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Abstract

The inelastic deformation behavior of PMR-15 neat resin, a high-temperature

thermoset polymer, was investigated at 288 ◦C. The experimental program was de-

signed to explore the influence of strain rate on tensile loading, unloading, and strain

recovery behaviors. In addition, the effect of the prior strain rate on the relaxation

response of the material, as well as on the creep behavior following strain controlled

loading were examined. The material exhibits positive, nonlinear strain rate sensitiv-

ity in monotonic loading. Nonlinear, “curved” stress-strain behavior during unloading

is observed at all strain rates. The recovery of strain at zero stress is strongly affected

by prior strain rate. The prior strain rate also has a profound influence on relax-

ation behavior. The rest stresses measured at the termination of relaxation tests

form the relaxation boundary which resembles a nonlinear stress-strain curve. Like-

wise, creep response is significantly influenced by prior strain rate. The experimental

results suggest that the inelastic behavior of the PMR-15 solid polymer at 288 ◦C

can be represented using a unified constitutive model with an overstress dependence

of the inelastic rate of deformation. The experimental data were modeled with the

Viscoplasticity Based on Overstress (VBO) theory. A systematic procedure for deter-

mining model parameters was developed and the model was employed to predict the

response of the material under various test histories. Additionally the effects of prior

aging at 288 ◦C in argon on the time (rate)-dependent behavior of the PMR-15 poly-

iv



mer were evaluated in a series of strain and load controlled experiments. Based on

experimental results, the VBO theory was extended to capture the environmentally

induced changes in the material response. Several of the VBO material parameters

were expanded as functions of prior aging time. The resulting model was used to pre-

dict the high-temperature behavior of the PMR-15 polymer subjected to prior aging

of various durations.
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Extension of Viscoplasticity Based on Overstress to

Capture the Effects of Prior Aging on the Time

Dependent Deformation Behavior of a High-Temperature

Polymer: Experiments and Modeling

I. Introduction

1.1 Motivation

The drive to develop aircraft that have a reduced weight while maintaining

structural integrity has positioned engineering materials with a higher specific strength

as a sought-after commodity. Polymer matrix composites (PMC’s) fit well into this

role, and are in fact used in many aircraft components today. However, reliable

life prediction methods for the PMC structural components do not currently ex-

ist. Experimentally-based, durability-driven predictive models are critical to assuring

structural integrity and safe operation of the aircraft structural components utilizing

PMC’s.

The growing interest in the use of PMC’s in critical load-bearing structures

commands extensive knowledge of the mechanical behavior as well as of the durability

of these materials. To analyze or predict the behavior of the composite material, it is

essential to evaluate the contribution of the matrix to the overall mechanical response

of the composite. Current design and analysis methods utilized for polymer matrix

materials rely mainly on elastic and/or linear viscoelastic models of material behavior.
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Because most structural polymers exhibit elastic or linear viscoelastic response only

over a small portion of the material’s load bearing capacity, high safety factors are

applied and the material is not used to its full potential. In order to reduce the safety

factors and greatly reduce the weight of PMC components, the inelastic material

response must be incorporated into design and analysis procedures.

Recent efforts at the Air Force Institute of Technology demonstrated that poly-

mers exhibit rate-dependent behavior [15, 16, 62, 75]. It was also shown that this

behavior is not represented by linear or nonlinear viscoelasticity. Therefore, to rep-

resent the mechanical behavior of these polymers, rate-dependent viscoplasticity is

needed. While several viscoplastic models exist, the Viscoplasticity Based on Over-

stress (VBO) has been demonstrated to account for some aspects of the deformation

behavior of solid polymers [4, 5, 11, 12, 20, 23, 25–28, 42, 43, 45]. Based on experimen-

tal findings, a specialization of this model for polymers, the Viscoplasticity Based

on Overstress for Polymers (VBOP), has been developed [20, 26–28, 41]. Despite the

capability to represent inelastic material behavior, most viscoplastic models are not

used by designers because of a lack of clear, consistent, experimentally-based model

characterization procedures. Unfortunately, the VBOP is not exempt from this trend.

Thermal aging has been shown to notably affect the mechanical properties of

polymers [6,7,63,71] and PMC’s [19,48,66]. Given that aerospace components must

operate at high temperatures for extended periods of time, thermal aging of polymer

containing components becomes a vital issue. To assure environmental durability of

2



polymer matrix materials, the effects of prior aging must be incorporated into the

material constitutive equations and life prediction models.

Thus in order to develop the needed experimentally-based, durability-driven

predictive models two major obstacles must be overcome: (1) a comprehensive, sys-

tematic characterization scheme must be developed and (2) aging must be incorpo-

rated into the model formulation. Both of these key issues for the VBOP are addressed

in this research effort.

This research combines experimental investigations with the numerical model-

ing of the inelastic material behavior. A Polymerization of Monomeric Reactants-15

(PMR-15) polymer is investigated in the experimental studies. Among the various

types of polymer resins, this polyimide resin is of particular interest because of its

enhanced high-temperature properties and ease of processing [6, 57]. Designed for

use at temperatures near its glass transition temperature, the PMR-15 polymer is

extensively used as a matrix material in high-temperature structural composites for

aerospace applications. Composites utilizing PMR-15 as matrix material are capable

of service temperatures up to 300 ◦C [52]. Because PMR-15 is designed for use in

high-temperature structural components, the need for a model capable of predicting

the effects of aging on the mechanical performance of this material cannot be overes-

timated. It should be noted that introducing aging into the constitutive model does

not equate to simply predicting changes in basic material properties such as elastic

modulus, E. More accurately, the final model should be able to predict the response

of material to various types of loading as a function of its aging history. With en-
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Table 1.1: Free Standing Post Cure Cycle for PMR-
15 Neat Resin

Step Description
1 Heat to 204 ◦C in 2 h and hold for 1 h
2 Heat to 260 ◦C in 1 h and hold for 1 h
3 Heat to 316 ◦C in 2 h and hold for 16 h
4 Cool to room temperature at a rate of 1 ◦C/min

hancement of life prediction methods in mind, the current research aims to answer the

following questions. What are the qualitative and quantitative effects of prior aging

on the mechanical deformation behavior of PMR-15? How can the existing VBOP

formulation be expanded to account for these changes?

1.2 Material Description

This research focuses on PMR-15 solid polymer which is a thermosetting poly-

imide used as a matrix material for high-temperature Polymer Matrix Composites

(PMC’s). The PMR-15 polyimide has a glass transition temperature of 347 ◦C [7] and

a long-term use temperature of 288 ◦C [57]. This highly cross-linked polyimide resin

was developed by NASA specifically for use in high-temperature aerospace structural

applications. The post-cured PMR-15 neat resin samples were supplied by HyComp,

Inc. (Cleveland, OH). The standard free standing post cure cycle used by the Air

Force Research Laboratory is shown in Table 1.1. It is assumed that the specimens

were exposed to this post cure cycle.
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1.3 Polymer Aging

All polymers experience some degree of degradation when subjected to tempera-

tures at which their covalent bonds start to break down. Chain scission and additional

cross-linking take place, not only degrading the polymer chain, but also changing its

morphology and mechanical material properties. Polymer degradation occurs rapidly

when it is exposed to temperatures well above its glass transition temperature [6].

At lower temperatures, degradation occurs at a much slower rate, consequently the

mechanical properties and material behaviors change slowly over time as well [7, 63].

This can be commonly observed as a material becomes brittle and stiff after prolonged

exposure to elevated temperatures.

Researchers in the field of the inelastic constitutive models offer several defi-

nitions of aging. Lemaitre [49] described aging as the change of the characteristic

properties of a material with time. Krempl [34, 37] differentiated between “prior

aging” (diffusion processes with chemical reactions which occur in the absence of

deformation and which proceed independently of it) and “strain aging” (diffusion

processes with chemical reactions which are influenced by deformation).

For the purpose of the current research, the following definitions are be adopted:

• prior aging: mechanical property/behavior changes induced by exposure to el-

evated temperature prior to deformation

• strain aging: property changes induced by deformation
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• environmental stability: material properties and deformation behavior are not

affected by either prior aging or strain aging [34]

The current effort focuses on the effects of prior aging on the material properties

and mechanical responses of PMR-15. Hence, material properties and deformation

behavior of the material are analyzed as a function of prior aging time. As a result,

dependence on prior aging time is incorporated into the constitutive model. This

approach assumes that deformation induced aging, or strain aging, does not occur.

Recent experimental evidence [7,63] revealed that the effects of strain aging (i.e. aging

due to deformation at elevated temperature) were negligible provided the duration of

deformation/loading was less than 50 h. Because the current experiments are of less

than 50 h duration, a simplifying assumption that the strain aging can be neglected

is reasonable.

1.4 Problem Statement

Previous experimental investigations into the high temperature mechanical re-

sponse of polymers revealed that these materials exhibit rate-dependent deformation

behavior [3, 15, 16, 62, 75]. The Viscoplasticity Based on Overstress for Polymers

(VBOP) was shown to qualitatively represent the rate-dependent behaviors observed

in experiments [20, 26–28, 41]. However, the procedure for characterizing material

constants and functions included in the VBOP formulation is lacking. The currently

available model characterization method relies extensively on experience and intu-
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ition as well as on the “trial-and-error” approach [25, p. 138] rather than on a clearly

defined set of short-term experiments and data reduction procedures.

The objective of this effort is two-fold. First, a systematic experimentally-based

model characterization scheme for the VBOP is developed. Development of a clearly

defined model characterization procedure enables wide utilization of the VBOP in

practical design analysis. This systematic characterization procedure is a significant

contribution toward extending current life prediction methodologies to include inelas-

tic material behavior. Second, the effects of prior aging on high-temperature inelastic

deformation behaviors of a solid polymer is investigated experimentally. Based on the

results of this experimental study, the VBOP constitutive formulation is extended to

account for the effects of prior aging on the time-dependent deformation response

of solid polymers. The research focuses on PMR-15 neat resin in a laboratory air

environment.

The following problem statement summarizes the objectives of this research:

Develop a systematic, experimentally-based model characterization proce-
dure for Viscoplasticity Based on Overstress for Polymers. Identify the
effects of prior aging at elevated temperature on PMR-15 neat resin. De-
velop an analytical capability to account for the observed effects within the
constitutive framework of Viscoplasticity Based on Overstress for Poly-
mers.

1.5 Methodology

The key objectives outlined in the problem statement were accomplished by the

following tasks:
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1. Develop/validate a computer code for the VBOP.

2. Demonstrate the ability of the VBOP to qualitatively model PMR-15 behavior

using data from current and past work at AFIT.

3. Elucidate the effects of prior aging on the deformation behavior of PMR-15 neat

resin.

4. Develop and validate a comprehensive procedure for characterizing the VBOP.

5. Develop an analytical capability within the VBOP to account for effects of prior

aging.

6. Demonstrate the VBOP with prior aging.

1.6 Dissertation Outline

Chapter II gives a general background. Results of several experimental investi-

gations into the time-dependent deformation of solid polymers as well as experimental

studies of the effects of prior aging on the subsequent material response are presented.

Linear and nonlinear viscoelastic constitutive modeling approaches are discussed. The

concept of viscoplastic material behavior is introduced and a historical development

of the VBO and the VBOP is described. Chapter III gives a detailed description

of the mathematical formulations of the VBO and the VBOP. The differences be-

tween the VBO and the VBOP are explained. Chapter IV presents experimental

procedures. The experimental tools and techniques developed specifically to reveal

the rate (time)-dependent behavior of the solid polymer are discussed in detail. The
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experiments outlined in Chapter IV are conducted for the unaged material as well as

the material subjected to various degrees of prior aging. This chapter also describes

the aging procedure and equipment. Chapter V is devoted to the experimental ob-

servations of the unaged material mechanical behavior and Chapter VI discusses the

implications for modeling the observed material behavior. Chapter VII is devoted

to modeling of the unaged material behavior utilizing VBOP. This chapter includes

a detailed description of the systematic characterization procedure which was devel-

oped within this research to find the constants from experimental data. Chapters

VIII, IX, and X discuss the aged material behaviors. Chapter VIII focuses on the ex-

perimentally observed effects of the aging on the material mechanical behavior while

Chapter IX discusses the implications for including the effects of prior aging in the

modeling of the material behavior. Chapter X discusses the extension of the VBOP to

account for the effects of prior thermal aging. Suggested directions of future research

as well as concluding remarks are offered in Chapter XI.
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II. Background and Previous Research

T
his chapter describes experimental and modeling efforts that have been re-

ported in literature, as well as how these findings set the groundwork for the

current research.

2.1 Prior Work: Experimental Investigations

This sections outlines previous experimental work sorted by the material be-

havior feature that was under examination.

2.1.1 Deformation Behavior of Polymers. This section discusses some as-

pects of the deformation behavior of polymers. Experimental results were examined.

2.1.1.1 Various Polymers – Mechanical Behavior in the 15 to 40 ◦C

Range. Kitagawa and Matsutani [29] examined the time-dependent mechanical

behavior of Polypropylene (PP) in compression at 15, 25, and 40 ◦C. Kitagawa, Zhou,

and Qiu [30] also examined the mechanical behavior of several polymers, specifically

crystalline Polyoxymethylene (POM), amorphous Polycarbonate (PC), and amor-

phous Polymethyl Methacrylate (PMMA) in tension and compression at 25 ◦C. In

these tests, they found that the initial slope of the stress-strain curves was indepen-

dent of the strain rate. They also found that as the strain increased, the stress-strain

curves became dependent on the strain rate and were finally parallel to each other.

Note that similar mechanical behavior is exhibited by engineering alloys. Kitagawa

and co-workers also observed evidence confirming existence of an equilibrium stress in
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relaxation. (The equilibrium stress can be viewed as the stress that the material can

sustain as all rates approach zero.) They reported that the stress (strain) rate may

change signs during relaxation (creep) during unloading, referred to as rate reversal.

Constitutive modeling of polymer mechanical behavior carried out by Kitagawa et al.

using an overstress model is discussed in Section 2.2.2.1.

Bordonaro [5] expanded the study of rate-dependent mechanical behavior into

the realm of thermoplastics. Her research focused primarily on Nylon-66 using both

stress and strain-controlled experiments. Bordonaro also investigated Polyetherether-

ketone (PEEK) and Polyetherimide (PEI). Results demonstrated that the solid poly-

mers exhibited similar mechanical response to that exhibited by engineering alloys.

Bordonaro also identified some key differences in mechanical responses of polymers

and that of engineering alloys. Those differences include:

• higher relaxation rates

• increased strain recovery after unloading to zero stress

• curved unloading in stress control

• reduced rate-dependence of the unloading curves

• merging of stress-strain curves produced at different strain rates

Khan [25] further extended Bordonaro’s study to include PC, High Density Poly-

ethylene (HDPE), Polyethylene Terephthalate (PET), Polyphenylene Oxide (PPO),

and Polyether Sulfone (PES). Khan divided the polymers in his study into two groups

amorphous and crystalline. The amorphous materials are PC, PPO, and PES and the
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crystalline are Nylon-66, HDPE, PET. He found that all of these materials exhibited

four key behavior features:

• positive non-linear rate sensitivity in loading,

• nonlinear dependence of the response in creep, relaxation, and recovery tests

on the prior loading rate,

• the stress drop in relaxation tests conducted in the region where inelastic flow

is fully established was found to be independent of the test strain value,

• reversal of stress (strain) rate in the case of relaxation (creep) during unloading.

(“Rate reversal” refers to the change in sign of the rate of change of stress or strain.

“Inelastic flow” is another name given to plastic flow.)

Collectively, these investigations demonstrate that solid polymers exhibit me-

chanical behaviors that are similar to those exhibited by engineering alloys. They

also showed that the VBO can be utilized to model not only the mechanical response

of the engineering alloys, but also the mechanical response of polymers [4,5,25,29,30].

Khan [25] pointed out that the standard VBO shows the capability to qualitatively

capture some of the material behavior features reported in References [5] and [25].

Khan also reported that the VBO did not capture the curved unloading or the rate

reversal.
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2.1.1.2 PMR-15 – Mechanical Behavior at Room and Elevated Temper-

atures. The time-dependent behavior of PMR-15 was studied by Westberry [75]

at room temperature and at 288 ◦C. Westberry conducted tests using using different

stress rates at 23 and 288 ◦C. Westberry reported that at 288 ◦C, PMR-15 polymer

exhibits behavior that is dependent upon the prior stress rate in both creep and recov-

ery tests. Westberry pointed out the need for a rate history dependent constitutive

equation to describe the deformation behavior of PMR-15 at elevated temperatures.

Falcone and Ruggles-Wrenn [15] conducted further experiments on PMR-15 neat resin

at 288 ◦C. These results also showed that the creep and relaxation behaviors of the

material are dependent upon the prior stress rate. Creep response of PMR-15 at

288 ◦C reported in Reference [16] is reproduced in Figure 2.1. Both Westberry [75]

and Falcone and Ruggles-Wrenn [15] also observed a creep rate reversal in creep tests

conducted on the unloading path in a stepwise creep test. Falcone and Ruggles-

Wrenn [15] also conducted monotonic loading/unloading tests at various constant

stress rates and reported that the material response was also dependent upon the

rate of loading/unloading. Section 2.2.1.1 illustrates the use of viscoelastic models to

predict the PMR-15 behavior at 288 ◦C.

2.1.2 Prior Aging – Effects on Mechanical Behavior. Prior aging in mate-

rials that exhibit time-dependent behavior has been addressed in a very limited way.

Krempl [36, 37] called for a separation of the effects of aging from other factors in

order to obtain valid conclusions. He borrowed much of his reasoning and process
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Figure 2.1: Creep Behavior of PMR-15 Following Stress-Controlled Loading at
288 ◦C Reproduced from Falcone [16]. Loading Rates of 0.01 and 1
MPa/s, Loading Rate Dependence is Evident.

from concrete technology, pointing out that tests must be repeated with specimens

that have seen different durations of prior aging in order to examine the effects of ex-

posure. He described a procedure to test for prior aging effects, in which the material

is exposed to step changes in strain rate. He drew up the hypothesis stating that if

at a constant strain rate, flow stress increases or decreases, then aging affects work

hardening. (The flow stress is the applied stress in the region of fully developed plas-

tic flow.) If a change in the spacing of the stress-strain curves obtained at different

strain rates occurs, then aging affects the rate-dependence of the material.
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Ruggles and Krempl [61] examined the effects of prior aging on AISI Type 304

stainless steel and found that it did not have a significant influence on the material

behavior. Instead the material response was more influenced by strain aging.

Ruggles-Wrenn and Broeckert [63] investigated the effects of prior aging in air

and in argon at 288 ◦C on PMR-15 polymer. They examined the weight loss, changes

in dynamic modulus, and the growth of the oxidative layer with prior aging time. It

was found that the material develops an oxidative layer when aged in air, but not in

argon. They also investigated the effects of prior aging on the elastic modulus and the

creep behavior. Despite the differences in oxidative layer growth, it was found that

specimens aged in air and those aged in argon exhibited similar changes in elastic

modulus and creep behavior. They reported that the elastic modulus increased with

prior aging time and also observed that accumulated creep strain decreased with an

increase in prior aging time.

2.2 Prior Work: Constitutive Modeling

This modeling review is sorted according to the type of model utilized.

2.2.1 Viscoelastic Constitutive Models. The first class of models considered

is viscoelastic. This behavior is easiest to understand when compared and contrasted

with simple linear elastic behavior. Figure 2.2 shows a graphical comparison of true

stress, σ, versus true strain, ǫ, for (a) perfectly linear elastic behavior and for (b)

viscoelastic behavior.
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Figure 2.2: Linear Elastic and Viscoelastic Stress-Strain Behavior. Viscoelastic
Material Exhibits a Nonzero Strain Upon Unloading to Zero Stress. It
Recovers this Strain If Given Time to Do So.

When a material exhibits perfectly elastic behavior, the unloading path is ex-

actly the same as the loading path. The material also returns to zero strain after

complete unloading to zero stress.

The viscoelastic material on the other hand does not necessarily have the same

unloading path as the loading path. The material also exhibits a nonzero strain

immediately after unloading to zero stress. However, the strain returns to zero with

time.

The two general types of mathematical formulations used in viscoelastic models

are integral and differential.

2.2.1.1 Integral Models. Schapery’s Formulation is selected as an

example of an Integral Model. This model is widely used largely because a sys-
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tematic approach to material characterization exists which is based on creep and

recovery tests. Weitsman’s models are also presented in this section as they build

upon Schapery’s formulation.

Schapery’s Model. Schapery [17] developed a constitutive model

for nonlinear viscoelastic materials. This approach was originally empirically based,

but is also consistent with the thermodynamics of irreversible processes. The nonlin-

earity is captured in a “reduced time”. The resulting model is often referred to as

the Standard Schapery’s Model.

The equations formulate the stress-strain relationship using the termD(t) which

is called the creep compliance. The creep compliance is defined as the ratio of the

strain response to a constant applied stress and is a function of time t.

D(t) =
ǫ(t)

σ
(2.1)

Schapery’s [17,64] constitutive equations for constant temperature and uniaxial

stress are as follows

ǫ =

∫ t

0−

D(t− τ)
dσ

dτ
dτ. (2.2)

or

ǫ(t) = goDoσ + g1

∫ t

0−

∆D(ψ − ψ′)
dg2σ

dτ
dτ (2.3)
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where Do is the initial linear compliance value

Do ≡ D(0) (2.4)

and ∆D is the transient compliance

∆D ≡ D(t) −Do (2.5)

ψ is the reduced time

ψ ≡

∫ t

0

dt′

aσ[σ(t′)]
(2.6)

and

ψ′ ≡ ψ(τ) ≡

∫ τ

0

dt′

aσ[σ(t′)]
. (2.7)

The material properties go, g1, g2 and aσ are functions of stress. Schapery [64]

explains that changes in go, g1, or g2 reflect high-order thermodynamic dependencies.

The property aσ is a shift factor. These four material properties are functions that

are characterized for a particular material by curve fitting procedures applied to

creep and recovery data. Here creep is defined as a continuous deformation occurring

under constant stress. Recovery is defined as continuously decreasing strain after

the removal of stress (stress is held at zero). Schematics of creep and recovery tests

are shown in Figure 2.3 for (a) viscoelastic and (b) viscoplastic material behaviors.

