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Abstract. Based on the multiplicative decomposition of the deformation gradient, a local formulation
for anisotropic growth in soft biological tissues is formulated by connecting the growth tensor to the
main anisotropy directions. In combination with an anisotropic driving force, the model enables an
effective stress reduction due to growth-induced residual stresses. A method for the imitation of opening
angle experiments in numerically simulated arterial segments, visualizing the deformations related to
residual stresses, is presented and illustrated in a numerical example.
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1. Introduction
As living biological medium, arterial tissue is known
to adapt to changes in its mechanobiological environ-
ment in order to improve the load-bearing capacities.
Such adaptation processes originate from growth and
remodeling and may be indicated by the existence of
residual stresses under externally load-free conditions.
Those residual stresses can be uncovered by extracting
an arterial segment from the body and slicing it in
radial direction. Typically, the segment contracts in
axial direction and springs open to a degree which de-
pends on various factors, for example the height of the
blood pressure [1]. Being associated with a reduction
of stress gradients in loaded states, residual stresses
need to be included in numerical simulations to ob-
tain a predictive stress distribution. Computational
methods to reduce stress gradients by incorporating
residual stresses are proposed in the literature [2–5].
These methods are however rather engineering ap-
proaches, as no biological processes are included to
obtain the residual stresses.
Focusing on growth as part of the adaptation pro-

cesses, the addition of material, resulting in increasing
wall thicknesses and diameters, is related to a reallo-
cation of the stresses which may therefore allow for an
optimized load bearing behavior. For the purpose of
modeling these effects, an anisotropic growth model
based on the multiplicative decomposition of the defor-
mation gradient into a growth tensor and a remaining
elastic part is presented. In this context, different
approaches for anisotropic growth in soft biological
tissues have been published, see e. g. [6, 7], where the
anisotropy of the growth mechanism is based on the
definition of macrostructural growth directions as for
instance the radial direction. Although the anisotropy
of the material is taken into account, isotropic strain-
or stress-based quantities are used as driving forces
in the evolution equations characterizing the growth

tensor. Decomposing the growth tensor itself into
two parts related to the main material anisotropy di-
rections, the presented growth model establishes a
relation between the growth tensor and the fibrous
tissue structure, which yields a local formulation and
therewith supersedes a geometry-specific definition
of the growth directions. Aiming at rendering the
growth and stress reduction mechanism more effective,
an anisotropic stress-based driving force is formulated.

In addition, a procedure for the calculation of the de-
formations related to growth-induced residual stresses
in numerically simulated arterial walls is developed.
The entire framework is illustrated with the aid of a
numerical example on an idealized arterial segment.

2. Computational Framework
Having been introduced in the context of biomechan-
ics by Rodriguez et al. [8] in 1994, the multiplicative
decomposition F = FeFg of the deformation gradi-
ent F into a growth part Fg and an elastic part Fe
is nowadays a common approach for the description
of growth in soft biological tissues. The growth defor-
mation is assumed to be stress-free, such that stresses
arise only from the elastic part Ce = F−T

g CF−1
g of

the strains. Utilizing constitutive equations for hyper-
elastic materials, the stress tensor Se in the interme-
diate configuration can be computed from Se = 2 ∂ψ

∂Ce
.

Here, the formulation for fiber-reinforced soft biolog-
ical tissues by Balzani et al. [9] is applied, whereby
polyconvexity of the strain energy function and thus
ellipticity and existence of minimizers are ensured.
The growth behavior is governed by the specific

form of the growth tensor, which involves one or
several local variables referred to as growth fac-
tors ϑi. The evolution equations for these growth
factors ϑ̇i = kϑ(ϑi)φi(Zi), are formulated as function
of the growth-driving quantity φ(Zi) and the growth
function kϑ including the time-dependency.
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In this section, a model for anisotropic growth, relat-
ing the growth tensor Fg to the anisotropy directions
of the fibrous tissue material, is presented in Subsec-
tion 2.1. Applying this framework to idealized arte-
rial segments under internal pressure, residual stress
distributions that qualitatively reflect experimental
observations can be generated. In Subsection 2.2,
the focus is directed on the numerical calculation of
the deformations which arise from resecting and slic-
ing previously simulated, residually stressed arterial
segments.

2.1. Model of anisotropic growth
related to two fiber families

An effective approach to reduce stresses is the enlarge-
ment of the cross-sectional area. Accounting for this,
the basic form Fg = ϑI + (1− ϑ) A⊗A, describing a
deformation with factor ϑ in all directions perpendic-
ular to the direction given by the vector A, is chosen
among different existing approaches for the growth
tensor, see e. g. [10].

