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Abstract

We study the variation of the trace of the Frobenius endomorphism associated to a cyclic trigonal
curve of genus g over F, as the curve varies in an irreducible component of the moduli space. We show
that for ¢ fixed and g increasing, the limiting distribution of the trace of Frobenius equals the sum of
¢+ 1 independent random variables taking the value 0 with probability 2/(¢+2) and 1, e2m/3 gdmi/3
each with probability ¢/(3(q + 2)). This extends the work of Kurlberg and Rudnick who considered
the same limit for hyperelliptic curves. We also show that when both g and ¢ go to infinity, the
normalized trace has a standard complex Gaussian distribution and how to generalize these results
to p-fold covers of the projective line.
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1 Introduction

Let Fy be the finite field with ¢ elements. For any smooth projective curve C' of genus g over Fg, let
Zc(T) be its zeta function. It was shown by Weil [8] that

_ Po(T)
= ey
with 2
Po(T) =[] (1 = ey (O)T),
j=1
and

la;(C)| = q'/?, for 1 < j < 2g.

The trace of the Frobenius endomorphism (acting on the first cohomology group H') is then

2g
Tr(Frobe) = Z a;(0).
j=1

We study in this paper the variation of the trace of the Frobenius endomorphism Frobs over moduli
spaces of cyclic trigonal curves of genus g when ¢ tends to infinity. This extends the work of Kurlberg
and Rudnick who considered the same limit for the case of hyperelliptic curves [5]. All of the results
extend further to the case of cyclic p-fold covers of P! for p prime, as we indicate briefly in Section 7.
However, we have chosen to focus on the trigonal case because it exhibits all of the essential features of
the general case but with a somewhat lighter notational load. (Note that some of these features do not
appear in [5], including reducibility of the moduli space, complex-valued random variables, and use of
the Tauberian theorem.)

Before describing our main results, we describe a modified version of the main theorem of [5]. In
the work of Kurlberg and Rudnick, the statistics are computed for the family of hyperelliptic curves
Y2 = F(X) by running over all square-free polynomials F of a fixed degree d. This is not the same as
running over the moduli space of hyperelliptic curves of a fixed genus, as not all points on the moduli
space appear with the same multiplicity in this family. Also, the results of [5] are about the affine trace
of the hyperelliptic curves, which differ slightly from Tr(Frobc). The geometric version of the work of
Kurlberg and Rudnick is then the following theorem, which is proved in Section 6.

Theorem 1.1. If q is fired and g — oo, the distribution of the trace of the Frobenius endomorphism
associated to C as C ranges over the moduli space Hy of hyperelliptic curves of genus g defined over IFy is
that of a sum of ¢+1 i.3.d. random variables X1, ..., X1 that take the value O with probability 1/(¢+1)
and 1 each with probability 1/(2(1 + ¢~1)). More precisely, for any s € Z with |s| < ¢+ 1, we have

1
{C € H, : Tr(Frobe) = —s}| (“ > (8q—2—-2g)/2
= Prob § X, =s| (140 (¢B172729/2))

[H,| P ( ( ))

In the last theorem, and in the rest of the paper, the ’ notation, applied both to summation and
cardinality, means that curves C' on the moduli spaces are counted with the usual weights 1/|Aut(C)].

For the rest of the paper, we assume that ¢ = 1(mod 3). For any cube-free polynomial F' € F,[X], let
CF be the cyclic trigonal curve

(1.1) Crp:Y? = F(X).



For cyclic trigonal curves, the genus is not a function of the degree of the polynomial F in (1.1), as it is
for the hyperelliptic curves Y2 = F(X). Also, the moduli space of cyclic trigonal curves of genus g is not
irreducible, and we look at the distribution of Tr(Frob¢) on each irreducible component (Theorem 1.2).
It turns out to be independent of the component when certain conditions are met.

Let H,4 3 denote the moduli space of cyclic trigonal curves of genus g. Its irreducible components are
determined by a finer geometric invariant, namely the signature. For dy +2ds = 0 (mod 3), let H(%1:92) be
the component of the moduli space with curves of signature (r,s) = ((2dy + d2 — 3)/3, (d1 + 2ds — 3)/3).

Then
dy,d
H9’3 = U H( ! 2)7
d1+2d2=0 (mod 3),
g=di+d>—2

where the union is disjoint and each component H(%1:42) is irreducible.

Fix a cubic character x3 of F, (recall that ¢ = 1(mod3)). It takes values 0,1,w and w?, where w
is a primitive third root of unity in C. Each cyclic trigonal curve C' is endowed with a cyclic order 3
automorphism that splits the first cohomology group of C' into two subspaces, H; ! and H, ! . on which
the automorphism acts via y3 or via its conjugate. Since this automorphism commutes Wlth the action
of the Frobenius, it follows that

Tr(Frobe |H>1<3) = Tr(Frobe |1 ).
X3
So it is enough to study the distribution of the trace of the Frobenius on one of these two subspaces.

Theorem 1.2. If q is fized and dy,ds — o0, the distribution of the trace of the Frobenius endomorphism
associated to C' as C' ranges over the component H(%:%2) of cyclic trigonal curves defined over Fy is that
of the sum of ¢+ 1 i.i.d. random variables X1,..., Xqy1, where each X; takes the value O with probability
2/(qg +2) and 1,w,w? each with probability q/(3(q + 2)). More precisely, for any s € Z[w] C C with
|s| < q+1, we have for any 1 >¢ >0,

Hc € H(@d2) ; Tr(Frobe |1 ) = —s}‘

+1
|H(d1,d2)’/ = = Prob (qZX s) (1+O( (1— e)dz+¢]+q (d1— 3q)/2))

It may not be clear where the probabilities attached to the random variables come from, but they are
quite natural, as the heuristic in Section 8.2 shows.

We remark that in Theorem 1.2, and in all the results in our paper, the implied constants in the error
terms are independent of ¢, even when ¢ is fixed. Then, as was done in [5] for hyperelliptic curves, we can
also study the case where ¢ and dy, ds tend to infinity. Since the trace takes complex values, the limiting
distribution will be the complex Gaussian with mean 0 and variance 1, instead of the usual real-valued
Gaussian one gets for hyperelliptic curves. We first compute the moments of Tr(Frob¢ | H}, )/v/q+1 and
compare them with the moments of the normalized sum of the i.i.d. random variables of Theorem 1.2.

Theorem 1.3. For any positive integers j and k, let M; (g, (d1,d2)) be the moments

j k

My (0. ) Ly (ZBsbolm,)) (T obe g,
k(G (d1, d2 = — .
J |H(d1, ) Va+1 vag+1

Let e and X1,...,Xq41 be as in Theorem 1.2. Then

k

J 1
1 g+1 1 q+ L . .
Mj,k(Q7 (dl,dg)) =K <q T E Xl> (q = E X; (1 +0 (q—(l—E)d2+€(J+k) + q—d1/2+J+k)) )
i=1 =1



Corollary 1.4. When q,dy,ds tend to infinity, the limiting distribution of the normalized trace
Tr(Frobce |Hi3)/‘/q + 1 is a complex Gaussian with mean zero and variance one.

We remark that when ¢ is fixed and ¢ tends to infinity, Tr(Frob¢ | H}ﬂ) should be distributed as the
trace of matrices in a group of random matrices determined by the monodromy group of the moduli
space of C in the philosophy of Katz and Sarnak [4]. The monodromy groups for cyclic trigonal curves
are computed in [1, Theorem 3.8]. Roughly speaking, the monodromy of each component H(drd2) of
signature (r,s) of the moduli space Hy 3 is an extension of the group of sixth roots of unity pg by the
special unitary group SU(r,s). The monodromy for the component H (%% is computed in [3, Theorem
5.4], and the result is an extension of ug by SL(g).

The structure of this paper is as follows. In Section 2, we describe moduli spaces of cyclic trigonal
curves, and present some notations and results which will be used in the rest of the paper. In Section 3,
we describe how Tr(Frobe | H>1<3) can be written as a sum of ¢ + 1 values of the cubic character of x3 of
F,, and how to compute statistics of the trace by counting classes of the moduli spaces. The proof of
Theorem 1.2 is concluded in Section 4. We compute the moments of Tr(Frobc | Hy, )/v/q+ 1 and prove
Corollary 1.4 in Section 5, and we revisit the case of hyperelliptic curves in Section 6. In Section 7 we
explain how the techniques employed in the study of cyclic trigonal case can be adapted to the general
case of cyclic p-fold covers of P'(F,). Finally, we present in Section 8 a heuristic model which predicts
the results obtained in Theorems 1.1, 1.2 and 7.4.