Figure 2.3 illustrates that in viscoelastic creep and recovery, strain returns to zero

with time, t. In viscoplastic creep and recovery, strain does not fully return to zero.
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Figure 2.3: Schematic of Viscoelastic and Viscoplastic Creep and Recovery Behav-
ior. Viscoelastic Material Recovers All Strain Given Time to Do So.
Viscoplastic Does Not Fully Recover.

Falcone and Ruggles-Wrenn [15] applied Schapery’s model to PMR-15 at 288 ◦C.

They demonstrated that this model is capable of capturing only some of the char-

acteristic behaviors of the material. One aspect that Schapery’s model represents

qualitatively is the strain reversal in creep shown in Figures 2.4 and 2.5. However,

the model does not account for the dependence of the creep strain on the rate history

of the loading applied to the material.

Falcone also considered the addition of a viscoplastic term to Schapery’s model

following the approach suggested by Zaoutsos, Papanicolaou, and Cardon [81] and

Papanicolaou and S.P. Zaoutsos and A.H. Cardon [58]. In this formulation the vis-

coplastic term was simply added to the creep and recovery equations. The form of the

viscoplastic term was defined based on Cardon, Qin, and Vossole [8] as a power law

strain. The parameters of Schapery’s model with the added viscoplastic term were

characterized by Falcone based on her experimental data on PMR-15. As part of
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Figure 2.4: Stress-Strain Response in a Stepwise Creep Test of PMR-15 at 288 ◦C:
Experiment and Schapery’s Model Reproduced from Falcone [16].

Figure 2.5: Creep Strain as a Function of Time for the Stepwise Creep Test of
PMR-15 at 288 ◦C Reproduced from Falcone [16].
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the current effort, the Schapery’s model MATLAB code was expanded to include the

viscoplastic term. Predictions were obtained using Schapery’s model with the added

viscoplastic term. The resulting simulations show improved predictive capability in

recovery following stepwise creep (see Figure 2.6). However, the modified model still

has no mechanism to account for rate effects. This is seen in Figure 2.7 where model

predictions are compared with the experimental creep and recovery data for the case

of a prior loading rate of 0.01 MPa/s. Notice that the shape of the predictions of

the creep strain and of the recovered strain are the same regardless of the prior load-

ing/unloading rate, while the experimental results show a difference in shape for the

creep and recovery response following different loading/unloading rates. Note that

the standard model characterization procedure is based on creep and recovery tests,

where loading and unloading occurs at a fast rate of 1.0 MPa/s (ideally approaching

step loading and step unloading).

Schapery [65] added a damage function to his original model which can also be

used to account for aging. However, he proposed accounting for aging by measuring

the length of the cracks that are formed in the material during the aging process.

These cracks can then evaluated using the principles of fracture mechanics by means

of the Gibbs free energy for viscoelastic material. When all of the cracks in the

material are accounted for, their effect on the material behavior can be combined

into a damage tensor α which is defined as

αij ≡
∑

c

(l2ninj)c

Aip

(2.8)
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Figure 2.6: Step Creep Behavior of PMR-15 at 288 ◦C: Experiment, Schapery’s
Model, and Schapery’s Model with Viscoplastic Addition. Viscoplastic
Addition Does Improve the Fit in Recovery.
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Figure 2.7: Creep at 20 MPa and Recovery: Experiment, Schapery’s Standard
Model, and Schapery’s Model with Viscoplastic Terms Added. Both
Forms of Schapery’s Model Fail to Account for the Rate Effects.

where 2l is the length of an individual crack, n is the local normal vector of the crack,

and Aip is the in-plane area of the material characteristic cell. For the uniaxial case,

Schapery’s model with the damage function has the form:

ǫ(t) = goDoσ + g1

∫ t

0−

∆D(ψ − ψ′)
dg2σ

dτ
dτ + 2π

∫ t

0−

D(t, τ)
d(α11σ)

dτ
dτ (2.9)

which expands to
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ǫ(t) = goDoσ + g1

∫ t

0−
∆D(ψ − ψ′)

dg2σ
dτ

dτ+

2πgoDoα11σ + 2πg1

∫ t

0−
∆D(ψ − ψ′)

dg2α11σ
dτ

dτ.

(2.10)

Although Falcone and Ruggles-Wrenn [15] have shown that Schapery’s stan-

dard model may not be appropriate for modeling PMR-15, Schapery’s techniques for

including damage effects provides a useful example of introducing prior aging effects

into the VBOP. However, this method is not directly applicable because each crack

has to be accounted for individually. This means that individual cracks would have to

be identifiable. In the case of the PMR-15 polymer, prior aging causes the formation

of a layer of oxidation instead of cracking in the material.

Weitsman’s Model. Weitsman [73] investigated environmental

(moisture) effects on fiber-reinforced polymeric composite properties. He coupled

damage with moisture-transport into the material. Weitsman used a “representative

damaged cell” and correlated damage to the amount of moisture absorbed. This the-

ory is not limited to small damage. Weitsman [74] applied the concept to Schapery’s

standard model to develop a continuum damage viscoelastic model. The model ac-

counts for both open and closed crack regions, and employs a damaged compliance

(Ad). The uniaxial creep response is described by the following equation:

ǫ/σo = DoDd +

∫ t

0

Dd

[
∂(D + Ad)

∂a

∂a

∂τ
dτ +

∂(D + Ad)

∂a∗
∂a∗

∂τ
dτ

]

(2.11)
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where a and a∗ are the open crack lengths and closed crack lengths respectively, Dd is

a damage surface tensor of the open cracks, and D is the “classical” compliance and

Ad is the damaged compliance. The model also includes a damage surface tensor of

the closed cracks, D∗
d, which does not appear in the final equations. Weitsman does

not explain in this work how to find a, a∗, Dd, or Ad experimentally. He does explain

that a, Dd, a
∗, and D∗

d are related in the following way:

a =

∑K

k=1DdDd

∆2
, a∗ =

∑K

k D∗
dD

∗
d

∆2
, (2.12)

where ∆ is a characteristic area such as that of a wall of the Representative Volume

Element (RVE), and K is the number of cracks in the material. Therefore, this

method requires some way of counting the number of cracks.

Abdel-Tawab and Weitsman [1] expanded this formulation to include plastic

behavior. The strain was divided into viscoelastic and plastic parts, and a tensor

that accounts for damage (ω) is introduced. These damage tensors are fit into the

uniaxial viscoelastic strain as follows. In the uniaxial case, the damage reduces to

a scalar provided it does not depend on time or stress. Strain response to constant

temperature and uniaxial stress given in Eq. (2.2) (Schapery’ standard model) is now

augmented by an additional term ǫv.

ǫv =

∫ t

0−

D(t− τ)
d

dτ

(
σ

1 − ω

)

dτ. (2.13)
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However, no specific guidance is provided for the form of plastic strain. The example

presented in Reference [1] covers only linear viscoelastic behavior and does not include

the plastic strain term.

Smith and Weitsman [69] considered polymer matrix composites and correlated

damage level to maximum applied stress. This in essence introduces a type of damage

surface similar to a yield surface in plastic theory. The damage concentration factor

(K), which is a function of stress, can be placed into Schapery’s equation. Strain

response to uniaxial stress is then given by:

ǫ(t) =

∫ t

0

KD(t− τ)
dσ

dτ
dτ. (2.14)

Elahi and Weitsman [14] developed a relation between ω and K in the form

ω = 1 −K−1
σ . (2.15)

This relation shows how Eq. (2.13) can be utilized if the concentration factor K is

known.

Since Weitsman’s approach is based on Schapery’s standard model, it is not

directly applicable to PMR-15. However, his methods for including damage effects

into the model provides a useful example of the incorporation of damage effects into

a constitutive model.
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2.2.1.2 Differential Models. Ellyin and co-workers developed a Differ-

ential Nonlinear Viscoelastic model. Xia and Ellyin [76] began their work with the

goal of developing a constitutive model that, once characterized, would accurately

predict the mechanical response of all types of loading (e.g. creep, relaxation, com-

pression, tension, biaxial, etc.). They started with a finite number of Kelvin elements

connected in series coupled with an elastic spring and formulated the constitutive

equations in differential form. They also allowed the spring elements to enter the

nonlinear regime and used a power law to describe creep behavior.

In Reference [76], Xia and Ellyin utilized two Kelvin elements and had partial

success in modeling stress-rate-dependent behavior. However, the resulting model,

when characterized by one set of tests, did not model another type of tests successfully.

The lack of capability to model loading and unloading within the same equation may

be partially responsible for this shortcoming.

Hu, Xia, and Ellyin [24] and Xia, Hu, and Ellyin [77] added a function that

accounted for loading and unloading. This model was expanded to include six Kelvin

elements. A procedure for determining the material constants experimentally was

outlined which includes tension and compression tests as well as axial creep tests.

A nonlinear least squares fit procedure was recommended for the curve fitting. For

the majority of the tests reported in References [24] and [77], this differential model

predicts the Epoxy behavior more accurately than Schapery’s standard model. Shen,

Xia, and Ellyin [68] and Xia, Shen, and Ellyin [78] modified the switching rule for

loading versus unloading and then used the differential model to simulate cyclic load-
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ing of an epoxy polymer. This model had some success in modeling ratcheting strain.

However, it did not successfully capture the recovery of ratcheting strain.

Zhang, Xia, and Ellyin [82, 83] approached the subject of damage evolution in

polymer matrix composites with the differential model. In their composite model, the

fiber material was assumed to behave elastically, the matrix was assumed to behave

in a nonlinear viscoelastic fashion following Xia and Ellyin [76]. Ellyin and co-workers

were concerned with strain aging resulting in the formation of cracks. A strain damage

criterion was introduced, postulating that once the principal strain reaches a critical

value, a crack is assumed to be present. Once this crack has formed, the constitutive

equation for the matrix is simply set so that the stress level within the matrix will

quickly decay to zero stress, thereby simulating the inability of the cracked matrix to

transfer any stress. The critical value of strain for damage onset was based on test

results on pure epoxy specimens. While this work represents an example of utilizing

experimental evidence to create a damage criterion, it is concerned specifically with

strain aging, which is not the focus of the current research.

2.2.2 Viscoplastic Constitutive Models. The concepts of mechanical mate-

rial behavior can be expanded to include viscoplastic behavior. (This is the type of

behavior that can be observed in the laboratory with PMR-15.) Figure 2.8 shows a

graphical comparison of (a) viscoelastic behavior and (b) viscoplastic behavior.

Viscoelastic behavior is characterized by nonzero strain immediately after un-

loading to zero stress. The strain, however, returns to zero with time. Viscoplastic
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Figure 2.8: Viscoelastic and Viscoplastic Stress-Strain Behavior. Both Types of
Material Exhibit Inelastic Strain Upon Unloading to Zero Stress. The
Viscoelastic Material Fully Recovers this Strain if Given Time. The
Viscoplastic Material Does Not Fully Recover, Exhibiting a Permanent
Strain ǫp.

behavior is also characterized by nonzero strain immediately after unloading to zero

stress. However, the strain does not return completely to zero even if given infinite

time to recover (a permanent strain ǫp remains).

Many viscoplastic models have been formulated based on varying microstruc-

tural or phenomenological bases. The current discussion focuses on Viscoplasticity

Based on Overstress (VBO). For an overview of viscoplastic models, the reader is

referred to Krempl [31].

2.2.2.1 Viscoplasticity Based on Overstress. The VBO is a constitu-

tive model developed by Krempl and co-workers. The VBO is a unified viscoplastic

constitutive model, meaning that inelastic strain is not separated into creep strain
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Figure 2.9: Standard Linear Solid Range of Rate-Dependent Stress-Strain Behavior
[39]. Stress and Equilibrium Stress Are Shown Versus Strain.

and plastic strain. The VBO model also includes the overstress concept. Overstress

is defined as the difference between the flow stress and the equilibrium stress. (The

flow stress is the applied stress in the region of fully developed plastic flow. The

equilibrium stress is a theoretical stress-strain curve conducted at an infinitesimally

small strain rate.) Figure 2.9 shows a schematic depicting the flow stress and the

equilibrium stress as functions of strain as well as the overstress for the standard lin-

ear solid which forms the basis for VBO. A historical background of the development

of the VBO is given in this section, the details of the mathematical formulation are

discussed in Section 3.2.

In the early 1970’s Krempl [34] emphasized the need to develop valid constitutive

equations for engineering alloys. He pointed out that without a set of constitutive

equations we would have to develop extensive databases on material behaviors for

each individual material at each possible temperature. Krempl advocated phenom-

enological models based on the experimental results observed in the laboratory.
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Cernocky and Krempl [9,10] developed a framework using the following consti-

tutive law as the foundation:

m[σ, ǫ]ǫ̇+ g[ǫ] = σ + k[σ, ǫ]σ̇ (2.16)

where square brackets signify “function of”, ǫ̇ is the strain rate, σ̇ is the stress rate,

and g is the equilibrium stress. The material functions m and k must be determined

from experiments.

Cernocky and Krempl [9] went on to derive an integral form of Eq. (2.16). Of

particular interest to this report is the observation made in Reference [9] regarding

a “useful specialization (A)” of Eq. (2.16). The specialization represents the case

where m[ ] and k[ ] are selected to depend upon overstress σ − g[ǫ] and on d̊g[ǫ]
dǫ

= E,

where g̊ is defined as the equilibrium stress g[ ] for extremely fast loading. For this

case, the stress-strain curves for different strain rates are equidistant in the region

where plastic flow is fully established, as shown in Figure 2.10. (Or as stated by

Cernocky and Krempl [9] discussing Eq. (2.16), “every solution curve ... for constant

or variable strain must become parallel to g[ǫ]”. Also see Figure 10 of Reference [9].)

Note that this case is an overstress model that is unique in that it does not decompose

the strains into elastic and plastic parts. Reference [9] presents numerical data that

suggest that the model appropriately mirrors the experimentally observed behavior

of engineering alloys. One notable desired feature of the model is an initial elastic

region. The second feature is that the stresses at high strains are rate-dependent but
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Figure 2.10: Stress Strain Curve Schematic Showing Equidistance of Response at
the Different Strain Rates in the Region of Fully Established Plastic
Flow.

stress-strain curves follow parallel paths. Also, the model is shown to be capable of

representing shear stress as well as axial stress.

Liu and Krempl [50] utilized the differential constitutive equations discussed

by Cernocky and concentrated on specializing them into the overstress form. They

demonstrated how the model can be utilized for a specific material by deriving mate-

rial constants from tests carried out on AISI type 304 stainless steel by Yamada and

Li [79]. These constants were then used in numerical tests showing the capabilities of

the VBO. Liu and Krempl reported qualitatively accurate material behavior provided
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the overstress σ − g[ǫ] does not change sign. Unfortunately, the model characteriza-

tion discussed in Reference [50] only lays out a procedure for finding the equilibrium

stress g and viscosity function k. This procedure obviously does not account for the

functions which were added later in order to better capture material behavior (specif-

ically, isotropic stress A and shape function Ψ). Liu and Krempl also demonstrated

that the model can represent complex loading such as a Strain Rate Jump Test with

intermittent periods of relaxation. This capability to handle a complex history is an

important feature for a constitutive model developed for life predictions of engineering

alloys.

Krempl and Kallianpur [32] gave a brief description of the process that they

used to characterize the VBO along with an explanation of the role of servocontrolled

testing. Reference [32] listed some experimental procedures that are useful for char-

acterization of engineering alloys especially emphasizing the strain rate change test.

They did not, however, provide a sufficiently detailed description to enable another

researcher to repeat this characterization. Krempl, McMahon, and Yao [33] and

Yao and Krempl [80] also briefly discussed characterization. These references gave

definitive information about finding the elastic modulus and the tangent modulus.

However, they are vague about finding the other parameters listing “trial and error

with judgement” [33, p. 39] as the suggested approach. While these papers offer

some insight into characterizing the VBO constants and functions, they do not come

close to providing a detailed, methodical characterization scheme that would enable

researchers to readily utilize the VBO.
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The concepts of the VBO developed for engineering alloys have been shown to

be invaluable as they can be applied to a large variety of loading scenarios. These

scenarios can include strain rate changes and stress rate changes. For instance, uniax-

ial creep, cyclic creep, relaxation, Bauschinger effect, and ratchetting behavior (with

strain aging) of stainless steel have been investigated experimentally [32,38,46,60]. A

titanium alloy (Ti-7Al-2Cb-1Ta) has been investigated under monotonic axial load-

ing, cyclic axial loading, and Bauschinger effect tests [32,38,47]. An aluminum alloy

(6061-T6) was subjected to tests of uniaxial creep, biaxial loading, and cyclic load-

ing [80].

As solid polymers began replacing engineering alloys in some load bearing struc-

tures, the need to accurately predict their behavior increased. In many cases it is true

that the behavior of solid polymers does not follow time-independent, linear elastic

relations, leading to the need to employ more complex constitutive relations.

Kitagawa and Matsutani [29] pointed out evidence of an equilibrium stress in

polymers specifically in Polypropylene (PP). Kitagawa, Zhou, and Qiu [30] also re-

ported evidence of an equilibrium stress for Polyoxymethylene (POM), Polycarbonate

(PC), and Polymethyl Methacrylate (PMMA). Kitagawa et al. [29,30] used the VBO

to model the mechanical behavior of these materials. However, since Kitagawa et al.

were using the early version of the VBO theory described in References [36,50], they

were only able to model monotonic loading with success.
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Inspired by the partial success of Kitagawa and co-workers, Bordonaro [5] and

Krempl and Bordonaro [42] began to investigate the deformation behavior of polymers

to determine if the overstress concept would fully apply. Their work was carried out

on Nylon 66, PEI, and PEEK at room temperature. This research showed that

non-linear elasticity is not a proper model for the polymers in question, and further

demonstrated that the VBO was capable of reproducing the experimentally observed

deformation behavior of these solid polymers. The qualitative match achieved with

the VBO led to the conclusion that the VBO is a proper candidate model for the

polymers in question.

However, Bordonaro [5] and Krempl and Bordonaro [42] also demonstrated spe-

cific features of mechanical behavior of polymers (specifically Nylon-66, PEEK, and

PEI) which the standard VBO could not capture. These features include higher relax-

ation rates, increased strain recovery after unloading to zero stress, curved unloading

in stress control, reduced rate-dependence in unloading, and merging of the stress-

strain curves produced at different strain rates. Khan [25] also reported the need to

capture curved unloading for HDPE as well as higher relaxation rates for PPO, and

confirmed the need to model rate reversal during unloading. Khan demonstrated that

the standard VBO can successfully capture some, but not all of the essential features

of polymer mechanical behavior at room temperature. No comprehensive systematic

procedure was given in any of these references for characterizing model constants and

functions for a given material. Instead, “seed” values were chosen from a previously
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characterized material for the various constants, then a “trial-and-error approach”

was utilized to tune the model to match the desired material behavior [25, p. 138].

Based on the findings of Bordonaro’s research, the VBO for Polymers (VBOP)

was developed, see Ho [20] and Krempl and Ho [43]. This version was shown to predict

the behaviors of Nylon-66 [20,43], PC [27,28], PPO [27], and HDPE [28] better than

standard the VBO. Note that the VBOP was used to model the behavior of both

amorphous (PC, PPO, and PES) and crystalline (Nylon-66, HDPE, PET) polymers.

A detailed description of the VBOP mathematical formulation is given in Section 3.3.

Still no procedure was given for a systematic characterization of the VBOP. Aging

was also not taken into account in the formulation of the VBOP.

Colak [11] and Colak and Dusunceli [12, 13] developed an alternate version

of the VBO aimed at modeling the behaviors of polymer materials. This version

introduced a new unloading function to better represent the unloading path displayed

by polymers at room temperature. Comparisons with experimental data showed that

this model predicts unloading of PPO and HDPE better than the VBO proposed by

Krempl and Ho [43]. However, the model developed by Colak et al. does not account

for all of the behavioral features reported by Bordonaro [5] which are accounted for in

the VBOP. The behaviors which are not accounted for in Colak’s formulation include

higher relaxation rates and merging of the stress-strain curves obtained at different

strain rates. Furthermore, Colak’s formulation does not account for cyclic softening

or hardening. This suggests that the addition of the unloading function to the VBO

model is a valid option, but that it would be more appropriately added to the VBOP

36



if the need arose to further enhance representations of the unloading behavior for

polymers.

2.2.3 Viscoplasticity Based on Overstress with Prior Aging. Krempl [36]

suggested that the VBO can be adapted to account for prior aging. He proposed an

approach of determining aging effects using creep and relaxation results. For stable

material, certain constants exist within the VBO. When dealing with a material that

does exhibit dependence on prior aging, those constants would be forced to explicitly

depend on prior aging time. According to Reference [36], the same equations and

assumptions would hold that were used for the standard VBO, with the exception

that the equilibrium stress g and the viscosity function k would become functions of

prior aging time. Since we assume that the effects of prior aging are separate from the

deformation induced effects, separation of variables would be used in the development

of the constitutive equations. While specifying that g and k have to be slowly varying

functions of time, Krempl offers no mathematical form to describe this dependence

on time. Yet, the assumption that these functions vary slowly with time is consistent

with the assumption that aging is a diffusion process. Krempl did not attempt to

apply of these concepts to any experimental results. Krempl did set the stage for

adding the analytical capability within the VBO to account for aging, however this

capability remained to be developed.
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2.3 Objectives of Current Work

The previous experimental and theoretical studies lay the groundwork for exam-

ining the deformation behavior of high temperature polymers. The current research

pursues two major purposes. A systematic characterization procedure for the VBOP

is developed and validated. At the same time, effects of prior aging on the deformation

behavior of PMR-15 neat resin are characterized. Based on experimental findings,

the predictive capability of the VBOP is extended to account for the effects of prior

aging.
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III. Theoretical Formulation of Viscoplasticity Based on

Overstress for Polymers

T
his chapter describes the theory of Viscoplasticity Based on Overstress for

Polymers (VBOP). The VBOP is chosen as the framework to model the be-

havior of PMR-15 with and without prior aging. The current research also extends

the VBOP to include prior aging. A thorough understanding of the intricate details

of the VBOP is needed before the introduction of aging into the model formulation

can be discussed.

