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Abstract. In this paper we introduce and analyze a new Schur complement approximation
based on incomplete Gaussian elimination. The approximate Schur complement is used to
develop a multigrid method. This multigrid method has an algorithmic structure that is very
similar to the algorithmic structure of classical multigrid methods. The resulting method is
almost purely algebraic and has interesting robustness properties with respect to variation in
problem parameters.
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1 Introduction

In recent years extensive research has been devoted to the development and analysis of multi-
grid methods for elliptic boundary value problems which converge with an optimal rate inde-
pendent of the regularity of the solution (cf. [17], [18] and the references therein). Clearly this
is a form of robustness. Another interesting topic with respect to robustness is the dependence
of the multigrid convergence rate on certain problem parameters. An example of such a prob-
lem parameter is the ratio of anisotropy in an elliptic boundary value problem. There are some
recent papers (e.g. [5], [6], [9], [14]) in which multigrid methods are treated that are robust with
respect to variation in this anisotropy parameter. A convection—diffusion equation is another
example in which we have interesting problem parameters (convection/diffusion ratio, flow
direction). In some recent work ([10], [11], [12]) we studied multigrid methods based on Schur
complement approximation. An important property of these methods is a strong robustness
w.r.t. variation in relevant problem parameters. In this paper we consider a multigrid method
based on Schur complement approximation that is closely related to the methods in [10], [12].
However, in this paper we introduce a new and very simple Schur complement approximation.
This new approximation is based on the algebraic tool of incomplete Gaussian elimination.
We assume two nested grids ("coarse” and ”fine”) and on the fine mesh the new mesh points
are ordered first and then the coarse grid points. This yields a block two by two partitioning
of the fine grid stiffness matrix A:

[ A Ajx ]
A=
Ay Ag



Based on the block LU factorization

I 0 An Ajp
A= , Sai=Axn— AnAfl A,

A21A1_11 I 0 SA

we consider a linear iterative method with iteration matrix

I @} [All Ajz J)—l
A.
AnAn T 0 wlSy
In (1.1), S4 is a preconditioner of the Schur complement S4 and w a scaling parameter. We
will show that the linear iterative method with iteration matrix as in (1.1) can be implemented
using an algorithmic structure that is very similar to the structure of classical two-grid meth-
ods, which is now well understood. As in the classical approach we then obtain a multigrid
(V- or W-) cycle if we apply one or more recursive calls for solving the coarse grid problem
(with matrix S4) approximately.
A main topic of this paper is the choice for S4. Usually, in multigrid methods based on Schur
complement approximation, the approximate Schur complement S, is based on the coarse grid
stiffness matrix (e.g. {1], [2], [9], [12]). In [10] one can find a more advanced approach (resulting
in a better approximation of S4) in which the Schur complement is approximated by the exact
Schur complement of modified fine grid equations. These modified fine grid equations are ob-
tained using information about the underlying differential equation (e.g. convection—diffusion
equation). In this paper we introduce and analyze a very simple incomplete Gaussian elim-
ination approach. Besides the given (fine grid) matrix this incomplete Gaussian elimination
process only uses the underlying structure of a sequence of refined meshes. Thus we obtain a
multigrid method which is almost purely algebraic. In a certain sense our multigrid method is
a "perturbation” of the direct method of Cyclic Reduction (cf. [7], [15]), with a much larger
range of applicability than the Cyclic Reduction method.
Using Fourier analysis we prove that the two—grid method has an interesting robustness prop-
erty with respect to variation in problem parameters.

11) Ww=1I- (

The remainder of this paper is organized as follows. In Section 2 we derive a few elementary
algebraic properties of (approximate) block Gaussian elimination. In Section 3 we describe the
Schur complement approximation based on incomplete Gaussian elimination. In Section 4 we
apply Fourier analysis to the two-grid method and we derive estimates, both numerically and
theoretically, for the contraction number of the two—grid method. In Section 5 we show results
of numerical experiments with the multigrid W-cycle applied to a few test problems.

2 Block Gaussian elimination

In this section we discuss some algebraic aspects of a two—grid method based on Schur com-
plement approximation.

We consider a second order elliptic linear boundary value problem on a plane polygonal domain
Q2. Let Q5 be a given "coarse” mesh on € consisting of triangles or quadrilaterals. By Qp



we denote the corresponding ”fine” mesh that results after a standard refinement of Qg. The
space of grid functions on Qg (24) is denoted by Uy(Up). In Uy and U, we use the standard
nodal basis. The ordering of the basis functions in Uy, is chosen such that the basis functions
corresponding to nodes in Q,\Qy are taken first. This induces a partitioning of u € U} into
two blocks. We assume a given finite element or finite difference discretization method on 2,
resulting in a linear system

(2.1) Apzp = by ,

with Ay : Uy — U nonsingular. For ease of notation we drop the subscript h, i.e. we write
A = Aj. The ordering of the nodes yields a block partitioning

A Agp
(2.2) A=

A1 A

in which [A;; Aj2] corresponds to the equations in the points of 2,\Q2gr. We assume that Ay

is nonsingular. We introduce the following notation, in which we use a block partitioning as
in (2.2):

A 0
(2.32) J:=1I- A ("block Jacobi”)

o 0

(2.3b) S4:= Ay — A21A1—11A12 (”Schur complement”)

)
(2.3c) p:= [ } yr:=[0 I] (”prolongation, restriction”)
I

(2.3d) pa:= (" matrix dependent prolongation™) .

