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Abstract. Extending existing scalar Schell-model source work, we derive the M? factor for a general electro-
magnetic or vector Schell-model source to assess beam quality. In particular, we compute the M? factors for two
vector Schell-model sources found in the literature. We then describe how to synthesize vector Schell-model

beams in terms of specified, desired M? and present Monte Carlo simulation results to validate our analysis.
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In the early 1990s, Siegman proposed the M? factor as a met-
ric to assess laser beam quality.' Siegman defined the M?
factor as the ratio of a test beam’s space-beamwidth product
to that of an ideal Gaussian TEM,, beam. In so doing, he
showed that the test beam’s spot size W,(z) (in the x direc-
tion as a function of range z) obeyed the quadratic propaga-
tion formula:

22
Wi(z) = Wi(zo) + Mim (z—z0)% (1)

where 4 is the wavelength, z; is the z location of the waist
plane, and W,(z) is the test beam’s spot size in the waist
plane, i.e., W (zq) is the test beam’s waist. Expressed in this
form, the physical interpretation of M? becomes clear: M? >
1 is the test beam’s far-zone (FZ) beam spread relative to an
ideal Gaussian beam with a waist equal to that of the test
beam.

Siegman’s M? quickly gained acceptance and became the
laser industry’s standard for assessing beam quality. It was
soon extended to include hard—aperture,z’3 vortex,* and sto-
chastic, or partially coherent beams.”® The latter, which are
germane to this work, focus exclusively on scalar partially
coherent beams. There have been several papers that derived
the M? factors for specific electromagnetic (EM) or vector
partially coherent beams, e.g., EM Gaussian Schell-model
(EGSM) beams.””'> However, none to date have derived
an expression for the M? factor of a general EM Schell-
model beam.

This analysis is useful considering the wide-spread use of
M? to assess beam quality and a large number of vector
Schell-model sources that have been developed for applica-
tions, such as free-space/underwater optical communica-
tions, directed energy, optical trapping/tweezers, etc.!*~°
For directed energy, in particular, the use of M? to describe
beam quality is pervasive, and there has been recent work in
modeling dynamic, stochastic, noncommon-path phase
errors in high-energy-laser systems in terms of M>.>” Most
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importantly, having a relation for the M? factor of a general
EM Schell-model source allows one to consider beam qual-
ity in the design of new vector Schell-model beams.

For the reasons stated above, here, we extend the scalar
partially coherent source M? analysis presented in Refs. 5
and 6 to vector Schell-model beams. Starting with Siegman’s
M? definition, we derive an expression for the M? factor of
a vector partially coherent source in terms of the vector
component beam quality factors. We then apply the results
in Refs. 5 and 6 to derive a simple and physical relation for
the M? factor of a general vector Schell-model beam. We
present examples, where we calculate M? for two EM Schell-
model sources using our M? relation and describe how to
synthesize vector Schell-model beams in terms of specified,
desired M?.

In Sec. 2, we present Monte Carlo simulations, where
we generate two examples of EM Schell-model sources in
terms of M? to validate our analysis. We then study the
convergence of the stochastic vector field realizations to the
specified, desired M. Last, we conclude this paper with
a summary of the work presented herein.

1 Theory

In this section, we first review the scalar M? theory found in
Refs. 5 and 6. Next, we calculate the M? factors for two
example vector Schell-model sources. We then describe how
to generate vector Schell-model beams in terms of specified,
desired M?.

1.1 Siegman’s M?

As defined by Siegman,' the M? factor in the x direction M?
is as follows:

M? = dro.op, 2)

with a similar definition for M%. The normalized beam

widths o, and o, are as follows:
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o2 — ffoo (x — (x))*Tr[W(p, p)]d?p
* 1=, Tr)y (p.p)ld*
ff“’ x = (x))2S,(p )d2
RS d2p+ff°° p)d%p
ff°° (x = ()d2

s d2p+ jf°° p)d2p
S 4 V.- )TV E, f)]dzf
F [, Te[W(E, £)]d2f
= fx (f+))*5s ( )& f
ﬂ’oo N d2f+]f d2f
. JI°° fx () )25 < )& f
1122 8:(B)Ef + [[2, S, (F)d*f

where W is the cross-spectral density (CSD) matrix
the beam at its waist location, Tr is the trace, and S,(p) =
Woo(p.p) are the spectral densities (SDs)!"*** of the
beam’s a = x, y polarization components.

