can be written as

11



B=uH (2.2)

where § = U M, U, being the relative magnetic permeability that can be approximated as
unity for non-magnetic material (optical waveguides), and |, is the free space magnetic

permeability. Also for isotropic materials the electric displacement D can be written in a
Taylor series as a function of the electric field E, as [7,8]

D(r, 1) = eO[E(r, )+ xE(r, ) + Y DE(r,1) + Y VB3 (r, )+ ] (2.3a)

D(r,t) =€4(1 + x)E(r,t) + g, P(r, t) (2.3b)

where €, is the free space permitivitty,  is the scalar linear susceptibility, x(®) and () are

the second and the third order nonlinear susceptibilities respectively. P in Eq. 2.3b 1s the
nonlinear polarisation vector!. The relation in (2.3) is valid for instantaneous response of
the material [7].

Now let us write the first two equations ( Egs. 2.1a and 2.1b) for the linear case after
substituting D and B in Egs. 2.3 and 2.2 respectively; then we arrive at

JE
VxH=¢g.t, m (2.4a)
VXE=-, %I;I- _ - (2.4b)

where €.(x,y,2) is the relative permitivitty equals to (1+X). As a common practice, we will
derive an equation that contains only the electric field E by eliminating the magnetic field

H. A similar equation could be derived for the magnetic field using the same approach
below. If we take the curl ( V) of Eq. 2.4b as

VxVxE=Vx{-po%?-}

=—flo =-{V X H} (2.5)

and using the following vector identity for the double curl in Eq. 2.5 acting on the vector E
as

e —————————————— e

11 ater in this thesis, we will consider only x(:") response of the material.
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2 VECE UL

Vx(VXE)=V(V-E)-V’E (2.6)

and substituting Eq. 2.4a 1n (2.5), then we can rewrite (2.5) in terms of the electric field
only as

o’E (2.7)

Now we can use Eq. 2.1c for a source free field (p = 0), which can be written in this form
V-D=V.(¢,E)=E-Ve, +¢,V-E=0

V.E=-E-~& (2.8)

Er
substituting (2.8) in (2.7) we get the following equation

Ve, J’E
V2E+V( - ) Ho€os 37 (2.9)

For a monochromatic field that oscillates with an angular frequency , the electric and the
magnetic fields can be written as?
E(r,t E
(mt) | _|E() | 210
H(r! t) H(l’ )

Then the second derivative with respect to t in Eq. 2.9 can be replaced with -w?, leading to

the following vectorial wave equation where, as throughout this work, the time dependence
term ( & @) will be removed from equations as a matter of convenience

(2.11)

13



where

n=+e,

W 27
kO:;-:mﬂ’anO:T ’

n(x,y,z) is the refractive index, c is the speed of light in vacuum and A is the wavelength of

the wave. Eq. 2.11 is a very complicated and involved equation as the three components of
the electric field are coupled through the second term which can be expanded in Cartesian
co-ordinates® as

Vn* 0| 1_ on* 1 an dn’
VIE =a,—|—<E, —+—=E, —+—E. —
( n’ ) a""ax[n2 " Ox 2E ay E‘ az]
of1_dn* 1_ on> 1_ on?
+a,—| —E & 4 g 8 L2
% By[n2 *ox n’E dy n’ e az]
ol 1_on* 1_odn* 1 _ on?
B T be 2 en

where ax, ay and a; are unit vectors in the x, y and z directions respectively. In order to find

a solution for Eq. 2.11, all three components must be solved simultaneously. For a
homogenous medium this term will be zero, and the dropping of this term simplifies the
equation because the three components of the electric field are decoupled and the following
Helmholtz equation

V'E+kn’E=0 (2.13)

results. The equation could be written for any of the electric field components separately as

V’E, +k2n’E,
V’E, +K n’E, =0 (2.14)
V’E, +k2n’E,
A similar approach to the derivation of Eq. 2.13 will lead to a similar equation for the
magnetic field Has

3 The Cartesian co-ordinate system has been used because it is very convenient for the analysis of most
integrated optics devices.
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ing Or .

V' H+Kn*H=0 (2.15)
or
V*H, +k2n’H_
V*H, +k;n’H, ;=0 _ (2.16)
V*H, +k’n’H,

For dielectric waveguides which consist of different homogenous media, the fields at
the interface between two layers must obey Boundary Condition (BC) requirements. In
other words, the solution of a certain problem that consists of two ( or more) media could
be solved locally by means of Maxwell's equations (or the derived wave equation) and then
coupled together using BC. BC equations can be derived from the integral form of
Maxwell's equations [1]. Let us consider two dielectric media with different refractive
indices ny and njy. All the fields at the interface between the two media must be linked

through

a . .X(E,—E)=0 = EM=-E" (2.17a)
a..x(H,-H)=0 = H =H!"s (2.17b)

B (B, ~B)=0 =BX"=B"" = H™ =H"™ (2.17¢c)
a__(D,-D)=0 =D"=D"" = nlEX™=nE™ (2.17d)

where the subscripts 1 and 2 refer to medium n; and n, respectively. apom i8S 2 unit vector
normal to the interface between the two media, "norm" and "tang" refer to the normal and

the tangential components of the fields. From the above boundary conditions, we may
observe that the tangential components of E and H and the normal of H must be
continuous across the interface of the two dielectric media. On the other hand, the normal
of D is continuous at the boundary but the normal of E is discontinuous.

2.3 The Dielectric Slab Waveguide

 In this section we will be dealing with the analytical solution of one-dimensional
confinement of light using three layers (slab waveguide). For simplicity, we will consider
materials which are linear, lossless and piece-wise homogeneous. Although the slab

waveguide mathematical treatment is simple and physically easy, the analytical solution of
this waveguide helps to understand other more complicated structures (e.g. three-
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dimensional and/or nonlinear, etc.). In addition, the slab waveguide theory could be easily
extended to multi-layer waveguides solutions using the same concept of this section [2].
When we say that we are interested to find the analytical solutions of a waveguide, this
means the physical distribution of the electromagnetic fields inside and outside the
waveguide, which must satisfy Maxwell's equations. In other words, it is required to find
the modes that can exist in the waveguide. A mode is defined here as any transverse field
distribution whose magnitude 1s independent of position along the direction of propagation.

Fig. 2.1 shows a dielectric slab waveguide consisting of three homogeneous and

lossless layers: the cladding, the guiding and the substrate, where respectively the
refractive indices of these layers are nc, ny and ns.

Cladding layer
x=d/2

Guiding layer
x=-d/2 '

Substrate layer n

Fig. 2.1 The dielectric slab waveguide.

It has been assumed that z is the direction of propagation where the light does not
encounter any changes. The guiding layer where the guided (or trapped) light exist is
surrounded by two semi-infinite layers (the guide extends to infinity in the positive and
negative y-direction) with refractive indices lower than the value of the refractive index of

" the guiding layer. Typical values of the refractive indices, for semiconductor materials
(GaAs), are nc = 1 (air), n; = 3.44 and ng = 3.4 and a thickness d of the order of 1 pm.

Since we are concerned with only two-dimensional geometry, all derivatives with respect
y.
to y in the wave equation can be set to zero (—a% = O,and-éa—z- = OJ. Then the wave equation
y
in (2.13) can be written, for each region of Fig. 2.1, as [2]

0’E J’E
"é-;;+%;2—+kﬁn3E =0 (2.18)
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where n; denotes the refractive index of one of the three layers. Further we may assume
that the variation of the fields in the positive z-direction as e ’™* where k, is the
longitudinal propagation constant. We may rewrite Eq. 2.18 for the three regions separately

as

OE,
ox>

J’E

— 8 riEs =) (The guiding region)

ox?

