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ON THE INFLUENCE OF SECOND ORDER
NON-LINEARITY ON RANDOM VIBRATIONS
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1. Introduction

For many years the stochastic averaging method (SAM) has been a very useful
tool for investigating non-linear random vibration systems, see e.g. [1-5]. However,
the effect of some non-linear terms cannot be investigated by using the classical
first order SAM. The procedure for obtaining higher approximate solutions for
the Fokker-Planck (FP) equation was developed in [6, 7] and then applied to Van
der Pol oscillator under white noise excitation [8]. In the paper this procedure is
further developed to non-linear systems of Duffing and Van der Pol types taking
into account some second order non-linear terms. It is shown that the effect of
this non-linearity can be detected by the procedure proposed while it cannot be
investigated by using the classical first order stochastic averaging method {SAM).

2. SAM of coefficients in FP equation

Consider a single - degree - of freedom systern whose motion equation takes
the form

F+wlz =cfi(z, &) + e fa(z, &) + Ve ob(t) (2.1)

where w, o are positive constants, ¢ is a positive'sma,ll parameter, f; and f; are
functions in z and #. The random excitation £ (t) is a Gaussian white noise process
with unit intensity. Using the following change of variables

{ T =acosyp

2.2
& =-wesing, ¢ =wt+ i) 2.2)

one gets the Ito differential equation system 4]
da = (eky +e?r;)dt — —\Ljasintpdg(t)
w (2.3)
dp = (w+eky + e?ry)dt — go‘ cos pd&(t)
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where

2 a
2w?a w : W . (2.4)
a? y N (a, (.0) f'z(a. f.O)
ke = ————sin2p — COSp, ro=— Cos P
2wig? wa wa

fi(a”(p) - fi(ﬂ% i)lm"-a. cos p, t=-—wa sin ¢ (‘5 = 1’2)

The FP equation for the stationary probability density function W {a, cp) cor-
responding to the system (2.3) takes the form {6, 7|;

3(}5 E[k._', k.,,]ﬂ[qb] - 52(% + éf-z' + ‘l"li9é 'f'.'."g%) 7 _(2.5)

pr da Op da d
where _
d(a, ) = InW(a, p) (2.6)
_ Bk1 akz 32k11 62k12 32k22
[k,,k‘_,]f[qb] - (Ba + dp 2 8a® Badp 2 9p? )
Oky1  Oky2\ 0¢ Okiz  Okag\ 94
(k" da By )a (k da )3{,0.
1 0%¢ (¢ 0% 98¢ 8¢
B E{k [6a2 + (aa) ]_+ Zklz(aa&p + da ?9;)
3¢ 2 A
+k22[a 7+ (3tp) I} : (2.7)
o , 2 o2 ,
‘k_:n = ~3sin” p, ki2 = 5T, sin2p, kg = g3 €5 ¥ (2.8)
According to [6, 7] a solution of Eq. (2.5) can be found in the form:
QS(G, ‘P) = (ﬁo(d,!p) + Eqbl(a:‘p) + 52¢2(a'! 90] +oaes (2'9)

. Substituting (2.9) into (2.5) and comparing the coeﬂ’l.cients"pf like powers of &
one obtains a system of separable equations for the unknown functions ¢,(a, )
(n=0,1,2,...) as follows:

e Woo = | (2.710)
s w5 = [k k][] (211)
s WGk = [k kyle[do, 1) (2.12)
s w2 = [k, ki ]E[30, b1,81] - (213)

.........



where the operators [k{,k{j]E[QSQ, qbl], [k-;,k,-j]ﬁ[cbo, ¢1,¢g] are defined as
Ok Oki1a\8¢1 Bkiz  dkag\ 8¢
[k k] L]0 61 = “(’“‘ T Tea  dp ) da "’2("2 T 8a  Bp )699

‘ ) |
+é—k11(32¢’1 4 9990 3¢1)+k12(3 1 990041 9o 8¢51) R

da? da Ba 8adp da dp Bp Bal
¢, O¢o 301 dry | Ory d¢o d¢o
— s 2.14
“m( +2 ) (aa+ap+” da +T23(p) (2.14)

302 |~ dp Ay

| | ki Okig\ O Bkyy  Okgy\ &
[ki,kij]f[¢o,¢1,¢2]="(k1— -1 12) éz*(kz— 2 22) ik

da do / da _ da dp / dp
1 32, g O dd1\ 2
+§Kll[3a2 +26a 6a+(aa)]
dps OBy ¢y 3¢y 841 O Bdo
k - 2.15
+ 12(5a6t,o T dp Odp + da dp da atp) (2.15)

1 [6%1 990 9¢a | (8¢1)2] P (r13¢1 aqbl).

