TOPOLOGY
PROCEEDINGSY

Volume 28, No. 1, 2004
Pages 1-20

A FAMILY OF TREES WITH NO UNCOUNTABLE
BRANCHES

MIRNA DZAMONJA* AND JOUKO VAANANENT

ABSTRACT. We construct a family of 2™ trees of size Ny and
no uncountable branches that in a certain way codes all w-
sequences of infinite subsets of w. This coding allows us to
conclude that in the presence of the club guessing between N
and No, these trees are pairwise very different. In such cir-
cumstances we can also conclude that the universality number
of the ordered class of trees of size Ny with no uncountable
branches under “metric-preserving” reductions must be at
least the continuum. From the topological point of view, the
above results show that under the same assumptions there are
2N pairwise non-isometrically embeddable first countable w-
metric spaces with a strong non-ccc property, and that their
universality number under isometric embeddings is at least
the continuum. Without the non-ccc requirement, a fam-
ily of 2™ pairwise non-isometrically embeddable first count-
able wi-metric spaces exists in ZFC by an earlier result of S.
Todorc¢evié. The set-theoretic assumptions mentioned above
are satisfied in many natural models of set theory (such as
the ones obtained after forcing by a ccc forcing over a model
of ).

We use a similar method to discuss trees of size xk with no
uncountable branches, for any regular uncountable &.

2000 Mathematics Subject Classification. 03E04, 54E99.
Key words and phrases. club guessing, wi-metric, trees.
*Research partially supported by an EPSRC Advanced Fellowship and grant
40734 of the Academy of Finland.
TResearch partially supported by grant 40734 of the Academy of Finland.
1



https://core.ac.uk/display/2768488?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 M. DZAMONJA AND J. VAANANEN

INTRODUCTION

The main objects of interest in this paper are trees of size 81 with
no uncountable branches. We shall also consider some other classes
of trees. The motivation for our study stems from several sources.
Apart from the intrinsic interest in the combinatorial properties of
such trees they also appear in infinitary model theory as clocks of
generalized Ehrenfeucht-Fraissé games. This is explained in some
detail in [10] where one can also find further references. Trees of
height wy are also of interest in topology, because they give rise to
examples of the so-called wi-metric spaces. We recall the definition
in §3. Such spaces were introduced and studied in some detail by R.
Sikorski in a series of papers on w,-additive spaces, an example of
which is [8]. More recently, it was shown by J. V&&nénen in [11] that
from the consistency of a measurable cardinal it follows that the
wi-metric space wi?, as well as any other wi-metric space satisfying
a certain compactness condition, admits a natural generalization of
the Cantor-Bendixson theorem. If we consider trees of size ¥y with
no uncountable branches, then they give rise to first countable w;-
metric spaces. We obtain a result which says that under certain
commonly present set-theoretic assumptions there is a large family
of pairwise non-isomorphic first countable “large” wi-metric spaces
(Theorem 3.8), large meaning a strong non-ccc condition, defined
in Definition 3.7, and such that they cannot be jointly embedded
into any family of < 280 among these spaces. Without the largeness
assumption, the first part of the conclusion is just true in ZFC as
follows from a recent construction by S. Todorcevié¢.

We hope that the family of trees we construct will find further
applications in topology and note in passing that although we have
not yet been able to apply this observation, there is a natural way
to assign a Valdivia compact space to a tree with no uncountable
branches. If we want such a space not to be Corson then it is
important that the tree we start with has a lot of uncountable
levels, which is the case with the trees we construct and not the
case with the trees traditionally studied in this subject.

Before continuing to present our construction we shall pause to
give some general background and recall some interesting results
that are already present in the literature.
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One of the main notions in the study of trees is that of a reduc-
tion.

Definition 0.1. For trees T' and 7" we say that T" < T” if there is
a function f : T — T’ satisfying =z <p y = f(x) <p f(y). A
function f as in this definition will be referred to as a reduction of
T toT'.

Notice that the reduction f is not required to be injective or
surjective. The main preservation property of reductions is that
they map branches of T" into branches of T”. Also note that any
reduction of T' to T” has the property that ht7(f(x)) > htp(z) for
all z € T. Let T be the class of trees of size N1 with no uncountable
branches. One is particularly interested in the structure of this class
under reductions. Using powerful methods from the combinatorics
of trees, in particular that of Aronszajn trees [10] and [9] give a
number of structural theorems about this class, of which we quote
some:

Theorem 0.2 ([10], [9]). (1) For every countable ordinal o, there
is a sequence of Aronszajn trees (Ig: [ < «) such that

B<’y<a - TBSTW&_'TWST/B‘

(2) Assume {. Then there are Souslin trees T and T’ that are
incomparable in the < order.

(3) There are 281 Aronszajn trees that are pairwise incomparable
mn the < order.

Consistency results about (T, <) in models where C'H holds were
obtained by A. Mekler and Vaénénen in [4], see, for example, The-
orem 0.3 below.