’E
ox?

where

2 Yy
k; —k n;
2,.2 2
kon, —k;
2
r /

=k’ -kn?

0" "8

.-

2
C
2
8
2

-
i

j(ot—k

Note that in Eq. 2.19, the term e

r’E,_ =0 (The cladding region)

-r,E, =0 (The substrate region)

(2.19a)

(2.19b)

(2.19¢)

) has been dropped from the equation as a matter of

convenience. At this stage, we have to distinguish between the two polarisations that can
be supported in slab geometry; the Transverse Electric (TE) field and the Transverse

Magnetic (TM) field.

9 3.1 Transverse Electric (TE) Guided Modes

In TE waves, Ey, Hy, and H, are the only non Ze10 field components, and we may
write Eq. 2.19 in terms of Ey only; from Maxwell equations (Eq. 2.4b), we can obtain H,,

and H, from the value of Ey as
Hx = — kz Ey
WU,
g o=_J 9B
©op, ox

(2.20a)

(2.20b)

It is important to note, from the above, that the electric field is always tangential to the

interfaces between the dielectric layers of the slab waveguide. Under guiding condition it is
required to have most of the power confined to the central region of the slab waveguide

17



(guided region of Fig. 2.1). This implies that oscillatory behaviour in the middle layer and
exponential decay (evanescent) behaviour in the outer regions are required to satisfy this

requirement, and the solution of Eq. 2.19. This requirement can be enforced on the

coefficients of Eq. 2.19 as rﬁ,r: and r; 20 and combined to give the following

inequalities?

k,n, 2k, 2k.n, 2k,n, (2.21)

Using the above, we may write the guided mode solutions for the asymmetric slab
waveguide for the electric field Ey as [2]

| Acos(r, d/2) + Bsin(r, d/2) e~ x 2 df2
E, = At_:os(r‘x) + Bsin(rgx) ~d/2S xS d/2 (2.22)
| Acos(r, d/2) - Bsin(r, d/2)]e™*+*? x < —df2

Eq. 2.22 has been written so that the boundary condition requirements for the continuity of
the electric field Ey at the both interfaces of the slab waveguide are satisfied. If E, is

continuous, then from Eq. 2.20a H, is continuous as well. The other requirement for
boundary conditions to satisfy is the continuity of H, at x = d/2 and x = —d/2. From Eg.

2.20b H can be written from Ey of (2.22) as

_rc[Acos(r, d/2)+ Bsin(r, d/2)]e""-("'"m x> d/2
H, = m:l 0 r,|-Asin(r,x)+ Bcos(r,x)| ~d2<x<df2  (2.23)
r,;[Acos(ra d/2) - Bsin(ra d/2)]e"(“"’2) xs—-d/2

The continuity of H;, at x = d/2 gives

. —rc[A cos(rl d/2) + Bsin(r‘ d/2)] = rg[-A sin(rl d/2) + Bcos(r‘ d/Z)]

4 Note that it has been assumed that ng > n.
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and at x = -d/2 gives
rg[Asin(rIl d/2) + Bcos(r' d/Z)] = r,[A cos(r, d/2) - Bsin(rg d/2)]

From the above two relations, one can eliminate the ratio A/B and with some tedious but
straight forward algebra we arrive at the following relation

tan(er:Ml (TE) (2.24)

2
[y —I,I,

Eq. 2.24 is the eigenvalue (characteristic) equation for the TE guided modes where the
only unknown quantity is the propagation constant k, (k, is embedded in rg, r5, and r.; see

below Eq. 2.19).
2.3.2 Transverse Magnetic (TM) Guided Modes

Using a similar approach to the derivation of the TE guided modes, we can obtain the
guided modes for the TM polarisation. For this polarisation the only non-zero field
components are Hy, Ex, and E,. The wave equation in (2.19) can be written in terms of Hy
only, and we may also assume that the fields vary as e in the in z-direction. From

Maxwell's equation (Eq. 2.4a), we can obtain E,, and E; from the value of Hy using

k

Ex - WHY (2.253a)
_i oH

E, =— an -—ax' (2.25b)

where n; refers to the refractive index of the layers n¢, ng; and n,;. The Hy solution for the
TM guided modes can be written similarly to the Ey of the TE in (2.22) as [2]

[C cos(r‘ d/2) + Dsin(rll d/2)]e"’“(""’2) x2d/2
H, = Ccos(r‘x) + Dsin(r.x) -d/2<£x<d/2 (2.26)
[C cos(rll d/2) -D sin(r8 d/2)]er.(x+d/2) x < —d/2
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Eq. (2.26) has been written so that Hy is continuos across the two interfaces of the slab
waveguide (at x = d/2 and -d/2). From Eq. 2.25b it follows that E, could be written as

-—%|Ccos(r, d/2) + Dsin(r, 4/2) e+ x> d/2
E, =—L{ —&[-Csin(r,x)+ Deos(r,x]] -d/25x$d2 27)
0 g | |
?rl-'i-[C cos(rg d/ 2) — Dsin(rg d/2)]e"(“"’ 2) x<-d/2

The continuity of E, in Eq. 2.27 at x = d/2 gives

-T:%[C cos(r, d/2) + Dsin(x, d/2)] = [ ~Csin(r,d / 2) + Deos(r,d / 2)]

2
n!

and at x = -d/2 gives

%[—Csin(r'd /2)+ Deos(r,d/ 2)] = - [Ceos(r, ¢/2) - Dsin(r, ¢/2)}

Eliminating the ratio C/D from the above two equations and with some algebraic
manipulations we arrive at

r.n¥(n’r. +n?
tan(dr, ) = 3;(2 i ) (TM) (2.28)
ninlrl —nir,r

Eq. 2.28 is the eigenvalue (characteristic) equation for the TM guided modes where again
the only unknown quantity is the propagation constant k,.

2.3.3 Guided Mode Computations

For guided modes k,'s are discrete values which can be computed using Eqs. 2.24

and 2.28. It is a usual practice to normalise the propagation constant k, in terms of the free
space propagation constant k, as

kz.N = netf.Nko’ (N = 0, 1, 2,) (2.29)
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where negN's are the discrete normalised effective indices of guided modes. N is added to
the definition of effective index just to refer to the mode number where 0 is the highest
value of effective index (sometimes referred to as the fundamental mode or the .Oth order
mode). N also refers to the number of nodes in the transverse field distribution. From Eq.
2.21, the discrete values of the effective indices of guided modes that satisfy the eigenvalue
equations should be

N, >0, >0, (2.30)

It is important to note that a waveguide supports a finite number of guided modes where
the cut-off condition is always given by n . =n, or k, . =kn,.

The eigenvalue equations (2.24 for TE and 2.28 for TM) could be solved graphically
to find the exact values of the propagation constants and the total number of guided modes
[4,5]. From such a plot, the intersections between the left side of these equations (tan
function curves) and the curves of the right hand side of the equations indicate the discrete

values of the propagation constants where the number of intersections is the total number
of guided modes. On the other hand, simple numerical methods could be used to solve the

eigenvalue equations (¢.g. a zero finding routines like Muller's method [9]). In these
methods a guess near the eigenvalue is needed as an input and the routine improves this
value iteratively toward the true eigenvalue, within an achievable limit, until it converges.
From the eigenvalue equations of both the TE and the TM we may write the following
equation to find the total number of guided modes for the TE or the TM [2,5]

1/2
] } (2.31)

int

Number of modes = -l- v-tan“{n[n

=~
O N

- Il
-1

n n

C Y
- W

where the subscript "int" refers to the next largest integer of the curly bracket and v is the
normalised frequency defined as

v=dk,(n? -n?)" (2.32)
and the parameter 7 in Eq. 2.31 is defined as

n= {1, forr TE modes
n2/nl, for TM modes
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From the above equations of both the TE and the TM, we may conclude that there
are three factors that determine the total number of guided modes supported by a slab
waveguide. The first is the difference between the values of the refractive indices of the
three layers where, for example, increasing the value of the refractive index of the guiding
region will increase the total number of guided modes. The second factor is the thickness
of the slab waveguide d where the total number of guided modes increases by increasing d.

