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This contribution belongs to a category of papers that attempts to determine the ef-
fects of environmental regulation on the growth of an individual firm. It extends the
existing literature in at least two ways. First, our pollution function explicitly deals
with the fact that it is more difficult to reduce pollution by abatement activities when
pollution is already low. Second, according to our knowledge it is for the first time that
marketable pollution permits are incorporated in a dynamic model of the firm.

In the paper we establish the effects of a pollution tax and marketable permits on the
behavior of the firm. For the tax model as well as the marketable permits model we
prove that the equilibrium is stable and approached monotonically, and we derive for-
mulas for optimal investment policies. Furthermore, we carry out a phase plane analysis
for the pollution tax case, and, finally, a condition is obtained under which long run firm

behavior is the same when either a tax or marketable permits are imposed.
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1 Introduction

One of the most important problems of firm behavior in practice these days is how to
react on environmental regulation. The government has several policy instruments at its
disposal to give the firm an incentive to reduce pollution.

In case environmental problems develop smoothly and gradually it is well known that
market-based approaches, like taxes and marketable permits, have important efficiency
advantages over pollution standards, thus restricting pollution emissions directly (see
e.g. Baumol and Oates (1971)). But, as argued by Hahn and Stavins (1991), in practice
political and technological constraints can occur that lead to a poor performance of these
market-based instruments. Therefore, it is important to recognize that the nature of in-
dividual environmental problems can dramatically affect the choice of preferred policy
instruments. Thus, for example, for highly localized pollution problems with threshold
damage functions (e.g. Dasgupta (1982), Figure 8.3), source-specific standards may be
appropriate, whereas for pollution problems characterized by more uniform mixing over
larger geographical areas, market-based approaches may be particularly desirable. This
leads to the conclusion that the ideal policy package contains a mixture of instruments,
with taxes, marketable permits and standards each used in certain circumstances to reg-
ulate the sources of environmental damage (Baumol and Qates (1988), p. 190).

Hence, in determining a theorctical framework for establishing the effects of environ-
mental regulation on the firm’s investment policy, each of the above mentioned policy
instruments should be addressed. Contributions in this area include Helfand (1991,
standards), Kort, Van Loon and Luptacik (1991, tax) and Xepapadeas (1992, tax +
standards).

The aim of this paper is to establish the optimal dynamic behavior of a firm facing either
imposition of a pollution tax or a market for pollution permits. Here the specification
of the pollution function is improved compared to models in, e.g., Kort, Van Loon and
Luptacik (1991) and Xepapadeas (1992). In these contributions a given abatement ex-
penditure leads to a given pollution reduction, which is thus irrespective of the amount of
pollution caused by the production process. This suggests that pollution can be driven
to zero or even become negative, and, indeed, in these models a constraint occurs to
prevent that pollution becomes negative. In our formulation we adopt the more realistic
assumption that marginal costs of abatement increase sharply as the level of pollution
shrinks, which implies that driving pollution to zero is very expensive if not impossible.

A dynamic model of the firm in which the firm faces a pollution tax is developed in



Section 2. In Section 3 we solve this model by performing a stability analysis, deriving
netl present value formulas and developing dynamic adjustment paths. In Section 4 we
consider a firm that has to buy marketable pollution permits in order to be allowed to
pollute the environment, and we compare the results with the tax case. The paper is

concluded in Section 5.

2 Pollution tax model

Consider a firm that has the possibility to invest in two different sorts of capital goods.
One is productive but also causes pollution as an inevitable byproduct. The other one is
non-productive but cleans pollution. The firm’s pollution function is given by E(K;, K3)

which satisfies:

E(K,,K;) > 0forall K; >0and K, >0; E(0,K;)=0 (1.1)
Ek,(K1,K3) > 0; Ex,k, (K1, K2) >0 (1.2)
i, (N1, Ky) < 0 forall Ky > 0; Lk, (I, K;) > 0 forall £, >0 (1.3)
Ex k, (K1, K2) = Ex,k,(K1,K2) < 0 (1.4)
Ex, i, (K1, K2) Exiey (Ko, K3) > [Exy ik, (K, Ko)) (1.5)
in which:
E(K\,K;) : flow of pollution generated by the firm,

being a function of K; and K>’
K, = K,(t) : stock of productive capital goods at time ¢

K, = Ky(t) : stock of abatement capital goods at time ¢

(1.1) implies that pollution output is positive as long as the productive capital stock is

positive. Therefore, pollution is never non-existent when the firm produces.