Some other notions of reduction appear in the literature, such
as the injective reduction <; and the homomorphic reduction =,
which is an injective reduction f satisfying x <r y <= f(z) <p
f(y). The Mekler-Vaananen result mentioned above is in fact about
(T, <1). Specifically, they prove:

Theorem 0.3 ([4]). Assume CH holds and k is a regular cardinal
satisfying No < k and k < 2%, Then there is a forcing notion
that preserves cofinalities (hence cardinalities) and the value of 2
for all \, which forces the universality number of both (T, <;) and
(T, <) to be k.
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Here we study a very specific kind of reductions which have the
property of preserving the “distance” between the nodes; i.e., think-
ing of trees in 7 as subtrees of “*”w; and denoting by A(z,y) the
first ordinal o where x(a) # y(a), we study the reductions that
preserve the value of A(z,y) and refer to this notion as “preserv-
ing A.” This corresponds to isometries of wi-metric spaces. We
summarize our main results in the following theorem.

Theorem 0.4. Suppose that
: (a) there is a ladder system C = {(cs : § < wi) which guesses
clubs, i.e. satisfies that for any club E C wy there are sta-
tionarily many 6 such that cs C E;
: (b) Ny < yACH
Then no family of size < 280 of trees of size Ny, even if we allow
uncountable branches, can <-embed all members of T in a way that
preserves A.

Under the same assumptions there is a family of 2% pairwise
non-isometric first countable large wi-metric spaces and these spaces
cannot be jointly isometrically embedded into any family of < 280
many among them.

Notice that the assumptions of Theorem 0.4 hold in particular in
any model in which CH is violated by a ccc forcing over a model of
$. As any club of wy added by a ccc forcing will contain a ground
model club, it suffices to have condition (a) hold in the ground
model. In particular, the assumptions (hence, the conclusion) of
the theorem are indestructible by a further ccc forcing. However,
there is a model due to S. Shelah which was obtained by proper
forcing over L ([6]) where (a) fails.

The techniques used for the proof of Theorem 0.4 apply also to
the analogue of T at other uncountable regular cardinals s, e.g.,
the class T, of trees of size k with no uncountable branches, as we
discuss in §2. In particular, we prove:

Theorem 0.5. Suppose that k is a regular cardinal satisfying Ny <
k < 2%, Then no family of trees of size k, even if we allow un-
countable branches, can <-embed all members of Ty in a way that
preserves A.

Notice that this result is rather close to a ZFC result because
even though it is an independent result it is not a result about a
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particular universe of set theory, but rather it simply follows from
the assumptions on the cardinal arithmetic. This result also has an
analogue in the class of wi-metric spaces.

1. MAIN PROOFS

The aim of this section is to prove the first part of Theorem 0.4.
Toward the main proof we shall merge techniques from M. Kojman
and Shelah [3] with the classical construction of an Aronszajn tree
(see [1]). The idea is to attach invariants to elements of T and then
construct a large family of trees that all have different invariants
(Construction Lemma). Then one can show that under certain
circumstances the invariants are preserved under A-preserving <-
reductions (Preservation Lemma), so that no small family from
T can embed all trees constructed in the Construction Lemma.
The idea of using invariants in this manner comes from [3], and
it has subsequently been used in a number of contexts. The main
difference here is that we are discussing reductions that are not
necessarily homomorphic and that in the Construction Lemma we
are producing a rather specific kind of tree.

We proceed towards the Construction Lemma. We need to con-
struct a family of trees with no uncountable branches and to guar-
antee this property, we shall use bounded increasing sequences of
rationals as one would when constructing an Aronszajn tree. For
this we shall need an auxiliary notion, which is the family T’ of all
partial orders satisfying the properties from Definition 1.1. As one
can easily observe, every element of T’ is in fact a tree of size Wy
with no uncountable chains; so T/ C T.

Definition 1.1. (1) T’ is the class of all partial orders T' with the
following properties:

: (a) elements of T are pairs (Z,a) where Z is an increasing
bounded sequence of rationals and o < w;

: (b) (z,a) <7 (y, 8) implies that Z is a proper initial segment
of y and o < 3; and

: (c) for every a < wj there is exactly one Z such that (z,a) €
T.

(2) For T € T" and o < w; we let T, be the unique T such that
(z,a) €T.



6 M. DZAMONJA AND J. VAANANEN

Observation 1.2. As mentioned above, every element of T' is a
tree of size N1 without uncountable chains. It is not true that every
every element of T’ is an Aronszajn tree. Namely, choose a set
{ra : a <wi} of distinct reals and for each a < wy an w-sequence
Sq of rationals increasing to ro. Then the antichain {(54,®) @ a <
w1} is an element of T’.

We shall deal with filtrations of the elements of T, as defined
in Definition 1.3 and to each attach a sequence of subsets of w
dependent on an additional parameter C' which will be introduced
below.

Definition 1.3. (1) For a tree T of size Ny, we say that T = (T, :
o < wi) is a filtration of T if T is a continuous increasing sequence of
countable partial orders whose union is 1", such that for o < 8 < wyq
the order of Tj, is the restriction of that of Tj3 to the universe of T5,.