And the third is the wavelength of the field (or the frequency) where increasing the
wavelength will decrease the total number of guided modes.

5 3.4 Guided Modes Power Flow

Once the propagation constants of guided modes are known,' then we can compute
the time-average Poynting power P carried by guided modes along the direction of
propagation Z. However, the slab waveguide' considered in our analysis extends to infinity
in the y-direction, so in this case we assume P as power per unit length (in the y-direction)
with a unit W/m. The guided power flow P in the z direction is given by the integral over
the waveguide cross section of the z-component of the Poynting vector S; [2]

N e _1 oo *
P= __Szdx——z- _“RC(EXH )zdx . (233)

where P is a real and a positive quantity and the asterisk * refers to the complex conjugate.
For TE modes, the electric field E is given by (2.22) (only the y-component of E exists)
and the magnetic field can be computed from Ey using (2.20a). Then (2.33), can be written

as

P= ——;-Re E H LAX = —-*—J'__'E | dx (TE) (2.34a)

204,

In a similar manner, the guided power flow in the z-direction for the TM modes can be
computed using Hy in (2.26) and Ey in (2.25a)

P-—;-Re H,E,dx = __;_ j (Vn*x)H, |dx (TM)  (2.34b)

n(x) in (2.34) is a reminder that the refractive index is different in the three regions of the

slab waveguide. It is convenient to normalise the field distribution to the power carried by
the mode. First let us write the transverse fields as '
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E, (x) = af, (X) (For TE) (2.352)

H, (x) =a# (x) (ForTM) (2.35b)

where the fields Ey and #§ are the transverse fields, normalised so that the mode is carrying
a power of 1W/m and are defined as [3]

E
E, (X) = ——— A (TE) (2.36a)
: [ B ooH; e
and
A, (X) = — 2, &) (TM) (2.36b)
~|JH (E, (x)dx

and a's are amplitude coefficients. Then we may write the power in (2.34) as

k, (- kK, (-
P= -z—a)ﬁ:_[__‘E,rdx = m __|a|2|£y “dx = lal* (For TE) (2.37a)
k, (- 2k, (-
P = ot [ (Vo oY, ax = 3= [ (Vo o)l [ax = f  Bor T™) @370
2.3.5 Radiation Modes

The number of guided modes of dielectric waveguides, as described previously, is
always finite, but in order to provide a complete set of orthogonal modes, there must exist
other modes, which also must satisfy both the solution of Maxwell's equations and the
boundary conditions [2,4]. These modes do exist and are called radiation modes [2,4].
Unlike the guided modes, which have evanescent solutions outside the guiding region,
radiation fields could satisfy the wave equation and the boundary conditions by having
sinusoidal solutions outside the guiding region which extend to infinity. In addition, the
time and the z variations for these fields, can be also described by the factor gl®-kit),

Thus, we may say that these fields qualify with all the characteristics to be called modes,
except that their energy is not confined to the guiding region but reaches to infinite
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distance in the x-directions. The other main difference between radiation modes and guided
modes is that the propagation constants of radiation modes are not discrete but form a
continuum. At this stage we must distinguish between two types of radiation modes which
may describe the slab waveguide solution (both as TE or TM); namely the substrate
radiation modes and the cladding (cover) radiation modes. The first could be described by
sinusoidal solutions in the guided and the substrate regions and evanescent waves in the
cladding region while the second type has sinusoidal variations in all three regions. Fig. 2.2
shows a schematic diagram for the location of the effective indices of all possible modes in
the asymmetric slab waveguide of Fig. 2.1. From the figure, we see that radiation modes'
propagation constants are below the cut-off condition of guided modes (see section 2.3.3).

4—bpd4——pe————PD
Cladding Substrate Guided

radiation radiation

Fig. 2.2 The location of the effective indices of all possible modes in asymmetric slab waveguide.

Radiation modes are necessary to model dielectric optical devices, because they are
part of the description of the total field solution of dielectric waveguides. In practice, the
study of z-variant waveguides (waveguides that have discontinuities in the refractive index
along the direction of propagation z) requires the solution of both guided and radiation
modes. For example, guided modes travelling inside z-variant waveguides will excite an
infinite number of radiation modes. This means that discontinuities in waveguides are the
cause of transferring energy from guided to radiation modes and consequently the energy
will travel away from the guided region toward the infinite space around the waveguide.
For z-invariant waveguides, radiation modes will exist if the waveguide is excited with an

initial input field distribution (e.g. at z = Q) different from those of the guided fields (e.g.
Gaussian field).

Orthogonality of modes

One of the important relations between modes (guided and radiation of TE and TM)
of waveguides is that all modes are orthogonal. This relation can be expressed as [3,6]

JE:’ x HY dA =0, k, #k’ (2.38)
A
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where t indicates the transverse field distribution, A is the transverse cross sectional area of
the waveguide, and v and 7 refer to two different modes whose propagation constants are

different. This equation (2.38) 1s written in such away that it can be used for three
dimensional waveguides where A could contain x and y dimensions. For TE modes of the
slab waveguide of section 2.3.1, the orthogonality relation can be simplified into

[ _ku .
| =+EEfdx =0, k? # k¢ (2.39)
and for the TM of section 2.3.2, the relation is

I -———*——_k H“H‘ dx =0, kY #k; (2.40)

In addition to the orthogonality relation of modes, both guided and radiation modes form a
complete set. This feature 1s also important which indicates that any arbitrary transverse
field at a constant Z can be written as a superposition of guided and radiation modes as [5]

NGM kon,
E,(x)= ZaNEN(xH jb(k E(x,k, )dk, (TE) (2.41a)
KN,

H, (x) = EaN}( (x) + j b(k,)H(x,k, )dk,

(TM) (2.41b)

In Eq. 2.41 the discrete summation is over the guided modes and the continuos summation
(integral) is over radiation modes. NGM denotes the number of guided modes, a's are the
amplitude coefficient of the guided modes and b's the amplitude coefficient of radiation
modes. We have to note that radiation modes can not be normalised to a finite power
because the distribution of the fields extend to infinity in the x-directions of the slab
waveguide.

Due to the necessity of radiation modes in the analysis of optical waveguides, some
of these modes can be computed approximately using the idea of metallic waveguide

theory, also the method helps to understand the physical behaviour of radiation modes in

dielectric waveguides [4,5]. If we enclose the slab waveguide of Fig.2.1 with two metal
walls (with a conductivity G =o0) at x = d/2+L and -d/2-L (see Fig. 2.3), then the problem

is transformed into a metallic waveguide with an insert of dielectric waveguide in the
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middle. In other words, the propagation constants k, of radiation modes are now discrete
rather than continuum. The summation integral of Eq. 2.41 is transformed into a discrete
summation over the new discrete radiation modes. The slab waveguide geometry is
obtained in the limit of allowing L to approach infinity. As L increases, the spacing

between the discrete values of radiation modes propagation constants decreases and in the
limit of infinite L. they merge into a continuum.

E, =0, (for TE)
E.=0, (for TM)

metal

x=d/2 Z

metal

Fig.2.3 Two metal walls surrounds the slab waveguide of Fig. 2.1 to approximate the analysis of radiation
modes.

