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Specific heats and lattice dynamics of cuprous halides
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The specific heats Cp(T) of CuCl, CuBr, and Cul were measured by the adiabatic calorimetric technique. 

The corresponding Debye temperature for each crystal is given and a comparison between the results is 
drawn. The room-temperature phonon dispersion relations for these cystals are fitted by a nine-parameter 
shell model which gives good fits to CuBr and Cul and a fair fit to CuCl. These model calculations are used 
to compute Cy(T ) for the three cuprous halides and the calculated results are compared with experiment. 
The agreement is good for the range of T > 30°K and less so for T < 30°K where discrepancies are to be 
expected due to anharmonicity that affects the theoretical results. For CuCl we also obtain the Griineisen 
parameter y(T) using thermal expansion data.

I. INTRODUCTION

The cuprous halides CuCl, CuBr, and Cul have 
recently focused a considerable in terest despite 
their sim ple zinc-blende (ZB) structure. This 
structure is  typical to covalent bonding, but their 
ion icity ,1 in particular that of CuCl, is  among the 
highest of all ZB crysta ls. Binary compounds of 
higher ionicity tend to crysta llize  in the NaCl or 
CsCl stru ctu res.2 It is  therefore not surprising  
that their physical behavior is  somewhat peculiar 
and that CuCl is  m ore anomalous than CuBr and 
Cul.

The physical behavior concerns mainly the stru c
tural stability of the cuprous halides, which is  
rather low. They all exhibit structural phase 
transitions at a relatively low hydrostatic p r e s 
su re3"5 at room tem peratures. These are yet not 
fully characterized but they include an outstanding 
phase transition of CuCl into a m etallic sta te .6 
Another feature concerns the elastic  constants 
of the Cu h a lid es, particularly the shear and bulk 
m oduli, which are abnormally sm all.7 For CuCl, 
they d ecrease with increasing p ressu re .8 Another 
peculiarity is  the large negative therm al-expansion  
coefficient9 of CuCl and CuBr below 100 °K and 
50 °K, resp ectively . This property is  related to 
the negative Griineisen param eters of the low- 
energy TA branches.10’11

The dynamical properties of the Cu halides as  
determined by Raman scattering12'15 and ir  absorp
tion16’17 are of considerable in terest because of 
their unusual properties. In the ca ses  of CuCl13’14 
and CuBr12 a broad peak related to the TO photons 
was observed. The interpretation of this anomaly 
was given12’15 by the phonon hybridization model 
of Ruvalds and Zawadowsky.18 Very recently19 an 
inelastic-neutron-scattering experiment at 4.2 °K 
was perform ed to study the phonon shapes of 
CuCl near the r  points. This experim ent is  st ill

in p rogress, but it also shows phonon shape pecu
lia r ities .

The lattice dynamics of the Cu halides were 
investigated by means of inelastic neutron sc a t
tering.20"24 Two common features of the phonon 
spectra can be sorted out: the TA m odes are un
usually flat along a ll h igh-sym m etry d irections, 
and an energy gap appears between the acoustical 
and the optical branches. A rigid-ion m odel was 
used successfu lly  to fit the phonon dispersion  
curves for22 Cul and21 CuBr, but it failed in the 
case of CuCl.20 Recently a double-shell model 
(DSM) was used su ccessfu lly24 to fit the phonon 
dispersion relations of CuCl at 300 °K.

Specific-heat data are essen tia l for the in terpre
tation of the dynamical properties of the crysta ls. 
In an earlier  paper,25 we reported the m easu re
m ents of the specific hear of CuCl. P resently  we 
report the m easurem ents of the sp ecific  heats 
of CuCl, CuBr, and Cul, in the range of 5 to 
160 °K.

In Sec. II we describe the experim ental details  
and in Sec. I ll the analysis of the m easurem ents 
is  brought and com parisons between the three 
halides are drawn. In Sec. IV the m easured pho
non spectra20"22 are fitted to a n ine-param eter  
sh ell model. The resulting sp ecific-heat calcu la
tions are presented in Sec. V and compared with 
the m easured data. In Sec. VI the Griineisen  
param eters of the crysta ls are calculated by using  
the data of Barron e t  a l .10 and the resulting an- 
harmonic properties are d iscu ssed . Sec. VII is  
devoted to a d iscussion  and conclusion of the a r
tic le .