!Stock characteristics of environmental pollution are not considered here. This is because according
to Xepapadeas (1992) stock effects are particularly important in a model where the objective is to
maximize some welfare indicator and not in a model where private profits are maximized. The pollution
flow generated by the firm contributes to the total pollution stock of the whole economy.



(1.2) states that pollution increases in a convex way with increasing productive capital
stock, for a given level of abatement capital stock.

(1.3) means that pollution output is smaller the larger the current level of abatement
capital stock, for a given positive stock of productive capital. (1.3) also implies that we
have diminishing returns to abatement capital stock.

(1.4) states that the increase of pollution, due to an extra unit of productive capital
stock, is smaller the larger the level of abatement capital stock. Alternatively, the de-
crease in pollution output, due to an extra unit of abatement capital stock, is larger the
larger the current productive capital stock.

Because Ex,x, < 0 and Ek,k, > 0, our formulation has the realistic property that more
abatement investments are required to reduce pollution with some fixed amount as the
level of pollution shrinks.

In Xepapadeas (1992) and in Kort, Van Loon and Luptacik (1991) the pollution func-
tion is separable in K, and K. This implies that a given amount of abatement capital
stock leads to a given reduction of pollution, irrespective of the current level of pollution,
and also that pollution can be zero. In our formulation we got rid of these unrealistic
features.

Finally, (1.2), (1.3) and (1.5) imply that function E is strictly convex in (K, Kj).

According to Jorgenson and Wilcoxen (1990, p. 330) the most important response of a
firm to environmental regulations is investment in costly new equipment for pollution
abatement. Therefore, by introducing abatement capital stock as a state variable we as-
sume that the firm can build up abatement capital. Both capital goods evolve according

to the standard capital accumulation dynamics:

Ky =5 —aK,, K0)>0 (2)
Ii’g = I2 — Qy I\,g, 1{2(0) >0 (3)
in which: ) ) ) ) )
Iy = 1)(t) : rate of investment in productive capital goods at time ¢
Iy = I(t) : rate of investment in abatement capital goods at time ¢
@ :depreciation rate of the productive capital goods

(a; > 0 and constant)
a, : depreciation rate of the abatement capital goods

(a2 > 0 and constant)



Gross earnings of the firm are given by the instantancous revenue function S = S(K;).
Assume that S is twice continuously differentiable, S(K;) > 0 for K; > 0, §'(K;) > 0,
S"(Ky) < 0, S(0) = 0. [Function S(K,) is defined as revenue after maximization with
respect to variable inputs, e.g. labor].

Investment is costly. Let, for : = 1,2, C;(I;) be the cost of investment with C; a convex
and increasing function, C!(I;) > 0, C’(I;) > 0, C(0) = 0.

The objective of the firm is to maximize the net cash flow stream:

maximize: /OOO[S(Kl) — Ci(hL) — Cy(I) — TE(K,, K;)] exp(—rt)dt (4)
in which:
r : discount rate (r > 0 and constant)

7 : pollution tax rate (7 > 0 and constant)

As argued by Pindyck (1991) investment expenditures are largely irreversible; that is,
they are mostly sunk costs that cannot be recovered. This comes from the fact that
usually capital is firm or industry specific, that is, it cannot be used productively by a
different firm or in a different industry. To include irreversibility of investment in our

model we add the following two non-negativity restrictions:

5310 (5)

BS0 (6)

The decision problen of the firm is to determine an investment path. {1,(t), I(t)} over
an infinite planning period [0, 00), such that the objective functional in (4) is maximal,

subject to the constraints (2), (3), (5) and (6).

