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Abstract

Detonation-based combustors leverage the higher thermodynamic efficiency of the Atkinson
cycle compared to the traditional deflagration-based combustion of the Brayton cycle. The
rotating detonation engine (RDE) has one or more shock waves rotating around an annulus.
The RDE can theoretically be 20% more thermally efficient than a traditional deflagration-
based cycle. An RDE was modeled in Numerical Propulsion System Simulation (NPSS)
based on a model developed in Microsoft Excel. The thermodynamic analysis of the RDE
in these models is broken into four streams. Empirical models were used to find the per-
centage of the total flow in each stream. The pre-detonation pressure was iterated until
the entrance mass flow calculations matched the exit mass flow calculations. A parametric
analysis was used to compare the variation in specific impulse from the NPSS model to the
Microsoft Excel model and other published results. The RDE has a peak air-breathing en-
gine specific impulse of approximately 5,500 sec and a peak rocket engine specific impulse
of approximately 150 sec.
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COMPUTER MODELING OF A ROTATING DETONATION ENGINE IN A ROCKET

CONFIGURATION

I. Introduction

Conventional jet and rocket engines extract energy from fuel using deflagration processes,

which follow a Brayton cycle [6]. The efficiency of an ideal Brayton cycle depends on the

ratio of temperatures at the entrance and exit of the process [6], so increasing the exit

temperature increases the efficiency of the process. Material properties limit the maximum

exhaust temperature, thus limiting efficiency [7].

A detonation cycle, however, follows an Atkinson cycle [8]. Figure 1 illustrates the

thermodynamic nature of the Brayton and Atkinson cycles via the temperature-entropy (T -

S) and pressure-specific volume (P -ν) diagrams. The superior performance of the Atkinson

is evidenced by the greater area under the two curves in Fig. 1. For equal heat addition and

mechanical compression, the Atkinson cycle is more thermodynamically efficient than the

Brayton cycle [8].

One utilization of a detonation cycle is the rotating detonation engine (RDE). Research

into the RDE began as early as the 1950s at the Lavrentyev Institute of Hydrodynamics in

Siberia [9]. A major motivator for the study of RDEs is their increased thermal efficiency;

the RDE can theoretically be 20% more efficient than a traditional deflagration-based cycle

[2; 10; 11].

In an RDE, one or more shock waves rotate around an annulus. Figure 2 illustrates a

temperature contour plot from a computational fluid dynamics (CFD) flowfield visualization

of an RDE simulation. Fuel and oxidizer entering from the inlet is detonated at the shock
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Figure 1. Comparison of thermodynamic diagrams for Brayton and Atkinson cycles [1]

wave traveling around the annulus and is expelled out of the exhaust end.

Since the radial thickness of the RDE is significantly smaller than the length or circum-

ferential dimensions, radial variation is negligible [2–5; 10–14]. The three-dimensional RDE

in Fig. 2 can be “unrolled” into the two-dimensional RDE in Fig. 3.

Figure 2. Temperature contour plot of an RDE simulation [2: Figure 1]
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Figure 3. Two-dimensional “unwrapped” temperature contour plot of the RDE [3: Fig. 2]

Problem

Kaemming developed a preliminary model of an RDE using Microsoft Excel and Microsoft

Visual Basic macros [4]. The objective of this thesis was to develop a similar RDE model in

Numerical Propulsion System Simulation (NPSS) and describe the utilization of the NPSS

model in a rocket configuration. The rocket configuration consists of a flow inlet, the RDE,

and the exhaust.

Methodology

The first step in the analysis of the RDE is the translation of the RDE element based

on the Kaemming model [4] into an NPSS element. The new NPSS element is incorporated

into a full RDE model by initializing and attaching the air inlet, fuel inlet, and exhaust fluid

ports. The results of running the NPSS model were compared to results from the Kaemming

model [4; 15] and published CFD simulations [3; 14].
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II. Previous Work on Rotating Detonation Engines

This section describes the station numbering, a thermodynamic overview of the RDE,

and the empirical models used in the RDE model.

Station Designation

A station designation consistent with previously accepted station numbering designations

has been agreed upon by Joint Army Navy National Aeronautics and Space Administra-

tion (NASA) Air Force (JANNAF) (in JANNAF-GL-2013-01) and Society of Automotive

Engineers (SAE) (in SAE AS755f) [15; 16], illustrated in Fig. 4. In the rocket configuration

implemented in this thesis, the inlet exit, air valve exit, and RDE entrance are assumed to

be collocated (i.e., station 3 is the same as 3∗).

Figure 4. Station designations used in rocket configuration[4: Fig. 3-1]
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Thermodynamic Overview

There has been considerable thermodynamic analysis of the RDE [2; 5; 11; 13], so only a

summary is provided here. The main process taking place in the RDE is the detonation wave.

A steady-state, one-directional planar detonation can be modeled based on Zel’dovich, von

Neumann, and Döring (ZND) theory [2; 5; 11; 13]. In the “unrolled” RDE, the detonation

wave is a traveling planar wave, so the traditional ZND model does not apply in its present

state [2; 11; 13].

Nordeen [11] modified the ZND model using velocity triangles to change the frame of

reference from the laboratory frame-of-reference to the detonation wave frame-of-reference.

A graphical representation of a velocity triangle is illustrated in Fig. 5. In Fig. 5, Uwave is

the azimuthal wave speed traveling to the right in the laboratory frame-of-reference and V is

the time-averaged velocity of the main flow [5]. The normal velocities of the flow upstream

and downstream of the detonation front are given by W1 and W2, respectively [5]. In Fig. 5,

D is the normal speed of the detonation wave in the laboratory frame-of-reference, and is

equal and opposite to W1 [5]. In the detonation wave frame-of-reference, the flow appears

steady and the ZND theory can be applied [5; 11].

Figure 5. Velocity triangles used to change between laboratory frame-of-reference and deto-
nation wave frame-of-reference [5: Fig. 5]

Schwer and Kailasanath tracked the paths of fluid particles through a CFD simulation

of the RDE in the detonation frame-of-reference [3]. Schwer and Kailasanath defined three

distinct thermal regions in the solution: Detonation-A (detonation followed by an oblique
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shock wave), Detonation-B (detonation only), and Non-detonation (deflagration) [3]. The

pathlines and three thermal regions are illustrated in Fig. 6.

Figure 6. Two-dimensional “unrolled” RDE with tracked pathlines and three thermal regions
[3: Fig. 8]

Kaemming extended the results from Schwer and Kailasanath [3] with the introduction

of a mixed region [4]. Additionally, Kaemming added substation nomenclature to organize

each of the steps along each of the regions. Kaemming’s [4] nomenclature is illustrated in

Fig. 7. The letters a–d describe the paths through the thermal regions: path a has only

detonation, path b has detonation followed by an oblique shock, path c has deflagration, and

path d has a mixture of paths a, b, and c [4].

The air and fuel enter the RDE at station 3∗ and are injected into the flow to substation

3.2. Substation 3.2 properties apply to all flow prior to combustion, and all of the paths

pass through it [4]. Table 4 summarizes the processes that take place between substations.

The flow traveling along paths a and b pass through a detonation between substation 3.2

and a3.4 and b3.4, respectively [4]. The flow traveling along path a continues to travel

to the exit of the RDE. The flow traveling along path b passes through an oblique shock

between substations b3.4 and b3.6, and then continues to travel to the exit of the RDE [4].
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The flow traveling along path c is deflagrated between substations 3.2 and c3.4, and then

passes through an oblique shock between substations c3.4 and c3.6[4]. All of the flow at

substation c3.6 mixes with portions of the flow from substations a3.4 and b3.6; the mixed

flow is substation d3.6. The percentage of the flows from substations a3.4 and b3.6 entering

the mixed region is dictated by empirical models [4]. The three remaining paths a3.4, b3.6,

and d3.6 travel to their respective substation exits: a4, b4, and d4. The RDE exit station 4

is a combination of the substation exits a4, b4, and d4.

The analysis of each path is described in Chapter III.

Figure 7. Path and substation nomenclature [4: Fig. 7-2]
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Table 4. Description of particle movement between substations

From To Process

3∗ 3.2 Air and fuel injected into RDE

3.2
a3.4 Detonation
b3.4 Detonation
c3.4 Deflagration

b3.4 b3.6 Oblique shock
c3.4 c3.6 Oblique shock
a3.4 (partial)

d3.6 Mixing based on empirical modelsb3.6 (partial)
c3.6 (all)
a3.4 (remaining) a4 Exit RDE
b3.6 (remaining) b4 Exit RDE
d3.6 (all) d4 Exit RDE

Empirical Models

Kaemming developed several empirical models based on CFD simulations to reduce the

overall complexity of the solution procedure [3; 4; 14]. The models are discussed below.

Plenum Model.

CFD simulations [3; 14] show that the rotation of the detonation wave around the

annulus of the RDE causes a variation of static pressure P3.2 at the air and fuel injectors

[3; 14]. The thermodynamic properties of the remainder of the RDE depend on P3.2, so a

model was required to account for this variation along the plenum. Kaemming developed

the empirical model seen in Eq. 1 and Eq. 2 for the injector pressure profile based on the

results from CFD simulations [3; 4; 14]. The value of P3.2 varies with azimuthal location,

but is based on the maximum value of P3.2(0), which is the value of P3.2 used in the current

iteration (P3.2 is further described in Chapter III). In Eq. 1, the term b is the fractional

pressure drop and τdrop is the time until the first drop [4]. In Eq. 2, the term
(
P3.4

P3.2

)
det

is the
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ratio of static pressures after and before the detonation.

k = − ln (1− b)
τdrop

(1)

P3.2(t) = P3.2(0)

{
1 +

[(
P3.4

P3.2

)
det

− 1

]
e−kt

}
(2)

Published results[3] showed the pressure profile as a function of azimuthal location, while

the empirical model in Eq. 1 and Eq. 2 showed pressure profile as a function of time [4].

Kaemming used the detonation velocity to convert the time to distance, and the RDE cir-

cumference to convert the azimuthal distance to azimuthal location [15]. The final profile

was translated by 180◦ and the pressure was converted from pounds per square inch to atmo-

spheres to match the CFD results. Kaemming found that b = 0.80 and τdrop = 0.00005 sec

produced a pressure profile most closely matching CFD results [4].

The empirical models from Eq. 1 and Eq. 2 are used in the NPSS model. A comparison

of the pressure profiles at station 3.2 in the Kaemming and NPSS models to the profile found

from the CFD simulations is illustrated in Fig. 8. The pressure profile example in Fig. 8 is

based on a specific case using the same input parameters as CFD simulations, summarized in

Table 6. Overall, the simple model follows the CFD results closely; however, two regions of

significant deviation can be seen at azimuthal locations of 85◦ and 165◦. Kaemming claims

the deviations are the result of second-order effects, such as secondary waves, that may affect

operation of a real RDE, but do not affect performance analysis [4]. The agreement of the

Kaemming model with CFD simulations support the claim [3; 14].

