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Abstract. We are using a hierarchical Bayes model to analyze the distances, luminosities, and
kinematics of RR Lyrae stars. Our model relates these characteristics to the raw data of proper
motions, radial velocities, apparent luminosities and metallicities of each star. A combination
of Gibbs and Metropolis-Hastings sampling, using latent variables for the actual velocity and
luminosity of each star, is used to draw a sample from the full posterior distribution of these
variables, with consideration to identifiability and the properness of the hierarchical model, and
draw inferences on the quantities of interest in the usual way. We have applied our model to the
large HIPPARCOS database, and we have attempted to include metallicity and period in our model,
which has not been done previously.

Keywords: RR Lyrae, magnitude, luminosity, HIPPARCOS, Kinematics, Hierarchical Bayes,
MCMC
PACS: 02.70.Uu, 98.10.+z, 97.30.Kn, 97.10.Ri

DESCRIPTION OF THE PROBLEM

RR Lyrae stars are a class of pulsating variable stars. They are readily recognizable
from their periods (0.6 +0.2 days) and characteristic light curves [1]. These stars have
two desirable properties that make them very important in astronomy. The first property
is that they are fairly bright, about forty times the brightness of the Sun. Thus, an RR
Lyrae star can be seen to fair distances in the Galaxy. The other important property is
that the intrinsic visual-band luminosities of RR Lyraes are nearly constant from star to
star. This second property is known from studies of RR Lyraes in clusters, where all the
stars in the cluster are at the same distance.

These properties make these stars useful as “standard candles” for estimating dis-
tances in the universe: We observe an RR Lyrae’s apparent luminosity, and from the
intrinsic luminosity of the class, use the fact that the apparent luminosity falls off as the
square of the distance to work out the distance to the star. Therefore, if an RR Lyrae is
embedded in some structure, by finding the distance to it, we then know the distance to
the structure in which it is embedded.

RR Lyrae stars have two other properties useful for our study. They have distinctive
kinematics, a statistical description of their motions in the galaxy, that imply that they
formed in an epoch in galactic history before star formation was confined to the galactic
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disk. Secondly, they formed over an interval during which the abundances of elements
heavier than helium, the metallicity, changed from very low to near solar. Third, they
pulsate with a period lasting about a day.

Our goals, therefore, are to determine the characteristic absolute magnitude (propor-
tional to the negative logarithm of luminosity) of these stars as a group, investigate any
variation of absolute magnitude with metallicity and period, investigate the cosmic scat-
ter of the magnitude (i.e., variation about the mean unexplained by the covariates), and
investigate the kinematics of the stars as a group.

Overview of our Method

Our raw data for each star include the proper motions fi (vector of angular mo-
tion/time unit of the motions of the stars across the sky, in seconds of arc per century),
the radial velocity p of the motions towards or away from the Sun, in kilometers/second,
obtained by observing the doppler shift of spectral lines, and the apparent magnitudes
m (proportional to the negative logarithm of the flux) of the star, which is measured
with negligible error. For each star, we also have two components of error on the proper
motion, 0, and error on the radial velocity, o).

We could infer the the distance to a star from the proper motion if we knew the trans-
verse velocity. The proper motions are related to the transverse velocities (in km/sec) by
multiplying the former by the distance s to the star:

sil o< VL 1

Similarly, we could infer the distance to that star from the flux and the inverse square
law if we knew the luminosity. The inverse square law, mapped to magnitudes is

§ = 100.2(m7M+5) . (2)

Extinction, the attenuation of light due to dust between us and the star, is included as a
pre-analysis adjustment to m for each star.

We have neither luminosity nor transverse velocity for the stars. However, if we
assume that the proper motions and radial velocities are characterized by the same
kinematical parameters, we can statistically infer the distances and the magnitudes
luminosities of the RR Lyraes through through (2), since we probe these stars in various
directions.

THE HIERARCHICAL MODEL

If for a single star [i° = (ug,, ug) are the two components of the observed proper motion
vector (in the plane of the sky), and p? is the observed radial velocity, we assume

ugc\Vj,s,G,Ja ~ N(VaL/S,Gﬁa)

ug | Vs ,s,0u5 ~ N(Vs/s,04,) 3)
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2
po | VH7GP ~ N(V‘|7Gp)7

where V-, V5L are the @ and 6 components of the transverse space velocity, Ve, respec-
tively. The variances are measured at the telescope and assumed known with negligible
uncertainty. The variables without ‘o’ superscripts are the “true” values. The joint dis-
tribution over all stars for these three components is our likelihood.

The likelihood defined above constrains the hierarchical model proper, which makes
predictions on the proper motions, radial velocities and fluxes of the stars from a
set of latent variables. We define the individual absolute magnitude for the star i as
M; = M + U;, where M is the characteristic absolute magnitude for RR Lyrae stars, and
U; is star i’s individual deviation from M. Then,

§i= S(M, U[) — 100.2(}7[,‘7M7Ui+5)‘ (4)

We note that the s;’s are not new parameters; they have no distribution that is not
completely inherited from M and the U;’s. The reviewer suggested that it may be possible
to include prior information on the space distribution of s; in the anaylsis [2]. We are
considering this for future research.