3 Solution

To obtain the optimality conditions for the optimal control problem described at the end
of the previous section we use Pontryagin’s maximum principle (see e.g. Feichtinger and

Hartl (1986)). The current value Hamiltonian and Lagrangian for this problem are:



H = S(K)) — Ci(h) = Co(Iy) — TE(Ky, K2) + M(]) — a1 Ky ) + Ay(I; — aaK3) (7)

L=H+mnh+nl (8)

in which:
Ai = Ai(t) : co-state variable belonging to K; at time t; i = 1,2
ni =1ni(t) : dynamic Lagrange multiplier belonging to the constraint
I; >0 at time t; ¢ = 1,2

The necessary optimality conditions are:

~C L)+ M4 =0 ' 9)
—Cy(L)+A2+1m2=0 (10)
A = (r + a))\ = S'(Ky) + TEx, (K4, K) (11)
A2 = (r + a2)ds + TEk, (Ki, K3) (12)
m=20, mh=0 (13)
n>0, mbh=0 (14)

If furthermore the transversality conditions

Jim exp(—rt)Ni(t)[Ki(t) - Ki(t)) > 0; 1=1,2 (15)

hold for every feasible solution (K, K3), then (9)-(14) are also sufficient for optimality

since the maximized Hamiltonian is concave in (K, K?3).



3.1 Stability analysis

To get insight into the dynamics of the optimal solution of our model, a stability analysis
has to be carried out. By linearizing the non-linear canonical system around the steady
state (K, K3,A1, A3, IT, I;) we obtain the Jacobi matrix evaluated at the equilibrium.

An optimal steady state is a solution of:

11 = alKl =)

], = azl(z =

(T' + a,)x\l = Sl(l{l) + TEK.(I(I,I(Q) =0

(r+a2)A2 + 7Eg, (K, K;) =0

—Ci(h)+ M =0

—C;(lg) + /\2 = 0

Then the Jacobian of the canonical system evaluated at the equilibrium has the following

form:

—a 0 1/cr 0
0 —a 0 1/CY
e 2 / 2 (16)
—S” + TE’\',](2 TEI\'|I\"2 r+ ay 0
TEK;I\] TE]"2K7 0 r+a,

The determinant of the Jacobian evaluated at the steady state is given by the expression:

detJ = aiaz(r+a))(r+a2)+

ay(r + a1)7Ex,k, & ar(r + a3)(tExyk, — S")  75"Ex,k,

C;I Ci' - C{I g ¥
i y ) 12
+01ng (b'\'ll\'l bl\'zl\'z - bl\’xh’z) >0 (17)
1



According to Feichtinger and Hartl (1986, Theorem 5.4) we have saddle-point stability

with monotonic motions if the following conditions are satisfied:

K <0 (18)
0 <detJ < K?/4 (19)
in which:

L"_' JaK, IR, g& IR, Ok,

61(1 8/\1 31\'2 0)\2 61\’1 a/\z
K= + +2

ok ok | | ok 2k | | o4 oh

0K, O\ 0K, 08X, 0K, 9\,

Calculating K leads to:

= B —7Ek, S
K = #—02(7'4’02) + %—01("4'“1) <0 (20)
(6} G

To determine the sign of K?/4 — det J we rewrite det J into (cf. Xepapadeas (1992)):

o Tr’\ﬂ\z _ TEI\lM + 5" T2Elz\'1’\'2
det J = [—C ag r+ (12 ] [ C" 01(7‘+(11) = C{’Cﬁ’ (21)

Due to (20) and (21) we obtain:

K?—4detJ = {[i:fzk’—ag(rﬁ-az)] +
G
—‘I'E’\'l](l + S A 47°E%
—[—C{,——al(r-fal)]} +—Cig;,#>o (22)

We conclude that conditions (18) and (19) are satisfied so that the equilibrium is a

saddle-point which is approached in a monotonic way.



