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In the bloodstream of its mammalian host, the `slender’ form of Trypanosoma brucei replicates extra-
cellularly, producing a parasitaemia. At high density, the level of parasitaemia is limited at a sublethal
level by di¡erentiation to the non-replicative `stumpy’ form and by the host immune response. Here, we
derive continuous time equations to model the time-course, cell types and level of trypanosome para-
sitaemia, and compare the best ¢ts with experimental data. The best ¢ts that were obtained favour a
model in which both density-dependent trypanosome di¡erentiation and host immune response have a
role in limiting the increase of parasites, much poorer ¢ts being obtained when di¡erentiation and
immune response are considered independently of one another. Best ¢ts also favour a model in which the
slender-to-stumpy di¡erentiation progresses in a manner that is essentially independent of the cell cycle.
Finally, these models also make the prediction that the density-dependent trypanosome di¡erentiation
mechanism can give rise to oscillations in parasitaemia level. These oscillations are independent of the
immune system and are not due to antigenic variation.
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1. INTRODUCTION

Trypanosoma brucei maintains a chronic parasitaemia in a
wide range of mammalian hosts. The mechanisms by
which this is achieved are necessarily complex (Barry &
Turner 1991). This complexity stems from the balance of
trypanosome proliferation, di¡erentiation and cell death.
Proliferation must be great enough to achieve transmis-
sion and to avoid clearance, but not so great as to cause
the death of the host. This balance must also be able to
compensate for parasite clearance by the immune system
and for the emergence of new variant antigenic types
(VATs) by switching of the variant surface glycoprotein
(VSG) coat of the trypanosomeöa process known as
antigenic variation.

Even in the absence of an immune response, di¡erentia-
tion to the `stumpy’ form will limit trypanosome growth,
causing the level of parasitaemia to plateau at a sublethal
level in mice for up to 72 h (Balber 1972). By comparison,
monomorphic lines, which do not di¡erentiate to the
stumpy form in mice, invariably reach a lethal parasi-
taemia even in immunocompetent murine hosts. This is
regardless of their mean doubling time, which might be
longer than that of pleomorphic strains (Turner et al.
1995).

In immunocompromised hosts, the level at which the
primary parasitaemic peak is reached is host speci¢c,
showing variation even within species (Seed & Sechelski
1988). This observation implies that host factors that are
not solely lymphocyte derived (such as antibody), interact
with the trypanosomes and, thus, a¡ect di¡erentiation to
the stumpy form. The potential importance of the host in

mediating the slender-to-stumpy di¡erentiation is re-
inforced by the observation that strains that are mono-
morphic in rodents are pleomorphic when introduced
into other mammals (Black et al. 1983).

Parasite clearance in an immunocompetent host almost
exclusively re£ects the onset of a humoral immune
response. The e¡ectiveness of this response to any one
VAT is apparently host speci¢c (reviewed in Barry &
Turner 1991). It might have a strong genetic component
that varies markedly even between related mouse strains
(Seed & Sechelski 1995). Animals that mount e¡ective,
rapid immune responses markedly limit parasitaemia;
growth curves obtained from such animals are often of
the classically undulating sort, normally prolonged and
sometimes self-curing. Other animals, however, appar-
ently mount a slower response that is often less e¡ective
at ameliorating the parasitaemia. The parasitaemia of
these animals is limited by di¡erentiation to the stumpy
form during the delay, until the immune response is able
to act (reviewed in Black et al. 1985). Slender forms are
more susceptible to complement-mediated lysis than
stumpy forms (McLintock et al. 1993) and so are cleared
preferentially by the immune response. Stumpy forms,
however, have also been suggested to elicit a stronger
immune response than slender forms (Sendashonga &
Black 1982).

Di¡erentiation has been found to be a function of
trypanosome density (Seed & Sechelski 1989) and this
has been con¢rmed by recent reports of a stumpy induc-
tion factor (Hesse et al. 1995; Vassella & Boshart 1996;
Vassella et al. 1997; reviewed in Matthews 1999). We
sought to further examine density-dependent models to
determine whether our experimental results could be
adequately explained by density-dependent trypanosome
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di¡erentiation. In doing so, a simulation of the primary
parasitaemia, which assumes the rate of di¡erentiation to
be a function of parasite density, was developed.

