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Abstract

Let G be a unitary, symplectic or orthogonal group over a non-archimedean local field of residual
characteristic different from 2, considered as the fixed point subgroup in a general linear group
G of an involution. Following [7] and [I3], we generalize the notion of a semisimple character for
G and for G. In particular, following the formalism of [4], we show that these semisimple char-
acters have certain functorial properties. Finally, we show that any positive level supercuspidal
representation of G contains a semisimple character.

Introduction

Let F' be a non-archimedean local field and let G = GL(N, F). One of the main ingredients in the
description of the admissible dual of G by Bushnell and Kutzko ([6], [7]) is the notion of simple
characters: these are arithmetically defined characters of certain compact open subgroups of G.
To obtain all the irreducible supercuspidal representations of G in [6], there are three main steps:
first, to show that these simple characters have some rather remarkable properties of functoriality
(and it turns out that they even have such properties when the dimension N is allowed to vary
(see [6], [10]) and similarly for the base field I (see [4], [5] and sequels); second, to show that any
irreducible supercuspidal representation of G contains a simple character 6 of a group denoted H L
and finally, to find the representations of the normalizer in G of 6 which contain 6.

The purpose of this paper is to prove results analogous to the first two steps for unitary, symplectic
and orthogonal groups G, in the case where the residual characteristic of F' is not 2. To do this,
we must first generalize the notion of simple characters to what we call semisimple characters
of G and G. (There is a definition of semisimple characters in [I3] but, as is remarked there,
it is not sufficiently general.) We calculate the intertwining of these characters and demonstrate
some functorial properties. Finally, we show that any irreducible supercuspidal representation of
G contains a semisimple character of a group denoted H!.

Now we give a more detailed description of the results obtained. As above, let ' be a non-
archimedean local field of residual characteristic different from 2, equipped with a galois involution
with fixed field Fyy (where we allow the possibility Fy = F'). Let V' be an N-dimensional F-vector
space, G = Autp(V) ~ GL(N, F) and let G be the group of fixed points in G of an involution o
defined by a nondegenerate hermitian or skew-hermitian form on V'; so GG is a unitary, symplectic
or orthogonal group defined over Fy. We also set A_ = LieG C A = Endp(V) >~ M(N, F).
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The simple characters for G are parametrized by triples (3, A, m) consisting of: an element 5 € A
which generates a field extension F over F', with the technical condition kr(3) < 0; an og-lattice
sequence A of period e(A) in V', where og is the ring of integers of F; and an integer m with
0 <m < kp(B)e(A). (See and for some explanations of the terms here.) To such a
triple is associated a compact open subgroup H™ ! = H™*1(3, A) of G and a finite set C(A, m, 3)
of simple characters. If (8,A’,m’) is another such triple with Lﬁj = Le(LA,,)J, the functoriality
properties mentioned above give a canonical bijection between the sets C(A, m, 3) and C(A', m/, 3).
(Here, |q| denotes the greatest integer less than or equal to q.)

If we have a self-dual triple, that is 8 € A_ and A is a self-dual lattice sequence, then the group
H™*1 and the set of simple characters are fixed by the involution ¢ and we can define the set
C_(A,m,[3) of simple characters for G to be obtained by restricting to H™ .= g™l N G the
simple characters in C(A, m,3). Equivalently, and often more usefully, they are the transfers of
those simple characters fixed by ¢ under the Glauberman correspondence (note that H™*! is
a pro-p group, with p # 2). The intertwining of simple characters for G can be calculated by
intersection, from the intertwining in G (cf. [13], [12]). Moreover, if (3,A’,m’) is another such

m/

triple with L%J = LmJ7 the canonical bijection above commutes with action of o (Proposition
2.12)) and so induces a bijection between C_ (A, m, 3) and C_(A',m/, 3).

In [13], the notion of simple character is generalized to that of semisimple character, and in §3| we
generalize it further (cf. [13] §5 Remark 2). We take now a triple (3, A, m) where 3 generates a
sum of fields E = &;E;; this gives us decompositions 3 = Y, 3; (with E; = F[3]) and V = &, V",
with each V¢ an E; = F|B;]-vector space, and we also require that A decompose as a direct sum
@®; A, with each A? an op,-lattice chain. (Again, there is a technical condition which can be written
ko (ﬂ, A) < 0.)

For each 4, the triple (3;, A;,m) determines a compact open subgroup H™*1(3;, A;) and a set of
simple characters as above. Analogously to the definitions in the simple case, we can then define
a compact open subgroup H™1(3, A), whose restriction to the Levi subgroup M of G determined
by the decomposition V = @;V* is the product of the groups H™*1(3;, A;). The set of semisimple
characters C(A,m,3) for G then consists of characters of H™+1(3,A) which restrict to simple
characters on each H™"1(3;, A;) and are trivial elsewhere (there must also be some compatibility
conditions between these simple characters).

In §

3.3 we calculate the intertwining of such a semisimple character and in §3.5 we show that
semisimple characters possess the same transfer properties as simple characters. Finally, in §3.6]
we consider the situation when, for each i, the triple (8;,A;,m) is self-dual (note that, in this
situation, M N G is not a Levi subgroup of G); using Glauberman’s correspondence again, all the
results pass over to G, as in the simple case, and we get a set C_(A, m, 3) of semisimple characters

for G.

Our main result is Theorem [B.1t

Any positive-level irreducible supercuspidal representation of G contains a semisimple char-
acter § € C_(A,0,f3), for some self-dual semisimple triple (3, A, 0).

The proof is very much along the lines of [6] (8.1.5), though the geometry causes some extra
complications. We know already, from [14] §1.3, that such a representation 7 contains a semisimple
stratum, that is, a semisimple character in some C_(A,n — 1, 3), where n = —v) (). The idea is to
“refine” this character, that is, to find a related semisimple character of lower level which is also
contained in . We illustrate the first step of the process here.



The representation = must contain a character of the group Hf_l(ﬁ,A); comparing this to the
semisimple characters of H f_l(ﬂ, A) gives rise to a derived stratum in the centralizer of 3. There
are three possibilities now: if the stratum is non-fundamental (see Definition , by changing A,
we can obtain a semisimple character of lower level; if the stratum is G-split (see Definition , we
show (Theorem that 7 has a non-zero Jacquet module, which contradicts the supercuspidality
of ; otherwise, by replacing both 5 and A we obtain a semisimple character of lower level.

To prove the theorem, we iterate this, noting that we can bound the denominator of the level of
the semisimple characters we consider so the process will terminate.

1 Preliminaries

We refer the reader to [6], [7], [I2], [13] for more details on the results recalled in this section.

1.1 Notations

Let F' be a non-archimedean local field equipped with a galois involution ~ with fixed field Fp;
we allow the possibility F' = Fy. Let op be the ring of integers of F', pr its maximal ideal and
kr = op/pp the residue field; we assume throughout that the residual characteristic p := char kp
is not 2. We denote by 0g, po, ko the same objects in Fp, and will use similar notation for any non-
archimedean local field. We fix a uniformizer wp of F such that @r = —wp if F/F} is ramified,
wr = wpr otherwise. We put wy = w% if F/Fy is ramified, wy = wp otherwise; so wy is a
uniformizer of Fyp.

Let V be an N-dimensional vector space over F', equipped with a nondegenerate e-hermitian form,
with e = +£1. We put A = EndpV and denote by ~ the adjoint (anti-)involution on A induced by
h. Set also G = AutzV and let o be the involution given by g +— g1, for g € G. We also have an
action of o on the Lie algebra A given by a +— —a, for a € A (this is the differential of the action
on é) We put ¥ = {1,0}, where 1 acts as the identity on both G and A.

We put G = G= = {g € G : h(gv, gw) = h(v,w) for all v,w € V}, a unitary, symplectic or
orthogonal group over Fy, and A_ = A ~ Lie G. In general, for S a subset of A, we will write S_
or S™ for SN A_, and, for H a subgroup of G, we will write H_ or H~ for H N G.

Let g be a character of the additive group of Fp, with conductor pg. Then we put ¢ = ootrr/p;
since p # 2, F//Fy is at worst tamely ramified so ¢ F is a character of the additive group of F' with
conductor pp. For S an op-lattice in A, we put S* = {x € A : Y4(xS) = 1}. If S is fixed by o,
then we have S*NA_ ={zx e A_ :¢a(xS_-) =1}.
We will also frequently have a decomposition V = @221 Vi, Then, for 1 < i < I, we denote by 1°
the projection V' — V? with kernel D, V7 and put AY = 1A17 = Hom p(V7,V?). Then we will
use the block decomposition
All . All

A = : . :
All . All
We also put Ay = Bcicjq A7, A = DAY and M = @ A% and Ny = 1+ Ay,
N=14+A4A,M=M* P,=MN,, P,=MN,.



Finally, for r € R, we denote: by [r] the smallest integer greater than or equal to r; by r+ the
smallest integer strictly greater than r; by |r| the greatest integer less than or equal to r; and by
r— the greatest integer strictly less than r.

1.2 Strata

Recall, from [7] §2, that an op-lattice sequence in V' is a function A from Z to the set of op-lattices
in V such that

(i) A(k) C A(F), for k = j;

(ii) there exists a positive integer e = e(Alor), called the op-period of A, such that wrpA(k) =
A(k +e), for all k € Z.

A lattice sequence is called strict if A(k) # A(j), for k # 7 (so A is really just an op-lattice chain
—see e.g. [6] (1.1.1)).

For L an op-lattice in V, we put L# = {v € V : h(v, L) C pr}. Then we call an op-lattice sequence
A self-dual if there exists d € Z such that A(k)* = A(d — k), for all k € Z. Without changing any
of the objects associated to a self-dual op-lattice sequence A (except for a scale of the indices), we
may (and do) normalize all self-dual lattice sequences A so that d =1 (see [14] §2).

There is also a well-defined notion of the direct sum of lattice sequences (see [7] §2 for the defini-

tion and some properties). The direct sum of self-dual lattice sequences is itself self-dual, by the
assumption d = 1.

Associated to an op-lattice sequence A in V', we have a decreasing filtration {a,(A) :n € Z} of A
by op-lattices; ag is a hereditary op-order in A and a; is its Jacobson radical. As in [7], we will
allow the indices in the filtration to be real numbers, by putting a,, = ap,), for n € R. Note also
that, for n € Z, the integers |2] + 1 and |} | often appear in [6], [7] etc.; with the notation as
here, we have

aL%JJ’,l = a%+, and aLnTHJ = a%.

The filtration on A also gives rise to a valuation vy on A, with v (0) = 4o0.

If A is self-dual, then each a,(A) is fixed by ¢ and a,, = a,, (A) = a,(A) N A_ gives a filtration of
A_ by op-lattices. Moreover, v, is fixed by o.

Given an op-lattice sequence A, we also put U = U(A) = ag(A)*, a compact open subgroup of G,
and U, = U,(A) =1+ a,(A), for n > 0, a filtration of U(A) by normal subgroups. For n > 0, we
have a group isomorphism a,/da,y — U, /Uy induced by x +— 1+ .

If A is self-dual, then U, U, are fixed by ¢ and we put P = P(A) = U(A)* = U(A)NG, a compact
open subgroup of G, with a filtration of P(A) by normal subgroups P, = P,(A) = U,(A)* =
Un(A) NG, for n > 1. As before, for n > 1 we have a group isomorphism a,, /a,, = P,/P,.. We
also have, for n > 0, a bijection a,, — P, given by the Cayley map z — C(z) = (14 £)(1 — %)~
which is equivariant under conjugation by P.

We define the normalizer &(A) to be &(A) = (1,59 Nz(Un(A)), where Ng denotes the normalizer

(
in G. Note that, if z € &(A), then va(z) = —vp(z~1) (see [7] (3.4)). On the other hand, if z € G
and A is self-dual then vp(z) = vp(Z~!) = va(271), since v, is fixed by o (acting on A). Thus, if
x € R(A) NG, we have vp(x) = 0, whence R(A) NG = P(A).



Definition 1.1 ([6] (1.5), [7] (3.1)). (i) A stratum in A is a 4-tuple [A, n,r,b], where A is an
op-lattice sequence, n € Z and r € R with n > r > 0 and b € a_,(A).

(ii) Two strata [A,n,r,b;], i = 1,2, are called equivalent if by — be € a_,(A).
(iii) A stratum [A,n,r,b] is called skew if A is self-dual and b € A_.
(iv) A stratum [A,n,r,b] is called null if n =r and b = 0.
Then, for n > r > 5 > 0, an equivalence class of strata corresponds to a character of U, (A), by
[A,n,7r,b] — (Yp : 2 — Ya(blx — 1)), for z € Uy4),
and an equivalence class of skew strata corresponds to a character of P, (A), by

[A7n7 T, b] = 1/)1,_ = wb’Pr+'

Let [A,n,r,b] be a stratum in A. Put y, = wg/gbe/g € ag(A), where e = e(A) and g = (n,e). Let
®(X) € op(X) be the characteristic polynomial of y,. Then we define the characteristic polynomial
op(X) € kp[X] of the stratum to be the reduction modulo pp of ®(X). Note that this depends
only on the equivalence class of the stratum [A,n,n — 1,0].

Definition 1.2. We say that the stratum [A,n,n — 1,b] is fundamental if op(X) # XV,

sign

£a
= B(nX)

Now suppose that [A,n,r, b] is a skew stratum in A. Then we have y, = ny,, for n
(precisely, n = (—)¢/9 if F/Fy is unramified, n = (—)™/9(—)¢/9 otherwise), and thus ®(X

and ¢p(X) = (1 X).

