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ABSTRACT

The finite-difference time-domain method is used 
for high-resolution full-wave analysis of cross-borehole 
electron) agneticsurveys of buried nickel sulfide deposits. 
The method is validated against analytical methods for 
simple cases, but is shown to be a valuable tool for anal
ysis of complicated geological structures such as faulted 
or layered regions. The magnetic fields generated by a 
wire loop in a borehole near a nickel sulfide deposit are 
presented for several cases. The full-wave solution is ob
tained up to 200 M Hz, where quasi-static methods would 
have failed. The dielectric response is included in the so
lution, and the diffractive nature of the field is observed. 
The sensitivity of each receiver in a vertical line in the 
cross borehole is presented and analyzed to provide an 
optimal weighting for receivers that can be applied to an 
experimental study.

INTRODUCTION

An important class of mineral deposits has highly conductive 
ore zones embedded in a resistive host. Examples include the 
Kambalda (Gresham and Loftus-Hills, 1981), Sudbury basin 
(Stanton, 1972), and Voisey Bay nickel deposits, where the 
ore bodies are dominated by highly conductive pyrrhotite, giv
ing ore conductivities of about 10s— 106 S/m. Cross-bore elec
tromagnetic (EM) surveys are desirable in delineating such 
deposits. In particular, source fields with excitation frequen
cies in the megahertz range have been suggested by numerous 
authors to be of particular usefulness in resolving the geom
etry of such features (Rao and Rao, 1983; Stolarczyk et al., 
1988; Nickel and Corny, 1989; Stolarczyk, 1990,1992; Thomson 
et al., 1992; Wedepohl, 1993; Fullagar and Livelybrooks, 1994;

Pitt and Kramers, 1996). Although designing and interpret
ing an experiment at these frequencies has been difficult given 
the lack of appropriate modeling software, recent advances in 
modeling (Johnson, 1997; Johnson et al., 1998) can be used 
to facilitate experimental design. The purpose of this paper is 
to illustrate the state of the art in experiment design in the 
megahertz range using finite-difference time-domain (FDTD) 
modeling software.

ALGORITHMS AVAILABLE FOR MODELING

The geophysical models discussed in this paper consist of 
highly conductive massive sulfide bodies situated within a 
weakly conducting host rock. In this case, the electromagnetic 
fields attenuate very rapidly within the conductor. For instance, 
if we consider electromagnetic fields with a frequency of 1 MHz 
incident upon sulfide mineralization (e.g., massive pyrrhotite) 
of conductivity 104 S/m, then the skin depth within the conduc
tor will be 5 mm. For fields outside of the orebody, we can model 
the orebody as a perfect electric conductor (PEC), where we 
assume that the fields vanish within the object.

Several existing algorithms can be considered for this mod
eling problem. Annan (1974) presented a numerical approx
imation for the response of a perfectly conducting plate in 
free space. This approximation, although useful, has a lim
ited accuracy for conducting host media. Moreover, the thin 
plate model is lacking in geometric flexibility. Volume cur
rent integral equation codes, which permit simulation of a con
ducting host, become numerically cumbersome or unstable for 
high target conductivities or target-host conductivity contrasts 
(Hohmann, 1983; San Filipo et al., 1985). In addition, neglecting 
displacement currents may not be justifiable for the electrical 
properties and transmitter frequencies of interest. These con
siderations narrow the field of candidates for codes with which 
to perform this modeling.
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Cross-Borehole Delineation of Ore Deposit 825

Four modeling codes were initially identified for experimen
tation and possible customization to the geophysical case at 
hand.

