
Antoine Marc G-audin 
1900-1974

F L O T A T I O N

A . M . G a u d i n  M e m o r i a l  V o l u m e

V o l u m e  1

M. C. Fuerstenau, Editor
Professor and Chairman 

Department of Metallurgical Engineering 
South Dakota School of Mines and Technology 

Rapid City, South Dakota

This volume was originated by the Mineral Processing Division of the 
Society of Mining Engineers of AIME, as a memorial to the late Dr. 

A. M. Gaudin, inspiring educator and distinguished engineer.

P u b l i s h e d  l>y

American Institute of Mining, Metallurgical, and Petroleum Engineers, Inc.
New York, New York • 1976



Copyright ©  1976 by the 
American Institute of Mining, Metallurgical, 

and Petroleum Engineers, Inc.

Printed in the United States of America 
by Port City Press, Inc., Baltimore, Md.

All rights reserved. This book, or parts thereof, may not be 
reproduced in any form without permission of the publisher.

Library of Congress Catalog Card Number 76-19745

A. M. GAUDIN MEMORIAL FLOTATION SYMPOSIUM

CHAIRMAN AND EDITOR

M. C. F uerstenau 
Professor and Chairman 

Department of Metallurgical Engineering 
South Dakota School of Mines and Technology 

Rapid City, South Dakota

EDITORIAL COMMITTEE

F. F. Aplan 
Professor 

Department of Materials Science 
Pennsylvania State University 
University Park, Pennsylvania

S. L. Burrill 
Superintendent 

American Smelting and Refining Company 
Sahuarita, Arizona
D. W. F uerstenau 

Professor and Chairman 
Department of Materials Science 

University of California 
Berkeley, California

J. A. Herbst 
Associate Professor 

Department of Mining, Metallurgical and Fuels Engineering 
University of Utah 

Salt Lake City, Utah
J. D. Miller 

Associate Professor 
Department of Mining, Metallurgical and Fuels Engineering 

University of Utah 
Salt Lake City, Utah

A. L. Mular 
Professor 

Department of Mineral Engineering 
University of British Columbia 
Vancouver, British Columbia

R. S. Rickard 
Senior Project Manager 

Earth Sciences, Inc.
Golden, Colorado



C h a p te r  4

ANALYSIS OF THE SURFACE POTENTIAL DEVELOPED 
BY NON-REACTIVE IONIC SOLIDS

J .  D. M i l le r  and J .  V . C a la ra

U n iv e rs ity  o f Utah 
S a lt  Lake C it y , Utah

ABSTRACT

The s ig n  o f the su r fa c e  p o te n t ia l fo r  complex n o n - re a c t iv e  io n ic  
s o lid s  cannot be p red ic ted  s o le ly  from con s id e ra tio n  of the h yd ra tio n  
energy of gaseous ions w h ich  co n s t itu te  the io n ic  l a t t i c e .  A ccu rate  
a n a ly s is  o f these systems must in vo lve  the h yd ra tio n  energy o f su rfa ce  
io n s , which re q u ire s  knowledge of the c r y s t a l  s t r u c tu r e , the i d e n t i f i ­
ca tio n  of c leavage p la n e s , and the c a lc u la t io n  of b ind ing  en e rg ie s  of 
su rfa ce  io n s . Su rface b in d in g  energ ies fo r  io n ic  s o l id s  can be d e te r­
mined i f  the Su rface  Madelung Constant i s  known.

A com putational techn ique was developed fo r  the c a lc u la t io n  o f Mad­
elung Constants fo r  i n f i n i t e  la t t i c e s  which g ives e x c e l le n t  agreement 
w ith  the v a lu e s  c a lc u la te d  by other more com plicated methods reported  
in  the l i t e r a t u r e .  E x te n s io n  of th is  technique perm its the c a lc u la ­
t io n  of Su rfa ce  Madelung Constan ts and b ind ing en e rg ie s o f s u r fa c e  
io n s , AUS , f o r  s e m i- in f in it e  s o l id s . The hyd ra tion  f re e  energy of 
gaseous io n s , AF^, toge the r w ith  the ca lcu la te d  b ind ing  energy o f su r­
face  io n s , AUS , a llow s c a lc u la t io n  of the hyd ra tion  energy o f su rfa ce  
io n s , AGjj, as fo r  the ca se  o f the io n ic  s o l id ,  MX:
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From the r e la t iv e  magnitudes of the io n ic  su r fa c e  h yd ra t io n  e n e rg ie s , 
AGh , the s ign  of the su rfa ce  p o te n t ia l can be p re d ic te d  fo r  complex 
io n ic  s o l id s .  The a n a ly s is  accounts fo r  th e  f a c t  th a t f lu o r i t e  e x h i­
b i t s  a p o s it iv e  su rfa ce  p o te n t ia l in  the absence o f s p e c i f i c  chem ica l 
in t e r a c t io n s . F u rth e r , i t  i s  demonstrated why th e  s ig n  o f the su r fa c e  
p o te n t ia l fo r  sim ple io n ic  s o lid s  can be p re d ic te d  from the  h yd ra t io n  
energy o f gaseous io n s .