II. EXPERIMENT

The specific heat Cp(T) at constant pressure  
was performed by an adiabatic calorim etric s y s 
tem 28 including an on-line computer. The system
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FIG. 1. Theoretical and experim ental m olar-specific  
heats of CuCl as functions of tem perature.

was m ostly operated by a d iscrete heating mode, 
and Cp was obtained as a function of T through a 
com puter-stored calibration curve. The computer 
was programmed to correct the sp ecific-heat r e 
su lts for p ossib le heat leaks during the heating 
period of the sam ple. The temperature r ise s  
were adjusted to the midpoints of the heating 
periods from a linear extrapolation of the lines  
fitted to the tem perature points before and after 
the drift periods. The calculated energy supplied 
to the sam ple during the heating and the resulting  
r ise  in T  give Cp at the average tem perature read
ing.

The therm om eters used in the experim ents were 
an A llen-B radley carbon resisto r  and a platinum  
therm om eter of a sm all physical s iz e  for the low- 
and the high-tem perature ranges, respectively . 
The therm om eters w ere calibrated against helium
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vapor p ressure and against calibrated germanium  
and platinum therm om eters.

The sam ples used for the m easurem ents were 
installed between two thin copper plates glued to 
a heater and therm om eters. P rior to the actual 
m easurem ents we determined the heat capacity 
of the “empty” calorim eter by attaching the copper 
plates against one another. To test the system , 
the Cp of a highly-pure copper sam ple was m ea
sured. The resu lts for the copper sam ple fitted 
previously published data29 within deviations of 
le s s  than 0.3%.

The sam ples of CuCl and CuBr used in these  
m easurem ents were single crysta ls of m asses  
1.6 and 2.7 g, respectively . For Cul, Cp was 
m easured for a polycrystalline ingot of 4.5 g. The 
calorim eter heat capacity was in the range of 10
30% of the total heat capacity. The data of Cp in 
the range of 5 to 160 °K are shown in F igs. 1 -3  
for the three compounds. The experim ental error  
for Cp at low tem perature is  about 0.3% and it in 
crea ses gradually at 2% at 160°K. The reason  
for this is  related to the decrease in the head con
ductivity as a function of T.  The d ifferences b e
tween Cp and Cv were found to be sm all in com 
parison with experim ental uncertainties over all 
the tem perature range and therefore we assum e 
hereafter that within the experim ental error Cp 

~ Cv  .

III. EXPERIMENTAL ANALYSIS

Since Cv varies over several orders of m agni
tudes in the range 5 -160  °K, it is  custom ary to 
employ the m ore sensitive characteristic Debye
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FIG. 3. Theoretical 
and experim ental mo
la r-spec ific  heats of 
Cul as functions of 
tem perature.

tem perature QD(T),  which varies  over much a 
sm aller range. The resu lts for the D(T) for the 
three Cu halides shown in F igs. 4 -6  were calcu
lated from the individual m easurem ents of C„ 
using tabulated values of the Debye function:

r % / T  „ 4  p x
Cv(T)=18NkAT/0D)3Ja (1 )

where kB is  the Boltzman factor and N  is  the Avo- 
gadro number. 0 D(O) is  obtained by extrapolating 
C„/T3 vs T 2 at T = 0°K. Values of 0D(O), 0D(«=), 
and other relevant data are given in Table I.