Wang-Hohmann (WH) code

A code described by Wang and Hohmann (1993) was de
veloped for the quasistatic diffusion regime. It uses a modi
fied version of the Du Fort-Frankel method to step Maxwell’s 
equations in time on a Yee staggered grid. A homogeneous 
Dirichlet boundary condition is imposed on the fields at the 
subsurface boundaries of the computational mesh to truncate 
the computational domain. The mesh boundaries are placed a 
sufficient distance from the region of interest to ensure that out
ward propagating electromagnetic fields attenuate sufficiently 
before reaching these perfectly reflecting surfaces. Expansion 
of the mesh beyond the region of interest is performed using 
gradually increasing cell dimensions, which is feasible in the dif
fusive regime because field variations become smoother with 
increasing distance from transmitters and scatterers. This code 
is appropriate for calculating the responses for the lower exci
tation frequency content used in the original Wang-Hohmann 
study, but would not be valid for the present case of interest 
in the megahertz range because the quasi-static approximation 
would not be valid

Furse-Johnson (FJ) code

A code written by Cynthia Furse and others in the Depart
ment of Electrical Engineering, University of Utah, is an im
plementation of the Yee (1966) method using second-order 
accurate central difference approximations for the temporal 
and spatial derivatives in Maxwell’s equations (Furse et al., 
1990). This uses the standard FDTD method. Derivation of 
the time-stepping equations is discussed in several texts (e.g., 
Taflove and Umashankar, 1989). Both electric conduction and 
displacement currents are included in the model. This code 
was originally developed for models contained within a re
gion of free space, and used Mur (1981) second-order absorb
ing boundary conditions (ABC) on the mesh boundaries. This 
ABC is inappropriate for simulating broadband EM responses 
of targets in dispersive media because it is based upon an equa
tion in which phase velocity is assumed constant. An accurate 
AB C for lossy host materials is required. Attention has recently 
been focussed on perfectly matched layer (PML) absorbing 
boundary conditions, which reportedly lead to superior accu
racy (Berenger, 1994; Chew and Weedon, 1994; Chen et al., 
1996). Differing formulations of the PML for lossy media have 
been published by Berenger (1994), Fang and Wu (1995), Chen 
et al. (1996), and others. The Chen et al. formulation was cho
sen for its ease of implementation.

Wang-Tripp (WT) code

A third code, described by Wang and Tripp (1996), is another 
full-field numerical solution to Maxwell’s equations, incorpo
rating both electric conduction and displacement currents. The 
code differs from the conventional Yee algorithm in two ways. 
First, the spatial derivatives are approximated by special opti
mized second-order divided differences, which lead to better 
numerical dispersion characteristics. In addition, the compu
tational mesh is terminated using Liao absorbing boundary

conditions, which are described by Chew (1990). A major dis
advantage of this boundary condition is the requirement that 
transmitters, scatterers, and receivers be placed a large dis
tance from the mesh boundaries, so the region of interest must 
be padded with extra cells (Wang and Tripp, 1996). In contrast, 
PML absorbing boundary conditions have been shown to per
form well in cases where the transmitter is placed close to the 
mesh boundary (Chen et al., 1996). An optimal solution for 
future work might be to incorporate PML absorbing boundary 
conditions into the optimized second-order finite difference 
scheme described by Wang and Tripp (1996).

In these three modeling codes, the boundary condition

E ta n 0 (1)

was imposed on the tangential electrical fields at the surface of 
the PEC. When the fields are discretized using the Yee method, 
continuity of the normal component of magnetic induction B 
across this interface is automatically satisfied, as these compo
nents are calculated using values of E tan on the surface.

Weidelt code

An analytic solution for the quasi-static impulse response of 
a perfectly conducting half-plane in a conducting host was pro
grammed, as derived by Weidelt (1999). This solution is also 
discussed in Appendix C of Johnson (1997). The half-plane 
model can be used to simulate the EM response obtained near 
the edge of a large platelike body of massive sulfide mineral
isation, as found in the Sudbury basin and Kambalda nickel 
provinces. It is also a useful 2.5-D model for use in validating 
the model responses calculated using the FDTD codes and was 
used to verify that the electromagnetic responses of perfectly 
conducting bodies can be accurately estimated using the FDTD 
method.