U lt im a te ly , the a n a ly s is  of the su rfa ce  p o t e n t ia l  o f n o n - re a c t iv e ' 
io n ic  s o l id s  in  terms o f io n ic  su rfa ce  hydration , en e rg ie s  may a llo w  
c a lc u la t io n  of the po in t of zero charge fo r  these  s o l id s .  P re l im in a ry  
c a lc u la t io n s  of the PZC are in  e r ro r  by o rd e rs  of magnitude and from 
a  q u a n t ita t iv e  standpoint the a n a ly s is  needs fu r th e r  re fin em en t.

INTRODUCTION '

I n t e r f a c i a l  P o te n t ia l and Surface Charge

P o te n t ia l d if fe re n ce  across an in t e r fa c e  develops from se p a ra t io n  
o f cha rges . Although t h is  i s  a fundamental f a c t ,  the d e ta i le d  p rocess  
by which charge separa tion  i s  accomplished d i f f e r s  from system  to sy s ­
tem and even fo r a p a r t ic u la r  system th e re  cou ld  be s e v e r a l mechanisms 
o p e ra t iv e .

The p o te n t ia l acro ss a l iq u id - l iq u id  in t e r f a c e ,  c a l le d  th e  d i s t r i ­
bu tion  p o te n t ia l , was exp la ined by Nernst (1 ) in  1892 to be the r e s u lt  
of the d if fe re n ce  in  s o lu b i l i t ie s  of the o p p o s ite ly  charged io n s in  
the two phases. Th is  i s  e s s e n t ia l ly  th e  re ason ing  used by Beutner (2) 
to e x p la in  the e lectrom otive fo rce  generated between a s a l i c y l i c  a l ­
dehyde so lu t io n  in  s a l i c y l i c  a c id , and an aqueous KC l s o lu t io n .
N e rn s t1s theory i s  the accepted exp lana tio n  fo r  th e  i n t e r f a c i a l  poten­
t i a l  between two im m iscib le e le c t ro ly t e s . Any p o t e n t ia l th a t  i s  t r a c e ­
ab le  to adsorbed monolayers a t the in t e r fa c e  i s  q u ic k ly  c a n c e lle d  by 
m ig ra tio n  of ions across the in te r fa c e .

The s it u a t io n  i s  g en e ra lly  more com p licated  fo r  a s o l id - l iq u id  sy s­
tem. Here the r e d is t r ib u t io n  of ions by I n t e r f a c i a l  m ig ra t io n  i s  gen­
e r a l l y  k in e t ic a l ly  hindered and in  many ca ses o n ly  the l iq u id  phase 
i s  e l e c t r o ly t i c .

Q u an t ita t iv e  d e sc r ip t io n  of the charge d is t r ib u t io n  in  th e  l iq u id  
e le c t r o ly t e  i s  g iven by the w e ll known double la y e r  th eo ry . However 
complete d e ta i ls  regard ing  the o r ig in  o f p o t e n t ia l  a t  the s o l id  s u r ­
fa ce  a re  la c k in g . Many mechanisms fo r the deve lopm ent.o f p o t e n t ia l  a t  
the s o l id  su rfa ce  in  aqueous systems have been proposed and can be 
c la s s i f i e d  as belonging to one of th ree  c a te g o r ie s ; s p e c i f i c  chem ica l 
in t e r a c t io n , l a t t i c e  su b s t itu t io n , and h yd ra t io n  o f l a t t i c e  atoms.