(2) Suppose that T is a filtration of 7', where 7' € T’. An ordinal
§ is good for T if 0 < § < wy is a limit ordinal, T} is a subtree of T,
and

{a: (3 <6)(I7) (Z,a) € T} = 6.

Observation 1.4. If T € T then T has height < w; and hence, for
any T = (Ty : o < wy) which is a filtration of T, there is a club of
0 such that Ty is a subtree of T'. If, in addition, T is an element of
T’, then there is a club of § < wy that are good for T.

Recall the following well-known notion:
Definition 1.5. A ladder system (on wy) is a sequence
C=(s=(a’:n<w):0<d<w alimit)

where each cs is an unbounded subset of § and (af : n < w) is its
increasing enumeration.

The main definition we shall use is that of an invariant, which
associates to every element of T’ a certain sequence of subsets of w.

Definition 1.6. Suppose that 7' € T and T is a filtration of T,
while C is a ladder system and ¢ is a good point for 7. We define
invp #(5) as the set

{n<w: (3(y, )GTa \ 5)(Vz € Ty )

[z <1 (y,8) <= z <7 (Z5,9)]}
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Lemma 1.7 (Auxiliary Construction Lemma). Suppose that C is

a fired ladder system and A = (As : § < w1) a sequence of infinite

subsets of w. Then there is a member T o T[A] of T' and a

filtration T of T such that for a club E of w1 we have
e E & Cs§ - EF = htT(5) =46 and inVin((S) = Ag.

Proof: We shall give the filtration T = (T¢ : £ < wy) and then let
T = U§<w1 T¢. By induction on { < w; we construct T¢ so that for
countable ordinals «, 3,~, and § the following requirements hold:

: (1) the universe of Ty, is of the form {(Z;,i) : ¢ < 04} for
some 0, < wi, and if a < 3 then T, is a subtree of T. The
height of T, is w + . Also, (Z,7) <7 (g,j) implies that
it < J;

: (2) if #=a+1 and «a is a successor, then for any s = (z,1)
in T, and € > 0 there is s; >7 s such that s. = (Z.,i.) €
T3\ Tw, t <7 se¢ = t <r s and sup(Z.) < sup(z) + ¢;

:(3)if f=a+1<w and v <« is a limit (possibly 0) with
s € Ty, then letting n = ht(T,) — hty(s), for every € > 0
there is a <7-increasing n-sequence (s, = (Y, i) : p < 1)
in T, such that so = s, {t € To, : (Vp <n)s, <r t} =0, but
there is t = (y,1) € T such that for all p < n we have s, <r
t, while sup,.,, sup(y,) < sup(¥o) +¢ and § = U, Up;

: (4)if 0 < § < wy is a limit ordinal then T5 = |J, .5 Tw; and

: (5) if 6 is a good point satisfying that cs consists of limit
ordinals, then htr((Zs,)) = d and invy ¢(5) = As.

Note that (1) above guarantees that for every ¢ < w; we have
<r,=<r| Tg, so we are justified in using the single notation <y for
all tree orders mentioned above, as well as a unique computation
of the height of nodes in the tree. Regarding (5), notice that deter-
mining if § is a good point of a filtration T and calculating its height
and invariant depends only on (T¢ : £ < §) (and C). Requirements
(2) and (3) are reminiscent of the classical construction of an Aron-
szajn tree and will be used to satisfy (5) at relevant §. The main
difference is that in (3) we allow v < «, which is also responsible
for the tree not necessarily having countable levels at the end. We
need this to have a strong enough control of the required inv sets.
In (1), the last requirement is simply an easy way to guarantee that
the partial order we obtain is in fact a tree. Let us proceed with
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the inductive construction of T¢, taking as the inductive hypothesis
that (1)-(5) hold for «, 3,7,6 < €.

o & = (. We injectively enumerate all increasing finite sequences
of rationals as (Z; : i < w X w) and therefore, if Z is an initial
segment of y then T is enumerated with an index smaller than
that of g; (this is why we use w? rather than w as the indexing
ordinal). We let Ty = {(Z;,7) : ¢ < w X w} and order it so that
(@;,1) <7 (zj,7) iff Z; is an initial segment of z;. This satisfies (1),
while the other requirements are vacuous at this stage.

o{ =(+1 and ( is not a good point or ¢ is a good point but c,
does not consist of limit ordinals. Requirement (2) is only relevant
if when a = ( is a successor and # = £. Then we can satisfy (2) by
adding countably many new nodes to the tree, one for each relevant
(z,4) and rational €, taking care that (1) continues to hold.

Suppose now that v < ( is a limit and we shall satisfy (3) with
¢ in place of 3; hence, & = (. Suppose first that v = 0. Using the
construction at & = 0, we can see that for any ¢ > 0 and t € Tj
there are 280 <p-increasing sequences (t, = (Z,,jn) : n < W) in
Ty with tg =t and sup,,,, sup(2,) < sup(Zp) + €. Only countably
many of these sequences may have an upper bound in T¢; hence, we
can choose a sequence (s, : n < w) among those of these sequences
that do not have an upper bound in T, and make sure that it does
have an upper bound of the required kind in T¢. Since it suffices to
deal with rational € we only have to make countably many choices
in this step, and hence can successfully make them.