2. MATERIAL AND METHODS

(a) Trypanosomes and mice
All studies used immunocompetent adult female BALB/c and

CD1 mice that were inoculated with either pleomorphic
GUP 2962 (McLintock et al. 1990) or monomorphic GUP 2965
(Barry et al. 1985) (kind gifts of Dr C. M. R. Turner, University
of Glasgow, UK). The VAT of both these lines was GUTat 7.2.,
and both lines were derived from the EATRO 2340 stabilate of
Trypanosoma brucei rhodesiense.

(b) Growth of trypanosomes in mice
Mice were inoculated intraperitoneally, with ca. 1£106

slender trypanosomes from a frozen stock suspended in 0.3 ml
of PSG (488.8mg l 71 NaH2PO4, 2.55 g l71 NaCl, 8.08 g l71

Na2HPO4, 15 g l71 D-glucose; pH 7.8). Parasitaemias were
monitored from the third day after infection using an improved
Neubauer haemocytometer (Brightline, Bu¡alo, NY, USA).
Blood smears were made from the same tail bleeds as those used
for bloodstream counts, allowing assays by morphological and
NAD diaphorase criteria to be related to parasitaemia at each
time point.

(c) NAD diaphorase assay
Blood smears were ¢xed for 5 min, with 2.5% (v/v) electron

microscopy grade glutaraldehyde (TAAB) in PBS (pH 7.4). Slides
were then rinsed in distilled water and incubated in a humid
chamber for 2 h with freshly prepared reaction mixture that
contained 1.3 mg ml71 of the reduced form of b-nicotinamide
adenosine dinucleotide (NADH) disodium salt and 0.3 mg ml71

nitrotetrazolium blue, dissolved in PBS (pH 7.4). Slides were
stained with 1 mg ml71 DAPI (4’,6-diamidino-2-phenylindole
dihydrochloride) for 30 s, rinsed with distilled water, mounted
with Vectashield (Vector Laboratories, Peterborough, UK) and
sealed with nail varnish.

3. RESULTS AND DISCUSSION

In developing a model system for growth and di¡eren-
tiation of bloodstream form trypanosomes, two widely
available inbred strains of mice were initially tested: CD1
and BALB/c. Representative growth curves (selected
from a large number of very similar datasets) are shown
in ¢gure 1a,b. The prepatent period of infection with the
pleomorphic line GUP 2962 varied by up to 12 h in mice,
regardless of whether BALB/c or CD1 was used. In
comparing the growth curves of GUP 2962 in CD1 with
those in BALB/c mice, initial growth seemed similar;
however, it seemed that by 80 h the infection was being
controlled in CD1 miceöthe level of parasitaemia
dipping long before the peak reached by the BALB/c
mice. Monomorphic GUP 2965 was also tested in the
mice (¢gure 1c). Extremely high parasitaemias were
reached and in neither host was there an obvious reduction
in growth rate or evidence of morphological di¡erentiation
to stumpy forms.

These data highlight the variability in the parasitaemic
pro¢les obtained with di¡erent hosts or trypanosome
lines. Ideally, we would like to be able to accommodate
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Figure 1. Growth of pleomorphic (GUP 2962) and
monomorphic (GUP 2965) lines of Trypanosoma brucei
rhodesiense in immunocompetent inbred lines of mice.
The data are presented in triplicate sets. The inoculations
of BALB/c mice and CD1 mice with GUP 2962 (a and b,
respectively) were done in parallel as a single experiment.
Inoculation of BALB/c mice with GUP 2965 (c) was
carried out as a single but separate experiment.



all parasitaemic pro¢les in a single mathematical model
simply by variation of key parameters that are de¢ned
experimentally. The rate of di¡erentiation from the prolif-
erative slender to non-proliferative stumpy form is one
such parameter that can be investigated. This di¡erentia-
tion was most tractable in BALB/c mice, which gave the
most consistent growth curves. Consequently, the para-
sitaemia in BALB/c mice was further assessed using the
cytochemical diaphorase assay (¢gure 2), which provides
a simple method for discriminating between proliferative
(slender, diaphorase negative) and non-proliferative
(intermediate and stumpy, diaphorase positive) forms
(Vickerman 1965; Tyler et al. 1997).