In constitutive material models for arterial tissues,
two main fiber directionsA(a) with a = 1, 2 are usually
considered to approximate the complex layer-wise ar-
rangement of collagen fibers. Assuming the anisotropy
of growth to be linked with the fibrous tissue compo-
sition, a multiplicative decomposition of the growth
tensor

Fg = F (II)
g F (I)

g (1)

into two separated parts

F (a)
g = ϑ(a)I +

(
1− ϑ(a)

)
M (a) with (2)

M (a) = A(a)
g ⊗A(a)

g , a = I, II (3)

is considered in order to account for two different
anisotropy directions defined by the vectors A(I)

g and
A

(II)
g . This formulation is based on the assumption

that in arterial walls, even in patient-specific ones, a
stress state exists with one negative principle stress
showing in radial direction and two positive principle
stresses in a plane of tensile loading (which coincides
with the axial-circumferential plane in perfect-tube
arteries). This can be supposed to be the reason for
the observation that mainly two collagen fiber families,
oriented in directions within this plane, occur in arte-
rial walls. The resulting tissue structure might enable
an optimized load-bearing mechanism, cf. [11, 12]. In
more detail, these two fiber families may favorably
be oriented symmetrically with respect to the direc-
tion of the highest principal stresses and thus, growth
perpendicular to these directions would be desired by
the tissue to reduce the stresses. Consequently, the
growth orientation vectors A(a)

g are defined as angle

bisectors of the fiber direction vectors according to

A(I)
g = A(1) +A(2)

||A(1) +A(2)||
and (4)

A(II)
g = A(1) −A(2)

||A(1) −A(2)||
. (5)

For the determination of the growth factors ϑ(a), two
evolution equations

ϑ̇(a) = kϑ(ϑ(a))φ(a)(Z(a)), a = I, II (6)

have to be considered. Therein, the function

kϑ(ϑ(a)) =


k+
ϑ

[
ϑ+ − ϑ(a)

ϑ+ − 1

]m+
ϑ

, φ(a) > 0

k−
ϑ

[
ϑ(a) − ϑ−

1− ϑ−

]m−
ϑ

, φ(a) < 0,
(7)

which has been adopted from Lubarda & Hoger [13],
scales the growth velocity by a factor k+/−

ϑ and re-
stricts the range of the growth factors to [ϑ−, ϑ+].
The function φ(a)(Z(a)) defines the quantity which
induces growth. Recent publications examining stress-
driven growth [6, 7, 14] propagate the utilization of the
trace of the elastic part of the Mandel stress given by
φ(CeSe) = CeSe : I as measure for the pressure act-
ing on the arterial wall. Since this quantity is isotropic,
it appears not to be adequate in combination with the
anisotropic growth tensor and is therefore modified
as follows. Using the projections of the elastic part of
the Mandel stress into the anisotropy directions A(a)

g ,

φ(a)(CeSe) = CeSe : M (a)
e (8)

with M (a)
e = A(a)

g ⊗A(a)
g , (9)

it can be ensured that growth in the plane perpen-
dicular to A(a)

g is only emerging if the stress in this
direction is nonzero. The index “e” indicates, that the
structural tensors M (a)

e refer to the intermediate con-
figuration. However, being eigenvectors of the growth
tensor, the growth orientation vectors A(a)

g do not
change their direction during the transformation to
the intermediate configuration, thus M (a)

e = M (a).
Involving strain and stress quantites in the inter-

mediate configuration, i. e. Ce = F−T
g CF−1

g and
Se = 2 ∂ψ

∂Ce
, the functions φ(a) depend on both growth

factors ϑ(a), yielding a coupled system of evolution
equations (6). Using an Euler backward scheme as for
instance done in [7], the approximations

ϑ̇(a) ≈
ϑ

(a)
n+1 − ϑ

(a)
n

∆t , a = I, II (10)

are adopted in order to compute the growth factors
belonging to the actual time step n + 1. Note that
the index n + 1 is skipped from now on and only
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quantities at the last time step are denoted by the
index n. Consequently, the local residuals

R(I) := −ϑ(I) + ϑ(I)
n + kϑ(ϑ(I))φ(I)(ϑ(I), ϑ(II)) ∆ t,

R(II) := −ϑ(II) + ϑ(II)
n + kϑ(ϑ(II))φ(II)(ϑ(I), ϑ(II)) ∆ t

have to fulfill R(I) = R(II) = 0. To solve these nonlin-
ear equations, a local Newton iteration, characterized
by index k, is performed. The linearized residuals

LinR(I) = R(I)∣∣
ϑ(a),k + ∂R(I)

∂ϑ(I)

∣∣∣∣∣
ϑ(a),k

∆ϑ(I),k+1 + . . .