Suppose now that v > 0. Let ap = htp(s) and let s = (%o, i0)-
First suppose that « is a limit of limits and let 79 < v be a limit
> 0 such that s € T,,. Let (7, : n < w) be an increasing sequence
of limits with supremum ~ where 7y is given. Let (g, : n < w)
be a sequence of positive rationals whose sum is less that €. By
induction on n < w we define s, as follows. Let s = s. Applying
the inductive hypothesis (3) to sg in place of s and and vy in place
of v and «, we can find a sequence (sll) = (:U},,i;) :p <70 —ap) in
T, which is unbounded in T%,, yet there is s1 = (y1,41) € Tyy+1
such that for all p we have s}, <7 s and sup(y1) < sup(jo) + €1
while g1 = U p<o—00 gj;;. Repeating this procedure inductively we
obtain a <p-sequence (s, = (Jn,in) : n < w) such that J, ., ¥n is
bounded by sup(go) + . The construction of the sequence in fact
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shows that there are 280 sequences with the same properties, so
there is such a sequence that does not have an upper bound in T.
We can then add a node to T¢ that will be a required upper bound
for the sequence in 7.

If ~ is not a limit of limits, then we have v = +' + w for some
7" a limit (possibly 0), and if s € T, we can use the inductive
hypothesis (3) for 7/ +1 to find s; >7 s with the height of s being
w4741 and s; € Ty41. Then we can build an w + 1-sequence
starting with s; like in the above proof in the case of { = 0. If
s ¢ Tfy, we then simply build such an w + 1 sequence.

The other requirements are vacuous in this case.

o & > 0 s a limit ordinal. Let T¢ be the union of T¢ for ¢ < &.

& =60+ 1, 6 is a good point and cs consists of limits. We
shall first satisfy (5). Using the inductive assumption (3), we shall
choose by induction on n € A5 a <p-increasing sequence (s,y1 =
(Un, On) = n € As) of nodes with sy € Ty of height 0 and s,41 €
Tai“ \ T,,s of height at least al, for all n € As (and exactly for

these n). In addition, we shall require that for all m in As, if
n =min(As \ (m + 1)) then

sup(yn) < 9~ (m+1) 4 Sup(Ym)-

Together with the sequence of s,8, we shall choose for each m € Ag
and for m = 0, letting n = min(A4s \ (m + 1)), a <g-increasing
sequence f,, = (1 = (z",i7") : k < af—al_,) in T, \Tafl _ such
that spp1 <7 t6n and

sup  sup(z;') < sup(¥m) + 9~ (m+1),

k<ad—al

n—

This will be done so that s;,41 is a <p-minimal ¢ such that ¢ <7 ¢
holds for all k. This choice is the main difference between our
construction and the classical construction of an Aronszajn tree,
since an important point for us is to assure that for n ¢ As, we do
not obtain n € invy 7 (6).

Let n be the least element of As. We should distinguish the
case when n = 0 and the one when n > 0. Suppose first that
n = 0. To start the induction we choose so = (g0 = (),i0) € To
of height 0. Applying (3) to g = ag +1, e =1, and sg, we can
find a sequence () = (9,19) : k < al) of elements of T,; with the
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property that t8 is an immediate successor of sy (which is possible
by (2)), SUD < o8 sup(9) < 27! and such that {t € Ty - (Vk <

ad)t) <p t} = 0, but for some s,41 = (Y1,41) € Top41 we have
(Vk < ag)tg <7 Spt1 and §p = Uk<ag gg. If n > 0 then we first

choose a sequence (¢! : m < w) of elements of Ty that does not
have an upper bound in Tos 41 but obtains an upper bound sy €
Tos 41 \Tai_l' This is possible by (3) applied to v = 0 and

é

n—1-
which is possible by requirement (2). The choice of ¢y in both cases
is possible because a9 is a limit.

We continue this process inductively over n € As taking care that
when we have chosen s,,11 for some m € Ay, if n = min(A4; \ (m+

1)) then t7' € Tos 4o \ Ty 41 is a least upper bound of a <7-

a =« Then we also make sure that tJ € Tos 4o \ Tos 41

increasing sequence of length o, +1—ht(8m41) of elements of Tys "
starting with s,,41, which does not have a bound in Tai ST We
choose t}* similarly. At the end of the induction we have a sequence
($n, = (Un,in) : n € Ag) such that sup,, ., sup(y,) < 1. Since As is
infinite the length of |J,,c 4, Un is 0. Letting Z5 = {U,,c 4, Un allows
us to put (Zs,9) in T¢ and to require s,41 <7 (Z5,0) for all n € As.
It follows that the height of (Zs,d) = ¢.

Let us also show that invy () = As. If n € As then spy1 €
Tai“ \ T,s shows that n € invp (). If I ¢ As then either [ <
min(As) or there are successive elements m < n of As such that
m < | < n. Let us suppose that the first case happened and let
n = min(As). Hence, n > 0. Then {t € Tos : t <t (z5,0)} =
{t;': k < w} and this set does not have an upper bound in Taf+1;

hence, | ¢ invy #(6). In the other case, suppose that m < n are
successive elements of As such that m < [ < n. Then {t € Tys
t<r (zs5,0)} ={t e Tys - (3k)t <7 t;*} and this set does not have
an upper bound in Ta;sH. Hence, [ ¢ invy o(9).