Continuing to define the symbols in Eq. (3), W is the
Fourier transform of W, i.e.:

3)

17,28,29 of

Witr ) = [[[] 7 Wior.pa)expli2alpr 1= p2 1)
x d’p d?p,, “

where S’a is as follows:

- ///_: Waa(p1. p2) exp[—=j2z(p; — p2) - f]

x d?py d®p,, (%)

where p=Xx+yy and f=Xf,+yf,. Note that the
denominators of 62 and a}) are equal due to Parseval’s theo-
rem. As such, we define and use the symbol P = P, + P,
hereafter to represent this normalization factor.

Last, (x) and (f,) are the normalized beam “first
moments” at the beam’s waist location and in the spatial
frequency domain, respectively, such that

- P+ P P.+P,
ﬂoo fx x d2f ﬂoo fx dzf
{fa) P, + P, * P, quP'v ’ ©

Following the scalar partially coherent source analysis
presented in Refs. 5 and 6, we choose the z axis—the mean
propagation direction of the random beam—such that
(x) = (f,) = 0. This permits us to write Eq. (3) as follows:

P P,

2 _ X 2 2
Ry ey
P P,
2 _ x 2 y 2 7
of. P, +P, Ofox t P, +P, Oy 7

where o7, and o7 , are as follows:
’ Jxs
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=g [[ 500 6= [[T A0
®)

Substituting Eq. (7) into Eq. (2) and simplifying produce as
follows:

P o2
4 X x.y
MX_—)Z(PX+UT

X y XX

Py 6%,){ 2
T\t 470 yor 5] ©)

The bracketed quantities in Eq. (9) are the vector component
beam quality factors, and therefore,

1 P P,
M= ( x +—)
P, + P, \P, +P, P, +P,

P P,
x (Zomt o,

Ox.x Ox.y

(10)

where M2, = 476, 404, o are the beam quality factors for
the @ = x,y vector components.

1.2 Prior M2 Scalar Analysis

Through extensive analysis and clever mathematics, Refs. 5
and 6 showed that M2 for a scalar beam of any state of coher-
ence is as follows:

= l6n’cz0; = J%, (11
where 62 is given in Eq. (8) but computed in the source

plane, o7 is as follows:

© *W(py, p2)
. d2 12
Uf* 4z’Pp // ox10xy |, P (12)
and J is
OW(f).1,)
4 / / af|. (13)
{ f ix  ler

The |,, and ¢y denote that p; = p, =p and f; =f, =f
after computing the partial derivatives, respectively.

For Schell-model sources,'”?® Ref. 6 showed that Eq. (11)
further reduces to

2
M = (u5)* - 403 S0
0x;

) (14)
pa=0

where (M$)? is the beam quality factor of the corresponding
coherent source, p; = Xxy + ¥yq = X(x; —x2) + Y1 — y2),
and a(p,) is related to the source’s spectral autocorrelation
function by

p(pa) = a(pa) expliy(pa)]- (15)
Both a and w are real functions. Since u(0) =1 and
H(=pa) =" (pa), a(0) = 1,y (0) = 0, a(=p,) = a(py), and
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w(=py) = —w(py). If p is real, then a = p, and u can be
substituted directly into Eq. (14).

1.3 New M2 Vector Analysis

Substituting in Eq. (14) for the vector component beam qual-
ity factors in Eq. (10) and simplifying produce as follows:

M = 1 Py 2+ Py o2
Y P 4P, P +P, T P +PT
X Px (Mc )4 _ 462 azaxx<pd)
0_2 XX XX axz
XX d pa=0

Px 0261 *(pd)

+ 2 |:(Mfc,y)4 - 46/%’}, g) > . (16)
Oxy Xa  lp,=0

Because M2 in Eq. (16) is expressed in terms of vector com-
ponent quantities (i.e., MS 4, 63 4, Py, and ag,), it is easy to
use, in practice, to calculate the beam quality factor. It is not,
however, the most simplified or physical form. Noting that
the bracketed quantity on the first line of Eq. (16) is equal to
62 via Eq. (7), expanding, and then simplifying Eq. (16)
yields as follows:

4:02 Px (MJCr,x)4 Py (Mi,)y)zt
YN\ P+Py 62,  PHP, ok,

—462 Px azaxx(pd> + Py azayy<pd)
* P.+P, ox? o PPy 0x?