C OD E VALIDATION TESTS 

Weidelt half-plane solution versus WH FDTD

The model used to verify the WH FDTD code by comparing 
it with the Weidelt code is shown in Figure 1 . It consists of 
a perfectly conducting half-plane lying within a medium with 
conductivity of 0.001 S/m. The magnetic dipole transmitter is

Fig. 1. Cross-section of the PEC half-plane model. The con
ductor extends infinitely to the right and perpendicular to the 
page.
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826 Johnson et al.

oriented in the horizontal direction perpendicular to the edge, 
and placed 50 m above and to the left of the half-plane, in order 
to achieve good coupling to the target. The time domain wave
form of the transmitter consists of a unit magnetic moment. 
A series of receivers measuring the vertical magnetic field are 
placed below the transmitter, recording the time derivative of 
the magnetic field intensity (i.e., the impulse response).

The perfectly conducting half-plane is incorporated in the 
FDTD model by explicitly setting the electric field compo
nents to zero at nodes lying within the half-plane before up
dating the magnetic field at each time step. The numerical re
sponse obtained using a cell size of 1 m within the region of 
interest agrees well with the closed-form result, particularly at 
late times (Figure 2). The z component of the magnetic field 
response is used in this comparison because the whole-space 
contribution is equal to zero for this set of receivers, giving a 
response that is entirely due to the half-plane. The discrepancy 
between the analytic and numerical responses decreases with 
increasing resolution. These results give us confidence that the 
analytic result is correct and that the quasi-static impulse re
sponse of a perfectly conducting half-plane can be accurately 
computed using the FDTD approach.

Validation of FJ FDTD code

The Yee algorithm has been exhaustively tested for models 
involving scattering from perfectly conducting objects in the 
wave-propagation regime. A survey of the relevant literature 
is provided by Shlager and Schneider (1995). The Furse code 
that was adapted by Johnson for geophysical applications has 
been tested against analytical and measured values in the mega
hertz and gigahertz range (Furse et al., 1990,1997; Lazzi et al., 
1998) and at 60 Hz (Furse and Gandhi, 1998). Its performance 
is examined in the FJ implementation for scattering in the dif
fusion regime. The strategy is thus to rigorously test the code

Time = 10'6 seconds 
0.01------- 1------- 1------- 1------- 1------- 1-----

Z Coordinate (m)

Fig. 2. Comparison of the analytic result for a perfectly con
ducting half-plane due to Weidelt (1999) with the numerical 
solution obtained using the FDTD algorithm of Wang and 
Hohmann (1993) with PEC boundary conditions enforced ex
plicitly at each time step. The calculated impulse responses are 
compared at delay times of 10-6,10-5, and 10-4 s.

for both end regimes as a necessary condition for correctness 
for all frequency regimes.

The full-wave FJ code is used to simulate the response of 
a perfectly conducting plate measuring 200 m in length and 
150 m in width (Figure 3) within a medium with conductiv
ity 0.001 S/m. The finite difference mesh consists of 100 x 
150 x 150 cubic cells of dimension Ax = 2 m. A y-directed 
magnetic dipole transmitter is placed 100 m above the sur
face of the plate and 50 m from its edge, with a vertical line of 
receivers placed below the transmitter. The transmitter time- 
domain waveform consists of a Gaussian pulse with an ampli
tude spectrum decreasing to half of its peak value at 300 kHz. 
The analogous half-plane model response is also calculated by 
convolving the closed-form impulse response solution with the 
transmitter waveform used in the FDTD simulation. The host 
resistivity and transmitter frequency range of the model are 
chosen so that the quasi-static assumption is valid.

Comparison of the vertical magnetic field responses (Fig
ure 4) for the receiver opposite the edge of the plate suggests 
that the finite-dimensional plate is an imperfect representation

150 cells

Fig. 3. Plate model used to represent a perfectly conducting 
half-plane.