3.2 Optimal investment policies

The firm’s equilibrium values of the productive and abatement capital stock satisfy:
S'(K7) = (r + a1)Ci(a1K7) + 7Ex, (K7, K3) (23)
—7Ek, (KT, K3) = (r + 2)C3(a:K3) (24)

For both capital stocks it holds that in equilibrium marginal revenue equals marginal
cost. Compared to the standard investment models with convex investment costs (e.g.
Takayama (1985), pp. 698-699), here marginal cost of productive investment has in-
creased with TEg,. This is because owning an additional unit of productive capital
stock increases pollution with Eg, so that additional tax must be paid at the expense
of 7Ek,. We conclude that introducing a tax on pollution results in a lower equilibrium
value of productive capital stock, and thus in a lower level of production and pollution.
The marginal revenue of abatement capital stock consists of a decrease in taxation ex-
penses due to the fact that the extra unit of abatement capital stock reduces pollution.
Comparative static analysis shows that, surprisingly enough, the level of pollution in
equilibrium does not necessarily decrease when the pollution tax rate increases. But,
from comparative dynamic analysis we can conclude that cumulative discounted pollu-
tion certainly decreases with increasing pollution tax rate (cf. Xepapadeas (1992), pp.
264-266).

Let us assume for the moment that the productive investment rate is positive. Then,
after solving the differential equation (11), substituting (9) (with n; = 0) into this rela-
tion, and using (23) as a fixed point, we derive that at each moment of time the level of

productive investment must satisfy

/‘m{b"(l\'.(s)) — rEg (K.(s), Ka(s))}
exp(—(a; +r)(s —t))ds — C;(I1(t)) =0 (25)

where the left-hand side is the "net present value of marginal investment”. For an inter-
pretation consider the acquisition of an extra unit of capital at time ¢. The firm incurs an
extra expense at time ¢ in amount of marginal investment cost C{. On the other hand,
the marginal unit of productive capital generates - as of time ¢ - a stream of cash flows

consisting of revenue from selling products (S’) minus pollution tax payments (7Ekg, ).
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This cash flow stream is corrected for depreciation by multiplication by exp(—a, (s — t))
and is discounted to time ¢ by multiplication by exp(—r(s — t)). Condition (25) states
that the net present value of marginal productive investment equals zero. Hence, the
optimal level of productive investment satisfies the fundamental economic principle of
balancing marginal revenue with marginal expenses.

If the productive investment rate equals zero (25) changes into:
—m = [ (S K()) = 7w, (Ka(s), Ka(s))) exp(—(a + r)(s — £))ds — C4(0) (26)

This expression shows that the firm does not invest when the net present value of
marginal investment is negative. This makes sense, because now marginal expenses
exceed marginal revenue. (26) shows that it will be optimal to have a zero productive
investment rate when the productive capital stock is large and the abatement capital
stock is low.

From (10), (12) and (24) we obtain that a positive abatement investment rate always

satisfies the following equation:
/‘ —7Ex, (K1 (s), Ka(s)) exp(—(az + r)(s — t))ds — C3(12(t)) = 0 (27)

(27) implies that the level of abatement investments is such that marginal abatement
investment expenses (C3) balance the discounted decrease in pollution tax payments over
the whole planning period, caused by an extra unit of abatement investment carried out
at time . We conclude that the net present value of marginal abatement investment
equals zero. Analogous to the case of productive investment it holds that abatement

investment will be zero whenever this net present value is negative.

3.3 Phase plane analysis

Linearization of (2), (3), (11) and (12) around the steady state yields the following

system

z=J(z-2"), (28)

where z = (K, K2,A1,X2)7 € R, 2z~ is the stationary state and J is the Jacobian

presented in (16). A general solution is of the form
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z(t) = Y ciziexp(€it) + 27, (29)

=1

where &, &2,€3, €4 are the eigenvalues of J and z, 23, 23, 24 are the corresponding eigen-
vectors, as far as all § have multiplicity 1. For this model the latter is assured by
inequality (22) (cf. eqn. (5.36) of Feichtinger and Hartl (1986)).

Because conditions (18) and (19) are satisfied, we know from Theorem 5.4 of Feichtinger
and Hartl (1986) that all eigenvalues are real, with &, ; < 0 and &34 > 0. For all solutions
in the stable manifold it holds that ¢3 = ¢4 = 0 in (29). Otherwise the solution would
explode, because &34 > 0.