In Table I, we a lso  bring 0 £‘(O) of CuBr and 
Cul calculated from the elastic-con stants data of 
the Cu halides which were m easured by Hanson7 
e t a l .  using de Launay tab les.26 0^ (0) of CuCl was 
also  calculated by Barron et  a l .10 who included 
the p iezoelectric  effect8 in CuCl caused by e le c 
trom echanical contributions to the e lastic  con

FIG. 4. Experim ental and calculated Debye tem perature 
QD of CuCl as a function of tem perature . The values of 
Qd below 5 °K a re  extrapolated. DSM re fe rs  to the double 
shell model in Sec. V.

stants. This effect is  absent in Cf4 measured  
along the [100] direction, but it affects C44 m ea
sured along the [110] direction, and C44> Cf4. 
Barron10 e t  a l .  compared 0^(0) using either C f4 
or C44 and obtained ©c(0)= 178.6° and 184.3°, r e 
spectively . The weighted average for CuCl is  
0£ (0)= 180.4 °K c lo ser  to the value obtained by 
using Cf4 alone. For this reason we use Cf4 alone 
for CuBr and Cul, where the p iezoelectric  is  con
siderably sm aller7 than it is  for CuCl.

Our m easured values of Cp fit excellently with 
the Cp m easured by Barron e t  al.  in the range of 
5 -1 6  °K. Below 5 °K our extrapolated value for 
0 C(O) using C„/T3 vs T 2 fa ils  to reproduce the 
considerable increase in Qd observed by Barron  
et  a l .  (see F ig. 4).

The curves of &D(T) for the three Cu halides 
show a ll minima of value of about O.750D(O) at
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FIG. 5. Experim ental and calculated Debye tem pera
ture 0 D of CuBr as a function of tem perature. The 
values of QD below 5°K a re  extrapolated.
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FIG. 6. Experim ental and calculated Debye tem pera
ture Qd of Cul as a function of tem perature. The values 
of O d below 5°K are  extrapolated.

tem peratures of about iS0D(O). This minima in 
0 d(T) are regular in m ost crysta ls of different 
structures and natures.

Another common feature of QD(T) of the cuprous 
halides is  the relative large variation in value 
over the range 0 -1 0 0  °K. The r ise  in 0 D(T) beyond 
its  minimum is  much larger than usual. We at
tribute the origin of this growth in G0(T) to the gap 
in.g-(i') in the frequency range 1 .5 -2 .5  THz, which 
is  common to the three cuprous halides. This gap 
is  caused by the differences between the LA and 
TA phonon branches and is  considered in Sec. V.

At high tem peratures 0 O(T) can be expanded as 
a power se r ie s  of l / T 2. This se r ie s  is  expected  
to converge rapidly at T 2 a n d  it i s 27:

©£(r)=Gg(“ )[i - 4 [ 0 o ( « ) /r ] 2+ £ je o(» )/T ]4-  • • • ] .

(2)

From  this expansion, the values of 0 C(°°) for the 
various cuprous halides are extrapolated and they 
are given in Table I. In case both positive and 
negative ions are in the sam e effective field , 

is  inversely  proportional to the reduced 
m ass27 M :

Q2D(°o)ccM~1 = (mL + m2)/2m 1m2. (3)

For the three compounds the value of QD(°°)/M~l/z 
is  nearly constant at 1.87 and it appears as if the

-

_  D e b ye  C h a ra c te r is t ic T e m p e ra tu re  o f  C u l

•  e x p e r im e n ta l

*  th e o re t ic a l '

i i i i i i i i i 1 i i i i i

change in Op/&D(x ) for the various halides can be 
largely ascribed to the change in m ass ratio. In 
Fig. 7 we plot the reduced 6 d(T ) / qd (°°) against a 
reduced T/G0(°°) for the three halides, and this 
enables us to relate the plots d irectly to the m ass  
changes of the halogen. The relative changes in 
the curve are: (a) &D/ 6 D(<X>) in creases with the 
halogenic m ass over a ll the range. This increase  
becom es m ore pronounced at T — 0, near the m ini
ma and for T /© ^00) —«>. (b) the minimum in &D/  
0B(°°) shifts slightly to higher values of T /0 d(°°).

The considerable drop in e D observed in all 
cases at T >  100 °K (F igs. 4 -6 )  cannot be explained 
by therm al expansion only and it must be attr i
buted to the anharmonicity of the lattice v ibra
tions, which is  expected to becom e progressively  
m ore important as the amplitude of the vibrations 
in creases. This anharmonicity tends to be the 
highest for CuCl. To illustrate th is , we calculate 
the ratio of A / R 0, where A  is  the mean vibrational 
amplitude and R 0 is  the interatom ic distance at 
T= 0 °K, by a very sim ple m odel,27 assuming that 
each ion is  in the sam e field of force. We obtain

a / r 0= \ [ t / qd (°°)}\  (4)

where

X=/r[lO/3MiJ2fcB<9k(«)]1/2. (5)

X and R 0 are tabulated in Table I. X may provide 
for an estim ate of anharmonicity, and it is  the 
largest for CuCl.