22150 Y250 0 T g 20 T2
From (2.10), (2.11) and {2.12) one gets:
$o = ¢ol(a) | (2.16)

$1(a, ) = "":;' / [ki, ki;‘]f[ﬁf’o] dip + ¢10(a) = d11(a, ) + d10(a) (2.17)

da(a,p) = é/ [k, kij|£[do, d1] dip + d20(a) = $a2(a, ) + d20(a). ‘ (2.18)

The arbitrary integration function ¢,o(a) must be chosen from the condition
for the function ¢, 1(a,) to be periodic in p. In particular, for » = G, one gets:

{[&s, kij]2{go}) =0 | (2.19)

where (-} denotes the averaging operator with respect to phase (:

(Fle) = 5= [ Fle)do. (2.20)
From (2.29) one gets: | |
sofa) = | ?f:ll; da, Wola) = exp{dola)}. (2.21)



Following the proposed procedure one has the third approximate solution to the
FP equation (2.5) in the form:

W (a,0) = exp {Bo(a) + ¢ [¢10(a), d10(a, )} + € [420(a) = b2a(ar0)] }. (222)

From {2.22) one obtains the approximate mean square response in the form:

2T

E[z?} = f/rﬁ cos? p exp {qbg(a) +e[¢10(a) + $11(a, )]

+ g2 [¢.20(a) + 4522('@, tp)] }da,d,’go. (2.23)

3. Application

In order to illustrate this procedure we consider two following oscillators with
non-linear stiffness and damping.

3.1. Modified Duffing oscillator

Consider the following Duffing equation with second order non-linear term:
i+ wle = e(—2hi — Bz®) — e2yzli + 5 o€(2) (3.1)
where 3, v and h are constants and h, # > 0. In this case one .gets:
fi(z, %) = —2hs — B2°, fa(z, i) = —yz°L. (3.2)

Using (3.2) for (2.4) one gets:

2 2

ky | = Tota ha + (ha + 4:20.) cos 2tpf %aa sin 2 + %aﬁ sindp
C 3 : 2 . 3.3
ky = —ﬁa2 - (h + ) sin 2¢ + ﬁ—a2 cos 2 + iaz cos dp ¢3)
8w 2wia 2w 8w .
r1 = —vacostpsin®p, r; = —ya®cosd psingp,

Using (2.10), {2.13), (2.14) and (2.16), after some calculations one obtains the
second approximate probability density function in the form:

W (a, ) = Wo(a) exp {€[¢1o(a) + $11(a, 0)] } (3.4)
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where:

Wola} = Caexp { - 2{::2 az} (3.5)
C is a normalization constant
bole) =3+ 53)0" (3.6)
| d11{e) = w—-gglga‘*(tlcosmp—l-cosfltp).
The probability density function W (e, ) must satisfy the condition:
ali’nc}o W(a,p) = 0. (3.7)

Thus, the parameter 4 must be chosen such that the coefficient of a? in the ex-
pression of W (e, p) is negative. Hence, from (3.6) one gets:

4> —— (3.8)

On the other hand, using the classical SAM [5] one obtain the probability density
function of amplitude as follows:

_ k1+r1 _ { 2hw? 5, qw?
exp{/ ") }—Caexp - et —egge } (3.9)

It can be seen that the results in (3.4), (3.5), (3.6) and in (3.9) are different from
each other and the effect of the non-linear term S22 is lost in (3.9).

Using (3.4), (3.5) and (3.6) one gets the approximate mean square response:

' 2 ' 2y .4
2 (68k + yw?)o o
= — - e 3.10
Ble'l = e~ s2m000 (3.10)
We consider the case w = § = 0 = 1, h = 0.25. So, the condition for «y in
(3.8) becomes ‘
4> =2, : (3.11)

The mean square responses corresponding to some different values of the
coefficient « are given in Table 1. One can see the effect of second order non-
linear term e2yz2z: I ~ > 0 the non-linear term e2yz2% reduces the mean square
response E[z?] and increases it if:

-2<9<0 B (3.12)
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Table 1. Mean-square response to Duffing system
(Effect of second order non-linear coefficient ~)

N g _ E[z?]

1 -1 1—e+¢e2...

2 -0.5 1-2c+¢%...-
3 0 1—-3c+¢e%...
4 0.5 1-4e+¢€2,.,
5 1 1-5e+¢€2...

3.2; Modified Van der Pol oscillator

Now we consider the nonlinear system described by the equation
#+w?c =gl —yz?) i - 282> + \/Eaé(t) (3.13)

where -, § > 0. In this cases one gets:

fied) = (1—1a, falmd) =65 (314)
( ’ 0._2
ky = (1—~a?cos?p)asin®p + cos?
2wia
2
§ k2 = (1—~a%cos?p)sinpcosp — ;r > sinp cos (3.15)
| w?g
Ba? cos® psinp Ba? cost p '
ry = : , rg=———— .