0110)

a7)

Pa

Last, substituting in (M ,)? = 476, 405 ,» recalling Eq. (7),
and simplifying, the desired result is obtained as follows:

P P
4 2 X 2 Y 2
Mx - (4”6)6) |:Px+Py (G;X-X) +Px+Py (O-;.ny) :|

452 P, Pay(pa) P, &a,(pa)
P, +P, 0x3 py=0 P.+P, dxf, p,=0
= (MS)* - 402 Py @ax(ps)
P.+Py, 0xy |,
N P, Pay(py) (18)
P.+P, 6xfl py=0

Equation (18)—in particular, the last line of Eq. (18)—is
the main analytical result of this paper and generalizes the
scalar result presented in Ref. 6. Its form is very similar
to the scalar result in that M2 depends on the coherence
of the source only through the second derivatives of the
vector correlation functions evaluated at p, = 0. Rather
intuitively, it differs in the fact that the “coherence contribu-
tions,” o, and o} , are weighted by the fraction of power
in the associated vector component. This being the case,
one is tempted to try to manipulate Eq. (18) into the
sum of weighted, component, beam quality factors M2 .
Unfortunately, this simple, physical form for M?2 is spoiled
by cross terms, which are evident in Eq. (16).
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1.4 Examples

Here, we calculate the M2 for two example, vector Schell-
model sources. We then simulate them in terms of M2 in
Sec. 2.

1.4.1 EM Gaussian Schell-model source

The elements of the CSD matrix for an EGSM source are as
follows:

P% P%
%% , =A, — A -—=
aﬂ(pl ) exp( 40{2) B CXP( 40%,)

lpy — pof?
X By exp(— , (19)
K 26(2,1,

where a, f = x,y, A, is the amplitude of the a field compo-
nent, and o, is the RMS width of the @ component SD.
Also in Eq. (19), B, is the complex correlation coefficient
between the a and f field components and 5,4 is the RMS
width of the cross-correlation function p.g, i.e., the cross-
correlation function of the a and f field components.'”?
The EGSM source parameters—A,, 64, 8¢5, and Bz—must
satisfy the realizability conditions derived in Refs. 17 and 30.
Since only the diagonal elements of the CSD matrix are
required to compute M2, the B,, = 1 criterion is the most
relevant here.

To compute M2, we use Eq. (16). The normalized beam
widths of the x and y components of the EGSM source, com-
puted using Eq. (8), are o, , = 0,. The powers in the x and y
components of the source are computed using the denomi-
nators in Eq. (3) and are P, = 2762A2. The corresponding
coherent source to the EGSM source defined in Eq. (19) is
as follows:

2 2
WSs(p1.p2) = AgApBys exp _A exp _ra) (20)
ap v 462 c

a

This CSD function describes a vector source composed of
horizontally and vertically polarized, spatially coherent,
correlated, Gaussian beams. Since the x and y vector com-
ponents of the source are Gaussian beams, the component
beam quality factors are (M$,)? = 1. Last, the component
spectral correlation functions p,, are real; therefore,
Aua = Maq and the second derivatives in Eq. (16) evaluate to

& P
2 P <_ 262
py=0 d aa

Substituting the quantities discussed in the previous para-
graph into Eq. (16) and simplifying produce as follows:

1

=-=-
5(1(1

azaaa(pd)
()xi

2n

Pa=0

Ao+ A% o2 o2\ 11/2

M= Ox Ty 42 1a4°% A2 14422 .
' <A§o§+‘A§a§>2{ ( i 6@)* < T,

(22)

This expression is equal to the M2 for an EGSM source
derived in Refs. 9-12 using different methods. Note that let-
ting either A, = 0 or A, = 0 yields the M? for a scalar GSM
source first derived in Ref. 6. We generate an EGSM source
with a specified M2 in Sec. 2.