IV. LATTICE DYNAMICS

The lattice dynamics of ionic crysta ls can be 
adequately represented by the sim ple sh ell model 
introduced by Cowley et  a l .30 The basic equation 
of this model is  given by

MDi/2(q)u(q) = .D(q)u(q), (6)

where M D is  a diagonal matrix representing the 
different atom ic m a sse s , u(q) is  a column matrix 
representing the ionic polarization v ecto rs, i/(q) 
are the eigenfrequencies, and D(q) is  the dynamic
a l m atrix. A ll the m atrices are of the order 
6 x 6  and are functions of q, the reduced wave-

TABLE I. All tem peratures a re  given in °K. / j  is the ionicity defined by Phillips (Ref. 1). 
0£>(O), Od (°°) a re  the values extrapolated to 0°K and to high tem perature range. 0 ^ “ is the 
minimum m easured value of the Debye tem perature , M is the reduced atomic m ass, and 
R 0 is the nearest interatom ic distance. 0 ^ (0 ) and X are  defined in the text.

Compound f ( 0 D(O) &d (0) 0 J fn R q(k )  102X

CuCl 0.746 164 ± 4° 280 ± 2° 180“ 123° 0.148 2.34 4.85
CuBr 0.735 161 ± 2° 214 ±1° 163° 121° 0.118 2.46 4.25
Cul 0.692 168 ±1° 206 ± 1° 165° 130° 0.109 2.61 3.76
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number vector. D(q) is  given by

Z>(q) =i?(q) + Z DC(q)ZD -  [r(q) + Z DC(q)Kfl]

x  [S(q) + Kp  + + Y p C ^ Z p ] ,

(7)

where Z_D, Y_D, and K D are a ll constant diagonal 
m atrices. Z_B represents the ionic (core) charge 
num bers, YD g ives the sh e lls ’ charge numbers, 
and K D represents the force constants between 
the sh ells  and their inner co res . C(q) represents 
the long-range Coulomb interaction. The m atrices 
.ff(q), T(q), and S(q) represent the various short- 
range interactions, namely, the co r e-co r e , core
sh ell, and sh e ll-sh e ll interactions.

The number of independent param eters for the 
short-range interactions is  determined by the 
Zinc-blende (ZB) structure.31 There are only 
two force constants, A  and B ,  for the first neigh
bor (cation-anion) interaction. The second neigh
bor (anion-anion and cation-cation) interactions 
include at m ost eight p ossib le force constants, 
which can be reduced to two only, namely, A'(Cu), 
^ " (X jp T sC ^ B r,!), by assum ing central forces  
and by neglecting tangential fo rces, i .e . ,

52v 1 dv
d r 2

»
r  dr

Noncoulombic interactions of longer range are 
neglected.24 For sim plicity we a lso  assum e that 
the three m atrices R_, T ,  and S are equal,30 which 
further reduces the number of short-range param 
eters  to four only, namely, A ,  B ,  >T(Cu), and A"(X).

Following the sh ell m odel,30 we introduce sh ells  
for both ions (Cu)+ and X~) with effective charges 
of ey(Cu) and ey(X)  and force constants K(C u),K (X )  
between every sh ell and its  inner ionic core.
Using a ll these assum ptions, we have in total nine  
disposable param eters of which five are “e lec tr ic” 
\Z ,y (C u ),y (X ),if(C u ),/fp O ] and four “repulsive” 
[A,B,A'(Cu),A"&)\.