Detonation Height Ratio Empirical Models.

Kaemming developed several empirical models that are functions of the ratio of the cal-

culated detonation height to the user-defined RDE height
(

hdet
hRDE

)
[4]. Kaemming developed

the empirical models by simplifying CFD solutions and profiles [4; 15]. The non-dimensional
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Figure 8. Comparison of pressure profile from CFD results to model from Eq. 1 and Eq. 2
[4: Fig. 6-1; 3: Fig. 9]

ratio of heights allows the RDE model to be scaled; however, experimental comparisons have

not been accomplished to determine the accuracy of the scaling.

In the NPSS model, the empirical models are implemented in the form of tables, where

the program calculates the value of hdet
hRDE

and interpolates within the models shown in Fig. 9.

The “Detonation Plus Shock Flow Fraction” model in Fig. 9 provides the fraction of the

total detonated flow entering the oblique shock [4]. The model is mathematically described

in Eq. 3.

Detonation Plus Shock Flow Fraction =
ṁpath b

ṁpath a + ṁpath b

(3)

The value returned from Fig. 9 provides the percentage of detonated flow that follows path b.

The remainder of the flow follows path a.

The “Relative Mixing” model in Fig. 9 provides the relative amount of detonated flow

that mixes with the deflagrated flow [4]. The model is mathematically described in Eq. 4.

Relative Mixing =
ṁdetonated flow mixing with path d

ṁpath c

(4)
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Figure 9. Empirical models based on the ratio of detonation height to RDE height

The value returned from Fig. 9 provides the ratio of mixed detonated flow to total deflagrated

flow from path c. Kaemming approximates that half of the detonated flow entering the

mixing region is from path a and the other half from path b [4]. All of the deflagrated flow

from path c enters the mixing region, so the total mass flow entering path d is given by Eq. 5.

ṁpath d = ṁdetonated flow mixing into path d + ṁpath c = ṁpath c (1 + Relative Mixing) (5)

The “Circumferential Velocity - Detonated Flow” and “Circumferential Velocity - Mixed

Flow” models in Fig. 9 provide the mass-averaged circumferential (azimuthal) velocity for

the detonated and mixed flows relative to the total velocity of the detonated or mixed flows,

respectively. The “Circumferential Velocity - Detonated Flow” and “Circumferential Velocity

- Mixed Flow” models are mathematically described in Eq. 6 and Eq. 7, respectively.

Circumferential Velocity - Detonated Flow =
ṁdetonated,circumferential

ṁdetonated,axial + ṁdetonated,circumferential

(6)
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Circumferential Velocity - Mixed Flow =
ṁmixed,circumferential

ṁmixed,axial + ṁmixed,circumferential

(7)

The percentage of circumferential velocity for the detonated flow increases with non-dimensionalized

detonation height, as seen in Fig. 9. A higher proportion of hdet
hRDE

means the detonation takes

up more of the RDE chamber, and, conversely, the non-detonated flow takes up less of the

RDE chamber. The shock waves try to align the exiting flows, and the smaller non-detonation

region causes a greater percentage of the flow to travel in the circumferential direction [4].

Conversely, with the mixed flow, the percentage of rotating flow decreases as the detonation

height increases because the flow mixes in a smaller region, requiring less rotation [4].

The flow exiting the RDE is highly irregular [3; 4; 14; 17]. The “Velocity Distortion”

model in Fig. 9 characterizes the exit velocity using the maximum, minimum, and mass-

averaged velocities mathematically described in Eq. 8 [4]. The Kaemming and NPSS models

both use a constant velocity distortion of 120% [4] based on exit velocity profiles found from

CFD simulations [14].

Velocity Distortion =
Vmax − Vmin

Vavg
(8)

Kaemming also found that the exit mass flows in the CFD solutions [3; 14] have the same

corrected mass flow [15]. In the Kaemming model, the exit flow is assumed to be choked

[4]. However, the choked flow assumption calculates an exit mass flow and momentum

flux higher than the actual values because of the velocity distortion [15]. Kaemming uses

correction terms for the mass
(
m
m∗

)
and momentum

(
mV
mV ∗

)
based on variations in the velocity

distortion [4]. The mass and momentum correction terms are mathematically described in

Eq. 9 and Eq. 10, respectively, and are illustrated in Fig. 10 [4]. To find the actual exit flow,

the correction terms are applied to the calculations where choked exit flow was assumed [15].

For the constant velocity distortion of 120%, the correction terms are treated as constants:
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m
m∗ = 0.8555 and mV

mV ∗ = 0.8682.

m

m∗
= [−0.1004 (Velocity Distortion) + 0.0001] (Velocity Distortion) + 1 (9)

mV

mV ∗
= [−0.0918 (Velocity Distortion) + 0.0003] (Velocity Distortion) + 1 (10)

Figure 10. Correction factor for the mass (m/m∗) and momentum (mV/mV ∗)

Summary

A station designation has been agreed upon by JANNAF and SAE that conforms to

traditional engine station numbering. The thermodynamic analysis of all of the streamlines

in the RDE is reduced to four paths. Several empirical models are used to simplify the

complex flow interactions in the RDE.
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III. Model Summary

The NPSS RDE model is composed of four elements: the air source, the fuel source,

the exhaust, and the RDE element itself. The flow into the RDE includes the air and fuel

elements, while the exhaust element receives all of the exhaust from the RDE element. The

air source, fuel source, and exhaust elements are all ideal components with no losses, as are

all the ports that link these elements to the RDE element. In all cases, hydrogen fuel (H2)

is used, though the current model allows for the use of ethylene (C2H4).

The functions utilized to perform repeated calculations are summarized in Table 5. De-

tailed descriptions of these functions can be found in Appendix A.

Table 5. Summary of functions implemented in RDE model

Function Description

PtqP Isentropic pressure ratio
TtqT Isentropic temperature ratio
M PtqP Calculate Mach number from isentropic pressure ratio
M TtqT Calculate Mach number from isentropic temperature ratio
AqAstar Isentropic area ratio for choked flow in a nozzle
Msub A Calculate subsonic Mach number from isentropic area ratio
Msup A Calculate supersonic Mach number from isentropic area ratio
P2qP1ns Calculate pressure ratio across normal shock
Pt2qPt1ns Calculate total pressure ratio across normal shock
T2qT1ns Calculate temperature ratio across normal shock
M2ns Calculate Mach number across normal shock
find flow Find mass flow to satisfy total area requirement for three separate streams
expansion mode Find exit Mach number for expanding flow from throat to exit
CJ mach area Calculate Chapman-Jouguet Mach number with area relief
OneDNtrp Interpolate along arrays

RDE Element Summary

The Kaemming model is divided into three solution stages: entrance flow, thermodynamic

analysis, and exit flow [4]. The NPSS RDE element closely follows the methodology of the

14



Kaemming model. The individual total pressure of the air (Pt3,air) and fuel (Pt3,fuel) entering

the RDE element are known, but the pressure of the air and fuel mixture injected into the

RDE (i.e., Pt3) is unknown. The RDE element iterates P3.2 until the calculated mass flow

entering the RDE matches the calculated mass flow exiting the RDE. Figure 11 summarizes

the implementation of the Kaemming model.

Figure 11. Summary of RDE element implementation [4: Fig. 5-1]

The default parameters and values for user-defined inputs to the RDE element are sum-

marized in Table 6. Table 6 also summarizes the mathematical and NPSS variable names of

the parameters. These parameter values must be changed in the element code itself, not the

run file. The values for the parameters in Table 6 are based on RDE geometry, model test

conditions, or from Kaemming’s analysis of CFD simulations [3; 4; 14].

Since the flow direction is assumed to be two-dimensional, an xy-coordinate system is
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used. The x-direction is the circumferential or azimuthal direction, while the y-direction is

the axial direction from the inlet to exhaust. In several cases, different frames-of-reference are

implemented. Static thermodynamic properties are independent of the frame-of-reference,

while total thermodynamic properties and relative velocities are affected by the frame-of-

reference. Variables used for analysis in the laboratory frame-of-reference do not have any

additional subscripts. Variables used for analysis in the detonation wave frame-of-reference

have the subscript w.
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Table 6. Default values for user-defined input parameters

Parameter Description
Math Code Default

Variable Variable Value

Mean RDE throughflow diameter Dm D m 140 mm
RDE thickness τ tau 10 mm
RDE height hRDE Ht 177 mm

Total pressure entering RDE
Pt3,air Pt3 air 58.784 psia
Pt3,fuel Pt3 fuel 58.784 psia

Total temperature entering RDE
Tt3,air Tt3 air 540 R
Tt3,fuel Tt3 fuel 540 R

Oblique shock angle relative to flow θshock theta shock 60◦

Number of detonation waves nwaves n wave 1
Deflagration flame speed at standard conditions Vdefl,std V flame 10 ft/s

Injector-to-throat area ratio
Ainj,air
A3

AinjqA3 air 0.1801
Ainj,fuel

A3
AinjqA3 fuel 0.0199

Station 3 flow coefficient

CW3,fwd,air cw fwd air 1
CW3,bwd,air cw back air 0
CW3,fwd,fuel cw fwd fuel 1
CW3,bwd,fuel cw back fuel 0

Ambient pressure P0 P0 14.7 psia

Combustion chamber area contraction A8

A3
A8qA3 1

RDE exit flow coefficient CW8 Cw8 1

Nozzle area ratio A9

A8
A9qA8 1

Nozzle stream thrust coefficient CS Cs 1
Axial Mach number at throat, path a Ma8y M8y det 1
Axial Mach number at throat, path b Mb8y M8y det shk 1
Axial Mach number at throat, path d Md8y M8y mix 1

Detonation lateral area relief
(
A3.4

A3.2

)
CJ

A2qA1 CJ 1
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Initial Calculations

Before the NPSS model implements the Kaemming model illustrated in Fig. 11, several

parameters are calculated based on the input conditions from Table 6. In the Kaemming

model, these parameters are automatically calculated (based on the input parameters) be-

cause Microsoft Excel automatically updates linked cells; however, NPSS does not automat-

ically update linked cells, so the values must be manually updated.

Geometric Parameters.