\ w W
Similarly, one gets the third approximate density function as follows:

W (a, ) = Wo(a) exp {E[cém(a) + d11(a, ©)] + &* [p20(a) + P22(a, p)] } (3.16)

where ” .
Wo(a) = Caexp{%az — %a“} (3.17)
C is a normalization constant.
$10(a) =0
dufa,p) = 32302 (12020.2 + 4w?a® — 'ywsa.s) sin 2¢p (3.18)

Y 9 4\ s
+64—0-2—('7a —4a )31n4?
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9 4, (159 97\ 4 v By ) 6
$20(a) = T 24,027 + (27w2 N 260'2)a T (3 -2502 2402 a. -
3yw? 61\ ¢ 387wt g :
+ ( 28gd 2130.2) T 5 .28g4 (3.19)

$22(a, ) = Ci(a)cos 2p + Ca(a) cos4p + Cs(a) cos6p + Cy(a) cos 8y (3.20)

rCl(a) :_.( 9y + B )az+(13"l'2__ 3y _ 'B)a.4

24,2 | 92 262 2402 202
237> Pryve 57 s
+(2302 + 23‘,2)‘:L T 5852
B 2 3 13’]’2 B 4
Cala) = —23w2a o (2602 T o982 202)@

(3.21)

B 11'72 8 9'73 8
""(2602 - 2802)“ + 91052 ¢
_ 7')'2 a® 5’)‘3 o8
© 3.28g2 3.2%2

")’3 g

= oiz,z %

C4(a)

Using the classical SAM one gets the approximate probability density function:
w? w?
W{(a) = Wo(a) = Caexp {-;—az - ——a4}. (3.22).

So, one can see that the effect of the nonlinear term £28z% cannot be shown
in (3.22) by using the classical SAM, but it can be detected in the higher order
approximate probability density function (3.16) - {3.21). The approximate mean
square response in this case takes the form:

2m, oo
E[z?] = / f a® cos® oW (a, p)dadp = E[z?]o + 2 E[z%]2 + . .. (3.23)
' 0 0
. where
i 3 w? 5 w?
fa exp{—&—z—a —Wa }da |
E[Iz]o =25 = (324)

w w
2/ a exp {a—'zaz — %U—za‘*}da
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w? w2 w? fywz
E[z2]2 — {zf G exp (~—~2—a2 - @a“)da/ a,3 exp (——'2‘&2 - ’8“0_—2@ ) [91520(“)
) u
L 3eh(ee)) | Cl(a)]dd
4 2
oo o0
w? w? w? 'yw2
— fas exp (;E“ - ’;—o—fa“)da/aexp (-—5a2 - g;ga‘l) [91520(‘1)
0 0
2 1
n (811 (a, w)]da} _ (3.25)
2 2

We consider the case where w = v = 1, £ = 0.2. The mean square responses
corresponding to the different values of the coefficient § and the intensity of while
noise o? are given in Table 2. It is seen that the mean square response for 8 = 0
is greater than that for values § > 0. Hence, the non-linear terms €?8z® reduces
the mean square response. '

Table 2. Mean - squére response to Van der Pol System
(Effect of second order non-linear coefficient 3)

E[z?]

N o?

=0 B=5 f=10 f=15
1 0.1 0.2091 - 0.2038 0.2023 0.2012
2 1.0  0.3754 0.3652 0.3568 0.3479
3 5.0 0.7243 0.7135 0.6974 0.6678
4 10.0 0.9634 0.9476 0.9256 0.9074
5 20.0 1.2954 1.2015 1.1845 1.1626

4, Conclusion

For many years the stochastic averaging method has been a very useful tool
for investigating non-linear random vibration systems. However, the effect of some
non-linear terms cannot be investigated by using the classical first order SAM. In
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the paper, in the examples of two nonlinear systems this difficulty may be overcome
by considering higher approximate solutions of SAM and we can see the infivence
of second order non-linear terms on the system response.
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ANH HUGONG CUA CAC sO HANG PHI TUYEN BAC HAI
Phwong phdp trung binh ngiu nhién bic nhét kinh dién da dwoc 4p dung
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rdng rai 46i véi cde hé co hoc phi tuyén, tuy nhién phwong phép ndy khéng thé
hién dwec nhiéu hiéa ¢ng phi tuyén cda hé dang xét. Trong bii bdo ndy céc téc
gid trinh bay phwong phip xdc dinh nghiém xdp xI bic cao cia phwong trinh
Fokker-Planck. Két qud 4p dung cho céc hé dao déng dang Dufﬁng va Van der

Pol cho tha.y ] hiéu #ng cla cdc s8 hang phi tuyén bic hai trong x4p xi bac cao
cia ham mét d6 xéc suit cling nhw trong d4p tmg binh phwong trung binh.
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