2 Setting and notation

Fix ¢ = 1 (mod 3). We will denote by ¢, the (incomplete) zeta function of the rational function field
F,[X] given by

G =Y IF =T -1P*) " =(1—-¢")L

F P

Let C be a cyclic trigonal curve over F,, i.e. a cyclic cover of order 3 of P! defined over F,. Then,
C has an affine model Y? = F(X), where F(X) is a polynomial in F,[X]. If G(X) = H(X)3F(X), then
Y3 = F(X) and Y3 = G(X) are isomorphic over F,, so it suffices to consider curves Y? = F(X) with
F(X) cube-free.
Let F' € Fy[X] be cube-free and monic. Recall that cube-free over Fy is the same as cube-free over
F,. So F factors in F,[X] as
d ds
F(X) =[(X —a) [T (X =052,
j=1

i=1

where a;,b; are distinct elements of Fq.

Let Cr be the cyclic trigonal curve given by Y? = F(X) = Fy(X)Fy(X)?, with F; and F;, relatively
prime, square-free, deg F; = dy, deg F» = dy and d = deg F' = dy + 2d3. The curve Cr has genus g if and
only if dy4+2dy =0 (mod 3) and g = d1+d2—2, or di+2dy =1 or 2 (mod 3) and g = d1+da—1. Over Fq,
one can reparametrize and choose an affine model for any cyclic trigonal curve with d; +2dy = 0 (mod 3).
We already see that the relationship between the genus of the curve C'r and the degree of the polynomial
F defining it is not as simple as in the hyperelliptic case, as the genus is not a function of the degree.
Note that by interchanging F; and F,, we are replacing F by F? (modulo a perfect cube) and the two
curves Y? = Fy (X)Fy(X)? and Y3 = Fy(X)?F»(X) are isomorphic. Furthermore, the moduli space H, 3
of cyclic trigonal curves of fixed genus ¢ splits into irreducible subspaces indexed by pairs of nonnegative



integers di,dy with the property that di + 2ds = 0(mod 3), and the moduli space can be written as a
disjoint union over its connected components

(2.1) My = U H(drd2),
di+2d2=0 (mod 3),
g=di1+da—2

Each component H(41-%2) is irreducible, and pairs (dy,ds) and (ds, d;) give the same component.

The components can also be described by their signature (r, s). The signature and (d,ds) are related
by dy =2r —s+ 1 and dy = 2s —r + 1, or equivalently r = (2d; + d2 — 3)/3 and s = (dy + 2d3 — 3)/3.
Each unordered pair {r, s} represents a different component of the moduli space of cyclic trigonal curves.
We refer the reader to [1] for the details.

In view of the previous observations, we will write

F(X) = F(X)F(X)?,

where F; and Fy are relatively prime monic square-free polynomials with deg Fi = d; and deg Fy = da.
We will use the following sets of polynomials:

Vi = {F eF,X] : F monic,deg F = d}
Fa = {F €F,[X]: F monic, square-free and deg F' = d}
Fq = {F € F,[X] : F square-free and deg F' = d}
Flarayy = {F = F1F;:Fi, F, monic, square-free and coprime,deg Fy = dy, deg Fy = dp}
Fenay = {F=FF;€Fa,ay: F2hask roots in Fy}
Flardy = {F=aFRF}:aeF, FiF?eFu )
Flavds) = Fldida) Y F(di—1,d2) Y Fdy,do—1)
Fianas) = Flardz) Y Fdi—1,a2) Y Fiarda—1)-

As a matter of convention, from now on, all our polynomials will be monic unless otherwise stated.
Also, we will use P to denote monic irreducible polynomials.
We transcribe here the relevant results from the work of Kurlberg and Rudnick [5].

Lemma 2.1. [5, Lemma 3] The number of square-free monic polynomials of degree d is

qd(l - qil) d Z 23
|Fal =
q¢ d=0,1.

Lemma 2.2. [5, Lemma 4] For0 < { < g, let x1,...,x¢ € Fy be distinct elements, and let a1, ...,ap € Fy.
Ifd >4, then
HF eVy:F(x1) =ay,...,F(z) = ar}| = ¢~

Lemma 2.3. [5, Lemma 5] Let d > 2 and £ < g be positive integers, let x1,...,x; € Fy be distinct
elements, and let ay,...,a; € Fy be nonzero elements. Then

gt
{F e Fyq:F(x1) =aq,...,F(zy) = ar}| = W +0 <qd/2>.



Lemma 2.4. [5, Proposition 6] Let x1,...,Z¢tm € Fy be distinct elements, let a1,...,a¢ € Fy, and let
agy1 =+ = Qgem = 0. Then
(1 _ qfl)quf(m%%)

HF e Fg: F(z) =a;, 1 <i<m+(l} = C(2)(1 — g 2ym+e

(1 L0 <q(3m+2e—d)/2>) '

and

{FeFy:Fx)=ai,1<i<m+/L} (1—-qH)mg=(m+D 3m+420—d)/2
|74l T Q=g ymte (1 +0 (q( / )) '

We will also use the following Lemma which follows easily from Lemma 2.4.
Lemma 2.5. Fiz 0 <k <gq. Then
q\ ,d—k
q _
Fh| — (k) (1 L0 (q(k+2q d)/2)>.
il = g

Proof. In the Lemma 2.4, set m = k and ¢ = ¢ — k. In this way, we guarantee that there are exactly k
zeros. Now we also have (Z) options for choosing the zeros, and (¢ — 1)¢ options for choosing the nonzero
values. Combining all of this with Lemma 2.4, we get the formula. O

3 The geometric point of view

We prove in this section that Theorem 1.2 follows from the following theorem which will be proved in
Section 4. Recall that x3 is a fixed cubic character of F,; and w is a primitive third root of unity in C.

Theorem 3.1. Let z1,...,z4 be the elements of F; and let €1,...,e4 € {O,l,w,wg}. Let m be the
number of values of &; which are 0. Then for any e >0

qu1+d2 L B
|‘7:(d1,d2)’ = W <1+O<q (1—¢e)d2 +q (11/2))7
; qu1+d2< 2 )m< q )qm
F : F(z)) = (3] 1<:¢< =
{F € Flaay  xo(F@)) =2 12 i<} @7 \q+2) \3g+2)
(3.1> X (1 +0 (q—(l—E)(dg—m)+gq +q—(d1—m)/2+q))’

and

’{FEf(dl,dQ) . X3(F($i))25i, 1§Z§(]H N ( 2 >m< q >q—m
|-7:(d1,d2)} q+2 3(q+2)

% (1 L0 (q—<1—s><d2—m)+sq 4 q—<d1—m)/z+q)> ’

where K is the constant

K0 o)



For any polynomial F' € F(q4, 4,), let

(3.2) S3(F) =Y xs(F(x)).

z€F,

Then, the number of affine points on the curve Y2 = F(X) is given by

D 1+ xs(F(@) + xa(F(x)) = q + S3(F) + S3(F).

€l

Using Theorem 3.1, we can immediately deduce a result for the distribution of the affine trace
—(S3(F) + S3(F)) when we vary over the family of curves Cp : Y3 = F(X) for F(X) € F4,.45)-
This is the “non-geometric version” of Theorem 1.2 which corresponds to Theorem 1 of [5]. When com-
paring Theorem 1.2 and Corollary 3.2, it is interesting to remark that the point at infinity appearing in
the trace of the Frobenius on H>1<37 and not in the affine trace, behaves like any other point.