Room-tem perature dispersion  relations v f f i )  of 
the Cu halides where m easured by inelastic co 
herent neutron scattering.20-23 About 50 values of 
Vj(q) were m easured in each crysta l along the 
major high-sym m etry directions A [100], S [110], 
and A [ i l l ] .  Using the above nine-param eter sh ell 
m odel, a least-sq u ares fitting was perform ed, 
where the quality of fit is  given by the criterion

P  =
N - n ‘

[(^(calc) -^ (e x p ) ]2 
(Ar,)2 (8)
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FIG. 8. Phonon dispersion relations of CuCl. The curves a re  derived from the n ine-param eter shell model given in 
Table II. Experim ental points a re  taken from Carabatos e t al. (Ref. 20). g(v) based on this model is shown as well.

where N  is  the number of the experim ental fr e 
quencies, w = 9 is  the number of adjustable param 
eters of our m odel, ^ (ca lc ) and y{(exp) are the 
calculated and m easured frequencies. &vi is  the 
experim ental uncertainty in v { , taken here as 
Az'jA'i = 0.05 for m ost of the data points. A value 
of P =  1 indicates a very good fit.

The fit to CuCl dispersion relations is  shown in 
Fig. 8. The values of the adjusted param eters 
are given in Table II and P  = 4.2. The fit to the 
CuBr dispersion relation is  of quality P =  1.4 and 
it is  shown in Fig. 9. The values of the b est-fit  
param eters are a lso  given in Table II. In this 
calculation the optical phonons w ere assigned only 
half the weight of the acoustical phonons because 
of the better accuracy of the latter. Our sh ell 
model yields a better fit with experim ent with few 
er param eters than the rigid-ion model of Prevot 
et a l . ,21 who used 11 disposal param eters. Very 
recently Hoshino e t  a l . 23 used a 14-param eter 
sh ell model to fit their 77 °K phonon dispersion  
relations, but their quality of fit is  lower than 
ours. The fit to Cul phonon spectrum  is  shown in 
Fig. 10 and the param eters obtained are a lso  given

in Table II. The quality of fit is  P  = 1.2. Our re 
su lts give better fit to the m easured TA branches 
along the A and 2  directions than the resu lts of 
Hennion e t al 22 It should be mentioned, however, 
that in contrast to the case of CuCl, the phonon 
spectra of CuBr and Cul are very smooth and 
therefore considerably ea s ier  to be fitted by a 
force model. The se ts  of the shell-m odel param 
eters for CuBr and Cul given in Table II are not 
sensitive to sm all changes in the values of the 
individual param eters, so  that slightly different 
m odels give alm ost as good fits  as the b est-fit  
values.

Our motivation for choosing the sam e nine- 
param eter sh ell model for the three crysta ls is  
that it enables us to draw com parisons between 
the various crysta ls in a system atic manner. We 
find that on going from Cul— CuBr — CuCl, that 
(a) the effective charge Z  in creases in accord with 
the ionicity of the compound, (b) The polarizability  
a  of the halogen ion, estim ated by a  = e 2y 2/ K ,  in 
creases while the polarizability of Cu+ d ecreases  
at the sam e tim e, (c) The value of Cu-Cu short- 
range force constant j4(Cu) in creases in accord

TABLE II. B est-fit param eters of the shell model used to calculate Vj(q) for CuJf. The 
p aram eters a re  given in units of e2/2V 0, where V 0 is the unit-cell volume. X  rep resen ts Cl, 
B r, and I.

Crystal Z F(Cu) K{ Cu) Y(X) K(X) A B A'(Cu) A "  (X)

CuCl 0.33 -1 .3 73.3 -2 .2 24.0 9.3 8.4 4.0 -2 .8
CuBr 0.30 -1 .8 49.6 -0 .7 87.9 5.7 6.7 1.0 2.1
Cul 0.29 -2 .9 79.4 -0 .3 85.9 9.9 10.3 0.6 3.1
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Dispersion Curves for C u B r

FIG. 9. Phonon dispersion relations for CuBr. The curves a re  derived from  the n ine-param eter shell model given in 
Table II. Experim ental points a re  taken from  Prevot et a l . (Ref. 21). g(i') based on this model is shown as well.