July 2019 « Vol. 58(7)
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1.4.2 Vector optical coherence lattices

Another popular and relatively new example of a vector
partially coherent source is the so-called vector optical
coherence lattice (VOCL).'* The CSD matrix elements for
a VOCL take the form:

Pi I
A )

B

><Bo,/,jinc<|p1 > Zexp —jv, - (

-p2)]s
(23)

where jinc(x) = 2J(x)/x, J; is a first-order Bessel function
of the first kind, and v,, = Xv,,, 4 §v,, is a vector that points
from the origin to the n’th node of the “coherence lattice.”
The other symbols have been defined previously and gener-
ally have the same physical interpretation as the EGSM
source. One should immediately recognize that the spectral
cross-correlation function in Eq. (23) is equivalent to the FZ
pattern (spatial Fourier transform) of an array of circular
transmitters.

To find the beam quality factor, we again use Eq. (16).
The 6, = 64, P, = 2763A2, and (MS,)? = 1 are the same
as in the EGSM source example. The second derivative of
a4, 18 much more difficult. Here, for analytical convenience,
we assume that the lattice nodes are symmetric about the
origin. This assumption means that yu,, is real, and thus,
Qoo = Haa- After much calculus and algebra (details in
Sec. 4 Appendix A), the second derivatives in Eq. (16)
evaluate to

Aot + A_%af,
(Alo? + Alcl)?

{A2[1+§§T(1+ Zéix )]
+A2{”557<” Z ﬂ} '

yy
We generate and analyze a VOCL, in terms of M%,

M? =

(25)

in Sec. 2.

1.5 Generating Stochastic Vector Fields in
Terms of M2

An instance of a Schell-model source can be generated by
filtering a two-dimensional (2-D) array of circular complex
Gaussian random numbers. For computational efficiency, it
is best to perform the filtering in the spectral domain using
the convolution theorem. This process has been described in
the literature many times.*' 7 Here, we present the necessary
equations to implement the technique.

Any type of vector Schell-model source can be formed by
the following optical field realization:*'*?

2
Eu(0) = Co exp( = 2 ) .. 26)

a

where C,, is the complex amplitude and T, is the stochastic
complex transmittance screen for the @ = x, y component of
the field, respectively. T, is formed from correlated, circular
complex Gaussian random numbers. Here, we have assumed
a Gaussian shape for the source, considering that Sec. 1.4
examples also have Gaussian shapes. In general, the source

Pag,(pg) 02 B can take any shape.
o2 = [J ( /25 ) ZGXP (=iVa*pa) } Hereafter, we specialize the mathematics to generate the
d  1p=0 aa/ " p=1 pa=0 sources discussed in Sec. 1.4. The procedure for synthesizing
1 1 any other type of vector Schell-model source is the same as
=——— y%x, (24) presented here, only the mathematical details change.
80ua N Taking the cross-correlation of Eq. (26) with E; and com-
paring the resulting expression to Egs. (19) and (23) yields
Substituting 6, = 6,, P, =2m63A%, (MS,)*=1; the following equalities: |C,| = A,, arg(C,) —arg(Cy) =
Eq. (24) into Eq. (16); and simplifying produce as follows: arg(B,s), and
J
B exp( |"‘ "”‘ ) EGSM source
T, (p)T% = 20y 27
e Titee) [Bugliine (22220) £ 57 expl=jv, - (p1 = p2)]  VOCL =

Because potentially |B,,| > 0, T, and T, in general, must
be generated from correlated Gaussian random numbers. To
see this and reveal the conditions on the values of |B,,| and
8,y, we note that an instance of T, is generated by’

e ol )

2
XCXP JN—n] .
y

where N, N, are the numbers of grid points in the x, y direc-
tions, L, = N, A, L, = N,A are the lengths of the grid in

(28)
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f
the x, y directions in meters, and A is the grid spacing. In
Eq. (28), r, is an Ny XN, grid of zero-mean, unit-variance
circular complex Gaussian random numbers and @ is the
spatial power spectrum of T, i.e., the Fourier transform of
the autocorrelation of T,. For the examples discussed in
Sec. 1.4:

@7, ()

2782, exp(—27*52,f?)
88w b, circ (\/_ 70

EGSM source
) VOCL ’

(29)

f+V;x

July 2019 « Vol. 58(7)



Hyde and Spencer: M? factor of a vector Schell-model beam

where circ(x) is the circle function defined in Ref. 38. We
note that Eq. (28) is in the form of a discrete, inverse
Fourier transform; thus, T, can be generated quickly and
efficiently using the fast Fourier transform algorithm.