Note that both the VBO and the VBOP are unified viscoplastic constitutive

models. The underlying concept of a so called “unified model” is that all of the

observed inelastic effects are “intrinsically coupled” [51]. This suggests, for example,

that creep strain and plastic strain are not represented by separate terms in the

constitutive equations.

3.1 Basis of Viscoplasticity Based on Overstress – Standard Linear

Solid

This section briefly explains the Standard Linear Solid (SLS) model upon which

the VBO is based. The SLS model, schematically shown in Figure 3.1, consists of two

springs and a dashpot (all elements are linear). This is a simple linear viscoelastic

solid, classified as a solid since it can maintain a nonzero stress while the strain rate

is zero [18,39].
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Figure 3.1: Schematic of a Standard Linear Solid

The constitutive equation of the SLS is

ǫ̇+
E2

η
ǫ =

σ̇

E1

+

(
E1 + E2

E1

)
σ

η
(3.1)

where Ei is the elastic constant of spring “i” and η is the viscosity constant of a

dashpot. This model is capable of representing both creep and relaxation.

3.2 Viscoplasticity Based on Overstress

The strain rate in the standard linear solid constitutive equation can be divided

into elastic, ǫ̇el, and inelastic, ǫ̇in, parts. The constitutive equation can then be re-

arranged into the following overstress form,

ǫ̇ = ǫ̇el + ǫ̇in =
σ̇

E1

+

[
σ

aη
−
E2

η
ǫ

]

(3.2)

or

ǫ̇ =
σ̇

E1

+
σ − aE2ǫ

aη
, (3.3)
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where

a =
E1

E1 + E2

. (3.4)

The term σ−aE2ǫ, then referred to as the overstress, leads to the name Viscoplasticity

Based on Overstress. The term

g = aE2ǫ (3.5)

is called the equilibrium stress. The equilibrium stress can be viewed as the stress

that the material can sustain as all rates approach zero.

The material behaves differently depending on loading rate, as illustrated in

Figure 2.9. Extremely slow loading corresponds to the equilibrium stress curve which

is governed by the two springs in series E1E2

E1+E2

. Extremely fast loading provides a

linear upper bound to the material behavior and is governed by E1 [39].

The constitutive equations are made nonlinear by making the spring modulus

E2 a nonlinear function of strain and by making the viscosity η a function of overstress

[39]. The final step needed to develop the standard VBO is to change the equilibrium

stress to have a “proper hysteretic behavior” [39]. The proper behavior is dependent

on the specific material to which the model is applied.

The governing equation of the standard VBO is as follows [40]:

ǫ̇ =
σ̇

E
+
σ − g

Ek
, (3.6)
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where E is the elastic modulus, g is the equilibrium stress, and k is the viscosity

function.

The evolution of the equilibrium stress is

ġ = Ψ
σ̇

E
+

Ψ

E

[
σ − g

k
−
g − f

A

(σ − g)

k

]

+

(

1 −
Ψ

E

)

ḟ , (3.7)

where A is the isotropic (rate independent) stress, Ψ is the shape function, and f is

the kinematic (rate dependent) stress.

The basic form of the viscosity function [5] is

k = k1

(

1 +
|σ − g|

k2

)−k3

, (3.8)

where k1, k2, and k3 are material constants. This function acts as a repository for

nonlinear viscous behavior [10].

The isotropic stress A establishes the difference between the kinematic stress

and the equilibrium stress [51] and is responsible for modeling cyclic hardening or

softening [21]. The evolution of the isotropic stress is [44]:

Ȧ = Ac[Af − A]

∣
∣
∣
∣

σ − g

Ek

∣
∣
∣
∣
, (3.9)

where Ac is a constant that controls how quickly saturation of cyclic hardening or

softening is reached and Af is the saturated value of A [44].
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The shape function governs the shape of the “knee” in the stress-strain diagram.

The recommended basic form is given as

Ψ = C1 + (C2 − C1)e
−C3|ǫin|, (3.10)

where C1, C2, and C3 are material constants.

The kinematic (rate dependent) stress f governs the slope of the stress-strain

curve in the plastic flow region (where inelastic flow is fully established) [33]. The

evolution of the kinematic stress is given by [40]:

ḟ = Et

(σ − g)

Ek
, (3.11)

where Et is the slope of the stress-strain curve in the region where the inelastic

(plastic) flow is fully established. The kinematic stress was introduced as a repository

for modeling the ultimate tangent modulus of the stress strain curve [20].

A yield surface is not employed in this theory, which implies that inelastic

deformation is always present at least to a small degree.

Several versions of the VBO exist, each having its own specialized application

or purpose. The different versions share the existence of a flow law and three state

variables (equilibrium stress g, isotropic stress A, and kinematic stress f). The VBO

with nonstandard rate-dependence allows for unusual trends such as dynamic strain

aging [20, 22, 23]. The Simplified VBO (SVBO) reduces the number of material pa-
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rameters to a minimum, making the model more manageable to characterize [51,70].

The Improved Simplified VBO (ISVBO) removes some of the simplifications intro-

duced in the SVBO to allow the model to be applicable to a wider range of materi-

als [51]. The VBO for Polymers has added rate-dependence in the equilibrium growth

law (Eq. (3.7)) and reconfigures some of the functions to better fit typical behavior

of the investigated polymers at room temperature [20].

For the proposed research, the VBO for Polymers is an appropriate choice since

it is formulated for the class of material that are under investigation. The functions

and variables of the VBOP are explained in further detail in Section 3.3.

3.3 Viscoplasticity Based on Overstress for Polymers

Ho [20] developed the VBOP to address the needs reported by Bordonaro and

Krempl [4], Bordonaro [5], and Krempl and Bordonaro [42]. This model was subse-

quently used to model the behaviors of various polymers [26, 28, 43]. In the VBOP

formulation, Eq. (3.6) retains the form

ǫ̇ = ǫ̇el + ǫ̇in =
σ̇

E
+
σ − g

Ek
. (3.12)

The growth (or evolution) of the equilibrium stress given by Eq. (3.7) for the

standard VBO becomes dependent not only on the overstress, but also on the over-
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stress rate,

ġ = Ψ
σ̇

E
+ Ψ

[
(σ − g)

Ek
−

(g − f)

A

∣
∣
∣
∣

(σ − g)

Ek

∣
∣
∣
∣
+

(σ̇ − ġ)

E

]

+

[

1 −
Ψ

E

]

ḟ . (3.13)

The difference between this formulation and the standard VBO is the inclusion of

the term Ψ (σ̇−ġ)
E

. This term influences the rate of equilibrium stress and in turn

influences the relaxation rate, allowing the model to capture the higher relaxation

rates commonly observed in relaxation of polymers. This modification specifically

addresses the behavior observed by Bordonaro [5] for Nylon-66. This additional term

is optional, depending on the specific material behavior in question. If the term is

not appropriate for the particular polymer, then it is simply not included. For the

PMR-15 at 288 ◦C modeling was conducted both with and without this term. This

modeling elucidated that the term is not appropriate for the mechanical behavior of

the PMR-15 at 288 ◦C. For more information see Appendix A.

The evolution of the kinematic stress is modified to the form

ḟ =

[
|σ|

Γ + |g|

]

Et

(σ − g)

Ek
, (3.14)

where Γ is the overstress invariant, which has the form

Γ = |σ − g|, (3.15)
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for the uniaxial case. The addition of the term
[

|σ|
Γ+|g|

]

increases the strain recovery

after unloading to zero stress [20]. This increase in recovery is achieved by slowing the

rate at which the equilibrium stress decreases. This term is also optional depending

on the behavior of the particular material of interest.

The isotropic stress evolution for polymers remains the same as that in the

standard VBO

Ȧ = Ac[Af − A]

∣
∣
∣
∣

σ − g

Ek

∣
∣
∣
∣
. (3.16)

In the case of many solid polymers, this is simplified by setting Ac = 0 and making

A a constant [11, 12, 23, 25–28] if the material is cyclically neutral. However, this

simplification cannot always be made. One such case is Nylon-66 [20, 43], which

exhibits cyclic softening.

The shape function governs the shape of the knee in the stress-strain diagram as

well as the curvature of the unloading curve. The recommended form for the VBOP

is given by Ho [20] and Krempl and Ho [43] as

Ψ = C∗
1 + (C2 − C∗

1)e−C3|ǫin| (3.17)

C∗
1 = C1

[

1 + C4

(
|g|

A+ |f | + Γ2

)]

, (3.18)

where C1 to C4 are material constants. The shape function not only reproduces

the curved unloading exhibited by polymers, it more importantly reduces the rate-
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dependence of the unloading curves. Both of these behaviors are characteristic for

some polymers at room temperature [5, 20]. This term is also optional depending on

the behavior of the particular material in question. For the PMR-15 at 288 ◦C it was

determined that this term is not appropriate because the unloading behavior of the

PMR-15 exhibits a strong rate dependence. For more information see Appendix A.

The viscosity function for polymers [20,43] is

k = k1

[

1 +

(

1 +
A0 − A

A0 − Af

)
Γ

k2

]−k3

, (3.19)

where Ao is the initial value of A, and k1, k2, and k3 are material constants. The

addition of a dependence on the isotropic stress allows for the stress-strain curves at

different strain rates to merge. This merging is “correlated with the strain dependence

of the stress relaxation time” [20].

The modifications discussed above were initially introduced to meet the needs

for modeling the behavior of Nylon-66 as discussed by Bordonaro [5] and Ho [20].

This form has become known as the VBOP and has been successfully utilized to

model the behaviors of other solid polymers at room temperature including PC by

Khan and Krempl [27,28], HDPE by Khan and Krempl [28], and PPO by Khan [26].

The rate reversal effect that is typically observed for polymers is not captured by the

VBOP or the standard VBO. Khan [26] discussed possible modifications to the model

that would enable the prediction of the rate reversal. However, while the rate reversal

effect is an observed feature of the material behavior, it is postulated here that the
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rate reversal is not critical to creating an accurate life prediction for components

manufactured with solid polymer materials.

The VBOP model lends itself as an appropriate choice of a constitutive frame-

work for modeling the behavior of the solid polymer PMR-15 in the current research.

A major contribution of this research is the development of a systematic model charac-

terization scheme for the VBOP. A systematic experimental characterization scheme

for this model is outlined in Chapter IV. Another major contribution is the de-

velopment of the analytical capability to account for prior aging within the VBOP

framework. The modifications to the VBOP are discussed in Chapter X.

48



IV. Experimental Methods

T
his chapter discusses the experimental arrangements and procedures needed

to examine the strain rate-dependent behavior of the PMR-15 at 288 ◦C as

well as the effects of prior aging on the inelastic deformation of the material.

4.1 Test Material and Experimental Arrangements

The material studied was PMR-15 solid polymer, a thermosetting polyimide.

The PMR-15 polyimide has a Tg of 347 ◦C and a long-term use temperature of 288 ◦C.

The PMR-15 neat resin panels were supplied by HyComp Inc. (Cleveland, OH). The

free standing post cure cycle is shown in Table 1.1. Dog bone-shaped test speci-

mens of 150-mm total length with a 7.6-mm wide gage section were machined from

the 3.18-mm thick panels using diamond-grinding. All as-received specimens must

be processed to ensure that they have a common starting point with low moisture

content. All specimens were washed with a common household soap and thoroughly

rinsed with distilled water to remove contaminants from the machining process. The

specimens were then dried in a vacuum oven at 105 ◦C for at least 24 h, and sub-

sequently stored in a dry-air-purged desiccator until testing to prevent any moisture

re-absorption.

Specimens were aged at 288 ◦C, which is the design maximum sustained service

temperature of PMR-15 based composites in aerospace applications. The isothermal

aging was accomplished in a Blue M model 7780 air-circulating oven that provided

continuous replenishment of argon by convection through the oven inlet. High purity
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argon gas (99.999% pure) was supplied to the Blue M oven from a liquid argon tank.

When specimens were taken out for periodic inspection and/or testing, the oven was

opened without cooling and closed immediately. Then the oven automatically entered

the 18-min purge cycle to flush out any ambient atmosphere that had entered the

chamber. The flow rate of argon was ∼30 SCFH during the steady state operation

and 150 SCFH during the purge cycle. Each group of test specimens isothermally

aged for a given duration included a rectangular sample for the purpose of monitoring

weight change with aging time. The aged rectangular specimens were removed from

the oven and allowed to cool in the desiccator prior to obtaining weight measurement.

A servo-hydraulic MTS machine equipped with water-cooled hydraulic wedge

grips, a compact resistance-heated furnace, and a temperature controller were used

in all tests. A TestStar II digital controller was used for input signal generation and

data acquisition. An MTS low contact force, high-temperature uniaxial extensometer

of 12.5-mm gage length was used for measurement of strain. This set-up allowed for

strain-controlled testing, as well as immediate control mode switching. Unless other-

wise indicated, loading/unloading was performed under strain control mode at rates

of |ǫ̇| = 10−6 to 10−3 s−1, and of course |ǫ̇| = 0 s−1 for any relaxation intervals. The

capability of immediate control mode switching allowed for creep and recovery follow-

ing loading/unloading in strain control. Naturally, for creep and recovery intervals

|σ̇| = 0 MPa/s.

For elevated temperature testing, thermocouples were attached to the specimens

using Kapton Tape to calibrate the furnace on a periodic basis. The furnace controller
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(using a non-contacting thermocouple exposed to the ambient environment near the

test specimen) was adjusted to determine the power setting needed to achieve the

desired temperature of the test specimen. Thermocouples were not bonded to the

test specimens after the furnace was calibrated. All tests were carried out at 288 ◦C

in a laboratory air environment. In all tests, the specimen was heated to 288 ◦C at

the rate of 2 ◦C/min, and held at 288 ◦C for an additional 45 min prior to testing.

4.2 Experimental Procedures

The test procedures that are necessary to explore the strain rate-dependent be-

havior of the PMR-15 at 288 ◦C are outlined in this section. The results of these tests

are used for the characterization of the VBOP parameters and for model verification

as described in detail in Section 7.2.

4.2.1 Monotonic Tensile Test at Constant Strain Rate. The type of ex-

periment used for setting a baseline for the material strain rate dependent behavior

is a Monotonic Tensile Test at Constant Strain Rate. Specimens from each aging

group were subjected to tensile tests at constant strain rates of 10−6, 10−5, 10−4, and

10−3 s−1. This type of test is depicted schematically in Figure 4.1. The purpose of

monotonic testing at multiple constant strain rates is to determine if and how the flow

stress, elastic modulus, and tangent modulus depend on the strain rate. An example

of the effect of strain rate on the stress-strain behavior of the solid polymer PPO is

presented in the loading portion of Figure 4.2 reproduced from Khan [25].
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Figure 4.1: Schematic of a Set of Monotonic Tension Tests

Figure 4.2: Example of a Loading Followed by Unloading at Constant Strain Rate
on PPO Reproduced from Khan [25] Figure 4.14.
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4.2.2 Loading Followed by Unloading at Constant Strain Rate. To assess

the effect of strain rate on the unloading stress-strain behavior, strain-controlled tests

consisting of loading to a fixed strain of 3% and unloading to zero stress at constant

strain rate magnitude were carried out. Strain rate magnitudes ranging from 10−6 to

10−3 s−1 were employed. An example of this type of test to a fixed strain of 10% is

shown in Figure 4.2 (reproduced from Khan [25]).

4.2.3 Recovery of Strain at Zero Stress. A recovery test is carried out after

a load has been applied and then removed. The material is kept at zero load and the

accumulated strain is monitored until an asymptotic point has been achieved. (The

strain in the material is no longer reducing.)

In the current work, this test is carried out following loading and unloading to

zero stress at constant strain rate magnitude. After unloading, the control mode is

switched from strain to load, and the load is controlled to stay at zero for at least

10 h to observe the subsequent strain recovery.

4.2.4 Constant Strain Rate Test with Intermittent Periods of Relaxation.

A relaxation test is carried out by imposing a constant strain while recording the

change in stress. The “relaxation” is defined as the change in stress level with time

as the strain is held constant. The relaxation stress is close to the equilibrium stress

at the end of relaxation if the relaxation duration is long enough [60]. These tests

are carried out as part of the constant strain rate tests with intermittent periods of

relaxation, similar to that shown in Figures 4.3 and 4.4. It is important to ensure
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Figure 4.3: Schematic of a Constant Strain Rate Test with Intermittent Periods of
Relaxation.

Figure 4.4: Example of a Constant Strain Rate Test with Intermittent Relaxation
Periods on on PPO Reproduced from Khan [25] Figure 6.10.
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that the periods of relaxation are long enough to reach the point when the stress rate

approaches zero.

The relaxation tests (along with the creep tests) are used to verify the existence

of an equilibrium stress [43]. By carrying out the constant strain rate test with

intermittent periods of relaxation at different constant strain rates, one can detect

the dependence of the stress drop during relaxation on the prior strain rate. By

carrying out the relaxation tests for the same prior strain rate but at different strain

levels, one can detect the dependence of the stress drop during relaxation on stress

and strain at the beginning of the relaxation period.

4.2.5 Strain Rate Jump Test. The Strain Rate Jump Test (SRJT) [59, 61]

consisting of segments of monotonic loading at two different strain rates was per-

formed to assess whether the PMR-15 polymer exhibits the strain rate history effect

at 288 ◦C. The strain rates were 10−5 and 10−3 s−1. The results are compared to

the stress-strain curves obtained in constant strain rate tests conducted at 10−5 and

10−3 s−1. A schematic of the expected material behavior during the strain rate jump

test is shown in Figure 4.5. An example of the strain rate jump test is shown in Fig-

ure 4.6 (Reproduced from Khan [25]). This test can provide a better understanding

of the effects of the strain rate history on the material behavior.

4.2.6 Creep. Influence of prior strain rate on creep behavior was explored

in creep tests of 6 h duration preceded by uninterrupted loading to a target creep

stress of 21 MPa at constant strain rates of 10−6 and 10−4 s−1. The capability of
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Figure 4.5: Schematic of a Strain Rate Jump Test

Figure 4.6: Strain Rate Jump Test with Unloading on HDPE Reproduced from
Khan [25] Figure 4.8.
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the testing system to instantaneously switch control mode made it possible to load a

specimen to a target stress of 21 MPa at a constant strain rate under strain control,

then switch mode to load control to perform a creep test.

4.3 Isothermal Aging Procedure

In order to investigate the effects of prior aging on the deformation behaviors

of PMR-15, specimens that have been aged for various durations were subjected to

the exploratory experiments outlined in Section 4.2. The results provide information

on the effects of aging on the rate-dependent deformation behaviors of PMR-15.

The material was aged for durations of 50, 100, 250, 500, 1000, and 2000 h.

Theses durations are the same as those used by Ruggles-Wrenn and Broeckert [63]

with the 2000-h duration added. Hence, results obtained by Broeckert may be used

together with the results obtained in the current research.

An important assumption is that the aging of PMR-15 is negligible at ambi-

ent temperatures. This allows us to assume that aging effects can be attributed

completely to prior aging at high temperatures. Another critical assumption is that

thermal cycling of the samples during heating and cooling periods does not contribute

to degradation. In order to make this assumption, the number of thermal cycles is

restricted to a minimum. Both of these assumptions are common for this type of

research [7].

It is worth noting that prior to aging the room temperature elastic modulus

of each specimen is measured and recorded in order to document the specimen-to-
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specimen variability inherent in the material. The tests are carried out in the labora-

tory air environment at room temperature. Tests conducted for the purpose of elastic

modulus measurement are limited to loads and stresses in the linear region of the

material in order to not introduce permanent strain. Following the procedure out-

lined by Broeckert [7], each specimen is loaded to 3 MPa at a rate of approximately

1 MPa/s and unloaded at the same rate to zero stress. The measured modulus of

each specimen represents its individual “signature” that can be useful in reducing

data scatter due to specimen-to-specimen variability.

4.4 Tuning for Strain Control

It is established in Section 4.2 that various strain-controlled tests such as the

constant strain rate, the strain rate jump, and relaxation tests are required for the

current research. Both strain-controlled and stress-controlled tests conducted in this

research require accurate control of the rate of loading. While modern servo con-

trolled testing equipment boasts such control capability, the testing system must be

calibrated for each specific material tested. This calibration procedure is called “tun-

ing”.

Tuning is performed to minimize the error between the command and the feed-

back signal. Successful tuning assures that the testing machine does what it is told

to do. For example, consider a test in which the axial load imposed on a specimen

increases at a constant rate of 100 N/s. The controller sends a command signal to

the machine actuator. The axial motion of the actuator produces an increasing load
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on the specimen. The load cell monitors the changing load and provides a feedback

signal to the controller, which compares the command and feedback signals and eval-

uates the error between command (what the machine is told to do) and feedback (the

action of the machine). The error is then minimized by adjusting the command signal

to the servo-valve so that the feedback converges to the desired rate of 100 N/s. This

is a closed loop control process. This process is continually taking place throughout

each test. Several process parameters must be adjusted to establish a quick, but

stable feedback loop.

The MTS testing system permits closed loop control using three different control

channels:

1. the actuator displacement sensor – displacement control

2. the extensometer mounted directly on the test specimen – strain control

3. the load cell – load control

To successfully conduct both stress (load)- and strain-controlled tests, each control

channel must be tuned individually.

Tuning of the test equipment in strain control specifically for the PMR-15 neat

resin is key to this research. Yet, strain-controlled testing is not commonly performed

due to the level of difficulty involved in tuning the testing system in this control mode.

Strain-controlled tests are also not needed for characterizing most simplified material

models. However, strain-controlled testing is critical to successful characterization

of the VBOP (or the VBO). Prior to this research, strain-controlled testing had not
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been accomplished in the Air Force Institute of Technology laboratories for any type

of material.

The current experimental research was carried out on an MTS servo-hydraulic

testing machine equipped with the TestStar II digital controller. Tuning of the test

system in either stress control or strain control mode involves adjustment of the two

critical parameters: the proportional gain (P ) and the integral gain (I). The specifics

of the MTS control system are proprietary. However, the basic theory of Proportional

and Integral control can be discussed.

The P gain is the primary value that has to be adjusted for the types of tests

proposed in this research. A proportional controller produces a signal that is propor-

tional to the error. The steady-state performance and speed of response of a system

improves as the P gain is increased [67]. However, setting the P gain too high can

cause instabilities in the system.