2.4 Modelling Three-Dimensional Waveguides

Rectangular (rib) dielectric waveguides proved to be the practical way to control
light for the use in optical processing circuits. One of the purposes of rib waveguides is to
confine energy in both transverse directions x (horizontally) and y (vertically), in the y-
direction by material changes and in the x-direction by geometrical changes. Although
more complicated waveguides are used in many practical applications, the rib waveguide is
considered to be the essential element in such devices. Fig. 2.4 shows a three-dimensional
view of a typical dielectric rib waveguide. Similar to the operation of the slab waveguide

for guiding light, the refractive index of the middle layer (the guided layer) ng must be
grater than the refractive indices of the outer regions n. and n, [2,4]. Practical devices are
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always surrounded by air, where in such a case n. can be set to the refractive index of air
which is unity.

Fig. 2.4 Three dimensional view of a dielectric rib waveguide (n>n>n,).

In this section we will be dealing with piece wise homogenous z-invariant rib waveguides.
7-invariant three dimensional waveguides are sometimes referred to as two dimensional

variation waveguides. Fig 2.5 shows a cross sectional view of different common types of
three-dimensional waveguides that exist in practical optical processing [2,4,5].

(b) (d)

Fig. 2.5 Cross sectional view of different types of three dimensional waveguides geometries. (a) Strip
waveguide, ng>n>n.. (b) Embedded strip waveguide, ng>n>ne (¢) Rib or ridge waveguide, ng>n>n.. (d)
Strip loaded waveguide, ng>n >n>n .

The shape of three-dimensional optical waveguides can be classified into two types,
the circular geometry of optical fibers and the rectangular geometry of rib waveguides

(Figs. 2.4 and 2.5). The circular dielectric geometry can be solved analytically using Bessel
functions [2,3], but modelling rectangular rib waveguides analytically is not possible
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because there is no analytical function that can fit the rectangular refractive index
distribution. Due to the great interest in modelling optical rib waveguides, there is an
enormous number of techniques which can be divided into four categories, the simple, the
approximate, the semi-rigorous, and the rigorous. The simplest method of all is the one
based on the classical semi-analytical Effective Index Method (EIM) [2,4]. Apart from this
technique, other methods are based on the approximation of the solution of Maxwell's
equations numerically, mostly based on the finite-difference or the finite-element methods
while others are based on the expansion in terms of orthogonal functions [10-25]. It can be
summarised that the main differences between these methods are the trade off factors of
being simple, accurate, efficient and flexible [10,11]. The general idea involved in
approximating the wave equation numerically is to transform the differential equations of
the wave equation into a matrix eigenvalue problem which can be solved using standard
‘matrix manipulations [10]. The finite-difference approximation method is the most
common technique used for a long time for the solution of microwave problems and other
applications. In addition to its simplicity, it has some advantages over the finite-element
approach of being free from producing spurious numerical fields and computationally more
efficient [10,22]. In the following discussion we will review briefly some of the finite-
difference techniques that have been used for the analysis of three-dimensional optical
dielectric waveguides. As a common practice for z-invariant three dimensional waveguides

the z-dependence can be always assumed as e™'+* where the second derivative with respect
to z can be replaced by —k:. Before we progress to the complicated methods, it is a good
idea to start with the simplest one.

2 4.1 The Effective Index Method

The EIM is the oldest and the fastest to produce results for the analysis of three
dimensional waveguides. The basic idea of the EIM is to transform the three dimensional
geometry of the rectangular waveguide into two dimensions where it can be solved using
the theory of slab waveguides. Let us consider the analysis of the rib waveguide in Fig.
2.5¢c using the EIM, as an example of rectangular waveguides where analysing the others

follow similar approaches. Assume that the rib waveguide can be divided, in the x-
direction, into three independent regions as in Fig. 2.6.
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Region 1

=
C ol G G G G G

Region 2 Region 3

Fig. 2.6 The division of the rib waveguide into three slab waveguides using the EIM approach.

Also we assume that the three regions of Fig. 2.6 of three independent slab waveguides
where each region can be solved using the theory of slab waveguide of the previous
section. The outer regions (1 and 3) are identical slab waveguides with a width of D and
the inner region 18 a slab waveguide with a width D+H. The EIM can be viewed from the
scalar wave equation using the separation of variables (x and y) approach, where either
polarisation TE or TM can be assumed. Let us call the effective indices of solving the two
slab waveguides, the outer and the inner, of Fig. 2.6 as n?, and n_, respectively. The three

regions can be considered now as a slab waveguide in the y-direction with a thickness W
(see Fig. 2.7). This slab waveguide can be solved by considering the effective indices n{,

and n!, as its refractive indices. The effective index resulting from solving the slab

waveguide of Fig. 2.7 (in the y-direction) is the effective index of the rib waveguide based
on the EIM approximation.
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Region 1 Region 3

Fig. 2.7 The equivalent slab waveguide formed from the effective indices of the separate solutions of the
three regions of Fig. 2.6.

We may notice from the above analysis that the field continuity at the interfaces of
the three regions has not been met. Thus we may conclude that the method is most accurate
when the rib height H is small and the rib width W is much larger than H. In addition, the

method will break down if the outer regions of the rib waveguide do not support a mode.
However, to get out of the break down situation one can replace the outer n, with the

cladding refractive index n [19].
2.4.2 Solutions to the wave equation

We start with the rigorous approaches which are based on the numerical solution to
the vector wave equation in Eq. 2.11. This equation contains three unknown fields

(Ex,Ey.E;) and can be written in terms of the following coupled equations that depend on
only x and the y components of the vector field E [12,15]

o A R A G TR D
ot | dy’ +§(FE‘3¥+FE’ “5‘1;)+(k§n2—k§)‘51 e (2.42a)
BZEY azEy Jf 1 on? 1 on>
x oy *55[?&‘5;*;?5?3;‘}(% '-K})E, =0 (2420)
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where n(x,y) is assumed to be a function of x and y only. For practical three-dimensional
waveguides (piece wise homogenous media) of the rib family, the third and the fourth

terms of Eq. 2.42 are zero except at the dielectric interfaces. The remaining four field
components can be obtained from the values of Ex and Ey in (2.42) as [12]

_=j{ad d
-1 |9’E, 9E
H = y Y Mx o 1.2..2
' muok;[ ox* 9xay o E,] (2:439)
-1 |9%E. O°E
y o)p.okz[ dy’  oxdy Kol E‘] (2.43¢)

- -——-] (2.43d)

The coupled equations 2.42a and 2.42b could be solved numerically using finite difference
approximations [15]. In order to discretise the optical fields (Ex and Ey) to get a finite
number of equations, the optical device has to be limited in both directions (x and y),

which could be done by placing the device inside an artificial box. The box should be large
enough to contain all significant field points. This will lead to a finite number of field mesh

points which correspond to the field equations. These equations can be written in the
following matrix eigenvalue equation

E.] _,[E
A,,[E } = k,[E ] (2.44)

y y

where Ay is a large real sparse matrix of a dimension of 2M by 2M, where M is the total
number of mesh points of the fields Ex or E,. The subscript v of A, denotes that the matrix
belongs to the vector approach. A similar approach in terms of Hx and H, fields could be
found in [16].