)
Definition 1.3. We say that the skew stratum [A,n,n —1,b] is G-split if ¢,(X) has an irreducible
factor 1(X) such that (¢¥(X),¥(nX)) =1

Definition 1.4 ([6] (1.5.5). [7] (5.1)). A stratum [A,n,r, (] in A is called pure if

(i) the algebra E = F[f] is a field;
(ii) A is an og-lattice chain (we usually write A,, when we are thinking of it as such);

(iii) va(8) = —n;

Let [A,n,r, (] be a pure stratum and E = F[3]. We put B = Bg = C4(F), the A-centralizer of E,
and by, = a; N B, for k € R. We also let ag denote the adjoint map (with kernel B) z — [z — 23,
z € A. For k € R, we put nj, = ng(3,A) = {z € ap : ag(x) € a;}. Then we define

ko(B,A) = max {—n,max{k € R:ni ¢ by +a1}}.

Note that, in the case E = F, this is not the same definition as in [6] (1.4.5) (ko(8,A) = —c0
there). If e(Alog) denotes the og-period of A, then ko(5,A)/e(Alog) is an integer independent of
the choice of A; we denote it kr(5). (See [7] and [12] for more details.)

Definition 1.5 ([6] (1.5.5), [7] (5.1)). A stratum [A,n,r, 3] in A is called simple if, either it is
null, or it is pure and ko(8,A) < —



We remark that this is not quite the usual definition of simple strata since we call a null stratum
simple (but see the remarks following [6] (5.5.10)). In particular, any stratum [A,n,n, ] is equiv-
alent to the null stratum [A,n,n,0] so we may use the null stratum as the initial step in inductive
proofs “along ko(3,A)”.

Finally, for § € A such that E = F[f] is a field, we put B = C4(F) and recall the notion of a
tame corestriction s = sz on A relative to E/F ([6] (1.3.3)): it is a (B, B)-bimodule homomorphism
s : A — Bsuch that s(ag(A)) = bg(A) for all og-lattice sequences A. It is unique upto multiplication
by a unit v € oy and we have s(a,) = b,. If, moreover, € A_, then there exists a tame
corestriction s which commutes with the involution =~ on A (see [II] (2.1.1)); it is unique upto

multiplication by a unit u € o such that vz = 1. Then we have s(a,,) = b;,.

2 Simple characters

In this section we recall some properties of simple characters for G and G (see [6], [7], [13]). Many
of these are only available for strict lattice sequences and we will require them for general lattice
sequences, which is the main purpose of this section. We remark that, for G, these results (and
much more) have also been obtained by Secherre in [10].

We begin with a general intertwining lemma which will prove useful in extending results known
for strict lattice sequences to the general case. Let M be a Levi subgroup of Gand P, a parabolic
subgroup with Levi component M. Let N, be the unipotent radical of P, and let N; be the
unipotent radical of the opposite parabolic P;. Recall that a subgroup H of G is said to have an
Twahori decomposition with respect to (M, P,) if

H=(HON)HNM)(HNN,).

We also recall that, given subgroups Hy, Hy of G and representations p1, po of Hy, Hs respectively,
the intertwining in G of p1 with ps is

Iz(p1luy, p2lH,) = {9 € G : Hom agr,nm, (Y1, p2) # 0},

where 9p; is the representation of 9H; = gHyg~ ! given by 9p;1(z) = p1(g~xg), for x € 9H;. Notice
that, if p1, p2 are characters, then g intertwines p; with ps if and only if

p1(g~ xg) = pa(x), for all z € gH1g™ "' N Hs.
We use analogous notation for the intertwining of representations of subgroups of G, M etc.

Lemma 2.1. Fori = 1,2, let H; be a subgroup oféY with an Iwahori decomposition with respect
to (M, P,) and let & be a character of H; which is trivial on N; and N,. Then

I lmy s &aly) N M = Tng (&1l mynna, §2l o)

Proof We certainly have the containment C. For the converse, we take m € Ins(&1|m,nar, &2\ Honir)
and h; = mhom~t € Hy N mHym™1; by the Iwahori decomposition, we have

hl,lhl,Mhl,u =h = mhgmfl = (mhzlmfl)(mhgmeil)(th,umfl),

where h;; € H;N\ Ny, hy p € H;ONM, h;,, € H; N N,. But, by uniqueness of Iwahori decomposition,
we have hy; = mhglm*l, etc.. In particular, H; N mHym ™! has an Iwahori decomposition. The
assertion of the lemma is now trivial. [



Corollary 2.2. Let H be a subgroup of G with an Twahori decomposition with respect to (M, P,)
and let € be a character of H which is trivial on N; and N,. Let m € M be such that m normalizes
H. Then m normalizes & if and only if it normalizes &| -

2.1 Lattice sequences

Let [A,n,m, 3] be a simple stratum in A. When A is strict, the set of simple characters C(A,m, ()
is defined in [6] (3.2) — the elements are certain arithmetically defined characters of the group
H™(B3,A). (This group is defined in [6] (3.1) and denoted H™*!(3, A) there — note that, for m
real, we have C(A,m, 3) = C(A, [m], 3).) Moreover, a large number of properties of these characters
are described in [6] §3. The definitions are extended to the case when A is not strict in [7] §5 and
certain of the properties are established (see also [10]). However, for our purposes, we require more
of these; in particular, we calculate the intertwining.

It is convenient here to express our results in terms of ps-characters, whose definition we recall
([4] §8). First, a simple pair is a pair (k, ) consisting of a nonzero element 3 generating a field
extension F of F' and a positive integer k < kr(3). Then, if we are given

(1) V' a finite dimensional E-vector space,
(ii) B’ a hereditary og-order in EndgV”, (2.3)
(iii)  m’ a real number such that |m’/e(B'log)| =k,

we obtain a stratum [/, n',m’, 3] in A’ = EndpV" as follows: 2’ is the hereditary op-order defined
by the same lattice chain as B’ and the integer n’ = —vg(5)e(B’|og), where vg is the normalized
valuation on E. The condition on k& means precisely that this stratum is simple, for any choice of
(V',8',m’) as in . Moreover, given two triples (V/, B, m}), i = 1,2, as in , we have, by
[6] (3.6.14), a canonical bijection

oy 2,5+ C(AL,mh, B) — C(Aj,mh, B). (2.4)

Recall ([6] (3.6.1)) that if V] = V5 = V" and 0] € C(A}, m, 3) then Ty o 5(¢) is the unique simple
character 0 € C(),m}, B) such that 1 € G’ intertwines ¢} with 6}, where G' = AutgV"’.

A ps-character attached to a simple pair (k, () is a simple-character-valued function © which
attaches to each triple (V/,B’,m’) as in (2.3)), a simple character ©(2) € C(',m’, B) (called the
realization of © on A of level m) subject to the condition that, given two realizations O (),
i = 1,2, we have O(25) = 7oy o 5(O(2])). Thus a ps-character is completely determined by any
one of its realizations.

Now we put ourselves in the following situation (cf. [7] (5.2)): let [A,n, m, 3] be a simple stratum
in A, with E = F[3] and e = e(AJog). Let Vj be a finite dimensional E-vector space and let A” be
a strict og-lattice sequence in V| of og-period e. We put

Vi = Vo
AN = Aa A
We also put A’ = EndpV’ and G = AutpV’, Go = AutgVy. Then M = Go x G is a Levi subgroup

of G’ and we put N; = 1 + Hom g (V, V), Ny, = 1+ Hom p(Vp, V). We also denote by 1y the
projection onto V' with kernel V.



Now A’ is a strict op-lattice chain in V' of og-period e and [A',n,m, 3] is a simple stratum
in A’. Hence we have the set of simple characters C(A’,m,3) of H™(3,A"). Then, by def-
inition, H™*(8,A) = H™*(B,A') N G and C(A,m,[3) is the set of restrictions 6'|gm+ (g4, for
¢ € C(A',m,3). We remark that, from [7] (5.5), this is independent of the choice of A’; indeed
it depends only on the ps-character determined by 6, and may be thought of as the realization of
this ps-character on A.

Let r = —ko(B8,A) = —ko(3,A’). We put
M, = DM (B, A) = ar_m(A) N (B, A) + 32(B, ),

r+1

where 32 (8, A') = 312 (8, ') is defined in [6] (3.1). Then, for 6’ € C(A’,m, 3), we have

I, (0'[H™(8,N') = (1 +90,) B (1 + D),
where B’ = EndgV’, by [6] (3.3.2).
Proposition 2.5. Let 6 € C(A,m,[3) so that 6 = 0| ym+ (g a), for some 0" € C(A',;m, B). Then

I@(9|Hm+(/87A)) = (1 + E)nm)BX(l + mm)y
where My, = My, (B,A) =M, NA=1yM 1y and B =EndgV.

Proof We remark first that, by [7] (5.6), 91, is independent of the choice of AY. We abbreviate
H' = H™(B,\") and H=H™"(8,A).
By Lemma we have I (0/|H' N M) = Iy(0'|H') = (1 4+ 9, )B"(1 + M) N M and this is
precisely (1+ 9, )N M -B' N M- (1+9M,,) N M by [12] (1.3) (cf. op. cit. (3.15)). But then
I50|H) = I5(0'|H' N M)
= (A+M)NM-BnM-(1+M,)NM)NG
= (14+9M,)B*(1+My,)

as required. [

Lemma 2.6. Let © be a ps-character attached to the simple pair (k,3). Fori= 1,2, let A* be an
og-lattice sequence of op-period e in a finite dimensional E-vector space V' and let m; € R be such
that |m;/e| = k. Let 0; = O(A?) be the realization of © on A* of level m;. Then we have

1le I@(el, 92).

Moreover, 0 is the unique simple character in C(A%,ma, 3) such that 1 € I5(01,02).

Proof As above, let V4 be a finite dimensional E-vector space and let A? be a strict op-lattice
sequence in Vg of og-period e. We put V/ =V @ Vy, Aj = AL @ A, A}, = A2 ® A® and also
A" = EndpV’ and G’ = AutpV’.

For i = 1,2, let §; = ©(A]) be the realization of © on the strict lattice sequence A of level m;, so
we have H™H(6,A}) NG = H™*(3,A") and 6;|gm;+(g,piy = 0i- Then the first assertion follows
immediately from Lemma [2.1

For the final assertion, suppose 05 = ©'(A%) and 1 € I5(61,05). Consider Vo =V @& --- @V (e
times) and, for ¢ = 1,2, the strict lattice sequence Aé given by

Aj(k)y =N k)N (k+1) @ @A (k+e—1), forkeZ



Put 6y = O(A}) and 6 = ©’(A2). Writing M = G x - x G C Gy = AutpVy, we have o[y =
01®---®01 and 0|y = 050 - -®46); in particular, 1 € Ins(0o|ar, 0y ar). But, by [7] (5.2) Proposition,
0o, 0 restrict trivially to the unipotent radical of any parabolic subgroup with Levi factor M so,
by Lemma ﬁ we have 1 € I (6o, 0). But each A} is strict so, by [6] (3.6.1), the characters 6,
¢, correspond under the canonical bijection TALAZ, in 1) Hence 6}, = @(Ag) also and, since a
ps-character is determined by one of its realizations, we have © = ©’, as required. |

We will sometimes use 7p1 52 5 to denote the correspondence C(AY,mq,3) — C(A% ma,3) given
by the ps-characters.

Recall that, if we have [A,n,r, 3] pure, with A strict and » = —ko(8,A), and [A,n,r,7] is simple
and equivalent to [A,n,r, (], then the map

C(A,m,B) — C(A,m,7)
0 — Oy_g

is bijective for § < m < 7, by [6] (3.3.18). Note that this then clearly holds also when A is not
necessarily strict.

In fact, there will be several occasions when we will need to be careful in the way we choose a ~ as
above. To describe this, we recall the notion of a “generalized (W, E)-decomposition” from [7] §5.3
(see also [6] §1.2).

Let E/F be a field extension in A and put B = EndgV. We write A(E) = EndpE and A(F) for
the unique hereditary order in A(FE) normalized by E*. Let W be the F-span of an E-basis of V.
Then the isomorphism F ® p W — V induces an isomorphism of (A(E), B)-bimodules.

A(E)®g B ~ A.

In particular, the choice of W also induces an embedding of algebras vy : A(E) — A extending
the embedding of £ in A.

Now let A be an og-lattice sequence in V', which we may also view as an op-lattice sequence. We
put b, (A) = a,(A) N B, for n € R. We say that W is in general position relative to A over E if W
has an F basis wy, ..., wy, such that, for each k € Z, there are integers k(i), 1 < i < m, such that

Ak) = pi w0 @ - @ Pl

(That is, W is the F-span of an E-basis of V' which is a splitting of A — see §3.1}) Then [7] 5.3
Lemma says that, for such W, we have isomorphisms

A(E) @op bn(A) >~ ap(A), n € R,

of (A(E), bp(A))-bimodules.

Now suppose [A, n,r, (] is a pure stratum with r = —ko(3, A) and E = F[3]. Then [7] 5.3 Corollary
states that, for W in general position relative to A over Eg, [A,n,r, (] is equivalent to a simple
stratum [A, n,r,y] with v € v (R(A(E))).

Now, for i = 1,2, let [A% n,r, 3] be a pure stratum in A = EndpV;, with e = e(Ai|0E5) and
r=—ko(B,A"). Put V=V, @ Vo, A=EndrV and A = A' @ A%; then [A, n,r, 3] is a pure stratum
in A. For i = 1,2, let W; be in general position relative to A* over Eg and put W = W1 @& W,



which is in general position relative to A over Eg. Then there exists v € vy (R(A(E))) C Al & A2
such that [A,n,r,~] is simple and equivalent to [A,n,r, §]. In particular, we can regard v as an
element of A, Al or A? and, for i = 1,2, [A’,n,r,v] is a simple stratum equivalent to [A%, n,r, 3].
Then, for 6 € C(A,m,3) with § <m <r and i = 1,2, we have

TA N 3(0)0y g = Ty pi (0104 5), (2.7)

since the transfer maps are simply restriction. In particular, we obtain that, for € C(A!, m, 3),
we have TAl’Azﬁ(Q)’(ZJA/_ﬁ = TAl,A2,7(9¢7—5)'

2.2 The orders $ and J

Let [A,n,0,5] be a simple stratum in A. If A is strict then the orders (3, A) and J(8,A) are
defined in [6] (3.1); if A is not strict, they are defined in [7] by restriction from a larger space, as
in the previous section. However, it would be possible to make the definitions directly as in [6]
(3.1). In this section we show that these two definitions coincide. In fact, this will follow almost
immediately from the following two lemmas. We suppose V = V; @ V5 and use our standard block
notation.