The control signal for a Proportional Control system can be expressed as

u(t) = Pe(t), (4.1)

where u(t) is the controller output signal, P is the gain value, and e(t) is the error

between the command and the feedback [67].

The proportional gain has the following effects [56]:

• As P gain increases, the error between the command and the feedback decreases.
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Figure 4.7: Effect of P Gain [56] on System Response

• A higher P gain increases the speed of the system response.

• Setting the P gain too low can cause the system to be sluggish.

• Setting the P gain too high can cause the system to become unstable.

A simple schematic of the effect of the P gain on a square wave form is shown in

Figure 4.7, where a gray line represents the command and a black line represents the

feedback (or the system response to the command).

Adjustments to the I gain can also improve the steady-state performance of a

control system, creating a Proportional-Integral Control [56]. The control signal for

this case can be represented as:

u(t) = P

[

e(t) +
1

I

∫ t

0

e(τ)dτ

]

, (4.2)

where I is the integral gain value [67]. As can be seen in Eq. (4.2), the integral gain

acts on the integral of the history of the error over time. Adding this integral to the

control signal may lead to oscillatory response. A simple schematic of the effect of

the I gain on a square wave form is shown in Figure 4.8.

MTS [56] suggests that a square waveform be utilized for tuning in displacement

control or force control. However, a sinusoidal waveform is recommended for tuning in
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Figure 4.8: Effect of I Gain [56] on System Response

strain control, since the discrete changes in strain inherent in a square waveform can

cause the extensometer to slip or fall off the specimen. Loss of contact between the

extensometer, which provides the feedback signal in strain control, and the specimen

would cause the system to go unstable.

Tuning of the strain control mode was first carried out at room temperature

using an aluminum alloy specimen and an MTS high contact force uniaxial extensome-

ter. A sinusoidal waveform with a mean axial strain of 0.5% and a strain amplitude

of 0.2% was employed. The frequency was set to 0.1 Hz. The values of the P and I

gains were set low initially and then gradually increased. Once good agreement be-

tween the command and feedback signals was achieved, the frequency was increased

to 0.25 Hz where the P and I gains were further adjusted. The frequency was in-

crementally increased and values of P and I adjusted until the final frequency of

1 Hz was reached (tests planned in this research would not require tuning at higher

frequencies). The final values of the P and I gains were 2100 and 80, respectively.

To validate these gain settings, monotonic tests at several constant strain rates, a

constant strain rate test with intermittent periods of relaxation, a strain rate jump

test, and a stepwise creep test were carried out using an aluminum alloy specimen.

The objective of these validation tests was to check the agreement between command
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and feedback signals under complex loading histories. The results of all tests revealed

that the P and I gain settings were adequate and that tuning was successful.

Next the tuning procedure was repeated using an aluminum alloy specimen and

an MTS high-temperature low contact force extensometer, which would be used in

actual tests. The tuning was also conducted using the testing system with the 3 Kip

load cell, which would be used in actual tests. Successful completion of this step was

not guaranteed. Because of the low-contact force design, this particular extensometer

can easily lose contact with the test specimen, causing the testing system to become

unstable. Yet with significant effort, the successful tuning was accomplished. At the

final frequency of 1 Hz, good agreement between command and strain feedback was

achieved at a P gain of 2400 an I gain of 35. Several strain-controlled tests were

carried out to validate the tuning. The results demonstrated that the gain settings

were adequate.

Then the tuning procedure was repeated using a PMR-15 specimen and an

MTS high-temperature low contact force extensometer. The gain settings of P=2400

and I=35 produced good agreement between the command and feedback for the

case of cyclic loading with the sinusoidal waveform with the mean tensile strain of

0.5%, strain amplitude of 0.3%, and a frequency of 0.75 Hz. The gain settings were

further validated in several strain-controlled tests. Evaluation of the command versus

feedback obtained in monotonic loading/unloading tests at constant strain rate and

in strain rate jump tests revealed an excellent agreement between the two signals.
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Figure 4.9: Strain Control Tuning with PMR-15 and Low Contact Force Exten-
someter: Loading and Unloading in Strain Control at 288 ◦C. Strain
Rate is 10−5 s−1.

Finally, the strain-controlled validation tests were carried out at at 288 ◦C (test

temperature for the present research). The determined gain settings proved to be

successful in the elevated temperature tests as well. Excellent agreement between the

command and the feedback signal was achieved under cyclic loading with the sinu-

soidal waveform, in loading an unloading at constant strain rate magnitudes (Figures

4.9 and 4.10), in the constant strain rate test with intermittent periods of relaxation

(Figure 4.11), and in the strain rate jump test (Figure 4.12).

It should be noted that the PMR-15 specimen used in the tuning effort was not

kept in a controlled environment (therefore its moisture content is unknown) and was

furthermore subjected to prior loading history. This specimen was suitable for the
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Figure 4.10: Strain Control Tuning with PMR-15 and Low Contact Force Exten-
someter: Loading and Unloading in Strain Control at 288 ◦C. Strain
Rate is 10−3 s−1.

tuning of the testing system and the results of the several tests thoroughly validate the

gain settings. However, because of the unknown prior loading history and moisture

content, these results cannot be used in assessing the deformation behavior of the

PMR-15 polymer.
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Figure 4.11: Strain Control Tuning with PMR-15 and Low Contact Force Exten-
someter: Constant Strain Rate with Intermittent Periods of Relax-
ation at 288 ◦C.
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Figure 4.12: Strain Control Tuning with PMR-15 and Low Contact Force: Strain
Rate Jump Test at 288 ◦C.
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V. Unaged PMR-15 Neat Resin: Experimental Observations

T
his chapter discusses the results of the mechanical tests for the unaged

PMR-15.

5.1 Assessment of Specimen-to-Specimen Variability

Room temperature elastic modulus measurements were carried out for each

specimen in order to determine the sample-to-sample variability within the material.

The experiment for this measurement was carried out in stress control mode.

Each specimen was loaded at 1 MPa/s up to 3 MPa stress, then unloaded at

1 MPa/s to zero stress.

The mathematical tool utilized to calculate the elastic modulus from the experi-

mental results was the ‘polyfit’ command in MATLAB. When executing the command

‘polyfit(x,y,n)’, MATLAB finds the coefficients of a polynomial p(x) of degree n that

fits the data y best in a least-squares sense. The polynomial is of the form

p(x) = p1x
n + p2x

n−1 + ...+ pn−1x+ pn+1. (5.1)

For the elastic modulus calculations, the degree n = 1; the polynomial reduced to the

linear form

p(x) = p1x+ p2, (5.2)

where x = strain data and y = stress data. The MATLAB function output provides

the best fit values of p1 and p2, where p1 = elastic modulus.
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The mean room temperature elastic modulus is 4.2 GPa. Some scatter was

observed (the associated standard deviation is 0.21 GPa). However, it was decided

that no single sample should be eliminated based solely on the room temperature

elastic modulus measurement.

5.2 Deformation Behavior at 288 ◦C

The experimental investigations described in Section 4.2 were carried out on

PMR-15 neat resin with no prior thermal aging. This research aims to investigate the

strain rate (time)-dependent deformation behavior of the PMR-15 polymer at 288 ◦C.

The experimental program includes strain-controlled tests of monotonic loading and

unloading with periods of relaxation as well as changes in strain rate. Effects of prior

strain rate on creep behavior as well as on the recovery of strain at zero stress are

also explored.

5.2.1 Monotonic Tension to Failure. Effect of strain rate was explored in

tensile tests to failure conducted at constant strain rates of 10−6, 10−5, 10−4, and

10−3 s−1. The results are shown in Figure 5.1. It is seen that the stress-strain curves

do not exhibit a distinct linear range; the slope continues to decrease slowly with

increasing stress. The stress-strain curves obtained at different constant strain rates

show little dependence on rate initially, producing the same quasi-elastic slope of

approximately 2.1 GPa upon leaving the origin. After the transition to the inelastic

regime, the material exhibits positive, nonlinear strain rate sensitivity. The flow stress

level increases with increasing strain rate. Furthermore, the shape of the stress-strain
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T = 288 °C
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Figure 5.1: Stress-Strain Curves Obtained for PMR-15 in Tensile Test to Failure
Conducted at Constant Strain Rates of 10−3, 10−4, 10−5, and 10−6 s−1

at 288 ◦C. The Dependence of the Stress-Strain Behavior on the Strain
Rate is Evident.

curve undergoes a gradual change as the strain rate increases. The stress-strain

curves obtained at slower strain rates depart from near-linear behavior at much lower

stress levels than those obtained at faster strain rates. In addition, the “knee” of the

stress-strain curve, where the quasi-linear elastic behavior transitions to inelastic flow

becomes considerably more pronounced with increasing strain rate.

In order to establish repeatability, these tests were repeated for the three fastest

strain rates. The results of the repeated tests were consistent in all cases as can be

seen in Figure 5.1.
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Figure 5.2: Stress-Strain Curves Obtained for PMR-15 in Loading/Unloading Tests
Conducted at Constant Strain Rates of 10−3, 10−4, 10−5, and 10−6 s−1

at 288 ◦C Compared to Tension to Failure Results. The Dependence
of the Unloading Behavior on the Strain Rate is Evident.

5.2.2 Loading and Unloading. To assess the effect of strain rate on the

unloading stress-strain behavior, strain-controlled tests consisting of loading to a fixed

strain of 3% and unloading to zero stress at constant strain rate magnitude were

carried out. Strain rate magnitudes ranging from 10−6 to 10−3 s−1 were employed. A

maximum mechanical strain of 3% was selected based on tension to failure results so

that the material could withstand the maximum strain at all four strain rates. As seen

in Figure 5.2, the unloading stress-strain behavior is “curved” and strongly influenced

by strain rate. The curved unloading behavior becomes increasingly more pronounced

as the strain rate magnitude decreases. The inelastic strain measured immediately

after reaching zero stress increases with decreasing strain rate magnitude.
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Figure 5.3: Recovery at Zero Stress at 288 ◦C (Following Loading and Unload-
ing in Strain Control). Recovered Strain is Shown as a Percentage of
the Initial Value (Inelastic Strain Value Measured Immediately After
Reaching Zero Stress). The Effect of The Prior Strain Rate on the
Recovered Strain is Apparent.

5.2.3 Recovery of Strain at Zero Stress. Following loading and unloading

to zero stress at constant strain rate magnitude, the control mode was switched

from strain to load, and the load was controlled to stay at zero for at least 10 h

to observe the subsequent strain recovery. Results of the recovery tests are given in

Figure 5.3, where the recovered strain is shown as a percentage of the inelastic strain

value measured immediately after reaching zero stress. A profound influence of the

prior strain rate on the recovery of strain is evident. Figure 5.3 reveals that a larger

percentage of inelastic strain is recovered in tests conducted with higher prior strain

rate magnitude. The strain rate during the recovery period decreases rapidly and

most of the strain is recovered after approximately 8 h for all but the slowest prior

71



strain rate. In the test conducted with the strain rate magnitude of 10−3 s−1, the

inelastic strain measured upon unloading is fully recovered after 8 h. Conversely, in

the tests conducted with slower strain rates, the inelastic strain was only partially

recovered. In tests conducted with strain rate magnitudes of 10−4 and 10−5 s−1, the

recovery rate dropped to near zero after 15 h. Nearly 90% of the inelastic strain

measured upon unloading was recovered in the 10−4 s−1 test and approximately 70%

of the inelastic strain was recovered in the 10−5 s−1 test. Considering the near zero

recovery rate, the full recovery of strain is unlikely in these tests. In the 10−6 s−1 test,

only about one half of the inelastic strain measured upon unloading was recovered

after 26 h. Given the slow rate of recovery and the strain of 0.73% remaining at the

end of the 26-h recovery period, full recovery is improbable even after a long time. A

permanent strain can be reasonably assumed.

5.2.4 Constant Strain Rate Loading with Periods of Relaxation.

5.2.4.1 Exploratory Tests. The first three experiments of this type

were exploratory tests into the behavior of PMR-15. Since relaxation data was not

available for this material, exploratory testing was needed to determine proper strain

intervals for the relaxation periods as well as to determine adequate durations of

relaxation periods to allow for saturation. (Saturation refers to the state where the

relaxation rate approaches zero.) The strain intervals in this type of test need to be

high enough to allow the material (following a period of relaxation) to reach the flow

stress levels attained in monotonic loading. This allows for full comparison of the
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subsequent relaxation periods while avoiding erroneous conclusions about the effect

of the loading history. (For more details on these possible erroneous conclusions, see

Bordonaro and Krempl [4].) In addition, if the material is allowed to reach the flow

stress levels following a relaxation period, the results can be used to confirm the value

of the tangent modulus. The exploratory tests were conducted at strain rates of 10−3

and 10−5 s−1.

The first exploratory test was conducted at the rate of 10−3 s−1. The first

relaxation period was introduced at the strain of 1%. In order to ensure that near

zero relaxation rate can be achieved, the initial tests were programmed such that

the relaxation period could be monitored and the length increased as needed (or

decreased if appropriate) during the individual relaxation periods. The individual

relaxation durations were varied from just over 1.5 h to just under 12 h. Due to the

limited ductility observed in the tension to failure tests (max strain of 5% at the rate

of 10−3 s−1) it was desirable to find a small strain interval so that multiple relaxation

periods could be carried out within a single test. The interval of strain between the

relaxation periods was initially set to 0.5%. The stress-strain results from this test

are shown in Figure 5.4.

The graph in Figure 5.4 shows that at this high strain rate, the location of the

initial relaxation period, coupled with the small interval of strain between relaxation

periods caused a scenario where the material could not reach the levels of flow stress

that were found during tension to failure tests. Therefore, the strain interval was

increased to 1.0% and then again to 1.5%. It was determined that the strain interval of
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Figure 5.4: Exploratory Constant Strain Rate Loading (10−3 s−1) with Intermittent
Periods of Relaxation. Results Show the Need for Strain Intervals >
1.5% Between Relaxation Periods and for Relaxation Durations of 12
h or More.

1.5% was sufficient to allow the material to reach the plastic flow curve during loading.

A quasi-linear behavior is observed in each portion of strain-controlled loading. It

is postulated that the material would diverge from this linear behavior and begin

to follow the tensile stress-strain curve for a given strain rate provided the strain

intervals were large enough. This test revealed a surprising result: the material

reached strains in excess of 8%, a strain level not approached at any strain rate in

the tension to failure tests.

The stress vs time curves produced during the relaxation periods included in

this test are shown in Figures 5.5 to 5.7. The results show that for relaxation periods
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Figure 5.5: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−3 s−1) Test with Intermittent Pe-
riods of Relaxation. Strain Interval Between Relaxation Tests is 0.5%.
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Figure 5.6: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−3 s−1) Test with Intermittent Pe-
riods of Relaxation. Strain Interval Between Relaxation Tests is 1.0%.
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Figure 5.7: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−3 s−1) Test with Intermittent Pe-
riods of Relaxation. Strain Interval Between Relaxation Tests is 1.5%.
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starting at higher stress levels, the stress relaxation takes longer to saturate. The

results also show that in most relaxation tests, the stress relaxation rate had still not

reached zero after 12 h. However, it does appear that the stress values at the end

of the relaxation periods are tending to stationary points which form a curve just

below the stress-strain curve obtained at a strain rate of 10−6 s−1. This behavior

suggests the existence of an equilibrium stress curve with the shape similar to that of

the stress-strain curve obtained at 10−6 s−1. In tests conducted with this slow strain

rate, the relaxation test that last for 12 h still produce some stress drop at the end of

the 12 h period. However, the change in stress during the last hour constitutes < 3%

of the total stress drop. Furthermore, the drop in the last six hours of relaxation is

< 20% of the total stress drop. Therefore it is reasonable to assume that saturation

of the relaxation is imminent. Hence, the relaxation duration was set to 12 h for the

remaining tests.

The second exploratory test was carried out at 10−5 s−1. The results are shown

in Figure 5.8. The first relaxation period was introduced at 2%. The strain intervals

between relaxation periods were 1% and 1.5%. These strain intervals were large

enough for the stress to reach the flow stress values expected for the 10−5 s−1 rate

based on the tensile tests conducted at 10−5 s−1 results and based on the results

of the exploratory test with periods of relaxation conducted at 10−3 s−1. A stress

overshoot was seen during loading following a relaxation test at ǫ = 1.5%. Based on

the results of Bordonaro and Krempl [4, 5] and Khan [25, 26] it was postulated that

if the material was given an even larger strain interval between relaxation periods,
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Figure 5.8: Exploratory Constant Strain Rate Loading (10−5 s−1) with Intermit-
tent Periods of Relaxation. Shows the Need for Wide Strain Intervals
Between Relaxation (> 1.5%) and for Relaxation Durations of 12 h.
Also Shows a Material Overshoot Once Loading is Resumed After a
Relaxation Period.

the stress would settle back to the characteristic stress-strain curve obtained in the

tension to failure test. The stress drop during the relaxation for each of these periods

is shown in Figure 5.9.

This conclusion was confirmed in a test conducted at the strain rate of 10−5 s−1

with a single relaxation period introduced at the strain of 3%. After the relaxation,

the loading was resumed at the rate of 10−5 s−1 and continued until failure. The

stress-strain curve and the relaxation curve obtained in this test are shown in Figures

5.10 and 5.11, respectively. Results in Figure 5.10 demonstrate that when the strain-
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Figure 5.9: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−5 s−1) Test with Intermittent Peri-
ods of Relaxation. Strain Interval Between Relaxation Tests is Varied.
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First “Overshoots” and then Returns to the Stress-Strain Curve Char-
acteristic for a Given Strain Rate.
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Figure 5.11: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−5 s−1) Test with One Period of
Relaxation.

controlled loading is resumed after relaxation, the material initially “overshoots” but

then returns to the stress-strain curve characteristic for a given strain rate. This test

was repeated with an attempt at an additional relaxation period once the transients

had died out. The results in Figures 5.12 and 5.13 show that the specimen failed

before the transients had died out.

The results of these exploratory tests were evaluated in order to determine

suitable test parameters for the constant strain rate tests with intermittent periods

of relaxation. These exploratory results reveal that only one relaxation period can

be achieved within a single test due to the large interval of strain needed between

relaxation periods and the low ductility of the material. The results also show that

a relaxation period of at least 12-h duration is needed for relaxation to approach

saturation.

5.2.4.2 Monotonic Tests with a Single Period of Relaxation. Because

only one relaxation period can be achieved within a single test, two tests of this type
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Figure 5.13: Stress Drop During Relaxation vs Time Curves Obtained in Ex-
ploratory Constant Strain Rate (10−5 s−1) Test with One Period of
Relaxation. Illustrating Repeatability of Relaxation Response.
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per strain rate of interest are needed in order to evaluate the effect of the stress and

strain at the beginning of relaxation on the relaxation behavior. In these tests, a

specimen is subjected to uninterrupted loading at a constant strain rate to a target

strain in the region of fully established inelastic flow, where a 12-h relaxation period

is introduced. After the end of the relaxation period, straining resumes at the given

strain rate and continues to specimen failure. The tests were conducted under strain

control using strain rates of 10−6, 10−5, 10−4, and 10−3 s−1 during loading and,

naturally, ǫ̇ = 0 s−1 during relaxation. Two tests were conducted at each strain rate

incorporating a relaxation period at (1) the strain of 3% and (2) the strain of 4.5%.

Results are presented in Figures 5.14 and 5.15. The stress-strain curves in Figure 5.14

reveal that, once the monotonic loading is resumed after the relaxation, the stress-

strain curve first “overshoots”, then quickly returns to the stress level characteristic

for a given strain rate (compare with uninterrupted stress-strain curves in Figure 5.1).

The “overshoot” is most pronounced at the fast strain rate of 10−3 s−1 and hardly

noticeable at the slow strain rate of 10−6 s−1. A similar “overshoot” or transient

region is observed in the results of Bordonaro and Krempl [4, 5] and Khan [25,26].

Relaxation curves showing the stress drop vs time (see Figure 5.15) demonstrate

that the decrease in stress during relaxation is profoundly influenced by the prior

strain rate. A much larger decrease in stress is observed in relaxation following loading

at 10−3 s−1 than in relaxation following loading at 10−6 s−1. The total stress drops

in the 12-h relaxation tests are increasing with increasing prior strain rate. (Note

that viscoelastic models such as Schapery’s do not address this effect.) Furthermore,
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Figure 5.14: Stress-Strain Curves Obtained for PMR-15 Polymer in Constant
Strain Rate Tests with Intermittent Periods of Relaxation at 288 ◦C.
When Loading at a Constant Strain Rate is Resumed After the Re-
laxation Period, the Material Reaches the Flow Stress Characteristic
for that Particular Strain Rate.

within each strain rate the relaxation stress drops are essentially independent of the

stress and strain at the beginning of the relaxation period. For each of the prior

strain rates of 10−6, 10−5, and 10−4 s−1, the relaxation curves measured at ǫ = 3%

and those measured at ǫ = 4.5% are nearly identical. Note that the relaxation rate

was not zero when relaxation tests shown in Figures 5.14 and 5.15 were stopped.

Upon continuation of the relaxation tests, the stress would have dropped further

at an ever-decreasing rate, finally coming to rest at a nonzero level. However, the

change in stress during the last hour in all tests constitutes < 6% of the total stress
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Figure 5.15: Stress Decrease vs Relaxation Time for the PMR-15 Polymer at
288 ◦C. Influence of Prior Strain Rate on the Stress Drop During
Relaxation is Evident. Stress Drop During Relaxation of a Fixed Du-
ration is Independent of the Stress and Strain at the Beginning of
Relaxation.

drop. Furthermore, the stress rate at the end of the aforementioned relaxation tests

was between 0.000004 and 0.00009 MPa/s. Therefore, it is reasonable to assume

that saturation of the relaxation stress was imminent after 12 h of relaxation. It

is recognized that extending the relaxation periods to achieve zero relaxation rate

may be impractical. Hence the relaxation rate of ≤ 0.00009 MPa/s is adopted as a

practical definition of “nearly-saturated” relaxation. Results in Figure 5.14 suggest

that the stress-strain points at the end of the relaxation tests form a curve that has

a shape of a stress-strain diagram. Hence, it may be expedient to postulate that
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the relaxation comes to rest at nonzero stresses that form the equilibrium boundary,

which may be interpreted as the stress-strain curve for vanishing strain rate. It is

recognized that in practice the equilibrium boundary cannot be determined exactly,

it can only be inferred. In practice it would be impossible to obtain the stress-strain

curve for strain rates ≤ 10−12 s−1. A tensile test conducted at 10−12 s−1 would take

over 475 years to reach a strain of 1.5%.