. . .
∂R(I)

∂ϑ(II)

∣∣∣∣∣
ϑ(a),k

∆ϑ(II),k+1 = 0,

LinR(II) = R(II)∣∣
ϑ(a),k + ∂R(II)

∂ϑ(I)

∣∣∣∣∣
ϑ(a),k

∆ϑ(I),k+1 + . . .

. . .
∂R(II)

∂ϑ(II)

∣∣∣∣∣
ϑ(a),k

∆ϑ(II),k+1 = 0

are solved for the incremental updates ∆ϑ(I) and
∆ϑ(II), and ϑ(I) and ϑ(II) are updated until an appro-
priate abort criterion is fulfilled. During this iteration,
the incremental updates are calculated by

∆ϑ(I),k+1 = R(I)

A
(I,I)
ϑ

∣∣∣∣∣
ϑ(a),k

−
A

(I,II)
ϑ

A
(I,I)
ϑ

∣∣∣∣∣
ϑ(a),k

∆ϑ(II),k+1, (11)

∆ϑ(II),k+1 =
A

(I,I)
ϑ R(II) −A(II,I)

ϑ R(I)

A
(I,I)
ϑ A

(II,II)
ϑ −A(I,II)

ϑ A
(II,I)
ϑ

∣∣∣∣∣
ϑ(a),k

, (12)

where the abbreviations

A
(I,I)
ϑ = −∂R

(I)

∂ϑ(I) , A
(I,II)
ϑ = − ∂R

(I)

∂ϑ(II) ,

A
(II,I)
ϑ = −∂R

(II)

∂ϑ(I) , A
(II,II)
ϑ = −∂R

(II)

∂ϑ(II)

are used. Thus, the derivatives of the functions kϑ
and φ(a) with respect to the growth factors have to
be provided. Differentiating eqs. (7) and (8) leads to

∂kϑ(ϑ(a))
∂ϑ(a) =


m+
ϑ

ϑ(a) − ϑ+ kϑ(ϑ(a)), φ(a) > 0
m−
ϑ

ϑ(a) − ϑ− kϑ(ϑ(a)), φ(a) < 0
(13)

and

∂φ(i)

∂ϑ(j) = ∂CeSe

∂ϑ(j) : M (i)
e

=
(
∂Ce

∂ϑ(j)Se +Ce
∂Se

∂ϑ(j)

)
: M (i)

e (14)

=
(
∂Ce

∂ϑ(j)Se +Ce

(
1
2 Ĉ

e : ∂Ce

∂ϑ(j)

))
: M (i)

e

with i = I, II and j = I, II. Herein, Ĉe = 2 ∂Se
∂Ce

is the
elastic part of the tangent moduli in the intermediate

configuration. The remaining unknown derivative of
the strain Ce with respect to the growth factor ϑ(a)

has to be computed according to the chain rule by

∂Ce

∂ϑ(a) = ∂Ce

∂Fg
: ∂Fg

∂ϑ(a) = ∂Ce

∂Fg
: ∂Fg

∂F
(a)
g

: ∂F
(a)
g

∂ϑ(a) . (15)

The first part is given through

∂Ce

∂Fg
= −F−T

g �Ce −Ce � F
−T
g (16)

and the relations

∂Fg

∂F
(I)
g

= F (II)
g � I, (17)

∂Fg

∂F
(II)
g

= I � (F (I)
g )T , (18)

∂F
(a)
g

∂ϑ(a) = I −M (a), a = I, II (19)

can be derived for the other parts.1 Combining
eqs. (17)/(18) and (19), the results

∂Fg

∂ϑ(I) = F (II)
g − F (II)

g M (I), (21)

∂Fg

∂ϑ(II) = F (I)
g −M (II)F (I)

g (22)

are obtained and all required parts for the incremental
updates of the growth factors in eqs. (11)–(12) are
determined.
Given the final values of ϑI and ϑII, the 2nd Piola-

Kirchhoff stress S = F−1
g SeF

−T
g can be identified

performing a pull back of Se to the reference configu-
ration.