To follow di¡erentiation, tail bleeds were taken from
each mouse at each time point shown in ¢gure 2, allowing
measurement of parasitaemia and preparation of blood
smears. The diaphorase assay was then conducted on the
blood smears and assessed using light microscopy. One
thousand trypanosomes were assessed for each mouse at
each time point, even though at low parasite densities this
typically involved the examination of more than one
slide.

At low parasitaemia, less than 10% of trypanosomes
were diaphorase positive. It is worth noting that even at
very low parasitaemia there were at least a few diaphorase-
positive forms with clearly stumpy morphology. During
logarithmic growth, the proportion of diaphorase-positive
trypanosomes increased steadily. By the time of the para-
sitaemic peak, more than 75% of trypanosomes were
diaphorase positive, which increased to more than 95%
after the peak, ca. 5 days post-infection (¢gure 2d ).

Having characterized a reproducible system for a
rodent primary parasitaemia, we sought to emulate it
using a mathematical model. Density-dependent arith-
metic simulations of the primary parasitaemia can show
close ¢ts to observed data (Seed & Black 1997, 1999; Tyler
1998), indicating that a density-dependent model can
emulate many aspects of experimental datasets. Indeed, it
highlights the di¤culty that a model based on di¡erentia-
tion as an intrinsic function of growth has in explaining
the observation that the number of proliferative forms
¢rst increases and then decreases, even in immuno-
suppressed models. This is because the number of pro-
liferating forms increases throughout if the rate of
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Figure 2. Acquisition of diaphorase activity as a marker of the slender-to-stumpy di¡erentiation during the primary
parasitaemia of GUP 2962 in a BALB/c mouse. This single experiment was carried out in triplicate. At each 8 h time point,
blood smears were prepared that were then assayed cytochemically for diaphorase activity. When a characteristic deposit of
formazan along the mitochondrion was observed, trypanosomes were scored as `diaphorase positive’. One thousand trypanosomes
were assayed at each time point for each mouse. (a) Total, (b) diaphorase negative, (c) diaphorase positive, and (d ) percentage
diaphorase positive.



di¡erentiation is less than 50% per generation, whereas if
the di¡erentiation rate is more than 50% the number of
proliferating forms falls throughout.

Introduction of new parameters and variation of
parameters to ¢t theory to experimental data is cumber-
some using arithmetic simulations. We therefore devised
continuous time equations from arithmetic precepts for
use in computer modelling of trypanosome parasitaemias.

(a) A mathematical model of parasitaemia limited
by trypanosome di¡erentiation

In this section, we consider mathematical modelling of
the slender-to-stumpy transition using di¡erential equa-
tions to describe the rate of change of the total parasite
density with time. We will begin with the model proposed
byTurner et al. (1995):

dX=dt ˆ (r ¡ f )X(t), (3.1a)

dY=dt ˆ fX(t) ¡ mY(t). (3.1b)

Here, X(t) is the concentration of slender cells at time
t, and Y(t) is the concentration of stumpy cells. The rate of
division of slender cells is r, the rate of di¡erentiation of
slender-to-stumpy cells is f, and the mortality rate
of stumpy cells is m. Turner et al. (1995) studied these
equations under the assumption that the di¡erentiation rate
f is constant. To modify this model by introducing density-
dependent trypanosome di¡erentiation, the simplest
assumption is that di¡erentiation rate is proportional to
total trypanosome concentrationT(t) ˆ X(t) + Y(t), i.e.

f ˆ f0T(t), (3.2)

where f0 is a constant. We have previously shown cyto-
logically that most phenotypic change takes place after
G1/G0 arrest in all cells (Tyler et al. 1997). Commitment to
and onset of di¡erentiation, however, occurs before cell-
cycle arrest in at least some cells and can be discerned as
small but tell-tale changes in key marker proteins and
morphological parameters (Tyler et al. 1997). The model
above supposes that cell division and di¡erentiation are
independent events. We will consider an alternative
scenario later in this paper (½ 3b, model C) that is consis-
tent with this cytological data, in which a heterogenous
di¡erentiation division is an obligatory part of the di¡er-
entiation pathway. We will refer to the model de¢ned by
equations (3.1a), (3.1b) and (3.2) as model A in this paper.