5.2.4.3 Relaxation Upon Unloading Stress-Strain Path. As seen in

Figures 5.14 and 5.15, when relaxation tests are performed on the loading segment

of a stress-strain curve, the drop in stress occurs in a monotonic fashion. However,

in the instance of relaxation tests conducted on the unloading segment of the stress-

strain curve, different material behavior is observed. Figure 5.16 depicts stress-strain

curves obtained in three tests, which consist of loading a specimen to a strain of

4%, unloading at the same strain rate magnitude to a fixed strain where a relaxation

test is performed and, finally, unloading to zero stress with the same strain rate

magnitude. The loading/unloading is carried out at a constant strain rate magnitude

of 10−4 s−1, while the 12-h relaxation test is performed at (1) ǫ = 3.5%, (2) ǫ = 2.5%,

and (3) ǫ = 1.5%. The relaxation curves presented in Figure 5.17 reveal that the

relaxation behavior during unloading is greatly influenced by the strain point at

which the relaxation period is introduced. At ǫ = 3.5%, a strain close to the point

where unloading begins, a monotonic decrease in stress is recorded. Conversely, in

relaxation tests performed further along the unloading stress-strain curve (a smaller
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Figure 5.16: Stress-Strain Curves Obtained in Constant Strain Rate Tests Con-
ducted at 10−4 s−1 with 12-h Relaxation Tests at 3.5%, 2.5% and
1.5% Strain During Unloading. Monotonic Decrease in Stress is Ob-
served in Relaxation Test at 3.5%. Initial Stress Increase Followed
by Stress Decrease is Observed in Relaxation Test at 2.5%. Stress
Increase is Observed in Relaxation Tests at 1.5%.

strain of 1.5%), the stress during relaxation increases. Of particular interest is the

relaxation test performed during unloading at an intermediate strain of 2.5%. In this

case, a non-monotonic change in stress is observed; the stress first increases and then

begins to decrease. The corresponding rate of change of stress is first positive and

then becomes negative. The reversal of stress rate in relaxation tests conducted during

unloading was also reported for several amorphous and semicrystalline polymers at

room temperature [4, 27, 28]. It is noteworthy that creep tests performed during

unloading exhibit a similar tendency to undergo a change in the sign of the rate of
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Figure 5.17: Change in Stress vs Time for the Relaxation Tests Shown in Figure
5.16. Prior Strain Rate Magnitude is 10−4 s−1. The Sign of the
Change in Stress is Strongly Influenced by the Strain Point at which
the Relaxation Period is Introduced on the Unloading Stress-Strain
Path.

change of strain (strain rate reversal), as shown by Falcone and Ruggles-Wrenn [15]

for PMR-15 at 288 ◦C.

Similar trends in relaxation behavior during unloading are observed in tests

conducted with a loading/unloading strain rate magnitude of 10−6 s−1 (see stress-

strain curves in Figures 5.18 and relaxation curves in Figure 5.19). In this case,

stress rate reversal (a very slight stress increase followed by a stress decrease) is seen

during relaxation at 3.5% strain. Monotonic increase in stress is observed during

relaxation at 2.5% strain. In addition, results in Figures 5.16–5.19 demonstrate that

the magnitude of stress change during relaxation is larger for tests conducted with
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Figure 5.18: Stress-Strain Curves Obtained in Constant Strain Rate Tests Con-
ducted at 10−6 s−1 with 12-h Periods of Relaxation at 3.5% and 2.5%
Strain During Unloading. Monotonic Decrease in Stress is Observed
in Relaxation Test at 3.5%, and Monotonic Increase in Stress, in Re-
laxation Test at 2.5%.

higher prior strain rate magnitude. Note that following the relaxation period, regular

unloading behavior is resumed (compare with the stress-strain curves in Figure 5.2).

5.2.5 Strain Rate Jump Test. The Strain Rate Jump Test (SRJT) [59,

61] consisting of segments of monotonic loading at two different strain rates was

performed to assess whether the PMR-15 polymer exhibits the strain rate history

effect at 288 ◦C. The terminology “strain rate history effect” is used here as defined

by Krempl and co-workers [5,25,61]. A material exhibits a lack of a strain rate history

effect when it has a rapidly fading “memory” for the prior imposed strain rate, with

the currently imposed strain rate having the most influence on the response. This term
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Figure 5.19: Change in Stress vs Time for the Relaxation Tests Shown in Figure
5.18. Prior Strain Rate Magnitude is 10−6 s−1. The Sign of the
Change in Stress is Strongly Influenced by the Strain Point at which
the Relaxation Period is Introduced on the Unloading Stress-Strain
Path. The Magnitude of the Change in Stress Depends on the Strain
Rate Preceding the Relaxation Test.

is used in the discussion of the SRJT and not in the discussion of other experimental

results.

In the current test, the strain rates were 10−3 and 10−5 s−1. The stress-strain

curves produced in two SRJTs are shown in Figure 5.20 together with the stress-

strain curves obtained in constant strain rate tests conducted at 10−3 and 10−5 s−1.

It is seen that a reduction in strain rate by two orders of magnitude causes a sharp

decrease in stress, with the flow stress reaching a level characteristic of a lower strain

rate. The portions of the stress-strain curves obtained at 10−5 s−1 in the SRJT fall

essentially on top of the stress-strain curves produced in constant strain rate tests
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Figure 5.20: Stress-Strain Curves Obtained for PMR-15 Polymer in Strain Rate
Jump Tests and in Constant Strain Rate Tests at 288 ◦C. Upon
a Change of the Strain Rate, the Material “Returns” to the Stress-
Strain Curve Characteristic for that Particular Strain Rate.

conducted at that strain rate. Once the strain rate in the SRJT is increased from

10−5 to 10−3 s−1 the stress increases until the flow stress level characteristic of the

strain rate of 10−3 s−1 is reached. These results suggest that once the inelastic flow is

fully established, a unique stress-strain curve is obtained for a given strain rate. This

behavior has been termed as an absence of a strain rate history effect by Ruggles and

Krempl [61]. Therefore, it can be state that at 288 ◦C, the PMR-15 polymer does not

exhibit the strain rate history effect, i. e. the material rapidly “forgets” prior history

of straining at different rates and “returns” to the stress-strain curve characteristic

of a given strain rate.
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The lack of a strain rate history effect in PMR-15 supports the selection of VBO

as a constitutive equation. Once plastic flow is fully established, a unique stress-strain

curve is obtained for a given strain rate. The flow stresses do return to the stress-

strain curve characteristic for a particular strain rate after initial transients have died

out.

5.2.6 Creep. The influence of prior strain rate on creep behavior was ex-

plored in creep tests of 6-h duration preceded by uninterrupted loading to a target

creep stress of 21 MPa at constant strain rates of 10−6 and 10−4 s−1. The capability

of the testing system to instantaneously switch control mode made it possible to load

a specimen to a target stress of 21 MPa at a constant strain rate under strain control,

then switch mode to load control to perform a creep test. The creep strain vs time

curves are presented in Figure 5.21. Primary and secondary creep was observed in

the test preceded by loading at 10−4 s−1, while only primary creep was observed in

the test with prior strain rate of 10−6 s−1. Results in Figure 5.21 demonstrate that

creep behavior is strongly influenced by prior strain rate. For a given stress level,

creep strain accumulation increases nonlinearly with increasing prior strain rate. An

increase of two orders of magnitude in prior strain rate results in a less than twofold

increase in creep strain. Creep behavior of PMR-15 polymer at 288 ◦C has been

studied in fully load-controlled tests as well [15]. It was found that the creep strain

increased nonlinearly with prior stress rate (see Figure 5 of Reference [15]). The

amount of creep strain accumulated during a given hold time does not depend on
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Figure 5.21: Creep Strain vs Time at 21 MPa and 288 ◦C. Effect of Prior Strain
Rate on Creep is Apparent. Creep Strain Increases Nonlinearly with
Prior Strain Rate.

the stress alone. Therefore, it is not sufficient to merely state a stress level when

presenting creep results, prior loading rate must be accounted for as well.
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VI. Implications For Modeling

T
he experimental results reported here and previously by Falcone and Ruggles-

Wrenn [15] reveal several key features of the deformation behavior of the

unaged PMR-15 neat resin at 288 ◦C:

(i) Linear, quasi-elastic behavior observed upon initial loading transitions into the

region of inelastic deformation (or flow stress region), which is characterized by

a low tangent modulus (slope of the stress-strain curve).

(ii) The unaged PMR-15 neat resin exhibits significant nonlinear strain rate sensi-

tivity in monotonic loading. The flow stress increases nonlinearly with increase

in the loading rate. A ten-fold increase in strain rate does not cause a ten-fold

increase in the flow stress level.

(iii) A unique stress-strain curve is obtained for a given strain rate. There the lack

of a strain rate history effect in the response to the strain rate jump test.

(iv) Recovery of strain is strongly influenced by prior strain rate. The recovery rate

increases with prior strain rate.

(v) Creep rate at a given stress increases with prior strain rate. For a given creep

stress and time, creep response is different in magnitude and in form when a

creep test is conducted during loading and unloading. Creep strain rate reversal

(i. e. the change in strain is initially negative then becomes positive) is observed

in creep test introduced on the unloading stress-strain curve.
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(vi) Relaxation behavior is influenced by prior strain rate. Stress drop in relaxation

depends only on time and prior strain rate and is independent of stress and

strain at the beginning of relaxation. It appears that relaxation comes to rest

at the equilibrium boundary, which has the form of a stress-strain diagram

and is positioned below the stress-strain curves obtained at finite strain rates.

Relaxation tests on the unloading stress-strain path can cause a decrease in

stress, an increase in stress, or an initial increase followed by a decrease in

stress.

It is noteworthy that these features of the inelastic deformation behavior of

the PMR-15 polymer at 288 ◦C are qualitatively similar to those exhibited by met-

als [35, 45, 46, 59] as well as by several polymers at room temperature [8, 26–28].

The experimental observations of inelastic behavior of metals and alloys presented

in [35, 46] served as the basis for developing the VBO, a constitutive, state variable

model where the inelastic strain rate depends on the overstress [40, 44]. The VBOP

was successfully applied to modeling the inelastic behavior of Nylon-66 at room tem-

perature [43]. The versatility of the VBOP in reproducing the room-temperature

rate-dependent inelastic behavior of several semicrystalline and amorphous polymers

was demonstrated by Krempl and Khan [45], Khan and Krempl [27,28], and Khan [26].

In the previous effort Falcone and Ruggles-Wrenn [15] demonstrated that non-

linear viscoelastic model was not capable of accounting for the effects of prior loading

rate on creep behavior of PMR-15 neat resin at 288 ◦C or on the recovery at zero

stress. Additionally, the experimental results presented here strongly suggest the use-
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Figure 6.1: Simulation of a Stress-Strain Curve During Loading at Two Different
Constant Strain Rates. The Equilibrium Stress and the Overstress are
Also Shown. The Nonlinear Strain Rate Sensitivity is Evident.

fulness of the overstress concept in the modeling inelastic deformation of the PMR-15

neat resin at 288 ◦C. To assess the ability of the VBOP to reproduce the essen-

tial qualitative features of the PMR-15 inelastic behavior, several preliminary VBOP

simulations were carried out. The simulation of stress-strain behavior during loading

at two different constant strain rates is shown in Figure 6.1. Solid lines depict the

evolution of stress and the dashed line represents the evolution of the equilibrium

stress. The VBOP simulations are consistent with the qualitative features of the in-

elastic behavior exhibited by the PMR-15 at 288 ◦C. The initial quasi-linear behavior

is reproduced. The positive, nonlinear rate sensitivity is also evident in monotonic
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Figure 6.2: Simulation of a Stress-Strain Curve in a Strain Rate Jump Test. Upon
a Change in Strain Rate, the Predicted Stress “Returns” to the Stress-
Strain Curve Characteristic for that Strain Rate.

loading. The simulation of the stress-strain behavior in the SRJT is presented in Fig-

ure 6.2, where the absence of the strain rate history effect is clearly demonstrated in

the VBOP simulations. (Note: the terminology lack of a “strain rate history effect”

is described in detail in section 5.2.5.) The VBOP has no difficulty reproducing “the

rapid forgetting” of the prior history that was observed in experiments. In the simu-

lation, upon a change in strain rate, the stress rapidly “returns” to the stress-strain

curve characteristic for that strain rate.

The simulation of stress-strain behavior during loading and unloading at a finite

constant strain rate is presented in Figure 6.3, where the evolution of the equilibrium
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stress is also shown. The equilibrium stress curve is of particular interest because its

position relative to the σ− ǫ curve governs the sign of change in stress (strain) during

relaxation (creep). Within the VBOP, the stress rate during relaxation as well as

the strain during creep are governed by the overstress. During relaxation ǫ̇ = 0 s−1,

consequently from Eq. (3.6), σ̇ = −(σ − g)/k. Thus at point A in Figure 6.3, the

overstress (σ − g) is positive and relaxation occurs downwards (decrease in stress).

Similarly, at point B a positive overstress results in a negative relaxation rate (decrease

in stress). In contrast, at point C the model predicts negative overstress and positive

relaxation rate yielding upwards relaxation (increase in stress). In the case of creep

σ = σo = const , therefore from Eq. (3.6), ǫ̇ = ǫ̇creep = (σo − g)/Ek. At points
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A and B the VBOP predicts positive overstress and increasing strain during creep.

Conversely, at point C a negative overstress yields decreasing strain during creep.

In addition, the VBOP is capable of reproducing the effect of prior loading

rate on relaxation and creep behaviors. As seen from the differential equations to

be solved for stress in relaxation (strain in creep), in relaxation (creep) the VBOP

flow law depends only on the overstress. With the increase in prior strain rate the

overstress increases; higher overstress results in higher relaxation (creep) rate. Fur-

thermore, the VBOP would have no difficulty reproducing influence of prior strain

rate on recovery at zero stress. In the case of recovery σ = 0 = const, then from

Eq. (3.6), ǫ̇ = ǫ̇recovery = −g/Ek. The recovery rate is determined by the equilib-

rium stress. Simulations of stress-strain behavior during loading and unloading at

two different strain rates carried out for Nylon-66 by Krempl and Ho [43] revealed

the hysteretic and rate-dependent behavior of the equilibrium stress upon unloading.

Krempl and Ho [43] also demonstrated that within the VBOP the equilibrium stress

associated with the high strain rate always exceeds that associated with the low strain

rate. Larger overstress results in higher recovery rate. The preliminary simulations

obtained with the VBOP are qualitatively consistent with the experimental obser-

vations presented above, once more pointing to the VBOP as a suitable choice of

constitutive framework for modeling the inelastic behavior of the PMR-15 neat resin

at 288 ◦C.
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VII. Unaged PMR-15 Neat Resin: Constitutive Modeling

and Characterization of Model Parameters

T
his chapter explores the capability of Viscoplasticity Based on Overstress for

Polymers (VBOP) to represent the mechanical behaviors of the PMR-15 at

288 ◦C which were discussed in the previous chapter. This chapter first discusses the

systematic characterization procedure developed within this research for establishing

the functions of the VBOP from experimental results. The experimental results

obtained for the unaged PMR-15 at 288 ◦C are used to illustrate the procedure.

Then predictions of the deformation behavior of the unaged PMR-15 at 288 ◦C are

presented.

7.1 Brief Review of Chosen Formulation

The chosen VBOP formulation for the PMR-15 at 288 ◦C is summarized as

follows. The uniaxial flow law retains the form

ǫ̇ = ǫ̇el + ǫ̇in =
σ̇

E
+
σ − g

Ek
. (7.1)

The growth (or evolution) of the equilibrium stress is given by

ġ = Ψ
σ̇

E
+ Ψ

[
(σ − g)

Ek
−

(g − f)

A

∣
∣
∣
∣

(σ − g)

Ek

∣
∣
∣
∣

]

+

[

1 −
Ψ

E

]

ḟ . (7.2)
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The evolution of the kinematic stress retains the form

ḟ =

[
|σ|

Γ + |g|

]

Et

(σ − g)

Ek
, (7.3)

where Γ is the overstress invariant

Γ = |σ − g|. (7.4)

The isotropic stress evolution for polymers remains the same as that in the

standard VBO

Ȧ = Ac[Af − A]

∣
∣
∣
∣

σ − g

Ek

∣
∣
∣
∣
. (7.5)

In the case of the PMR-15 at 288 ◦C, this is simplified by setting Ac = 0 and making

A a constant.

The shape function retains the form

Ψ = C1 + (C2 − C1)e
−C3|ǫin| (7.6)

The viscosity function for polymers [20, 43] reduces in the case where A is

constant to the form

k = k1

[

1 +
Γ

k2

]−k3

, (7.7)

where k1, k2, and k3 are material constants.
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The specific form of each equation was chosen based on the mechanical behavior

observed in the experiments of the PMR-15 at 288 ◦C described in Chapter V.

7.2 Systematic Model Characterization Procedure

A well-defined procedure for the estimation of the nine constants in VBOP from

experimental data is the key to enabling the wide use of this constitutive framework.

The elastic modulus and the tangent modulus are readily determined as the slopes

(measured in the appropriate regions) of the tensile stress-strain curves. The isotropic

stress can be readily determined once the equilibrium stress is known. However, the

remaining constants and functions are left to a “guess-and-check” method of matching

simulations to experimental data. This procedure can become cumbersome and time-

consuming, thereby inhibiting the wide use of this powerful constitutive framework.

One of the objectives of the current effort is to develop a systematic char-

acterization scheme for VBOP. The following discussion describes the steps of the

systematic process, which has been validated using the experimental results obtained

for the PMR-15 neat resin. The model parameters obtained with the developed char-

acterization procedure for the PMR-15 polymer are summarized in Table 7.1.

7.2.1 Elastic Modulus and Tangent Modulus. The elastic modulus is ob-

tained from the initial quasi-linear region of the tensile stress-strain curve. The tan-

gent modulus, defined as the slope of the stress-strain curve at the highest strain of

interest, is obtained from the region considerably past the “knee” of the stress-strain
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Table 7.1: Material Parameters Used in the VBOP Predictions of the Deformation
Behavior of the Unaged PMR-15 Neat Resin at 288 ◦C.

Moduli E = 2080 MPa, Et = 18 MPa
Isotropic Stress A = 20 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.0e3 MPa,

C3 = 10

diagram. The average elastic modulus was E =2.08 GPa. The largest strains were

achieved during the constant strain rate test conducted at 10−5 s−1 with intermit-

tent periods of relaxation (see Figure 5.14). Therefore the data at the highest strain

values obtained during that test were used in determining the tangent modulus. The

tangent modulus was Et =18 MPa.

7.2.2 Equilibrium Stress and Isotropic Stress. Results of the constant strain

rate tests with intermittent periods of relaxation reveal that the stress-strain points

obtained at the end of the relaxation periods form a curve. Within the framework of

the VBOP, the measured stress is at the equilibrium stress when the Cauchy (applied)

stress becomes stationary. Results of the constant strain rate tests with periods of

relaxation at the strain of 4.5% were used to determine the equilibrium stress (see

Figure 5.14). The experimental results give an estimate of the equilibrium stress for

the slowest prior loading rate as 20.9 MPa.

This value of the equilibrium stress at the strain of 4.5% was used to determine

the isotropic stress from

A = {g − Etǫ}, (7.8)
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where the brackets {n} designate the asymptotic limit of n. For PMR-15 the isotropic

stress A = 20 MPa was established.

It is important to note that the isotropic stress may evolve with time. Fully

reversed tension-compression cyclic tests are required to assess the evolution of the

isotropic stress. As the PMR-15 could be obtained only in the form of flat panels,

only flat tensile specimens were available, which cannot be loaded in compression

without buckling. Hence the isotropic stress was approximated by a constant. A stout

specimen with a round cross-section is better suited for fully reversed cyclic loading.

If such specimens are available, fully reversed cyclic tests should be carried out to

determine whether the material exhibits cyclically neutral or cyclically hardening

(softening) behavior. Isotropic stress A is a constant in the case of the cyclically

neutral material. In the case of the cyclically hardening (softening) material, the

evolution of the isotropic stress with time could be measured and assessed according

to Eq. (3.16).

7.2.3 Viscosity Function. The viscosity function controls the rate-dependent

aspects of the material response. The parameters k1, k2, and k3 of the viscosity func-

tion are obtained from the results of the relaxation tests conducted with various prior

strain rates. Thus the effect of prior strain rate on the material behavior can be

captured. During the relaxation the total strain rate is zero. Therefore Eq. (3.12)
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can be simplified and rearranged to the form

σ − g = −kσ̇. (7.9)

Since the equilibrium stress has been determined and the stress and the stress rate

can be calculated from experimental data, k can now be determined from the stress

levels during the relaxation periods. Note that only the relaxation data obtained at

strain levels in the region where the plastic flow is fully established should be used to

evaluate the viscosity function k. Relaxation results obtained at strain levels occurring

before the “knee” in the stress-strain diagram can be influenced by the transients in

the material behavior and therefore would not yield reliable characterization of the

viscosity function k.

The value of k1 also significantly affects the strains at which the predicted

stress-strain curve departs from quasi-linear behavior. Therefore it is desirable not

only to select the material parameters k1, k2, and k3 to capture relaxation, but also to

consider the departure from linearity in determining k1. Otherwise, a precise match

in relaxation behavior may lead to inadequate predictions of the inelastic strain at

low stress-strain levels.