Having satisfied (5), we satisfy (2) and (3) as in the previous
case.

Once the inductive construction is over, we let E be a club of
good points of this filtration that happen to be limits of limits.
Then E exemplifies that T and T are as required. U
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Once we have used the idea of increasing sequences of rationals
to construct the trees T[A] to not have uncountable branches, we
now can get rid of this through a simple translation into trees whose

universe is wj.

Definition 1.8. We define the projection functor 7w : T/ — T by
letting O def m(T') be the tree on wy defined by letting o <o S if
(Za,a) <7 (T, B)- B

Given any filtration T of a T' € T' we similarly define the trans-

lation 7(7T") of it to a filtration of = (7).

We now extend the notion of an invariant to any tree whose
universe is wy. At the same time we introduce a slight generalization
that will be used in the main proof. The generalization allows us to
compute an invariant of a § < w; using the entry cs in the ladder
system whose index is some ¢’ not necessarily equal to §.

Definition 1.9. If 7' is a tree with universe w; and T = (T, :
a < wi) is a filtration of T, while C' is a given ladder system and
d is such that the universe of Ty is §, while ¢’ is a limit, we define
invy o 5(0) as the set

{n<w: (HﬂeTag . \To){v€T,e: v <rpB}=

+
{y € Tag/ sy <7 d'}}
If §' = 0, we write invy #(d) in place of invy & 5(0).
Observation 1.10. Let C be a given ladder system. If T € T' and

T is a filtration of T, then there is a club E of wy such that for all
6 € E we have invy () = inv, ) &(6).

This gives rise to the formulation of the Construction Lemma
we need, which is the Auxiliary Construction Lemma in terms of T
rather than T’.

Lemma 1.11 (Construction Lemma). Suppose that C is a fized
ladder system and A = (As : § < wi) a sequence of infinite subsets

of w. Then there is a member T def [A] of T and a filtration T of

T such that for a club E of w1 we have
b€ E &cs CE = htp(d) =6 and invy () = As.

Let us now proceed to the Preservation Lemma.
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Notation 1.12. (1) For a tree T" and « € T, « an ordinal less
than htp(z), we let z(a) be the unique y € T with y <7 x and
htr(y) = a+ 1.

(2) For atree T and x #y € T, we let A(z,y) = a if

a =min{f: z(8) # y(B)}.

Lemma 1.13 (Preservation Lemma). Suppose that C is a given
ladder system and that h : T7 — Ty is a <-reduction between trees
with universe wy satisfying that for all x,y in T}

A(z,y) = A(h(z), h(y)).
Then for any filtrations T* for | € {1,2} of Ty and Ty, respectively,

there is a club E of wy such that whenever § € E and cs C E then
for any 6 € E whose height in the tree Ty is §, we have

vy ¢(6) = invpe ¢ 5(h(5)).

Remark 1.14. The additional requirement on the reductions we
needed for the Preservation Lemma is, unfortunately, rather strong.
In particular, it implies that A is 1-1. Namely suppose that x # y;
hence, A(z,y) < ht(z) or A(z,y) < ht(y). Let us say that the
first case happens; then there is z <; x with -z <; y. Then we
have that h(z) <y h(x) by the definition of a reduction and also
that ht(h(z)) > ht(z) > A(z,y) = A(h(x),h(y)). In particular,
h(x) # hiy).

Proof: Let us write T' = (le : j <wq) forl € {1,2} and simplify

the notation by writing <1d§f<T1 and <2d§f<;p2 and let M be the
model (T, T2, wy, <1, <2,h,€). There is a club E of w; such that
for any § € E:

(i) the universe of T§ and T7 is 6 and the height of both 7}

and Té2 is at most ¢;

(ii) T} and T? are subtrees of Ty and 7%, respectively;

2 (iil)) M [ 9 < M (soif B < § then h(5) < 4§, and if (§ is in

the image of h then h=1(3) < §).

Suppose that § € E has height § in 77 and that ¢s C F; we shall
show that § is as required. For simplicity in notation we shall omit
C from the notation for invariant and subscripts 7} and T, from
the notation for height. Note that ht(h(d)) > 6 so h(d) > 6 by (i)
of the assumptions.
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In the forward direction, suppose n € invs: (§) and let y € T;(;
n+1
demonstrate this. This means

{wGTC{%:w<1y}:{w6Ta1§1:w<15}.

We may also assume that y is a <j-minimal node satisfying this
requirement. In particular, for all z <; y we have z € Ta15 by (ii)

above. By (iii) above, we have that h(y) € Ti; . We would like
n+1

to use h(y) as a witness that n € invy ¢ 5(h(5)), for which we
need to know that h(y) ¢ ng. This follows from (iii) above since
L (h(y)) = v

(We note that by a different proof this part of the argument in
fact goes through even if h is assumed to be any reduction, not
necessarily 1-1, but it is in the next part of the argument that we
need the additional assumption about the preservation of A.)