The first group of calculations are for geometric parameters. The inner and outer di-

ameters are calculated using Eq. 11 and Eq. 12, respectively. The effective circumference

per detonation wave is calculated using the mean diameter from Eq. 13. The cross-section

through-flow area per detonation wave is calculated using Eq. 14. The air and fuel injector

areas are calculated by multiplying A3 by the ratios
Ainj,air
A3

and
Ainj,fuel

A3
, respectively, from

Table 6. In the default case, nwave = 1.

Di = Dm − τ (11)

Do = Dm + τ (12)

Ceff =
πDm

nwave
(13)

A3 =
(π

4

)(D2
o −D2

i

nwave

)
(14)

Gas Properties for Input to NPSS.

The second group of calculations are for gas properties. In the NPSS model, gas properties

are calculated based on two variables: fuel and gas prop flag. The fuel parameter indicates

the fuel used, either hydrogen H2 or ethylene C2H4. Table 7 summarizes the gas properties for
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the air, hydrogen, and ethylene. Gas properties for the fuel and air reactants as well as the post-

detonation mixed products are calculated ahead of time outside of the NPSS model using either

known values or the NASA computer program Chemical Equilibrium with Applications (CEA).

The variable gas prop flag determines if the gas properties for the reactants are taken from a

lookup table or calculated [4]. Kaemming used the tabulated lookup values summarized in Table 8

for hydrogen from CFD simulations [3; 14] and for ethylene from CEA [4; 15].

Table 7. Gas properties for air, hydrogen, and ethylene

Parameter Air Hydrogen Ethylene

Molecular weight, MW (kg/kmol) 28.965 2.016 28.05
Ratio of specific heats, γ 1.400 1.405 1.2313

Specific gas constant, R
(

J
kg−K

)
287.052 4124.236 296.416

Stoichiometric fuel-to-air ratio, FARstoich – 0.0292 0.0676

Heat of combustion, ∆H
(

kJ
kg−K

)
– 3550 3181

Table 8. Tabulated gas properties for reactants

Parameter Hydrogen Ethylene

Ratio of specific heats, γR 1.4256 1.3690

Specific gas constant, RR

(
J

kg−K

)
397.500 288.807

Kaemming calculates the reactant properties using the inlet conditions from Table 6 to find

the fuel-to-air ratio at the detonation and then mole-averages the gas properties from Table 7 [4].

Kaemming assumed the injectors are choked, so the mass flow parameter for the air and fuel are

calculated using Eq. 15 and Eq. 16, respectively [7].

MFPair =

√
γairgc
Rair

(
1 +

γair − 1

2

)[ γair+1

2(1−γair)

]
(15)

MFPfuel =

√
γfuelgc
Rfuel

(
1 +

γfuel − 1

2

)[ γfuel+1

2(1−γfuel)

]
(16)
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The mass flow parameter is related to the mass flow by Eq. 17 [7: Eq. 1.3]. The detonation fuel-

to-air ratio was calculated as a ratio of the fuel mass flow rate to the air mass flow rate using

Eq. 18.

ṁ =

(
PtA√
Tt

)
(MFP ) (17)

FARdet =
ṁfuel

ṁair
=

(
Pt3,fuel
Pt3,air

)(
Ainj,fuel
Ainj,air

)(
MFPfuel
MFPair

)√
Tt3,air
Tt3,fuel

(18)

The mole fraction for a species i is defined using Eq. 19 [18].

Xi =

mi
MWi∑
i

mi
MWi

(19)

The fuel-to-air ratio is used to calculate the mole fraction for air and fuel using Eq. 20 and Eq. 21,

respectively.

Xair =

(
1

MWair

)(
1

1
MWair

+ FARdet
MWfuel

)
(20)

Xfuel =

(
FARdet
MWfuel

)(
1

1
MWair

+ FARdet
MWfuel

)
(21)

Kaemming uses the mole fractions to take a weighted average of the molecular weight and ratio of

specific heats using Eq. 22 and Eq. 23, respectively [4; 19].

MWR = MWairXair +MWfuelXfuel (22)

γR = γairXair + γfuelXfuel (23)

The molecular weight is used to calculate the specific gas constant using Eq. 24.

RR =
RU
MWR

(24)

In both the tabular lookup (Table 7 and Table 8) and calculated cases (Eqs. 15–24), the gas

properties for the products are taken from a lookup table based on CEA results [4; 15]. Kaemming
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uses fixed values for the products because the properties cannot be calculated a priori [4; 15].

The assumption of constant RP and γP is a valid approximation to actual properties, even with

variations in pressure and temperature [2]. Table 9 summarizes the values used for the products.

Table 9. Tabulated gas properties for products

Parameter Hydrogen Ethylene

Ratio of specific heats, γP 1.2412 1.2300

Specific gas constant, RP

(
J

kg−K

)
347.700 298.191

Entrance Flow Model

In the NPSS model, the subroutine iter8 initializes the iteration for the pressure at station

3.2 and ensures the fuel-to-air ratios are appropriately updated. Both the Kaemming and NPSS

models assume separate injectors for the air and fuel streams; the parameters
Ainj,air
A3

and
Ainj,fuel

A3

from Table 6 describe the proportion of the total area made up of air or fuel injectors, respectively

[4]. Additionally, both models allow for forward (injection) and backward (blowback) flow for the

air or fuel injectors [4]; the station three flow coefficients (CW3) from Table 6 govern the forward

or backward direction of flow for the air and fuel. In the default setup, all flow is assumed to be

forward flow (Cw3,fwd = 1) with no backflow (Cw3,bwd = 0) [4].

Kaemming finds a minimum value of P3.2 based on isentropic expansion from the injector into

the RDE chamber (i.e., station 3∗ to substation 3.2) [4]. The amount of expansion is based on the

total area of injectors and the total area in the RDE chamber, given by Eq. 25. The expansion is

multiplied by the mass-averaged forward mass flow coefficient, given by Eq. 26.

A3

Ainj,total
=

1
Ainj,air
A3

+
Ainj,fuel

A3

(25)

CW3,fwd,eff =
CW3,fwd,air + FARdetCW3,fwd,fuel

1 + FARdet
(26)

The maximum Mach number associated with the area expansion A3
Ainj,total

is found using the function
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Table 10. Grid convergence study for discretized entrance flow model with percent change
based on 100-step solution

Steps Time (sec) Specific Impulse (sec) % Change

50 3 2922.28 1.6%
100 4 2970.43 –
200 6.5 2986.29 -0.53%

Msup A. The Mach number is used to find the minimum pressure at station 3.2 using the function

PtqP and the total pressure Pt3 entering the RDE from Table 6.

The entrance flow model calculates the thermodynamic properties of the flow entering the RDE,

as seen in Fig. 11 [4]. In the NPSS element, the entrance flow model calculations are performed in

the fill calc subroutine. The duration of each cycle is calculated using Eq. 27 [4]. The calculation

of the detonation velocity Vdet is described later.

tcycle =
Ceff
Vdet

(27)

Each cycle is discretized into 100 steps. Table 10 summarizes a grid convergence study showing

the number of discretized steps, time to complete the entire solution, calculated specific impulse,

and percent change from the 100-step solution. The specific impulse calculation used the default

input values from Table 6. In all three cases summarized in Table 10, the specific impulse does

not significantly change, suggesting that the solution has reached a stable solution. The use of 100

steps provides a balance of solution precision and computational time.

The fill calc subroutine uses P3.2 from the iter8 subroutine in the empirical plenum model

from Eq. 1 and Eq. 2 to model the pressure profile inside the combustion chamber [4]. The modeled

pressure determines if the flow is moving forwards or backwards by comparing the modeled pressure

to the pressure of the air and fuel from Table 6 [4]. The direction of the flow dictates an increase

or decrease in air or fuel, and the amount of air or fuel mass flow is calculated using Eq. 28 with

the appropriate values based on Table 11. The mass flow rate is multiplied by the length of the

discretized time step to calculate the mass of the air and fuel used. The injection Mach number
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Minj has an upper limit of one for the choked condition [4]. The properties at substation 3.4 are

calculated outside of the fill calc subroutine and is described later.

ṁ = CWPAM

√
γgc
RT

(28)

Table 11. Parameters used in air and fuel fill calculations based direction of flow using values
from Table 6

Forward Backward

Air

CW = CW,fwd,air CW = CW,bwd,air
M = f(Pt3,air/P3.4) M = f(P3.4/Pt3,air)
P = f(Pt3,air, M) P = f(P3, M)
Tt,air = Tt3,air Tt,air = Tt,a3.4

T = f(Tt3,air, M) T = f(Tt,a3.4, M)
A = Ainj,air A = Ainj,air
γ = γair γ = γP

MW = MWair MW = MWP

R = RU
MWair

R = RU
MWP

Fuel

CW = CW,fwd,fuel CW = CW,bwd,fuel
M = f(Pt3,fuel/P3.4) M = f(P3.4/Pt3,fuel)
P = f(Pt3,fuel, M) P = f(P3, M)
Tt,fuel = Tt3,fuel Tt,fuel = Tt,a3.4

T = f(Tt3,fuel, M) T = f(Tt,a3.4, M)
A = Ainj,fuel A = Ainj,fuel
γ = γfuel γ = γP

MW = MWfuel MW = MWP

R = RU
MWfuel

R = RU
MWP

The fill calc subroutine tracks masses of the air and fuel throughout each iteration. The

tracked masses of air and fuel are used to calculate the total temperature, ratio of specific heats,

and molecular weight of the mixture using mass-averaging based on Eqs. 29– Eq. 31, respectively,

using values from Table 6 and Table 11 [4; 14].

Tt,3.2 =
ṁairTt,air + ṁfuelTt,fuel

ṁair + ṁfuel
(29)
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γ3.2 =

(
ṁair
MWair

)
γair +

(
ṁfuel
MWfuel

)
γfuel

ṁair
MWair

+
ṁfuel
MWfuel

(30)

MW3.2 =

(
ṁair
MWair

)
MWair +

(
ṁfuel
MWfuel

)
MWfuel

ṁair
MWair

+
ṁfuel
MWfuel

(31)

The static pressure mass flow parameter definition is given in Eq. 32 [7: Eq. 1.4].

MFp =
ṁ
√
Tt

PA
= M

√
γgc
R

(
1 +

γ − 1

2
M2

)
(32)

Squaring Eq. 32 and rearranging the result leads to Eq. 33

γ − 1

2

(
M2
)2

+M2 +

(
ṁ

PA

)2(RTt
γgc

)
= 0 (33)

The quadratic equation is used to find the the Mach number given in Eq. 34.

M =

√√√√√1

2

 −2

γ − 1
+

√(
2

γ − 1

)2

+ 4

(
ṁ

PA

)2( 2RTt
γgc(γ − 1)

) (34)

Kaemming uses Eq. 34 to calculate the Mach number at station 3.2, as seen in Eq. 35.