Dispersion Curves for C u l

a>
Ui

FIG. 10. Phonon d ispersion relations for Cul. The curves a re  obtained from  the n ine-param eter shell model given in 
Table II. Experim ental points a re  taken from Hennion et al. (Ref. 22). g(v) based on this model is shown as well.
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with the decrease in the interatom ic distance.
Our findings may support the assumption that a 

possib le interaction between the d  electrons of 
neighboring Cu+ ions would be m ost significant 
in CuCl. It is  a lso  interesting to note that in CuCl 
the force constant K(C1) that attaches the Cl" sh ell 
to its  inner core is  very  sm all, and that the C l- 
C1 force constant A"(Cl) is  negative.

Of the three Cu halides the fit for CuCl by a 
sim ple sh ell model is  the poorest. There ex ist 
m ore elaborate m odels that give better fits to the 
CuCl phonon spectrum ,24 and these are a “breath
ing” sh ell model and a “double” sh ell m odel.24 
However, the sim ple sh ell model is  found adequate 
for our present purpose of treating the data of Cv.

V. COMPARISON BETWEEN EXPERIMENT AND THEORY

The sh ell-m odel param eters given in Table II, 
were used to calculate v ,(q) as well as g (v )  for the 
three compounds. The resu lts are shown in F igs. 
8 -1 0 . In these calculations the extrapolation 
method33 was used with 2992 crude m esh cubes 
uniformly distributed over ^  of the first Brillouin  
zone. Two gaps are seen  in each of the different 
g {v ) .  One is  located between the optical and the 
acoustical modes and it becom es narrower on 
going from CuCl to Cul. The second gap is  actually  
a low-density region appearing in the energy range 
of 2 -3  THz, and it originates in the energy d if
feren ces between the low -energy TA modes and 
the much higher LA m odes. We believe that this 
gap is  responsible for the large variation in the 
Qd (T) of the Cu halides. For CuCl 6 D(T) varies  
between ©D(10 °K) = 120 TEC and 0D(«)=  280 °K.

The phonon d en sities of states were used to ca l
culate the specific heats CV(T),  using the following 
expression36:

^ . 6Nh2
" ft„r* / ’♦'n

£ v 2 ex p (h v /k BT) 
[exp(h v /kBT) -  ljz g ( v ) d v .  (9)

A com parison between the calculated and m ea
sured CV(T) for the various crysta ls is  shown in 
F igs. 1 -3 . There is  an apparent agreem ent b e
tween theory and experim ent where the average 
discrepancies between them are of about 2%. For 
CuCl the discrepancy in creases above 90 °K and it 
is  5% at 155 °K. The reason for th is may be due 
to anharmonic effects neglected in the theory.

A m ore sensitive com parison between theory 
and experim ent is  shown in F igs. 4 -6 .  For CuCl, 
there is  an excellent agreem ent between the ca l
culated and m easured {^,(T ). M oreover, the ex 
trapolated theoretical value of GD(0) = 178 °K is  in 
excellent agreem ent with the value of 0 D(O°)= 179.3 
± 0 .6  extrapolated from m easurem ents by Barron 
et  a l .10 However, this excellent agreem ent is  a

little  worrying, since the calculated Gfe(T') is  de
rived from a model that fits phonon dispersion  
relations at 300 °K, and is  thus expected to be 
somewhat lower than the measured 6D(T).  It is  
therefore suspected that this agreem ent is  at least  
partly coincidental. To verify th is, a second ca l
culation, based on a double shell model (DSM)24 
was perform ed. The DSM gives a much better fit 
to the phonon dispersion relations of CuCl at 
300 °K. Indeed, GD(T) calculated from the DSM 
does not fit so w ell the observed GD(T) below 30 °K, 
and it predicts 6^(0) = 146 °K, much below the ob
served value of 179 °K.

In the cases of CuBr and Cul the fit between 
theory and experim ent is  very good in the range 
15 < T<95 °K. The disagreem ents below 15 °K are 
to be expected for the sam e reason, ( i.e ., that 
the models are fitted to 300 phonon dispersion  
relations). In the higher range T>  95 °K, d isagree
m ents are to be anticipated because of anharmoni- 
city that is  not included in the theory. However, 
the disagreem ents in this range for Cul and CuBr 
are le s s  pronounced than for CuCl. This shows, 
perhaps, that CuBr and Cul are le s s  anharmonic 
than CuCl.