Lemma 2.8. Let X, Y be op-lattices in A such that 1'X17 C X and 1°Y1I C Y, fori,j =1,2.
Then, fori,j=1,2,

(i) (X +Y)1V =1°X17 +1'YV17;

(i) (X NY)VV =1'X17 N 1Y 1.

Proof (i) is clear while for (ii) we have 1{(X NY)1/ C 1°’X1/ N 1°Y1/ C X NY; then, applying
1° on the left and 17 on the right, we have the required equality. |

Lemma 2.9. Let X be as in the previous lemma. Define (1!X1)* = {a € A’ : trAi/F(alini) C
pr}t. Then
(1'X19)* =1 X*1°

Proof Straightforward properties of trace. |

Let now [A, n,0, 5] be a simple stratum in A with r = —ko(8, A) and e = e(A|og), where E = F[f].
Let Vj be a finite dimensional E-vector space and let AY be a strict regular op-lattice sequence in
Vo of og-period e, where regular means that dim y, A°(i)/A°(i + 1) is independent of i (so that the
associated hereditary order bz = agN Bg is principal, where Bg is the centralizer of 3). Note that,
since A is regular, the valuation map vo : ﬁ(AgE) — 7 is surjective.

We put V! =V @ Vy, N = A ® AY. Using a generalized (W, E)-decomposition as above, we choose
v such that [A,n,r,~] is a simple stratum equivalent to [A,n,r, (] and [A’,n,r,~] is simple and
equivalent to [A’,n,r, 3]. Now Lemma implies immediately that we have $(8,A) = bgo +
957 (7, A) and J(8,A) = bgo + 32 (7, A).
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We also observe that, since A" is regular, we have £(A,,) = 1y R(A,,)1y: the containment D is
clear; conversely, for z € R(Ao), there exists zg € R(AY, ) such that va(x) = vpo(zo) and then

z 0
z =1y <0 xo> 1y € 1y R(A,, )1y

Now the main results of [6] (3.1) follow easily for an arbitrary lattice sequence. In particular we
have

Lemma 2.10 (cf. [6] (3.1.9-13)). (i) For 0 <t <r, S%Jr(ﬁ,A) is a bimodule over the ring
t
n_(8,A), as is J2(B, A).

(ii) For k € R, H*(B,A) C J*(8,A) are invariant under conjugation by K(A,y).
(iii) For k,1 >0, 3*(8, )3 (8,A) € 9*(B, A).
(iv) For k >0, §*(3,A) is a two-sided ideal of J(B,A).

2.3 Simple characters for G

We say that a simple pair (k, 3) is skew if the galois involution ~ can be extended to £ = F[f] in
such a way that 8 = —3. Then, if we are given

( (i) V' a finite dimensional E-vector space equipped with an e-hermitian
form f/: V' x V' — E,
(ii) B’ a hereditary og-order in EndgV”’ fixed by the involution ~ (2.11)

induced by [,
| (iii)  m’ a real number such that |m’/e(B'jog)] =k,

we obtain a skew stratum [, n';m/, 5] in A’ = EndpV”’ as follows: we choose an Fy-linear form g
on FEj such that

{e € Eo 5 Mo(eor,) Cpry} = Pr,

(as in [3] §5), and let A be the F-linear form on E given either by extending linearly (if F' # Fp)
or by composing with trp, g, (if ' = Fp); then V', as an F-vector space, is equipped with the
e-hermitian form A’ = X o f’. Note that the duality induced by A’ is independent of the choice of
Ao-

We say that a ps-character © attached to a skew simple pair (k, 3) is self-dual if there exists a
triple as in (2.11) such that the realization O(') € C(A,m/,B) is fixed by 0 : z —> T, v € &,
where G/ = AutpV’.

Proposition 2.12. Let (k,3) be a skew simple pair and, for i = 1,2, let V] be an E-vector space
as in (1), A be a self-dual og-lattice sequence of og-period €} in V/ and m) € R be such that
|m;/e;| = k. Then the canonical bijection Ty z g commutes with o.

Proof Let A{ be a strict self-dual og-lattice sequence of og-period e, = lem(e], €)) in an E-vector
space Vj as in (2.11))(i) and let m{, = ke. We consider the E-vector space V' = Vj L V]/ L VJ
equipped with the form f' = fj L f] L f3, that is

I/ (vo + v1 + v2, wo + w1 + wa) = fl(vo, wo) + f1 (v, w1) + fo(va,wa),  for vy, w; € V.
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Set A = Ay L A} L Al a strict self-dual og-lattice sequence of og-period € = ¢f in V', and
m' = myg. Then we have 7x1 ar 3 = Tar;,5© T_,}A,lﬁ so we need only check that 7x/ 5/ 3 commutes
with o, by symmetry.

Let 6 € C(AN',m/, B), 61 € C(A},m],3) be such that 01 = 7y s 5(0). Then, by the definition of
C(Ay,mi, B) (cf. [T] (5.5)), we have 61 = 6|5 , where G1 = AutpV/. But then 69 = 07|, so, again
by definition, 67 = 7/ A, 5(67) as required. [

Corollary 2.13. Let © be a self-dual ps-character attached to the skew simple pair (k,3). Let V
be an E-vector space as in (i), A be a self-dual og-lattice sequence of og-period e in V and
m € R be such that |m/e| = k. Then the realization § = O(A) on A of level m is fixed by o.

In particular, a ps-character is self-dual if and only if every realization of it is fixed by o.

3 Semisimple characters

In [13], the author defined semisimple characters for split semisimple strata. Here we extend this
definition to the “relatively split” case of [7] §6. We lay down the groundwork in and define the
relevant groups and semisimple characters in §3.2] The main results are then the calculation of the
intertwining of semisimple character (Theorem and the transfer property (Proposition .
In §3.6, we let the involution o act and obtain all the analogous results for our classical group G.

3.1 Preparation

Let [A,n,r, 3] be a stratum in A and suppose we have a decomposition V' = @221 Vi, Let A’ be
the lattice sequence in V* given by A%(k) = A(k)NV* and put 3; = 1°31?, where 1? is the projection
onto V* with kernel @#i VJ. We say that V = @221 Vi is a splitting for the stratum [A,n,r, 3] if
we have A(k) = @221 Ai(k), for all k € Z, and 3 = Zizl B;. Similarly, we say that a basis vy, ..., vy
for V' is a splitting of A (respectively the stratum) if V' = @f\il Fv; is a splitting for it.

Whenever we have such a splitting, we will use the block notation AY = Hom r(V7,V?) as in
In particular, M = @i:l AP

Definition 3.1 (cf. [7] (3.6)). A stratum [A,n,n—1, 5] in A is called split if there exists a splitting
V= @i‘:l V' such that the characteristic polynomials ¢;(X) of [A®,n,n —1,43;], i = 1,...,1 are
pairwise coprime.

Definition 3.2. A stratum [A,n,r—, 3] in A is called semisimple if either it is null or v (5) = —n
and there exists a splitting V = @2:1 V' for the stratum such that

(i) for 1 <i <1, [A%, q;,7—, 3;] is a simple or null stratum, where ¢; = r— if 3; = 0, ¢; = —v:(5;)
otherwise;

(ii) for 1 <i,j5 <1, # j, [A°® A, q,7—, B; + ;] is not equivalent to a simple or null stratum,
with ¢ = max {¢;, ¢;}.

Remarks 3.3. (i) A simple stratum is semisimple, with the trivial splitting. We will also consider
null strata [A,n,n,0] as a special case of simple strata, as in
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(ii) A non-simple semisimple stratum [A,n,n — 1, ] is certainly split (by a coarsening of the same
splitting), by [6] (2.5.8).

(iii) If [A, n, r—, (] is a semisimple stratum then the associated splitting V' = @é:l V' is determined
(upto order) by g: for i =1, ..,1, let ¥;(X) denote the minimal polynomial of 3;, which is irreducible
since F'[(3;] is a field; then the W;(X) are distinct (so pairwise coprime), by condition (ii) of Definition
so the minimal polynomial of 3 is Hé:l U;(X) and V* = ker ¥;(3).

Note that any stratum satisfying condition (i) of Definition is clearly equivalent to a semisimple
stratum, by coarsening the splitting suitably. In particular, for 1 < i < [, let [A%, g;,7,7/] be a
simple or null stratum equivalent to [A?, ¢, r, 3;] and put 7/ = 22:1 vi. Then [A,n,r,~'] satisfies
(i) and hence is equivalent to a semisimple stratum [A, n,r, 7], with splitting V' = @;n:l V1| where
{t,....,0} = UjL, I; and Vi = @z‘elj Vi This allows us to proceed by induction along r for
semisimple strata. (Note that, although we allow real values of r, only integer values really play a
role.)

In fact, we will have to be a little more careful in the way in which we choose ~. Recall that, given
[A,n,0, 5] a simple stratum with r = —ko(8,A) and E = F[3], [7] 5.3 Corollary states that, for W
in general position relative to A over E, [A,n,r, (] is equivalent to a simple stratum [A, n, r, ] with
v € tw (R(A(E))). We show now that we have a similar result for semisimple strata.

Proposition 3.4. Let [A,n,r—, 3] be a semisimple stratum in A, split by V = EBli:lVi and such
that [A,n,r, B3] is equivalent to a simple stratum [A,n,r,v]. Put E; = F[3]; then, given W' in
general position relative to A over E;, for 1 <i <1, we may choose v € [] ty: (R(A(E;))) € M.

Proof We show, by induction, that [A,n,t, 3] is equivalent to a simple stratum [A,n,t,v")] as
required, n — 1>t >r, t€Z.

Let ;(X) = ;(X)% be the characteristic polynomial of the stratum [A(E;),n;, n; — 1, 3;], where
n; = n/e(A’log,). Then the characteristic polynomial of [A%,n,n — 1, 3] is 1;(X)%, where §; =
dim g, V?, so the characteristic polynomial of [A,n,n — 1,3] is szl i (X)%. This stratum is
equivalent to a simple stratum so it is non-split; hence p;(X) = p(X), for 1 < <.

Now we choose ®(X) € op[X] such that p(X) = ®(X) (mod pr). Then, by [6] (2.5.11), we can
find simple strata [2A(E;),n;, n; — 1,7;] equivalent to [A(E;), n;, n; — 1, 5;] such that the minimal
polynomial of ~; is @((w;n/gX)e/g). Then we put v~ = Zi’:l Ly (i)

Now suppose we have found [A,n,t, 7] equivalent to [A,n,t, ] as required. We will omit the
superscript () and put E, = F[y]. We choose tame corestrictions s, on A, A(F;) which are
compatible with the (W, E')-decompositions (cf. [6] (1.3.9), (2.2.8)).

We have [21(E;), i, ti, 7] ~ [U(E;), ni, ti, 3], with e; = e(Aflog,), t; = | L ]. Let RU(E;), i, [ 2], &]

€ €

be a simple stratum equivalent to [A(E;), n;, L%j,ﬁz] By [6] (2.4.1), [A(Ei)op. , L | &L, s, (&—7)]

2
is equivalent to a simple or null stratum in A(FE;), where s, is a tame corestriction relative to
E,/F. Let 1;(X) = ;(X)% be the characteristic polynomial of this stratum. Then, as above, the
characteristic polynomial of [Ao, ,¢,t —1,5,(§ —7)] is H»ZL':1 ¥i(X)%, where ¢ = Zi:l tyyi (&i)-
Now let [A,n,t — 1,3] be a simple stratum equivalent to [A,n,t — 1,3]; then, if ¥ = ' — v =
(8= B)+ (B—"), we have b/ =& — v (mod a;_¢) so
[AUE.Y ’ t7t - 17 S’Y(b/)] ~ [AUE,Y ) t7 t— 17 S’Y(E - ’7)]
The former stratum is equivalent to a null or simple stratum, by [6] (2.4.1), so we deduce that

vi(X) = p(X), for 1 <i <.
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First suppose ¢(X) = X, i.e. the strata above are equivalent to null strata. Then, by [6] (2.2.1),
for 1 < i < there exists a conjugate 7, of v by the group U'(2((E;)) such that [A(E;),n;, L%J,%’]
%j , 3i] and we put 1) = 2221 Ly (7))
So we may assume @(X) # X; in particular, L%J = t; — 1. Choose ®(X) € op, [X] such that
©(X) = @(X) (mod pg,) and choose ¢; € B,(E;) = Endg, E; such that

is equivalent to [A(E;), n;, |

[Ql(E’i)ﬂE,Yativti - 17 S’Y(f’i - 'Y)] ~ [Ql(E’L)OE,Y7t17tZ - 17 ci]

and ¢; has minimal polynomial CIJ((ij/ 9X)¢/9), where g = (e, t) and wg, is a (fixed) uniformizer
in E,.

We put E] = E,[¢]; these are all isomorphic to E' := E,[c], where ¢ has minimal polynomial
@((wgi/gX)e/g) Consider the simple stratum [2A(E’),n’,¢',v] in A(E’) and the derived stratum
[RU(E )op, . ', — 1,c], where € = e(A’]oE/) and n’ =n/e’, t' =t/e’. Choose b € A(E’) such that
VQL(E/)(b) = —t" and s/,(b) = ¢, where s/, is a tame corestriction on A(E") relative to E,/F; then the
stratum [A(E"),n/,t' — 1,~v + b] is simple, by [6] (2.2.3).