M3.2 =

√√√√√√1

2

 −2

γ3.2 − 1
+

√√√√√( 2

γ3.2 − 1

)2

+ 4

(
ṁair + ṁfuel

P3.2A3

)2
2

(
RU

MW3.2

)
Tt,3.2

γ3.2gc(γ3.2 − 1)


 (35)

The total temperature and Mach number at station 3.2 are used to calculate the static temper-

ature. The station 3.2 properties are used to calculate the velocity of the flow using Eq. 36 based

on the definition of mass flow rate.

V3.2 =
(ṁair + ṁfuel)(
P3.2MW3.2
T3.2RU

)
A3

(36)

Kaemming assumes the deflagration flame speed is proportional to density [20] based on Eq. 37.
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The default flame speed of 10 ft/sec from Table 6 is at a standard pressure of Pstd = 14.7 psia

and a standard temperature of Tstd = 518.7 R [4].

Vflame,local = Vflame,std

(
P

Pstd

)(
Tstd
T

)
(37)

Kaemming tracks the deflagrated mass by comparing the local flame speed to V3.2. If V3.2 is less

than the local flame speed, all of the air and mass flow at the given time step is deflagrated [4]. If

V3.2 is greater than the local flame speed, only a proportion of the air and mass flow is deflagrated

based on Eq. 38 [4].

∆mdefl = (ṁair + ṁfuel) ∆t

(
V3.2

Vflame,local

)
(38)

Additionally, Kaemming uses V3.2 to calculate the fill height of the flow during the cycle using

Eq. 39 [4].

∆hfill = V3.2∆t (39)

At each of the 100 steps, the fill calc subroutine calculates and stores the following param-

eters in arrays: mass of air used, mass of fuel used, and fill height [4]. All three parameter arrays

correspond to values in an array for the total mass, so the three parameter arrays can be seen as

functions of the total mass. The fill calc subroutine calculates the total mass of deflagrated

products by summing the incremental calculations from Eq. 38 and uses the function OneDNtrp to

interpolate along the total mass array and find corresponding values for the mass of air deflagrated,

mass of fuel deflagrated, and deflagration fill height [4]. The percentage of the flow composed of

deflagration is calculated by dividing the deflagration mass by the total mass at the end of the 100

steps, as seen in Eq. 40 [4]. The fuel-to-air ratio for the deflagrated flow is calculated using Eq. 41.

Zdefl =

(
mfuel,defl +mair,defl

mtot

)
(40)

FARdefl =
mfuel,defl

mair,defl
(41)

Kaemming assumes the remainder of flow not deflagrated is detonated [4]. The detonation
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height is calculated by subtracting the deflagration height (previously found by interpolation) from

the total fill height at the end of the 100 steps. The detonation height is divided by the height

of the RDE to calculate the parameters from the empirical models from Fig. 9 and Fig. 10. The

percent of the flow composed of detonation is calculated using Eq. 42. The detonation fuel-to-air

ratio originally estimated in Eq. 18 is updated using Eq. 43.

Zdet = 1− Zdefl (42)

FARdet =
mfuel,tot −mfuel,defl

mair,tot −mair,defl
(43)

Kaemming calculates the average mass flow rate using Eq. 44. The average mass flow rate

calculated in Eq. 44 is “w3” in Fig. 11.

ṁ3,avg =
mtot

tcycle
(44)

In the Kaemming model, the fill cycle calculations are used to update the air valve/injector

model, as seen in Fig. 11 [4]. In the NPSS element, the subroutine Inject calcs performs the

the air valve/injector model calculations. The fill cycle calculations are based on post-combustion

properties while the air valve/injector model calculations are based on pre-combustion properties.

The injector Mach number Minj for the air and fuel are calculated based on the ratio of their

respective total pressures from Table 6 to the P3.2 for the current iteration. The air and fuel

flow Mach numbers have an upper limit of one for choked flow. The Mach numbers are used to

calculate the pressure Pinj and temperature Tinj of the air and fuel flows inside the injector. The

Mach number, pressure, and temperature are used to calculate the mass flow for the air and fuel

using Eq. 45 with the parameters from Table 12 [4]. Table 6 summarizes the default values for the

parameters in Table 12.

ṁinj = CWPAM

√
γgc
RT

(45)
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Table 12. Parameters used for mass flow calculations

Parameter Air Fuel

CW CW3,fwd,air CW3,fwd,fuel

P Pinj,air Pinj,fuel
A Ainj,air Ainj,fuel
M Minj,air Minj,fuel

γ γair γfuel
R Rair Rfuel

T Tinj,air Tinj,fuel

The pressure and temperature streams are combined to get the mass-averaged total pressure

and total temperature using Eq. 46 and Eq. 47, respectively [4].

Pt3,sum =
Pt3,air + FARdetPt3,fuel

1 + FARdet
= Pt3 (46)

Tt3,sum =
CP,airTt3,air + FARdetCP,fuelTt3,fuel

(1 + FARdet)CP,R
= Tt3 (47)

Kaemming calculates the Mach number at station 3.2 based on the steady-state mass flow rate,

static pressure, and total temperature using Eq. 48 [4]. The calculation for M3.2 in Eq. 35 is for a

variable used internally in the fill calcs subroutine.

M3.2 =

√√√√√1

2

 −2

γR − 1
+

√(
2

γR − 1

)2

+ 4

(
ṁinj,air + ṁinj,fuel

P3.2A3

)2( 2RRTt3,sum
γRgc(γR − 1)

) (48)

The Mach number and isentropic relations functions are used to calculate the station 3.2 total

pressure Pt,3.2 and static temperature T3.2 from P3.2 and Tt3,sum, respectively. The axial velocity

at station 3.2 is calculated using Eq. 49 [4].

V3.2y = M3.2

√
γRRRgcT3.2 (49)
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Thermodynamics Model

The exit flow model calculates the thermodynamic properties of the flow exiting the RDE, as

seen in Fig. 11 [4]. In the NPSS element, the exit flow model calculations are performed in the

Thermo parametric subroutine. The exiting flow is composed of the four paths a–d in Fig. 7.

Kaemming calculates the thermodynamic properties for the flow along each pathline to the exit of

the RDE and then expands each stream to the exhaust based on throat Mach numbers defined in

Table 6 [4]. After the properties for the separate streams are calculated all the way to ambient

conditions, properties such as total temperature, specific thrust, and specific impulse are mass-

averaged [4].

Path a : Detonation Only.

The post-detonation (station a3.4 in Fig. 7) properties are calculated using properties for the

products and enthalpy addition. The total temperature at substation a3.4 is calculated by assuming

enthalpy addition to the station 3 properties based on Eq. 50 [4].

Tt,a3.4 =

(
1

CP,P

)(
CP,RTt3,sum +

∆H

1 + FARdet

)
(50)

The non-dimensional heat addition term is calculated using Eq. 51 [4] (see Appendix A, Eqs. A.21–

A.24). Substation 3.2 properties CP,R T3.2 are used as the pre-detonation properties CP,1 T1 from

Eq. A.24.

q =
∆H (1 + FARdet)

(CP,RT3.2)
(51)

The detonation Mach number Mdet is calculated using the q term from Eq. 51 in the function

CJ mach area. The detonation velocity is calculated using Eq. 52.

Vdet = Mdet

√
γRgcRRT3.2 (52)
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The pressure and temperature change across the detonation with lateral area relief are calculated

using Eq. 53 and Eq. 54, respectively. By default, no lateral area relief is assumed (i.e.,
(
A3.4
A3.2

)
CJ

=

1); further research is required to find appropriate values for
(
A3.4
A3.2

)
CJ

.

Pa3.4 = P3.2

 γRM
2
det + 1

γP

(
A3.4
A3.2

)
CJ

+ 1

 (53)

Ta3.4 = T3.2

(
CP,R
CP,P

)(
1 + γR−1

2 M2
det + q

γP+1
2

)
(54)

The static temperature and static pressure are used to calculate the entropy change to station 3.4

based on Eq. 55.

∆Sa3.4 = [CP,P ln(Ta3.4)− CP,R ln(T3.2)]−
[
RP ln

(
Pa3.4

P0

)
−RR ln

(
P3.2

P0

)]
(55)

Kaemming changes the frame of reference from the laboratory frame-of-reference to the det-

onation wave frame-of-reference using the velocity triangles in Fig. 5 [4]. In the detonation wave

frame-of-reference, the ZND detonation model is valid [4; 5; 11]. The velocity of the flow coming

into the detonation wave in the detonation frame-of-reference is calculated as a vector sum of the

axial velocity and detonation wave velocity, as seen in Eq. 56.

V3w =
√
V 2

3.2y + V 2
det (56)

Kaemming assumes the circumferential Mach number after the detonation in the detonation wave

frame-of-reference M3.4x,w is one [4]. The circumferential velocity in the detonation wave frame-of-

reference is calculated using Eq. 57

V3.4x,w = M3.4x,w

√
γP gcRPT3.4 (57)

Kaemming converts the static pressure and static temperature calculated in Eq. 53 and Eq. 54

29



to stagnation in the detonation wave frame-of-reference (which is equivalent to accelerating the flow

to the detonation velocity in the laboratory frame-of-reference) to calculate the total temperature

in the laboratory frame-of-reference using Eq. 58 [4; 11]. The total temperature calculated in

Eq. 58 was compared to the total temperature calculated in Eq. 50 to ensure agreement [4]. The

total temperature is used to calculate the total pressure using isentropic relations, as seen in Eq. 59

[21].

Tt,a3.4 = Ta3.4 +
V 2

3.4x,w − V 2
det + V 2

3.2y

2CP,P
(58)

Pt,a3.4 = Pa3.4

(
Tt,a3.4

Ta3.4

) γP
γP−1

(59)

The total temperature and total pressure calculated from Eq. 58 and Eq. 59 are used to calculate

the total entropy change based on the total properties using Eq. 60.

∆St,a3.4 = [CP,P ln (Tt,a3.4)− CP,R ln (T3.2)]−
[
RP ln

(
Pt,a3.4

P0

)
−RR ln

(
P3.2

P0

)]
(60)

The flow traveling along path a continues to the exit of the RDE chamber with substation

3.4 properties, as seen in Fig. 7. After exiting the the RDE, the flow is expanded to the throat

(station 8), exit (station 9), and ambient using isentropic relations. The circumferential velocity

calculated from the empirical model described in Eq. 6 is assumed to remain constant throughout

the expansion process because no energy is extracted from the rotating flow [4; 7]. The Mach

number at the throat is calculated based on the user-defined axial throat Mach number (assumed

to be choked by default from Table 6) and the empirically modeled circumferential velocity, as seen

in Eq. 61 [4].