Corollary 3.2. Let X;,...,X, be q i.i.d. random variables taking the value 0 with probability 2/(q + 2)
and any of the values 1,w,w? with probability q/(3(q + 2)). Then for any e > 0,

’{Fef(d d):S3(F):S}| (q > —(1—¢)d: —(dy—
1,d2 = Prob X, =s 14+0(q (1—€)da+q +q (d1—3q)/2
| Fldsaz)| ; (1+o( )

for any s € Z|w] C C.
Proof. Using (3.2), we write
‘{F S f(dlde) : Sg(F) = S}’
’f(d17d2)|

Z H{F € Faya) ¢ xs(F(a:)) =ei, 1 <i < q}|
|.7:(d11d2)’

(e1,5q)€{0,1,w,w2}
e1+-teq=s

2N\ T —(1-)(d2—m) —(d1—m)/2
2 2}(q+2> (3(q+2)) (1+O(q IS +q))

(G eq)e{0,1,w,w
e1+-t+eg=s

= Prob (é X; = 5> (1 +0 (q*(lfe)(dgfq)vtaq + qf(dlfq)/2+q)> '

O

Proof of Theorem 1.2. We now proceed to the proof of Theorem 1.2, assuming Theorem 3.1. When we
write a cyclic trigonal curve as

(3.3) Cr:Y3=F(X)

where F(X) is cube-free, we are choosing an affine model of the curve. To compute the statistics for the
components H(@1:42) of the moduli space Hg4,3, we need to work with families where we count each curve,
seen as a projective variety of dimension 1, up to isomorphism, with the same multiplicity. To do so, we
have to consider all cube-free polynomials in Fy[X], and not only monic ones. We fix a genus g, and a



component H(4-%) for this genus as in equation (2.1). For each point of this component, we want to
count its affine models C' : Y3 = G(X) with G € ﬁ[dhdz]'

For g > 5, the curves C’ isomorphic to C' are obtained from the automorphisms of P! (F,), namely the
q(q* —1) elements of PGLy(F,). By running over the elements of PGLy(F,), we obtain ¢(¢? —1)/|Aut(C)|
different models C’ : Y = G(X) where G € ﬁ[dl,dﬂ. This shows that

/

(34) |H(d1,d2)|/ — Z 1= Z 1 _ |f[d1,d2]| .

2
ety ety |Aut(C)] q(¢®> — 1)

We denote

Si(F) = Y xs(F(x),

2€PL(F,)

where the value of F at the point at infinity is defined below. Fix an enumeration of the points on P! (F,),

Z1,...,%q+1, such that 4,41 denotes the point at infinity. Then
leading coefficient of ' F € f(dl,d2)7
F(zg1) = ~ ~
0 F € Fay—1,d2) Y Fds da—1)-

Therefore, S3(F) + S5(F) is equal to

2 F e ﬁ(dhdz) and leading coefficient of F' is a cube,

S3(F)+ S5(F)+< -1 Fe ﬁ(dl,dg) and leading coefficient of F' is not a cube,
0 F e f(d1,1’d2) U ]:(dl,d271)-

Then, the number of points on the projective curve C'r with affine model (3.3) is given by

Yo 1+ xs(F(@) + xa(F(@)) = g + 1+ Ss(F) + S3(F)

z€P(Fy)
and
(3.5) Tr(Frobe 1 ) = —S3(F)
(3.6) Tr(Frobe |1 ) = —Sa(F).
3
As in (3.4), we write
/ 1

(dq,d2) . L) = — = —_—

(3.7) ‘{C €M + Tr(Frobe |H><3) 8} Z |Aut(C)|
cer(d1,d2)
Tr(Frobgo |H)1<3)=7s

It then follows from (3.4), (3.5) and (3.7) that

!

HC’ c H(drdz2) Tr(Frobe |H)1<3) = —s} B HF € ﬁ[dl,dz] : §3(F) = s}’
|H(d17d2)|/ - )ﬁ[dl,dﬂ

(3.8)




We now rewrite (3.8) in terms of polynomials in Fg, 4,). We first compute

|j5[d17d2]| = (q - 1) (|‘7:(d1,d2)| + |‘7:(d1—17d2)| + |‘7:(d17d2—1)|)
K (g+2)(g—1) 444 —(1—e)d —dy /2
(3.9) = op p g 2(1+O(q 2y g ))

by Theorem 3.1.

Fix a (g+1)-tuple (e1,...,e4+1) Where ; € {0,1,w,w?} for 1 <i < g+ 1. Denote by m the number of
i such that £; = 0. We want to evaluate the probability that the character x3 takes exactly these values
at the points F(z1),..., F(x441) where x4 is the point at infinity of P*(F,), as F ranges over Fldy,do)-

Case 1: 441 = 0.

In this case, only polynomials from ﬁ(d171,d2) U ﬁ(dl,drl) can have x3(F(xq41)) = €4+1. Also, the
number of zeros among €1,...,&, is now m — 1. Thus using (3.1)

HF € ]?[dl,dZ] cx3(F(x) =€, 1 <i<q+ 1}‘

= Z HF € Flay—1,d2) Y Fldy da—1) : X3(F(23)) = gixs Ha),1 <i < QH

ozE]F;
=2(q 1) <qu1+d21 < 2 )’"1< q >‘“”“>
(2?2 \g+2 3(q+2)
(3.10) x (1+0 (g 0-A@mian | g@omyzia))

Case 2: ¢441 = 1,w, or w2

In this case, only polynomials from J’?(dl,dQ) can have x3(F(2q41)) = €441, and there are m values of
€1,...,Eq Which are zero. Thus

HF € ﬁ[dl,dz] cxs3(F(w)) =g, 1 <i<q+ 1}‘

= Y {F€Fua  aF@) =ce,l,1<i < q}]

aer
x3(a)=egq1

_q—qud1+d2< 2 )m< q >q_m
3 (22 \g+2 3(q+2)

(3.11) x (1 L0 (q*(lfg)(d2*m)+8q n qfurm)/m)) ’

which is the same as (3.10).
Then, it follows from (3.9), (3.10) and (3.11) that

‘{FEﬁ[dl,dQ] : Xg(F(.”L'Z)) =gl S’qu—l—l}‘ ( 2 >m< q >¢I+1m
’]?[dhdz] q+2 3(q+2)

% (1 L0 (qfufe)(drmweq i q7<d17m>/2+q)> .



Putting everything together, we obtain

{C e H(41:42) ; Tr(Frobe) = fs}|/ B HF € ﬁ[dl,dﬂ : §3(F) = 5}‘
|'H(d17d2)’/ ‘]?[dl,dQ]

HF € ﬁ[dl,dz] cxs(F(x)) =g, 1 <i<q+ 1}‘

(510reqi1) ’f[dlad2]

2 \" (0 N (1 o (o miten (2
Z q+2 3(q+2) T -

— Prob <§ X; = s) (140 (g0 maten 4 g-(hma/zia))

where X1,..., X441 ¢+1 are i.i.d. random variables that take the value 0 with probability 2/(¢ + 2) and
1,w,w? each with probability ¢/(3(q + 2)). O

We concentrate on the proof of Theorem 3.1 in the next section.

4 Distribution of the trace for cube-free polynomials

In this section we prove Theorem 3.1 by obtaining asymptotic formulas for |4, 4,)| and
|{F € Flay,ay)  Flag) = a;,1 <i < q}‘ for di,d2 — oco. We begin with two lemmas that count the
number of polynomials that obtain specified nonzero values and are relatively prime to a fixed polynomial.

Lemma 4.1. For min{d, ¢} > ¢ > 0 let z1,x2,...,x, € Fy be distinct elements. Let U € Fy[X] be such
that U(z;) # 0 fori=1,...,L. Let ay,ag,...,a; € Fy, then
{F eVa: (FU)=1,F(z;) =a;,1 <i<}|=¢" " J[(1—q ")
PlU
Note that when £ = 0, there is no condition imposed at any point in Fy.
Proof. By inclusion-exclusion we have

{F eVa: (FU)=1F(x;)=a;,1<i<(} =Y uD) > 1,

DU FeVy,
DIF
F(z;)=a;

where p is the Moebius function. Using the fact that U(x;) # 0 this equals

> (D) > 1.

D|U GEVi_deg D
G(zg)=a; D(x;)~1

By Lemma 2.2 this equals

Z M(D)qd—deg D—t¢ _ qd—é ZM(D)q_ degD.
D|U D|U

10



The function f(D) = u(D)g~ ¢ is multiplicative, so is g(U) = 3 p iy f(D), and
g(P?) =1—q "
for e > 1. Applying this to the last equation,

{F eVa: (FU)=1F(;) =a;,1 <i <0} =" JJ(1 - ¢ 47,
P|U

O

Our proof of the next lemma follows the same steps as the proof of Lemma 2.3 (Lemma 5 in [5]), with
the added condition that the polynomials we are counting are relatively prime to a fixed polynomial.

Lemma 4.2. For ¢ > £ > 0 let z1,...,2p € F, be distinct elements. Let U € Fy[X] be such that
U(zi) #0 fori=1,...,0. Let ay,...,a; € F. Let SY(€) be the number of elements in the set

{FeF;:(F,U)=1, F(z;) =a;, 1 <i<{(}.