For the other inclusion suppose that n € invpe 5(h(J)) as ex-
emplified by z. This z might not itself be useful in showing that
n € invy 5(0) as it may not be in the image of h. However we do
have that

ME “(Fw > o) (Va < o) [a < h(w) <= a <g 2]

(as exemplified by §), so there is w < af 41 satisfying the above
property. We may without loss of generality assume that w is a

<3-minimal element of T’ 01/; \T al(;. In particular for every o <3 w
n+1 n

we have o0 € Ta15 , and so h(o) € Ta25 . By the choice of w this implies
h(o) <2 z and then by the choice of z we have h(0) <2 h(J). Hence,
by the preservation of A, either w <; § or ht(w) = A(w, ) + 1.
In the first case, we have that w exemplifies that n € invz: 4(6).
In the second case, since § ¢ Tié, we may find s <1 § of the same
height as w. If s ¢ Tié, then by the choice of F, we have that w
exemplifies that n € invy (), so let us show that this is the case.
If s e Tali, then h(s) € ng, but since A(h(w),h(s)) = A(w, s), we
may not have h(s) < h(w), contradicting the choice of w. O
Now we can complete the proof of the main theorem:

Proof of Theorem: Suppose for contradiction that {T; : i < i* <
2“0} is a family of trees of size ¥; such that every element of T is <-
embeddable in some T; by a A-preserving embedding. By passing
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to isomorphic copies if necessary, we may assume that the universe
of each Tj is wi. Let C be given by (a) in the statement of the
theorem with cs = (a8 : n < w) an increasing enumeration of cs
for ¢ limit < w;.

Choose a family B of 2%0 distinct infinite subsets B of w. For B €
B and § a limit ordinal, let A% = B, and let Ag = (A% : § limit <
w1). Let Tp = T[Ap] be obtained as in the Construction Lemma
and let T be the associated filtration. Note that Ty satisfies that
its universe is wjy.

Let T; be any filtration of 7T}, for i < i*. Note that trivially for
any ¢ and 6 we have

Hinvy, o s(a) » a € Ti}| < [Ti| = Ry.

Hence, we can choose B € B such that for no ¢ < ¢* and o, < wy
do we have that B = invy, ¢ 5(). Let us suppose that for some
1 < i* and a A-preserving <-reduction h we have h : Tp — T;. Let
FE be a club, as in the Preservation Lemma, which we can without
loss of generality assume consists of limits of limits which, by the
Construction Lemma, satisfy that for 6 € E we have htr, (0) = 9,
and let < wy be such that ¢; C E. Then

B =invyp, o(6) = invy, ¢ 5(h(9)),
which is a contradiction. O

As a final remark we observe that it is clear that the trees con-
structed as in the Construction Lemma have the property that for
A and B satisfying that for a club many § we have As # Bs the
trees T[A] and T[B] are not <-reducible into each other by a A-
preserving reduction. Hence, assuming that C'H fails, for any fixed
club guessing ladder system C, this gives rise to a family of 28! pair-
wise <-incomparable by A-preserving reductions, elements of T. A
Z FC example of such a family where the elements are actually not
<-reducible to each other is already provided by Theorem 0.2(3).

The two families are necessarily distinct because of the following

Claim 1.15. Suppose that A = (As : § < w1) is a sequence of
infinite subsets of w, C is a fived ladder system on and T = T[A]
is as constructed in the Construction Lemma. Then for every limit
v < w1 the level v of T is uncountable.
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Proof: Let v < w; be a limit ordinal. Requirement (3) in the
Construction Lemma applied to s being the root of the tree gives for
each a > v a y-sequence 5, that is unbounded in 7T, but bounded
in T,4+1. Hence, the s, are pairwise distinct and letting ¢, be the
least upper bound of s,, we obtain a family of ¥; many elements
of T of height ~. O

2. OTHER CLASSES OF TREES

In the previous section we were mainly interested in the class T,
but in fact the proof used in that section can be used to give similar
results in other classes of trees. We shall consider generalizations
in two different directions: varying the size of the trees in question
and leaving out the requirement that the trees do not have an
uncountable branch. Let us begin with the first of them.

Definition 2.1. (1) For any cardinal  let T, be the class of trees
of size xk with no uncountable branches.

(2) If k > Ny is regular and T is a tree of size k, then the sequence
(T : a < K)isa filtration of T whenever it is a continuous sequence
of subtrees of T" each of size < x, whose union is 7.

Since the Auxiliary Construction Lemma did not require differ-
ent nodes of the tree being constructed to have different rational
sequences attached to them, we can use the same construction and
the translation through the projection functor to obtain the follow-
ing lemma. In it we use the obvious generalization of the notion of
a ladder system to the set S§ , where S¥ in general denotes the set
of ordinals in k whose cofinality is A.

Lemma 2.2 (Construction Lemma for Ty). Suppose that k is a
reqular uncountable cardinal and C = (c5s : 6 € S§ ) is a fized
ladder system, while A = (As : § < K) is a sequence of infinite
subsets of w. Then there is a member T o T[A]* of T, and a
filtration T of T such that for a club E of k we have

leF& s CFEF = iIlVT’C«((s) = As.