S p e c i f ic  Chemical In te ra c t io n . S p e c i f ic  ch em ica l in t e r a c t io n s  in c lu d e  
r e a c t io n s  w ith  the aqueous phase which le ad  to the fo rm ation  o f d l f -
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fe re n t s u r fa c e  compounds or s u r fa c e  sp e c ie s . One o f the most common 
mechanisms of charge g en e ra t io n , o p e ra t iv e  in  many system s in c lu d in g  
ox ides , s i l i c a t e s ,  and sem iso lu b le  s a l t s ,  i s  the fo rm ation and subse­
quent d is s o c ia t io n  o f s u r fa c e  a c id  groups. In  the case o f q u a rtz ,
S i02> many in v e s t ig a to r s  ( 3 ,4 ,5 )  have exp la ined  i t s  e le c t r o k in e t ic  be­
h av io r in  terms o f t h is  model. The su rfa ce  s i l i c i c  a c id , o r s i l a n o l  
group, d is s o c ia t e s  to  r e le a s e  hydrogen ions to  the s o lu t io n , le a v in g  
the su r fa c e  w ith  a n e g a t iv e ly  charged s i l i c a t e  group. The hydrogen 
ion i s  s a id  to be p o te n t ia l determ in ing  because the su r fa c e  charge den­
s i t y  and su rfa ce  p o te n t ia l a re  determ ined by the bu lk  phase concen tra­
t io n  of hydrogen io n .

In  systems in v o lv in g  the pure s o l id ,  and in  the absence o f fo re ig n , 
p o lyva len t c a t io n s  in  s o lu t io n , t h i s  mechanism i s  d i f f i c u l t  to d is t in ­
guish from th a t proposed by P a rk s  and de Bruyn (6) where the su rfa ce  
charge i s  a t t r ib u te d  to the ad so rp tio n  o f hydroxy com plexes. However, 
in  systems con ta in in g  fo re ig n , p o ly v a le n t ca t io n s  a t c r i t i c a l  pH v a l ­
ues, su rfa ce  p o te n t ia l m odu lation i s  re la te d  to the ad so rp tio n  of hy­
droxy complexes (7 ) and/or the n u c le a t io n  and growth of c o l lo id a l  hy­
droxide on the s o l id  su r fa c e  ( 8) .

Although hydrogen ion  ad so rp tio n  i s  c it e d  as one of the common ex­
amples o f s p e c i f ic  chem ica l in t e r a c t io n s , chem isorp tion re a c t io n s  or 
su rface  o x id a t io n -re d u c t io n  r e a c t io n s  would be in c luded  in  t h is  c a te ­
gory. 'f In  most of th ese  system s the su rfa ce  charge d en s ity  w i l l  be 
determined by the r e a c t a n t 's  c o n ce n tra t io n , the s o l id ' s  su r fa c e  a c­
t i v i t y ,  and the e x ten t o f the chem iso rp tion  re a c t io n .

L a t t ic e  S u b s t it u t io n . The second mechanism whereby the s o l id  su rfa ce  
may a cq u ire  a p o t e n t ia l i s  the s i t u a t io n  in  which a charge im balance 
a r is e s  from l a t t i c e  s u b s t i tu t io n s  which r e s u lt  in  the s o l id  a c q u ir ­
ing a f ix e d  su r fa c e  charge d e n s it y . The c la s s ic  example fo r  t h is  me­
chanism i s  the c la y - ty p e  m in e ra ls  (9 ,1 0 ) . The constant s u r fa c e  charge 
den sity  developed i s  compensated by in t e r la y e r  io n ic  charges (exchange­
ab le c a t io n s )  which a re  re le a se d  when in  con tact w ith  w ate r to form the 
counterions (1 1 ) . U n lik e  the f i r s t  mechanism, s p e c i f ic  chem ica l in ­
t e ra c t io n , the su r fa c e  charge on th e  in t e r la y e r  su rfa ce s  i s  not d e te r­
mined by the co n cen tra t io n  o f exchangeable c a t io n s , but i s  co n s tan t.

H ydration o f L a t t i c e  Io n s . In  th e  absence o f s p e c if ic  chem ica l in t e r ­
ac tio n s and charge d e f ic ie n c y  due to l a t t i c e  s u b s t i tu t io n , the poten­
t i a l  a  su rfa ce  develops w i l l  be determ ined sim p ly by p r e f e r e n t ia l  hy­
d ra t io n  o f su r fa c e  atoms. In  the case o f an io n ic  s o l id ,  the io n ic  
co n s t itu e n ts  m ig ra te  to e s t a b l is h  thermodynamic e q u ilib r iu m  between 
the two phases (1 1 ) . G rim ley (12) notes th a t io n ic  m ig ra t io n  must oc­
cur i f  the chem ica l p o te n t ia l fo r  a  g iven ion  d i f f e r s  a c ro s s  the in t e r ­
face . He v e r i f ie d  the dynamic exchange of ions in  the ca se  o f an AgBr- 
aqueous s o lu t io n  by u s ing  r a d io a c t iv e  Ag and Br as t r a c e r s .  F u r th e r ­
more, in  1943 Langer (13) in d ic a te d  th a t the exchange i s  not confined  
to the su r fa c e  la y e r s  o f the s o l id  and th a t  slow d if fu s io n  in to  the  
bu lk s o l id  o c cu rs , c re a t in g  a space charge d is t r ib u t io n  in  the s o l id  
phase.
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N on-Reactive Io n ic  So lid s