[ — A7 A
I

Note the identity
(2.4) SA = TApA s

i.e., the Schur complement can be obtained with a Galerkin approach if we use a suitable
matrix dependent prolongation.

The nonsingularity of A implies nonsingularity of the Schur complement S4. The Schur
complement originates, in a natural way, from a block LU factorization of A:

I 0 A A
A= )
An ATt T 0 Sa



We now assume a given nonsingular Schur complement preconditioner S4. Our choice for S4
will be discussed in Section 3. We also use a parameter w that can be used to correct a possible
wrong scaling of $4 compared to S4 (such that wSXIS 4 = I). For given S4 and w there is an
obvious candidate for a corresponding iterative method for solving the system in (2.1), namely
the linear iterative method with iteration matrix W defined by

I 0 An  Ap !
(2.5) W=1I- i A.
AnAl 1 0 wiS,

The choice for §4 will be such that S4 has properties (e.g. w.r.t. sparsity and stability)
comparable to those of A. Due to this we can solve the coarse grid problem with matrix SA
approximately using a recursive call.

The implementation of classical multigrid methods (cf. [4]) based on presmoothing, coarse
grid correction, postsmoothing is now well understood. The result in (2.6a) below shows that
the method based on approximate LU factorization (iteration matrix as in (2.5)) can be im-
plemented in the classical multigrid style.

By o(M) we denote the spectrum of an operator M.

Lemma 2.1. The following identities hold:

(2.6a) W =J(I-wpS;'rA)J

(2.6b) Wk =pa(I —w8;'Sp)kr (ke IN)

(2.6c) o(W)=0(I-wS;'Sa)U{0}.

Proof. Using the relations J = par, J?2 = J, S4 = rAp, we obtain

(2.7) J(I - prEer)J =J% - prSlEerpAr =pal - w8 S4)r .

On the other hand we also have

-1

I 07 Au A
28 W=I- ) A
ApAit Tl 0 w8y

[ 1 _A1_11A12 17 Al_ll 0 I 0
=1- ) A
|0 I Lo wst —An AL
[ 1 AR A(] - wS1Sa) ]
=I-
| 0 wS';lSA
@ "‘A1_11A12 - -
= p(I — w8 84)r = pa(I — wS ' Sa)r .
0 I




Comparison of the results in (2.7) and in (2.8) yields the identity in (2.6a). The result in (2.8)
shows that (2.6b) holds for & = 1. The identity in (2.6b) for k¥ > 1 follows from a simple
induction argument. Using (2.6b) with £ = 1 and rp4 = I, we obtain the result in (2.6¢). O

Clearly, the algorithmic structure in (2.6a) is as in a classical two-grid method. As in the
standard approach we obtain a multigrid (V- or W-) cycle if we apply one or more recursive
calls for solving the coarse grid problem approximately. A complete description of a multigrid
W-cycle algorithm is given in Section 5. We emphasize that the method with iteration matrix
as in the right hand side of (2.6a) is not based on smoothing and coarse grid correction, but
is just a special implementation of approximate block LU factorization. Using J? = J we see
that essentially we have to solve only one A;; system per iteration of the two—grid method. In
practice (cf. §5) the A;; system is solved approximately. In general it is rather easy to obtain
a satisfactory efficient approximate solver for the A;; system. For the analysis in this paper
we assume that the A;; systems are solved exactly.

Remark 2.2. In certain special cases the choice §4 = S4, w = 1 is feasible. For example,
in the 1D case if the matrix A corresponds to a 3-point discretization stencil. The multigrid
V-cycle based on (2.6a) then results in a direct method. This multigrid V-cycle is an imple-
mentation of (exact) block Gaussian elimination which is closely related to cyclic reduction
type of methods (cf. [7], [15]). Also, for certain special problems in 2D one can obtain a Schur
complement §4 with acceptable fill-in. Examples of such direct block LU factorization meth-
ods are the cyclic reduction method ([7], [15]) and the total reduction method ([13]). However,
for most interesting problems the choice 84 = 84 is not feasible due to an unacceptable amount
of fill-in,

3 A Schur complement approximation based on incomplete Gaus-
sian elimination

As is indicated in Remark 2.2, for most problems the choice S4 = S4 is not feasible. The
range of applicability is much larger when we consider approzimate Schur complement meth-
ods. Multigrid type of methods based on Schur complement approximation already exist. In
these multigrid methods the Schur complement is approximated using (an approximation of)
the coarse grid stiffness matrix. Examples of such methods can be found in [1], [2] and in
[12]. For a discussion of the differences between these methods we refer to [12]. The method
presented in [12] is based on the two-grid method in (2.6a) with S4 = Ap, where Ay is the
coarse grid stiffness matrix. In [10] one can find a more advanced approach (resulting in a bet-
ter approximation of S4) in which the Schur complement is approximated by the exact Schur
complement of modified fine grid equations. These modified fine grid equations are obtained
using information of the underlying differential equation (cf. Remark 3.2).