VI. GRUNEISEN PARAMETER FOR CuCl

The Gruneisen param eter y  is  defined within the 
quasiharmonic approximation by the following ex
p ression 32:

y = - ( — )7 . V3 1nWs’
or as a function of <dD derivatives

7= -
d  lnG0
d \n V  '

(10)

(ID

where y  is  a function of T.  Another expression  
for y  i s 32

y(T ) = B sV J 3 /C p, (12)

where V m i s  the m olar volume, B s the adiabatic 
bulk modulus, and P the volume therm al-expansion  
coefficient.

Very recently, /3(7') for CuCl was m easured by 
Barron e t  a l .10 in the range of 2 -85  °K. They a lso  
m easured Cp of CuCl in the range 2 -1 6  "K and thus 
they were able to obtain y (T )  for this range. Since 
our Cp(T) m easurem ents extends over a wider range 
of T ,  we use it here to obtain y (T )  over the range 
5< T <  160°, where we use the data9 for 0(T) and 
V m(T) above 85 °K. As for B s , the values of8’10 0.44 
Mbar below 30 “K and 0.43 above 30 °K are used.
We also take Fm= 23.8 cm 3 at T = 0 °K and y m(100°)
= 23.7 cm 3.

The T dependence of y  i s  shown in F ig. 11. The
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T (°K)

FIG. 11. Tem perature dependence of the Griineisen 
param eter y  for CuCl. The calculation is explained in the 
text. For T<  95° we use the data of B arron et al. (Ref.
10) for /3 (marked as closed circ les), for T>95°K the 
data of Shaake (Ref. 9) is used (marked as open c ircles). 
At T = 0, the values of y0 of Hanson e t al. (triangle)
(Ref. 8) and of B arron et al. (square) (Ref. 10) a re  shown 
as well. .

value of = -1 .1 7  shown separately in th is figure 
was calculated8’10 from  elastic  constants and it 
includes the p iezoelectric  effect. Our own value 
is  y0= -1 .8 6 . The marked disagreem ent between 
Vq1 and y0 indicates that the true volume deriva
tives at low T  differ considerably from  the room - 
tem perature values upon which the y®1 calculation  
was based. For com parison we a lso  marked in 
F ig. 11 the lim iting low T  value y 0 = -2 .4  obtained 
by Barron et a l . , 10 a value perhaps too low for 
CuCl.

The general behavior of y (T )  looks normal when 
compared to other crysta ls  such as Si, Ge.GaAs, 
InSb,CdTe, having sim ilar  structure.11 In all 
these crysta ls y(T), as w ell as 0O(T), have a deep 
minimum at r  = ̂ €^,(0). At 300 °K, y  of CuCl is  
estim ated to be 0.78.

The (3(T) data9 for CuBr and Cul are presently  
inadequate to yield y (T )  in detail. From existing  
data9 we may expect y <  0 for CuBr, while y > 0 
for Cul even at very low T.  Negative y is  a s s o 
ciated with negative therm al expansion, a phenom
enon that is  fa irly  common among covalent crysta ls  
p o ssess in g  the Z .B. structure. It is  interesting  
to note, however, that this effect is  observed to 
in crease with ionicity. Smith e t  a l .11 related ymin 
and y with ionicity for severa l Z .B. structure c r y s
ta ls  and predicted the value of y of A gl, CuCl, 
and CuBr to be the m ost negative among a ll these  
crysta ls .