If we only consider the first two coordinates of the linearized system, and we set the
second coordinates of z; and 2, equal to unity (this can be done without any objection

since the eigenvectors are unique only up to a scalar multiple), we obtain:

( 2 ) = oy expllii) ( - ) eyen(Et) ( - ) # ( 2 ) (30)

After differentiation of (30) w.r.t. time we get:

( 2 ) = ¢ exp(ért) ( Z;' ) + Ercsexp(at) ( 1 ) (31)

Next, (30) may be solved for c; exp(£i1t), c; exp(€at),

K, - K; — K; - K5
crexp(éit) = il ’Z” z_“z(n z 2),

(o — K2 = (K, — K*
crexplat) = 2= T =0 Z i), (32)

Z11 — 221

and substituting from (32), we may write (31) as:

I;‘l N #LM_ iz —&zn izl — &) ( K, — K} ) (33)
K, Zn — 2 -6 bz — &z K, — K;
To draw a phase diagram we are interested in the slope of the isoclines K, = 0 and
kg = 02
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il_‘:l = _a.Kl/aKl - §2201 — &z (34)
dK, K1=0 0K, /0K, zzn (€ — &)

dy|  _ -0Ky[0K, _ & -& 5
dK, Ka=0 0K,/0K, Szn — z;

To calculate these slopes we have to restrict our attention to the case where r = 0.
Furthermore, to simplify the tedious calculations we impose that @) = a3 = a. By
following the method employed in Turnovsky (1981) we can show that the slopes of the
two lines are respectively (the proof is relegated to the Appendix):

dK, —CY{a® + (1Ex,x, — S")/C} + Vdet J}
dIc = >0 (36)
K, K1=0 TE’\'?’\'l
dKZ TEK;I\’,
TK. = >0 37
K, |y o —Ci{a® + TExyry /CY + Vet J) (@7
A straightforward exercise shows that

ng d’\’z

= = ) 38
dK |, o~ dKq g, (38)

so that the K, = 0 isocline is steeper than the 1;’2 = 0 isocline.

Now, we are ready to draw the phase diagram, which is done in Figure 1. The line
li'. = 0 traces out the combinations of K and K, for which K, is stationary. Likewise
K, = 0 is the locus of combinations of K, and K, corresponding to stationary values
of K;. These two lines divide the (K, K;)-space into four quadrants. Above the line
Ky =0, K, > 0, while below it K; < 0. Similarly above the line K3 = 0, K; < 0, while
below it K, > 0. Accordingly, the overall adjustment of the system in the four regions

is in the directions indicated by the arrows.

[Insert Figure 1 about here]
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For reasons of surveyability we have only drawn those trajectories where abatement
capital stock increases all the way and where productive capital stock is not very large
in the beginning of the trajectory. We see that then both productive and abatement
capital stock increase on the final path that ends at the equilibrium. This policy can
be preceeded by a phase where K, decreases (productive investment can even be zero
(cf. eqn. (26))) when K, is large, initially (trajectory (a)). Trajectory (a) could be the
final phase of a solution where, at time zero, the firm is at its unregulated equilibrium
at the moment that the government imposes a pollution tax (the unregulated steady
state satisfies eqn. (23) without the term 7FEk,. This makes that K, is larger in the
unregulated equilibrium compared to the regulated one). Remember that the phase

diagram only holds locally around the steady state.

4 Marketable permits model

The implementation of marketable permits involves several steps (cf. Hahn (1989)).
First, a target level of environmental quality is established. Next this level of environ-
mental quality is defined in terms of total allowable pollution. Permits are then allocated
to firms, with each permit enabling the owner to pollute a specified amount. Firms are
allowed to trade these permits among themselves.

In the USA there has been some limited experience with programs of marketable permits
for the regulation of air and water quality, while in Europe there is hardly no experi-
ence with marketable permits. The major program of imposing marketable permits as
a mechanism for providing economic incentives for pollution control in the USA is the
Environmental Protection Agency’s Emissions Trading Program for the regulation of air
quality (see Tietenberg (1985)).