In this paper we propose a very simple incomplete Gaussian elimination approach. Besides the
given (fine grid) matrix this incomplete Gaussian elimination process only uses the underlying
structure of a sequence of refined meshes. Thus we obtain a multigrid method which is almost
purely algebraic.

As in Section 2 we consider a coarse mesh Qg and a fine mesh Q) that is obtained after
a standard refinement of Q.



Below we use the notion of a directed graph as explained in e.g. [3]. We assume that A results
from a discretization method with linear finite elements on triangles or with 9-point (or 5-point,
7-point) finite differences on a square grid. Thus at a vertex v in the graph of A we have a
typical graph structure as shown in Figure 1.

<her D2

N e
° \\. . / u\ e : vertices in the graph at v

° ° — : edges in the graph at v
linear finite elements  9-point finite differences

Fig. 1. Typical graph structures.

We now consider Gaussian elimination from a graph theoretical point of view. To obtain the
Schur complement system we should eliminate all edges C'F, with C a vertex corresponding to

— -
a grid point in Qg and F a vertex corresponding to a grid point in Q,\Qg (note that CF#FC
because we have a directed graph).

—
We consider an arbitrary edge CF (cf. Figure 2a) and we perform an incomplete Gaussian
elimination as follows. First we apply a standard Gaussian elimination step using the equation
—

at F toﬂiminate the edge C'F. This results in fill-in edges as shown in Figure 2b. Now fill-in
edges CG with G a vertex corresponding to a grid point in Q,\Qp are eliminated using a
_}
simple linear interpolation process. For example, an edge CG as in Figure 2b with associated
—_ —
value « is removed and replaced by new edges CD;,C D, with associated value %a. An edge
— — —F — —
CG, (cf. Figure 2b) with associated value « is replaced by edges CD;,CD,,CD3,CC with

_)
associated value }za. So after this incomplete elimination step we have removed the edge CF
and created only fill-in edges between vertices corresponding to coarse grid points (cf. Figure

q
2c). Applying this elimination process for all edges C'F results in a decoupling of the coarse
grid unknowns from the unknowns corresponding to grid points in Q24\Qg. For the Schur
complement approximation $4 we use the resulting system of coarse grid equations.

B, g B--e--B--o--H

[N N I I | I I . .
N AN | | F | e : vertex corresponding
#\_—f——¥ L Y S to Qp\Qp

FERN /’t\-’ | | \ | | B : vertex corresponding
e--%"YC. R LRt to Qp

Fig. 2a. Edge é_ﬁ that has to be eliminated.

Remark 3.1. From Figure 2c it is clear that sparsity is preserved in the incomplete Gaussian
elimination process. Also note that if the given matrix A has nonpositive off-diagonal elements
and is weakly diagonally dominant, then the resulting Schur complement approximation S4
has these properties, too. In this sense, stability is preserved.

Remark 3.2. We now comment on implementation aspects of the incomplete Gaussian elimin-



Fig. 2.c Fill-in edges after linear interpolation.

ation process. Consider the s1tuat10n as shown in Figure 2 (finite difference case). Let § be

the value associated with the edge C’F Furthermore, at F we have a 9-point stencil denoted
by

—QNW —QGN —OQNE
(3.1) —aw a —oap
—asw —as —Qgsg

After elimination and linear interpolation we obtain fill-in edges and associated values as shown
in Figure 3.

:31 /3(05 +3 (aSE + asw) + L(aw + ag))/a
ﬂ(%asw+ saw)/a

ﬂs = B(50sE + 4OrE)/Ot

Bs = B(3 aNw + fow)/a

Bs = ﬂ(aN +3 (C"NE + anw) + §(aw + ag)) /e
B = ﬂ(%aNE + joE)/a.

Fig. 3 Graph with associated values after incomplete Gaussian elimination.