2.2. Visualization of residual stresses
Anticipating the results of the numerical example in
Section 3, where an idealized arterial segment under
constant internal pressure is examined using Finite
Element calculations, the question arises, how to de-
termine the deformations which are related to residual
stress states. In order to permit these deformations,
a change of the boundary conditions is required, for
instance the release of the right edge of a residually
stressed arterial segment as shown in Figure 1, which
enables the opening of the segment by the angle ϕ.
Dealing with highly nonlinear material behavior

and large deformations, this final deformation state
can not be determined in one calculation step, thus
a special procedure has to be applied. Here, this
procedure is proposed as follows.

1The symbol � is defined such that the relation

(A �B)︸ ︷︷ ︸
=:D

: (a⊗ b) = Aa⊗Bb, Dijkl = AikBjl (20)

is valid, which for instance results in the calculation rule
ABC =

(
A �CT

)
: B.
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ϕ

ϕ
2

Figure 1. Definition of the opening angle ϕ in an
idealized, symmetric arterial geometry.

(1.) Define the initial boundary value problem in-
cluding the discretization of the unstressed config-
uration, apply the loads stepwise and hold them
constant until a growth equilibrium state is reached.

(2.) Deactivate growth and remove the loads stepwise
to determine the residually stressed state. Due
to growth, the obtained geometry differs from the
initial reference configuration.

(3.) Save this grown, unloaded configuration by stor-
ing the nodal coordinates as well as the fiber ori-
entation vectors and the residual Cauchy stress
σres := (detF )−1FSF T at the integration points.

(4.) Use the saved nodal coordinates and fiber ori-
entation vectors to define a new boundary value
problem with boundary conditions that allow for
the expected deformation.

(5.) Restore σres at each integration point and keep
it throughout the following calculation.

(6.) Apply the residual stresses internally by updating
the stress tensor according to S ← S + floadSres,
where fload is a load factor ranging from 0 to 1,
while growth is deactivated. In each step, the stress
Sres = det[F ]F−1σresF

−T has to be computed cor-
responding to the actual deformation state.

Following this procedure, the wanted deformation
state will arise in absence of external loads.

3. Numerical example
In a previous comparative study [15], an arterial seg-
ment with internal pressure and an axial displacement
of 15% of the initial length was considered for a com-
parison of two different forms of the growth tensor and
two different driving forces. Each of the approaches
was able to provoke growth-induced circumferential
stress smoothening, but the approach presented in
Subsection 2.1 turned out to be the most effective,
generating the most beneficial stress distributions at
the lowest growth requirement, measured by the de-
terminant of the growth tensor. Therefore, a similar
boundary value problem making use of this approach
will be analyzed here in more detail, focussing in par-
ticular on the simulation of the opening artery.

The half of a one-layered idealized arterial segment,
reinforced by two fiber families arranged with angles of
± 30◦ with respect to the circumferential direction, is
exposed to an internal pressure of 16 kPa (120mmHg).
As an approximation of the natural conditions in the

c1 [kPa] ε1 [kPa] ε2 [-] α1 [kPa] α2 [-]
17.5 499.8 2.4 30 001.9 5.1

Table 1. Material parameters for arterial tissue, ad-
justed by Brands et al. [16] to the model from [9].

ϑ+ [-] k+
ϑ [-] m+

ϑ [-] ϑ− [-] k−
ϑ [-] m−

ϑ [-]
1.1 1.0 3.0 0.9 1.0 3.0

Table 2. Growth parameters used for the simulation
of an idealized arterial segment.

body, an axial displacement is additionally applied
and three different values, namely 10%, 15% and 20%
of the initial length, are compared. The material and
growth parameters are chosen as given in Tables 1
and 2, respectively. The load is applied within 1 s and
subsequently held constant until t = 12 s, letting the
arterial segment grow.