The curves X(t), Y(t) and T(t) were obtained for each
trial set of parameters using the standard fourth-order
Runge^Kutta method for ordinary di¡erential equations
(described in Press et al. 1992), using a step length dt ˆ 1h.
As initial conditions, we set X(t) ˆ X0 and Y(t) ˆ 0. The
solution therefore depends on four parameters: r, f0 , m
and X0 . The parameter set was chosen to most closely ¢t
the data points by minimizing the root-mean-square
(rms) error per data point, S, de¢ned by

S 2 ˆ
1

3N

N

iˆ1

((lnXobs(ti) ¡ lnXth(ti))
2

‡ (lnYobs(ti) ¡ lnYth(ti))
2

‡ (lnTobs(ti) ¡ lnTth(ti))
2). (3.3)

N is the number of measured data points on each curve,
hence there are 3N points in total. The time of measure-

ment of the ith point is ti. Subscript `obs’ denotes observed
experimental data points, and subscript `th’denotes theore-
tical values obtained from numerical solution of the equa-
tions. We ¢tted logarithms of the concentrations because
the data points vary over several orders of magnitude. To
obtain the optimal parameter set, we made an initial esti-
mate of the parameters, then proceeded by making small
changes to parameter values until no further reduction in
S could be obtainedöchecking that the same ¢nal solution
resulted from di¡erent starting points.

For the BALB/c mice with GUP 2962, four datasets
were used (experimental curves for three of these are
shown in ¢gure 2). The best-¢tting parameters for these
datasets with model A are shown in table 1. The estimate
of the rate of division does not di¡er much between mice,
with the mean value being r ˆ 0.11h71, which corresponds
to a doubling time of ln2/r ˆ 6.3 h. The values of f0 are all
ca. 1£1079 ml h71. To examine this further, we might
calculate the trypanosome concentration at which the
di¡erentiation rate f ˆ f0T becomes equal to r. Using the
¢gures for mouse 1, we obtain T ˆ r/f0 ˆ 9£107 ml71.
Thus, the parasitaemia curves begin to level o¡ substan-
tially when T rises above this value. The values of X0
di¡er much more between the mice, presumably
re£ecting di¡erences in the ability of the founder popula-
tion to establish infection and enter exponential growth
(the measured curves in ¢gure 2 seem to di¡er principally
by sliding along the time axis). The variation in the esti-
mates of m might re£ect true variation between mortality
rates in the di¡erent mice; however, we feel that these
¢gures should be treated with caution as this parameter is
not very well constrained by the data and this model does
not account for immune killing. Interestingly though,
values obtained for m are of the order of previous experi-
mentally derived estimates (Hamm et al. 1990; Turner
et al. 1995).

Figure 3 shows the theoretical ¢t to the mouse 1 data,
showing that the model is correct for the qualitative beha-
viour. There is an initial exponential growth period,
during which almost all trypanosomes are diaphorase-
negative, slender forms. The di¡erentiation rate becomes
large at ca. 96 h, so that the slender curve starts to fall
and diaphorase-positive parasite density becomes higher
than diaphorase-negative parasite density. At ca. 120 h,
the diaphorase-positive parasite density reaches a maxi-
mum and starts to fall. In the latter part of the infection,
almost all trypanosomes are diaphorase positive. It seems
that the maximum in the diaphorase-positive and the
total trypanosome concentrations is less sharp in the
theoretical curves than in curves derived from the experi-
mental values, and the fall o¡ after the maximum is less
rapid for the theoretical curves. If other parameter values
are chosen, this maximum can be sharpened, but this
reduces the quality of ¢t overall. The curves shown mini-
mize the rms error S over the whole data. In the following
section, we will consider modi¢cations to this model in an
attempt to improve the ¢t.

An interesting observation is made if the theoretical
curves are extrapolated (¢gure 4). Oscillations are seen
in concentrations of both diaphorase-negative and
diaphorase-positive forms that gradually decrease in
amplitude. Oscillatory parasitaemia levels in trypano-
some infections are well known. The usual explanation
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for these is that antigenic variation creates a succession of
parasites with di¡erent VSG coats, each of which is
destroyed in turn by the immune response. Models of this
process have been studied previously by Agur et al. (1989),
Antia et al. (1996) and Frank (1999). Our model takes no
account of the immune system or of antigenic variation,
but oscillatory behaviour is still seen, because when total
trypanosome concentration is high, the di¡erentiation
rate is high, which leads to a decrease in slender cell
concentration and a rise in stumpy forms. However, when
trypanosome concentration falls owing to death of the
stumpy form, the di¡erentiation rate falls and the slender
cell replication increases. We wish to emphasize that
although antigenic variation is an important factor in
natural infections, it is not the sole source of oscillatory
parasitaemia levels.