The same result as in Figure 3 is oﬂained if we first modify the equation in the point F €

Q,\Qy and then eliminate the edge CF using this modified equation. The modification process
is based on linear interpolation, i.e. the stencil as in (3.1) is replaced by the stencil

~(janw +faw) 0 —(an+ i(oevE+oanw)+ jlaw +aE)) 0 —(jenE+ joE)
(3.2) 0 0 o 0 0

—(fasw + jow) 0 —(as+ 3(ase+asw)+ i(ow+ag) 0 —(josg+ o)



—
Elimination of the edge C'F using the stencil in (3.2) yields the result shown in Figure 3. In
matrix block form the modified system of equations can be represented as

. [1‘111 Ay

Ay Aj

with A;; diagonal. The Schur complement approximation Sy, based on incomplete Gaussian
elimination, is precisely the exact Schur complement of A:

. . - A7 Ar
(33) SA = Sfi = A22 - A21A1_11A12 = [0 I]A =: rAp}{ .
I

Based on (3.3) we can implement the incomplete Gaussian elimination using the Galerkin
approach, that is often used in multigrid algorithms. Given A, we first determine the matrix
dependent prolongation p ; (here the linear interpolation is used). Then we compute the coarse
grid operator S; = rAp4. We emphasize that this Galerkin approach is just a special (and
often convenient) implementation of the incomplete Gaussian elimination described above.

4 Fourier analysis of the two—grid method

We consider the usual setting in which a Fourier analysis is applicable (cf. [4], [16]). On
Q := (-1, 1]% we introduce a uniform square grid with mesh size h:

(4.1) Qpi={(z,y)€Q|z=vh, y=ph, 1-N<yu< N},

with N :=1/h. In £2(Q),) we have 4NZ basis vectors e} defined by

(4.2) &) (z,y) = Lemvatm) | (z,4y) €Qp, 1-N<y,p<N.

We assume N to be even and introduce a coarse grid space with mesh size H := 2h, Ny := N/2,

and Qp as in (4.1) with A and N replaced by H and N respectively. In £2(Qg) we use the
Fourier basis

e#(x,y)= %e‘lri(u:c+uy), (x1y) EQH’ 1_NHSV,/LSNH .
The vectorsin (4.2) form an orthonormal basis with respect to a scaled Euclidean inner product,

and thus the Fourier transform

N

Qn: (auu)l—Ngu,usN — Z a,,ue',;“
vu=1-N

is unitary. Every ”low” frequency (v, pu) with 1 — Ny < v,u < Ny is associated with the
“high” frequencies (', i), (v, i), (V', ') where v/, u’ are defined by



, Jv+N ifv<0 v _Ju+N ifp<0
Y"1 v-N ifv>0 * FTlu-N iftp>o.

Clearly £2(Q23) is a direct sum of the N2 subspaces U, * := span{e}”, e,':l”, e,':“', eZ'”I}, 1-Ng <
v,u < Ny. By Q;" we denote the 4N2 x 4 matrix with columns these basis vectors of U,':“ :

!
Q,’:“ = [e;:“ e;:“ eZ“’ ez'”'] .

We consider an operator A = Aj, : £2(Q,) — £2(;) that can be represented by a constant
9-point difference star

- —ay —fB
(4.3) [A=| -1 1 -o3 |,
—Bs —og —f3

4
with 0 < o4, 83;, Z(a; + B:) = 1. We also assume oy + a3 # 0 and a2 + a4 # 0, which

guarantees that 0;11_)} the constant function is in the kernel of the operator A. The Fourier modes
are eigenvectors of the operator A, i.e. we have (Q}")*AQ;" = diag(d;*,dy", d3",d;") (we
use the adjoint w.r.t. the scaled Euclidean inner product). For the eigenvalues d}'“ y, 1—Ng <
v, < Ny, we have the following formulas

(44a) di¥=1-(v+w)-2
(44b) df=1+(v-w)+z
(44c) dy¥=1-(v—-w)+z
(44d) dF=1+(@v+w)-2,

with

(4.52) v=v(v)=ae ™ 4 aze™h
(4.5b)  w = w(y) = aze™ 4 ae~TiHh

(4.5c)  z=z(v,p) = fre~m Bk 4 Gremilvtidh 4 Gremili—mh 4 fe=miltulh
In the remainder we also use the notation
(4.6) sk = sin(3kwh) , cx = cos(ikrh) .

For (v, u) # (0,0) we introduce the harmonic mean of the eigenvalues d*:

-1

. 4

(4.7) Hyy =4 (Z 1/d;’“) (1-Ng <y,u< Ng).
J=1

9



In Lemma 2.1 it is shown that for the two—grid iteration matrix W we have o(W) = o(I —
w83184)U{0}. So the convergence (rate) of the two-grid method is determined by o(S;'S4).
Below we derive estimates, both numerically and theoretically, for this spectrum. We use
Sa=8; 1 as explained in Section 3 (cf. Remark 3.2). First we derive expressions for the eigen-
values of S 1S4 (Lemma 4.1, Lemma 4.2, Corollary 4.3) and then we analyze the dependence

of o(83 s A) on the coefficients ¢, 8; in the stencil of A.