The negative values of y and (3 at low T  may be 
related to the mode Griineisen param eters32 y } 
defined by

<•»
in the quasiharm onic approximation. In term s of 
j'/q ), the m acroscopic y is  given by

r = E r i c i / Z c i> (14)j '  i
where C} i s  the Einstein  sp ecific-heat value that 
corresponds to v In this manner, the main con
tribution to y at low T  com es from low-frequency  
phonon branches ( i.e .,  the TA modes) which are 
very flat in the Z .B. structure crysta ls. Force  
constants contribution to TA branches are largely  
tangential [ i .e . ,  they have the form  (1 /r)<p'(r)] in 
contrast to radial forces of the type 4>"(r) which 
contribute m ore to LA m odes. Radial forces are  
expected to contribute positively to the individual 
y i while tangential forces contribute negatively.32 
It is  therefore deduced that the mode Griineisen  
param eter y s of the TA branches tends to bring 
down the value of y(T) at low T ,  an effect that is  
observed to increase with ionicity.11 Among the 
Cu halides the largest negative Griineisen param 
eter is  observed for CuCl at low tem peratures. 
Incidentally, Agl has the highest ionicity1 ( /,
= 0.770) among a ll Z .B. structure crysta ls  and its  
/3 and y values are negative even at room tem pera
tu re.34 On the other hand, Cul has positive y 0 
despite its  high ion icity .9

The reason that Cul has positive y 0 is  related  
to the relative volum es of the ions form ing the 
crysta l. The Z.B. structure, which is  usually  
quite open, con sists of two interpenetrating fee 
sublattices. If we com pare the ionic radii R x  of 
the various halides35 (iic i = 1.81 A, -RBr = 1.96 A, 
i?i = 2.20 A) with the nearest halide-halide distance 
R q, given by V |K 0 where R a is  listed  in Table I, 
we observe that at T -  0 °K for CuCl and CuBr 
R ’0> 2Rx , while for Cul, R^< ZRt . This m eans that 
in the ca ses  of CuCl and CuBr the distance b e
tween the two halides is  larger than the sum of 
their radii, and this perm its negative 0 and y .
In contrast, for Cul the iodine-iodine distance is  
sm aller than twice the iodine radius and this a l
lows only for positive /3 and y .

VII. CONCLUSION

The specific heat Cp of the cuprous halides CuCl, 
CuBr, and Cul was m easured in the tem perature 
range of 5 to 160 °K. It was a lso  expressed  in 
term s of QD(T) and considerable variations in @D(T) 
w ere found over this range. The largest variations 
were for CuCl and le s s  so  for CuBr and Cul.
T hese variations are partly related to the gap in 
g (v )  caused by the energy d ifferences between the 
TA and the LA m odes. This gap is  large for CuCl 
and becom es sm aller  forCuBr and Cul. For higher 
tem perature range the &D{T ) curves tend to bend 
downwards due to anharmonic effects. This ten
dency is  m ore accentuated for CuCl and le s s  so  
for CuBr and Cul.
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In order to correlate the sp ecific-heat data with 
m ore detailed information of the phonon spectra  
derived from  inelastic-neutron-scattering data, 
a nine-param eter sim ple sh ell model was applied 
to fit the observed phonon dispersion relations of 
the three Cu halides. The quality of fit of this 
model for CuBr and Cul to the slow neutron sca t
tering data was at least as good as that accom 
plished by sh ell m odels employing m ore param 
e te r s .21-23 In the case of CuCl, the su ccess  of this 
m odel was considerably le s s  although it was ade
quate for the purpose of correlating the sp ec ific-  
heat data to the observed phonon dispersion  re la 
tions. The motivation for using the sam e model 
for the different halides was to look for general 
trends in behavior. It was found that the nearest 
Cu-Cu forces were attractive and tended to de
crease on going from  CuCl to Cul. The Cu-Cu 
forces are probably related to the strong anhar
m onicity in CuCl and CuBr as w ell as to the nega
tive therm al expansion at low T  observed in these 
crysta ls. The fit of the m odels to the m easured  
QjjiT) was good for T >  30 °K0 Below 30 °K, the fit

was le s s  good and this is  expected since the pho
non data were m easured at room tem perature.

In the case of CuCl, the Griineisen param eter 
y (T )  was calculated in the range of 5 to 160 °K. 
There is  a discrepancy between the m easured y0 
and y®1 calculated from  the elastic  constant data 
of CuCl. In the case of Cul, y 0 is  positive in con
trast to CuBr and CuCl and this is  sim ply ex 
plained by atomic volume considerations that in 
dicate that iodine ions form a closed structure in 
the case of Cul.
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