Seed & Black (1997) did show oscillations in slender
cell concentration, but this was caused by an ad hoc reduc-
tion of di¡erentiation rate to 20% at a particular point.
In our model, these oscillations emerge naturally because
the di¡erentiation rate falls gradually when total trypa-
nosome concentration starts to fall. Seed & Black’s (1997)
model does not have a parameter equivalent to our m, the
mortality rate of stumpy cells. Therefore, stumpy cells do
not decrease in their model after the maximum value is
reached. We felt that this parameter was necessary to
explain our data. If, in our model, we set m ˆ 0,
diaphorase-positive forms rise to a maximum and then
remain constant. As total trypanosome concentration
remains high, di¡erentiation rate does not fall, and
therefore diaphorase-negative trypanosomes continue to
decrease steadily at later times without oscillating.

(b) More complex mathematical models
We tried several di¡erent models that include addi-

tional features not present in model A, in an attempt to
increase the accuracy of ¢t to the data. One factor consid-
ered was that when a slender cell becomes committed to
di¡erentiation, it might take time to become diaphorase-
positive. To account for this, we considered model B,
de¢ned by the following equations:

dX=dt ˆ (r ¡ f )X(t), (3.4a)

dE=dt ˆ f X(t) ¡ aE(t), (3.4b)

dY=dt ˆ aE(t) ¡ mY(t). (3.4c)

In this case, E(t) represents a population of trypanosomes
that have exited the cell cycle and are non-proliferative,
but are still diaphorase-negative. The E trypanosomes
become diaphorase-positive at a rate a. The total trypa-
nosome concentration is T ˆ X+ E + Y, and the di¡eren-
tiation rate is assumed to be proportional to T, as in

equation (3.2). The mouse data were ¢tted to model B
using the same method as before. In this case, the
measured points for diaphorase-negative trypanosomes
were ¢tted to the sum X(t)‡ E(t) calculated from theory,
whereas diaphorase-positive measurements were ¢tted to
Y(t) as before.

As an example of the ¢t of this and subsequent models,
we will consider mouse 1 only. The optimal parameter
values were found to be r ˆ 0.11h71; f0 ˆ 1.2£1079 ml h71;
a ˆ 0.074 h71; m ˆ 0.010 h71; and T0 ˆ 4.0£104 ml71.
However, the error was S ˆ 0.369, which is only slightly
lower than the corresponding error for mouse 1 with
model A (0.374). Visually, the curves for model B are
virtually indistinguishable from model A. The problem
with model B is that we have introduced an extra quan-
tity, E(t), for which there is no independent experimental
measurement. For this reason, it is di¤cult to determine
the model parameters with precision: a and m can vary
without making much di¡erence to the ¢t. Thus, model B
does not make a signi¢cant improvement to model A.

We will now consider a scenario in which division is an
obligatory part of the slender-to-stumpy di¡erentiation
pathway. In this case, a slender cell becomes committed
to di¡erentiation before division and a di¡erentiating
slender cell divides for the ¢nal time to produce two
stumpy cells. The total rate of cell division is r, as before.
Let D be the fraction of cell divisions that lead to stumpy
cells. The rate of production of stumpy cells is therefore
2Dr (because two stumpy forms are produced for each
division). The fraction of proliferative divisions (produ-
cing two slender cells) is 17D. A division of this type
increases the number of slender cells by 1, whereas a
di¡erentiation division decreases the number of slender
cells by 1. The rate of change of slender cells is therefore
‡ (17D)r7Dr ˆ (172D)r. This gives us model C,
de¢ned by the equations

dX=dt ˆ (1 ¡ 2D)rX(t), (3.5a)
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Table 1. Best-¢t parameters for model A to data from
four BALB/c mice infected with GUP 2962.