Using Egs. (28) and (29), a T,, with a specified 6,, is pro-
duced. Physically, this leads to an EGSM source or VOCL
with the correct, diagonal, CSD matrix elements. Recall that
M? depends only on these elements, and therefore, one could
ignore any correlation between the x and y vector compo-
nents (i.e., produce instances of T, and T, from independent
Gaussian random numbers) and still produce a beam with the
desired M2. Doing this step results in a beam that is ran-
domly, partially, or fully linearly polarized.

To generate a vector Schell-model source with a general
polarization state, one must control the off-diagonal elements
of the CSD matrix as well. This requires examination of the
cross-correlation of 7', with T, namely,

(T liv, 1| T5izs jal)

ZZZZ ml’;li Lmzvnz]>

my ny mp Ny

X/ ®r. [y ], [my. )

2n . 2r .
Xexp JN_xmlll exp Jﬁy”m

2r . 2n
XeXp —_]N—xmzlz eXp —JN—ynzjz .

(30)

The  moment  (ry[my,n|ry[my, ny]) = 2I'6[m; — m,)]
8[n; — n,], where T is the correlation coefficient between
the r, and r, random numbers and §[n] is the discrete Dirac
delta function. Substituting this into Eq. (30) and simplifying
produce as follows:

(T[iv, 1T [0z, ja2])

ZF\/QT m, n]®r [m, n]

2 2
exp {JN—ﬂm( = )} exp {jN—”n(jl —h)}. (D)

1
L.L

=y

X

The I /®; ®; must equal the cross-power spectra, or the
Fourier transforms of the expressions in Eq. (27), viz.,

(DTXTy (f)=
B,y |276%, exp(—27%53, ) EGSM source
|B,,|878%, L3N, circ (\/gnéxy f43e ) VOCL
(32)

This step produces the following relation for EGSM sources:

52, + 62
[5,,8,, exp |:—271' ( w y\)ﬂ}
= |B,,|6%, exp(—2ﬂ26§yf2). (33)

From here, it is quite clear that
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|82, + &2 26,6
8y = || ——= |va‘:r&, (34)
Y 2 i 5§x+5§y

where 0 <TI" < 1. These conditions were first derived in
Ref. 31.
The VOCL conditions on |B,,| and §,, are derived from

e [ Seine (Vi e~ 22 ) -

a=x,y
= |B,,|82, Z circ (\/émsxy ->- ) : (35)
n=1

Because of this expression, it is not likely that conditions

similar to Eq. (34) can be derived for a VOCL. Two rather

trivial, but physically important conditions can be derived by
letting I' = |B,|:

1. If B,, =0, §,, is physically meaningless and its value
is irrelevant, T, and T, are statistically independent,
and 6, can be chosen freely. This produces a VOCL
with a diagonal CSD matrix and the beam is randomly,
partially, or fully linearly polarized

2. If |B,,| # 0, then &,, = &,, = 6,,, and T, and T are
correlated to some degree. This produces a VOCL
with a full CSD matrix and the beam is, most gener-
ally, elliptically partially polarized.

These same conditions apply to many other vector Schell-
model sources, e.g., EM multi-Gaussian Schell-model' 7!
and EM Bessel-Gaussian Schell-model sources.?>*

The last step is to express the EGSM source and VOCL
conditions derived above in terms of M2. The EGSM source
and VOCL component beam quality factors are as follows:

1 +4§T§ EGSM source
M=
’ 1+;§; (1+%25152 ) VOCL
(36)

Referring back to Egs. (22) and (25), substituting Eq. (36)
into those expressions and inverting produces as follows:

A20'2 + A2(72 2
4ﬁ — MY, 4 A @)

We assume that A, and o, are given. This makes sense
as we would expect the on-axis intensity A2 and size of the
source to be known. In addition, since generally M3 , # M2,
(or equivalently, &, # J,,), one of those must be given.
Without loss of generality, we assume M2, is known.
Simplifying Eq. (37) further produces as follows:

1 , (Ao: + Alo})?