For the unaged PMR-15 polymer, the parameters of the viscosity function were

established using the least squares optimization routine in MATLAB to fit to the

VBOP simulations to the experimental stress values in the last two hours of the

relaxation periods. A more detailed description of the optimization is given in Ap-
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Figure 7.1: A Comparison Between Experimental and Predicted Stress Decrease
vs Relaxation Time for the PMR-15 Polymer at 288 ◦C. Influence
of Prior Strain Rate on the Stress Drop During Relaxation is Evident.
The Model Successfully Represents the Stress Drop During Relaxation.

pendix C. The parameters of the viscosity function were found to be k1 = 1.0e+04 s,

k2 = 35 MPa, and k3 = 12. The numerical simulations of the stress-time behav-

ior during relaxation periods at 4.5% strain with prior loading at 10−6, 10−5, and

10−4 s−1 generated using these values of k1, k2, and k3 are shown in Figure 7.1. The

numerical results slightly over-predict the stress drop in the early stages of relaxation.

However, after approximately 4 h of relaxation time, the predictions and the experi-

mental results begin to merge together. (At approximately 4 h of relaxation time the

error between the experimental stress drop and the simulated stress drop is less than

4 MPa and continuously reducing, while the scatter within the experimental data is

105



0 1 2 3 4 5 6 7 8
0

10

20

30

40

50

Strain (%)

S
tr

es
s 

(M
P

a)

 

 

T = 288 °C

} 10−3 s−1

} 10−4 s−1

} 10−5 s−1

} 10−6 s−1

VBOP
Experiment

Figure 7.2: A Comparison Between Experimental and Predicted Stress-Strain
Curves Obtained for PMR-15 Polymer at Constant Strain Rates of
10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model Successfully
Represents the Strain Rate Dependence.

approximately 1 MPa for all three prior strain rate.) Overall, the fit is an appropriate

choice within the power law shape of the viscosity formulation. The influence of prior

strain rate on stress response in relaxation is captured well in the simulation.

7.2.4 Shape Function. The shape function governs the shape of the “knee”

in the stress-strain diagram and the curvature of the unloading stress-strain curve.

The experimental stress results representing these regions of the stress-strain behavior

were used in a least square optimization in MATLAB to determine the parameters of

the shape function.
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The predictions of the tension to failure behavior of the PMR-15 at 288 ◦C

are shown in Figure 7.2. The resulting model gave a good representation of the

experimental data except for a slight overprediction of stress in the “knee” of the

stress-strain curve at the strain rate of 10−3 s−1. The maximum scatter within the

experimental data in tension to failure at this strain rate is 3.5 MPa, while the

difference between the simulations and the experimental data is within 5.5 MPa.

The shape function parameters obtained for PMR-15 are shown in Table 7.1.

To more thoroughly verify the validity of the characterization scheme, predic-

tions of experiments that were not utilized in the characterization process were carried

out. These predictions include the strain rate jump test, loading and unloading in

strain control, and periods of creep with varying prior strain rate. These predictions

are discussed in Section 7.3.

The proposed model characterization procedure can be summarized as follows:

(1) Determine elastic modulus and tangent modulus from monotonic tensile data.

(2) Determine the equilibrium stress from relaxation data.

(3) Determine the isotropic stress from the equilibrium stress and the tangent mod-

ulus.

(4) Assess the viscosity function using results of the relaxation tests conducted with

various prior strain rates. Least squares optimization can be used to match

experimental data. This optimization does require seed values for the shape

function parameters.
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(5) Determine the shape function parameters from stress-strain curves obtained in

loading tests. Least squares optimization can be used to match experimental

data. If the shape function parameters cannot be found to properly predict the

knee of the stress-strain curve, then return to step 4 and reassess the regions

of experimental data to which the viscosity function parameters are optimized,

reassess the optimization weights within the objective function, or reassess the

lower and upper bounds on the parameters within the optimization objective

function. In particular, if the beginning of the knee is too stiff, return to step 4

and place an upper bound on the value of k2 in the optimization that is below

the value originally found for k2. Likewise, if the beginning of the knee is too

soft, return to step 4 and increase the lower bound on the value of k2.

(6) If an unacceptable discrepancy exists in the simulations vs the experimental

data for the set of loading histories in interest, reassess the particular VBOP

formulation chosen to model the material behavior.

The model characterization flowchart in Figure 7.3 depicts the order in which the

tests are performed and specifies what model parameters or functions are determined

from each test. The chart in Figure 7.3 also shows where other test data (creep and

the strain rate jump test are used as the examples in the chart) can be utilized to

verify the model characterization. Note that if specimens suitable for cyclic loading

are available, then fully reversed cyclic tests should also be used in the determination

of the isotropic stress. However, for materials such as the PMR-15 neat resin, where
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Figure 7.3: Flowchart Showing the Order of the Systematic Procedure for Charac-
terization of the VBOP Model Parameters.
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such specimens are not available, the isotropic stress is determined as illustrated in

the flowchart.

The resulting set of material parameters for PMR-15 at 288 ◦C obtained with

the developed model characterization procedure is shown in Table 7.1. The character-

ization procedure and the resulting material parameters were validated by comparing

model predictions with the experimental results. Note that the experiments used in

the characterization process were not used for model validation.

7.3 Model Verification: Predictions of the Inelastic Behavior at 288 ◦C.

The capabilities of the VBOP and the proposed model characterization proce-

dure were assessed by comparing the predictions with experimental results obtained

in tests that differ in kind from those used for model characterization. Numerical

simulations of both strain- and stress-controlled test histories were carried out.

Predictions of the strain rate jump test (conducted in strain control with the

strain rates of 10−3 and 10−5 s−1) are shown together with the experimental data in

Figure 7.4. While the stress during the initial loading at 10−3 s−1 is somewhat over-

predicted, good agreement with the experimental results is observed during loading

at 10−5 s−1 as well as during the second period of loading at 10−3 s−1. The VBOP

predictions are within 6 MPa of the experimental data.

The simulations of strain-controlled loading and unloading for strain rates of

10−6 and 10−3 s−1 are shown in Figure 7.5. The model does not reproduce the unload-

ing stress-strain behavior at higher strain rates with the desired accuracy. It does,
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Figure 7.4: A Comparison Between Experimental and Predicted Stress-Strain
Curves Obtained for PMR-15 Polymer in the Strain Rate Jump Test
at 288 ◦C. The Model Successfully Represents the Behavior Upon a
Change in Strain Rate.

however, capture the effect of prior strain rate on the unloading stress-strain behav-

ior and the increased curvature of the unloading stress-strain curves observed for the

lower strain rate magnitudes. The modeling of the unloading stress-strain behavior

is an area that Khan and Krempl [28] also cited as having room for improvement in

polymer predictions. Colak [11] also reported curved unloading exhibited by polymers

at room temperature and proposed modifications to improve the VBO representation

of the unloading behavior. These modifications target the change in elastic stiffness

during unloading. Unfortunately, these modifications do not improve the VBOP rep-

resentation of the unloading behavior of the PMR-15 polymer, which is different from
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Curves Obtained for PMR-15 Polymer in Loading and Unloading at
Two Constant Strain Rates at 288 ◦C. The Model Successfully Repre-
sents the Strain Rate Dependence on the Unloading.

the unloading behavior of the polymers studied by Colak. The unloading stress-strain

curves obtained at different strain rates in Colak’s study either merged or crossed.

Modifying the VBO formulation with the purpose of improving predictions of the

unloading stress-strain behavior is suggested as an area of future research. The key

to improving these predictions will be to increase the value of the equilibrium stress

along the unloading path. Such increase would serve to also improve predictions of

relaxation upon the unloading stress-strain path. The current predictions show a

transition from downward relaxation to upward relaxation at a strain value that is

much lower than that exhibited by the PMR-15. Improving predictions of the un-
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loading behavior would also potentially improve predictions of any recovery at zero

stress as well as predictions of behavior upon re-loading of the material.

Because the model characterization employs tests conducted in strain control,

predictions of material response in the stress-controlled tests is a more rigorous exam-

ination of the modeling abilities of the VBOP and the model characterization scheme.

The effect of the prior strain rate on creep behavior was explored in creep tests of

6 h duration preceded by uninterrupted loading to a target creep stress of 21 MPa

at 10−6 and 10−4 s−1. Results in Figure 7.6 demonstrate that the creep strain in-

creases nonlinearly with prior loading rate. Predictions of the stress-controlled creep
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tests are compared with the experimental data in Figure 7.6. The model accurately

captures the effects of the prior loading rate on the creep strain within 0.3% of the

experimental results.

The experimental results clearly demonstrate that the PMR-15 polymer ex-

hibits rate-dependent behavior at 288 ◦C. Of specific interest are the positive strain

rate sensitivity during monotonic loading, the dependence of the recovery on prior

unloading strain rate, the dependence of relaxation on the prior loading rate, and the

lack of strain rate history effect in the strain rate jump test. These results suggest

the VBOP as a promising candidate constitutive model to represent the deformation

behavior of this high-temperature polymer.

A systematic experimentally based model characterization procedure was de-

veloped. The parameters and functions of the VBOP constitutive model have a clear

physical meaning, and can therefore be measured experimentally. A limited set of

experiments needed to characterize the VBOP parameters was identified in this effort.

The developed characterization method relies on experimental data and eliminates

the uncertain and time-consuming “guess-and-check” approach to determining model

parameters. The model capabilities and the model characterization procedure were

evaluated by comparing the model predictions with the experimental results obtained

in tests that were not used in model characterization. The prediction of the unloading

behavior is seen as an excellent direction for future research. Except for the unloading

behavior, the predictions of the material response under both strain-controlled and

stress-controlled tests histories were in good agreement with the experimental data.
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VIII. Aged PMR-15 Neat Resin: Experimental Observations

T
he objective of this chapter is to discuss the influence of prior thermal aging

at 288 ◦C in argon on the strain rate-dependent mechanical behavior of the

PMR-15 neat resin at 288 ◦C. The experimental results presented in the current

chapter, in Chapter V, and in McClung and Ruggles-Wrenn [54] can be used to extend

the capability of the Viscoplasticity Based on Overstress for Polymers (discussed

in Chapter VII and in McClung and Ruggles-Wrenn [53]) to capture the effects of

the prior thermal aging on the polymer mechanical behavior. Specimens were aged

following the methods outlined in Section 4.1.

8.1 Assessment of Specimen-to-Specimen Variability

The room-temperature modulus measurements outlined in Section 5.1 were also

carried out for all PMR-15 specimens allocated for aging before any aging was con-

ducted. The room temperature elastic moduli of the specimens allocated for aging

were included in the discussion given in Section 5.1.

8.2 Strain-Controlled Monotonic Loading – Influence of Prior Aging

Specimens from each aging group described in section 4.3 were subjected to

strain-controlled tension-to-failure tests at constant strain rates of 10−6, 10−5, 10−4,

and 10−3 s−1. Previous work [54] has shown that the PMR-15 polymer exhibits

strain rate dependent behavior during monotonic loading. The results of the strain-

controlled tension-to-failure tests for PMR-15 specimens aged in argon for 250 h
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Figure 8.1: Stress-Strain Curves for PMR-15 Specimens Aged for 250 h at 288 ◦C
in Argon Obtained in Tensile Tests to Failure Conducted at Constant
Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Depen-
dence of the Stress-Strain Behavior on the Strain Rate is Evident.

(Figure 8.1) show that the qualitative influence of the strain rate on the stress-strain

behavior is unaffected by prior aging (compare to Figure 5.1). Note that the stress-

strain curves in Figure 8.1 do not exhibit a truly linear range upon leaving the origin.

The stress-strain curves obtained at different strain rates for the same aging group

do however exhibit the same quasi-elastic slope upon leaving the origin. After the

transition from the initial quasi-elastic behavior to the inelastic regime, the material

exhibits normal positive strain rate sensitivity. The flow stress level increases with

increasing strain rate. The shape of the stress-strain curve undergoes a gradual change

as the strain rate increases. At the higher strain rates the “knee” of the stress-strain

curve is much more pronounced than at the slower rates. Moreover, the stress-strain
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curves obtained at slower strain rates depart from linearity at a much lower stress

level than those obtained at faster strain rates.

The stress-strain response of specimens aged in argon for durations up to 2000 h

obtained during strain-controlled tension to failure tests at the rates of 10−6 and

10−4 s−1 is typified in Figure 8.2. It is seen that prior aging in argon does affect

the stress-strain behavior of the material for both strain rates. The elastic modulus

increases with prior aging time. The effect of prior aging on the elastic modulus is

illustrated in Figure 8.3. The elastic modulus of the material subjected to 100 h

of prior aging is ∼0.1 GPa higher than that of the unaged material. For aging

durations longer than 100 h the increase in elastic modulus progresses slowly. The

elastic modulus of the material exposed to 2000 h of prior aging is ∼0.2 GPa higher

than that of the unaged material.

The shape of the knee of the stress-strain curve also becomes more pronounced

with increasing prior aging time. Furthermore, the delay in the departure from the

quasi-linear behavior increases with an increase in aging time. This delay was quan-

tified by using the 0.02% offset method to measure the proportional limit in the

material behavior. The change in the measured proportional limit with aging time is

illustrated in Figure 8.4. The material shows a continuous increase in proportional

limit with aging time. The rate of increase lessens after 500 h of prior aging. Note

that the proportional limit is not shown for the material subjected to 2000 h of prior

aging. The material subjected to prior aging for 2000 h exhibited only quasi-linear
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Figure 8.2: Stress-Strain Curves for PMR-15 Specimens Aged at 288 ◦C in Argon
Obtained in Tensile Tests to Failure Conducted at Constant Strain
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Figure 8.4: Change in Proportional Limit at 288 ◦C vs Prior Aging Time for the
PMR-15 Neat Resin Specimens Aged at 288 ◦C in Argon.
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Figure 8.5: Tangent Modulus at 288 ◦C vs Prior Aging Time for the PMR-15 Neat
Resin Specimens Aged at 288 ◦C in Argon. Tangent Modulus Increases
with Prior Aging Time.

behavior until failure. The material subjected to 1000 h of prior aging shows an

average proportional limit increase of ∼6 MPa.

The stress-strain results obtained at the 10−6 and 10−4 s−1 rate also show an

increase in the final slope of the stress strain curve with increasing prior aging time.

Similar effects of the prior aging in argon at 288 ◦C on the stress-strain behavior were

seen at 10−5 and at 10−3 s−1 strain rates. The final slope of the stress-strain curve

measured sufficiently past the knee of the stress-strain curve is the tangent modulus.

The change in tangent modulus vs aging time is shown in Figure 8.5. No data is

shown for material subjected to 2000 h of prior aging because the material did not

depart from the quasi-linear region of the stress-strain curve.
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Figure 8.6: Change in Flow Stress at 288 ◦C vs Prior Aging Time for the PMR-15
Neat Resin Specimens Aged at 288 ◦C in Argon. Change in Flow Stress
is Measured at 3 and at 4.5% Strain.

The prior aging in argon also leads to an increase in the flow stress. This effect

was quantified by measuring the stress level at the strain of 3 and 4.5%. The increase

in the flow stress level with an increase in prior aging time is illustrated in Figure 8.6.

The increase in flow stress appears to be independent of the strain rate at which the

test is conducted. The material aged for 1000 h shows an increase in flow stress of

approximately 6 MPa.

Finally, for aging durations above 250 h, the material shows a decreasing ca-

pacity for inelastic straining with increasing prior aging time. This observation is

made at all strain rates in the 10−6 to 10−3 s−1 range. The specimens aged for 2000 h

show an inability to strain past the region of quasi-elastic behavior at strain rates of
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Figure 8.7: Stress-Strain Curves for PMR-15 Specimens Aged for 2000 h at 288 ◦C
in Argon Obtained in Tensile Tests to Failure Conducted at Constant
Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Limited
Capacity for Inelastic Straining is Evident.

10−6, 10−5, 10−4, and 10−3 s−1, as shown in Figure 8.7. In addition to the reduced

capacity for inelastic straining, the material shows a reduction in strength for aging

durations above 1000 h. The material exhibits ultimate tensile strengths (UTS) of 42

to 46 MPa when subjected to prior aging up to 500 h. However, the material aged

for 1000 h shows an UTS of 34 MPa and the material aged for 2000 h shows an UTS

of 28 MPa.

8.3 Relaxation Behavior – Influence of Prior Aging

Monotonic tests with intermittent periods of relaxation of fixed duration were

conducted at the strain rates in the 10−6 to 10−3 s−1 range on specimens subjected
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to prior aging up to 2000 h. In all tests, duration of the relaxation period was

12 h. In order to evaluate the effects of stress and strain at the beginning of the

relaxation on the stress drop during relaxation, two tests were conduced at each

strain rate incorporating a relaxation period at (1) the strain of 3% and (2) the

strain of 4.5%. Previous work [54] has shown that for unaged PMR-15 at 288 ◦C

the decrease in stress during relaxation is profoundly influenced by the prior strain

rate. Furthermore, within each strain rate the relaxation stress drops are essentially

independent of the stress and strain at the beginning of the relaxation period. The

stress drop during relaxation following strain loading rates of 10−6 and 10−5 s−1 of

specimens aged in argon is typified in Figure 8.8. The stress drop vs prior aging time

curves in Figure 8.8 reveal that prior aging has little influence on the stress drop in

relaxation.

8.4 Summary of the Key Effects of Prior Aging on Deformation Be-

havior

It has been demonstrated in this chapter that the prior thermal aging in argon

does influence the mechanical behavior of the PMR-15 at 288 ◦C. The key features

of material behavior that depend on prior aging time include:

• Initial slope of the stress-strain curve (elastic modulus) increases with increasing

aging time.

• Final slope of the stress-strain curve (tangent modulus) increases with increasing

aging time.
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Figure 8.8: Stress Drop During Relaxation for PMR-15 Specimens Aged at 288 ◦C
in Argon Obtained at Constant Prior Strain Rates: (a) ǫ̇ = 10−6 s−1

and (b) ǫ̇ = 10−5 s−1. The Stress Drop is Not Dependent Upon the
Prior Aging.
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• Flow stress increases with increasing aging time.

• Departure from quasi-linear behavior is delayed with increasing aging time.

In Chapter IX these changes in material behavior are considered in the context

of the VBOP constitutive model. Based on the experimental observations, the VBOP

is extended in Chapter X to capture the effects of prior aging on the deformation

behavior of the PMR-15 polymer. The predictions obtained with the extended VBOP

are compared to experimental results.

125



IX. Implications for Modeling the Effects of Prior Aging

A
s was discussed in the previous chapter, there are four features of material

behavior that are influenced by prior aging duration. These features can be

tied to specific parameters within the VBOP formulation.

9.1 Increase in Initial Slope of the Stress-Strain Curve

Clearly the elastic modulus is the initial slope of the stress-strain behavior.

Therefore the increase in initial slope can be accounted for by formulating the elastic

modulus as an increasing function of prior aging duration.

9.2 Increase in Final Slope of the Stress-Strain Curve

The tangent modulus in VBOP is the final slope of the stress-strain curve.

Therefore, to account for the increase in the final slope of the tensile stress-strain

curve with an increase in prior aging time, the tangent modulus will become an

increasing function of prior aging duration.

9.3 Increase in Flow Stress in the Region of Plastic Flow

It was shown in Chapter VIII that the flow stress levels increase with an increase

in prior aging time. This increase in flow stress is independent of the strain rate of

loading. Therefore, the equilibrium stress must also increase with an increase in prior

aging time. The isotropic stress establishes the difference between the kinematic stress

and the equilibrium stress. Consequently the increase in equilibrium stress with prior
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aging time can be accounted for by increasing the isotropic stress A. Note that a slight

increase in equilibrium stress is achieved with the increase in the tangent modulus.

However, the increase in flow stress obtained by increasing the tangent modulus is

much smaller than that observed for the aged material. Therefore, the remainder of

the increase is accommodated by increasing the isotropic stress value.

9.4 Delayed Departure from Quasi-linear Behavior

The departure from quasi-linear behavior establishes the beginning of the knee

of the stress-strain curve. The shape of the knee in the VBOP model is determined by

the shape function. The specific parameter within the shape function which governs

the departure from quasi-linear behavior is C2. Therefore, a delayed departure from

quasi-linear behavior is achieved in the VBOP by increasing the value of C2 as the

prior aging time increases.

Based on these considerations, the following changes in the VBO model para-

meters are proposed to account for the changes in deformation behavior due to prior

aging:

• Elastic modulus E increases with increasing prior aging time.

• Tangent modulus Et increases with increasing prior aging time.

• Isotropic stress A increases with increasing prior aging time.

• Shape Parameter C2 increases with increasing prior aging time.
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X. Aged PMR-15 Neat Resin: Constitutive Modeling

T
his chapter discusses the constitutive modeling of the PMR-15 subjected to

prior isothermal aging in argon. The VBOP formulation is extended to ac-

count for the effects of prior aging discussed in Chapter VIII.

10.1 Characterization of Model Parameters for PMR-15 Neat Resin

Subjected to Prior Aging

In order to determine the appropriate VBOP parameters, the systematic char-

acterization procedure discussed in Section 7.2 was conducted on the PMR-15 at

288 ◦C subjected to prior aging of 50 to 1000-h duration in argon at 288 ◦C. The

VBOP model parameters, the resulting VBOP fit to monotonic loading and relax-

ation data, and VBOP predictions of creep behavior for each prior aging duration

are reported in this section. The VBOP parameters for PMR-15 subjected to prior

aging of various durations are reported in Tables 10.1 to 10.5. The comparisons of

the VBOP predictions with the experimental data are shown in Figures 10.1 to 10.15.

The systematic characterization procedure elucidates parameters for the ma-

terial aged for 50 h, which are shown in Table 10.1. The elastic modulus, tangent

Table 10.1: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 50 h.

Moduli E = 2090 MPa, Et = 18 MPa
Isotropic Stress A = 22.3 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.1e3 MPa, C3 = 10
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Figure 10.1: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 50 h at 288 ◦C
in Argon in Tensile Tests to Failure Conducted at Constant Strain
Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model Suc-
cessfully Represents the Strain Rate Dependence of the Aged Material.

modulus, isotropic stress, and shape function parameter C2 do indeed have a higher

value than those for the unaged PMR-15 neat resin (see Table 7.1). The remaining

parameters hold the same value as those for the unaged material.

The VBOP fit to the monotonic tensile loading data illustrated in Figure 10.1

shows a good representation of the experimental results. The stress-strain curves

for the strain rate of 10−3 s−1 show an overprediction of stress. However, the fit is

considered acceptable. Recall that the tension to failure results dictate the values of

the elastic modulus, tangent modulus, and shape functions parameters.