We choose a flat prior on M (we have also tried a somewhat informative prior based
on known data, but the results were not significantly different). Evidence from other
sources (e.g., studies of RR Lyrae stars in clusters) indicates a cosmic scatter of about
0.15 magnitudes in M;. Thus a prior on U; of the form

U; | oy ~N(0,06% = (0.15)?) (5)

is appropriate; we explored the effect of this choice (see below).

The priors on the true space velocities, V;, are obtained by assuming that the velocities
of the individual stars are drawn from a three-dimensional multivariate normal distribu-
tion with mean ‘7@ (the solar motion) and covariance matrix W (the velocity ellipsoid):

Vi | Vo, W ~ N(Vi,W). 6)

We choose a flat prior on \7®, and to avoid an improper posterior distribution, a
“hierarchical independence Jeffreys prior” on W [3], which for a three-dimensional
distribution implies

T(W)o| I+W |72, (7

SAMPLING STRATEGY

We can use Gibbs sampling to sample on W,V; and ‘7@ Sampling on V; and \70 are
straightforward normal distributions with appropriate parameters. Sampling on W is
more tricky, as the full conditional is not a closed form. However, we can sample from
the full conditional using an importance sampler, using the following proposal:

W* [ {Vi}, Vi, ~ InverseWishart(T, df = N) (8)
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where T = Y(V; — V) (V; — Vi)', and an importance ratio P = (| W* | / | I +W* |)2.
Fortunately, in this case the dimension of W is small, N is large, and the proposal | W* |
is typically large, so the acceptance probability is high. (For a more thorough treatment
of this problem, see Berger et al. [3].)

In our model, the conditional distributions of M and U; come from the following
equality,

pn (&L 1 &) = sipn (V| Vi, Si), ©))
where py(-) is a multivariate normal pdf, El? = ([.Lgc7i,[.1§,i,pl.") and Ei = (yw-,ys,,.,xg”)
are the observed and true state vector for the star i, V? = ;i + p?i is the “observed”
space velocity, A; = X; + E; is the observational covariance matrix and S; = s,-in + E;,
both formed from X;, the covariance matrix for the observed proper motion vector i/,
and E;, the covariance matrix for the observed radial velocity p;. The derivation is left as
an exercise for the reader, where the identities | A; |=s; 2 | S; | and S; ! = s?X," + E;" will
be useful.' Both identities hold because X; and E; are not full rank and live in orthogonal
subspaces.

The right-hand side of equation (9) give the conditional distribution of both M and U;,
products over all i’s in the case of M. This conditional must be sampled with random-
walk Metropolis-Hastings for both M and U;.

For sampling M, we propose M* ~ N(M,w), with an appropriate standard deviation
parameter w adjusted for good mixing.

For sampling U; under the informative prior (5), our proposal for a U;* is a location-
scale family of a ¢ distribution centered on the origin with an appropriate choice of
degrees of freedom and scale adjusted for good mixing. The conditional (9), because of
independence in U;, may be sampled in parallel.

RESULTS

Our key astrophysically interesting result is the characteristic absolute magnitude of
RR Lyrae stars, M. In addition, we are also interested in the solar motion, \7®, and the
velocity ellipsoid of the galactocentric orbits of the observed RR Lyraes, W.

Hawley et al. [4] used a maximum likelihood technique to study this problem using
proper motion data from the Annals of the Shanghai Observatory and radial velocity,
apparent magnitude, and reddening data from Hemmingway and various sources (all
reproduced in their paper, and referred to henceforth as “SHANG”). We compare this to
our own results using the same data to demonstrate the improvement using our method,
and to our results using the HIPPARCOS data set and improved velocity data [5] from
our colleague Andrei Dambis (henceforth, “HIPP”).

Hawley et al. ran cases with a number of subsets of stars, broken down by various
criteria. We looked only at the “ab” stars (normal pulsators, Ny, = 143) and the “c” stars
(overtone pulsators, N, = 17), and compared the weighted average of these two groups

1 A* denotes the Moore-Penrose matrix inverse of A.



in Hawley’s study with our own.? Table 1 includes both results for the “ab” and “c” stars
analyzed as segregated groups shown, and a weighted average of the two results, but
also our own analysis of the HIPP data set as an integrated group (Ng;pp = 349). Our
results are posterior marginal means and standard deviations.

TABLE 1. Characteristic Absolute Magnitude, M, by study

Data Set  Star Group M
“ab” stars 0.71£0.11
This study SHANG  “c” stars 0.72+0.26
weighted average 0.71£0.10
HIPP all stars 0.75+0.07
“ab” stars 0.68+0.14
Hawley etal. SHANG  “c” stars 1.01£0.38

weighted average 0.72+£0.13

The sample of “ab” stars agrees within the errors with the analysis of Hawley et al.
[4] However, the “c” sample gives a discrepant value of M. Their value is anomalously
high, compared to our study and to the general consensus on the value of M. The best
direct measurement of the distance of an RR Lyrae star, by Hubble Space Telescope
(Benedict et al. [6]), gives M = 0.61 £ 0.10 magnitudes. The results of Skillen et al. [7],
using the Surface Brightness method (similar to the method used by Jefferys et al. [8]
and reported at ISBA 2000 [8]) give M = 0.65 - 0.10 magnitudes.