Ma8 =
Ma8y

(
√

1− (Circumferential Velocity Detonated Flow)2
(61)

The Mach number at the throat is used to calculate the pressure, temperature, and velocity of

the flow at the throat using the isentropic relations functions [21]. Kaemming uses the user-defined

nozzle stream correction factor (CS) and empirical correction factors from Fig. 10 to calculate the

specific thrust using Eq. 62 [3; 4; 14]. The specific thrust is based on the stream thrust function
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[22: Eq. 2.92] divided by the mass flow rate equation from Eq. 28. Kaemming uses the mass

correction term (Eq. 9) and momentum correction term (Eq. 10) to correct the mass flow rate and

specific thrust, respectively [15].

(
F

ṁ

)
a8

=
CS
(
mV
mV ∗

) (
1 + γPM

2
a8y

)
− P0

Pa8(
m
m∗

)
Ma8y

(
γP gc√
RPTa8

) (62)

In rocket engines, the specific impulse is given as the ratio of the thrust to the weight flow of

fuel and oxidizer [22]. In air-breathing engines, the specific impulse is given as the ratio of the

thrust to the weight flow of the fuel alone [22]. In each case, the specific impulse is based on

what the vehicle is required to carry (i.e., both the fuel and oxidizer in the rocket or only fuel in

the air-breathing engine). The specific impulse calculated in this thesis is the specific impulse for

air-breathing vehicles. The specific impulse for rockets can be found by multiplying the specific

thrust by
(
gc
g0

)
. Note that the specific impulse for rockets will have the same magnitude as the

specific thrust. The specific impulse for air-breathing engines is calculated using Eq. 63 [3; 4; 14].

Isp,a8 =

(
F

ṁ

)
a8

(
1 + FARdet
FARdet

)(
gc
g0

)
(63)

The flow at the throat is expanded to the exit (station 9). The axial Mach number at the exit

Ma9y is calculated using the function expansion mode. The total temperature between stations 8

and 9 is conserved [7; 22], so it is used to calculate a parameter analogous to the circumferential

Mach number, as seen in Eq. 64. (
V

at

)2

=
V 2
a9x

γP gcRpTt,a3.4
(64)

The station 9 Mach number is calculated using Eq. 65, which corrects for the total temperature

used in Eq. 64.

Ma9 =

√√√√√√ M2
a9y +

(
V
at

)2

1−
(
γP−1

2

)(
V
at

)2 (65)

The exit Mach number Ma9 and isentropic relations functions are used to calculate the temperature,
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pressure, and speed of sound at station 9 [4; 21]. The station 9 velocity is calculated as the product

of the station 9 Mach number and speed of sound. The axial velocity component of the exit flow

is calculated using Eq. 66 [4].

Va9y =
√
V 2
a9 − V 2

a9x (66)

The specific thrust and specific impulse are calculated using Eq. 67 and Eq. 68 [3; 4; 14].

(
F

ṁ

)
a9

=
CS
(
mV
mV ∗

) (
1 + γPM

2
a9y

)
− P0

Pa9(
m
m∗

)
Ma9y

(
γP gc√
RPTa9

) (67)

Isp,a9 =

(
F

ṁ

)
a9

(
1 + FARdet
FARdet

)(
gc
g0

)
(68)

To expand the flow to the ambient conditions, the Mach number Ma,amb is calculated using

the pressure ratio
Pt,a3.4
P0 and the function M PtqP. The Mach number is used to calculate the

temperature, area ratio, speed of sound, and velocity using isentropic relations functions [4; 21].

The constant circumferential velocity is again used to remove the circumferential component from

the total velocity similar to Eq. 66, resulting in the axial velocity component Vay,amb. The ideal

specific thrust is calculated using Eq. 69 [4; 22]. The associated specific impulse is calculated using

Eq. 70. (
F

ṁ

)
a,amb

=
Vay,amb
gc

(69)

Isp,amb =

(
F

ṁ

)
a,amb

(
1 + FARdet
FARdet

)(
gc
g0

)
(70)

Path b: Detonation and Shock.

In Fig. 7, the flow traveling along path b passes through the same detonation between substation

3.2 to b3.4 as the flow traveling along path a from substation 3.2 to a3.4. Therefore, the properties

at substation b3.4 equal those at substation a3.4. Unlike the flow traveling along path a, the flow

traveling along path b passes through an oblique shock between substation b3.4 and substation b3.6.

Kaemming calculates the Mach number entering the detonation wave in the detonation wave
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frame-of-reference using Eq. 71 [4].

Mdet,w =
Vdet√

γP gcRPT3.4
(71)

The normal component of Mdet,w is calculated using the user-defined angle of the shock relative

to the flow θshock from Table 6. The shock angle is used to determine the normal component of

the Mach number. The normal component of the Mach number is used with the normal shock

functions to find the temperature and pressure at station b3.6 [21]. The greater the shock angle,

the greater the normal component of the Mach number, and the greater the change in temperature

and pressure across the oblique shock [21]. The entropy rise across the shock is calculated using

Eq. 72 [4]. The entropy rise across the shock calculated in Eq. 72 is added to the entropy rise across

the detonation calculated in Eq. 55 to find the total entropy rise along path b [4].

∆Sb3.6 = CP,P ln

(
Tb3.6
Tb3.4

)
−RP ln

(
Pb3.6
Pb3.4

)
(72)

The flow traveling along path b continues to the exit of the RDE chamber with substation

b3.6 properties, as seen in Fig. 7. After exiting the the RDE, the flow is expanded to the throat

(station 8), exit (station 9), and ambient using isentropic relations (see expansion of path a flow

for process) [4].

Path c: Deflagration.

Kaemming assumes the ratio of specific heats and gas constant are linear functions of the fuel-

to-air ratio [4]. If the detonation fuel-to-air ratio is greater than the deflagration fuel-to-air ratio,

the ratio of specific heats and gas constant at station c3.4 are calculated using Eq. 73 and Eq. 74,

respectively [4]. If the deflagration fuel-to-air ratio is greater than the detonation fuel-to-air ratio,

the ratio of specific heats and gas constant at station c3.4 are calculated using Eq. 75 and Eq. 76,

respectively [4].

γc3.4 = γair + (γP − γair)
(
FARdefl
FARdet

)
(73)
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Rc3.4 = Rair + (RP −Rair)
(
FARdefl
FARdet

)
(74)

γc3.4 = γP (75)

Rc3.4 = RP (76)

The ratio of specific heats and gas constant are used to calculate molecular weight and specific heat

capacity using Eq. 77 and Eq. 78, respectively [4; 21].

MWc3.4 =
RU
Rc3.4

(77)

CP,c3.4 =

(
γc3.4

γc3.4 − 1

)
Rc3.4 (78)

Kaemming calculates the total temperature at station c3.4 using Eq. 79, where FARmin is the

the lower of FARdefl and FARdet [4].

Tt,c3.4 =

(
1

CP,c3.4

)[
CP,RTt3,sum +

(
∆H

1 + FARdet

)(
FARmin
FARdet

)]
(79)

Kaemming assumes the deflagration is a constant pressure process, so the pressure at substation

c3.4 is the same as the pressure at substation 3.2 [4]. The total temperature Tt,c3.4 is used with the

axial velocity V3.2y from Eq. 36 to calculate the axial Mach number at station c3.4 using Eq. 80.

Mc3.4y =

√√√√ V 2
3.2y

γc3.4gcRc3.4Ttc3.4 −
(
γc3.4−1

2

)
V 2

3.2y

(80)

The Mach number is then used to calculate the static temperature using isentropic relations [21].

The entropy rise after deflagration is calculated using Eq. 81 [4].

∆Sc3.4 = [CP,c3.4 ln(Tc3.4)− CP,R ln(T3.2)]−
[
Rc3.4 ln

(
Pc3.4
P0

)
−RR ln

(
P3.2

P0

)]
(81)

The flow traveling along path c passes through an oblique shock between substations c3.4 and
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c3.6, as seen in Fig. 7. Kaemming changes the frame of reference from the laboratory to detonation

wave frame-of-reference based on Fig. 5 in order to use normal shock relations [4; 21]. The total

velocity of the flow is given by Eq. 56 and the circumferential component is given by Vdet from

Eq. 52 [4]. The component of the Mach number normal to the oblique shock wave is calculated

using Eq. 82 [4].

Mc3.4x =
Vc3.4x√

γc3.4gcRc3.4Tc3.4
(82)

Normal shock relations calculate the static temperature ratio, static pressure ratio, total pres-

sure ratio, and Mach number across the oblique shock to station c3.6 [21]. The entropy rise to

substation c3.6 is calculated using Eq. 83 [4].

∆Sc3.6 = [CP,c3.4 ln(Tc3.6)− CP,R ln(T3.2)]−
[
Rc3.4 ln

(
Pc3.6
P0

)
−RR ln

(
P3.2

P0

)]
(83)

The speed of sound at substation c3.6 is calculated using Eq. 84.

ac3.6 =
√
γc3.4gcRc3.4Tc3.6 (84)

The circumferential velocity in the detonation wave frame-of-reference Vc3.6x,w is calculated as the

product of the Mach number across the oblique shock and ac3.6 from Eq. 84 [4].

The static temperature is converted to stagnation in the detonation wave frame-of-reference to

get the total temperature using Eq. 85.

Tt,c3.6 = Tc3.6 +
V 2
c3.6x,w − V 2

det + V 2
3.2y

2CP,c3.4
(85)

The total pressure is calculated using isentropic relations, as seen in Eq. 86 [21].

Pt,c3.6 = Pc3.6

(
Tt,c3.6
Tc3.6

) γc3.4
γc3.4−1

(86)
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The entropy rise after the shock is calculated using Eq. 87 [4].

∆St,c3.6 = [CP,c3.4 ln(Tt,c3.6)− CP,R ln(T3.2)]−
[
Rc3.4 ln

(
Pt,c3.6
P0

)
−RR ln

(
P3.2

P0

)]
(87)

Path d : Mixed Flow.

The flow traveling along path d is comprised of flow from substations a3.4, b3.6, and c3.6, as

seen in Fig. 7. When the three different paths first meet, the parameter Zdefl from Eq. 40 dictates

what percentage of the total flow is comprised of flow from path c. Kaemming assumes that the

remainder of the flow, calculated in Eq. 42, is comprised of equal parts flow a and b to simplify the

analysis [4]. Kaemming uses the empirical models from Fig. 9 to calculate the percentage of the

total flow coming from paths a and b using Eq. 88 and Eq. 89, respectively [4]. The remainder of

the flow is comprised of flow from path d, as seen in Eq. 90.