In Figure 2, the resulting stress distributions (solid
lines) are shown and compared with the stress distri-
butions obtained without including growth (dashed
lines). For each value of axial strain, the circumfer-
ential stress distribution is significantly smoothened,
which reduces the stress peak at the inner surface.
The axial stress distributions are smoothened as well
and moreover, a distinct stress reduction can be ob-
served which is a consequence of the axial component
of growth, compensating the axial deformation. The
final axial stress level differs strongly in dependence
on the axial displacement: the higher the axial dis-
placement, the higher the axial stresses. Examining
the growth deformation in terms of the determinant
of the growth tensor, depicted in the contour plots in
Figure 2, it can be observed that the volume change
due to growth increases slightly with increasing axial
displacement, being nevertheless in the same range.
Removing the internal pressure while maintaining

the axial displacement, the stress distributions given
in Figure 3 are obtained. Being thus not free of ex-
ternal loads in the axial direction, there are non-zero
axial stresses in the non-growing reference segments in
this state. In the growing segments, non-zero circum-
ferential and axial stresses occur, which are – despite
the existence of the axial load – referred to as residual
stresses in this contribution. Showing circumferen-
tial tensile stresses at the outer surface, each of the
considered arterial segments is expected to open after
a radial cut. The axial stresses in the segments are
positive as well, provoking an axial contraction when
releasing the axial constraint.
The deformations related to these operations are

depicted in Figure 4. Depending on the axial displace-
ment, different opening angles and maximal values
of axial strain are obtained. With increasing axial
displacement, the opening angle reduces and the ax-
ial contraction rises. In the opened segments, the
circumferential stresses have vanished.
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Figure 2. Radial, circumferential and axial stress distributions as well as growth deformation at t = 12 s in an
arterial segment exposed to an internal pressure of 16 kPa and different axial displacements of (a) 10 %, (b) 15 % and
(c) 20 % of the initial length. The dashed lines indicate the stresses of a non-growing arterial segment.

ra
d

ia
l 
s
tr

e
s
s
 [

k
P

a
]

-5

-4

-3

-2

-1

0

1

2

3

4

5

radial position [mm]
6.5 7 7.5

(a)

c
ir
c
u

m
f.

 s
tr

e
s
s
 [

k
P

a
]

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

radial position [mm]
6.5 7 7.5

(b)

a
x
ia

l 
s
tr

e
s
s
 [

k
P

a
]

-10

-5

0

5

10

15

20

25

30

35

radial position [mm]
6.5 7 7.5

(c)

uz = 0.10 l

uz = 0.15 l

uz = 0.20 l

uz = 0.10 l, no growth

uz = 0.15 l, no growth

uz = 0.20 l, no growth

ra
di

al

ci
rc

um
f.

ax
ia

l

Figure 3. Residual stresses in (a) radial and (b) circumferential direction, as well as (c) stresses in axial direction at
t = 12 s after removing the internal pressure while keeping up the axial displacement. The stress distributions provoke
the axial contraction and opening of a resected, radially sliced arterial segment as it is observed in experiments.
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Figure 4. Deformation states associated to the residual stresses in arterial segments loaded by an internal pressure
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reference configuration, whereas the second chart form the inside shows the grown state after removal of the pressure.
The indicated values of axial strain have been computed with respect to that deformed configuration.
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4. Discussion and Conclusion
Generating favorable results in specific cases as seen
in Section 3, the performance of the presented model
is still strongly dependent on the boundary value prob-
lem, especially on the choice of the fiber orientation
vectors and on the boundary conditions. The ap-
proximation of realistic conditions is difficult for both
issues.
Subjected to remodeling processes, fibers in arte-

rial tissue reorient according to the requirements of
their mechanobiological environment. This effect of
improving the load-bearing behavior is not included
in the current framework so far, such that remodeling
caused changes of the growth-inducing stresses and
their consequences on growth can not be considered.
Therefore, the interaction between growth and remod-
eling processes is a topic which should be taken into
account to further improve the model.

The axial boundary conditions assumed in this con-
tribution are a vague approach to approximate the nat-
ural state of arteries in the body, where axial strains
and stresses are existent. Thus, one could also have
decided to apply axial stresses instead, unknowing
which is the best way to mimic the unmeasurable, real
conditions.
Another point with respect to the axial direction

shall be mentioned. In contrast to the circumferential
direction, where unloading and slicing are two different
operations, the compution af axial residual stresses is
tricky and demands further meditation. To be able to
simulate the contraction after resecting the artery, the
applied axial displacement has not been removed in
the presented numerical example when computing the
“residually” stressed state. Doing so, the requested
release of the axial constraint could be performed in
the modified boundary value problem. If indeed real
residual stresses are the matter of interest, the axial
loading has to be removed together with the internal
pressure, which is only possible when applying an axial
stress instead of a displacement. Then, the arterial
segment can already deform in axial direction during
the unloading process, such that no further cutting,
revealing the deformation associated to axial residual
stresses, is possible afterwards.

A third topic for further examinations is the develop-
ment of a procedure to adjust the growth parameters,
which have been chosen arbitrarily until now.
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