For S4, the Schur complement of A, we have the following result, that is proved in [10] (cf.
also [12]):

Lemma 4.1. The Fourier mode ef' (1 - Ng < v,u < Nu, (v,p) # (0,0)) is an eigenvector
of Sa with corresponding eigenvalue the harmonic mean of dy*,ds", dz*, dJ", i.e.:

(4.8)  Saey =Houey

To be able to apply Fourier analysis to S; = rAp; we first introduce some notation. As
discussed in Remark 3.2 we have modified equations [An An] in the grid points of ,\Qpy.
The grid points of Q,\Qy are divided in three sets:

O = {(z,y) € W\ | y = kH, k € Z}
Q) = {(z,y) € W\ | z = kH, k € Z}
2 = @\em\@ ua?) .

Note that for given j € {1,2,3} A has a constant difference star in the points of ng ), thus for
a suitable T(';‘)‘ , independent of (z,y) € Qﬁf ) we have

(49) (Al—llAe;:“)mgj) = T(Vj;;ezumg) .

In Lemma 4.2 it is shown that the eigenvalues of S5 can be expressed in terms of these T(J)
and the eigenvalues of A. A proof of this lemma can be found in [10].

Lemma 4.2. For (v,u) # (0,0) with 1 — Ny < v,pu < Ny the following holds:

(4.10)  Szep’ = {d{* + §(7; (1) (2‘; (dg" — di*) + (7 1)~ (Uz‘;)(d;u — d3*)

Hhri (g + ) = (@ + el

On ng) we have (cf. Remark 3.2) the stencil

10



—(381+3a1) 0 —(oa+1(B1+B2)+Her+asz) 0 —(36:+ ja3)
[A] = 0 0 1 0 0
~(3Bi+301) 0 —(as+Li(B3+84)+5(ar1+03) 0 —(38s+ jas)
A straightforward computation yields that for 1'("2‘; as in (4.9) we have the expression
(4.11a) 15y =d" + 7+ 252z,
with d7#, v, 2, s, as in (4.4), (4.5), (4.6) and
(4.12) =2(s2c2 +s2c2) .
Similarly, we obtain for 7'("1‘; and 'r(’g; the expressions
(4.11b) 7 =d{* +yw+ 2%z,
(4.11c) 75y =di* + 2(s2w + s2v) .

When we substitute the results from (4.11) in (4.10), use the definitions in (4.4) and rearrange
the terms in the resulting expression, we obtain

Corollary 4.3. For (v,p) # (0,0) with 1 — Ny < v,u < Ny we have
(4.12)  Sze ={d{*(2 - d{*) + 2y,.vw + 4z(s2w + s2v) }eyr .

From Lemma 4.1 and Corollary 4.3 we immediately obtain an expression for the eigenvalues
of SEIS 4. Using this expression we can analyze 0(8318 4). Below we first show results of
numerical calculations for a few test problems, and then we derive some theoretical results.

For given coefficients o, 8; (1 < 7 < 4) we computed (using MATLAB) the quantities defined

n (4.13), (4.14). Note that U(SEISA) does not depend on the scaling of the operator A. We
always leave out the constant function (i.e. (v, ) = (0,0)). We take h = 1/64 and define

-1
(4.13)  shift:=2 (m}n Re (A) + max Re (/\)) )

where the minimum and the maximum is taken over U(SZISA) and

(4.14) p:=max{ |l —shiftxA| [ € U(SEISA)} .

Ezperiment 1 (Convection—diffusion, 5-point stencil).
We consider the difference star

11



0 -1 0
-1 4 -1

£
hl o -1 o

In Table 1 we give the results for shift and p for several values of € and ¢.

+cos(e) | -

o~ O
o = O
[ cne B oo

0
+sin(p) | O

00
10
0 -1 0

£ 1 10-* 10~*

® 0 | /32 =/8 =x/4|n/32 =/8 =/4
shift | 0.85 | 0.67 0.67 0.67 | 0.69 0.69 0.69

p (019033 0.33 0.33|0.40 0.40 0.40

Table 1

Fzperiment 2 (Convection—diffusion, 9-point stencil).

We consider the realigned skew upwind scheme proposed in [8]. With ¢ := cos(y), s =
sin(p), ¢ € [0, §], the stencil is given by
0 -1 0 1 0 0 0
5 -1 4 -1 |+ —c?> 14cs 0
0 -1 0] 7| _es —s* 0
Results of numerical computations are given in Table 2.
€ 10~* 10~*
¢ | 2r/16 37/16 4x/16 | 2n/16 37/16 4w/16
shift 0.67 0.67 0.67 0.72 0.71 0.71
p 0.33 0.33 0.33 0.46 0.44 0.44

Table 2

Ezperiment 3 (random stencil).

We generated random coefficients a;, 8; € (0, 1) (uniform distribution) and computed the cor-
responding values for shift and for p. This was repeated hundred times. The results are shown
in Figure 4.

In the numerical experiments above we see a strong robustness with respect to variation in the
coefficients «;, 3;. Note that for almost all experiments we have shift ~ 0.7.