Now let Y; be in general position relative to 2A(E;) over E' ~ E! and consider the stratum
[A(E;), ni,ti — 1,0y,(y + b)]. This is simple and, as in [6] (2.2.8), some conjugate, by the group
UL (A(E)), [Ql(E) ni,ti — 1,7 is equivalent to [A(E;), n;,t; — 1,&] ~ [A(E;), ni, ti — 1, 3;]. Then
A1) = Zi‘:l twi (7)) is as required. [ |

The previous proposition shows, in particular, that we may choose v € M, and this is the only
property of v which we will use in § Then each decomposition Vi = @ el Viis a
decomposition of F' [7]] -spaces, 1 < j < m. If s; is a tame corestriction on Alili relative to
Flv;]/F, then [AUJE ;7,7 — 1,8(B1; — 71;)] is equivalent to a semisimple stratum with splitting
Vi = @z‘elj V(@ ) comes from [6] (2.4.1) while (ii) follows by [6] (2.2.8)).

We also have a converse to these observations, which follows from [6] (2.2.8), (2.3.12):
Lemma 3.5 (cf. [6] (2.2.8)). Let [A,n,7,7] be a semisimple stratum with splitting V = @', V7

Put E; = F[v;] and let s; be a tame corestriction on A% relative to E;/F. For 1 < j < m, let
b; € a“ be such that [A}

o, 1 5 8 (b;)] is equivalent to a semisimple stratum and put b= 377" | b;.

Then [A,n,r—,~v +b] is equwalent to a semisimple stratum.
Now let [A,n,0, 5] be a non-null semisimple stratum and put
ko(B,A) = —min{r € Z : [A,n,r, 8] is not semisimple}. (3.6)

Note that this is consistent with the definition for simple strata in There are two possibilities
here:

(i) For some i, 1 < i < [, we have ko(8,A) = ko(8;, A*). Then, putting e; = e(E;|F), we have

ko(B,A) _ kr(5i)
e(Alop) e

(ii) There exist 4,5, 1 < 4,j < [, such that [A’ ¢,7,3;] and [A/,q,r,3;] are simple and [A" &
A q,r, B; + B;] is equivalent to a simple stratum [A" @ AJ, g, 7, 7], where r = —ko(3,A) and ¢ =
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¢; = q; are as in Definition Then, by [6] (2.4.1), there exist ¢;,¢; € E, = F[y] such that
[A%DEV,T,"I“ —1,5,(y = Bi)] ~ [A%EV,T, r — 1,¢], and likewise for j. Since, by definition of ko (3, A),
[A*@® A, q,r —1,0; + (5] is not equivalent to a simple stratum, the derived strata above do not
have the same characteristic polynomial, by [6] (2.2.8). In particular, at least one (say for 7) is

fundamental and we have r = Vi (¢i). Then, putting e; = e(F;|F) = e(E,|F), we have
Y

kO(ﬁ7 A) _ _VE’Y(Ci).

6(1\’0}7’) €;

Now let [A’,n/, 0, 3] be another semisimple stratum (with splitting V' = @i-:l V%), Then, whichever
of the two cases above occurs, we have

Ko(B.A) _ ko(B. A)
e(Aor) ~ e(Nop)’

(For case (ii), note that there is an Ej-basis of V* which is a splitting of both A* and A”%; taking
W to be the F-linear span of this basis — so that it is in general position relative to both A’ and
A" — and choosing W7 similarly, we may use Proposition to choose the same « for A and A’.)

3.2 Definitions

We continue in the situation above, so [A,n,r—, ] is a semisimple stratum with splitting V' =
@221 V¢ and [A,n,r, (] is equivalent to the semisimple stratum [A,n,7,7], with v € M; we write
b= (3 —~. Let Bg denote the A-centralizer of 3; we have Bg = @2:1 Bgz We consider the adjoint
map ag : © — fx — xf3, for x € A. Note that the restriction of ag to A" is certainly bijective for
i # j. For k € Z we put

nk(ﬂ, A) = {a €ap: ag(x) S Clk}.
We clearly have ng(3, A)" = ny(3;, AY), for 1 <i <.

Lemma 3.7. For k <r we have

(i) fori#j, n_x(B,AN)Y C a,_p;

(i) n_x(B,A) =bgo +n_(B3,A) Na,_g.

Proof We note first that we have n_p(5,A) Na,_r = n_x(y,A) N a,_g, since, for z € a_,_y,
ag(x) = a(x) (mod a_x). Also, (ii) holds in the simple case by [6] (1.4.9) (see also [12] §4) and
hence follows immediately from (i) in the general case.

Let us fix ¢ # j. We put ¢ = max{¢;,¢;} and let t € Z with r < t < ¢ be minimal such that
[A®® AJ q,t,B; + B;] is equivalent to a null or simple stratum, say [A? @ A7, q,t,(]. Put E = F[(]
and let s¢ be a tame corestriction on Endp(V* @ V7) relative to E/F. Put b = 3; + 8; — (; then,
by the minimality of ¢ and [6] (2.2.8), the derived stratum [Aﬁ,E @ A{;E,t,t —1,5¢(b)] is split. We
put s = —ko({, A" D A).

Now let y € ai_jk; then s¢(y) € bg_k so, by [7] (3.7) Lemma 4, there exists z € b¢;_, such that
as.(v)(2) = s¢(y). Then y—ap(2) € ker s¢Na_y so, by [6] (1.4.10), there exists € n_y((, A"&A) N
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as—r such that a¢(x) = y—ap(z). Then ag(z+2) =y (mod a;_x) and, since x+ 2z € a,_y, it follows

easily that the image ag (aij_ i | contains ai_jk. Since ag is bijective on AY we get an isomorphism

n_p(8,A)na? 5 a”. (3.8)

Since s > r, we have n_j(3,A)Y C a,_; C a,_, as required. [ |

Now we define the orders $(3,A) C J(3, A) inductively by

S{)(ﬂv‘/\) = bﬁ,0+~6%+(’77A)7
JBA) = bao+3E(7,4),
with $(0,A) = J(0,A) = ap(A). Note that this is consistent with the definitions of [6] §3.1 in the

simple case, by op. cit. (3.1.9)(v), (3.1.10)(v). Moreover, as in the Remark following loc. cit., to
check that this definition of $(3, A) is independent of the choice of v € M, we need only prove:

Lemma 3.9 (cf. [6] (3.1.9)(v)). Let [A,n,r—, '] be a semisimple stratum equivalent to [A,n,r—, (]
and with the same splitting. Then

Proof We assume in this proof that $(3’, A) has been defined relative to the same semisimple
stratum [A, n, 7, 7]; then the only possible difference between the two orders must lie in M, since Bj
and Bg are both contained in M. But, for each 1, [Ai,n,r—,ﬁg] and [AY,n,r—, 3;] are equivalent
simple strata so

by the simple case [0] (3.1.9)(v). [

Similarly, J(8, A) is independent of the choice of v € M.

Lemma 3.10 (cf. [6] (3.1.10)). For 0 < k < r, we have
() n_x(8,A) Na,_x C32(8,A);

(ii) Sg(ﬁ,A) is an n_g (B, A)-bimodule.

Proof We proceed by induction on 7, with the simple case given by [6] (3.1.10). By Lemma

n_g(ﬁ,/\) N Clr_g =

n_ (PY’A)mar k
2
— b%r—g +n_§('y,A) ﬂar_ng.

k
2

Now, since r — & > £ we have that "2 (8,A) = 37“—%(% A)and also b« C 37“—%(% A), while
T2

T
2

IMESIENTES

n_x(y,A)Na,_x, C 3T_§+(7,A) C 3" 2(v,A), by induction, so (i) follows.
2 2

16



We have that 35(,6, A) = by + 3%(7, A) and also n_x(8,A) C n_.(B,A) = n_.(y,A) so that
2

n_,(8,M)3%(v,A) C 32(v,A) by induction. Also, n_,(3,A) = bgo +n_r(B8,A) Na,_ by Lemma
3.7|(ii). The result now follows from (i) since

(n,k(ﬂ,A)ﬂar,k)bﬁ’g C nfg(ﬁ,A)ﬂaP%
C ITE(BA) C FE(BA).

Similarly, n_x(8,A)Na,_x C 3’"_§(ﬂ,A) and ﬁ§+(ﬂ, A) is an n_g (3, A)-bimodule, for 0 < k < r.
2 2
Lemma 3.11 (cf. [6] (3.1.13)). (i) For k < r, we have

k
2

(n_k(3,A) N k)I2(B,A) € H5H(B, ).
(ii) For k >0, we have bs13%(3,A) C HE1(3,A).
(iii) For k1> 1, 3¥(3, A)J'(B,A) € 9¥(B,A).

(iv) For k >0, §*(3,A) is a two-sided ideal of J(B,A).

Proof The simple case is given by [0] (3.1.13). We have J

(n_k(B,A) N aT,k)bﬁ% C n_g(ﬁ,A) N a, x
C 973(B,4) C 95H(B,A),
since k < 7. On the other hand,
(n_k (B, A) Nar—k)IZ(B,A) = (n_k(y, A) Nar_x)IZ(7,A) C 927 (7, 7)

by induction.

For (ii), it suffices to show that b ;32 (3, A) C $(B, A), which is immediate from (i), with k = r —1.
The remaining assertions follow, as in [6] (3.1.13). [ ]

Now, for m > —1, we put H™ (3, A) = $(8,A) NU™ ! (A) and similarly for J™(5, A). We will
usually write J(3,A) = J°(3,A). Note also that H™H (8, A) N G; = H™ 1 (3;, A?), for 1 <i <,

Corollary 3.12 (cf. [6] (3.1.15)). Abbreviating H™ = H™(3,A) and likewise for J™, we have:
(i) for0O<m < G+ and 0 <1< 3,
H™ = (U™A)NBg)-H3*,  J'=(UYA)NBg)-J3;
(ii) form >0, H™ C J™ and, form >0, H™ < J;
(iii) for k,1 >0, [J*¥, J'] c H*
We also remark that H(3,A) and J(3,A) have Iwahori decompositions with respect to M.
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Definition 3.13 (cf. [6] (3.2.1), (3.2.3), [13] (3.11))). For 0 < m < r, the set C(A, m,3) of
semisimple characters of H™ (3, A) is the set of characters § such that

(1) 9’H'm+(ﬁ A)méi € C(Aivmw@i)a fOl" 1 S { S lv

(ii) if m’ = max {m, 5}, the restriction Ol g+ (g,a) 18 Of the form v, for some 6y € C(A, m', ),
where b = (5 — 7.

Note that this too is consistent with the definitions of [6] §3.2, by [6] (3.3.20).

Remarks 3.14. (i) If m > % then we have H™*(8,A) = H™*(y,A) and condition (i) of the
definition is implied by (ii). In particular we have a bijection

C(A,m,y) — C(A,m,p);
0 — Oy
(ii) Suppose [A,n,r,~'] is another semisimple stratum which is equivalent to [A,n,r, 8], with 4/ €
M. Then we could define the set C(A,m, ) with respect to this stratum also. However, these

definitions coincide: this follows as in [6] (3.3.20) from the fact that, if [A, n,r—, §'] is a semisimple
stratum equivalent to [A,n,r—, 5] and with the same splitting, then

C(A5=8) =C(A5—0) Yo
(cf. [6] (3.3.20)(iz)). To prove this, we assume that C (A,5—,3’) has been defined relative to
the same semisimple stratum [A,n,r,v]; then, given 6§ € C (A, 5—, ), the character 0y _g of
Hz(B8,A) = H2(3, A) certainly satisfies condition (ii) of Definition
from the simple case [6] (3.3.20)(7).
(iii) The set C(A,m, ) is indeed independent of r since, if r < —ko(5,A), we may take v = [ in
the definitions.
Lemma 3.15. (i) Let 0 < m < r and 6y € C(A,5,v). For1 <i <1, let 6; € C(A",m, ;) be
such that 0; agrees with Ogy, on H%Jr(ﬂ,A) N G;. Then there exists a unique character 6 of
H™ = H™(8,A) such that 0] gmiqy = QL_, 6; and 0| = Ootby. Moreover, 0 is

trivial on N; and N,.
(ii) Let 6g € C(A,5,7v). Then J(B,A) normalizes Ooty|

while condition (i) comes

HEZY(BA)

HZF(y,A)°

(iii) Let 0 <m <r—1 and 0 € C(A,m,3). Then 6 is normalized by J(3, ).

Proof We proceed by induction, the case of a simple stratum being given by [6] (3.3.1); so we
assume the results hold for v, G;.

(i) The characters 6y, and ®Z 1 i certainly agree where they are both defined. Now H™+ N M
normalizes H2+(ﬂ A) since 9m/}b|H2+ BN € C(A?, 5,06i), for 1 < i < [. But 0pyy is trivial on
N; and N, and hence H™ N M normalizes the pair (Hz(v,A),801), by Corollary The
assertions are now clear.

(ii) For j € Jz(y,A), this is implied by (iii) for v and, as in (i), J N M normalizes the pair
(H2F (7, A), 6otp).

(iii) For m > %, this follows from (ii) so assume m < §; then, for j € J(B,A), h € Hzt(6,A) we
have 0(jhj~1) = 0(h). Also, for j € J(3,A) N N;, h € H™(B,A) N M, we have 0([j,h]) = 1 since
[7,h] € H™(B8,A) N N; C ker 0, and likewise for N,,. Hence we need only check that J(3,A) N M
normalizes ®é:1 0;, which follows from the simple case. |
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For m < r, we put
My (B, A) = n_p (B, A) Nar_p +32(8,A).