Iixisting systems of marketable permits in the United States embody a kind of "grandfa-
thering” scheme involving an initial distribution of pollution permits or "rights” among
polluters based on historical pollution. According to Cropper and Oates (1992) a draw-
back of this system is that heavy polluters are rewarded by receiving a lot of permits,
which they can then use either to validate their own pollution output or sell to other
firms. In this way the ”Polluter Pays Principle” is violated.

Compared to a pollution tax system, a major advantage of the marketable permit ap-
proach is that it gives the government direct control over the level of pollution. Under

the taxes approach, the government must set a tax, and if, for example, the tax turns
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out to be low, pollution still exceed permissible levels. The government will find itself in
the uncomfortable position of having to adjust and readjust the tax to ensure that the
environment is not severely damaged (Cropper and Oates (1992)).

In this section we consider a firm that has to buy permits in order to be allowed to
pollute the environment. According to Siebert (1992, p. 142) marketable permits may
be defined on a temporary basis or without a time limit. We will assume here that once
a permit is bought it remains valid forever (contrary to e.g. the Wisconsin Fox River
Water Permits which are only valid for five years (Ilahn (1989))).

If it has good growth prospects the firm will increase production and, after assuming for
the moment that abatement capital is too costly, this will also increase pollution which
implies that the firm needs to buy extra permits. These permits can be sold to other
firms at the moment that the firm reduces pollution by either a sufficient increase of
abatement capital stock or a reduction of production. I the price of a permil equals
p and the firm needs one permit per unit of pollution, then the firm’s expenses on the

permit market at time ¢ equal

PE = p{Ex, K\ + Ex, K2} = p{Ex,(h — a1 K\) + Ex, (I — azK3)}. (39)

Notice that spendings turn into receivings as soon as pollution decreases over time.
Whether the price of a permit will go up or down depends on the behavior of all com-
petitors in the market. Leaving abatement activities aside for the moment, if all firms
want to produce more they implicitly want to increase pollution. Therefore, the demand
for pollution permits goes up and the price of the permits increases. Notice in this re-
spect that the amount of permits on the market is fixed, which in turn leads to a fixed
level of pollution generated by the whole sector.

The above description refers to a market for pollution permits that provides great flexi-
bility due to the absence of transactions costs and other obstacles to trading. However,
in practice the rules of the marketable permits can be so restrictive that the flexibility
they offer is more imaginary than real (see Cropper and Oates (1992), Hahn (1989)).
Nevertheless, in this paper we assume that trading barriers are absent on the permit
market.

Like in the tax model also here the objective of the firm is to maximize the net cash flow

stream:

maximize : /0°°{5(K1) —Ci(h) = Co(ly) — pE(Iy, I, Ky, K3)} exp(=rt)dt  (40)
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The optimal control problem is to maximize (40) subject to (2), (3), (5) and (6). Similar
calculations like in the model with a pollution tax lead to the following results. The

optimal steady state is a solution of:

11—ﬂ1K1=0

Ig—azK2=0

(1‘ + a,)). = S'(Kl) = a;pEKl(Kl, 1{2) = 0

(r+ az)A; — axpEk, (K1, K3) =0

_C':(Il) = pE’\](["lv ,"2) + /\l =0

—Cy(I2) = pEx, (K1, K2) + A, = 0

The Jacobian evaluated at the equilibrium has the following form:

rlin, n Pl K.
T o 0
—PEK, K, —PEx; K3 1
7 77 — a2 0 rold
J= 9 % E B (41)
PEK, k Ky K,
a B r+a + =g e
pE pE,
B ¥ == r+a+ =5
in which: & 22
PLEK, K, P Lk k.
= —S”—PEK.K| ( +2al = S LI
" "
Ci &

,B=“PEI\‘|I\'2 pL,‘,K+“—,2,M+al+az
Ci G

202
=P Efix; : Ex.ky | .
¥= “—#' = pER,n, (p(/—g,z + 2‘12)