N on -react ive  io n ic  s o lid s  may acqu ire  t h e i r  su rfa ce  charge d e n s ity  
and su rfa ce  p o te n t ia l by hyd ra tion  of l a t t i c e  io n s . Th is  mechanism  
was f i r s t  suggested and analyzed by deBruyn and Agar (14) and l a t e r  by 
Roman, Fu e rs ten au , and S e id e l (1 5 ). B a s ic a l ly ,  the argument i s  th a t  
f o r  sim ple u n i-u n iv a le n t io n ic  s o l id s , which must have equal s u r fa c e  
d is t r ib u t io n  of ca tio n  and anion on the c leavage  p lane , the s ig n  o f the 
su r fa c e  p o te n t ia l developed in  a sa tu ra ted  so lu t io n  can be e xp la in ed  
by the r e la t iv e  magnitudes o f gaseous h yd ra tio n  f re e  e n e rg ie s , AF^, of 
th e  ions which co n s t itu te  the c r y s t a l  l a t t i c e .  T h is  concept i s  demon­
s t ra te d  fo r  the s i l v e r  h a lid e s  as shown in  Tab le  1 . The f r e e  en e rg ie s  
o f h yd ra tio n  o f gaseous ions are from Hunt (1 6 ) .

Tab le 1. Sign of the Su rfa ce  Charge fo r 
S i lv e r  H a lides P red icted  by Con sid e ra tion  

of the Hydration Free Energy o f Gaseous Ions.

PZC -AFh~ -AFh+ S ign  of Su rfa ce  P o te n t ia l
S a l t ^sp pAg (kcal/m ole) (kca l/m o le ) P red ic ted Exp erim en ta l

AgCl 1 . 6x10'■10 4 .0 83 .0 105.4 Negative N egative

AgBr

1o
 

1—1 Xr'- ‘13 5 .4 76.0 105.4 Negative N egative

A g l 1 .5x10-■16 5 .5 66.7 105.4 Negative N egative

Roman, Fuerstenau , and S e id e l (15) extended t h is  concept w ith  good 
su cce ss  to e x p la in  the su rfa ce  charge of h ig h ly  so lu b le  a l k a l i  h a l id e s .  
Of co u rse , w ith  such attendant high io n ic  s tren g th s in  these sy stem s, 
d ir e c t  con firm atio n  of su rfa ce  p o te n t ia ls  was not p o s s ib le ; r a th e r  the  
s ig n  was in fe r r e d  from p a r t ic le - p a r t ic le  in t e ra c t io n s  and the f lo t a t io n  
response w ith  both an ion ic  and c a t io n ic  c o l le c t o r s .  The in f e r r e d  s ig n s  
of the su r fa c e  p o te n t ia l compared w e ll w ith  what would be p red ic te d  
s o le ly  from con s id e ra tio n  of the hyd ra tion  en e rg ie s  of the r e s p e c t iv e  
gaseous ions which co n s t itu te  the c r y s t a l  l a t t i c e  as shown by s e le c te d  
examples presented  in  Tab le 2.

In  s p it e  o f the good success of t h is  c o r r e la t io n , c le a r ly  the ana­
l y s i s  i s  l im ite d  and does not g ive a r e a l i s t i c  re p re se n ta t io n  o f the  
.-physica l system . I f  hyd ra tion  of l a t t i c e  io n s i s  the only mechanism  
o f charge genera tion  o p e ra t ive , the p h y s ic a l p ro cess of charge genera­
t io n  may be represented  more a ccu ra te ly  by con s id e r in g  the r e l a t i v e  
en e rg ie s  o f the fo llow ing  re a c t io n s  fo r a u n i-u n iv a le n t  io n ic  s o l i d ,
MX:
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M+ -+ M+ AU (M+) (1)
s g s

f  AF (
aq h

M+ M+ AF, (M+) (2)