We now turn to theoretical bounds for 0(8218 4). We only consider the case of a 5-point
stencil, i.e. B; =0 for j = 1,2, 3,4. For this case the expressions in (4.4) simplify:

(4.152) d4* =1 - (v+w)
(4.15b) d3* =1+ (v—w)
(4.15¢) d% =1- (v— w)
(4.15d) dy* =1+ (v+w).

12
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0.651 4
0.6} 1
0.551 J
0.51 1

0.45F b
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*

0.35 % * - * * * * e
rw"k TS S S ot mMm*isT
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0

10 20 30 40 50 60 70 80 90 100

Fig. 4. +: shift, x: p.
Note that for v, w we have:

(4.16a)  Re (v) = (a1 + a3) cos(vmh)
(4.16b) |v| < ay + a3
(4.16c) Re (w) = (a2 + ay) cos(urh)

(416d) |w| Lay+oy4.
First we show some properties of the eigenvalues d;*.
Lemma 4.4. For (v,p) # (0,0) with 1 = Ny < v, < Ny we have

(4.172)  Re (d}*) > 0 for j =1,2,3,4

(4.17b)  Re (d%*/dy*) > 0 for all j,k € {1,2,3,4} .

Proof. The result in (4.17a) is a direct consequence of the definition of d;'” and the properties
in (4.16). The result in (4.17b) is trivial for j = k. Using Re (1/2z) = |2|~2 Re (2) it follows
that it is sufficient to consider j < k.

We start with the case j = 1. For (7, k) = (1, 2) the result in (4.17b) follows from

Re (&%) = Re[(1-(v+w))(1+T-)]= Re[((1-w) - v)(T=w+7)]
= 1=l — o 2 (1 - Jw])? - [ol?

=(1-|w|-|v])(1=|w|+|v]) >0 (use (4.16b,d) and Xa; =1).
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The same argument with v and w exchanged implies the result for the case (j, k) = (1,3). For
(4, k) = (1,4) we have:

Re (d}*d,") = Re[(1- (v+w))(1+ (v w))]
2
=1—|v+w|221—(|v|+|w|)221—(‘::a,-) =0.

We now consider j = 2. For (j, k) = (2,3) we obtain

Re (&%) = Re [(1+ (v w))(1- (=)
4 2
=1—|v—w|221—(|v|+|w|)221—(Za;) =0.

For (j, k) = (2,4) we have (cf. (j,k) = (1,2) above):

Re (d3"df") = Re[(1+ (v—-w))(1+ (v+w))
= Re [(1+v~w)(T+v+w)]
=1+ = [w]> > (1 = [v])* = |w|?

= (1= Jo| = Jw)(1 = ol + ) 2 0.

Finally, the same argument as for the case (4, k) = (2,4), but with v and w exchanged, implies
the result for (4, k) = (3,4). o

From Lemma 4.1 and Corollary 4.3 we obtain the following expressions for the eigenvalues
of S4 and S, denoted by £”#(S4) and £"#(S;) respectively:

-1

(8182) €4(S4) =Huu =4 (2 1/d;ﬂ)
=

(4.186) €(S5) = A2 — &) + 2y,00,
with 7,, asin (4.12). Using (4.4) the expression for £“#(5) can be rewritten in the form
(4.18c)  §*(S4) = di"dy" + 3nu(dg"ds” — di"d() .
In Lemma 4.5 and Lemma 4.6 we give estimates for £*#(S;)/£"*(S4)-
Lemma 4.5. For (v,p) # (0,0) with 1 — Ng < v, < Ny we have
(4.19)  Re (£(S5)/€™(Sa)) 2 3 -

14



Proof. First we note that the equalities
L/d + 1/d = 2/(dFd) and  1/dg+ 1/d5 = 2/(d5dY)
hold. Using this and the results in Lemma 4.4 we obtain for j = 2, 3:
(420)  Re (d*ds*/d*) = |ds*di [d5[2 Re (d5*/(d5d5"))
= 1A ds? a5 P Re (d%/d5*) + Re (&5*/d%)) 2 0.
With a similar argument we obtain for j = 1, 4:
(421)  Re (dy"d3"*/d;*)>0.

Combination of the results in (4.18a), (4.18c), (4.20), (4.21) yields

4
Re (64(S5)/6#(Sa)) = Re [((1 - dnu)did + Snpudyds) 3 (30 1/a)]
Jj=1
=1 Re [(1 - byu)d{hdy” + Lyoudhds®) (d7Hd5") ™ + (d5d5*) )]
=1 Re [1+ (1 - dmu)ddf" /(d5"d5") + voudy" ds* [ (di*di")]
= 1+1(1- Iyu) Re [ d(1/dy* +1/d34)]
+4vu Re [d5*dg* (1/dy" +1/d5)]

> 1 (note that 7,, € [0, 1] holds) .

Lemma 4.6. For (v, 1) # (0,0) with 1 — Ny < v,u < Ny we have
(422)  [1-&*#(Sp)/Ee"(Sa)l <.