Other results of interest are the solar motion 17® relative to the sample and the velocity
ellipsoid of the galactocentric orbits W.

The solar motion vector informs us of the relative motion of the Sun through the
ensemble of RR Lyrae stars in the sample (units are km/sec). Marginal summaries
appear in Table 2, with coordinates in galactic cylindrical coordinates (@,0,z); that
is, cylindrical coordinates with the origin at the Galactic center.

TABLE 2. Solar motion, \7@, by component

Data Set  Star Group Vo Vo V.

“ab” stars —12£11 —136+9 —8+7

This study SHANG  “c” stars —25+24 —113£26 —2+11
weighted average —15+10 —134+9 —6+5

HIPP all stars —22.67+£797 —141£558 —11.34+£3.96

“ab” stars —-10+13 —155+12 —9+8

Hawley etal. SHANG  “c” stars —26+25 —124+25 —6£13
weighted average —13+12 —149+10 —8+6

We believe this to be a significant result: using the HIPP data set, we have detected
solar motion along both the Vg and the V, axes.

2 The data of Hawley et al. had some incorrect apparent magnitudes. Reanalysis with corrected data shows
that the value of M should be decreased by approximately 0.08 magnitudes. This correction has been
applied to Hawley’s figures. We have made similar corrections to our own result using SHANG—HIPP
needed no such corrections.
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The velocity ellipsoid tells us how the galactocentric orbits of the RR Lyrae stars are
oriented in a statistical sense, as described by the covariance matrix of the velocities. In
galactic cylindrical coordinates (@, 0,z) the matrix is believed roughly diagonal, with
the on-diagonal dispersions decreasing from @ to 6 to z. (Units are km/sec).

TABLE 3. Velocity ellipsoid, W, for normal and overtone pulsators

Data Set  Star group O (o) o,

“ab” stars 132+9 108 +£7 75+5

This study SHANG  “c” stars 97+21 101+21 44+10
weighted average 12748 107 +7 69+4

HIPP all stars 145.60+5.73 100.16 £4.04 71.10£2.96

Hawley et al. SHANG  “ab” stars 150+59 120+47 87433
SHANG  “c” stars 101 +57 71 51

There is a significant difference in the estimated standard deviations between this
study and Hawley et al. [4]. Hawley et al. have noted that their use of simplex optimiza-
tion in the maximum likelihood method made estimating the uncertainties difficult and
somewhat arbitrary [9].

Because of the small sample size, in their analysis of these data Hawley et al. [4]
did not solve for the full covariance matrix of the velocity ellipsoid for the “c” stars,
the overtone pulsator RR Lyraes. Instead, they set the off-diagonal terms to zero, and
fixed the ratios for the on-diagonal terms to values given by the reduction of the larger
“ab” data. This is why the og and o, do not have standard deviations attached, and no
weighted average appears for these results.

DISCUSSION
Sampling on U;

We find the marginal distribution of the U; to be totally dominated by the prior; as
we make changes to the prior, the samples drawn from the posterior change in step—
for instance, varying oy in (5), earlier on, a sample drawn from the posterior has a
variance of around this oy. From this evidence we conclude that the individual U;’s (and
consequently, the cosmic scatter) are unidentified in this model.

This would suggest simply leaving U; out of the model altogether, sampling only on
M, which would result in a considerable increase in the efficiency of the sampler: We
would have only one Metropolis-Hastings step, instead of two. However, J. Berger raised
concerns about leaving out the sampling on these variables [10]. Leaving these latent
variables in allows us to better estimate the variance on M. We find that omitting this set
of latent variables did not seem to alter the resulting means significantly, however.
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Unidentifiability of Metallicity and Log-Period

We had hoped to extend this investigation into the effects of metallicity and period
on the individual luminosities of RR Lyraes. The absolute magnitude of a given RR
Lyrae star is known to depend on the star’s metallicity and period. A commonly used
phenomenological relation is:

M; =M +a[Fe/H]; +blogP;, (10)

where M; is the absolute magnitude of a certain RR Lyrae star, [Fe/H|; is a logarithmic
measure of its metallicity (with respect to solar), P, is its period, and M is the characteris-
tic absolute magnitude of RR Lyrae stars. The constants a and b are coefficients relating
metallicity and period to deviations from the characteristic absolute magnitude.

We find that actually including metallicity effects in the model produces an unidenti-
fied model, as any change in the coefficient a is exactly offset by an appropriate change
in the individual velocities of the stars, and so the model is unidentified with respect to
a, and likely with respect to b as well, although we haven’t tested this. Since modeling
individual velocities is at the core of our model, we suspect that this is a fundamental
limitation of our model.
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