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Time (sec) x 10-5

Fig. 4. Comparison of the vertical magnetic field response of 
the model depicted in Figure 3 with the analytic solution for 
the analogous half-plane model.
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of an infinite half-plane. Hanneson (1981) found that, for a 
horizontal-loop EM prospecting system with a loop separation 
L, a thin vertical plate can be considered effectively infinite 
when its length is >3L and its width >1.5L. Using this crite
rion, a transmitter-receiver separation of 100 m would require 
a plate of length 300 m and width 150 m for the simulation of 
a half-plane response. Unlike the WH code, which models the 
fields within a large volume with cells of increasing size, the 
FJ code uses a uniform mesh to model a restricted region, so 
that the dimensions of the plate that can be modeled using the 
FJ code are considerably smaller than those of the plate simu
lated by the WH code. This is a limitation of the FJ code, rather 
than the algorithm itself. The response of the plate modeled 
using the FJ algorithm decays more rapidly at late times than 
the response of the true half-plane. However, since early time 
and peak scattered field values for the two models are in good 
agreement, it is assumed that the FDTD fields for a physically 
larger plate would provide a better match to the analytical half
plane response. Hence, we tentatively conclude that the Yee 
algorithm can be used to accurately estimate the response of a 
perfectly conducting body in the diffusion regime.

Comparison of WH, FJ, and WT codes

In summary, the WH code provides an efficient and accurate 
means of calculating the quasi-static impulse response of a per
fectly conducting body. The WT and FJ codes can be used to cal
culate full-wave EM responses, and our numerical experiments 
suggest that the FJ code can accurately model PEC responses 
in the quasi-static regime as well as at higher frequencies. Since 
the FJ code has been validated for free-space EM scattering 
from PEC targets, the necessary conditions for accuracy in 
the transitional frequency range have been established. The 
WT algorithm has superior numerical dispersion characteris
tics (Wang and Tripp, 1996), but the Liao absorbing boundary 
conditions used in the WT code depend upon the establishment 
of a sufficiently large separation between the mesh boundaries 
and any transmitters, scatterers or receivers placed therein.

Further details concerning code development are contained 
in Johnson (1997) and Johnson et al. (1998).

EXPERIM ENTS IN  SURVEY DESIGN

The ability of geophysical measurements to resolve geologi
cal features is limited by such factors as noise and the physical 
parameters of the survey and geology. We can usually control 
only the survey design, subject to physical access restrictions 
and the limitations of our instruments. Therefore, it is impor
tant to design the survey in a manner that maximizes the sensi
tivity of measurements to the geological parameters of interest. 
In order to determine the parametersensitivities accurately, we 
might perform a rigorous sensitivity analysis based on singu
lar value decomposition, which maps data uncertainties into 
parameter uncertainties (Kriesghauser et al., 1996). However, 
we can also perform simple forward modeling experiments to 
estimate ideal noise-free sensitivities for measurements taken 
within a given region, which indicate where data must be mea
sured in order to obtain optimal resolution under ideal condi
tions. In this case, we compare the data generated by one model 
with those generated by a similar model in which the parame
ters of interest have been perturbed. In performing the actual

survey, we should collect the measurements that are most sen
sitive to perturbations in the parameters of interest. Whether 
or not these measurements are sufficiently sensitive for the pa
rameters to be resolved to the desired level of accuracy is a 
question that can only be answered with reference to the pre
dicted noise model and the instrument specifications.

Forward modeling of the thin plate model

Consider the case where a platelike body of massive sul
fide mineralization has been intersected by several drill holes. 
The lateral position of the body is known, and it is desired to 
determine its vertical extent for the purposes of ore reserve 
calculation and mine planning. It is possible to determine the 
depth extent by drilling more holes, although it may be more 
cost-effective to use geophysical methoda A cross-borehole 
electromagnetic survey can be carried out using a magnetic 
dipole transmitter operating at several different frequencies. 
For a given transmitter location, it is desired to determine the 
receiver positions that will be most sensitive to the plate edge.

We use the FJ code to calculate the electromagnetic fields at 
300 kHz, 500 kHz, 1 MHz, and 2 MHz for two perfectly con
ducting plate models in which the position of the upper plate 
edge differs by 30 m (Figure 5). In both cases, a horizontal mag
netic dipole transmitter is placed at the position (.v, z )  = (30 m, 
90 m), the conductivity of the host rock is 0.001 S/m, and the 
electric permittivity is 6.4 er>- The fields are recorded in a vertical 
plane perpendicular to the plates and containing the transmit
ter. The plates extend 50 m to either side of the survey plane. 
The model in which the upper edges of the plate lies at z  = 90 m 
is denoted as B. The other model is denoted as A.