Za =
ṁa

ṁtot
= (1−Detonation Plus Shock Flow Fraction)Zdet − 0.5ZdeflRelative Mixing (88)

Zb =
ṁb

ṁtot
= Detonation Plus Shock Flow FractionZdet − 0.5ZdeflRelative Mixing (89)

Zd =
ṁd

ṁtot
= 1− Za − Zb (90)

Kaemming uses the percentages from Eqs. 88–90 to calculate weighted average values at substa-

tion d3.6 for the ratio of specific heat, specific gas constant, heat capacity, total temperature, and

net entropy change using the respective properties from stations a3.4, b3.6, and c3.6 [4]. Kaemming

uses the weighted entropy change to calculate the total pressure for the flow expanded to station

d3.6 based on Eq. 91 [4].

Pt,d3.6 = P0e

{[
CP,d3.6 ln(Tt,d3.6)−CP,R ln(T3.2)+RR ln

(
P3.2
P0

)
−∆Sd3.6

]
/Rd3.6

}
(91)

The flow traveling along path d continues to the exit of the RDE chamber with substation d3.6

properties, as seen in Fig. 7. After exiting the RDE, the flow is expanded to the throat (station 8),
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exit (station 9), and ambient using isentropic relations (see expansion of path a flow for process)

[4].

Exit Flow Model

Kaemming calculates the exit properties for the three exiting paths a, b, and d using weighted

averages. The overall fuel-to-air ratio is calculated with percentages from Eq. 40 and Eq. 42 using

Eq. 92.

FARoverall = ZdeflFARdefl + ZdetFARdet (92)

The specific thrust at the throat
(
F
ṁ

)
avg,8

, the specific thrust at the exit
(
F
ṁ

)
avg,9

, the specific thrust

expanded to the ambient
(
F
ṁ

)
avg,amb

, static pressure at the throat P8,avg, static temperature at the

throat T8,avg, and the total temperature Tt4,avg are calculated using weighted averages with the

percentages from Eqs. 88–90. The specific impulse is calculated at the throat, exit, and ambient

based on Eq. 93 with i replaced with 8, 9, and ambient, respectively [3; 14].

Isp,avg,i =

(
F

ṁ

)
avg,i

(
1 + FARoverall
FARoverall

)(
gc
g0

)
(93)

The equivalent exhaust velocity is calculated using Eq. 94 [3; 14; 22].

Ve =

(
F

ṁ

)
avg,amb

gc (94)

The equivalent exhaust Mach number based on the velocity from Eq. 94 is calculated using Eq. 95

[4].

Me =
Ve√

γP g0RPTt4,avg −
(
F
ṁ

)2
avg,amb

γP−1
2

(95)

The total exit pressure is calculated using isentropic relations with the equivalent exhaust Mach

number from Eq. 95 [4].
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Mass Flow.

All of the flow path calculations are based on percentage of total flow. The throat area is

based the the cross-sectional area from Eq. 14, the user-defined ratio of A8
A3

from Table 6, and

flow coefficient for combustion chamber exit CW8 from Table 6 [4]. The exit mass flow (“w4” in

Fig. 11) is calculated using the throat area in the function find flow and correcting the result

with the mass correction factor from Eq. 9. The difference between the injection (“w3”) and exit

mass (“w4”) flow rate is updated and the iteration cycle varies the pre-detonation pressure P3.2 to

equate the two mass flow calculations [4].

Summary

The NPSS RDE model is composed of four elements: an air source, a fuel source, the RDE, and

the exhaust. The flow in the RDE element itself is divided into four paths: detonation, detonation

and shock, deflagration, and mixed. The pre-detonation pressure P3.2 is iterated until the entrance

and exit model mass flow calculations converge to a consistent solution.
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IV. Analysis and Results

The NPSS model is verified by comparison to the Kaemming model [4] and published CFD

results [3; 14]. The default values from Table 6 are the baseline case. The baseline case is the

same as the CFD simulations [3; 14], enabling a direct comparison between the models. In all

of the following cases, the default values from Table 6 are used for all parameters except for the

parameter being varied.

The specific impulses in all of the following cases is calculated for air-breathing engines using

the weight of the fuel alone. The specific impulse for rocket engines will have the same magnitude

as the specific thrust, but with units of seconds. The use of both specific impulse calculations

allows the RDE to be compared to both air-breathing engines and rocket engines.

Comparison to Kaemming Model

The average specific impulse expanded to the ambient from Eq. 93 is used as the metric of

comparison because small changes are amplified due to the 1+FARoverall
FARoverall

term (1+FARoverall
FARoverall

≈ 35

in the default case). Since both the Kaemming and NPSS models were developed similarly, the

results were expected to be the same. The only differences would arise from any inherent numerical

precision differences between Microsoft Excel and NPSS.

Figures 12–15 illustrate four parametric variations to demonstrate agreement between the two

models. Figures 12 and 13 vary the geometry of the RDE via the height and the mean throughflow

diameter, respectively. Figures 14 and 15 vary the thermodynamic inputs of the RDE via the

entrance pressure (Pt3) of the air and fuel and the entrance temperature (Tt3) of the air and fuel,

respectively. In the analysis, the entrance pressure and temperature for the air and fuel are both

assumed to be equal (i.e., Pt3,air = Pt3,fuel and Tt3,air = Tt3,fuel) to simplify the analysis. As

expected, the results of the Kaemming model matched the results of the NPSS model.
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Figure 12. Parametric variation of RDE height and specific impulse (Dm = 140 mm, Pt3 =
58.784 psia, and Tt3 = 540 R)

Figure 13. Parametric variation of mean throughflow diameter and specific impulse (hRDE =
237 mm, Pt3 = 58.784 psia, and Tt3 = 540 R)
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Figure 14. Parametric variation of entrance pressure and specific impulse (hRDE = 237 mm,
Dm = 140 mm, and Tt3 = 540 R)

Figure 15. Parametric variation of entrance temperature and specific impulse (hRDE = 237 mm,
Dm = 140 mm, and Pt3 = 58.784 psia)
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Comparison to CFD Simulations

The NPSS model was compared to published CFD results [3; 14]. The parametric variation of

RDE height from Fig. 12 is compared to CFD results [14: Fig. 10] in Fig. 16.

Figure 16. Comparison of the RDE height variation from NPSS model to published results
(Dm = 140 mm, Pt3 = 58.784 psia, and Tt3 = 540 R)

The specific impulse calculated from the NPSS model is seemingly invariant with RDE height,

while the CFD simulation shows an inverse relationship between specific impulse and RDE height.

Kaemming suggests higher order interactions (e.g., non-linearity of the empirical models from

Fig. 9, calorically imperfect gas effects, diffusion) take place in the CFD simulations which lower

the specific impulse [4]. Nonetheless, the greatest deviation between the NPSS model and the CFD

simulation is 330 sec, which represents a 9.7% difference. While the NPSS model does not follow

the CFD exactly, it provides a sufficient approximation.

The parametric variation of the mean throughflow diameter from Fig. 13 uses an entrance pres-

sure of 58.784 psia, as seen in Table 6. However, CFD simulation results for the mean throughflow

diameter use an entrance pressure of 147 psia [14]. The NPSS parametric variation of the mean

throughflow diameter in Fig. 17 also uses an entrance pressure of 147 psia and is compared to CFD

results [14: Fig. 8].

The specific impulses calculated from the variation of mean diameter in the NPSS model agree
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Figure 17. Comparison of the RDE mean throughflow diameter variation from NPSS model
to published results (hRDE = 237 mm, Pt3 = 147 psia, and Tt3 = 540 R)

fairly well with the CFD simulations. The greatest difference of 280 sec represents a 5.5% difference.

The ratio of the entrance pressure to the ambient pressure (Pt3/P0) is used to compare the

results from the NPSS model to CFD simulation [3: Table 2] in Fig. 18. In both the NPSS model

and CFD simulations, the ambient pressure is P0 = 14.7 psia [3; 4]. Besides the lowest pressure

Figure 18. Comparison of Pt3/P0 from NPSS model to published results (hRDE = 237 mm,
Dm = 140 mm, P0 = 14.7 psia, and Tt3 = 540 R)

ratio of Pt3/P0 = 2.5, the NPSS model consistently calculates a higher specific impulse than the
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CFD simulation. However, the greatest difference of 380 sec represents a 7.0% difference, which

represents a fair approximation.

The NPSS model does not provide the complex flowfield visualizations and distribution profiles

for properties of interest like the CFD simulations seen in Fig. 2 and Fig. 3. However, the NPSS

model executes significantly faster (less than 5 sec) and requires fewer computational resources

than the CFD simulations while providing a sufficient approximation.

Model Application

The NPSS model was found to agree with the Kaemming model [4] and published CFD sim-

ulation results [3; 14]. The NPSS model is then used to illustrate why an iterative method was

required to determine P3.2 as well as the effects of the shock angle θshock. Finally, the NPSS model

is used to further analyze the RDE in a rocket configuration.

As previously mentioned, the pre-combustion pressure P3.2 is iterated in the RDE model. A

parametric variation of the entrance total pressure and entrance total temperature with the pre-

combustion pressure is illustrated in Fig. 19.

Figure 19. Parametric variation of entrance total pressure and entrance total temperature
with the pre-combustion pressure (hRDE = 237 mm and Dm = 140 mm)

As seen in in Fig. 19, the relationship between the entrance total pressure, entrance total
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temperature, and pre-combustion pressure is complex. At a total entrance temperature of 300 R,

the relationship between the entrance total pressure and pre-combustion pressure is non-linear,

while at a total entrance temperature of 1050 R, the relationship is approximately linear. Due

to the complex relationship between the three parameters, an empirical model has not yet been

developed and the iterative process is required.

Kaemming uses a shock angle of θshock = 60◦ as the angle of the shock relative to the flow [4],

as described in Table 6. A parametric analysis of the shock angle with the total pressure and total

temperature exiting the RDE is illustrated in Fig. 20. A parametric analysis of the shock angle

with the specific thrust and specific impulse is illustrated in Fig. 21.

Figure 20. Parametric analysis of shock angle with the exit total pressure and total tempera-
ture (hRDE = 237 mm, Dm = 140 mm, Pt3 = 58.784 psia, and Tt3 = 540 R)

As seen in Fig. 20, the shock angle θshock does not significantly affect the total pressure and total

temperature exiting the RDE. The total pressure changes less than 1.5% and the total temperature

changes less than 0.003% across a wide range of shock angles. As seen in Fig. 21, the shock angle

θshock does not significantly affect the specific thrust or specific impulse. The specific thrust changes

less than 1% and the specific impulse changes less than 1.5% across a wide range of shock angles.
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Figure 21. Parametric analysis of shock angle with the specific thrust and specific impulse
(hRDE = 237 mm, Dm = 140 mm, Pt3 = 58.784 psia, and Tt3 = 540 R)

Therefore, if there is a deviation from from the assumed 60◦, the effect is negligible.