Note that for m < § we have m,,,(8,A) = Jz(3,A). On the other hand, for m > , n_,,,(3,A) N
Ar—m = Mo (7, A) N ap_y = bypem +0_n(B8,A) N ay_ppy, by Lemma ( i); hence my,(3,A) =
b%T—m + My (’77 A)

We note that, if [A,n,r—, 3] is simple, then m,,(3,A) is not the same as the lattice 9, (5, A)
defined in [7] (5.6), unless [r] = —ko(5, A); otherwise, we have m,(3,A) = bg,—m + M, (5, A) so
m,, (3, A) does in fact depend on r, though only in a rather trivial way.

For 0 <m < r, we put I',,,(6,A) =1+ m,,(5,A) and we also put I',.(8,A) = m,.(5,A)*. Hence we
have, for m > 5, I';,(8,A) = (Up—m(A) N B, )T (7, A), with the first factor normalizing the second.

Lemma 3.16. Let 0 < m < r and 6 € C(A,m,[3). Then 0 is normalized by T, (5, A).

Proof For m < 5 this is weaker than Lemma m so suppose m > g so that 'y, (8,A) =
(Up—m(A) N By (v, A) and 6 = 6ppp. Then I'y, (5, A) normalizes 6y, by induction and Lemma
But we have I'y,(8,A) C Uy—n(A) so Iy, (5, A) clearly normalizes v, also. [ |

3.3 Intertwining

In this section we calculate the intertwining of semisimple characters. We remark that we certainly
have BﬁX C I (0] gm+(3,0)n0r), Dy the simple case [6] (3.3.2), and hence BE C I5(0) by Lemma
Then, by Lemma [3.16], we certainly have

We will show that we in fact have equality here. First we need some exact sequences.

Lemma 3.17 (cf. [7] (6.3) Lemma). Let 0 < m < r. The sequence

0— bﬁ,rfm - mm(ﬁgA) % (f)m—’_(ﬁ,/\))* N imaﬁ — 0

is exact. Moreover, if h € BE and 0 — [ — Iy — [3 — 0 denotes the above sequence, then the
sequence

0—-hWh+1? - h Mh+ - Wh+1) -

s also exact, for any 1 <14,7 <.

Proof In the (4,4)-blocks, the sequences are exact by the simple case, [7] (6.3) Lemma (recall
that m,, (83, A)% = bg, »—m + M (B, AY)), while in the (4, j)-blocks, i # j, the exactness of the first
sequence says that ag induces an isomorphism

M (3, A)7 5 (9™ (3, A))*.

We put ¢ = max {g;,¢;} and let r < ¢ < ¢ be minimal such that [A’ & A7, ¢, , 3; + ;] is equivalent
to a null or simple stratum, say [A’@ A7, q,¢,(]. Put E = F[(] and let s¢ be a tame corestriction on
Endp(V? D Vj) relative to E£/F. Also put b = 3; 4+ f; —( and s = —ko((, A). The derived stratum
(AL ® A —1,50(b)] is split.

0E7
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We have

M (B, A)7 = n_pn (¢, A @A) Nall 4+ 33(CA AV,

(B, 0)" = (5™ (¢, A @ M),
where m/ = max {m, 5}. Then

ac(mn(B, 0)7) C a2, +ac(32(G AT @ M)Y),
which is contained in ($™F(3,A))*¥ by the simple case, and
ap(m (8, 0)7) C a4 +ad ca? .

Hence we have ag(m,,(3,A)”) C ($™F(3,A))*" so we need only check surjectivity.

Let y € (H™(3,A))"; then sc(y) € bé{_m, so, by [7] (3.7) Lemma 4, there exists z € bé{t_m,
such that s¢(y) = as )(2). Then y —ap(2) € (H™F(B8,A))*¥ Nker s¢ so, by the simple case, there
exists € My (8, A)7 = 32 (¢, A" @ A)¥ such that ac(z) = y — ap(2). Then ag(z + 2) = y + ap(z)
and we have ay(z) € ag_t C a’_]%. Then, by with k& = 7, there exists v € n_s(8,A) N a%] C
32(¢, A" @ A9 such that ag(z) = ap(z). Then we have y = ag(z + z — v).

The exactness of the second sequence is now clear, since all the [, are bg o-modules and the canonical
projections 1° lie in bg . |

Similarly, we have an exact sequence

0= bgmy — H™T(B,A) 2 (mp(3,A)* Nimag — 0.

In particular, with m = § we have

0—bgr —H2H(BA) 2 (32(8,A)* Nimag — 0. (3.18)

m
2

Lemma 3.19. Let0<m <r,ge 'y (8,A), he H
l9,h] € H2*(8,A) and

T and 0 € C(A, 5,3). Then the commutator

9[97 h] = @Z)g_lﬂgfﬁ(h)'

Proof We proceed by induction, the simple case being given by [6] (3.2.11). We suppose first that
m > & so that we can write g = ug’ with v € (Ur_m(A)NBy), ¢ € (v, A). Also, if [A,n,r, 7] is a
semisimple stratum equivalent to [A,n,r,b], then 6 = Og1, for some 6y € C(A, 5,v) and b = 3 — 1.
Then

Oolg, h] = Oolug’,h] = 6o, h] since u normalizes 6
= Yy-1,9_,(h) Dby induction
= Pg1y9_(h) since u commutes with ~.

We easily see that 1s[g, h] = 1,-144_p(h) so the result holds for m > 3.
Ifm< Sthengely, =J 3 normalizes f. Then the result follows from the fact that ag(m,, (8, A)) C

(H21(8,A))*, from Lemma [
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Corollary 3.20. Let0 <m <7, g € I'n,(8,A) and 0 € C(A, F,3). Then g normalizes H%Jr(ﬁ,A)
and

09 = 01g-154—5-

Proof $2% is an n_,,-bimodule so g certainly normalizes H2 ™ and, for h € H2, 09(h) =
0(h)6([g,h]). But [g,h] € HzF so 6([g, h]) depends only on the restriction §|Hz* and, by Lemma
0([g, h]) = 1g-184—p(h), as required. [ ]

Corollary 3.21. Let 0 < m < r, g € T (B, A)BEI’er(B,A) and 0 € C(A,m,3). Then, as
characters of H™(3,A) N g~ H™ (3, A)g, we have

09 = 05134 p-

Proof For g € T'y,4, this is given by Corollary [3.20f Now consider g = ybh, with y,h € T'y,4,
b € Bj. Then, since I'y,y normalizes H™, for any € H™ N g 'H™*tg, we also have x €
h='o='H™*bh and x € h~'H™*h. Hence we have

09(x) = 6Y(bhah™'b"") = O(bhah™ b )15, s(bhah~b7)
= O(hah™ Yg159—p-1pn(z)
= 0(@)Vn-1n—p(@)Yg-154—n-15n(2)
= 0(z)¢g-15,_p(z)

as required. [

Theorem 3.22 (cf. [6] (3.3.2), [7] (6.4)). Let 0 < m < r and let 6 € C(A,m,3). Then we have

I@(Q) = (B, A)Bgrm(/B,A)

Proof We proceed by induction on r, the simple case being given by [6] (3.3.2). Further, the

result for m < § follows from the case m = L%J since then m;,(3,A) = m|z|(3,A). So we may

assume m > |£]. By Lemma Lemma and the simple case, we need only show that
I5(0) C Ty MTy,.

Since the result for all m follows from that for integral m, we suppose m € Z (in particular, we will
write m + 1 for m+, etc.). We proceed by induction on m, beginning with the case “m = r”. That

is, we show

1501 ar+1(5,0)) = T (B, M) BS T (B, A).

But this is immediate from induction on r, since 0|gr+1(34) € C(A,7,3) and BﬂX c (Us(A) N
Bg)M (Up(A) N Bg). So we suppose m < r and we have the result for m + 1. Let g € I5(0); then g
certainly intertwines the restriction of § to H™*2(3, A) so we can write g = yhy', with y,y’ € T'i1
and h € Bj. Also, by Lemma we have

09 = 0vy-15,_3 as characters of H™1(3,A) N g ' H™ (3, A)g.

21



Now we proceed by induction on I, the case [ = 1 being the simple case. Let V = W' @ W?
be a coarsening of the splitting V' = @2:1 Vi, We now use our block notation with respect this
new splitting (so A%! denotes Hom (W', W?), etc.), but denote the Levi subgroup and unipotent
radicals M’, N/, N},. By induction, we assume that the result holds for 6|z, € C(A*,m, £;), i = 1,2.

Consider the restriction of 6 to the group

m-+2 m+1
Kl =1+ Ela El = <2m+2 gm-i-Q) :

Then ¢ intertwines € on K; so we have
g BHE)gN (B +E) #0.

Write y = nymyly, with ny =1+y, € N, N\ Ty, my € M NT g and Iy =1+ y € N/ NTpqq;

likewise, y' = I;myn;. Now ag(yn) € € so n;l(ﬁ—l—(’f)ny = [+ ¥}, and likewise for n;. The same is

also true for my, m’y since they normalize 0|k, by Corollary Hence ¢ = lyhl; intertwines the

coset 3 + £, that is
h~lag(y)h + ag(y) =0 (mod h™'efh + &)
This is certainly satisfied in all blocks except possibly the (2,1)-block, where we have
hlag(y)h +ag(y) =0 (mod (h™'Eh +€) N A%
By Lemma there exist z;, z] € m2! such that
ag(hflylh +y) = ag(hflzlh + 2]).

Then, by the injectivity of ag on A?!, we have ¢ = (1 + z)h(1 + z]).

Now the fact that I';,+1 normalizes I'), implies that, absorbing factors into I'),, we may assume
g = nymyhmn;. Similarly, by considering the restriction of 6 to

1 +ﬁm+2 ﬁm+2
K, = < y)m-‘,-l 1+57)m+2> )

(that is, reversing the roles of the (1,2)- and (2, 1)-blocks) we reduce to the case g = my,hm;, € M’
so the result holds by the inductive hypothesis. |

3.4 Heisenberg extension

We continue with the notation of the previous section, so [A,n,r—, 3] is a semisimple stratum,
[A,n, 7] is a semisimple stratum equivalent to [A,n,r, 5] and we put b = 5 — ~.

Lemma 3.23 (cf. [6] (3.2.8)). Let 0 <m < r, § € C(A,m,3) and let j € J*(B,A), 7' € J'(B3,A\)
with k+1>m. Then [j,j'] € H™(8,A) and

005,71 = Vj-15j-5(3").
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Proof The first assertion is Corollary [3.12(iv). We proceed by induction on r but first reduce

to the case k,l > L. Put k' = max{k,$}, ' = max{l,5}; then we may write j = wh, with

u€Uk(A)NBj and h € J¥(3,A), and likewise j' = u'h/. Then
01,51 = Olu, hy'h™ 110k, K10['RR, u/].

Let 6 € C(A,k—, B) extend 6; then u € H*(8,A) and 0[u, hj'h 1] = O[u, hj'h~1] = 1, since J(3, A)
normalizes 6. Similarly, O['hh’'~1, u'] = 1 so we have

013,41 = 0lh, 1].
On the other hand,
Vi-15i-5(7") = Yp-1n_p(u'h’),
since u commutes with 3. We write h =1+, v/ =1+ vy, with z € 3'“/(6,1\), y € bg;. Then

Un-1pn—g(u) = Pp o tr(ag(z)y — z(1 4 z) " ag(z)y),

where tr is trg/p. Now ¥r o tr(ag(z)y) = ¢ o tr(—zag(y)) = 1 as y commutes with 8. Also
Yr o tr(z(l+2) tag(a)y) = Yr o tr(ap(x)ye(l + )"

and yz(1 4+ x)~' € b3 (B, A) € H:(3,A). But ag(z) € (92F(3,A))*, by Lemma SO
altogether we have
Yi-1p5-5(") = Yn-1n-p(H)

and we have reduced to the case k,I > 7. Indeed, we may (and do) assume k = | =

(7,51 € H"(B,A).
We have

SO

N3

0[]7],] = QO[jvj,]¢b[ja j,]a

for some 6y € C(A,7—,7), and Oo[j,j'] = ¥j-1,,_,(j") by induction. But it is straightforward that
Uplg, '] = ¥j-14j_(j") so the result follows. [

Proposition 3.24 (cf. [6] (3.4.1)). Let 0 <m <r and let § € C(A,m—, 3). The pairing
ko:(g.9') —0lg.q'l, 9,9/ € J"(B,A)
induces a nondegenerate alternating bilinear form

J™(B,A)/H™ (B, A) x J™ (8, A)/H™(8,A) — C*.

Proof Asin [6] (3.4.1), we need only show that
0lg,d1 =1 Vg € J™(B,A) = g€ H™(B,N),

the implication < being immediate, from Lemma [3.15(iii).
We proceed as usual by induction, the simple case being [6] (3.4.1). Suppose first m > &; then
0 = 0oy, for some Oy € C(A,m—,7), and, for g,¢' € J™(3,A), we have [g,g’] € U (A) C ker 1.
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Hence kg = kg, and the result follows from induction, since J"(3,A) = J" (v, A), and likewise for
H™.

Now suppose m < § and write g = 1+, ¢ = 1 +y, with 2,y € J"(4,A). By Lemma we
have

019,91 = bg189-5(9") = r o tr((1 + 2) Fag(x)y) = 1,
where tr is try/p. This is true for all y € J™(3,A) so we have (1 + ) tag(z) € (J™(8,A)* C
(32(8,A)*. Then ag(z) € (35(8,A))* Nimag so, by (3.18), we have = € (Bs + H3*(5,A)) N
J™(B,A) = H™(B,A) as required. [

Corollary 3.25. Let 0 < m < r and let 8 € C(A,m,3). Then there exists a unique irreducible
representation n of J™ (3, A) which contains 0. Moreover, dimn = (J™" : Hm+)% and I15(n) =
FmBgFm.

3.5 Transfer property

In this section we extend the transfer property [6] (3.6.1) to semisimple strata. We continue with
a semisimple stratum [A,n,r—, 5] with splitting V' = @lizl Viandlet @ € C(A,m,3), 0 <m <r.
We assume moreover that r = —ko(3,A) (see (3.6)) and let [A,n,7,7] be a semisimple stratum
equivalent to [A,n,r, 3] chosen as in Proposition Put mo = max {m, §}; then we have

Olz = 0i, for some 6; € C(A!,m, 3;),
Ol grmo+(3,0) = Ooty—ps for some 6y € C(A, mg, 7).