Then
S = q q .
UL 4
Proof. By inclusion-exclusion we have
Sg(f): Z /“L(D)‘{Fevd72deg(D) : (F,U):1,D(a:1)2F(xl):al,1gzgé}’
D,(degD)gd/Z
D, U)=1

We denote by i: the sum over all polynomials D such that D(z;) # 0 for 1 <14 < ¢. Then

Sg () = E (D) [{F € Vi_saeg(p) : (F,U) =1,F(2;) = a;D(x;)">,1 < i < £}].
deg D<d/2
(D,U)=1

For d — 2deg D > /¢, by Lemma 4.1 we have

HF € Vd,QdegD . (F, U) = 1,F($‘i) = aiD(xi)_Q, 1 S ) S E}’ = qd—ZdegD—é H(l — q—degP)'

P|lU

Therefore

(4.1) ST =g T[1—q %) > w(D)g >8P + Error.
P‘U deg(DD<[§l)1;f)/2

There is at most one F' of degree less than or equal to ¢ that takes ¢ prescribed values at ¢ distinct points,
thus

1— —2/2—-1
(4.2) Error <« Z 1=q¥? (13_1
(d—£)/2<deg D<d/2 1

) = 0(¢*?).

11



Now we observe that

(4.3) > uD)gEP = 3" u(D)g e + O(g!=N?)
deg D<(d—£)/2 D
(D,U)=1 (D,U)=1
and

S DD = J[ a-|p).
P,P(x;)#0
PU

D
(D,U)=1

Using that U(x;) # 0, we find that

(4.4) S MDD = s [T0 1P

D
(D,U)=1 PIU

By (4.1), (4.2), (4.3) and (4.4) we have

U 7qd EH 7degP C( ZH 17|P| ( (e— d)/2) +O(qd/2)
P\U q PlU
d

=@y L0 +O(qd/2)-

PIU

O

We now use Lemma 4.2 along with the function field version of the Tauberian Theorem to count the
number of polynomials in F4, 4,) that take a prescribed set of nonzero values on £ points.

Proposition 4.3. Let 0 < ¢ < g, let x1,...,x¢ be distinct elements of Fy, and as,...,a; € Fy. Then for
any 1 > ¢ > 0, we have

. — : _ Eqhte q ‘ “(1—e)datel | —di/2+E
19 € Ry Pl = e <2 ] = T (g ) (140 Ha )

where

(4.5) K= H( |P|+1))

and the product runs over all monic irreducible polynomials of F,[X].
In particular, we have

qu1 +d2

(4.6) |‘7:(d17d2)| Cq(2)2

(1 L0 (qf(lfe)dz T q7d1/2>) .

Proof. First we observe that

{F € Fupay: Flo)=a1<i<e}| = 3 5 )

Fy€Fq, F1€Fq,
Fo(w;)#0,1<i<t Py (z;)=a; Fa(w;)2,1<i<e
(F1,F2)=1
= S (6)
dq :
FEFq,

Fy(w;)#0,1<i<e

12



Using Lemma 4.2 we have that

{F € Flayan  Fla) =ai, 1<i <}

dy—/¢
_ q —deg P\—1 di/2
L S [ S o).
G@OT-a2 (+a™07+ !
2€Fq, P|Fy FaeFq,
Fy(x;)#0,1<i<¢t Fo(w;)#0,1<i<¢

Then by Lemma 2.1 and Lemma 2.3,

dy—£

deg F'=d2

{F € Fapa : Fla)=a, 1<i<}]=

where for any polynomial F'

P (F) [1pp(L+[PI7H) ™" F(a) #0,1 <0 <4,
0 otherwise.

(4.7) b(F) = {

To evaluate ) 4., p_g, b(F'), we consider the Dirichlet series

) L
G =2 7 = 1l (4 e i)

P(2;)#0,1<i<¢

_ G(s) 1 -
B Cq(ZS)H(S) (1 T 1)) ’

where

1
=11 (1 DT +1>> |

Notice that H(s) converges absolutely for Re(s) > 0, and G(s) is meromorphic for Re(s) > 0 with simple
poles at the points s where (,(s) = (1 — ¢'7*)~! has poles, that is, s, = 1 + z'lzo’;;, with n € Z. Notice
that H(1) = K, where K is the constant given in (4.5) and Ress—1(,(s) = —-—. Thus G(s) has a simple

~ o

pole at s = 1 with residue 5
s (573)
((2)logg \q+2/)

Using Theorem 17.1 in [6], which is the function field version of the Wiener-Ikehara Tauberian Theorem,
we get that

K +1\° i,
s deng::dz "= G(2) (Z-FQ) 4™ + Oy (¢°®).

We remark that it is important for Theorem 1.3 and Corollary 1.4 to get an error term which is indepen-
dent of g. From the proof of Theorem 17.1 in [6], one sees that the hidden constant in the error term of
(4.8) is bounded by

max |H(s)| ‘ (1 + 1)> B

lg==|=q—*




Thus we have

(4.9) > b(F) = K <2H>£qdz+0<q5(d2+4)).

deg F=dy Cq(2)

Replacing (4.9) in (4.7), we get

{F € Flara) @ Flo) =a;, 1<i <}

Kqhte q ‘ —(1—e)datel | —dy/2+¢
2P ((q+2><q—1>> (1+0(s Fq ).

O

Before we obtain the number of F(4, 4,) that take any set of prescribed (zero or nonzero) values, we
first need an intermediary step involving the number of zeros in F,. We recall that F' € .7-'(kd1~ da) is the
set of monic polynomials F' = Fy F? € F(dy,dy) Such that Fy has exactly k zeros over F,.

Corollary 4.4. Let x1,...,24 be an enumeration of elements in F,. Let a1 = ... = a,, = 0, and
Um+41,- -, 0q € Fy. Then, fore >0

qu1+d2 1 m q q—m
F k : F i) = Qg 1< < ’ = m _ [ —— -
ety < pe—wnsi<d] = (0)ar (73) (e
% (1 L0 <q7(175)(d27k)+5q +q7(d1+k7m)/2+q))'

Proof. The k roots of F» must be among the 2411, ..., T¢+m, and the remaining elements of xy41, ... Torm
must be roots of F}. Thus we can write

k m—k
F(z) = [[(@—2:,)* [] (@ = 2:,)G(x),
j=1 v=1

with G(x) € Fla, —m4k,ds—k)s G(x5) # 0 for £+1 <4 < l+m and G(x;) = a; ]—Ile(aci—ggij)*2 szlk(xl,
x;,) "t for 1 <i < . Thus,

‘{Fef(’“dl’d2) s F(z) = a4 1 gigé—i—m}‘

k m—Fk
= Z Z G € Flay—mthds—t) * G(@i) = a; H(xz - xij)_z H (zi — -Tiv)_la
{it,eos i} (ag,-..,am) j=1 v=1

k
C{e+1,....0+4m}  EFH™

1 S ) S é, G(xg.;,_,‘) = Oy, 1

IN

i <m}.

By Proposition 4.3 this equals

m qu1+d2 ( 1 >m< q )@ L - B -
14+0 (1—¢)(d2—k)+eq (di+k—m)/2+q) )
<k> ((2)? \g+2 (¢+2)(¢—1) ( " (q T ))
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Corollary 4.5. Let x1,...,x, be the elements of Fy, and let a1,...,aq € Fy such that m of the a; are 0.
Then fore >0

(e a1 < _ Kght 2 " T
e e =mrizal = 2 (35) (Grag=n)

% (1 10 <q7(175)(d27m)+5q + qf(dlfm)/2+q))

and

|{F€f(d1,d2) : F(CCZ‘):CL,L', 1S’L§q}| _ ( ) >m( q >qm
[Fiar )| q+2 (¢+2)(¢—1)

% (1 L0 (qf(lfs)(dzfm%ksq n qf(dlfm)/2+q)> .
Proof. We sum over k in Corollary 4.4.
|{F€f(d1,d2) : F(xi):aiv 1§Z§(I}|

i () (reimn) B ot
— 1+0 (1—¢)(d2—k)+eq (di+k—m)/2+q
car \iz) \roey) =) (+ole +4q ))

k=0
di+d m qg—m
_ Kq +d2 < 2 ) < q ) (1 +0 (q—(l—s)(dg—m)+€q +q—(d1—m)/2+q)> )
G(2)* \g+2 (¢+2)(g—1)
For the second identity, we divide by (4.6). O

To complete the proof of Theorem 3.1 we note that if ¢ € {1,w,w?}, there are q;sl elements o € F,
such that x3(a) =e.