Figure 10.2 shows stress drop during relaxation as a function of relaxation time

for the prior strain rates of 10−6, 10−5, and 10−4 s−1. Experimental results are shown
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Figure 10.2: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation Obtained for PMR-15 Polymer Aged for 50 h
at 288 ◦C in Argon. Loading Prior to Relaxation is Conducted at
Constant Strain Rates of 10−6, 10−5, and 10−4 at 288 ◦C. The Model
Successfully Represents the Stress Drop During Relaxation for the
Aged Material.

together with the VBOP simulations. The simulation of the stress drop at 4.5% strain

successfully represents the behavior observed in the experimental results. Recall that

the relaxation behavior dictates the isotropic stress value and the viscosity function

parameters.

To validate the parameters determined in the characterization procedure for

the PMR-15 subjected to 50 h of prior aging, VBOP predictions of the creep at

21 MPa were conducted. These creep periods were of 6 h duration following loading

at constant strain rates of 10−6 and 10−4 s−1. The predictions, shown in Figure 10.3,

accurately capture the creep strain including the effect of the prior loading rate.
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Figure 10.3: Comparison Between the Experimental Results and the Predicted
Strain vs Time Curves Obtained for PMR-15 Polymer at 288 ◦C in
Creep at 21 MPa. Prior Aging for 50 h at 288 ◦C in Argon. Prior
Strain Rates are 10−6 and 10−4 s−1.
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Table 10.2: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 100 h.

Moduli E = 2180 MPa, Et = 30 MPa
Isotropic Stress A = 22.9 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.19e3 MPa, C3 = 10

The systematic characterization procedure presented in Section 7.2 was em-

ployed to determine the VBOP parameters for the material aged for 100 h (see Ta-

ble 10.2). The VBOP fit to the monotonic tension to failure data illustrated in

Figure 10.4 shows a good representation of the experimental results. The VBOP fit

to stress drop during relaxation at 4.5% strain in Figure 10.5 demonstrates that the

VBOP successfully represents the material behavior observed in the experiments. To

validate the model parameters determined for the PMR-15 subjected to 100 h of prior

aging, VBOP predictions of the creep tests at 21 MPa are compared to experimental

results. The predictions shown in Figure 10.6 accurately capture the creep strain

including the effect of the prior loading rate.
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Figure 10.4: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 100 h at 288 ◦C
in Argon in Tensile Tests to Failure Conducted at Constant Strain
Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model Suc-
cessfully Represents the Strain Rate Dependence of the Aged Material.
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Figure 10.5: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation Obtained for PMR-15 Polymer Aged for
100 h at 288 ◦C in Argon. Loading Prior to Relaxation is Conducted
at Constant Strain Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The
Model Successfully Represents the Stress Drop During Relaxation for
the Aged Material.
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Figure 10.6: Comparison Between the Experimental Results and the Predicted
Strain vs Time Curves Obtained for PMR-15 Polymer at 288 ◦C in
Creep at 21 MPa. Prior Aging for 100 h at 288 ◦C in Argon. Prior
Strain Rates are 10−6 and 10−4 s−1.
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Table 10.3: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 250 h.

Moduli E = 2200 MPa, Et = 40 MPa
Isotropic Stress A = 24 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.2e3 MPa, C3 = 10

The model parameters obtained for the material aged for 250 h are shown in

Table 10.3. The parameters show a continuation of the trends seen in the results for

the material subjected to 50 and 100 h of prior aging. The VBOP fit to the monotonic

tensile loading to failure data illustrated in Figure 10.7 shows a good representation of

the experimental results. The VBOP fit to stress drop during relaxation in Figure 10.8

successfully represents the behavior observed in the experiments. Note, that in this

case the fit was achieved with the modeling of relaxation at 4.5% strain for the prior

strain rates of 10−6 and 10−5 s−1 and at 3% strain for the prior strain rate of 10−4 s−1.

To validate the parameters determined in the characterization procedure for the

PMR-15 subjected to 250 h of prior aging, VBOP predictions of the creep at 21 MPa

were compared with experimental results. The predictions shown in Figure 10.9 ac-

curately capture the creep strain including the effect of the prior loading rate.
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Figure 10.7: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 250 h at 288 ◦C
in Argon in Tensile Tests to Failure Conducted at Constant Strain
Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model Suc-
cessfully Represents the Strain Rate Dependence of the Aged Material.
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Figure 10.8: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation Obtained for PMR-15 Polymer Aged for
250 h at 288 ◦C in Argon. Loading Prior to Relaxation is Conducted
at Constant Strain Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The
Model Successfully Represents the Stress Drop During Relaxation for
the Aged Material.
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Figure 10.9: Comparison Between the Experimental Results and the Predicted
Strain vs Time Curves Obtained for PMR-15 Polymer at 288 ◦C in
Creep at 21 MPa. Prior Aging for 250 h at 288 ◦C in Argon. Prior
Strain Rates are 10−6 and 10−4 s−1.
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Table 10.4: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 500 h.

Moduli E = 2230 MPa, Et = 44 MPa
Isotropic Stress A = 25.4 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.29e3 MPa, C3 = 10

The model parameters obtained for the material aged for 500 h are shown in

Table 10.4. The parameters show a continuation of the trends seen in the model

parameters for the material subjected to 50–250 h of prior aging. The VBOP fit to

the monotonic tensile loading to failure data illustrated in Figure 10.10 shows a good

representation of the experimental results. Note that material subjected to the 500 h

of prior aging exhibits extremely low ductility at the strain rate of 10−4 s−1, which

is similar to that observed in the previous aging groups of material at the strain

rate of 10−3 s−1. The VBOP fit to stress drop during relaxation in Figure 10.11

successfully represents the behavior observed in the experiments. Note, that in this

case (as in the case of the material aged for 250 h), the fit was achieved with the

modeling of relaxation at 4.5% strain for the prior strain rates of 10−6 and 10−5 s−1

and at 3% strain for the prior strain rate of 10−4 s−1. To validate the parameters

determined for the PMR-15 subjected to 500 h of prior aging, VBOP predictions of

the creep at 21 MPa were compared to experimental results. The predictions shown

in Figure 10.12 accurately capture the creep strain including the effect of the prior

loading rate.
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Figure 10.10: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 500 h at
288 ◦C in Argon in Tensile Tests to Failure Conducted at Constant
Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model
Successfully Represents the Strain Rate Dependence of the Aged Ma-
terial.
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Figure 10.11: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation Obtained for PMR-15 Polymer Aged for
500 h at 288 ◦C in Argon. Loading Prior to Relaxation is Conducted
at Constant Strain Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The
Model Successfully Represents the Stress Drop During Relaxation for
the Aged Material.
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Figure 10.12: Comparison Between the Experimental Results and the Predicted
Strain vs Time Curves Obtained for PMR-15 Polymer at 288 ◦C in
Creep at 21 MPa. Prior Aging for 500 h at 288 ◦C in Argon. Prior
Strain Rates are 10−6 and 10−4 s−1.
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Table 10.5: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 1000 h.

Moduli E = 2270 MPa, Et = 49 MPa
Isotropic Stress A = 26 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.3e3 MPa, C3 = 10

The model parameters for the material aged for 1000 h are shown in Table 10.5.

The parameters show a continuation of the trends seen in the model parameters for

the material subjected to 50–500 h of prior aging. The VBOP fit to the monotonic

tensile loading to failure data illustrated in Figure 10.13 shows a good representation

of the experimental results. Note that material subjected to the 1000 h of prior

aging exhibits extremely low ductility for all strain rates except at 10−6 s−1. The

VBOP fit to stress drop during relaxation in Figure 10.14 successfully represents

the behavior observed in the experiments. Note that due to the limited ductility

and decreased capability for inelastic straining exhibited by the material aged for

1000 h, the constant strain rate test with a period of relaxation could be conducted

only at the strain rate of 10−6 s−1. To validate the parameters determined for the

PMR-15 subjected to 1000 h of prior aging, VBOP predictions of the creep at 21MPa

were compared to the experimental results. The predictions shown in Figure 10.15

accurately capture the creep strain including the effect of the prior loading rate.
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Figure 10.13: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 1000 h at
288 ◦C in Argon in Tensile Tests to Failure Conducted at Constant
Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The
Model Successfully Represents the Strain Rate Dependence of the
Aged Material.
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Figure 10.14: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation Obtained for PMR-15 Polymer Aged for
1000 h at 288 ◦C in Argon. Loading Prior to Relaxation is Con-
ducted at Constant Strain Rate of 10−6 s−1 at 288 ◦C. The Model
Successfully Represents the Stress Drop During Relaxation for the
Aged Material.
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Figure 10.15: Comparison Between the Experimental Results and the Predicted
Strain vs Time Curves Obtained for PMR-15 Polymer at 288 ◦C in
Creep at 21 MPa. Prior Aging for 1000 h at 288 ◦C in Argon. Prior
Strain Rates are 10−6 and 10−4 s−1.
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Table 10.6: Summary of the VBOP Parameters Dependent on Prior Aging Time
for PMR-15 Polymer at 288 ◦C Subjected to Prior Aging in Argon for
Various Durations.

Prior Aging Time (h)

Parameter 0 50 100 250 500 1000 2000

Elastic Modulus, E (GPa) 2.08 2.09 2.18 2.20 2.23 2.27 2.32
Tangent Modulus, Et (MPa) 18 18 30 40 44 49

C2 (GPa) 1.0 1.1 1.19 1.20 1.29 1.3
Isotropic Stress, A (MPa) 20 22.3 22.9 24 25.4 26.0

The systematic characterization procedure provided the same values for the

parameters of the VBOP not listed in Table 10.6 regardless of prior aging duration.

The only step of the systematic characterization procedure presented in Sec-

tion 7.2 which can be performed for the material subjected to prior aging of 2000 h is

the measurement of the elastic modulus. The elastic modulus for this aging duration

is 2.32 GPa. The measurement of the other parameters is accomplished by examin-

ing the stress-strain behavior and relaxation behavior in the region of fully developed

plastic flow. Recall that in the case of the PMR-15 polymer aged for 2000 h, the

failure occurred in the quasi-linear regime. The predictions of the behavior of the

PMR-15 subjected to prior aging for 2000 h is discussed in detail in Section 10.3.

10.2 Model Parameters as Functions of Aging Time

The parameters which depend on prior aging are presented versus aging duration

in Table 10.6. In this section, these parameters are developed into functions of aging

time.
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Figure 10.16: Elastic Modulus E at 288 ◦C as a Continuous Function vs Prior
Aging Time for the PMR-15 Neat Resin Aged at 288 ◦C in Argon.
Elastic Modulus Increases with Prior Aging Time.

10.2.1 Elastic Modulus – Effect of Aging. The elastic modulus increases

with prior aging duration as shown in Figure 10.16. The graph in Figure 10.16 shows

that the elastic modulus can be represented as an increasing function of aging duration

using the equation

E = 0.0072 t0.456
a + 2.10, (10.1)

where ta is the prior aging time.

10.2.2 Tangent Modulus – Effect of Aging. The tangent modulus increases

with prior aging time as shown in Figure 10.17. The graph in Figure 10.17 shows

that the tangent modulus can be represented as an increasing function of prior aging

time using the equation

Et = 2.89 t0.354
a + 17.4. (10.2)
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Figure 10.17: Tangent Modulus Et at 288 ◦C as a Continuous Function vs Aging
Time for the PMR-15 Neat Resin Aged at 288 ◦C in Argon. Tangent
Modulus Increases with Prior Aging Time.

10.2.3 Isotropic Stress – Effect of Aging. The isotropic stress increases with

prior aging time as shown in Figure 10.18. The graph in Figure 10.18 shows that the

isotropic can be represented as an increasing function of prior aging time using the

equation

A = 0.7022 t0.3168
a + 19.97. (10.3)

10.2.4 Shape Function – Effect of Aging. The shape function parameter C2

increases with prior aging time as shown in Figure 10.19. The graph in Figure 10.19

shows that C2 can be represented as an increasing function of prior aging time using
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Figure 10.18: Isotropic Stress A at 288 ◦C as a Continuous Function vs Prior Aging
Time for the PMR-15 Neat Resin Aged at 288 ◦C in Argon. Isotropic
Stress Increases with Prior Aging Time.

the equation

C2 = 0.0685 t0.224
a + 0.989. (10.4)

The remaining VBOP parameters for the PMR-15 at 288 ◦C do not vary with

prior aging time.
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Table 10.7: VBOP Parameters for PMR-15 Neat Resin Subjected to Prior Aging
in Argon at 288 ◦C for 2000 h.

Moduli E = 2320 MPa, Et = 60 MPa
Isotropic Stress A = 27.7 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.37e3 MPa, C3 = 10

10.3 Predictions of Deformation Behavior of the PMR-15 Neat Resin

Subjected to Prior Aging for 2000 h

To validate the model characterization procedure and the model formulation

extended to capture the effects of prior aging, the model predictions obtained for

PMR-15 polymer aged for 2000 h are compared with experimental results. The

value of the elastic modulus was measured directly from the stress-strain curve of the

PMR-15 aged for 2000 h to be E = 2, 320 MPa. However, the other three parameters

which vary with prior aging time were calculated using Eq. (10.1)–(10.4) developed in

the previous section. The parameters, calculated as Et = 60 MPa, A = 27.7 MPa,

and C2 = 1, 370 MPa, for the material subjected to prior aging for 2000 h are sum-

marized in Table 10.7. The predictions of the deformation behavior were performed

using these calculated parameter values.

The predictions of the strain-controlled monotonic tension tests at 288 ◦C are

shown in Figure 10.20. The predictions are in good agreement with the experimental

data at all four strain rates. The model predicts quasi-linear stress-strain behavior

to failure for the strain rates of 10−6 to 10−3 s−1.
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Figure 10.20: A Comparison Between Experimental Results and Predicted Stress-
Strain Curves Obtained for PMR-15 Polymer Aged for 2000 h at
288 ◦C in Argon in Tensile Tests to Failure Conducted at Constant
Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The
Model Successfully Predicts the Strain Rate Dependence of the Aged
Material.

The predictions of the creep response at 21 MPa following loading at constant

strain rates of 10−6 and 10−4 s−1 are shown in Figure 10.21. The predictions of the

creep response also show good agreement with the experimental data. The model

predicts the effect of the prior strain rate on creep.

The predictions in Figures 10.20 and 10.21 serve as an example of how the model

parameters (E, Et, A, and C2) developed into functions of aging time in Section 10.2

can be used to predict the behavior of the PMR-15 at 288 ◦C subjected to prior aging

for durations ranging from 0 to 2000 h.
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Figure 10.21: Comparison Between the Experimental Results and Predicted Strain
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Rates are 10−6 and 10−4 s−1. The Model Successfully Predicts the
Creep Response of the Aged Material.
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XI. Conclusions and Recommendations

11.1 Conclusions

The inelastic deformation behavior of unaged PMR-15 neat resin was investi-

gated at 288 ◦C. Experimental results revealed the rate dependence of the inelastic

deformation. The unaged PMR-15 polymer exhibits positive nonlinear strain rate

sensitivity during monotonic loading and unloading. In the inelastic flow region a

unique stress-strain curve is obtained for a given strain rate for the unaged polymer.

There is no strain rate history effect in the strain rate jump test. The recovery of

strain at zero stress is strongly influenced by prior strain rate. The recovery rate in-

creases with prior strain rate. Creep behavior is also profoundly affected by the prior

strain rate. Creep rate at the same stress level increases with prior strain rate. Like-

wise, relaxation behavior is influenced by prior loading rate. Once the inelastic flow

is fully established, the stress change during relaxation depends only on relaxation

time and prior strain rate and is independent of the stress and strain at the begin-

ning of relaxation. When a relaxation test is conducted during unloading, change

in stress may be (1) negative (decrease in stress relative to start value), (2) positive

(increase in stress), or (3) initially positive, but becoming negative after some time.

These experimental investigations revealed several qualitative features of the inelastic

deformation behavior of the PMR-15 neat resin that strongly suggest the usefulness

of the overstress constitutive model.

The Viscoplasticity Based on Overstress for Polymers (VBOP) was chosen for

constitutive modeling. Before the VBOP was employed, a systematic experimen-
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tally based model characterization procedure was developed. The parameters and

functions of the VBOP constitutive model have a clear physical meaning, and can

therefore be measured experimentally. A limited set of experiments needed to char-

acterize the VBOP parameters was identified in this effort. The developed char-

acterization method relies on experimental data and eliminates the uncertain and

time-consuming “guess-and-check” approach to determining model parameters. The

model capabilities and the model characterization procedure were evaluated by com-

paring the model predictions with the experimental results obtained in tests that were

not used for model characterization. The simulations of the deformation behavior of

the unaged material under strain-controlled and stress-controlled tests histories were

in good agreement with the experimental data. The model was unable to accurately

predict the unloading stress-strain behavior of the PMR-15 polymer at 288 ◦C.

The effects of prior aging in argon at 288 ◦C on the time dependent deformation

behavior of the PMR-15 at 288 ◦C were examined by means of the monotonic tensile

tests conducted at constant strain rates, constant strain rate tests with periods of

relaxation, and creep at 21MPa following loading in strain control. The experimental

results clearly demonstrate that prior aging in argon influences the rate-dependent

behavior of the PMR-15 polymer. The effects of prior aging on deformation behavior

of the PMR-15 polymer at 288 ◦C include:

• an increase in the elastic modulus with an increase in prior aging time,

• an increase in the tangent modulus with an increase in prior aging time,
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• a delay in the departure from quasi-linear behavior with an increase in prior

aging time,

• an increase in the flow stress levels with an increase in prior aging time,

• a decrease in the material’s capacity for inelastic straining with an increase in

prior aging time,

• a reduction in strength for aging durations above 1000 h.

The VBOP parameters were determined for specimens subjected to prior aging

of various durations using the developed model characterization procedure. Then

the model parameters were extended as functions of prior aging time. The model

parameters that were expanded as functions of prior aging time are elastic modulus,

tangent modulus, isotropic stress, and the shape function parameter C2. The viscosity

function remains unaffected by prior aging. The VBOP parameters as functions of

prior aging time were validated using the experimental results for PMR-15 neat resin

subjected to 2000 h prior aging in both strain-controlled tension to failure tests and in

creep at 21 MPa. The model extended to capture the effects of prior aging accurately

predicted the behavior of the material subjected to prior aging for 2000 h.

11.2 Contributions

Experimentally, this was the first strain-controlled testing of the PMR-15 ma-

terial and the first strain-controlled testing of any material in the AFIT materials

lab.
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There were several features of the unaged PMR-15 behavior demonstrated in

the current research which were reasonably expected and similar to the behaviors

seen in stress-controlled testing which include:

• positive, nonlinear strain rate sensitivity in monotonic loading,

• dependence of recovery behavior on the prior strain rate magnitude,

• dependence of creep rate on the prior strain (loading) rate.

The experiments which of course were only possible in strain control and there-

fore were conducted for the first time in this study were:

• the tests with periods of relaxation,

• the strain rate jump tests.

These tests allowed for the evaluation of the effect of prior strain rate on the relaxation

behavior of the material as well as the evaluation of the effect of instantaneous changes

in strain rate on the material behavior in loading.

This was the first assessment of the effects of prior aging on the strain-controlled

behavior of the PMR-15. The effects of prior aging that were found were consistent

with those already established in stress-controlled testing were:

• The elastic modulus increases with an increase in prior aging time.

• The tangent modulus increases with an increase in prior aging time.

• The departure from quasi-linear behavior is delayed with an increase in prior

aging time.
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• The flow stress levels increase with an increase in prior aging time.

• The material capacity for inelastic straining decreases with an increase in prior

aging time.

This was the first study to examine if aging had an effect on the relaxation

behavior of the PMR-15.

The novel modeling contributions of this research were:

• the introduction of a characterization scheme for determining the parameters

of the VBOP,

• the first modeling of the PMR-15 behavior with a viscoplastic constitutive

framework,

• the first modeling of a solid polymer behavior at high temperature with the

VBOP model,

• the first extension of the VBOP framework in order to incorporate the effect of

prior aging into the modeling of a structural material.

11.3 Recommendations for Future Research

Modifications to VBOP Formulation to Improve Predictions of the Unloading

Stress-Strain Behavior. Future modeling efforts of the behavior of the PMR-15 neat

resin may involve enhancements of the VBOP formulation to address the unloading

stress-strain behavior. An alternative path of the equilibrium stress upon unload-

ing may provide a more realistic description of the material’s behavior. Currently the
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equilibrium stress values produced upon unloading are too low. As a result the VBOP

predicts the transition (during unloading) from downward relaxation to upward re-

laxation at a strain value that is small compared to that observed in experiments.

Higher equilibrium stress values upon unloading to zero stress would also improve

predictions of the strain recovery which is currently under-predicted by the VBOP.

It may also be possible to capture the unloading behavior more effectively by

introducing a tendency to develop more plastic strain at higher values of overstress,

through either the viscosity function or adopting a new form for the dependence of

plastic strain rate upon overstress. A hyperbolic sine formulation is an example of an

alternative form.

An improvement in the representation of the unloading behavior would also

potentially improve prediction of relaxation and creep during unloading as well as

recovery at zero stress and stress-strain response during re-loading.

Extension of Developed Methodology to Represent Inelastic Behavior of PMR-15

at Various Temperatures. The deformation of the PMR-15 neat resin is dependent

not only on the duration of prior aging, but also on the test temperature. It is also

dependent upon the temperature at which the prior aging occurs. The methodology

developed in this research could be extended to represent the inelastic behavior of

the PMR-15 at various temperatures ranging from room temperature to the glass

transition temperature of the material. In particular, additional investigations at

204, 260, and 316 ◦C would be of interest because (along with the current results
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at 288 ◦C) they would complement thermal degradation studies conducted on the

PMR-15 by NASA [6,72]. The extension of the VBOP parameters to account for test

and prior aging temperature as well as for prior aging duration would significantly

expand the predictive capabilities of the VBOP.

Applying the Tools Developed in this Research to Other High Temperature Poly-

mers. The methods and tools developed in this research can also be applied to other

high temperature polymers such as the BMI 5250-4 neat resin studied by Ruggles-

Wrenn and Balaconis [62] at 191 ◦C.