Mt =—
: 2 | T 42 4 2 4
A% Aoy + Aoy

—A2M4 | (38)

Last, substituting Eq. (36) into Eq. (38) and simplifying
yields

July 2019 « Vol. 58(7)
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8. — 422 (A2 + A1) { (202 + 222 M

o2 -1
—(A30} + Ajoy) [A2 + A3 (1 +4 5; )} } (39)

for an EGSM source, and

2 ¥oy
2 N
- (it + a3y (4314452
n=1
2N 1o -1
D))
N tag

for a VOCL. We note that the locations of the coherence
lattice nodes v, must be known to find §,,.

In summary, to produce an EGSM source or VOCL with
a desired M2:

1
2 = et a2 4){(A§a§+A§a§,)2M§

1. Specify A, o, A, 6,, M2, M%, and for a VOCL, v,

Recall that |C,| = A,. The values of M? Ty» Oys and v,
(for a VOCL) determine 6, [see Eq. (36)].

2. Use Eq. (39) for an EGSM source or Eq. (40) for
a VOCL to find §,,. For both sources, this effectively
sets &y, [see Eq. (34) and VOCL conditions immedi-

6. Use Eq. (26), the values of C,, Cy, oy, 0y, and the T,
and T, generated in step 5 to create an EGSM or

VOCL field instance.

Since the generated fields are stochastic, this procedure
will produce an EGSM source or VOCL with a desired,
“on-average” M?2.

2 Simulation

Here, we present simulation results to validate the analysis in
the previous section. We also examine the convergence of the
stochastic vector fields to the desired M2. Before presenting
the results, we discuss the details of the setup.

2.1 Setup

For these Monte Carlo simulations, we used computational
grids with N, = N, = 512 points per side. The grid spacings
were chosen such that A = min{o,,0,}/10 resulting in 3
and 0.97 mm for the EGSM source and VOCL simulations,
respectively. These spacings easily satisfied the Nyquist
sampling criterion derived for Gaussian signals in Ref. 39.
The EGSM source and VOCL parameters are given in
Table 1. For the VOCL, the coherence lattice was rectangular
with 5 rows and 4 columns of nodes spaced 500 m~! apart.

We generated 20,000 EGSM source and VOCL field
instances. From these, we computed the near-zone (NZ)
(i.e., source plane) and FZ Stokes parameters, M2, and M%.
The Stokes parameters in terms of the CSD matrix elements

ately following Eq. (35)]. are as follows:'”*

3. Specify arg(C,), arg(C,), and |B,,|- Recall that B
arg(C,) —arg(C,) = arg(B,,). For both sources, the So(p) = Wa(p.p) + Wy, (p.p)
value of |B,,| determines I" [see Eq. (34) and for a S1(p) = Wo(p.p) = Wyy(p. p)

VOCL, I" = |B,,|].
=Boll 5:(0) = Wey(0.0) + Wye(p. )

4. Use a multivariate Gaussian random number generator
to produce correlated r, and r. The means and covari- S3(p) = J[W,.(p. p) = Wiy (p. p)l. 42)
ance matrix are as follows:

. Table 1 EGSM source and VOCL parameters.
() = () = () =(n) =0
[((r)?) (rir) (i) (i) EGSM vocL
s (rrt) ()2 () () Ay 13 1
(nr) (nr) ()7 (nn) A, 1 17
L) (AR (AR {()?) . o o
[1 0 T 0
oy 3cm 0.97 cm
01 0T
= , B, 0.15 exp(—jz/6 0
r o1 0 y p(-jz/6)
2
0T 01 M2 10 1.4
re=rt —l—jr; M}z, 10 14.2028
ry = I‘; +.]r1v 41) M)Z(YX 11 125
Mz, 5.1446 10.9880
where the superscripts “r”” and “i” stand for real and By 0.9129 cm 0.1286 cm
imaginary parts, respectwely.