5 Moments
In this section, we compute the moments of Tr(Frobec |H>1<3 )/v/q + 1 and prove Theorem 1.3. Our proof
follows the same steps as the proof of the equivalent result (for the case of hyperelliptic curves) in [5].

Proof of Theorem 1.3. Working as in Section 3, we first rewrite

. i = k
1 S3(F) S3(F)
Mj,k((b (dladQ)) - ‘j_\_[dl’dz] Z (m) <\/m>

Feﬁ[dbdz]

Since every F' € f[dl,dg] can be written uniquely as F' = aG for some a € F; and G € Fg, 4,], and

Ss(F) =x3(0) Y xs(G(z:)) = xs(a)S3(G),
z€P!(Fy)
we have
— kK

g . SOANE
M;i(q, (d1,d2)) = ’AZXi"(O‘) _p> (\/(1+1> <\/q+1>

Fldi do]| acFs FEF 4y, a5]
N i, = k
- a2 (55) ()
’f[dl,d2]|Fe]_-[d1’d2] Va+1 qg+1

15



when j = k (mod 3) and M; (g, (d1,d2)) = 0 when j # k (mod 3).
Assume from now on that j = k (mod 3). Then,

—(j+k)/2 ‘ .
Myplg (drdy)) = VTR s sy | Y e@E@)

’f[d1,d2]| FEFia; 0y \@EP! (Fy) cePL(F,)

—(J+k)/2
g+ DTIOR Yo xa(F(@) .. Fla)xs(Flyn) - Flyr)

’T[dl’d2]| E21 ...,rjelPl(IFq) Fe}-[dlvdz]
Y1, v €PL(Fq)
(5.1)
' 7 k 1 V4 m
= (q+1)"UtR/2 Z Z d(j, k, €, m) Z ﬁ Z HXs(F(iEi))bi HXS(F(%))”
=1 m=1 (%, b,C)EP; ko | 102l FeF, 40 i=1 i=1
where
Pirim = {(x,y, b,c) : x=(x1,...,2¢) € ]P’I(IFq)Z,:vi’s distinct,y = (y1,...,Ym) € }P’l(]Fq)m

4 m
y;’s distinet, b = (by, ..., b)) € Z8 0, ¢ = (c1,-..,cm) € ZTO,Zbi = j,Zci = k} ,
i=1 i=1

and d(j, k,¢,m) is a certain combinatorial factor. We do not need exact formulas for the d(j, k, ¢, m), but
note that

k
SN dlk,tm) > 1= (q+1)7""

J
=1 m=1 (%,¥,b,€)EP;) k,0,m

We now fix a vector (x,y,b,c) € Pjk ¢m, and we compute

m

¢
B Z HX?,(F(xi))biHm,

|‘7:[d1>d2]| FEF |4y ay) =1 i=1

Suppose that {z1,...,2e¥1,-..,Ym} = {z1,...,2n}, in other words, that x and y have £ + m — h
coordinates in common. To simplify the notation, we will denote by f; the corresponding exponent for
z; which is equal to some b;, ¢; or b; — ¢; depending on whether the value z; appears in {z1,..., 24},
{y1,..-,Ym}, or in both sets. We also adopt the convention that f; could be equal to 0, in which case
x3(F(2:)) = 1if F(2;) # 0 and x3(F(2;))?" = 0 if F(2;) = 0. With this notation, we want to compute

h
(5.2) LS [[eFe)

| Fids a1 FEFia; ay) i=1

There are two cases.
Case 1: Suppose that z; is the point at infinity, for some 1 < t < h. Then, only polynomials in
Fldr,d») have a nonzero contribution to (5.2) and x3(F(z))’* = 1. This gives that

h h
> [[xsFEN = >0 xsla)” > L.
FeFa, ap)1=1 ai€fg =l FE€F(dy,dg)
1<i<h,izt #t F(z;)=a;,1<i<h, izt

16



Suppose that all f; for 1 < ¢ < h and ¢ # t are multiples of 3. Then, using Proposition 4.3, we get
h h—1
) qu1+d2 q . (h B -
(5.3) Z HX3(F(zi))fl = T @7 \g+2 (1 +0 (q (=e)dzte(h—1) | =di/2+h 1)) )
FEF(ay,ay) i=1 q

Suppose that there exists a f; with 1 < ¢ < h and ¢ # ¢ such that f; is not a multiple of 3. Without
loss of generality, suppose that f; = 1 (mod 3) and ¢ # 1. Then, using again Proposition 4.3, we get

h h
> [P = > [ xstan)” > 1
FEF 4, a, i=1 a;€Fr =2 FEF(a, ay)
(2] 1<ish iz 17t F(zi):ai,llgigzh,,i;ét
x3(a1)=1
h h
) 2 )
+w E HX:;(ai)f’ g 14w E HXs(ai)f’ E 1
aj€Fy  i=2 FEF(dy,dg) aj€Fg  i=2 FEF(ay,dz)
1<i<h izt FE F(z;)=a;,1<i<h, it 1<i<h,itt 7t F(z;)=a;,1<i<h, it
x3(a)=w x3(a1)=w?
di+ds h—=1
(5.4) _ Kq q (0 L0 (q—(l—a)d2+8(h—1) n q—d1/2+h—1)) .
((2)2 \¢g+2

We remark that j = k (mod 3) and f; = 0(mod 3) for 1 <+ < h, i # ¢ is equivalent to f; = 0 (mod 3) for
1<i<h.
Using (5.3) and (5.4), and dividing by

|.7'—[d1,d2]| = <q+2) M (1 +0 <q7(175)d2 +q7d1/2)) :

q ) (27
we get that
1 h
[d.d2] ] peFiy, 4y i=1
h
_ q —(1—¢)da4e(h—1) —di/2+h—1
(5.5) (q +2> (8. +0 (g +q )

where §(f,h) = 1 if f; = 0(mod 3) for 1 <i < h and 0 otherwise.
Case 2: Suppose that zi,...,z, € Fy. Then any F' € Fig, 4, can contribute to (5.2). Repeating the
reasoning above, we get

h h
> [Tewrey = 3 TTe@® > L

y — . * .
FeFa;,ay) =1 a; €Fg i=1 FE€Fdy,dg)
1<i<h F(z;)=a;,1<i<h

Suppose that all f; for 1 <14 < h are multiples of 3. Then, using Proposition 4.3, we get

h qu1+d2 q h—1
> ITeEE)" = Sy <q+2> (140 a ot i) )
q

FE‘F[dlﬁdz] =1

17



If not all f; are multiples of 3, reasoning as in Case 1, we get

1 2 h—1
£ Mot =45 (32) (oo (rmmne)
q

FeF(ay,dq) t=1

and
1 h
h
(5.6) — (&) (5( h)+0( (1— s)d2+sh+q—d1/2+h)).

We then have the same result for Case 1 and Case 2, and replacing (5.5) or (5.6) in (5.1), we have

h
Mys(a, (i d)) = |(a+1) <J+k>/222dy,wm T (qu)

=1 m=1 (%,,b,€)€P;  4.m
314
(5.7) % (1 +0 ( (1—e)dz+e(j+k) | q7d1/2+(j+k)>) 7
where h and f; are understood as before.
We now compute the corresponding moment of the normalized sum of the random variables X, ..., X441,
ie.
1 q+1 J ;! k
%
— b by v €1 ~  °m
- q+1<y+k>/2zzd]’k£m by ]E<X“11"'X"2X”1 Ko )

=1m=1 (u,v,b,c)EA; k. t,m

where
Ajrem = {(u,v,b,c) : u=(uy,...,u),1 <w; <g+1,u;’s distinct, v = (vi,...,0m),
1 <wv; < g+ 1, distinet, b = (by, ..., b)) € Z- g, ¢ = (c1, ..., cm) € ZT,
m
S iy}
Since
o 0 b # ¢ (mod 3)
E(X)X,;) = 1
W b= & (Hlod 3)

18



and Xi,..., X441 are independent, we get
q+1 J 1 q+1
Xz —— > X;
J k q h
59 - e ikt X (L)

=1 m=1 (u,v,b,0)E€A; & ¢ m
31f;

k

Since the number of terms in the sums over the sets Py ¢, such that 3 | f; and Ajx ¢n such that
3| f; are the same, comparing (5.7) and (5.8), we have