The effect of RDE geometry (specifically, the RDE height and mean throughflow diameter) on

the specific thrust and specific impulse is illustrated in Fig. 22 and Fig. 23, respectively.

As with the parametric analysis of the RDE height in Fig. 12, the specific thrust in Fig. 22 and

the specific impulse in Fig. 23 reach plateaus. Additional RDE height will not provide any more

specific thrust or specific impulse, so for weight savings, only the shortest required RDE should be

used in a rocket. In the plateaus, the RDE has extracted as much energy from the fuel as possible,

so additional time in the combustion chamber will not yield additional energy extraction. As the

mean throughflow diameter increases, a greater RDE height is required to reach the plateau. As

the mean throughflow diameter increases, the mass flow passing through the RDE also increases.

The greater mass flow requires additional time in the combustion chamber for the RDE to extract

maximum energy. Additionally, as the mean throughflow diameter increases, the plateau values

increase. It follows that as the mass flow increases, the total amount of energy extracted increases.
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Figure 22. Parametric analysis of RDE height and mean throughflow diameter on specific
thrust (Pt3 = 58.784 psia, and Tt3 = 540 R)

Figure 23. Parametric analysis of RDE height and mean throughflow diameter on specific
impulse (Pt3 = 58.784 psia, and Tt3 = 540 R)
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Figure 24 illustrates the relationship between mean throughflow diameter, RDE height, and

mass flow rate. As seen in Fig. 24, the mass flow rate is invariant with the RDE height and has

Figure 24. Parametric analysis of RDE height and mean throughflow diameter on mass flow
rate (Pt3 = 58.784 psia, and Tt3 = 540 R)

a linear relationship with the mean throughflow diameter. The linear relationship between mean

throughflow diameter and mass flow rate provides a simple scaling model that can be used to

determine the desired size of an RDE.

Figure 25 illustrates the relationship between mean throughflow diameter, RDE height, and

thrust. After a certain height, the specific thrust in Fig. 22 and the thrust in Fig. 25 both reach

Figure 25. Parametric analysis of RDE height and mean throughflow diameter on thrust
(Pt3 = 58.784 psia, and Tt3 = 540 R)

plateaus. In designing an RDE, only the minimum required RDE height (i.e., the height where the
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specific thrust and thrust reach plateaus) should be used; there are no additional gains from a taller

RDE. In Fig. 22, increasing the mean throughflow diameter results in decreasing gains in specific

thrust. In Fig. 25, however, increasing the mean throughflow diameter results in increasing gains

in the thrust. Based on Figs. 22–25, the mean throughflow diameter is the key sizing parameter.

The combined effect of total entrance temperature and total entrance pressure on the specific

thrust and specific impulse is illustrated in Fig. 26 and Fig. 27, respectively.

Figure 26. Parametric analysis of total entrance temperature and total pressure on specific
thrust (hRDE = 237 mm and Dm = 140 mm)

At the lower entrance pressures, the total entrance temperature has a significant effect on the

specific thrust and specific impulse. As the entrance total pressure increases, the total entrance

temperature has less of an effect. Increasing the total entrance temperature decreases the specific

thrust and specific impulse for the different total entrance pressures. The specific thrust and specific

impulse are increasing at a decreasing rate and appear to be trending towards plateaus at 150
lbf
lbm/s

and 5500 sec, respectively.
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Figure 27. Parametric analysis of total entrance temperature and total pressure on specific
impulse (hRDE = 237 mm and Dm = 140 mm)

The combined effect total entrance temperature and total entrance pressure on the mass flow is

illustrated in Fig. 28. The mass flow rate from Fig. 28 is used with the specific thrust from Fig. 26

Figure 28. Parametric analysis of total entrance temperature and total pressure on mass flow
rate (hRDE = 237 mm and Dm = 140 mm)

to calculate the total thrust, as seen in Fig. 29.

Both the mass flow rate in Fig. 28 and thrust in Fig. 29 increase linearly with the total entrance

pressure. The entrance total temperature affects the slope of each line, and at a higher total entrance
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Figure 29. Parametric analysis of total entrance temperature and total pressure on thrust
(hRDE = 237 mm and Dm = 140 mm)

pressure, the total entrance temperature has a greater impact. Even if the specific thrust plateaus

as in Fig. 26, the increasing mass flow rate will increase the net thrust.

Material properties often limit the temperature exiting the combustor in traditional engines

[7]. Therefore, the temperature exiting the RDE Tt4 is a parameter of concern. The effect of total

entrance temperature Tt3 and total entrance pressure Pt3 on total exit temperature Tt4 is illustrated

in Fig. 30.

Figure 30. Parametric analysis of total entrance temperature and total pressure on total exit
temperature (hRDE = 237 mm and Dm = 140 mm)
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The total entrance pressure has a negligible effect on the total exit temperature. There is a linear

relationship between the total entrance temperature and total exit temperature. Temperatures of

3000 R to 4700 R exist in real rocket engines [22], though material developments may lead to higher

allowable temperatures. The total exit temperatures in Fig. 30 fall within the range of existing

rocket exhaust temperatures; however, cooling will still be a concern.

The RDE is a pressure-gaining combustor, which is why the RDE is able to achieve the higher

efficiency of the Atkinson cycle [3; 11; 13; 14]. The pressure ratio across the RDE is given in

Eq. 96.

πb =
Pt8
Pt,3.2

(96)

The parametric variation of πb with total entrance pressure and total entrance temperature is

illustrated in Fig. 31. The value of πb = 1 is shown to illustrate that all pressure ratios are greater

than one.

Figure 31. Parametric variation of πb with total entrance pressure and total entrance temper-
ature (hRDE = 237 mm and Dm = 140 mm)

As seen in Fig. 31, the RDE produces a pressure rise across the entire range of pressures and

temperatures implemented. The pressure rise agrees with CFD simulations [11; 14]. Therefore,

the RDE does, in fact, follow the Atkinson cycle and will be able to realize the higher thermal

efficiency [3; 11; 13; 14].

The pressure profile from Fig. 8 results in a pressure loss across the plenum from station 3 to
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Figure 32. Parametric variation of plenum pressure loss with total entrance pressure and total
entrance temperature (hRDE = 237 mm and Dm = 140 mm)

substation 3.2. The parametric variation of the plenum pressure loss with total entrance pressure

and total entrance temperature is illustrated in Fig. 32.

As seen in Fig. 32, the pressure loss is significant; the total pressure that enters the RDE

combustion chamber (substation 3.2) is only 25% to 35% of the total pressure entering the RDE

(station 3). Some of the pressure loss can be attributed to feedback from the injectors [17]. Detailed

analysis of the pressure loss across the plenum requires further investigation and is outside the scope

of this thesis.

Investigative Questions Answered

The highest specific thrust calculated is just over 150
lbf

lbm/sec
and the highest specific impulse

is approximately 5,500 sec, as seen in Fig. 26 and Fig. 27, respectively. Again, the specific impulse

is force per weight flow of fuel alone. The specific impulse based on total air and fuel weight flow,

for comparison to other rocket propulsion methods, is 150 sec.

The specific impulse for a traditional turbojet using hydrogen fuel can range from 4,500 sec

to 7,000 sec [23]. The calculated RDE specific impulse for air-breathing engines of 5,500 sec falls

within the range of turbojet engines. A typical rocket engine using liquid hydrogen fuel has a

specific impulse of 410 sec [22: Table 1.6]. The calculated RDE specific impulse for rocket engines
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of 150 sec falls below that of existing rocket engines. The nozzle and exhaust were assumed to be

ideal, as were the internal flows between the air and fuel sources into the RDE. The RDE requires

further investigation in order to improve the performance of the RDE. In a real RDE, the specific

impulse will be lower due to losses, but the results are still very promising and merit continued

development of the RDE in a rocket configuration.

Summary

The NPSS model was verified by comparison to the Kaemming model [4] and published CFD

results [3; 14]. The NPSS model matched the Kaemming model. The NPSS model matched CFD

simulations closely with a maximum difference of 10%. The calculated specific impulses of the RDE

peaked at 5,500 sec when based on the weight flow of fuel alone and 150 sec when based on the

weight flow of fuel and air. The promising results merit continued development of the RDE model

and development of a real RDE in a rocket configuration for comparison.
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V. Conclusions and Recommendations

Detonation-based combustion follows an Atkinson cycle and has a higher inherent thermody-

namic efficiency than deflagration-based combustion following a Brayton cycle [8]. The parametric

variations in this thesis calculated that the RDE had an air-breathing engine specific impulse that

fell in the range of traditional turbojets using hydrogen fuel and a rocket engine specific impulse

that fell below hydrogen-oxygen rockets. Nonetheless, the advantages of the RDE are numerous.

For one, a higher specific impulse would require a lower mass flow to produce the same amount of

thrust [22], and lower mass flow translates to a lower total required fuel load.

Recommendations for Future Research

There are two main categories for recommendations: model development and model applica-

tion. Model development describes improvements that can be made to the NPSS model. Model

application describes possible uses for the NPSS model.

Model Development.

While the simplified NPSS model agrees with the CFD simulations, it has not been compared

to experimental results. The empirical models are based exclusively on results from higher-order

CFD simulations [3; 14]. Additionally, the exit flow boundary conditions in the CFD simulations

are still a matter of debate [3; 4; 14]. The empirical models, and thus the entire RDE model, would

be further improved if experimental results were incorporated into their development. Including

experimental results would also validate the code.

The NPSS model is programmed using iterative loops. The mass flows for air and fuel are

calculated in those iterative loops, as are the fuel-to-air ratios for the deflagrated and detonated

flows. Additionally, the inlet flow conditions (e.g., pressure, temperature) are coded into RDE

element. The NPSS environment allows for all those parameters to be defined outside the RDE

element in the air and fuel inlet elements. Also, NPSS contains solvers to facilitate the iteration
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loops. However, the current code does not incorporate these capabilities. Future improvements to

the code should incorporate the NPSS capabilities to simplify the code and speed up calculations.

Finally, the RDE model assumes the flow is calorically perfect and has constant chemical com-

position [4]. In traditional deflagration combustion cycle analysis, equilibrium chemistry is often

assumed for a more accurate calculation [4; 18]. Equilibrium chemistry should be an incorporated

capability of the RDE model.

Model Application.