Now let [A’,n,r'—, 3] be another semisimple stratum, ' = —ko(8,A’). Let m’ € Z be such that
Le(ATZT;F)J = Le(ATﬁjF)J and 0 € C(A',m/,3'). For each i, there is an F;-basis of V! which is a splitting
of both A* and A’*. Taking W to be the F-linear span of this basis (so that it is in general position
relative to both A* and A’"), we may use Proposition [3.4/ to choose 7 as above in [] tyy: (R(A(E;)))
(with notation as in [3.4). In particular, we may assume that [A’,n’,7’,7] is a semisimple stratum

equivalent to [A',n/,r’, B]. Put m{, = max {m/, %,} and define 0 and 6, as above; note that we have

Le(/Cn]%F)J - Le(17\T|L(0)F)J )

Proposition 3.26 (cf. [6] (3.6.1)). There exists a canonical bijection
TAN B ¢ C(Av m, ﬂ) - C(A/? mla 6/)

such that, for € C(A,m,[3), 0/ := A a1 (0) is the unique simple character in C(A',m/, 3") such
that By N I5(0,0') # 0. Moreover By C I5(0,0').

Proof Let 6 € C(A,m, 3) be as above and suppose 6" € C(A’,m/, 3') is such that b € I5(6, 0’)HBE.
Then b; € I (0;,0;) N By, so we have 0] = 7y, \ii 5.(;) by the simple case. But ¢’ is trivial on Ny,

N; and hence it is clearly uniquely determined.

So we need only show the existence of such a §’. We proceed by induction on ko(3,A) = —r, the
simple case being given by Lemma (see also [6](3.6.1)). Consider A s~ (60)1y—g as a character
of H™T (8, A'). Then, by (2.7) and putting H = H™H(3,A')NG; and H' = H™H(3,A) N G,

we have

Tai i g (0| = Tphi nii g, (Oil ) = Tpi pri o, (BolE )y,
= Tany(00)y—plar.
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Then, by Lemma there exists 8" € C(A',m/, 3) such that 9/|H’”6+(ﬁ,/\') = Tp,A/4(00)Yy—5 and
0'lG, = Tai ari g, (0i). Finally, we have B3 C Iz(6,6") by Lemma |2.1 [ ]

We remark that the above result holds also without the assumption r = —ky(3, A), since the set
C(A,m,3) does not depend on 7.

3.6 Semisimple characters for G

Finally, in this section we describe the situation for the group G. As for simple characters, the
semisimple characters of G will be obtained by transfer from those for G.

Let [A,n,r—, 8] be a semisimple stratum in A which, in addition, is skew — that, is, # € A_ and
the decomposition V = @221 V? is orthogonal with respect to the form h. Let [A,n,7,7] be a
semisimple stratum equivalent to [A,n,r, 3], with v € M. Then, by [13] (1.10), we may in fact
suppose that v € M_ so the stratum is skew. In particular, we see that the groups H™" (3, A),
J™(B,A), Tn(B, A) are fixed by ¥ and that ¥ acts on the set C(A,m, 3) of semisimple characters.

We put H™"(8,A) = H™(3,A)*, and likewise for J™"(3,A) and T,,(3,A). Then Glauberman’s
correspondence ([9] — see [13] §2 for this situation) gives a bijection g between the irreducible
representations of H™* (3, A) fixed by ¥ and the irreducible representations of H”" (3, A). We set

C-(A,m, B) = {g(0) : 0 € C*(A,m, B)},

where C*(A, m, 3) denotes the semisimple characters fixed by ¥, and 6_ € C_(A,m, 3) is called a
skew semisimple character. Note that, since 6 is a character, g(f) is in fact just the restriction of
6.

Proposition 3.27. Let _ € C_(A,m,[3); then Ig(0_) =T,,(5,A)- BsNG-T,,(6,A).

Proof We have 6_ = g(0), for some 6 € C*(A,m,3) and, by [13] (2.5), I(-) = i5(0)”. Now
the result follows from Theorem and [12] (2.3), if we can show that, for b € Bj,

FmemﬂBgzI‘mﬁBg-b-FmﬁBg.

Note that the containment DO is clear.
Put m/ = min{r — m, §}; then we have b,y C m, C ay so I'y, N BE = Unp(A) N BE and
Iy, C Ups(A). Then, by [6] (1.6.1), we have

Tyl N B C Uy (AU (A) N B = Upr(A) N BY -b- U (A) N B
as required. [
Proposition 3.28. Let 0_ € C_(A,m—,3). Then the pairing

ko_:(g9.9") — 09,4, 9.9 € J"(B,A)

induces a nondegenerate alternating bilinear form

J™B,N)/H™(B,A) x J™(B,A)/H™(3,A) — C*.
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Proof We have §_ = g(6), for some § € C¥(A,m—,3) and we consider the form kg : J™/H™ x
Jm/H™ — C*. Now o acts linearly on the kp-space J™/H™ and, moreover, preserves kg. The
result is now immediate from Proposition since the homomorphism J™ «— J" induces an
isomorphism J™/H™ ~ (J™/H™)* and kg_ corresponds to the restriction of kg to (J™/H™)*. R

Corollary 3.29. Let § € C*(A,m,[3) and put 6_ = g(f) € C_(A,m,(3). Then there exists a
unique irreducible representation n_ of J™ (B, A) which contains 6_, dimn_ = (J™ : HTJr)%
and Ig(n-) = T, - BgN G -T,,. Moreover, if n is the irreducible representation of J™*(3,A)
containing 0, then we have n— = g(n).

Proof The first assertions are immediate from the previous proposition and, moreover, dimn_ =
(J™H(8,A) : H™(B,A))2. Now the restriction 1 gme+ (5, 18 @ multiple of 0 so 7| jm+ 54, is a
multiple of n_. In particular, n— = g(n). |

Remark 3.30. Let [A,n,r—, ] be a skew semisimple stratum in A, with associated splitting
V= @2:1 Vi and put E; = F[3;] as usual; we also denote E; o the fixed field of the involution in
E;. Suppose that we have Eézl[Ei; F] = N; then J_(3,A)/JL(8,A) ~ Hli:1 Ni(k;) is a product of
cyclic groups, where k; is the residue field of E; and Nj(k;) denotes the elements = € k; such that
N, /k; o = 1, where k; o is the residue field of E; . In particular, there exists an extension of 7
to a representation k_ of J_((,A), and any extension takes the form x_ ® x, for x the inflation
of a character of J_/J!. We have Ig(k_) C Ig(n-) = JL - BsN G- J! = J_ so the induced
representation
r=Ind§ x_

is irreducible and supercuspidal (since J_ is compact) and (J_,k_) is a [G, 7]g-type.

In general, to obtain a supercuspidal representation we will have to extend 77— to a representation
of J_ and twist by the inflation of a cuspidal representation of J_/J%. In order to control the
intertwining of this representation (cf. [6] (5.3), [I5] (SC3)), we will need the following result:

Proposition 3.31 (cf. [6] (5.1.8), [13] (4.3)). Let [A,n,0,5] be a skew semisimple stratum in
A, let 6— € C_(A,0,3) and let n— be as in Corollary[3.29 Then, for g € G, we have

dimI,(n_,n_) =
9(77 n-) 0 otherwise.

{1 ifgeJ - Bgn@-JL;

Proof Asin [6] (5.1.8), the result will follow if we can show that, for y € BgN G, JLyJ! is the
union of (J1 : H!) distinct (H!, H!)-double cosets, where (K; : K3) denotes group index. As in
[6] (5.1.9), it is then enough to prove that (J! : JL N (J1)Y) = (HL : H! n(HL)Y).

Now we have J! = C(JL) and H! = C($'), where C denotes the Cayley transform; also J! N
(J1)Y = C(FL N(FL)Y) and likewise for H!. Then, as in [6] (5.1.10), the result will follow if we can
show that the following sequence is exact:

— — ~ ~ as * * - —
0— by, +(b5,)Y = ILNEL)Y = (HL) N ((HL))Y = b5+ (b5,) — 0,
where s is a tame corestriction on A given by

l
S Z aij | = Zsi(an-), Qij S AZ],

ij=1 i=1
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for s; a tame corestriction on A% relative to E; /F which commutes with the involution, 1 <7 <.

Exactness comes from Lemma [3.17] at all places except the final one, where it follows from the
simple case [7] (6.3) Lemma. [

We end this section by looking at the transfer of skew semisimple characters.

Proposition 3.32. Let [A,n,0, 0], [A',n/,0, 5] be skew semisimple strata in A and let m,m’ be such

!/

that 0 < m < ko(B,A) and LB(AY:/TOF)J = Le(ATﬁJF)J. Then the bijection Tp a3 given by Proposition
commutes with o.

Proof Given 6 € C(A,m,3) with 0|5 = 0; € C(A*,m, 3;), the transfer ' := 75 pr 5(0) is the
character of H™* (6, A’) which is trivial on N, N; and such that 9/’@ = Tpi pri g, (0i) so the result
follows immediately from the simple case in Proposition [2.12 |

In particular, this implies that we have a canonical bijection
TAN B ¢ C- (A7 m, 6) —C- (A/> mlv ﬁ)

and, for 0_ € C_(A,m, 3), 0" := 75 nr 3(6-) is the unique simple character such that 1 € I(6_,6"),
by [13] (2.5).

4 Relatively G-split strata

In this section we look at the “relatively G-split” case and construct a non-zero Jacquet module
(cf. [7] §6 and [I4] §3). This will be crucial to the refinement process in

4.1 Definition and intertwining

Let [A,n,m, 3] be a skew semisimple stratum in A, with associated splitting V = @221 Vi In
this section we will assume that m is an integer. We have Bg the A-centralizer of 3 and let B; be
the A¥-centralizer of £;, 1 < i < [, so that Bg = @2:1 B;. We put E; = F[3;] and 0; = o,, for
1 < i <1, and let s; be a tame corestriction on A% relative to E; /F. We suppose we are given a
decomposition of Ej-vector spaces V1 = Vg L (Vi! @ V1)), where V! and V1, are totally isotropic
with respect to h, such that A'(k) = @,1@9(/\1(@ N V;l) We will write Al = D_1<jr<1 A]l,i
for the corresponding decomposition of A,

Let b; € A% Na_,,, for 1 <i <[, where by = Z—lgjgl bi; with by ; € Al We suppose that the
derived stratum [A} ,m,m — 1,s1(b1)] in By is G-split (see Definition by the decomposition
Vi=V¢ L (V@ VYY) (cf [14] §3.1). That is, the stratum is split by this decomposition, the
stratum [A3', m, m — 1,s1(b1,1)] has characteristic polynomial of the form ¢ (X)% and the stratum
[Ai’l_l,m, m — 1,51(b1.—1)] has characteristic polynomial ¥(nX )¢, where n = (—1)™/9(=1)¢/9 with
e = e(Ato1) and g = (m,e); in particular, ¥(X) is coprime to 1(nX).

We now consider the decomposition
l .
V=via (V(} @@V1> oV
i=1
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and we will abbreviate V1, = V_1, V! = V; and Vi & @i:l Vi = Vp. We will consider the
block picture A = @—lgj,kél Ajj, with respect to this splitting and we put A, = ®—1Sj<k§1 Ajp,
Al = @D _1<pcj<1 Ajr, as usual. We also put M = P _ ;<1 455, M = M*, N, = 1+ 4,
N =1+ A4, P,=MN,, P, = MN,, and we write by = b1 + 2222 b; € Agp. We will also retain
the block notation A" = EndpV", for 1 <i <, alongside this new block decomposition.

We look at the lattice
HT b+ my, by +my g
E=|H" nm" b1 +my1 |,
Hm" nm" n"

where by = bg; = a1 N Bg and my,—1 = my,_1(B, A). Since I'y,—1 = 1+m,,—1 and 1+ by normalize
H™(B,A), K =1+t is a compact open subgroup of G which is, moreover, fixed by X.

Proposition 4.1 (cf. [7] (6.1)). Let 6 € C¥(A,m — 1,3). There exists a unique character ¥ of
K which extends 0 and is trivial on K N N,. Moreover, ¥ is fixed by o.

Proof Uniqueness is clear, while existence is because K N N, normalizes 6. The final statement
is clear, since K N N, is fixed by o. |

Note that, if 0 < k < m — 1 and 0 C(A,k,B) extends 6, then 7] is trivial on H*¥1N N, (and on
H*1 1 N), by [7] (5.2) Proposition and Lemma [3.15(i), so ¢ and § agree on H**! N K.

We now consider the character £ = ¥, of the group K, where b = b_1 1 + bp + b1,1 and v, denotes
the extension of ¥p|gm to K which is trivial on K N N,,.

Theorem 4.2 (cf. [7] (6.2)). Suppose g € N,, intertwines the character § of K. Then g € KNN,.

Before giving the proof of this theorem, we observe the following easy consequence:

Corollary 4.3. Let &_ be the restriction of € to the group K_ = KNG. Suppose g € N,; intertwines
E_;thenge K_NN, .