Notice that of course we shall not be able to guarantee that
the height of § in T for § € F is §, as the height of the tree is
just wy. This causes some difficulties when trying to generalize the
Preservation Lemma. In the first paragraph of its proof, after the
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choice of E we claim that for 6 € E we have h(d) > ¢ for 6 whose
height in 77 is §, and this is useful later when calculating invariants.
However, here we still have the following:

Observation 2.3. Suppose that h is a < k-to-1 function from k
into itself. Then there is a club C of k such that for all § € C' we
have h(d) > 4.

Proof: Otherwise there would be a stationary set S of  such that
h is regressive on S so there would be a stationary set on which A
is constant, contradicting the assumption of h being < x-to-1. [

The Preservation Lemma now becomes:

Lemma 2.4 (Preservation Lemma for T,). Suppose k is a reqular
uncountable cardinal and C = (c5 : § € S%,) 18 a fized ladder system
while h : Ty — Tb is a A-preserving <-reduction between trees with
universe k. Then for any filtrations T' for | € {1,2} of Ty and Ty
respectively, there is a club E of k such that whenever § € E and
cs C E then for any 6 € E we have

inVT17C‘(5) = inVT27@’5(h(5)).

Recalling that if x is regular > N then there is a ladder system
(cs + 6 € S§) which guesses clubs, as proved by Shelah [5], [7] (or
see [3] for a proof); as a conclusion, we get Theorem 0.5.

Of course a very natural class to study here is that of the trees of
size 280 with no uncountable branches, as they appear as the result
of a number of natural constructions (see [10]); clearly our method
does not apply to this class as it stands. Another generalization
here is the replacement of Xy by a A such that A<* = \, where
one has the saturated dense linear order of size A with no first or
last element; denote it by Q. Then in the proof of Theorem 0.5,
one can replace the increasing bounded sequences of rationals by
increasing bounded sequences of elements of Q) and hence obtain
the following analogue of Theorem 0.5 (using Shelah’s club guessing
between k and \).

Theorem 2.5. Suppose that k is a reqular cardinal and A = X<
satisfy \t < k < 2*. Let <* stand for the A-preserving reductions
and T for trees of size k with no branches of length X*. Then the

universality number of (T, <*) is at least 2. In fact, no family of
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trees of size k, even if we allow branches of length AT, can <*-embed
all members of T%.

Of course all we needed here in place of AT < k is the existence
of a club guessing sequence between x and A.

Note of course that the last sentence in each of the theorems
shows that the universality number of the class of trees of size N;
(k), forbidding uncountable (length AT) branches under the appro-
priate notion of reduction, is at least 2% (or 2*).

3. A TOPOLOGICAL APPLICATION

Topologies constructed from tree orderings are common in gen-
eral topology. In this section we consider the families of trees con-
structed in the previous sections of the paper from this point of
view. For simplicity we shall concentrate on the trees considered
in §1, i.e., the family T of trees of size N; with no uncountable
branches. But it is clear that a similar method can be applied to
trees of size k with no branches of size k for x regular.

Definition 3.1. Suppose that T is a tree. Let [T] be set of its
maximal branches. For every b € [T] and « < hty(b) we define

On(b) ={ce[T]: A(b,c) > a}.
We consider that A(b,b) = oo for every b € [T.
Observation 3.2. Suppose that T € T. Then
{{0a(b) : a <htr(b)}: be [T]}
gives a point base for a first countable Hausdorff topology on [T).

In fact the topological spaces considered in Observation 3.2 come
from a class of spaces called wq-metric spaces in which A is a quasi-
distance taking values in wj. Such spaces were introduced in [8].
Some further references were given in the Introduction.

Definition 3.3. An ordered group is a structure (G, +, <) in which
(G,+) is a group satisfying that for all a,b,c € G we have a + ¢ <
b4+ ¢ <= a < c. Such a group is of character wy if it has a
decreasing wi-sequence (s¢ @ § < wi) satisfying s¢ > 0 and for
every € > 0 there is £ such that { > § = s¢ <e.
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Sikorski [8] notes that a general method for constructing ordered
groups of character wy follows from the work of F. Hausdorff in [2]
and involves considering powers of ordered sets. The following is a
definition of an wi-metric space from [8].

Definition 3.4. (1) Suppose that (G, +, <) is an ordered group of
character wy, as exemplified by a sequence (s¢ : { < wy). Let GT
denote the positive elements of G. A topological space X is called
a G — wy-metric space if there is a function § : X2 — G7 satisfying
the axioms of a metric in a metric space and such that the topology
of X is induced by 4.

(2) A function f : X — Y between two G-w;-metric spaces is
called an X;-isometryif for all z,y € X we have dx(x,y) = dy (x,y).

From this point on we fix an ordered group (G, 4, <) of character
w1, as exemplified by a sequence (s¢ : £ < wi), and use G to
denote the positive elements of G, and only study wi-metric spaces
with respect to G. These spaces are of interest to us because of the
following:

Claim 3.5. Suppose that T € T. Then [T with the topology intro-
duced in Observation 3.2 is an wi-metric space.