The solution of the discretised vector wave equation in (2.44) will lead, eventually, to

two groups of field polarisations, the quasi TE and the quasi TM. The quasi TE is
considered when the Ex component is much larger than the Ey component and the quasi
TM is considered when the Ey component is much larger than the Ex component. Under
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the situation that one of the field component is much larger than the second component,
then it can be assumed that the second one is zero which leads to a much simplified
equation. This kind of assumption is called the semi-vectorial approximation which is
based on the usual laboratory definition of horizontal and vertical polarisations of the
optical field [17]. The semi-vectorial quasi-TE (horizontal) field assumes that the y field
component of the electric field is zero (Ex,0,E;) while the semi-vectorial quasi-TM

(vertical) field assumes that the x field component of the electric field is zero (0,Ey ,E,).
This will lead to the decouplmg of the two equations in (2.42) as

J°E, a213 0 n? . -
P ay ax( E, ax) (k3n® -k2)E, =0 (Forquasi TE) (2.45a)

’E. J°E., 3

which can be solved independently. Again the finite difference approximations can be

employed in the decoupled equations above, which will lead to the following eigenvalue
equations for the quasi TE and the quasi TM [17]

ALE, =Kk’E (For quasi TE) (2.46a)

AnE, =KIE, (For quasi TM) (2.46b)

where At and A v are real non-symmetric band matrices. On the other hand, the semi-
victorial approach could be simplified further using the scalar approximation. This
approximation is used when there is no interest in distinguishing explicitly between

different polarisations. In addition, if the discontinuity of the refractive index at the
interfaces between layers is small or the field amplitude is small where there is a large

change in the refractive index, the third term of Egs. 2.45a and 2.45b could be ignored
leading to the scalar wave equation [10,17,19,22,23]

"a-;{'l'é?+(ki 2---l'ti)E=0 (2.47)

where E represent any component of the vector electric field E. The application of the

finite difference approximation to the scalar wave equation in (2.47) will give the
' following simple eigenvalue equation [17]
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A,E =k;E (2.48)
where A is real symmetric band matrix.

2.4.3 Solving the matrix eigenvalue equation numerically

The question of solving the eigenvalue problem in (2.44), (2.46) or (2.48)
numerically is an important issue because, this will reflect seriously in the overall accuracy
and efficiency of the algorithm. We have to remember that the requirements for solving
these eigenvalue equations are to find the eigenvalues (k,) and the eigenvectors (the two
dimensional field distributions). Generally, the methods of solving an eigenvalue equation
numerically can be classified as matrix methods and iterative methods [9,26]. The matrix
approach has the disadvantage of requiring to store or sometimes invert a large matrix. The
iterative methods such as the relaxation method demand less storage facility and do not
require an inversion of the matrix. The operation of the relaxation method is very simple; it
determines the solution by starting with a guess for the eigenvector and improving upon it
iteratively until convergence is reached, where the eigenvalue k; also has to be guessed at
the beginning and updated after a few iterations using, for example, the Rayleigh quotient
equation [21]. The solution, using the relaxation method, converges to the dominant
eigenmode, and it can be modified to compute higher order modes [15]. However, in order
to find the mth mode all m-1 lower order modes have to be computed and stored in
advance. Eventually, we expect that as the mode order increases, the accuracy decreases
due to accumulating errors,', and more storage memory is needed. On the other hand, the
matrix methods like the Shifted Inverse Power Iteration Method (SIPIM) for example
[9,17,26] coupled with LU factorisation of the eigenvalue matrix, can be employed to solve
for any eigenvalue (not necessarily the dominant one) and its corresponding eigenvector.
The search for a particular eigenvalue and eigenvector using the SIPIM is independent of
other modes; a guess for the eigenvector and a guess near the eigenvalue must be provided

to start the algorithm. Apparently, the accuracy from the SIPIM for higher order modes is
expected to be very high compared with the relaxation method since each mode is
computed independently.
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Chapter 3

The Beam Propagation Method

3.1 Introduction

The Beam Propagation Method (BPM) 1s a numerical technique invented in the late
1970's by Feit and Fleck [1-7], to approximate the solution of the wave equation when
applied to optical waveguides. The method is very suitable for both classes of

longitudinally varying and non-varying dielectric devices. The basic idea of the BPM is to
march any arbitrary transverse field distribution, inside an optical device, from one

position to another, in the propagation direction over a small distance, where this process
could be repeated several times to cover the entire length of the optical device. In
mathematical terms this reads as writing a relationship between two transverse fields

spaced by a small longitudinal distance using an approximate numerical formula for the
wave equation where one of the field is always known (the input). The BPM is attractive to

the designer of optical devices, because it overcomes the difficulties of mode theory when
applied to complicated structures and because of its flexibility as a propagational
technique. The main advantage of the BPM over the traditional mode approach is that it
computes both guided and radiation modes of linear z-variant devices, in the same
formalism; no special arrangement is needed to account for radiation modes. In additibn,
optical devices containing nonlinear effects are very difficult to analyse using the mode

theory. On the other hand, it is very simple for the BPM to include the nonlinear part in the
formulation using little adjustment to the linear version. Generally, the application of the

BPM to model optical devices proves to be very useful in terms of simplicity and accuracy
[1-39]. '

The classical BPM has been used widely, in the past decade or so, to analyse many
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the transverse variations, in the spectral domain and a phase correction due to the
inhomogeneity of the media is introduced in the spatial domain. The role of the FFT is to
provide a transformation between the spectral domain and the spatial domain, where the
optical field has to be transformed several times between the two domains for each
propagational step. Although the computation of the transverse variations using the FFT is
highly accurate, nevertheless the use of the FFT restricts the overall efficiency of the
algorithm. In addition to the poor efficiency of the FFT-BPM, a large variation in the
transverse refractive index profile of optical waveguides will force the method to use
extremely small propagational steps, resulting in very large computational time. Also, the

restriction imposed by the FFT makes the method inflexible of using nonuniform grid
spacing and radiation boundary conditions [10}.

The original FFT-BPM was based on a split-operator, which is an approximation to
the scalar paraxial wave equation for small contrast media and only as a forward-going
technique [1-7]. The scalar approximation of the method neglects the difference between
different polarisations (see chapter 2), the paraxial approximation restricts the method for
propagation with small angles with respect to the axial direction, and the one-way
propagation does not account for any backward scattered reflections. However, since the
first BPM until now there have been many techniques reported in the literature to improve
the efficiency and the accuracy of the classical BPM. Generally, it has been found that

using other approaches than the FFT approximation will lead to a much more efficient and
flexible method [10-23]. In addition, much work has been done to include other features in

the BPM such as wide-angle propagation [24-27], backward reflections [28-31], vectorial
formulation [32-39] and boundary conditions [40-41]. The wide-angle BPM uses a Padé
approximant technique that overcomes the paraxial limit and accounts for the neglected
second derivative with respect to the direction of propagation of the field [24-27]. For large
longitudinal index discontinuity, the bi-directional BPM in [28] , for example, could be
employed to account for backward reflections. In this method, the field is propagated
forward and then backward while reflections are computed and stored, and this process is
repeated several times, to update the forward and backward reflections, until a stable
solution is obtained. The BPM techniques in [32-38] solves the three-dimensional vector
wave equation which contains two coupled paraxial equatidns, to account for the two field
components (x and y), where they are solved simultaneously. Also the three-dimensional
semi-vectorial BPM based on the paraxial approximation has been reported in [39]. It uses
the assumption that the two field components could be decoupled, resulting in two separate
paraxial wave equations, one for each polarisation, that could be solved independently. The
decoupling of the two equations reduces the computation time substantially compared to
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the vector counterpart. In addition, the work in [27] has combined the wide angle feature
and the vector feature into one BPM. Finally, a technique for the BPM's boundary
conditions to account for fields that reach the edges of the computational window has been
implemented using a so-called transparent boundary condition (TBC) [40-41]. This
technique is particularly useful in modelling waveguides that contain significant scattered
radiation (e.g. Y-junction). If such scattered radiation is not properly absorbed at the edges

of the computational window, it tends to reflect back to the region of interest causing
unwanted interference.