A conventional radio imaging method (RIM) survey collects 
only amplitude data that are usually expressed in decibels rel
ative to some arbitrarily chosen signal level. Therefore, it is 
useful to examine the model amplitude responses and sensitiv
ities. For the purposes of visualization, the amplitude data are

Fig. 5. Perfectly conducting plate models.
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transformed as

F'  =  20 log- (2)

where F  is the field amplitude and Fm:lx is the maximum value. 
The values of the transformed field F'  are clipped at a lower 
bound of F' =  —500 dB. This transformation, although some
what arbitrary, facilitates image display.

The transformed amplitudes of the horizontal magnetic field 
components Hx at 2 MHz for model B (Figure 6) display a 
distinct shadow zone behind the plate, particularly in the lower 
portion of the target. Electromagnetic waves are diffracted by 
the edges of the plate, creating a zone of partial shadow behind 
the upper portion of the plate.

Two sets of model data are used to calculate the sensitivity 
of the measurements to the position of the plate’s upper edge. 
The observed held can be expressed as a sum of a primary field 
component due to the dipole in a homogeneous whole-space 
and a secondary field component due to scattering from the 
target. Since we want to examine the difference in response 
between two models, it is useful to express the field perturba
tion due to the change in the plate edge position in decibels 
relative to the unperturbed model fields, so that

20 log
pA _  pt

F A +  s (3)

where F A and F B are the amplitude responses of the unper
turbed model A and the perturbed model B, respectively, and 
e is a small number chosen to prevent F  from becoming unde
fined when F A =0.

For an instrument of given dynamic range and an estimated 
level of observational error, we can use maps of F  to decide

whether a given measurement is likely to yield useful infor
mation regarding the vertical extent of the plate. The map of 
F  at 2 MHz (Figure 7) indicates that the data that best re
solve the position of the plate lie within a wedge-shaped zone 
radiating from the top edge of the plate in model B and ly
ing on the far side of the plate relative to the transmitter. If 
the transmitter frequency is lowered to 500 kHz (Figure 8), 
then the zone of maximum sensitivity only extends about 30 m 
horizontally from the plate, unlike the case at 2 MHz. The re
quired sensitivity threshold of the instrument decreases more 
rapidly with distance from the target, and optimal position
ing of receivers becomes more important as the frequency is 
lowered.

Replacing the 2-MHz horizontal magnetic-field transmitter 
with a vertical magnetic dipole and measuring the vertical mag
netic field component results in a marked change in the sen
sitivity map (Figure 9). The area enclosed by the —10 dB sen
sitivity contour is now greater than the area enclosed for the 
horizontal transmitters and receivers (compare with Figure 7).

Now consider an instance where a part of the original ore
body has been displaced by faulting, and we wish to determine 
a survey design that will allow us to resolve this feature. Using 
the FJ code, the responses of two models were computed: one 
in which a plate of 75 m vertical extent is excited by a verti
cal magnetic dipole, and another in which the top 30 m of the 
plate is displaced horizontally 20 m away from the transmitter 
(Figure 10). As in the previous example, the width of the plate 
is 100 m.

Amplitude data are modeled at 2 MHz and 500 kHz, and the 
sensitivities in a vertical slice containing the transmitter are cal
culated as in the previous example. For a transmitter frequency 
of 2 MHz, the data behind the lower portion of the ore body can

20 40 60 80 100 120 140 
Horizontal distance x (m)

Fig . 6. Horizontal magnetic field amplitudes for model B at 2 MHz expressed in decibels relative to the maximum
value. The minimum has been clipped at —500 dB.
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be used to resolve the throw of the fault (Figure 11), whereas 
the data acquired at 500 kHz are comparatively insensitive to 
the offset (Figure 12). The lateral resolution of the survey de
teriorates rapidly with decreasing frequency.

Confidence limits of parameter resolution
Sensitivities of data to perturbations in a model parameter 

(i.e., Frechet derivatives) can be plotted as a function of mea
surement location in order to determine the locations where

20 40 60 80 100 120 140 
Horizontal distance x (m)

Fig . 7. Horizontal magnetic-iield amplitude perturbations in decibels relative to the unperturbed model response 
at 2 MHz, where the minimum has been clipped at —30 dB. Contours at —5, —10, —15, and —20 dB are shown.