Proof. We introduce the notation Hyy 1= dy*d}", Hos := dy' d3".
Using (4.18a), (4.18c) we obtain

(4.23)  [1-¢(S53)/€(Sa)

4
=1 - (Hia+ 1y (Has - Hu))%(z 1/d;“)|
i=1

I1- %((1 - %7vu)H14 + %WuHZS)(Hl_«tl + Hz—sl)l

= %l(l - %711#)(1 - H14H2_31) + %%u(l - H23H1_41)|

IN

%(1 - %')’uu)“ - H14H2_31| + %71/#'1 - H23H1_41 .
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We consider the term |1 — Hy4H,3!|. Using

dtdy 11— (v+w)? vw
HyHp = 12 = =1-4—0
BB T RgE T 1 (v — w)? 1—(v—w)?
we obtain
_ 1) [0]|w]

We use the notation § := o + a3. From (4.16a,d) we get

(4.25) |v||lw| < 6(1-9).

For v,, we have the identity

(4.26) 1—+,, = cos(vmh)cos(urh) .

The results in (4.16a,d), (4.26) yield:

(427) 1= (o= ) = 1= (v - w)[l1+ (v - w)
> Re(1-(v—w))Re (1+ (v—w))=1-(Re (v) — Re (w))?
=1- (§cos(vmh) ~ (1 — §) cos(umh))?
=1~— (6%cos?(vmh) + (1 — 8)? cos? (umh) — 28(1 = &)(1 — You))

>1-62—(1-8)2+20(1-8)(1—7,) =46(1-8)(1 - 1v.,) .
Combination of the results in (4.24), (4.25), (4.27) yields
(4.28)  |1— HuHy'| < (1= 371)7"
We now treat the term |1 — HozH}!| (cf. (4.23)). Using

dtdyd 11— (v—w)? vw
HpHpl = 2.3 = =1-4————
BRI T EEE T 12 (v+ w)? 1- (v+w)?

and the result in (4.25), we obtain

45(1 - )

4.29 1— HpH| < —4m— 2
( ) | 23 14|—|1_(v+w)2|

We also have (cf. (4.26)):
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1= (v+w)?=1- (v+ w1+ (v+w)|
> Re (1- (v+w)) Re (1+ (v+w)) =1-(Re (v) + Re (w))?
=1— (8cos(vmh) + (1 — &) cos(umh))?

21-06%—(1-6)*-26(1-8)(1 - 1) = 26(1 = )7 -
Using the latter result in (4.29) yields
(430) |1 HpsHp'| <25}

Using the inequalities (4.28), (4.30) in (4.23) proves the estimate in (4.22). o
As a direct consequence of Lemma 4.5 and Lemma 4.6 we have the following result:

Theorem 4.7. For (v, u) # (0,0) with 1 — Ny < v,pp < Ny the following holds:
E4(S5) /€ (Sa) €{z€C| |z—1<1A Re(2) 2 1}.

Clearly, Theorem 4.7 yields a strong robustness result: for all constant 5-point difference stars
as in (4.3) (e.g. diffusion, anisotropic diffusion, convection—diffusion) the Schur complement
approximation S; based on incomplete Gaussian elimination yields an "optimal” precondi-
tioner of S4.

Numerical experiments (e.g. Experiments 2,3 above) yield the claim that this robustness result
even holds for constant 9-point difference stars as in (4.3). However, we have not been able to
prove this claim.

Remark 4.8. With respect to the sharpness of the result in Theorem 4.7 we note the fol-
lowing. Theorem 4.7 yields that for the spectral condition number of SEISA we have the
inequality

-1
(4.31) ((u,ﬂgé,o)|5U“(SA)/§"“(SA)|) ((V,;gl;iél(lo’o)|§W(SA)/§V“(SA)|) <4.

From numerical experiments we see that the bound in (4.31) is about a factor 2 too pessimistic.
For example, for the operator with stencil

[Al=| - ,on agrid with h = 1/64 ,

o~ o
)
oo o

the spectrum {£"#(S;)/€"#(S4) | 1 - Ny < v,pu < N, (v, 1) # (0,0)} is shown in Figure 5.
In this case the spectral condition number is 2.24. Note that from this example we see that the
estimate in Lemma 4.5 is sharp.
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5 Numerical experiments

In this section we apply a multigrid W-cycle based on (2.6a) to the following two test problems

—eAu+a(z,y)us +b(z,y)uy = f in Q= (0,1)2
(5.1)
u=g¢g on 0f

6y | Pl =)
u=g ondQ,

with € > 0, @ > 0 problem parameters. The problem in (5.1) is convection-dominated (in a
part of the domain) if e/a < 1 ore/b < 1 (in a part of the domain). The diffusion problem in
(5.2) is strongly anisotropic in a part of the domain. We use standard finite difference discret-
ization on a square mesh Qp, resulting in a 5-point stencil and a discrete problem Az = by.
For the first order derivatives in (5.1) we use the full upwind discretization, and thus the matrix
Ap is an M-matrix.