On the other hand, improvements of the efficiency and flexibility of the classical
BPM were mainly concentrated on the replacement of the FFT. An alternative numerical
technique to the FFT is to solve the BPM wave equation in the spatial domain using Finite-
Difference (FD) approximations to replace the partial derivatives in the wave equation
(thus called FD-BPM) [10-22]. The prime advantage of this process is to avoid the
excessive time loss in the multiple operation of changing from spatial domain to spectral
domain for each propagation step. Finite-Elements (FE) also could be used to approximate
the BPM wave equation in the spatial domain, however FD-BPM has the advantage of
being simpler to progfam and more efficient than the FE-BPM [14]. FD-BPM proved to be
much more efficient and more flexible than the FFT-BPM [10-22], and some algorithms
are very well suited to parallel computers [45-46]. In terms of efficiency, for example, the
FET-BPM requires, per propagation step, O(M logM)! operations per transverse dimension
whereas the corresponding count for the FD methods is O(M) [17]. In addition, the FD
technique allows for nonuniform discretisations of the transverse fields, and radiation
boundary conditions can be used at the edges of the computational window [14,22,40,41].
Recently, the FD-BPM approach has received wide attention from many workers [10-
22,32-39,42-44] using different techniques. Strictly speaking, FD-BPMs have two classes
of expressing the operator formulation, the implicit approach and the explicit approach
[47,48]. The implicit methods are based on the split-operator using the idea of the
Alternating Direction Implicit (ADI) approximation (sometimes referred to as Crank
Nicholson), are the most popular [10-16,19-22], are unconditionally stable, but require
inversion of a large system of matrix equations for each propagational step. On the other
hand, the explicit approach has mainly two ways of formulating the problem. The first is
by using the same operators of the ADI and the FFT and is called the Real Space method
(RS-BPM) [42-44] which is based on the idea of splitting the finite-difference matrix
operator into two other matrix operators. The splitting is chosen such that each matrix is

1 M is the total number of discretisations in one of the transverse direction (x or y).
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block-diagonal where each block contains a small sub-matrix which may be exponentiated
analytically [42]. The RS-BPM is unconditionally stable and proves to be much more
efficient than the ADI because it does not involve solving a system of equations but
multiplication of small independent matrices [42]). The second approach is truly explicit,
and thus called the Explicit Finite-Difference method (EFD-BPM) [17,18] which is based
on applying the finite-difference approximation directly to the wave equation. This leads to
an algorithm that involves multiplication of the initial optical field with a very sparse
matrix. However, the EFD-BPM is only conditionally stable, but proves to be very
efficient indeed. It 1s important to note that a stable algorithm does not necessarily produce
correct results. All the three finite-difference methods mentioned before are discussed later
in this chapter.

The main emphasis of this chapter is to show the theory of the BPM and to give a full

understanding of the differences between the different techniques of the method. Some of
the numerical details are not shown here but they will be given in the following chapters
when the methods are implemented. In this chapter, the derivation of the parabolic
equation from the scalar Helmholtz equation is given directly in the next section where the
relationships between the eigenvalues and the eigenvectors of the two equations are shown.
These relationships are very useful, since they enable the characteristic solution of the
Helmholtz to be determined from the parabolic characteristic solutions. All the
formulations in this chapter will be derived for three-dimensional structures where the two-
dimensional version (slab waveguides) could be extracted easily, for most cases, from the
3.D equations by setting off one of the transverse dimension. In section 3.3, the
formulation and the derivation of the FFT-BPM and the three different FD-BPMs
mentioned before are shown. Then in section 3.4, two different techniques to compute the

modes' propagation constants and their three-dimensional field distributions from the BPM
field for z-invariant waveguides are shown in details.

3.2 The Parabolic Equation

The scalar wave equation in (2.13) contains second derivatives with respect to the
propagation direction z which takes care of propagation in both directions of z. It is very

convenient to transform the scalar wave equation into an approximate one way equation.
Let us expand the Helmholtz equation (2.13) into Cartesian co-ordinates as
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——-+-——-—+-—z-—+kon (x,y,Zz)E=0 (3.1)

We extract a rapidly changing phase factor in the direction of propagation z and write the
field E(x,y,z) in Eq. 3.1 as

E(x,y,z) = &(x,y,z)e K2 | (3.2)

where n, is a reference refractive index and k, is the vacuum wave number. It is to be
remembered for later discussion that ®(x,y,z) also represents the solution of the Helmholtz

equation without the reference phase. Subsisting (3.2) in (3.1) will give the following
equation

e e IR ot N
ax2 ay?' Jz*%
2'k aq) —jk,n_z 2.2 _jk nz 2.2 ""'jk nzz
~<) ono"é'i"e —kongde et +knde e = (3.3)

Now we may rewrite Eq. 3.3 under the parabolic approximation (sometimes referred to as
the slowly varying envelope approximation) which assumes that the change of field & In

the direction of propagation is very small over a wavelength. This assumption

mathematically reads as
Zko“o% (3.4)

Choosing the reference refractive index n, as a representative index value from the
propagation effective indices of the modes minimises the error caused by the parabolic

approximation [14]. Then Eq. 3.4 can be simplified into the following parabolic or Fresnel
wave equation

0:d <
0z’

.09’ 3% '
21k n, 3; = -5;2- + '5;2- + k«::?;,b(l'l2 - nf, )¢ (3.5)

where ¢ is the parabolic field which is the paraxial approximation to the Helmholtz field .
Both the Helmholtz equation and the parabolic equation have the same Sset of
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eigenfunctions and the Helmholtz eigenvalues can be obtained from those of the parabolic
equation. Let us assume that the solution of the Helmholtz equation can be written as [4]

O(x,y,2) = ufi (x,y)e "> (3.6)
and the solution of the parabolic equation can also be written as
O(X,y,Z) = ul (x,y)e 3.7)

where h and p notations refer to the Helmholtz and the parabolic solutions respectively,
k! and k7, are the propagation constants of the Nth modes based on the Helmholtz
equation and the parabolic equation respectively. The functions u(x,y) are the transverse
mode distributions, and the prime on the Helmholtz propagation constant (h’) is just a
reminder that a carrier phase constant (k,n,) has been removed from the true value.
Substituting Egs. 3.6 and 3.7 into Eqgs. 3.3 and 3.5 respectively, gives

',[(ki':u )2 +2konoki‘:N]u}:, = Viuy +k2(n* —nJuy (3.8a)

2k n k3 yuR = Viug + kﬁ(nz — ni)ufq (3.8a)
: - 0> 9

where the transverse Laplacian operator is defined as V2 = P Since the operators
X y

on the right hand side of Eqgs. 3.8a and 3.8b are the same then uy (X,y) = uf (x,y) which

means that the eigenfunctions are identical and also from the same equations the
relationship between the Helmholtz propagation constant and the parabolic one can be
written as [4]

(k%) +2k,n k™, =2k n kP, (3.92)
o 2
kyn) +2konk!
kP =M
® T (3.9b)

then the true Helmholtz propagation constant k;  (after adding the carrier phase constant)
can be computed from the parabolic propagation constant using [4]
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The above relationships are very useful since they enable the eigenvalues and the
eigenvectors of the Helmholtz equation to be computed from the parabolic counterparts.