20 40 60 80 100 120 140 
Horizontal distance x (m)

Fig . 8. Horizontal magnetic-iield amplitude perturbations in decibels relative to the unperturbed model response 
at 500 kHz, where the minimum has been clipped at —30 dB. Contours at —5, —10, and —20 dB are shown.
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the data arc most sensitive to the model parameter of inter
est. However, these maps are of limited usefulness insofar as 
they do not consider measurement error. If accrtain amount of 
noise is introduced, then the degree to which each datum can 
be used to resolve a parameter depends upon the magnitude 
of that datum relative to the error, as well as the magnitude of 
the Frechet derivative. We then require a means of mapping 
data errors into parameter uncertainties.

Assuming that perturbations in data are linearly related to 
perturbations in model parameters through the Jacobian ma
trix, we can use the singular value decomposition (SVD) of the 
Jacobian to estimate the parameter covariance matrix C from 
the data standard errors (Martin, 1971). For a model contain
ing v free parameters, confidence intervals for each parameter 
Pi are given by

(Press et al., 1992, 690-691), where A/,2 is the x 2 variable of 
v degrees of freedom for the desired confidence levels. Using 
these estimates of the parameter uncertainties, we can eval
uate the usefulness of data acquired at different locations in 
resolving a given parameter. An application of this method to 
cross-borehole EM survey design is discussed below.

Cross-borehole EM surveys usually consist of measurements 
taken at a number of receiver locations, using several different 
transmitter deployments. This is done to record data for several 
different illuminations of the target. We need to determine the 
locations at which we should place receivers in order to achieve 
optimal resolution of a parameter of interest. Considerthe case 
where two boreholes have been drilled on either side of a large

sheet of highly conductive sulfide mineralization (Figure 13). 
The position of the sheet edge is to be determined using cross
borehole electromagnetic data. Model data were generated us
ing the quasi-static analytic solution for the PEC half-plane 
(Weidelt, 1999) because of its computational efficiency. Two

150 _______________________________________________________________

. Model A
f T r ~l 1 1 1

Vertical magnetic j
dipole transmitter ! i 20m; i

Model B

0 30 60 90 120 150
Horizontal distance x Cm)

Fig . 10. Faulted and intact perfectly conducting plate models. 
The dashed line shows the position of the upper 30 m of the 
orebody in each case. The dipole transmitter lies opposite the 
top edge of the orebody.

Horizontal distance x (m)

Fig . 9. Vertical magnetic-iield amplitude perturbations in decibels relative to the unperturbed model response 
at 2 MHz, where the minimum has been clipped at —30 dB. Contours at —5, —10, —15, and —20 dB are shown.
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eases were considered, in which the position of the half-plane 
edge differs by 20 m vertically (Figure 14). The conductivity of 
the host material is 0.001 S/m. In each case, an array of receivers 
with a spacing of 5 m is placed in one borehole. Magnetic field

responses are calculated for a vertical magnetic dipole (VMD) 
transmitter operating at 300 ktlz  and placed in turn at 5-m 
spaced positions in the other borehole. These models emu
late the tomographic mode of cross-borehole EM surveying in

F ig . 11. Vertical magnetic-field amplitude perturbations in decibels relative to the unperturbed model response 
at 2 MHz, where the minimum has been clipped at —30 dB. Contours at —1. —5, —10. —15, and —20 dB are 
shown.

F ig . 12. Vertical magnetic field amplitude perturbations in decibels relative to the unperturbed model response 
at 500 kHz, where the minimum has been clipped at —30 dB. Contours at —1. —5, —10. —15, and —20 dB are 
shown.
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common use. Frechet derivatives are estimated by differenc
ing the model results. For each receiver location, a Jacobian 
matrix is formed from the sensitivities corresponding to the 
transmitter array.