Using the computer program Mathematica we were able to calculate the determinant:



detJ = ajaz(r +a)(r +az) + .‘%ﬁgﬁ’_‘z I
2
a2(r + a2)(FTEK1K1 E= S”) . prS”EKsz s
o] crcy
P g B E? 0
m( kiK1 Exa, — Eg k) > (42)

The value of the number K (cf. below expression (19)) equals:

—— —pr B, +5°
s M_a,(r+a2)]+[M'_+__a,(r+a.) <0 (43)

= " "
C3 4

Comparing (42) and (43) with (17) and (20) we see that detJ and K have the same
value in the tax model and the permits model when 7 = rp. Therefore, we can easily
conclude that also here conditions (18) and (19) are satisfied so that we have saddle
point stability with monotonic motions.

The firm’s equilibrium value of productive capital stock is given by:

S'(K:™) = (r + a1)Cy (a1 K7*) + rpEk, (K;*, K3*) (44)

Hence marginal revenue equals marginal costs, while marginal pollution costs equal
rpEk,. This is because increasing productive capital stock with one unit during one
period raises pollution with Ek,. Therefore, at the beginning of the period the firm has
to buy additional permits at the expense of pEk,. These permits can be sold at the end
of the period (notice that pollution increases only during one period) so that the firm
needs to borrow pEg, dollars for one period to finance the permits transaction. This
increases interest costs with rpEk, .

Due to equation (44) we obtain that introducing a marketable permits system leads to
a lower equilibrium value of productive capital stock, which in turn leads to lower levels
of production and pollution. Further, we see that the effects of marketable permits are
particularly significant when the interest rate is large.

At each moment of time the productive investment rate, whenever it is positive, must

satisfy:

JTAS K(5)) = p6) B (1 (5), a(9), Ki(s), Ka(s)))
exp((ax +7)(s = )ds = Ci( (1)) ~ p(0) B, (Ki(8), Ka(t)) = 0 (45)
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Increasing the productive capital stock with one unit results in immediate extra expenses
in amount of marginal cost C{, plus spendings on extra permits pEf, needed to account
for the additional pollution generated by this extra unit of capital. It also generates -
as of time ¢ - a stream of cash flows consisting of revenue from selling products (S’) and
changes in future expenses on the permit market (—pEy,). Hence, according to (45)
the firm fixes productive investment such that the discounted cash inflows and outflows,
which are due to marginal investment, are balanced. To state this differently: the net
present. value of marginal investment equals zero.

The firm’s equilibrium value of abatement capital stock is given by
(r + a2)Cy(a:K3") = —rpEx, (K{*, K37) (46)
while, for every time ¢, positive abatement investments satisfy:

= 7 P By (11 (3). a(9), Ki(9), Ka(s) exp(~(aa + r)(s = )+
~Cy(h(t) — p(0) By (K(8), Ka(t)) = 0 (47)

(47) implies that marginal abatement investment expenses (Cj) balance the changes in
cash flow on the permit market, caused by this marginal abatement investment. The
additional cash flows on the permit market consist of an immediate cash inflow (—pEk,,

note that Ex, < 0) and revenue/ expenses over the remaining planning period.

After comparing (23) and (24) with (44) and (46) we can conclude that a pollution tax

and marketable permits lead to the same equilibrium if it holds that:
p=T7 (48)

To understand this equation consider the situation where pollution is increased with one
unit during one period. Then, in the pollution tax case the firm incurs an extra expense
of 7 dollars during this period, whereas in the marketable permits case the firm has to
buy a permit in the beginning of this period that can be sold again after the period is
over. This implies that the firm has to borrow an amount of money equal to the permit
price p during this period, which leads to interest costs of rp dollars. Hence, pollution

costs increase with the same amount under both instruments when (48) holds.