3.3 The BPM Solutions

As mentioned in the introduction, there are many ways to solve the parabolic
equation in (3.5) numerically. In this section the formulation of the FFT-BPM and the FD-
BPMs based on the solution of the parabolic equation are shown. Let us start with the

famous split-operator which is the basic equation for the FFT-BPM, ADI-BPM and RS-
BPM. If we write the parabolic equation in (3.5) as

j3¢(x,y.2)

" = Gd(x,y,2) (3.11)

where

G = 1 : ’ r Iy 2
e 5 +=—5+ki(n’-nl)|,

then the solution of (3.11) can be written formally as [47,49,50]

O(x,y,z +Az) = **¢(x,y,z) (3.12)

where Az is the propagation interval along the z-axis which should be small. In order to put

Eq. 3.12 into a computational form, the equation can be rewritten as the following well -
known symmetrised split operator which is accurate to the second order 1n Az as [1-7]

28

o agy = m R R RS ooy a1

where
a, = 2k,n,
d,(x,y,2) = k}[n*(x,y,z) - n!]
, _ 0
Vu — W’ (a — ny)
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Eq. 3.13 is now suitable for generating a numerical solution. It must be noted that the

operators in the above equation are unitary for real refractive index and thus the numerical
solution is unconditionally stable.

3.3.1 The Fast Fourier Transform (FFT-BPM)

Eq. 3.13 could be solved numerically using Fourier transforms to compute some
operators in this equation [1-7]. The transverse space for both the field ¢(x,y,z) and the

refractive index n(x,y,z) 1s discretised into 2-D mesh points with equal mesh spacing for
each direction. In the Fourier space the partial derivatives of the transverse directions
(Vi,Vﬁ) are equal to (—k?,—k}) where ky and k, are the transverse wave numbers equal to

[1-7]

k. = 21:1’ (1 =0,+1,42,.-..- ’j:_M.L)
L, 2
27tm

k, = T (m =0,+1,4£2,.---- ,:I:-——’—)

y

where L, and Ly are the total length of the computational windows in the x and y direction
respectively and My and My are the total number of mesh points in the x and y directions
respectively. Now Eq. 3.13 can be executed numerically using the following steps; first,
the discretised field is transtormed into Fourier space ¢(k,,k,,z) and multiplied by the last
two operators on the right hand side of Eq. 3.13 in Fourier space. The result of these two
multiplications is inverted back into spatial space and multiplied with the operator that
contains the refractive index. The result is then transformed again into Fourier space for the

multiplication with the first two operators on the right hand side of Eq. 3.13 and finally
inverted into spatial domain to find the field ¢ (x,y,z+Az) which is a small distance spaced

from the field ¢(x,y,z). The operation of transforming from Fourier space and its inverse
can be executed numerically using the well known algorithm Fast Fourier Transform
(FFT). Then the field can be propagated to any distance by repeating the same process
above [1-7].

3.3.2 The Finite Difference BPM (FD-BPM)

Another way to solve Eq. 3.13 numerically, other than the FFT approximation, is to
use finite-differences (FD). FD methods are well known for their simplicity and flexibility
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where it is desirable to transform complicated mathematical problems into simpler forms.

This section discusses three different FD methods to solve the parabolic equation
numerically.

3.3.2.1 The Alternating Direction Implicit method (ADI-BPM)

We start again with the split operator equation in (3.13) where this time the operators
that contain the partial derivatives can be approximated using finite-difference techniques

rather than the Fourier transform. We use the following Cayley form for the representation
of these operators, which is second order accurate [49,50]

(x=x,Y) (3.14)

The form of (3.14) could operate on any field F at any stage of the split operator equation
(e.g. at s) as [49]

Az 9 | .. Az 9% |,
[1+]4 -———;]F A(00:[1—--]4: W}F (o) (3.15)

where s+A is an intermediate stage for F in the split operator. The partial derivatives in
(3.15) can be replaced by their finite-difference approximations; if the second order central
difference approximation is used, then the right hand side of (3.15) involves a direct
multiplication of the discretised field with a tridiagonal matrix, and the operator on the left
side involves an inversion of a tridiagonal matrix. This method is stable because the
operator in (3.14) is unitary. On the other hand, if the operator is approximated as [50]

(-1: v:) Az 9°
¢ — 1_ .
) (o)
Gt az 3 T
e ‘ =!1+ —
[ 4ao aaz] (3.16b)
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then this will lead to unstable algorithms, because neither of these two operators is unitary

[50]. Inserting Eq. 3.14 in (3.13) leads to the most popular ADI-BPM which is an implicit
finite-difference algorithm that is unconditionally stable [50].

3.3.2.2 The Real Space method (RS-BPM)

Another easy method to deal with the operators that contain the partial derivative, in
Eq. 3.13, is to use the Real Space method which is an explicit finite difference algorithm

and also unconditionally stable [42-44]. Let us consider the operator that contains V3 ( as
the other operator which contains V: follows exactly a similar pattern) and assume a

discrete even number of mesh points My. Using the second order finite-difference
approximation to the partial derivative acting on a field F, then

1
(ViF), =+ (Fi. -2F +F,,,) (3.17)

where Ax is the mesh spacing in the x-direction. Expanding Eq. 3.17 into the following
tridiagonal matrix form gives [42]

2 1
1 -2 1
1 -2
1 Lo
Vil=2g (3.18)
2 1
1 -2 1
1 =2

A similar matrix equation to (3.18) could be written for the second transverse direction y,
where the diagonal elements in (3.18) and of the second transverse direction could be
combined with the middle term of Eq. 3.13 ( the one that contains the refractive index);

s
then we may rewrite this term as e[ s, ) where U(K,y, Z) = do(x, Y, z)—-A%_Eg-i-' The
y

matrix of Eq. 3.18 can be written, after the removal of the diagonal elements, as
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x* | (3.19)

Thié matrix in (3.19) can be split into two block diagonal matrices, where the splitting will
be chosen such that each matrix contains independent small sub-matrices (in our case 2 by
2) which may be easily exponentiated. The splitting of (3.19) is

0 1
1 0 O
0 0 1
e 1 1 O
8= 2 -
0 O (3.20a)
0 0 1
1 O
0 O
0 0 1
1 0 O
o1 1 0 O
[SI - sz .
0 1 (3.20b)
1 0 O
0 O
where the operator after splitting can be written as
SE_X7 ~jA2 g0 | [-;.82 ge
e( e ]=e( i )e( jz"s‘) (3.21)
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The block diagonal structure of S] and S, simplifies the calculation of the operator

tremendously, because the problem has been reduced to an exponentiation of 2 by 2
matrices of the form {42}

0 1
AI=[1 O] (3.22)

The eigenvalues of Ay are §; =1 and {; = -1 and the corresponding eigenvectors are vy =
(,LDT and v, = (1,-1)T respectively. The exponentiation of (3.21) can be carried out
analytically as

(-itAy) _ eo(-imd) -1 Az
et T =Cen T, T, = 3.23
" 2a,Ax’ (3.23)
where
1 1
C=[V1,V2]=[1 _1]
C! ____:_1_[ C2n ‘01;]=_1[—1 —l]
ICI -021 C“ 2 ""1 l
-j‘t‘
(-l =[e 0 ]
0 e
Then (3.23) is equal to
e('jt:A:) —_}_ 1 1 e-jtl O -1 -1
Combining all terms we reach [42]
] CosST, -—jsinfT, o
prar [ B g
=Jsint, COST, Bx o,
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Thus we may now show how the operator in Eq. 3.21 can be implemented when it is acting
on a discretised field F :

[ v:)[ F ] =e(-+£-*:s=)e(-1::ts=)[ F ] | 5258

which may be written as

e("‘i‘%":][:i I = e("f:s"][FFi ] _ [FF' ]‘m (3.25b)

where

with (1=13,5,........... M, -1)
SR M E R
— —
| Fi-l-l Fi-l-l Bx ax Fi+l
with  (i=0,2,4,........... M.)