Assuming standard errors of 10% and 20% for each mea
surement, the 99% confidence intervals for the position of the 
half-plane edge are estimated for each receiver location using 
the method described above (Figure 15). This mapping of data 
errors onto parameter uncertainties shows that receivers placed 
well above the sheet edge do not record data that can be used 
to closely constrain our estimate of its position. It is obvious 
that data must be recorded at positions below the edge of the 
half-plane. Parameter uncertainties corresponding to receivers 
within the “shadow zone” of the plate are fairly uniform, in
creasing slightly as the signal magnitude decreases with depth.

If both the vertical and lateral positions of the half-plane 
edge must be estimated from the data, then the parameter 
uncertainties are expected to be somewhat greater. Allowing 
both parameters to vary, and assuming uniform standard errors 
of 10%, 15%, and 20% for each measurement, the 99% con-

Fig. 13. Perfectly conducting vertical half-plane lying between 
two vertical boreholes. An array of vertical magnetic dipole 
(VMD) transmitters is placed in borehole 1, and an array of 
magnetic-field receivers is placed in borehole 2. The half-plane 
extends to infinity downward and perpendicular to the plane 
containing the boreholes.

fidence intervals for the vertical and lateral positions of the 
edge were estimated (Figure 16) using the method described 
above. Our ability to resolve the vertical position of the con
ductor edge decreases for all receiver positions, and optimal 
positioning of the measurements becomes more critical (com
pare Figures 15 and 16a). Estimates of the lateral position of 
the conductor (Figure 16b) have higher uncertainties by a fac
tor of about two over all. Both vertical and lateral resolutions

Fig. 14. Schematic diagram showing two half-plane models in 
which the vertical position of the edge is perturbed by 20 m.

Fig. 15. Estimated uncertainties for the height of the half-plane 
edge within the 99% confidence region, given uniform data 
standard errors of 10%, 15%, and 20%. The parameter is es
timated using data recorded at each receiver for the set of 27 
transmitters, and the uncertainty is plotted for each receiver 
number.
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are optimal for the receiver lying at the same height as the 
edge of the half-plane in the unperturbed model. In designing 
a survey to estimate the vertical and lateral position of the con
ductor to within a few meters, we should plan to measure data 
within the range of depths where the edge of the conductor is 
expected to lie. Data measured above the conductor have very 
poor sensitivity to the parameters of interest, especially in the 
presence of noise. The slight increase in parameter uncertainty 
estimates at depths below the plate edge is more marked in this 
case than it was when only the vertical position was allowed 
to vary (compare Figures 15 and 16). The deleterious effect of 
noise upon resolution becomes more acute as the number of 
parameters to be estimated increases.

There are two main problems with this method of estimat
ing uncertainties, that both lead to estimates of the parameter 
uncertainties that are unrealistically small. First, it relies on the 
assumption that the mappings between perturbations in data 
and parameters are linear. In electromagnetic models, this as
sumption usually holds only over a small range of parameter 
variations. Second, the use of uniform data relative errors im
plies that we can measure signals over an arbitrary dynamic 
range to that level of accuracy. In practice, geophysical instru
ments have a limited dynamic range.

Optimization of transmitter arrays

Cherkaeva and Tripp (1996) have shown that given suffi
cient a priori information concerning the geological setting of 
a geoelectric survey, it is possible to find an applied current 
distribution that maximizes the sensitivity of measurements to 
a geologic feature of interest. The method derived by these au
thors is briefly outlined below, with particular application to the 
cross-borehole EM problem. A simple but practical example 
is used to illustrate the method.

Consider a set of electromagnetic measurements taken in the 
vicinity of an array of dipole transmitters and a given distribu

U0 5 10 15 20 25 30
Receiver number

b)

Fig. 16. Estimated uncertainties for the position of the 
half-plane edge within the 99% confidence region, given uni
form data standard errors of 10, 15, and 20%: (a) uncertain
ties for the vertical position, (b) uncertainties for the lateral 
position.

tion of physical properties denoted as a . Let each transmitter 
have a moment of magnitude so that

F °  w =  d, (5)

where Fa is an operator that maps the vector of transmitter 
weights w =  [wi, w2, w3 ...  wN] onto the vector of data d. We 
can also consider the measured data as a weighted sum of re
sponses to a set of unit dipoles placed at each transmitter loca
tion, with w as the set of weights.