The rocket configuration outlined in this thesis is a starting point for the implementation of

the RDE. Further analysis should be accomplished on the different configuration options. Several

configurations utilizing a generic combustor have been developed [16]. The RDE model can be

used in conjunction with a compressor to increase the pressure going into the RDE. Another

option is to couple the RDE with a traditional rocket engine so the RDE can be used in parallel

with the traditional combustor to create additional thrust. Alternatively, it can be used in an

afterburner-like capacity to further increase thrust.

A final potential use for the RDE is in a traditional turbojet engine. It can be used to replace

the burner and compressor in the engine, or just the burner itself. Alternatively, it could be used

as a secondary combustor, either in parallel with a traditional combustor in an afterburner-like

capacity.

The NPSS RDE element allows the various configurations to be readily modeled. The analysis

could be used to find optimal design and operating conditions for the RDE. Additionally, the

analyses would provide a more direct comparison between traditional engines and those modified

with an RDE.

Summary

The RDE provides promising results that merit further development. The implemented empir-

ical models and gas dynamic properties can be improved with experimental results to provide more
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accurate results. The internal structure of the RDE code can be improved and simplified by using

some of the built-in NPSS features. The NPSS RDE element allows the various configurations to

be readily modeled to find optimal design and operating conditions for their various uses.
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Appendix A. Summary of Implemented Functions

Several functions are implemented for repeated calculations. Functions are coded in the same

manner to subroutines. The key difference is that functions return values and subroutines do not;

in the RDE element, all functions are of type real, while all subroutines are of type void. The

functions were used to perform common thermodynamic calculations.

Isentropic Relations

The functions PtqP and TtqT solved for the isentropic total/static pressure and temperature ra-

tios, respectively. The isentropic total/static pressure was calculated based on Eq. A.1 [21: Eq. (44)].

Pt
P

=

(
1 +

(
γ − 1

2

)
M2

) γ
γ−1

(A.1)

The isentropic total/static temperature was calculated based on Eq. A.2 [21: Eq. (43)].

Tt
T

= 1 +

(
γ − 1

2

)
M2 (A.2)

The functions M PtqP and M TtqT solved for the Mach number based on the isentropic to-

tal/static pressure and temperature ratios, respectively, based on Eqs. A.3 and A.4, respectively.

M =

√√√√( 2

γ − 1

)[(
Pt
P

) γ−1
γ

− 1

]
(A.3)

M =

√(
2

γ − 1

)(
Tt
T
− 1

)
(A.4)

The function AqAstar solved for the isentropic area ratio for chocked flow in a nozzle, based on

Eq. A.5 [21: Eq. (80)].

A

A∗
=

(
1

M

){[
2

γ − 1

)(
1 +

(
γ − 1

2

)
M2

]} γ+1
2(γ−1)

(A.5)
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The functions Msub A and Msup A utilize the function AqAstar to iteratively calculate the Mach

number based on the isentropic area ratio and produce the subsonic and supersonic solution, re-

spectively.

Normal Shock Relations

The functions P2qP1ns, Pt2qPt1ns, T2qT1ns, and M2ns calculated flow properties across a

normal shock. The static pressure ratio across a normal shock was calculated by the function

P2qP1ns using Eq. A.6 [21: Eq. (93)].

P2

P1
=

2γM2 − (γ − 1)

γ + 1
(A.6)

The total pressure ratio across a normal shock was calculated by the function Pt2qPt1ns using

Eq. A.7 [21: Eq. (99)].

Pt2
Pt1

=

[
(γ + 1)M2

(γ − 1)M2 + 2

] γ
γ−1
[

γ + 1

2γM2 − (γ − 1)

] 1
γ−1

(A.7)

The static temperature ratio across a normal shock was calculated by the function T2qT1ns using

Eq. A.8 [21: Eq. (95)].

T2

T1
=

[2γM2 − (γ − 1)][(γ − 1)M2 + 2]

(γ + 1)2M2
(A.8)

The Mach number across a normal shock was calculated by the function M2ns using Eq. A.9

[21: Eq. (96)].

M2 =

√
(γ − 1)M2

1 + 2

2γM2
1 − (γ − 1)

(A.9)

Mass Flow

The function find flow iterates total mass flow to match a desired total area for three separate

flows. The function uses the desired flow area and three arrays containing the density, velocity, and

flow percentages of each of the three streams. The area contribution each of the flows made was
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calculated using Eq. A.10.

Ai =
ṁtot(% flow)i

ρiVi
(A.10)

The total mass flow was iterated until the desired total area Atot was attained by Eq. A.11.

Atot = A1 +A2 +A3 (A.11)

Nozzle Expansion

The function expansion mode finds the exit Mach number for a flow expanding from the throat

to exit (station 8 to station 9) by first calculating the isentropic area ratio A8
A∗ , and then A9

A∗ using

Eq. A.12.

A9

A∗
=

(
A9

A8

)(
A8

A∗

)
(A.12)

The subsonic Mach number at station 9 was calculated using Msub A. The subsonic Mach number

was used to calculate P9 using Eq. A.13.

P9 = P8

(
Pt8
P8

Pt9
P9

)
(A.13)

The calculated pressure P9 was compared to the ambient pressure: if it was less than or equal to

the ambient pressure P0, the expansion was subsonic.

If the calculated pressure P9 was greater than the ambient pressure P0, the expansion was

supersonic. The supersonic Mach number at station 9 was calculated using Msup A, and the pressure

at station 9 was calculated using Eq. A.13. The normal shock wave was accounted for by multiplying

the calculated pressure by the appropriate factor for a normal shock using the function P2qP1ns.

If the calculated pressure P9 after the normal shock was still greater than the ambient pressure P0,

the nozzle was fully supersonic.

If the calculated pressure P9 after the normal shock was less than the ambient pressure P0,

the nozzle was overexpanded and there was a shock in the nozzle. The equation used to find the

exit Mach number was derived from the continuity equation (i.e., ṁ8 = ṁ9), based on Eq. A.14
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[7: Eq. (1.4)].

ṁ = PAM

√
γg0

RTt

[
1 +

(
γ − 1

2

)
M2

]
(A.14)

Assuming the ratio of specific heats and the gas constant remain constant during the expansion,

the full continuity equation becomes Eq. A.15.

P8A8M8

√
γg0

RTt8

[
1 +

(
γ − 1

2

)
M2

8

]
= P9A9M9

√
γg0

RTt9

[
1 +

(
γ − 1

2

)
M2

9

]
(A.15)

The pressure at the exit was equal to the ambient pressure (P9 = P0). Assuming chocked flow at

the nozzle (M8 = 1) and adiabatic expansion (Tt8 = Tt9), the equation reduces to Eq. A.16.

P8A8

√(
γ + 1

2

)
= P0A9M9

√[
1 +

(
γ − 1

2

)
M2

9

]
(A.16)

Squaring both sides and rearranging leads to Eq. A.17, which was used to iteratively solve for M9.

M2
9

[(
γ − 1

2

)
M2

9 + 1

]
=

[(
P8

P0

)(
A8

A9

)]2(γ + 1

2

)
(A.17)

Chapman-Jouguet with Area Relief

The function CJ mach area found the Chapman-Jouguet Mach number for a flow with two

different values of γ and a changing area. A steady, one-dimensional detonation propagates at a

sonic velocity at the Chapman-Jouguet state [19]. In the rotating detonation engine, however, there

is lateral relief after the detonation which provides another source of energy relief [4]. The lateral

relief mode was modeled by an increase in area after the detonation, which produced the slower

detonation and decreased pressure rise provided by the lateral relief [4].

The mass, momentum, and energy conservation equations were implemented with a change in

area and gas properties from state 1 to 2. The equations of conservation of mass, momentum, and
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energy became Eqs. A.18, A.19, and A.20, respectively [4].

P1A1M1

√
γ1g0

R1T1
= P2A2M2

√
γ2g0

R2T2
(A.18)

P1A1(1 + γ1M
2
1 ) = P2A2

(
A1

A2
+ γ2M

2
2

)
(A.19)

CP1T1

[
1 +

(
γ1 − 1

2

)
M2

1 + q

]
= CP2T2

[
1 +

(
γ2 − 1

2

)
M2

2

]
(A.20)

In the CFD simulations, the heat of combustion is corrected to stoichiometric heat addition per

total reactant flow. The traditional heat of combustion ∆H of the fuel is related to the heat of

combustion referenced to fuel flow ∆Hv and stoichiometric heat of combustion ∆Hstoich in Eq. A.21

[4; 15; 18].

mfuel∆Hv = (mair +mfuel) ∆H = (mair +mfuel)

(
∆Hstoich

mf,stoich

)
mf (A.21)

Dividing Eq. A.21 by the mass of air results in Eq. A.22.

FARdet∆Hv = (1 + FARdet) ∆H = (1 + FARdet) ∆Hstoich

(
FARdet
FARstoich

)
(A.22)

Kaemming defines the non-dimensional heat addition term q in Eq. A.20 as Eq. A.23 using the

same values for CP,1 and T1 as in Eq. A.20 [4; 15].

q =
FARdet∆Hv

CP,1T1
(A.23)

Using the definitions from Eq. A.22, Eq. A.23 can be rewritten using known properties, as seen in

Eq. A.24.

q =
∆H (1 + FARdet)

CP,1T1
(A.24)

The Mach number at station 2 was fixed to one because the detonation moves sonically [4; 18;
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19]. Rearranging Eq. A.20 to solve for the temperature ratio leads to Eq. A.25

T2

T1
=

(
CP1

CP2

)1 +
(
γ1−1

2

)
M2

1 + q

γ2+1
2

 (A.25)

Dividing Eq. A.18 by Eq. A.19 results in Eq. A.26.

(
1 + γ1M

2
1

M1

)√(
R2

R1

)(
γ1

γ2

)
=

(
A1

A2
+ γ2

)√
T2

T1
(A.26)

Substituting Eq. A.25 into Eq. A.26 and using the relation CP
R = γ

γ−1 [21: Eq. (16)] results in

Eq. A.27 [4].

1 + γ1M
2
1

M1
=

(
A1

A2
+ γ2

)(
γ1

γ2

)√√√√√(γ2 − 1

γ1 − 1

)1 +
(
γ1−1

2

)
M2

1 + q

γ2+1
2

 (A.27)

The function CJ mach area iterates M1 to satisfy the Eq. A.27.

Interpolation

NPSS allows for lookup and interpolation in tables, but does not allow for arrays to be converted

into tables. The function OneDNtrp was used to interpolate within an array. The function went

through each cell of the independent array to determine which two cells the desired value was

between. Then, it interpolated for the desired value in the corresponding dependent array. The

function also allowed for extrapolation; however, since all of the implementations of the function

were for a bounded range for a ratio between zero and one, no extrapolation was utilized.
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