5. Use Egs. (28) and (29), the values of §,,, &y, and v, dyy 1.1889 cm 0.4707 cm
(for a VOCL), and the r, and r, from step 4 to generate 5y 1.0599 cm N/A
instances of T, and 7.
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Fig. 1 EGSM source results—(a) SyZ Thy, (b) SY? Sim, (c) SiZ Thy, (d) SFZ Sim, (e) S)Z Thy,
) Sq“z Sim, (g) sz Thy, (h) sz Sim, (i) 8'2“Z Thy, () 3'2“2 Sim, (k) SEZ Thy, (1) SEZ Sim, (m) ng Thy
(n) 8% Sim, (o) S5% Thy, (p) S5% Sim, and (q) convergence of simulated M% and M? to the corresponding
theoretical values versus trial number.
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Fig. 2 VOCL results—(a) S)Z Thy, (b) SYZ Sim, (c) SFZ Thy, (d) S§Z Sim, (e) SN2 Thy, (f) S\2 Sim,
(@) STZ Thy, (h) SZ Sim, (i) SYZ Thy, (j) SY2 Sim, (k) S5Z Thy, (1) S5Z Sim, (m) SY2 Thy (n) SYZ Sim,
(0) 852 Thy, (p) S§? Sim, and (q) convergence of simulated M2 and M? to the corresponding theoretical
values versus trial number.
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For M} and M3, the o, oy, oy, and o, [see Eq. (3)] were
computed using trapezoidal numerical integration.

To verify that, we produced a source with the correct NZ
and FZ polarization properties, we compared the simulated
Stokes parameters with the corresponding theoretical quan-
tities. The theoretical expressions for the EGSM source and
VOCL NZ Stokes parameters were computed using Egs. (19)
and (23) and the values in Table 1, respectively. We com-
puted the theoretical FZ Stokes parameters using those same
equations and the Fourier transform in Eq. (4) resulting in

Waﬁ (£.1)
167°6%0 }éﬁﬂ 47262 (0% +r7 5
AaApBapsz 207420 /+5 X [ 2aa+/20 3 ~~f* |EGSMsource

3272620 §a 5{:
AaAﬂBaﬂ 2o /; /}fo exp{ bl| > i 2)M2:|

0,,+6/,
xJ | (u)%Zf)’zlJo (\/§7z5,,ﬁ u) du VOCL

£+

(43)

The integral in the VOCL Wa/; can be evaluated in closed
form using Mellin transform techniques.*’ The resultmg
expression is an infinite series of hypergeometric functions.*
Computing the result using this analytical relation is very
slow; therefore, we evaluated the integral directly using
numerical quadrature.

2.2 Results

Figures 1 and 2 show the EGSM source and VOCL results,
respectively. The figures are organized as follows: the Stokes
parameters are displayed in the first four rows—Sy, S;, S5,
and S3, respectively. The first two columns show the NZ
results, with column 1 (the left column) showing the theo-
retical (Thy) results and column 2 (the right column) show-
ing the simulated (Sim) results. Columns 3 and 4 show the
FZ results, with an identical left-right arrangement of Thy
(column 3) and Sim (column 4) results. Note that we have
added row and column headings to Figs. 1 and 2 to aid the
reader. Last, the fifth rows [Figs. 1(q) and 2(q)] show the
convergence of the simulated M2 and M? to the correspond-
ing theoretical values versus Monte Carlo trial number.

Overall, the agreement between simulation and theory is
excellent. We note that the visually conspicuous differences
between the S, and S5 Thy and Sim VOCL results in Fig. 2
are in fact quantitatively small (see the associated color bars
above the subfigures). These discrepancies arise because of
our choice of color scale and Thy S, = S; = 0. Running
more Monte Carlo trials would reduce these errors; however,
S, and S5 Sim will never be identically zero for that would
require an infinite number of trials.

The simulated M2 and M? converge to the desired values
in approximately 1,000 trials. This finding is consistent with
the scalar Schell-model beam results in Ref. 27. Figures 1
and 2 validate the theoretical analysis presented in Sec. 1.

3 Conclusion

Here, we derived the M2 factor for a general vector Schell-
model beam. Starting with Siegman’s M? definition, we
found an expression for the M? factor of a vector partially
coherent beam in terms of its vector component beam quality
factors. Then, applying the prior scalar analysis, we derived

a physical expression for the M? factor of a general vector
Schell-model source. As an example, we computed the beam
quality factors for two EM Schell-model beams found in the
literature using our new M? relation and described how to
synthesize vector Schell-model beams in terms of specified,
desired M?.

To validate our analysis, we performed Monte Carlo sim-
ulations, where we generated two partially coherent sources.
The simulated results were found to be in excellent agree-
ment with the corresponding theory, and convergence to
the specified, desired M? occurred within approximately
1000 vector field realizations. Although not performed here
because of equipment availability, experimental synthesis
and subsequent measurement of the M? factor for vector
Schell-model sources can be performed using optical setups
described in Refs. 15-18, 32, and 42-44.