Proof: Let 6(x,y) = s¢ if © # y and A(z,y) = &, for £ < wy.
Let 6(z,y) = 0 if z = y. Then ¢ is clearly a symmetric function
satisfying d(z,y) = 0 iff = y. If z,y,2 € [T] then A(z,2) =
min{A(z,y), Ay, 2)} so d(z, z) < d(x,y) + d(y,z). Any set of the
form Oy (b) can be written as Oq(b) = {c € [T] : d(b,c) < Sa},
which shows that the topology is induced by the w;-metric. (

It follows that for 77,75 € T the spaces [T1],[T»] are isometric
as wi-metric spaces iff there is a function f : [Th] — [T2] with
Ar, (b,c) = Ap,(f(b), f(c)) for all b,c € [T1]. Then we can prove
the following;:

Claim 3.6. Suppose that 11,175 € T and there is an V- isometry
from [Th] into [T]. Then T} is reducible to T by a reduction h that
satisfies

AT1 (.73, y) = ATz (h($)7 h(y))

Proof: Let f : [T1] — [T2] be an XNj-isometry, so by the above
observation we may assume A, (b,c) = Ap, (f(b), f(c)) for all b, c €
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[T1]. For = € [T}] define
h(x) = f(b) | htr, (2),

for any maximal branch b of T} containing x. Because f is an isom-
etry, h is well-defined. It also follows that it is A-preserving. If
x <7, y then let b be a maximal branch of T} containing y, hence
also z. Then

h(z) = f(b) [ htpy (z) <7y h(y) = f(b) | htp, (). U

Definition 3.7. We say that an wi-metric space X is large if for
uncountably many a < w; the family {O4(b) : b € X} contains an
uncountable disjoint subfamily.

Hence, being large means failing the ccc condition strongly. If
T € T then being large for [T] is equivalent to having uncountably
many uncountable levels. Namely suppose that level o of T is
uncountable. Then choosing a family F of Nj-many distinct nodes
x on that level of T" and picking for each such x a maximal branch
b, of T' containing z, we obtain that the sets in {O4(b;) : x € F}
are pairwise disjoint. The converse is proved similarly. It follows
that the trees constructed in §1 give rise to large spaces (see Claim,
page 14), while an Aronszajn tree cannot give rise to such a space.

Theorem 3.8. Suppose that club guessing between Ry and N1 holds
and that CH fails. Then there is a family F of 28 large wy-metric
spaces (over the same G) that are not wy-isometrically embeddable
into each other, and such that for every family G of < 2% many el-
ements of F there is an element of F that does not wi-isometrically
embed into any element of F.

There is just in ZFC a family F of 28 wi-metric spaces that
are not wy-isometrically embeddable into each other (and that are
not large).

Proof: The first part follows from the proof of Theorem 0.4 and
Claim 3.6. The second part follows from Todoréevié¢’s result in
Theorem 0.2(3). O

The theorems mentioned in the introduction clearly have similar
translations to the class of wi-metric spaces.



20

1]
2]
3]
[4]

[5]

M. DZAMONJA AND J. VAANANEN

REFERENCES

T. Jech, Set Theory. New York: Academic Press, 1978.

F. Hausdorff, Grundziige der Mengenlehre. Leipzig: Veit & Co., 1914.
M. Kojman and S. Shelah, Nonezistence of universal orders in many
cardinals, J. Symbolic Logic 57 (1992), 875-891.

A. Mekler and J. Visninen, Trees and I} subsets of “*wi, J. Symbolic
Logic 58 (1993), no. 3, 1052-1070.

S. Shelah, Cardinal Arithmetic, Oxford Logic Guides, 29. New York:
The Clarendon Press, Oxford University Press, 1994.

S. Shelah, Proper and Improper Forcing, 2nd. ed. Perspectives in
Mathematical Logic. Berlin: Springer-Verlag, 1998.

S. Shelah, Universal Classes. In preparation.

R. Sikorski, Remarks on some topological spaces of high power, Fund.
Math. 37 (1950), 125-136.

S. Todorcevié, Lipschitz maps on trees, Mittag-Leffler Institut Report
No. 13, Mathematical Logic 2001-2002.

S. Todoré¢evi¢ and J. Vadnanen, Trees and Ehrenfeucht-Frdissé games,
Ann. Pure App. Logic 100 (1999), 69-97.

J. Vaandnen, A Cantor-Bendizson theorem for the space wi*t, Fund.
Math. 137 (1991), no. 3, 187-189.

SCcHOOL OF MATHEMATICS, UNIVERSITY OF EAST ANGLIA, NORWICH, NR4

7TJ, UK

E-mail address: M.Dzamonja@uea.ac.uk
http://www.mth.uea.ac.uk/people/md.html

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HELSINKI, HELSINKI, FIN-

LAND

E-mail address: jouko.vaananen@helsinki.fi
http://www.logic.math.helsinki.fi/people/jouko.vaananen/