r (h71) f0 (ml h71) m(h71) X0(ml71) S

mouse 1 0.11 1.2£ 1079 0.012 3.91£ 103 0.374
mouse 2 0.12 1.1£ 1079 0.017 2.6£ 103 0.446
mouse 3 0.11 9.3£ 10710 0.000 2.0£ 103 0.540
mouse 4 0.10 1.1£ 1079 0.020 2.8£ 104 0.373
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Figure 3. Fitting model A to the BALB/c mouse with GUP
2962. The example shown is mouse 1 in ¢gure 2 and in
table 1. Circles, total trypanosome concentration; triangles,
diaphorase-positive trypanosomes ¢tted to the stumpy
theoretical curve; stars, diaphorase-negative trypanosomes
¢tted to the slender theoretical curve.



dY=dt ˆ 2DrX(t) ¡ mY(t). (3.5b)
We also need to specify the way that D depends on the
total trypanosome concentrationT. We will use a function
such that D ˆ 0 for T ˆ 0, and D increases to 1 for very
largeT,

D ˆ T=(T1 ‡ T). (3.6)

The parameter T1 is the trypanosome concentration at
which half the cell divisions lead to di¡erentiation.

The best-¢t parameters for mouse 1 with model C
were r ˆ 0.131h71; m ˆ 0.0036h71; T0 ˆ 7.7£102 ml71; and
T1 ˆ 8.4£107 ml71. The rms error was S ˆ 0.535, which is
substantially worse than model A. We have previously
shown that during cell division some trypanosomes
undergo a di¡erentiation division that produces at least
one stumpy form and that is heterologous to preceding
proliferative divisions (Tyler et al. 1997). We have gone on
to suggest that both the products of this division become
stumpy forms (Tyler et al. 2001); however, we have
previously been unable to determine whether this cell
division is an obligatory part of the slender-to-stumpy
di¡erentiation pathway or whether di¡erentiation occurs
in a manner that is essentially independent of the cell
cycle. Although the ¢ts obtained here favour the latter
hypothesis, there are relatively large uncertainties in
experimental measurements, which prevent us consider-
ing this result as conclusive.

Other functions of T could be proposed instead of the
simple one in equation (3.6). For example, D might tend
to a maximum that is less than 1 at highT, or D might be
non-zero even when T is very low. Alternatively, we could
propose a sigmoidal function of T, rather than the linear
increase followed by saturation given by equation (3.6).
We have tried several of these variants, but all involve the
addition of extra parameters that cannot be precisely
determined from the data. In the absence of additional

experimental data, we conclude that equation (3.6) is as
good as any.

In all the models so far, the di¡erentiation rate has
been assumed to be a function of the total trypanosome
concentration. This raises the question of how individual
trypanosomes sense the trypanosome population density.
Reuner et al. (1997) have argued that trypanosomes
release a signal molecule, termed the stumpy induction
factor (SIF). The SIF builds up in the bloodstream and
initiates the di¡erentiation mechanism when trypano-
somes sense its presence in high concentrations. Although
the experimental evidence indicates that there is a SIF
molecule, it is not yet known what this molecule is. From
the modelling point of view, it would be straightforward
to add an equation for the rate of change of SIF, and to
assume that the di¡erentiation rate (either f in model A,
or D in model C) was a function of SIF rather than
trypanosome concentration. This would involve addition
of extra parameters, the values of which are not known
(e.g. rate of SIF secretion, rate of SIF breakdown in the
bloodstream and sensitivity of trypanosome di¡erentia-
tion to SIF concentration). Because we have no measure-
ments of SIF concentration as a function of time, we do
not have data from which to estimate these parameters
and so have not pursued this line in the present paper.
Assuming that the half-life of SIF is short, SIF concentra-
tion will be approximately proportional to the trypano-
some concentration and di¡erentiation rate will be a
function of trypanosome concentration.

If a SIF molecule is present, we might ask whether
slender and stumpy cells produce it equally. To initiate
increased di¡erentiation rate, slender cells must produce
SIF, but whether stumpy cells also produce it is less
important. Let us consider a modi¢cation of model A that
assumes that only slender cells produce SIF, and therefore
that the di¡erentiation rate f ˆ f0X, instead of equation
(3.2). This can be substituted into equation (3.1a) to give

dX=dt ˆ rX ¡ f0X
2. (3.7)