High temperature polymers to replace PMR-15 are also under development

as researchers search for a replacement resin that would not exhibit the toxicity dis-

played by one of the monomers, methylenedianiline (MDA), used in the preparation of

PMR-15 [2,7, 55,57]. As these replacement materials become available, the tools de-

veloped in this research should be used to evaluate and model the mechanical behavior

of these materials.

Furthermore, this study investigates the PMR-15 neat resin which is used as a

matrix material in high temperature PMC’s. Similar studies should be conducted for

the PMR-15 based composites to investigate the effects of prior aging and the inter-

actions between the neat resin matrix and the reinforcement material. In addition,

modeling efforts must ultimately be extended to accurately represent the rate depen-

dent behavior of polymer based composite materials employed in critical load-bearing

structures.
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Appendix A. The VBOP Formulation Selected for Modeling the

Deformation Behavior of the Unaged PMR-15 Neat Resin at 288 ◦C

T
his appendix provides a detailed explanation of modeling efforts carried out

using several variants of the VBOP formulation. The goal of this appendix

is to explain which specific VBOP formulation was chosen and why. The discussion

includes simulations of the unaged PMR-15. These simulations were obtained with

model parameters that were systematically determined using the characterization

procedure developed in Section 7.2.

A.1 Full VBOP Formulation

The full formulation for the Viscoplasticity Based on Overstress for Polymers

is reviewed here.

The uniaxial flow law:

ǫ̇ = ǫ̇el + ǫ̇in =
σ̇

E
+
σ − g

Ek
(A.1)

Equilibrium stress evolution:

ġ = Ψ
σ̇

E
+ Ψ

[
(σ − g)

Ek
−

(g − f)

A

∣
∣
∣
∣

(σ − g)

Ek

∣
∣
∣
∣
+

(σ̇ − ġ)

E

]

+

[

1 −
Ψ

E

]

ḟ (A.2)
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Kinematic stress evolution:

ḟ =

[
|σ|

Γ + |g|

]

Et

(σ − g)

Ek
(A.3)

Isotropic stress evolution:

Ȧ = Ac[Af − A]

∣
∣
∣
∣

σ − g

Ek

∣
∣
∣
∣

(A.4)

Shape function:

Ψ = C∗
1 + (C2 − C∗

1)e−C3|ǫin| (A.5)

C∗
1 = C1

[

1 + C4

(
|g|

A+ |f | + ξΓζ

)]

(A.6)

Viscosity function:

k = k1

(

1 +
Γ

k2

)−k3

(A.7)

Overstress Invariant:

Γ = |σ − g| (A.8)

The systematic characterization procedure outlined in Section 7.2 was used to

determine parameters for the full VBOP formulation for the unaged PMR-15 neat

resin. This characterization procedure is briefly reviewed here.

The elastic modulus and tangent modulus were measured to be E = 2100 MPa

andEt = 18MPa. The next step is to determine the isotropic stress, the experimental
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Figure A.1: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation for PMR-15 Polymer at 288 ◦C. The Full
VBOP Formulation is Used. Loading Prior to Relaxation is Conducted
at Constant Strain Rates of 10−6 and 10−5 s−1 at 288 ◦C.

results give an estimate of the equilibrium stress for the slowest prior loading rate as

13.9 MPa.

This value of the equilibrium stress at the strain of 4.5% was used to determine

the isotropic stress from

A = {g − Etǫ}, (A.9)

where the brackets {n} designate the asymptotic limit of n. For PMR-15 the isotropic

stress A = 13.1 MPa was established.

The viscosity function is determined by a fit to the experimental stress drop

during relaxation for prior strain rates of 10−6 and 10−5 s−1, shown in Figure A.1.

The viscosity function parameters were found to be k1 = 1.0e4 s, k2 = 30 MPa, and

k3 = 15.
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Figure A.2: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves for PMR-15 Polymer at 288 ◦C. The Full VBOP Formu-
lation is Used. Tensile Tests to Failure Conducted at Constant Strain
Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The Model Under-
Predicts the Equilibrium Stress and the Stress in the Region of Plastic
Flow.

The shape function is determined by a fit to the knee of the stress-strain curves

as illustrated in Figure A.2. The shape function parameters used for the simulations

in the figure were C1 = 10 MPa, C2 = 600 MPa, C3 = 10, C4 = 1, ξ = 1 MPa−1,

and ζ = 2. A set of shape function constants that matched the data well was not

found for this case. The results in Figure A.2 demonstrate the under-prediction of

the stress and the equilibrium stress in the region of fully developed plastic flow.

Different values of the shape function parameters varied the knee of the stress-strain

curves, however the low prediction of equilibrium stress was hindering the ability to

accurately predict the flow stress past the knee. Therefore, the equilibrium stress was
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Figure A.3: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation for PMR-15 Polymer at 288 ◦C. The Full
VBOP Formulation is Used, the Optimization Objective Function is
Updated. Loading Prior to Relaxation is Conducted at Constant
Strain Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The Model Over
Predicts the Stress Drop During Relaxation.

re-evaluated and the value was increased, resulting in an increase in the isotropic stress

up to A = 20 MPa, and the characterization of the viscosity function re-determined.

When iterating back on the flow chart based on initial unacceptable results

following the determination of Ψ, one may also asses the regions to which the functions

are being matched. For instance, in this case, the viscosity function is once again,

determined by a fit to the experimental stress drop during relaxation. However, this

time it is fit for the prior strain rates of 10−6, 10−5, and 10−4 s−1, as shown in

Figure A.3 to better capture the effect of the prior strain rate on the stress drop

during relaxation. The viscosity function parameters were found to be k1 = 1.0e4 s,
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Figure A.4: A Comparison Between Experimental Results and Simulated Stress-
Strain Curves for PMR-15 Polymer at 288 ◦C. The Full VBOP For-
mulation is Used, the Optimization Objective Function is Updated.
Tensile Tests to Failure Conducted at Constant Strain Rates of 10−6,
10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Model Over Predicts the
Stress at the Strain Rate of 10−3 s−1.

k2 = 35 MPa, and k3 = 12. With these parameters, the model over-predicts the

stress drop during relaxation especially for the prior strain rate of 10−4 s−1.

The shape function is determined by a fit to the knee of the stress-strain curve as

illustrated in Figure A.4. The VBOP was fit to the experimental results at the strain

rates of 10−6, 10−5, 10−4, and 10−3 s−1 in this case. The shape function parameters

were found to be C1 = 100 MPa, C2 = 750 MPa, C3 = 10, C4 = 1, ξ = 1 MPa−1,

and ζ = 2. The model simulations exhibit an overshoot in the beginning of the knee

especially at the strain rate of 10−3 s−1.

The C∗
1 function embedded in the shape function was designed to match the

unloading behavior of Nylon-66 which exhibits a reduced dependence upon strain rate
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Figure A.5: A Comparison Between Experimental Results and Predicted Stress-
Strain Curves for PMR-15 Polymer at 288 ◦C. The Full VBOP For-
mulation is Used, the Optimization Objective Function is Updated.
Loading/Unloading Tests Conducted at Constant Strain Rates of 10−6,
10−5, 10−4, and 10−3 s−1. C∗

1 Term Does Not Contribute to the Un-
loading as Desired.

during unloading, and also to increase the curvature of the unloading stress-strain

curve. Because the PMR-15 exhibits significant rate dependence during unloading

as well as significant curvature, the C∗
1 function was explored with parameter values

ranging several orders of magnitude. Varying the values of the parameters C4, ξ, and

ζ did not improve the predictions of the unloading as desired. The predictions of the

unloading behavior with the final values C1 = 100 MPa, C2 = 750 MPa, C3 = 10,

C4 = 1, ξ = 1 MPa−1, and ζ = 2 are illustrated in Figure A.5.

The full VBOP parameters for the PMR-15 are summarized in Table A.1.
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Table A.1: VBOP Full Form Material Parameters for PMR-15 at 288 ◦C.

Moduli E = 2100 MPa, Et = 18 MPa
Isotropic Stress A = 20 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 750 MPa,

C3 = 10, C4 = 1,
ξ = 1 MPa−1, ζ = 2

The modeling efforts with the full VBOP formulation display the following

discrepancies with the experimental results:

• Over-prediction of stress drop during relaxation.

• Over-prediction of knee in stress-strain curve.

• Room for improvement in predictions of unloading behavior.

The over-prediction of stress drop during relaxation can be addressed by mod-

ifying the growth law for the equilibrium stress. The Ψ (σ̇−ġ)
E

term is intended to

increase the stress drop during relaxation. Therefore, to reduce this quantity, the

Ψ (σ̇−ġ)
E

term is removed.

It was not immediately obvious what modifications would improve the predic-

tion of the knee in the stress-strain curve. At the same time, the inclusion of the C∗
1

term was complicating the model without adding to its predictive capability. There-

fore, to decrease the unnecessary complexity of the model, the C∗
1 term was removed.

These changes are discussed in more detail in the following section.
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A.2 Modified VBOP Formulation Dictated by Experimental Observa-

tions

The modifications to VBOP formulation based on experimental observations

are outlined in this section. The two equations which change in form are the growth

law for the equilibrium stress and the shape function.

The uniaxial flow law:

ǫ̇ = ǫ̇el + ǫ̇in =
σ̇

E
+
σ − g

Ek
(A.10)

Equilibrium stress evolution:

ġ = Ψ
σ̇

E
+ Ψ

[
(σ − g)

Ek
−

(g − f)

A

∣
∣
∣
∣

(σ − g)

Ek

∣
∣
∣
∣

]

+

[

1 −
Ψ

E

]

ḟ (A.11)

Kinematic stress evolution:

ḟ =

[
|σ|

Γ + |g|

]

Et

(σ − g)

Ek
(A.12)

Isotropic stress evolution:

Ȧ = Ac[Af − A]

∣
∣
∣
∣

σ − g

Ek

∣
∣
∣
∣

(A.13)
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Shape function:

Ψ = C1 + (C2 − C1)e
−C3|ǫin| (A.14)

Viscosity function:

k = k1

(

1 +
Γ

k2

)−k3

(A.15)

Overstress Invariant:

Γ = |σ − g| (A.16)

The systematic characterization procedure was employed together with the new

formulation to determine the model parameters for the PMR-15 neat resin at 288 ◦C.

The elastic modulus, tangent modulus, and isotropic stress values were not changed

in the modified formulation. These values were still measured to be E = 2100 MPa,

Et = 18 MPa, and A = 20 MPa.

The viscosity function was determined by a fit to the experimental stress drop

during relaxation, shown in Figure A.6. The viscosity function parameters were found

to be k1 = 1.0e4 s, k2 = 35 MPa, and k3 = 12. The modification to the equilibrium

stress did indeed decrease the prediction of the stress drop during relaxation, resulting

in a more accurate representation of the experimental results.

The shape function is determined by a fit to the knee of the stress-strain

curve as illustrated in Figure A.7. The shape function parameters were found to be

C1 = 100 MPa, C2 = 1.0e3 MPa, and C3 = 10. The modifications to the shape
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Figure A.6: A Comparison Between Experimental and Simulations Using the Mod-
ified Form VBOP Stress Drop During Relaxation Obtained for PMR-
15 Polymer at 288 ◦C. Loading Prior to Relaxation is Conducted at
Constant Strain Rates of 10−6, 10−5, and 10−4 s−1 at 288 ◦C. The
Model Representation of the Stress Drop During Relaxation is More
Accurate.

Table A.2: VBOP Modified Form Material Parameters for PMR-15 at 288 ◦C.

Moduli E = 2100 MPa, Et = 18 MPa
Isotropic Stress A = 20 MPa

Viscosity Function k1 = 1.0e4 s, k2 = 35 MPa, k3 = 12
Shape Function C1 = 100 MPa, C2 = 1.0e3 MPa, C3 = 10

function not only simplify the VBOP formulation, they also more accurately capture

the knee of the stress-strain curve.

The modified VBOP parameters for the PMR-15 are summarized in Table A.2.

The predictions of the unloading behavior of the PMR-15 are illustrated in Fig-

ure A.8. The model captures the qualitative effect of the strain rate on the unloading

behavior. Unfortunately the model still does not reproduce the unloading behavior
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Modified Form VBOP
Experiment

Figure A.7: A Comparison Between Experimental Results and the Simulated
Stress-Strain Curves Obtained for PMR-15 Polymer at 288 ◦C. Tensile
Tests to Failure Conducted at Constant Strain Rates of 10−6, 10−5,
10−4, and 10−3 s−1 at 288 ◦C. The Modified Form of the VBOP is
Used. The Model Representation of the Stress at the Strain Rate of
10−3 s−1 is More Accurate.

with the desired accuracy. Modifying the formulation to more accurately predict the

unloading behavior is strongly suggested as a direction for future research.
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Figure A.8: A Comparison Between Experimental Results and Predicted Stress-
Strain Curves Obtained for PMR-15 Polymer at 288 ◦C. Loading and
Unloading is Conducted at Constant Strain Rate Magnitudes of 10−6,
10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Modified Form of the VBOP
is Used.
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Appendix B. Modeling Details

T
his appendix provides a description of the details surrounding the modeling

of the material behavior using MATLAB.

B.1 Constitutive Equations for Stress-Controlled Loading

The state variable functions for stress-controlled loading in the MATLAB code

are as follows.:

Y - State Variable Vector

Ydot - Derivative of the State Variable Vector

sig = Y(1) - Stress

g = Y(2) - Equilibrium Stress

eta = Y(3) - Strain

A = Y(4) - Isotropic Stress

f = Y(5) - Kinematic Stress

p = Y(6) - Accumulated Inelastic Strain

lr = Y(7) - Stress Load Rate

The MATLAB code developed in this research uses the following equations for

modeling stress-controlled behavior (Note: comments are signified with %):

sigdot=lr;

%Look to the “materialparams” file to find the values of the various parameters.

[E,Et,Ao, k1, k2, k3, C1, C2, C3] =materialparams();
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%Calculate various functions and numbers.

L = abs(sig-g); %Overstress invariant

k = kfunction(L); %Viscosity Function k

etain=eta-sig./E; %Inelastic Strain (Total-Elastic)

psi = C1 + (C2-C1).*exp(-C3.*abs(etain)); %Shape Function

rin = (sig-g)./E./k; %Inelastic Strain Rate

%Derivatives

etadot = sigdot./E+rin; %Strain Rate

fdot = (abs(sig)./(L+abs(g)))*Et.*rin; %Kinetic Stress Rate

pdot = abs(rin); %Inelastic Strain Rate

%Equilibruim Stress Rate Equation

gdot = psi.*sigdot./E + psi.*(rin-(g-f)./A.*L./E./k)+(1-psi./E).*fdot;

%Repack Ydot

Ydot = [sigdot; gdot; etadot; 0; fdot; pdot;0];
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B.2 Constitutive Equations for Strain-Controlled Loading

The state variable functions for strain-controlled loading in the MATLAB code

are as follows:

Y - State Variable Vector

Ydot - Derivative of the State Variable Vector

sig = Y(1) - Stress

g = Y(2) - Equilibrium Stress

eta = Y(3) - Strain

A = Y(4) - Isotropic Stress

f = Y(5) - Kinematic Stress

p = Y(6) - Accumulated Inelastic Strain

lr = Y(7) - Strain Load Rate

The MATLAB code developed in this research uses the following equations for

modeling strain-controlled behavior:

etadot=lr;

%Look to the “materialparams” file to find the values of the various parameters.

[E,Et,Ao, k1, k2, k3, C1, C2, C3] =materialparams();

%Calculate various functions and numbers.

L = abs(sig-g); %Overstress invariant

k = kfunction(L); %Viscosity Function k
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etain=eta-sig./E; %Inelastic Strain (Total-Elastic)

psi = C1 + (C2-C1).*exp(-C3.*abs(etain)); %Shape Function

rin = (sig-g)./E./k; %Inelastic Strain Rate

%Derivatives

sigdot = (etadot-rin).*E; %Stress Rate

fdot = (abs(sig)./(L+abs(g)))*Et.*rin; %Kinetic Stress Rate

pdot = abs(rin); %Inelastic Strain Rate

%Equilibruim Stress Rate Equation

gdot = psi.*sigdot./E + psi.*(rin-(g-f)./A.*L./E./k)+(1-psi./E).*fdot;

%Repack Ydot

Ydot = [sigdot; gdot; etadot; 0; fdot; pdot;0];
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Appendix C. The Optimization Techniques Employed in Determining

the Parameters of the Viscosity Function and the Shape Function

T
his appendix provides an explanation of optimization efforts carried out dur-

ing this research effort. The optimization was conducted by means of the

‘lsqcurvefit’ command built into MATLAB. This routine does a least squares op-

timization or “curve fit” of the designated parameters to fit them to the desired

experimental data.

C.1 Initial Optimization of Viscosity Function

Initially the least square optimization was used to fit the full VBOP formulation

(discussed in section A.1) to the stress drop throughout relaxation for the prior strain

rates of 10−6 and 10−5 s−1. (At that point we did not yet have data for the stress

drop after a prior strain rate of 10−4 s−1.) This optimization elucidated the values of

k1 = 1.98e + 05 s, k2 = 14.8 MPa, and k3 = 6.04. The simulations are compared to

the experimental data in Figure C.1.

Once determining these viscosity function parameters, the evaluation of the

shape function parameters was conducted using the loading followed by unloading

experimental results. The simulations of loading followed by unloading exhibited un-

reasonable stiffness in the beginning of the stress-strain curve causing an unreasonable

overshoot of simulation compared to the experimental data regardless of the shape

function parameters employed for the two slower strain rates. An example simulation

for shape function parameters of C1 = 400, C2 = 1, 060 and C3 = 10 are shown in
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T = 288 °C

prior strain rate = 10 −5 s−1
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Simulation
Experiment: ε = 3%
Experiment: ε = 4.5%

Figure C.1: Stress Decrease vs Relaxation Time for the PMR-15 Polymer at 288 ◦C.
The Viscosity Function Parameters were Optimized Using a Least
Square Curve Fit to the Stress Drop During Relaxation for Prior Strain
Rates of 10−6 and 10−5 s−1.

Figure C.2. At the two faster strain rates the simulations exhibit nearly linear be-

havior throughout the simulations. These unreasonable simulations were attributed

to the high value of the k1 parameter. Therefore, in the future optimizations the

viscosity function parameters were fit to the stress drop values in the last two hours

of relaxation. This slight decrease in simulation capability in stress-drop during re-

laxation allowed for a reasonable agreement for a wider range of loading histories (for

example, monotonic loading and creep).

C.2 Refined Optimization of Viscosity Function

The optimization was then refined to fit to the VBOP simulations to the ex-

perimental stress values in the last two hours of the relaxation periods. The specific

formulation of the VBOP employed was also altered to better fit the observed be-
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T = 288 °C
10−6 s−1: Simulation

10−6 s−1: Experiment

10−5 s−1: Simulation

10−5 s−1: Experiment

10−4 s−1: Simulation

10−4 s−1: Experiment

10−3 s−1: Simulation

10−3 s−1: Experiment

Figure C.2: A Comparison Between Experimental and Predicted Stress-Strain
Curves Obtained for PMR-15 Polymer in Loading and Unloading at
Constant Strain Rates of 10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The
Shape Function Parameters Cannot Correct the Overshoot Caused by
the High Value of k1.

havior of the PMR-15. (For more details on the modification of the formulation see

Appendix A.) The parameters of the viscosity function using this optimization were

found to be k1 = 1.0e + 04 s, k2 = 35 MPa, and k3 = 12. The simulations are

compared to the experimental results in Figure C.3.

C.3 Expansion to Optimization of Shape Function

Once the appropriate viscosity function parameters were determined, the shape

function is found as the next step in the systematic characterization procedure shown

in flowchart 7.3. The shape function parameters were also found using the ‘lsqcurvefit’

command built into MATLAB to fit the simulation to the knee of the stress-strain

curves of the experimental data from the tension to failure results. The resulting
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T = 288 °C
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prior ε = 10−5 s−1

prior ε = 10−6 s−1.

.

VBOP
Experiment: ε=4.5%
Experiment: ε=3.0%

Figure C.3: Stress Decrease vs Relaxation Time for the PMR-15 Polymer at 288 ◦C.
The Viscosity Function Parameters were Optimized Using a Least
Square Curve Fit to the Last Two Hours of Relaxation for the Prior
Strain Rates of 10−6, 10−5, 10−4 s−1 .

shape function parameters were C1 = 100 MPa, C2 = 1, 000 MPa, and C3 = 10.

The simulations are compared to the experimental results in Figure C.4.

C.4 Combined Optimization of Viscosity and Shape Function

As a final step in this study, the optimization procedure was expanded to a

more sophisticated form. In this form, the Viscosity Function Parameters and the

Shape Function Parameters were found simultaneously using both tension to failure

results and stress drop during relaxation results.
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Figure C.4: A Comparison Between Experimental and Predicted Stress-Strain
Curves Obtained for PMR-15 Polymer at Constant Strain Rates of
10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Shape Function Para-
meters were Optimized Using a Least Square Curve Fit.

The resulting parameters found by the optimization method were k1 = 1.1e4 s,

k2 = 34.5 MPa, k3 = 12.4, C1 = 100 MPa, C2 = 944 MPa, and C3 = 10. These

values are very similar to those found using the optimization in the individual steps of

the characterization procedure (listed in sections C.2 and C.3). The simulations are

compared to the experimental data in Figures C.5 and C.6. These optimized values

validate the parameters that were found using the systematic characterization method

in Chapter VII. In conclusion, either approach to finding the viscosity function and

shape function parameters can be successfully employed.
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Figure C.5: A Comparison Between Experimental Results and Simulated Stress
Drop During Relaxation for PMR-15 Polymer at 288 ◦C. Loading Prior
to Relaxation is Conducted at Constant Strain Rates of 10−6, 10−5,
and 10−4 s−1 at 288 ◦C. The Viscosity Function and Shape Function
Parameters Were Found Simultaneously During the Optimization.
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Figure C.6: A Comparison Between Experimental and Predicted Stress-Strain
Curves Obtained for PMR-15 Polymer at Constant Strain Rates of
10−6, 10−5, 10−4, and 10−3 s−1 at 288 ◦C. The Viscosity Function and
Shape Function Parameters Were Found Simultaneously During the
Optimization.
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