The analysis presented in this paper will be useful in the
design of vector Schell-model sources for applications from
optical communications and directed energy to atomic optics
and optical tweezers.

4 Appendix A: Derivation of Eq. (24)
Starting with

azaaa(pd)
0fo

p4=0

(S ]

we apply the derivative multiplication rule twice to yield as
follows:

, (44)
Pa=0

azaaa(pd)
0x5

Pz/*O

Zexp =iV, Pg) i jinc P
dxd " py—00%d V2044
—&—i {inc( )} [ Zex v }
axd ] \/—5aa o p J n"Pd

+5 2 eXp(=iVa-Pa) {j' ( )}
N n=1 pa=0 31 \/_50:11
N

52
ox3 y

Pi=

pa=0

(45)

+jinc( \/ggm) Fz;exp(—m pd)}

The first derivatives in Eq. (45) are odd functions of x,;
therefore, evaluating them at p; =0 is trivially zero.
Simplifying Eq. (45) produces as follows:

s line ()]
= — |jinc
ps=0 axé \/E‘Saa py=0
1 E ,
E [N;exp(_.]vn : Pd)}

We now evaluate the second derivatives in Eq. (46) sep-
arately. We begin with the second derivative of the coherence

ps=0 pa=0

azaaa(pd)
0x?

(46)

Pa=0
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lattice term. Bringing the derivatives inside the summation
and evaluating the second derivative of the exponential
yields as follows:

axd[ ZeXP (=jv, pd}

ps=0
N
Z (_jvnx)z CXp(—jVn ' pd)

n=1

N

1
= -3 the (D)
pa=0 n=1

1
N

To evaluate the second derivative of the jinc function and
argument, we first let the argument p,/(v/28,,) = u. The
associated second derivative becomes

o Pa 0 (ou o [2J,(u)
Eres {Jm (ﬂaw)] axd{axdau{ u ” (*5)

We now use the Bessel function identity:

7"11 (x) =Ju (x) + Jn+1 (x) (49)

to simplify Eq. (48) to

P Line(_La 9O L0 1)) + Ty (w)]
J— = — \u .
0x? ! V28,44 oxg | 0xg o ’

Equation (50) can be further simplified by using the Bessel
function identity:

(50)

275(x) = Tyt (%) = i (x), 6D

yielding

s lne(e) | =t (o [0 -0
o]
_ _5{5“2]2(’0}, (52)

ox,; |0x; u

In going from line 1 to 2 in Eq. (52), we used the Bessel
function identity J_,(x) = (=1)"J,(x), and in going from
line 2 to 3, we used Eq. (49).

Continuing, we apply the derivative multiplication and
chain rules producing

02 { ( P4 )] o 2J5(u )02 (au)2 0 [2]2(14)]
— |jinc =— — ] — .
ox3 V284 u ox3 \ox;) ou u

(53)

The derivative of 2J,(u)/u can be found by applying
Egs. (49) and (51), such that
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o ()] =225
_ (a%) Hjo(u)—%h(u)} (54)

We now evaluate the first and second derivatives of u.
The first derivative of u is found by applying the chain rule,
namely,

ou 1 opg 19 |
— Y2
0x,4 \/_5¢m 0xy \/—5,,0,0 d( ¥a)
l 1
=——xyp; . 55
\/Eéaa da ( )

The second derivative of u is found by applying the multi-
plication and chain rules:

02_”_i<;x —1>_ Vo b e
o g \V2,, 1) T V38, T Vs
(56)

Substituting Eqs. (55) and (56) into Eq. (54) and simplifying
produce as follows:

02 . _2 xé
— J 1- Js
\/_50:11 pd \/—50:11
i) ()
-5 |J -J . 57
862[1 p 5 0 \/E(Saa ¢ \/Eéaa ( )

Last, evaluating Eq. (57) at p; = 0 yields as follows:
% ()
05 V28,4

We obtain the second line of Eq. (24)—the desired
result—by substituting Eqs. (58) and (47) into Eq. (46), i.e.:

1
S 58
852 (58)

ps=0

N
M = — 1 — l 2 (59)
o2 T T8s, N&T
d pa=0 aa =1
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