1 qt+1 J 1 q+17
Mj (g, (di,dz)) = E (m;X7> (\/m;Xl)

X (1 +0 <q—(1—a)dz+s(j+k) + q—d1/2+j+k)) .

k

O

Proof of Corollary 1.4. First we study the distribution of the normalized sum of the i.i.d. random vari-
ables (X1 + ...+ Xg41)/vq+1 as ¢ — oo. Since the X,’s take complex values, we first write each of
them as X; = A; ++/—1B; and identify it with the R? vector ( g] ) .
J
Since IE(|Xj| ) = (1+2¢7")"" and E(X;) = E(X?) = 0, we have

E(4;) =E(B;) =E(4;B;) =0

and
E(A}) = E(B}) = *E(IXI)

The Triangular Central Limit Theorem holds for two-dimensional vector valued random variables as long
as the covariance matrix is invertible. Since for us the covariance matrix not only is invertible, but also
is diagonal with nonzero diagonal entries, we obtain that

s () e (0 (0 ),

1/2 0

0 1/2 ) , whose probability

the two-dimensional Gaussian with mean 0 and covariance matrix (

density is given by
l67””271/2d;1:dy.
T

Note that this measure is invariant under multiplication by —1. Going back to the complex valued
random variables, we obtain that, as ¢ approaches infinity, the normalized sum (X1 +...4+X¢4+1)/vq +1
approaches the complex Gaussian with mean zero and variance one. The probability measure of this
Gaussian is given by
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1 2
Ze I*7 gz,
T

Theorem 1.3 tells us that, as ¢,di,ds — oo, the moments M; (g, (d1,d2)) approach the moments
of the complex Gaussian for all j and k. Since the Gaussian is invariant under the change of sign, the
limiting value distribution of Tr(Frob¢ | Hg(g) /v/q+1 is the complex Gaussian distribution with mean 0
and variance 1. 0

6 Hyperelliptic curves: the geometric point of view

We now revisit the results of Kurlberg and Rudnick [5] for hyperelliptic curves from the geometric point
of view. The results of this section are similar to the results of Section 3 for the case of hyperelliptic
curves.

Lemma 6.1. The number of square-free polynomials of degree d is

"1 -q¢")? d=2,

74| =
¢*t1-q¢YH d=0,1
Proof. This follows from Lemma 2.1 since ‘ﬁd‘ = (¢ —1)|Fal O

Proof of Theorem 1.1. Consider the hyperelliptic curve with affine model
C: Y?=F(X),

where F' € .7?,1. It has genus ¢ if and only if d is either 2¢g + 1 or 2g + 2. In terms of the polynomial F,
the trace of the Frobenius is equal to

—So(F) = — Z x2(F(2)),

z€P1(F,)

where the value of F' at the point at infinity is given by the value of X29%2F(1/X) at zero. By running

over all F' € .7?29“ U .7-/:29+2, one counts each point in the moduli space H, exactly g(¢> — 1) times. (As
usual, a point C' in the moduli space is counted with weight 1/|Aut(C)|.) With the notation from the
introduction,

{C € Hy : Tr(Frobc) = —s}|" HF € Fagi1 U Fogia : So(F) = SH

!/ ~ ~
M, ‘f2g+l’ + ‘f2g+2’
Fix z1,...,%4+1 an enumeration of the points on IP’l(]Fq) such that x441 denotes the point at infinity.
Then R
0 F € Fogtu,
X2(F(zg1)) =1  F € Fagio, leading coefficient is a square in F,

-1 Fe ]?gngg, leading coefficient is not a square in [Fy.
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Pick (g1,...,6441) € {0,£1}97!. Denote m the number of zeros in this (g + 1)- tuple. We need to

evaluate the probablhty that the character xo takes exactly these values as F' ranges over f29+1 U.7-'29+2
Namely we will show that the results of [5] imply that

HF € Fagr1U Fagiz i x2(Flai) =£5,1 <i < g+ 1}‘

’.7:2g+1‘ + ‘.7:29-‘,-2‘

2m7q71q7m
61 = 2T (o (gaseent)).
(61) g (O
Case 1: €441 = 0. The numbers of zeros among €1,...,¢4 is now m — 1. Since there are no

polynomials in .7?29” with x2(F(z441)) = 0, only fggﬂ contributes. There are g — 1 possibilities for the
leading coeflicient of such a polynomial and thus

HF € f29+1 Uﬁ2g+2 txe(F(z) =€, 1 <i<g+ 1}‘
=Y HF € Fagr: xa(F(:) = €ixa(a), 1 <i < g}
aeF;

. . -1 . .
Taking into account that there are 45~ squares in F, and the same number of non-squares, and using

Lemma 2.4 the above expression can be written as
—m+1 —1\m 2g+1—
i D S € e q( 24g-g-1
6.2 -1 (== 1 O(m/+qg ))
62 @-v(F) e (1o s

m—1— —1\q+2 ,29g+3—m
IR D (1o ().

With Lemma 6.1, we compute
(6.3) [ Fagia| + [ Fagia| = 21— g1 g7,

and dividing (6.2) by (6.3) we get (6.1).
Case 2: 441 = £1.

This is the complementary situation, namely there are m zeros among ¢, . .. 75,1 and only ﬁ29+2 con-
tributes. By the same argument as before, and taking into account that there are 1 leading coefficients
that would give 441 = 1 and the same number that would yield €444 = —1,

‘{F S j':gg+2 Uﬁgg_i_g : X2<F(xz)) = Ei,l < 7 < q+ 1}‘
-1 .
= I P € Fagra s xaF(@) = e, 1 <0 < g

By Lemma 2.4, and by taking into account the number of squares and non-squares in F, this equals

. q+1—m m+1 2g+2 q
(5) T (o)

m—1— —1\q+2,,29+3—m
_ 2 q(l(li] q_);)q q? (1 L0 (qm/2+q7971>> ,
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which is the same as (6.2). The formula (6.1) follows as before.

On the other hand for Xi,..., X1 as in Theorem 1.1
) 2m—q—1q—m

and the theorem follows by summing (6.1) and (6.4) over all (¢ + 1)-tuples (e1,...,€4+1) such that
€1+ -+ €g+1 = s as done at the end of Section 3.
O

We remark that the probability of hitting a certain (¢ 4 1)-tuple does not depend on the entry at the
point we designated as the point at infinity. Therefore that point behaves the same as the affine points,
which is exactly what one would expect from a geometric standpoint.

6.1 Moments
We want to compute the moments of Tr(Frobe)/+/q + 1. Namely, denote the k-th moment by

1 r ( Tr(Frob¢) 4§
My (q,9) = T > ( e ) :

CEeH,

For a given curve C' € H,, its quadratic twist C’ also has genus g and they are not isomorphic over
F,. So both Tr(Frobc) and Tr(Frobe:) = — Tr(Frobe) appear in our sum. This implies that for k& odd
we have My(q,g) = 0.

Theorem 6.2. If g, q both tend to infinity, then the moments of Tr(Frobe)//q + 1, as C runs over the
moduli space Hy of hyperelliptic curves of genus g, are asymptotically Gaussian with mean 0 and variance
1. In particular the limiting value distribution is a standard Gaussian.

As before, by looking at curves of the form
Y? = F(X)
as F' ranges over .7?29“ U .7?25,” we run over each point in H, exactly q(¢®> — 1) times. The trace of

Frobenius of the curve with the above affine model is given by §2(F ). As a result, for k even, we can
write the k-th moment as

~ k
Mi(g.g) = (-)b 1 S2(F) )
k(q g) ( ) ‘j':Qg-‘rl Uj':Qg-‘rQ‘ Z (m

F€f29+1U.7?29+2

k

—k/2
- T Y w(F@)

’f2g+1 U fzg+2‘ FEFays1UFagra \ZEPL(Fy)

<q+11>k/2 S Y wF@) - Fa)

@1, wn €PL(F,) ‘]:2g+1 U ]:2g+2‘ FEFage1UFagso

1 k 1 l .
R VLIV e SED DRRE (Hmm),

(x,b)ePy, |F2g+1 U fzg+2‘ FeF i=1

g+1UF2g42
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where
1
P;M:{(x,b):x:(xl,..., )EIP’l(]F) x;’s distinct , b:(bl,...,b)eZ>O,Zbi=k‘},
=1

and c(k, £) is a certain combinatorial factor. We do not need exact formulas for the c(k, ), but note that

k
(6.5) ekt > 1=(q+ D"

=1 (x,b)EPk'g

Fix a vector (x,b) € Py ¢. There are two cases.
Case 1: z; is the point at infinity, for some 1 < j < /4.