Proof We have Ig({-) = I5(§) NG, by [13] (2.5), so the result is immediate. [

Now we will prove Theorem so we suppose g € I5(£|K). Then g certainly intertwines &|gm+1 =
0| grm+1 € C(A,m, B) so we have g € T', By Ty, We will first show
g € TMT, (4.4)

where I' = 1 + by + m,;,—1. Note also that I normalizes the pair (H™,&|gm).
We write g = (14 2)t(1 +y)~!, with 2,y € my,,, and t € Bj. By Lemma we have

O = 0 (140)18(140)-
as characters of H™((3,A). But

(142)'B(L+2) - B=as(x) — (1 + ) zag(x)
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and (14 z) tzag(z) € (H™H)*, by Lemma and Lemmas so we have
o = 0ag(a)-

Now t intertwines the restrictions of £1+% ¢14¥ to H™(B,A) so it intertwines their restrictions to
H™(B,A)N Bﬂx. NOW y;(2)s Yay(y) Testrict trivially here, whilst (1 + ), (1 +y) fix the characters

¥y, so t intertwines Oy, on H™(5,A) N BE. But 6 € C(A,m — 1,03) so 9’Hm(ﬁ,A)ﬂB§ is intertwined

by all of B, by Theorem [3.22, and ¢ intertwines the character 1| ;m (3,0)

X .
QBB

We write t = 22:1 ti, with t; € B, for 1 <14 <, and look at the character ¢5|HM(6 ANBX = U, -
There exists a character ¢p, of By, of the form ¢, o trg, /g, , such that ¥4|p, = ¥, s, (o) for any
a € AY. In particular, v, |5, = VB ,s1(b1) S0 [12] (4.14) shows that

t1 € Uri(Ag,) - By N M - Ur(Ay,).
Then, since B C M for 2 < i <, we have
t€(1+b1)-ByNM-(1+b1).

As (14 by) normalizes T',,, we may absorb these factors into I and assume g = (1 +x)t(1 +y) with
x,y € my, and t € b; NM. We write 1 + x = (1 4+ z;)(1 + zp) (1 + z,), with x; € Ay, z, € M,
Ty € Ay, and, likewise, 1 +y = (1 + yu) (1 + ym) (1 + y1).

We now consider the restriction of £ to the group

y)m-‘,-l S;Jm S,:)m
K =1+4, g = Hmtt gmtt o gm
6m+1 f)m—i—l y)m—&—l

Then, as in the proof of Theorem we find that we may assume z;,y; € m,,_1. (Note that the
projections 1; : V' — V; lie in By so the exact sequences of Lemma are still exact.) Repeating
with K, again as in the proof of Theorem we get Ty,y, € m,,_1 also so, absorbing these
terms into I', we get g € T',, N M - Bg NM-T,,NM C M as required.

So we have proved . Now let g € N, intertwine &; then g = ym~/, for some m € M, v,+ € T.
The group I' has Iwahori decomposition I' =I'N N; - I'N M - I' N N,, so we can write v = v, Ym71,
v = vV Thus, for a certain m’ € M, we have v, gy, * = yym/y] € N, N P, = {1}. Hence
9=, €T NN, =KnNN, as required. u

4.2 Covers

For —1 <i <1, we put G; = G N Autp(V?) and suppose that we are given:

(i) asubgroup Kj of U(A!) containing and normalizing H™NG; and an irreducible representation
p1 of K7 whose restriction to K7 N K_ is a multiple of £_;

(ii) a subgroup K, of P(A°) containing and normalizing H™ N Gy and an irreducible represen-
tation p, of K; whose restriction to K, N K_ is a multiple of £_.

kO’
We think of K7 embedded in G as 1 ke Ky
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Proposition 4.5 (cf. [7] (6.6)). (i) The set K_ = (K; x Ky ).K_ is a group.

(ii) There is a unique irreducible representation p_ of K_ which is trivial on K_ AN, , K_NN;~
and whose restriction to K1 x Ky is p1 ® pg -

(iii) The pair (K_,p_) is a G-cover of (K_ N M, p; @ Py )-

Proof This is identical to [7] (6.6), except we take the element ¢ to be

wFg

4.3 Jacquet modules

Proposition 4.6. Let (7,V) be a smooth representation of G which contains 0_+p,” on H™. Then
w contains the character £— of K_ also.

Proof We first suppose m > 2 and put, for g € Z,

ﬁm‘i’ﬁq—i_lﬂAu for LmTHJSQSm_L
?q = S’jm —l—mm_(q+1) n Au for 0 S q S L%J — ]_7
9"+ (br +my1) N A, forg=—1.

Then we put K; =1+ ¢, and K, = K;NG. Note, in particular, that K1 = K.
We also put
Ly NN for | <g<m—1;
E, =4 H"NN, for 1 <q<|%]—1;
(1+bp_1)NN, forg=0.

Lemma 4.7. For || <g<m—-10or0<¢<|2] -1, 2

q acts transitively on the characters
of K,y which restrict to {— on K .

Proof We treat first the case || < ¢ < m — 1. The quotient K, /K, is abelian so any

character of K,_; which restricts to {— on K is given by -1, for some c € {3;7_/82_17_, that is,
in (HITH* N A /(H)* N A

We have m,$9 C §™ L, by Proposition SO (1/1,;)0(9”) =1y, forz € mgNA;, and, fork € K4,
we have [C(z), k] € H™. Let = C_(A,q,[) extend 0_; then, by Lemma

0 [C(x)7 k] = Hg(x)(k)g— (kfl) = wa(r)—lﬁc(x)_ﬁ(k)'
Now C(z)~'8C(z) — 8 = ag(z) (mod (H9)* N A;") so, altogether, we have
gg(m) = &wafﬁ(x)-

But, by Lemma ag(mg N A7) = (H77)* N A; and the result follows.
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For 1 < ¢ < [§] — 1, the proof is almost identical, with the roles of m and § reversed.

Suppose then that ¢ = 0. We have K_; = Ky - (14 b;) N N, , with the second factor normalizing
the first and normalizing £ on it. Hence any character of K 1 which restricts to £&_ on Ky
takes the form £ 1., for ¢, some character of (1 + by) NN, trivial on (1 + bg) N N, , that is,
ceb_1NA /bpNA; . Now (14 by—1) NN, normalizes {_ on K while, on (1 +by) NN, , we
have

5— = %_ = 1@1,31({,1),

where s; is a tame corestriction on Al relative to F; /F which commutes with the involution.
(Note that Bg N A, C B; and, likewise Bg N A; C By.) We put § = s1(b1) € b_,,. Then for
x € by_1NA;, we have

— \C(z _ _
(¢Bl,5) @ = wBl,é,l?Z}Bl,ag(:c)'
Then the result follows since as(by,—1 NA;) = by NA; asin [14] (3.4). [

Lemma 4.8. EU““J acts transitively on the characters of KL_mJ—l which restrict to & on KL_m+1J'
2 2 o

Proof The proof is almost identical to the first case of the previous lemma, but we must use
Lemma [3.23| in place of Lemma [3.21 [

The proof of Proposition in the case m > 2 is now immediate since, by successively conjugating
by a suitable element of =, we see that 7 contains ¢_|K, —1 (where ¢ — 1 should be replaced by
| 2] — 1 in the case ¢ = [ ]). The proof in the case m = 1 is similar but easier, requiring only

Lemma u

Theorem 4.9. Let (m,V) be a smooth representation of G containing the character 6_1, of H™.
Then 7 is not supercuspidal.

Proof By Proposition (m,V) contains the character {_|K_ and, by Proposition the pair
(K_,¢_)isa G-cover of (K_NM,¢{_|K_NM). Then, by [8] (7.9), the {_|x_nar-isotypic component

E-|lKk_nm

Vu of the Jacquet module of V with respect to P, NG is non-zero. [ |

5 Supercuspidal Representations

This section is devoted to the proof of our main theorem, that every positive-level irreducible
supercuspidal representation of G contains a skew semisimple character. The proof is very much
along the lines of [6] (8.1.5), though there are added geometric complications. In particular, our
Lemma (whose proof is given in would be relatively straightforward in the case of G.

5.1 The main theorem

Theorem 5.1 (cf. [6] (8.1)). Let m be a positive-level irreducible supercuspidal representation
of G. Then 7 contains a skew semisimple character 0_ € C_(A,0,3), for some skew semisimple
stratum [A,n, 0, G].
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Proof We know from [I4] §2.3 that 7 contains some skew semisimple stratum [A,n,n — 1, ] in
A. We consider pairs ([A,n, m, 3],0_) consisting of a skew semisimple stratum with m € Z and a
semisimple character _ € C_(A,m, 3) such that 7|H™ (3, A) contains 6_.

If m = 0 then we are done, so assume m > 1 for all such pairs. Then 7 contains some irreducible
representation ¥ of H™(3,A) such that 9|H™"(3,A) contains §_. However, §_ extends to an

abelian character 6_ € C_ (A,m —1,3) of H™(3,A) and the quotient H™/H™" is abelian. Hence
1 is one-dimensional and we may write

9 = 6_y |H™(B,A) for some ¢ € a_

m*

Lemma 5.2 (cf. [6] (8.1.12)). Let x € m,,. Then, C(x) normalizes H™(3,A) and

C(x) _ —
v o ﬁwaﬁ ()

Proof Since m < r, we have m,, C a1; as ¢ € a,,, we surely have wcc(m) = 1. on H™. On the
other hand, by Lemma [3.21] we have

o) _ 5 - .
0= =0-Y00)-180() -

a simple computation now shows that
C(z)7'8C(x) — B = ap(z) (mod (H™F)),

and the lemma follows. [ |

We return to the proof of Theorem Let V = @i:l V' be the decomposition associated to the
skew semisimple stratum [A,n,m, 3]. For i # j, we have ¢;; € aZ,, N AY. Hence, by , there
exists © € n_,, Na,_,, such that ¢;; = —ag(x);j, for i # j. By Lemma 9CeE) = 0_1; this
character certainly occurs in 7 and we have s(c’) = s(c) and ¢j; = 0, for i # j. Hence we may, and
will, assume that ¢ € M.

Put E; = F[B], 0; = og,, and let s; be a tame corestriction on A relative to E;/F. We consider

the derived stratum l

@[A,(fi),m, m —1,si(¢)].

i=1
We will write ' = 692:1 E;, op = @ézloi and we will abuse notation by calling an op-lattice sequence
A in V an og-lattice sequence if it is of the form A’ = @!_;A’®) with A’®) an o;-lattice sequence
in V¢. We also let s : M — B be the map s = @2:131‘ and we will call it a tame corestriction on A
relative to E//F. Altogether, we will write the derived stratum above as

[Aog,m,m —1,s(c)]. (5.3)

The following lemma, whose proof we defer to §5.2] will be crucial.

Lemma 5.4. Let § € C_(A,m —1,0) and ¢ € a=,, N M be such that = contains 0 := 6_1); on

H™(B,A). Suppose we have an og-lattice sequence A', an integer m’ and o/ € b—,, such that

s(c)+bomy Ca'+b" .

Then there exist 0 € C_(N',m/ —1,03) and ¢’ € a’” N M such that s(¢) = o and 7 contains the
character 9" := 6" 1), of H™ (3,\'). Moreover, if o/ =0 then we may take ¢ = 0.
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Returning to the proof of Theorem|[5.1], we first show that we may assume that the derived stratum in
is fundamental, in the sense that at least one of the strata [A,(,Z), m,m—1, s;(¢;)] is fundamental.

Proposition 5.5. Let [A,n,m, ] be a semisimple skew stratum, 0_ € C_(A,m —1,0) and c €
a_,, N M be such that m contains 0_1p_ . Then there exist [N',n',m', (], a skew semisimple op-
stratum, 0. € C_(A',m' —1,83) and ¢ € o’ oy M such that m//e(A|or) < m/e(Alop) and
T contains 017 and the derived stratum (AL, m',m" —1,5(c)] is fundamental. In particular,
e/(m',e) < N, where ¢ = e(N|op).

Proof We first observe that the final assertion follows from the fact that one [A;(f) ,m/,m/ =1, s;(¢;)]
is fundamental (cf. [I4] (2.11)).

As above, 7 contains the character ¥ = 5_ng, where 6_ € C_ (A,m—1,0) extends §_ and c € a_,,.
If [Aog,m,m — 1,s(c)] is fundamental, we are done so we assume it is not. Then, by [14] (4.3),
for i =1,...,1, there exist a self-dual o0;-lattice sequence A;(f), with e(A’®|o;) < 2(2dim g, V), and
m;, € Z such that

(CZ)—Fb” n C b/m
mh/e(N Do) < m/e(A(i)|0i).

[The extra factor 2 compared to loc. cit. in the bound for the period of A’® comes from the
assumption that “d = 1" for the duality on on all self-dual lattice sequences (see . In any case,
the period e(A'®@|or) < 4dim g, Vie(E;/F) < 4N ]

We put A = @ N ¢ = e(N|op), n' = —vpn(B) and m/ = € sup{m//e(A'D|or)} so that
[A',n',m/ (] is a skew semisimple og-stratum. By Lemma there exists 8" € C_(A,m/,3)
contained in 7, and we also have m//e’ < m/e. As above, there now exist 6/ € C_(A',m' — 1,3)
and c € a’,” N M such that 7 contains 0 ;.

The result now follows by iterating the above process, which will end either with m’ = 0, contra-
dicting the assumption on m, or with a fundamental derived stratum as required. Note that the
iteration will terminate since the rational m/e is strictly decreasing each time, while its denominator
is bounded by, for example, (4N)!. [

Hence we may take our pair ([A,n,m,3],0_), with §_ contained in m, such that = contains ¥ =
0_1,, for some ¢ € aZ,,, with [A,,,m,m — 1,s(c)] fundamental. Moreover, since e/(m,e) is
bounded, where e = e(A|op), we may take such a pair with m/e minimal.

Now suppose that our fundamental stratum [A,,, m,m — 1, s(c)] is non-G-split, in the sense that

none of the [A,,, m,m — 1,s;(c;)] are G-split. Then, by [14] (4.4), for i = 1,...,[, there exists a
i)

semisimple skew stratum [A’U(; ,mi,m; —1,a!] in B® such that

( ) bum+ C CY + b/“m s
m/e(AV]o;) = mi/e(A'V]o;),

A is a refinement of A®.