5 Conclusions

This contribution belongs to a category of papers that attempts to determine the effects
of environmental regulation on the growth of an individual firm. It extends the analysis
of its predecessors (e.g. Kort, Van Loon and Luptacik (1991), Hartl (1992), Xepapadeas
(1992)) in at least two ways. First, we incorporated a more realistic (but also more
complex) pollution function. With more realistic we mean that we explicitly deal with
the fact that for lower levels of pollution more abatement effort is required to reduce pol-
lution with some fixed amount. This is contrary to Kort, Van Loon and Luptacik (1991)
and Xepapadeas (1992) where it is, rather unrealistically, assumed that abatement costs
are independent of the pollution output generated by the production process.

Second, besides dealing with a pollution tax as a form of environmental regulation, we
consider the effects marketable permits have on the firm’s investment policy. As far as
we know this is the first contribution where marketable permits are incorporated in a
dynamic model of the firm.

It turns out that under both environmental instruments the equilibrium, where marginal
revenue equals marginal cost, is stable and approached monotonically. Imposing a pol-
lution tax as well as a marketable permits system decreases production and pollution in
equilibrium. Effects of marketable permits on dynamic firm behavior are intensified in
case of a high interest rate.

During the whole planning period the development of productive as well as abatement
capital stock is completely determined by an investment rule that dictates the firm to
stop investing when the net present value of marginal investment is negative and, when
this is not the case, to fix the investment rate such that the net present value of marginal
investment equals zero. Then the immediate expenses due to acquiring an additional
unit of capital stock exactly balance the discounted future cash flows, such as revenue
from selling products, as far as they result from this unit increase of capital stock.
After comparing the effects on the firm’s investment policy of a pollution tax and mar-
ketable permits we concluded that long run firm behavior will be the same when the tax
rate equals the interest rate multiplied by the price of a permit. This rule is economically
interpreted and can be seen as a dynamic extension of the well known static result that
there are similar effects whenever the permit price equals the tax rate (see e.g. Baumol
and Qates (1988), p. 58).

Finally, we mention two interesting topics for future research. First, it could be inter-

esting to consider a dynamic game of several firms operating on a market for pollution
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permits. Such a framework could lead to strategic interactions like a firm that buys
more permits than needed for covering its pollution in order to obstruct the growth of
its competitors.

A second interesting model extension could be to consider permits of limited validity,
as opposite to the model considered here where permits remain valid forever. Then the
value of a marketable permit will depreciate over time and the resulting depreciation
costs will certainly influence the above described rule under which the effects of a pollu-

tion tax and marketable permits arc equivalent.
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Appendix. Derivation of the relations (36) and (37)

In case r = 0 the two negative eigenvalues of J are given by (see Feichtinger and Hartl

(1986), p. 134):

K 1
. —\/—%+§\/l\”—4detJ (A1)

K 1
5,=_\/_l-5 KT —4detJ (A2)
The eigenvalue ¢, and its corresponding eigenvector z; have the following relationship
bizy = Jz, (A.3)

and this equation can be expressed as (remember that here we assume that r = 0 and

ay =az = a):

21 —aQ 0 l/C:’ 0 n
1 0 —-a 0 1/c% 1
& = . /€2 (A.4)
213 —S"+71Exkk, TERk, @ 0 213
214 TEK;K| TEK:K; 0 a 214

and solving for z;;, we obtain

o= {C;’(Elz - a?) - TEl\'zl\'z}/TEf\'zl\'l' (A5)

Similarly, corresponding to the eigenvalue ¢, we have
221 = {C;I(EZZ = a2) == TEI\':I\':}/TEKzKI' (AG)

Using (20), (21) (where in both equations we put r = 0 and a; = a; = a), (A.1), (A.2),
(A.5) and (A.6) we may now establish the following expressions for terms appearing in
(34) and (35):

o= %4 5 " " /
§azn — b1z = % {‘12 +(TEx,k, — §")/CY + dEtJ} (A7)
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Znza = —C;I/C{I (A.8)

(& — &)C7

(02 + Vdet J + TEK,K,/C;I) (Ag)
TEK, K,

Sz — &1z =

Now, substitution of (A.7)-(A.9) into (34) and (35) leads to (36) and (37).
Q.E.D.
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Figure caption

Figure 1. Phase diagram in case of no discounting and equal

depreciation rates for both capital stocks.
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