Then only polynomials in F412 have a nonzero contribution and we can write

> xe (f[lF(fci)bi> = > xala) > J]xe(G(

FEFagia a;€Fyg GEFogi2 i#]

Note that G ranges over monic polynomials of degree 29 + 2 and we can write the above expression

becomes
Z xa(a;)" Z HXz f= Z Z HX2 a;)’

a; €Fy GEFagyio i#] a;€FY  GEF2g4o  i=1
1<1<l G(zj)=a;,i#]j

Thus, by Lemma 2.3, the contribution to the moment of such a term is
O (¢*T+9) if any of the b;’s is odd,
G2I3(1 — g~ L)+t
(1—q 2)1

Case 2: z1,...,2¢ € F,.
Then both Fg41 and Fag4o contribute. Repeating the reasoning from before, the contribution is

9] (q3/2+€+g)

+0 (q1+e+g) if all the b;’s are even.

unless all the b;’s are even. In which case

‘ 2942(1 _ ,—1)¢+2
Z X2 (HF(x%)bl> =1 +(1(1 qqz)e) . +0 (q1+€+g)

F€ﬁ29+1 i=1

and

Z . (ﬁ F(xi)bi> _ q2g+3(1_fi]2*1€)12+2 o <q3/2+e+g> _
FeFmn  \im (1-q72)
Adding them up, we get a total contribution of
g29+3(1 — 1)t
=g

+0 (q3/2+£+g) .
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In both cases, the main term is the same, and dividing by
‘Jf2g+1’ + ‘f29+2‘ =1 —-¢H(1-q?)

we obtain that

k
My (g, 9) = m Zc(k,é) Z (L+¢ ™ +0((qg +1)7%2(q + 1)kg3/2+h=9),
=1

(x,b)EPy ¢
b; even
where the error term is estimated using (6.5).
On the other hand, the corresponding moment of the normalized sum of our random variables is

k

1 q+1 1 k b ,
<¢MJZ;&> Gl 3 E(hxh).

(i,b)EAL ¢

where

Ak7g: (i,b);i:(il,...,ig),lgij§q+1,ij’s diStinCt,bZ(bl,...,bg), bjzk'
j=1

is clearly isomorphic to Py .
Since
, 0 b odd
E(X?) =
(X7) L b even
1+q¢71

and Xi,..., X441 are independent, we get

q+1 k

1 —3—-2g)/2
(6.6) My (q,9) =E (\/m ;X1> +0 (q(?’k 3-29)/ ) .

Since the moments of a sum of bounded i.i.d. random variables converge to the Gaussian moments
[2, Section 30], it follows that, as ¢,g — 0o, My(q,g) agrees with Gaussian moments for all k. Hence
the limiting value distribution of Tr(Frobec)/+/q + 1 is a standard Gaussian distribution with mean 0 and
variance 1.

7 General case

In this section we briefly sketch the proof of our results for the case of curves C that have a cyclic p-to-1
map to P1(F,), where ¢ = 1 (mod p) and p is an odd prime. As we mentioned in the introduction, the
proof of the general case follows from the same techniques as in the cyclic trigonal case.

Denote by Fa, ... 4,) the set of polynomials of the form F(X) = Fy(X)F3(X)--- F/(X) with Fy, ..., F,

monic, square-free and pairwise coprime polynomials of degrees di,...,d,, respectively. We note that
when r = p — 1 this is the set of monic p-th power-free polynomials. For fixed x1,...,z, distinct points
in F, and ay,...,a; € Fy,

dy—£

q

{F € Fn,oan : Fla) = as}] = i oy

Z Z b(Fy...F.)+0O (qd1/2+d2+...+d7.>,

deg Fa=d> deg F.=d,
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where b(F) is the quantity defined in (4.7). Here we used the fact that b(F) is multiplicative and
b(Fy ... F.) =0 if the F; are not relatively prime in pairs.

Using the Tauberian theorem and an induction argument on r, we obtain the following result which
mirrors Proposition 4.3.

Proposition 7.1. Fiz 0 < /¢ <gq, x1,...,x¢ distinct points in Fy and ay,...,a; nonzero elements of IF,.
For each r > 2,
) erlqdl-i_ +d, 4
FeFua. a) Flz)=0a,1<i<tl}| =

1 () J G(2)" (q+7“)(q—1)

% (1 L0 (qs(d2+...+dr+€) (q—d2 +. —dr> n q—d1/2+€)) 7
where

r—1

j=1

J
E[( REDE +3>)
Denote

}'(kl’ ~kp-1) {F .. Fp:11 € Fa,,....d,,); Fi has k; roots in g, 1 <i <p— 1}.

..... ydp— 1) p
Proceeding as in the proof of Corollary 4.4, we obtain the following.
Corollary 7.2. Fiz 0 < m < q. Choose x1,...,%4 an enumeration of the points of Fy, and values

a1 = ... =y, =0, Gms1,-..,04 EIF;. Pick a partition m = ki + ...+ k,_1. Then for any e > 0,

{F e Fll) s Fla) = ai 1< < g}

(0 ) (1) (5amD)
AN Cq(2)p~1 qg+p—1 (g+p—1)(¢g—1)

% (1 L0 (qs(d2+~~+dp,1+k1—m+q) (q—<dz—k2) ey q—(dpfl—kpfl)) n q—(dl—kl)/2+q)) .

Summing over all such possible partitions of m, just as we did in the proof of Corollary 4.5, and using
the Multinomial Theorem, we obtain that

HF € Faa, 1 F(mi)—aiylﬁiSqH_( p—1 )m< q )qm
|Far,.dy ) g+p—1 (g+p-1)(g—1)
x (1 10 (qe(d2+~-~+dp71+q)+<1—s>m (=4 4qg )+ q—<d1—m>/2+q)) .

Taking into account the number of elements in each p-power residue class in Fy, we arrive at the
following result, which corresponds to Theorem 3.1 from the cyclic trigonal case.

Theorem 7.3. Choose 1, ...,z an enumeration of the points of Fy. Fir e1,...,e4 € C, such that m
of them are 0 and the rest are p-th roots of unity. Then for any e > 0,

{F € Fay,a, 1) Xp(Fla) =ei,1 <i < g} _ ( p—1 >m< q )qm
| F sy qg+p—1 plg+p—1)
x (1 +0 (qswz+~~+dp71+q>+(1—e)m (%44 g %) + q—<d1—m>/2+q)> :
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Proceeding as in Section 3, one can prove that the point at infinity behaves like any other point of
PL(F,). For a curve C with affine model Y? = F(X), F = F{F§ ... F]fjll the number of branch points is
R=di+...+dp—1 ifdegFF =0 (mod p) or R=d;+...+dp_1+1 otherwise. The genus of such a curve
is always g = (p — 1)(R — 2)/2. The moduli space breaks into a disjoint union of irreducible components

Here the components are indexed by tuples (di,...,d,—1) with the properties that (p — 1)(dy + ... +
dp—1—2)=2gand di +2da+...+ (p—1)d,—1 =0 (mod p), taking into account the fact that two such
tuples give the same component under certain equivalence relations (in the case p = 3 this amounts to
switching d; and ds). We also remark that, just as in the cyclic trigonal case, for a curve C' of genus
g > (p— 1), the cyclic p-to-1 map to P!(F,) is uniquely determined up to isomorphisms of P*(F,). So
when the genus passes this threshold, counting all possible affine models for curves of a fixed inertia type
(with the appropriate weights) will count each curve with the same multiplicity. Namely,

5 (
alq®> = 1)

Similar to the cyclic trigonal curves, the curves C' are endowed with an automorphism of order p that
splits the first cohomology group H' into subspaces H}(p, H;?), ey H>1<£‘1 on which the automorphism

/
H(d],“.7dp71) = 5 U/ dy, .. dp_1)| T |V (d1—1,...;dp_1)| T -+ T |V (dy,..., dp—lfl)’) :

acts by multiplication by x,,. .. ,X£*1 respectively (for a choice of an order p character x,). Since this
automorphism commutes with the action of Frobenius, it suffices to study the trace of Frobenius on one
of these subspaces, say H;p. Moving to another subspace amounts to a new choice of x,.