As above, we put A’ = @L_ A’ ¢ = e(A]or) and m/ = mle’ /e(AN'P|or). Note that the final two
conditions imply that aLm, NMCa_,, "M, so that o/ € bLm, Ccb_,,
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Now we may apply Lemma once again to conclude that there exist 0 e C_(N ,m’ —1,8) and
¢ € a’,, such that s(¢/) = o/ and 7 contains the character ' := 0’ ¢, of H™ (8, A’). However,
[A,n',m’ — 1,34 ] is equivalent to a semisimple stratum [A',n/,m’ — 1, #], by Lemma and
0"+, € C_.(N,m'—1,0"). But we have (m’' —1)/e(A'|or) < m/e(Alor) and (using Proposition

if necessary to obtain a fundamental derived stratum) this contradicts the minimality of m/e.

Hence we must have that the derived stratum [A,,,m, m — 1, s(c)] is G-split; we suppose, without
loss of generality, that [Af, ,m/,m' — 1,s1(c1)] is G-split. As in [14] §2.1, this gives rise to a
decomposition of Ej-vector spaces V! =V L (V' & V1)), where V! and V1, are totally isotropic
with respect to h, such that A(k) = @,1§J§1(A(k:) N le) and s(c)le C le, for j = —1,0,1. Note,
however, that we do not necessarily have clvjl C le, for j = —1,0,1. We show that we may in
fact assume that this is the case.

For j, k € {—1,0,1}, we write Aﬁ) for the space Hom F(Vk,l, le), and, for a € AN we will write
a = 3k ajk with aj, € Ag?. For j # k we have si(c1)jx = 0 so (c1)x € a_,, N ag(A(,?). In
particular, by 1} there exists 2 € mn)” such that (c1)jk = —ag(x);i. But, by Lemmal5.2, C(x)
normalizes H™ and we have 9¢(®) = §_v, where ¢ = ¢ + ag(z). This character certainly occurs
in 7 and we have s(¢/) = s(c) and c’le C le, for j = —1,0, 1, as required.

We are now in the situation of §4 and, by Theorem 7 is not supercuspidal, a contradiction.
This completes the proof of Theorem [ |

Remark 5.6. We have shown that any positive-level irreducible supercuspidal representation m
of G contains a skew semisimple character §_ € C_(A,0,3). Then 7 certainly also contains the
Heisenberg representation n_ of J1 (3, A).

5.2 Proof of Lemma [5.4]

We are now left to prove Lemma for which we need some preliminary lemmas. All notation
will be as in the previous section, so that [A,n,m, ] is a skew semisimple stratum with associated
decomposition V = @Z L V% and 7 is an irreducible positive-level supercuspidal representation of

G containing ¥ = 6_1)7, for some f_ € C_(A,m —1,3) and ¢ € a—,, N M. For t > 0, we put
) =D, e Pl K{(A) = 1+ (),
i£] i
=Pl e Pl K3(A) = 1+ (M),
1#£] 7

and Kt = Kt, (A) = K{(A) NG, for i = 1,2. We also put H! = H(8,A) N K}, for i = 1,2, and
define J t H;_ ! and J! t similarly. We observe that we have H{" = Hj", and similarly for J.

Let 9 = 6_ w , as in the previous section, and let ¥ denote the extension of ¥ to H{"_ which is

trivial on the unipotent parts — that is, 9= H_wc , where f_ is now extended to a simple character
(also denoted 6_) of Hz ™+

Lemma 5.7. 7 contains 9.

Proof We show that 7 contains the character 5_1/1(; of H _7+, for some ¢’ € aZ,, N M such that
c=c (mod ($™)"). Then certainly ¥ = 0_1_|H{"_ is contained in 7.
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Since H_%JF/HT is abelian and ¥ extends to a character é_w; of H_%Jr

character of H _%+ extending 1, of the form

, m certainly contains some

Y = 5_100_1, for some ¢; € a_,, with ¢ =¢  (mod (H™)%)

Now, since ¢ € M, for i # j we have (c1);; € (H™)*. By Lemma there exists x € m,,—1 such
that ag(x)i; = —(c1)ij, for i # j. By Corollary [3.20, C(x) normalizes H>" and we have

C

Vo =0 @ = 5_1/10_2, where ¢y =¢; + C(z) B+ ¢1)C(x) — (B4 1)

A simple calculation shows that ca = ¢1 + ag(x) (mod (™ 1)*) so (c2)i; € (H™L)*, for i # j.

Since 95 certainly occurs in 7, we can iterate this process until, with m' = {mT'HJ, we get ¥, =

5—1/’(:_m/ in 7, with (¢)ij € (92 7)*, for i # j. Now, putting ¢ = S>t_, (¢ )ii € M, we see that 7

contains ¥,,, = 0_1)_,, as required. |

Proposition 5.8 (cf. [6] (8.1.7)). Let & be an open subgroup of Ki' and p an irreducible
representation of ® such that p|H"_(8,A) N & contains {9#|Hf7[ (B,A)N&. Then w|® contains p.

Proof We know, from Lemma that 7 contains ¥. Now the proof is identical to that of [6]
(8.1.7), given the following lemma:
Lemma 5.9 (cf. [6] (8.1.8)). There is a unique irreducible representation T of K™ such that

T|H*_(8,A) contains ¥).

Proof By Corollary [3.12(iii), the commutator [J{", J{*] C H™", so the pairing

ky:Ji" /H{" x J{"_ [H{". — C*,

kﬁ(xvy) = 19[1’,2/]7

depends only on 5]HT+ = 6_. By Proposition (3.28, k; on J%‘*'/H%“‘ is nondegenerate and

since, from the simple case, k; is nondegenerate on J 2TNM/H TtnM , it follows that ky is also

nondegenerate. Hence there is a unique irreducible representation p of Ji"_ containing J.

The result now follows once we have shown that the intertwining of y in K3" is contained in Ji™_,

Km
for then 7 := Ind J{ff,u is irreducible and is as required.
Since the restriction of p to H;nj is actually a multiple of §,|H§”j, it is enough to show that
the intertwining of g_lH;nj‘ in K3" is contained in Ji"_ = J3" . Moreover, using Glauberman’s
correspondence as usual, we have 6_ = g(6), for some 6 € C=(A, %, ) and it is enough to show
that the intertwining in K5 of the character | Hy"" is contained in J.

So let g € K" intertwine 5\ H;”Jr; then certainly g intertwines the simple character 5\H Mt 5o, by
Theorem [3.22f we have g € I‘mBE 'y, N K3*. Since I'), K3'T',, N BﬁX C J normalizes 6, we need only
consider g € I'y,, N KJ*. We write g = 1 4+ z, with £ € m,,, and use the Iwahori decomposition
g = lgmgug, with I, € N;, mg € M, uy, € N,. We also write l; = 1+ 2, my = 1+ z, and
ug = 1+ x,, with 2; € m,,, N 4;, 2, € my, N M and z, € my, N A,
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We proceed now in a very similar way to the proofs of Theorems and Set
E=9"t+92tNA, K =1+§.
g certainly intertwines 6 on K so, by Corollary we have
g (BN (B+E) #0.

Now ag(z,) and ag(z,) € €, by Lemma so we see that this implies ag(x;) € € also. This is
all really happening in A;, where £f N A4; = (ﬁ%+)* N A; so, again by Lemma 3.17L we find that
there exists y; € mm such that ag(y1) = a(x;). Then, by injectivity of ag on A;, we see that x; =y

so that g € ['m. But 5 < 5 soI'm C J and g; normalizes 9.

Hence we may assume g = g,,g, and, repeating with £, = §™ +92+nN Aj, we see we may assume
g € 'y N M. Now the result follows from the simple case in the proof of [6] (8.1.8). [

This also completes the proof of Proposition [5.8 |

Now we are in a position to prove Lemma with the additional hypothesis:
(H) U™ (N) C K3'(A)

From the simple case (see [6] §1.3), we may choose ¢ € a’_ ,NaZ,, NM such that s(¢/) = /. (Note
that we may take ¢’ = 0 if ' = 0). Put § = ¢’ — ¢; then, since s(c) + by C s(c) +b_ ., we
have

de(a, +ag(d)na’, NM=d" ,Na, NM+ag(A)NaZ, NM,

where the equality of lattices is from the simple case [6] (8.1.13). Then, again by the simple case
[6] (1.4.10), there exists € n,, Na,_,, such that

6 —ag(z) €a”, ,Na’, NM.

C(x) normalizes H™(3,A) and 9¢®) = ﬂw;ﬁ ()’ by Lemma Now, from the transfer property,
there exists 8. € C_(A’,m’ — 1, 3) such that 6_ and 0’ agree where they are both defined. Then,
on H™(B8,A) N H™ (3, \), we have

9 =0y s = 6Ly,

Moreover, since C(x) € M, 0@ and ¢ 1, are trivial on the unipotent parts N, and N; so that
9¢@) and 6" ¥, agree where they are both defined. Finally, since H m(8,A") € U™ (A') which, by
hypothesis (H), is included in K3*(A), by Proposition we have that 7 contains ¥ := 6”4, as
required.

For the general case we need some additional technical lemmas, which use the description of the
building in terms of lattice functions from [2]. We refer the reader to op. cit. §§0-7 for more
details. The idea is that, if (H) is not satisfied, we can pass more gradually from A to A’, via some
intermediate sequences.

For A, A’ two lattice sequences, there exists a common splitting — that is, an F-basis B of V which
splits them — which we fix. Choosing such a basis is the same thing as choosing an apartment in

36



the (extended) affine building 7 1(@, F) of G. Indeed, by [2] Propositions 1.4, 2.4, there is a (unique
upto translation) G-set isomorphism between Z'(G, F) and the set of lattice functions on V, of
which, by op. cit. §7, the lattice sequences are the subset of “rational points” (i.e. barycentres of
vertices with rational weights). By transferring the structure from the building, we then have an
affine structure on the set of lattice sequences.

The choice of a basis of V (or apartment in Z(G, F)) gives us a set of roots {aij}, 1 <i,j <N,
i # j) by ayj(diag(uy,...,un)) = uju; *. We also set a;; to be the “zero root”, for each i. Then,
ifz e Il(é, F) corresponds to A, [2] Corollaries 4.5, 4.6 say that, for » € R, a,(A) is the set of
matrices (y;;) € M (N, F) ~ A satisfying

y epl N1, (5.10)

where e = e¢(A). This does not depend on the choice of the identification between Z1(G, F) and
the set of lattice functions.

Lemma 5.11. Let [A,m,m — 1,b], [A',m/,m' — 1,¥] be strata in A and put e = e(A), ¢’ = e(N).
Suppose that
b+ a_mi(A) CV +a_,y(A), V€ a_m(A).

Let t be a rational number and put

/
Ae=(1—HA+tN, e =e(A),  mi=e <(1—t)’: ! ) .

e
Then b,b' € a_pm, (At), for all0 <t <1, and, for 0 < s <t <1 rational numbers,

Aot (As) C amm (Ar)

Note that, in this lemma, we are just looking at the line segment [A, A’] in the building.

Proof Forr € R, we abbreviate a, = a,(A) and a. = a,(A’). We note that, since b’ € a_,,Na’_,,
the same is also true for b and a_,,1 Ca’ ..

We let z, 2’ be the points in the building corresponding to A, A’ respectively and, for 0 <t < 1, let
x¢ be the point corresponding to A;. We also put a;?j = ajj(zy), for 1 <4,5 < Nand 0 <t <1,
and we will use the description ((5.10)).

Since b € a_,, Na’_,, we have, for 1 <4,j5 < N,

/
7 —aw

I3
Ei

vr(biy) > =2 —a);,  vp(by) > 2

But then vp(bi;) > (1 —1)(=2 — a?j) + t(—’g—,/ - allj) = - - agj. Since vp(bsj) is an integer, this
means that b € a_,,,(A¢), as required. The same is true for b'.
For the last assertion, we observe that, since m; is an integer and every aﬁj can be written as a

fraction with denominator e;, a_,,4(A;) is the set of matrices (y;;) € M (N, F) ~ A satisfying

yij € pﬁ‘%‘“wi ij=1..N.
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Since a_,,+ C @, , we have
+ m/+

(—% —ag) += (—ﬂ; - aij) +

€ €

But we certainly have that (= — af;) lies in the interval whose endpoints are (—¢ — a%) and
(=% — a}j), and the result follows easily. [

Now, if x, 2’ are points in the building corresponding to A, A’ respectively, we put
A = A} = max g < j<n|ai;(z) — aij(a’)]-

Again, this does not depend on the choice of the identification between Il(é, F) and the set of
lattice functions.

Lemma 5.12. Let k > 0. Then there exists § > 0 such that, for all lattice sequences A, N split by
B with [A — A'| < 6, we have age(A) C ager  (A), where e = e(A) and e’ = e(A').
2

Proof We just take § = % and the result is clear from 1) |

We can now complete the proof of Lemma [5.4]in the general case (i.e. without the hypothesis (H)).
We put a = s(c), k = min {2, ”;—,/} and choose 4 as in Lemma Let g be an integer greater
than %|A — A'| and, for each integer ¢ with 0 < ¢ < ¢, let Ay be the lattice sequence (1 — é)A + éA’.
(This was denoted A;/, in Lemma ) Note that each A; is an og-lattice sequence, since A and
A’ are. By Lemma applied to these og-lattice sequences, we have that, for 0 <t < ¢,

(i) a € bz, (A);

(i) bt (Ae) C b4 (Agg)-
Moreover, by Lemma we also have
(ili) UM+ (Apy1) C U2 H(Ay).

Taking the dual of (ii), we see that by, ,, (A1) C by, (A¢). Now, by choosing a common “gen-
eralized (W, E')-decomposition” for Ay, Aiy1, we see (as in [6] top of page 272) that we also have
Amyq (Agr1) DM C ap, (A¢) N M. In particular, together with (iii) this implies

U™ (A1) C K3 (M)

The result now follows by repeated application of the case where (H) is satisfied. |
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