The diaphorase-negative (slender) concentration is now
decoupled from the diaphorase-positive (intermediate
and stumpy) concentration. Equation (3.7) is the standard
logistic growth equation (Renshaw 1991). According to
this, the slender trypanosome concentration would
increase towards a stable equilibrium value at X ˆ r/f0,
i.e. the di¡erentiation rate would rise to a value su¤cient
to prevent further increase of slender cells, but insu¤cient
to cause them to decrease. Thus, equation (3.7) cannot
explain the observation that the slender population actu-
ally passes through a maximum and then decreases. From
this we might conclude that the di¡erentiation rate
depends on the total trypanosome concentration, not just
on the slender cell concentration. This conclusion is weak,
however, because if SIF had a longer lifetime, then its
concentration would not simply be proportional to X,
even if only slender cells produce SIF. Therefore, X would
not decouple from other variables, and equation (3.7)
would not be valid. Also, we have not yet accounted for
the immune system. One could argue that the onset of
di¡erentiation merely su¤ces to prevent further increase
of slender cells, whereas the observed decrease is due to
the onset of an immune response. Such a scenario might
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Figure 4. Continuation of the theoretical curves for model
A to later times shows that oscillations in trypanosome
concentration are to be expected. The parameter values
are the same as in ¢gure 3.



be advantageous in terms of natural selection as it would
favour the maintenance of pleomorphism and, hence, a
mix of proliferative forms, which propagate the infection
in the mammal, and stumpy forms, which promote trans-
mission through the vector. In view of all these uncertain-
ties, the available data are insu¤cient to say whether
di¡erentiation depends on total trypanosome concentra-
tion or only on slender-form trypanosome concentration.

(c) Addition of the immune response
Until now, we have tried to explain the decrease in

trypanosome concentration in terms of the slender-to-
stumpy di¡erentiation and subsequent mortality of
stumpy cells. In reality, we know that the host immune
response takes an active role in clearing trypanosomes
from the bloodstream. Models of the immune system
have been proposed in which antibody concentration
and/or B-cell concentration are considered as variables
with their own di¡erential equations (e.g. Agur et al. 1989;
Antia et al. 1996). We prefer not to do this because we
have no direct measurement of antibody concentration
over time with which to ¢t the theoretical curve. We will
model the immune response in a very simple way. The
essential feature is that the immune response takes time
to be activated, i.e. it is zero at the onset of the infection
and then rises to a signi¢cant level after the host has
responded to the presence of trypanosome antigens. Let k
be the rate at which trypanosomes are removed by the
immune system. We suppose that k is a function of time t
since the onset of infection,

k ˆ
kmaxexp(t ¡ t imm)
1 ‡ exp(t ¡ t imm)

, (3.8)

where t imm is the time required for the immune system to
respond, and kmax is the maximum rate of trypanosome
removal once the immune system is fully activated. This
is a sigmoidal function, corresponding to a gradual
`switiching on’ of the immune system at time t imm. We
now consider model AI (i.e. model A with the addition
of the immune response):

dX=dt ˆ (r ¡ f )X(t) ¡ kX(t), (3.9a)

dY=dt ˆ fX(t) ¡ kY(t). (3.9b)

We suppose, for simplicity, that slender and stumpy cells
are killed by the immune system at an equal rate, k. Some
experimental evidence indicates that slender cells might
be more rapidly removed than stumpy cells (McLintock
et al. 1993). We have not included this feature as it would
involve additional parameters. Also, to keep the number
of parameters to a minimum, we have assumed that the
rate of immune-mediated stumpy death is greater than
the intrinsic mortality rate of stumpy forms. For this
reason, the 7mY term in equation (3.1b) has been
neglected in equation (3.9b), and replaced by the 7kY
term. The treatment of trypanosome di¡erentiation in
this model is as in model A (equation (3.2)), but now
both trypanosome di¡erentiation and the immune system
limit the parasitaemia.

The ¢t of mouse 1 data to model AI is shown in
¢gure 5. This is a signi¢cant improvement over ¢gure 3,
because the ¢t to T and Y around the maximum is closer

and the descent after the maximum is more rapid.
Intuitively, this is what we would expect, because the
immune system activates when trypanosomes reach high
concentration. The rms error is S ˆ 0.297, which is the
best ¢t of any of the models considered in this paper. The
optimal values of the other parameters are r ˆ 0.11h71;
f0 ˆ 9.5£10710 ml h71; kmax ˆ 0.059 h71; timm ˆ 122 h;
T0 ˆ 5.4£103 ml71.