In the experiments below the finest mesh always corresponds to h = 1/128 and the coarsest
mesh size is A = 1/4. For the multigrid method we use the approach as discussed in Remark
3.2. Given the matrix on the finest grid, coarse-grid operators (S jh) are computed using a
Galerkin approach with matrix dependent prolongations.

We now discuss the approximation used in the block Jacobi method with iteration matrix

-1 0

J=1I- l @1 0 ] Ap. In general the matrix A;; has a condition number O(1) and then, in
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principle, any basic iterative method for solving A3y = z can be used. However, if we have
strong alignment then cond(A;;) deteriorates. Our main interest in this paper in on robust-
ness, so we should use a robust solver for the A;; systems. Probably the ILU method will
yield a good compromise between robustness and efficiency. In the method we implemented
some efficiency has been sacrificed and we used a simple line Jacobi method. One iteration
of this method consists of a sweep over the "0dd” horizontal lines followed by a sweep over
the "odd” vertical lines (these lines together form the pattern of Qx\Qx). The result of p
iterations of such a line Jacobi method with starting vector 0 applied to A;;y = 2 is denoted
by J#(A1n;0; 2).

Below we use the notation Qf, := Q,\Qg (i.e. "new” nodes). The two-grid method based on
(2.6a) is as follows:

1.

&

) digs = (Apzh — bh)lg;:‘ : compute defect on Q.

=3

) &n = JT*(A11;0; diqc) : line Jacobi for solving Ai system.

g]

) :Achm;;z = w"lﬂ; — &5 : add correction on 5.

2. a) diq, = (Ar%h — br)jn, : compute defect on Q.
b) Sj, vh = djq, : solve coarse grid problem.

c) Thlay = Thlg, —WVH : add correction on Qp.

3. Repeat la,b,c.

This algorithm has the same structure as a standard two-grid algorithm. As in the standard
approach, we use two recursive calls in 2b) to obtain a multigrid W-cycle.

In the experiments below we always take the data such that the exact discrete solution is equal
to zero and we take an arbitrary starting vector. As a measure for the error reduction we com-
puted r := (]|exol|2/||€ol|2)/?°, with ej the error in the k-th iteration. For u, i.e. the number
of line Jacobi iterations, we take u = 3. Experiments have shown that this yields sufficiently
accurate approximations when solving the A;; systems; often even p = 2 is sufficient. Based
on the Fourier analysis we take w = 0.7 in all experiments.

Ezxperiment 1 (convection—diffusion). We apply the multigrid W-cycle to the discrete ver-
sion of (5.1) with a(z,y) = cos(B), b(z,y) = sin(B). In Table 3 the resulting r are given for
several values of 8 and ¢.

epB| 0 |=x/10 | 2x/10 | 3x/10 | 47/10 | 57 /10
10-11023[ 023 023 | 023 | 0.23 | 0.23
1072 {0.30 | 0.40 | 0.40 | 0.40 | 0.40 | 0.30
10-%]0.37| 0.35 | 0.42 | 0.42 | 0.35 | 0.37

Table 3
Ezperiment 2 (rotating flow). We define Qg = {(z,y) | (z — 3)> + (v — 3)?) < &}, and
{ a(z,y) =sin(r(y — 1)) cos(n(z — §)) if (z,y) € Qr, and zero otherwise ;

b(z,y) = —cos(m(y — 3))sin(r(z — 1)) if (z,y) € Qr, and zero otherwise .
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We apply the multigrid W-cycle to the discrete version of (5.1) with these functions a,b. The
results for r are given in Table 4. In Table 4 we also show the values of r corresponding to the
two-grid method. These two—grid results are obtained by applying 5 recursive calls (instead
of 2) on the coarse grid.

€ 10-1 [ 10721073 [ 107% | 107
W-cycle | 0.23 | 0.25 | 0.32 | 0.34 | 0.34
TG 023 (030 0.36 | 0.33 | 0.33

Table 4

Ezperiment 8. We apply the multigrid W-cycle to the discrete version of (5.2). The result-
ing values for r are given in Table 5. Again, as in Experiment 2 we give the values of r
corresponding to the two—grid method.

@ 1 5
W-cycle | 0.33 | 0.37
TG 0.26 | 0.28

Table 5

The Fourier analysis in Section 4, which yields a strong robustness result, applies to a two-grid
method, with exact A;;-solver, for solving a boundary value problem with periodic boundary
conditions and constant coefficients. In the experiments above we observe that the multigrid
W-cycle, with inexact A;-solver, applied to a boundary value problem with Dirichlet boundary
conditions and variable coefficients is very robust w.r.t. variation in problem parameters, too.
Finally we note that if the A;; system is solved approximately using an ILU method then
our two—grid method is a combination of two incomplete Gaussian elimination processes: ILU
for solving the A;; system and incomplete Gaussian elimination as described in Section 3 for
constructing a sparse coarse grid matrix.
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