If the distribution of physical properties is perturbed, then 
we can write an operator equation for the perturbed geophys
ical model denoted as a +  8:

F a+Sw =  ds, (6)

where F a+S is the perturbed operator which maps the vector 
of moments w onto the perturbed data d5.

One measure of the sensitivity of the measured data to the 
perturbation is the L 2 norm of the data residual d —d5. We 
denote this quantity as / 2, which can be considered a measure 
of the information content of the data with respect to the per
turbed model parameter. Thus we write,

I 2 =  | |( F ff+ii -  F ff)w ||2. (7)

We would like to find the set of moments w that maximizes 
the magnitude of / . The measured response scales with w, and 
we wish to find the geometry of the optimal transmitter mo
ments, so we optimize /  subject to ||w||2 =  1, where

Mi =  max /  (w) =  m ax ||(f’a+5 - f ’a)w||,

w : || w ||2 =  1. (8)

This is an eigenvalue problem, wherein the optimal set of 
transmitter moments w is the eigenvector corresponding to the 
maximum eigenvalue M\ . An example of how this technique 
might be applied to optimization of cross-borehole EM survey 
resolution is discussed below.

Consider the problem of detecting the edge of a conductive 
sheet discussed previously. We will again use the Weidelt code 
to generate the model data. Data are recorded at each receiver 
location using a number of different transmitters (Figure 14). 
It is possible to form a weighted sum of the data recorded at 
each receiver location that has optimal sensitivity to the param
eter of interest. Considering only amplitude data, the optimal 
weights for this transmitter array are estimated using the SVD 
of the impedance matrix, and the sensitivities of the resulting 
data are compared with the sensitivities corresponding to a 
uniform weighting (Figure 17). The maximum sensitivity is im
proved by about 20% by using optimal weightings, as opposed 
to a uniform weighting.

The optimized weightings have the effect of emphasizing 
those transmitters for which the measured data have the great
est sensitivity to the model parameter of interest. Conversely, 
data that are unimportant are deemphasized, so that there is 
less opportunity for errors in these measurements to contribute 
uncertainty to the estimation of the model parameter. Thus, 
the distribution of weightings shown in Figure 17b has a shape 
similar to that of the optimal sensitivity distribution shown in 
Figure 17a. Accuracy of the survey can clearly be improved by 
preanalyzing the receiver sensitivity to model perturbations 
and weighting them accordingly.
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F ig . 17. Optimization of sensitivities for a weighted transmitter 
array: (a) sensitivities of data for the uniformly and optimally 
weighted transmitter arrays, (b) the set of optimal weights ap
plied to each transmitter. The model geometry is shown in 
Figure 14.

CONCLUSIONS

Four codes were compared for analysis of cross-borehole 
surveys of electromagnetic exploration for nickel sulfide de
posits using frequencies from 500 kHz to 2 MHz. The Wang- 
Hohmann FDTD code was shown to be an accurate assessment 
tool in the quasi-static regime. The Furse-Johnson traditional 
FDTD code was shown to be an accurate tool for both quasi
static and higher frequency regimes. The Wang-Tripp code was 
evaluated but not used for these simulations because of inac
curacies of the boundary conditions in this code near the quasi
static regime. The analytical solution by Weidelt was shown to 
be accurate and useful for simple plate geometries.

These codes were used to evaluate thin plates of highly con
ductive ore (modeled as perfect electric conductors) in faulted 
and unfaulted conditions, and the diffractive nature of the fields 
was observed. The perturbation of the fields from different 
ore configurations was mapped, showing that there are distinct 
triangular-shaped regions of maximum sensitivity (maximum 
field perturbation) where receivers should be placed behind the 
orebodies. These regions were found to be larger for higher fre
quencies, showing that better resolution modeling is possible 
with the higher frequencies despite reduced power deposition 
at higher frequencies. Using these maps of receiver sensitiv
ity, weightings for each receiver were optimized in order to 
maximize the confidence levels on the size and shape of the 
orebody.
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