We have also considered addition of the immune
response to model C (the obligatory di¡erentiation divi-
sion model). This gave a ¢t that was better than model C,
however it was worse than model AI, so we will not give
the details. These results con¢rmed that inclusion of both
density-dependent di¡erentiation and the immune res-
ponse gave a better ¢t to the data than the density-depen-
dent di¡erentiation mechanism alone. We therefore
wished to check that the immune response alone did not
su¤ce to ¢t the data. We did this using equations (3.8),
(3.9a) and (3.9b), but we set the di¡erentiation rate f to
be a constant parameter, rather than a density-dependent
function as in equation (3.2). The best-¢t value of the rms
error was S ˆ 1.20 (shown in ¢gure 6). This is a much
worse ¢t than the other models considered.

The reason for the poor ¢t in ¢gure 6 can be under-
stood by considering the cell densities during the initial
period of exponential growth. In this period, the slender
cell density is X(t)X0ert. Thus, from equation (3.1b) the
stumpy cell concentration satis¢es

dY=dt ˆ fX0e
rt ¡ mY . (3.10)

If f is constant, as for the model with the immune system
only, then the solution is

Y(t) º ( fX0)=(r ‡ m)(ert ¡ e¡mt). (3.11)

When mt ¾1, this is just a single exponential increase.
Thus, both X and Y increase exponentially at the same
rate, which gives parallel lines on the log plot in ¢gure 6.
This model therefore cannot explain the fact that the
stumpy cells increase more rapidly than the slender
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Figure 5. Fit of model AI to the mouse 1 data. Inclusion
of both the immune response and the trypanosome
di¡erentiation gives a signi¢cant improvement of the ¢t.
Parameter values are the same as in ¢gure 3.



cells and eventually become more numerous. Conver-
sely, if f ˆ f0T, as in the models with density-controlled
di¡erentiation, then in the exponential growth phase
f º f0X because almost all cells are slender. Hence,

dY=dt ˆ f0X
2
0 e2rt ¡ mY ,

Y(t) ˆ (( f0X
2
0 )=(2r ‡ m))(e2rt ¡ e¡mt).

(3:12)

Thus, the stumpy cells increase exponentially at twice the
rate of the slender cells. This is why the curve for Y even-
tually catches up and overtakes the curve for X.

We have focused on ¢tting the data from the BALB/c
mice with the GUP 2962 trypanosomes, the only system
for which independent measurements of the slender and
stumpy cell concentrations are available. However,
measurements of the total cell concentrations have been
made on other systems (as shown above in ¢gure 1). We
have tested our preferred theoretical modelömodel
AIöon more limited datasets from another host species
(the rat, not shown), and ¢gure 7 shows one example
with a CD1 mouse (taken from ¢gure 1b). The ¢t is good
and provides an example that the AI model can give rise
to other possible shapes of parasitaemia curves.

4. CONCLUSIONS

The parasitaemic pro¢le of T. brucei infections is best
explained by model AI, in which both density-dependent
trypanosome di¡erentiation and host immune response
have a role in limiting the increase of parasites. The
simpler model A, which incorporates only density-
dependent di¡erentiation, gives a qualitative explanation
of our data, but a poorer quantitative ¢t. A model
including the immune response, but in which the di¡eren-
tiation rate is not density dependent, gives a very poor ¢t
to the data. These models also make the prediction that
the density-dependent trypanosome di¡erentiation
mechanism can give rise to oscillations in parasitaemia

level. These oscillations are independent of the immune
system and are not due to antigenic variation.

Our modelling work also highlights several questions
that are biologically important, but for which there is
insu¤cient information in the current data to draw
conclusions. First, models of cell-cycle-independent
di¡erentiation seem to ¢t the data better than one of an
obligatory di¡erentiation division; however, models that
describe these processes are very similar, and in our view,
the present data do not allow us to make a ¢rm distinc-
tion between the two. Second, the details of the way in
which the density-dependent mechanism works remain
unclear. Do trypanosomes sense total trypanosome
concentration or just slender cell concentration? Is there
a SIF molecule, and if so, is it produced by both types of
cell or just slender cells ? The treatments of the density
dependence and the immune response have been deliber-
ately kept as simple as possible, but could be made more
precise if suitable data were available for testing the
models. Further experimental evidence that might shed
light on these points would be of interest.
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