The trace of Frobenius of the curve C' with affine model

C:Y?=F(X)
on each subspace of H! is then given by
Tr(Frobe [ ) == > xp(F(2)==S5;(F) 1<j<p-—1
» wEPL(Fy)

where the value of F' at the point at infinity is the value at zero of X9 F F(1/X) if deg F = 0 (mod p)
and 0 otherwise. The number of points of C' over F, (including the points at infinity) is then

g+1+ (§1(F) +...+§p,1(F)) .

Following the argument from the proof of Theorem 1.2, one can show that the projective trace is
distributed just like the affine trace.

Theorem 7.4. Let Xy,...,Xq1 be complex i.i.d. random variables taking the value O with probability
(p—1)/(g+p—1) and each of the p-th roots of unity in C with probability q/(p(q+p—1)). Asds,...,dp_1 —
m7

/

HC € M=) Te(Frobo [my ) = —s}
’H(dl"”7dp71)|/

q+1
= Prob <Z X, = 5) (1 +0 (qs(d2+”'+dp—1)+‘1 (q*dZ R q*dp—l) + q*(d1*3q)/2>)
i=1

foranyseC,|s|<qg+1and0>e>1.
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Note that our random variables are complex-valued and have the property that

. 0 b # c¢(modp),
E(X'’X;) = q

m b= c(modp)

Computing the mixed moments of the trace, one sees that they approach the moments of the normal-
ized sum of random variables (X7 + ...+ X,41)/+/q + 1. Namely, for each j, k > 0, denote

1 — Tx(Frobe |my )\’ [~ Tr(Frobe [ )\ "
M; (g, (dy, ... ,dy—1)) = [H(@ )]s Z N ESY N ESY
dp—1)

A similar computation to the one in the proof of Theorem 1.3 yields

k

ot J T,
M; (g, (dy, ... dy_ = E||—) X, ——3'X;
e = (2] (Z )
(7.1) % <1+O<q5(d2+~-+dp,1+j+k) (q7d2+.“+q7dp71)+q7d1/2+j+k)).

Writing each random variable X; in terms of its real and imaginary part, X; = A; + \/lej, we
obtain that E(A;) = E(B;) = 0 and E(A3) = E(B?) = ¢/(2(¢+p — 1)). Applying the Triangular Central
Limit Theorem, we obtain, by the same arguments as in the proof of Corollary 1.4, that the limiting
distribution of the normalized (X7 +...+Xg4+1)/v/¢ + 1 is a complex Gaussian with mean 0 and variance
1. Together with (7.1) this fact implies the following result.

Theorem 7.5. As q,di,...,dp—1 — 00,

1
Va+T

has a complex Gaussian distribution with mean 0 and variance 1 as C varies in H(%d-1(F,).

Tr(Frobe [ )

8 Heuristic

We give in this section a heuristic which explains the probabilities occurring in Theorems 1.1, 1.2 and
7.4.

8.1 Heuristic for hyperelliptic curves

We first give a heuristic explaining the results of Lemma 2.4 (Proposition 6 in [5]). To model square-free
polynomials, we consider polynomials with no double root in F,. That is, fix points x1,...,T¢rm and
count the monic polynomials of degree d that are not divisible by (X —x;)? for any 1 < i < £+m. Assume
that d > ¢+ m. Then by the Chinese Remainder Theorem, the number of such polynomials is the number
of monic polynomials of degree d multiplied by a factor of (1 — ¢~2) for each condition. There are £+ m
conditions, so there are ¢?(1 — ¢~2)*™ polynomials of degree d which are not divisible by (X — z;)?
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for any 1 <7 < ¢+ m. We now fix ay,...,a, € Fj and ap41,...,004m = 0, and count the number of
polynomials defined above satisfying F(z;) = a;. For i > £+ 1, we want F(X) = 0 mod (X — z;), and
there are (¢ — 1) such residues modulo (X — z;)? among the ¢ — 1 residues not congruent to 0 modulo
(X — ;)% For i < ¢, we want F'(X) = a; mod (X — z;), and there are ¢ such residues modulo (X — ;)2
among the ¢? — 1 residues not congruent to 0 modulo (X — z;)?. Using the Chinese Remainder Theorem,
this shows that

[{F € F4[X]: deg F = d, F monic, (X — x;)*{ F, F(z;) = a; }|
{F € F,[X]: deg F = d, F monic, (X —z;)?{ F}|

(3" (o) Ot
q2 -1 q2 —1 (1 _ q—2)€+m ’
which is the main term in Lemma 2.4. Then in some way, imposing the square-free condition cuts
uniformly across these sets, and being square-free is an event independent of imposing values at a finite
number of points. The error term occurs because if one interprets the square-free condition as a collection
of conditions indexed by irreducible polynomials, these individual conditions are only jointly independent
in small numbers.

We now illustrate how the above heuristic also explains the probabilities of Theorem 1.1. This is
very similar to the computation of Section 6. As there, we now use the set of (not necessarily monic)
polynomials of degree 2g + 1 and 2g + 2. There are ¢293(1 — ¢=2)**™*! such polynomials F € F,[X]

with no double zeros at the points z1,...,Z¢n. Denoting the point at infinity by z¢y.,,+1, we have to
compute
29+ 1<degF<29+2,(X —2;)?tF,1<i</{+m
'{Fe]Fq[X} " F(z)=a;,1<i<l4+m+1

8.1
(8:1) HF €eFy[X]:29+1<degF <29+2,(X —;)21F,1 <i<{+m}

If F(2¢+m+1) = 0, which is equivalent to deg(F) = 2g + 1, then the numerator of (8.1) is equal to
q?9t1=20m) (g — 1)¢t(q — 1)™. Similarly, if F(2¢ymy1) # 0, which is equivalent to deg(F) = 2g + 2, the
numerator of (8.1) is equal to ¢29+2-2(+m)¢f(g — 1)™. This shows that (8.1) is equal to
_1 m _9 ¢ if —
(qul) (qul) 1 ('/L'Z+m+1) - 0)
1 m 4 +1 .
(m) (q2_1) if F2pimai1) 2 0.

This is the geometric version of the main term in Lemma 2.4. To see that, let z1,..., 2441 be the
points of P*(F,), let ai,...,a,+1 € F, and let m be the number of zeros among the values ay, ..., aq41.

Then (8.1) writes as
LA\ a "7 _(—g g
g+1) \Z-1 (1 —g=2)ett 7

and the probabilities of Theorem 1.1 follow with the usual argument.

8.2 Heuristic for general case

The same heuristic can be used to explain the result one gets for curves C' that have a cyclic p-to-1 map
to Pl (Fq)a
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Lemma 8.1. The number of (p—1)-tuples (Fi, ..., F,_1) of nonzero residues modulo (X —t)? such that
(X —t) does not divide F; and F; for anyi # j is ¢°~2(q — 1)P"Y(qg+p —1).

Proof. Denote by S; the set of such tuples. The total number of (p—1)-tuples of nonzero residues modulo
(X —t)?is (¢*> — 1)P~1. For each integer 1 < k < p — 1, denote

B = {(F1,...,Fp_1) : (X —t) divides exactly k of the F;, (X —t)* does not divide any F;} .
Then
p—1
[Sil = (¢* = 1P = |Byl.
k=2

It is easy to see that [By| = (*)(¢ — 1)*(¢> — ¢)P"*7*, and the lemma follows by using the binomial
formula. 0

The number of (p — 1)-tuples in S; such that F = F1F3 ... F;'__ll takes the value a € [} is equal to
q?~Y(q — 1)P=2. Tt follows that the number of (p — 1)-tuples in S; such that F = FyF2. ..F;f:ll takes
the value 0 is equal to |Si| — ¢?"1(¢ — 1)?~! = (p — 1)¢?~2(q — 1)P~1. Therefore the probability that
F=FF;... Ff__ll takes a value a € F,; at a point ¢ is

p—1

ﬁ if(l:(),
qTp—

(8.2)
q

(¢=Dlg+p—1)

if a € F.

This explains the result of Corollary 4.5 and Theorem 7.3.

Finally, for Theorems 1.2 and 7.4, we note that taking the point at infinity into consideration works
just like in Section 8.1 and we get that for any enumeration xo,...,z, of Pl(IE‘q) and any €g, ...,&q that
are either zero or p-th roots of unity,

Prob (x(F(z;)) =¢€;,0<i<¢q)=Prob(X; =¢;,0<i<q),

where X, ..., X, are i.i.d. random variables taking the value 0 with probability (p —1)/(¢ +p — 1) and
each root of unity with probability q/(p(q¢ +p — 1)).
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