Periodic boundary conditions are used for the boundary field points at Fy and Fy 4 tO

ensure the unitarity of the operators. This means that the value of Fy is set equal to the
‘value of F, and then on the opposite side Fy_., 18 set equal to the value of Fj. We must

note that all the computational operations in Eq. 3.25 are simple summations of two local
points which makes the method very efficient and highly parallel [45-46]. Now we can
write the full equation of the RS-BPM which is accurate to the second order in z [10,42]

¢(X, Y,Z+ AZ) = e(ps y )e(qs;)e(ps;) e(PSI )e(qs: )e(ps:)e[-.iff-U]

PP )eB () (050 ) o o v 2) 4+ O((AZY')  (3.26)

where
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It is to be noticed from Eq. 3.26 that to regain second order accurate formula with respect
to z, the operator splitting, for each dimension, must be written as three operators rather
than two operators of Eq. 3.21 [42].

3.3.2.3 The Explicit Finite-Difference method (EFD-BPM)

The Explicit Finite-Difference (EFD) Method is the simplest and the most
attractive BPM method. It involves a direct application of the central finite-difference

approximation to the parabolic equation [17-18]. Let us consider the parabolic equation in

(3.5) where we use the following central difference approximation to replace the partial
derivatives which are second order accurate formulas

0’F(o) _ F(o—Aa) — 2F(a) + F(ou + Aox)

da? Ao ,  (@=X,y)
J0F(z) _F(z+Az)-F(z—-Az) (3.27)
0z Az

Then the Explicit Finite Difference BPM (EFD-BPM) can be expressed simply by the
following numerical equauon [17-18]

2]Az

tpi..m(Z + AZ) = ¢l.m

2 JAz

1Lm(Z) + 9,4y m(z)]
_ 2)Az

0

(3.28)

Ui.mq)l.m (Z)

where i and m represent the discretisation of the transverse co-ordinates x and y

respecuvely The propagation of the optical field in Eq. 3.28 is straight forward since it
involves a multiplication of the input field with a very sparse matrix with only five
elements in each row, which makes the method very efficient and highly parallel [45,46].
This algorithm is stable under the following condition 18]

-1
n;, —n m] (3.29)
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3.4 The Spectral Method

In chapter 2, we have reviewed some numerical methods to compute propagation
constants and field distributions of guided modes for three-dimensional z-invariant
waveguides. The BPM also could be employed to compute guided-mode propagation
constants and field distributions. There exist two methods that can compute the
characteristics of z-invariant waveguides from the evolution of the BPM field. The first is

called the imaginary distance propagation technique [9,14] and the second is called the
spectral technique [3,6]. The imaginary distance propagation method first computes the
field distribution and then calculates the propagation constant from the computed field
distribution. Opposite to this, the spectral method first calculates the propagation constant,
and then the field distribution is computed using the computed propagation constant. In the
imaginary distance propagation method, the parabolic equation is transformed into a
diffusion equation by replacing the -j in the numerical solution of the equation by unity.
Then the new numerical imaginary distance solution is used to propagate an arbitrary input
field to a certain distance while constantly normalising the field to avoid numerical
instability (overflow). From guided-wave theory, it is known that the lowest order mode
has the largest propagation constant therefore during propagation it has the highest
amplification compared to the other modes, and in the limit of large distance the lowest

order mode dominates. Once the lowest order mode distribution is found, the parabolic
propagation constant can be obtain using the following relation [9]

H [—(V ) + k39*(n?(x,y) - n2) ldxdy (3.30)

kP
H 2n_k_¢’dxdy

Z

The above imaginary distance propagation method can be modified to generate a number
of lowest order modes [9,14]. On the other hand, the spectral method simply uses the
spectral correlation function of the BPM field and the initial field to locate the parabolic
propagation constants in the spectral domain. During propagation of the BPM field (using

any of the BPM solutions in section 3.3), we may write the correlation function between
the initial and the BPM fields as [3,6]

P.(2) = [[¢"(x,y,0)0(x,y,2)dxdy (3.31)
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If the BPM field ¢(x,y,z) 1s expressed as the superposition of orthogonal eigenfunctions of
the z-invariant waveguide

O(X,¥,2) = Y ayy (x,y)e = (3.32)
N

where un(X,y) and kE_N are the eigenfunctions and the parabolic propagation constant of
the Nth mode of the z-invariant structure. Substituting (3.32) into (3.31) leads to

P(2) = |ay| e (3.33)
N

The Fourier transform of (3.33) is

P.(k,) =Y |ay| 8(k, — k2,) (3.34)
N

The delta functions in Eq. 3.34 indicate that in the spectral representation of the correlation
function P ¢(z), there is a series of resonance peaks at k, =k? , and their height values are

proportional to the mode weight coefficients ]aN|2. Thus, we may obtain any parabolic
propagation constant k;., of a z-invariant structure, by performing the numerical

calculation of the Fourier transform of the correlation function in Eq. (3.31) and then
locating the position of the peaks in the Fourier spectrum. In the ideal case of infinite
propagation distance, the Fourier transform of (3.33) gives (3.34), but in practice the field

can only be propagated to a finite distance. To account for the finite length of z, the
correlation function in (3.33) is multiplied with a window function w(z) before being
Fourier transformed [3,50]. A typical Hanning window function can be used which is

given as [3,50]

2Tz
1—cosl 22
Or z2>Z

where Z is the total propagation distance. Then the Fourier transform of the correlation
function becomes [3]

P; = ENZIaNF Lk, -k?,,) (3.36)
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where the line shape function is given by

£k, ~ k2 ) == [P 1(z)dz (3.37)

After computing this line function numerically, then the parabolic propagation constant can
be extracted from the spectrum of P."; increasing the propagation distance Z will increase

the accuracy of the computed propagation constant (more sampled points). But it 1s far
more efficient to use a line shape fitting technique that computes accurately the value of
the propagation constant from the peak value and its two adjacent neighbouring points (see
the appendix of [3]). Once the parabolic propagation constant is found, then the Helmholtz
propagation constant can be computed using the relation in Eq. 3.10. Now, the field

distribution of any mode can be found using the calculated parabolic propagation constant.
If both sides of Eq. 3.32 are multiplied by Z 'w(z)e’™** and integrated from 0 to Z, we get

[4]

Z
o(x,y,k,) = -%I o(x,y,zw(z)e’"*dz (3.38a)
0

= Z ayuy(x,y)L(k, =k; n) ' (3.38b)

The function in ¢(x,y,kz) in the above equation will show a maximum if k, = k; , where
we can write ¢(x,y,k;,) as [4]

o(x,y.k2,) =2a,u,(x,y)L(O0) + Y ayuy(x,y)L(k, —kE ) (3.39)

Nn

The second summation is negligible if most of the excited power belongs to the mode
k, =k!,, which can be achieved by exciting the input field with a distribution that

resembles the desired mode. Then the numerical computation of a particular mode field
distribution from the BPM field can be obtained using Eq. 3.38a with k, =k?, where the

integral is performed numerically.

To summarise, any desired mode of a z-non-varying dielectric waveguide can be
computed from any BPM field solutions, of section 3.3, using the spectral method, by

propagating an input field which i1s very close to the shape of the desired mode field, to a
certain distance. To find the propagation constant of the mode, first the correlation function
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in (3.31) is evaluated numerically during the course of propagation, then the result is
multiplied with the Hanning window function in (3.35) and Fourier transformed. The

parabolic propagation constant is computed by locating the peak of the mode in the
spectral domain. To find the field distribution of the mode, the same input field is re-
propagated using the BPM while performing the integral in Eq. 3.38a numerically after
replacing the propagation constant in that integral with the already computed one. The
main advantage of this method over the imaginary distance technique is that it is not
restricted to computing the lowest order modes, but can be applied to cases where all
modes, including radiation modes, can be present in the structure [3,4,6,7].
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