M+ -+ M+ AG (M+) (3)
s aq n

AUsCM*) and AFh (M+) a re  the s u r fa c e  b ind ing  energy and the gaseous hy­
d ra t io n  f r e e  energy o f the c a t io n , M+. AGh (M+) i s  the h yd ra t io n  f re e  
energy of the su r fa ce  io n ,

AG, (M+) = AU (M+) + AF (M+) (4)
n s n

S im i la r l y ,  fo r  the an ion  X~,

AG, (X- ) = AU (X_ ) + AF (X~) (5)
n s n

Depending on whether AG^CM*) o r AGft(X ) i s  more n e g a t iv e , the c o r re s ­
ponding ion  w i l l  h yd ra te  to  a g re a te r ex ten t and the su r fa c e  w i l l  ac­
q u ire  the charge o f the o the r io n . I t  i s  ev id en t th a t , i f  the su rfa ce  
b ind ing  e n e rg ie s , AUS , fo r  c a t io n  and an ion  a re  e q u iv a le n t , the d i f ­
fe ren ce  in  the h yd ra tio n  en e rg ie s  of the re sp e c t iv e  su r fa c e  io n s  i s  
accounted fo r by the d if f e r e n c e  in  h yd ra tio n  energ ie s o f the gaseous 

io n s .

NoWj fo r  io n ic  s o l id s ,  th e  su r fa c e  b ind ing  energy, AUS i s  p r in c ip a l­
l y  e le c t r o s t a t ic  and can be c a lc u la te d  from the coulombic fo rc e s  o f the

Tab le  2 . S ign o f the Su rfa ce  Charge fo r  
Se le c ted  A lk a l i  H a lid e s  P red ic ted  by C on s id e ra t io n  
of the H ydration  F re e  En e rg ie s  o f Gaseous Io n s .

-AF^ -a F h+ S ign  ° f  Su rfa ce  Charge In fe r re d
S a l t  (k ca l/m o le ) (kCa l/m o le) from F lo ta t io n  Experim ents (15)

NaF 110.0 88 .7 P o s i t iv e

CsF 110.0 58 .4 P o s i t iv e

KC l 8 3 .0 71 .3 P o s i t iv e

L iC l 83 .0 112 .5 N egative

NaBr 76 .0 88 .7 N egative

Nal 66 .7 88 .7 N egative
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c r y s t a l  l a t t i c e  which ac t on the su r fa c e  io n s ; p rov ided  the l a t t i c e  
geometry i s  known and a c leavage p lane  i s  id e n t i f ie d . The e xp re ss io n  
fo r  the l a t t i c e  energy can be determ ined from Coulomb's law  ap p lie d  to 
the c r y s t a l ;

AU = -332 .57 j  Z+Z_ kca l/m o le  ( 6)
o

where A i s  the Madelung Constant, r Q i s  a c h a r a c t e r is t i c  d im ension o f 
the u n it  c e l l  in  angstrom u n its  to which A i s  r e f e r r e d , and Z+ , Z_ are  
th e  c a t io n ic  and an io n ic  va len ce s , r e s p e c t iv e ly . Fo r u n i-u n iv a le n t  
io n ic  s o l id s ,  the Madelung Constant A i s  the same fo r  th e  c a t io n  and 
the an ion , e ith e r  deep w ith in  the c r y s t a l  or on the n a tu r a l c le avag e  
p la n e . T h is  accounts fo r the good su ccess in  p re d ic t in g  the s ig n  o f 
the su rfa ce  p o te n t ia l from hyd ra tion  f re e  energ ies o f gaseous ion s  
f o r  s im p le u n i-u n iv a le n t  io n ic  s o l id s .

E v a lu a t io n  o f the Madelung Constant i s  not a lw ays an easy ch o re , 
e s p e c ia l ly  fo r  s e m i- in f in it e  l a t t i c e s .  The re fo re , b e fo re  a n a ly s is  o f 
n o n - re a c t iv e  io n ic  so lid s  in  d e t a i l ,  consider some o f th e  g en e ra l a s ­
p e c ts  rega rd ing  the Madelung Constant and com putational techn iques  
w hich have been proposed fo r i t s  e v a lu a t io n .

Madelung Constan t. The p o te n t ia l energy of an ion  w ith  charge Z^e in  
th e  f ie ld  of another ion  w ith  charge Z je  i s  g iven by Coulomb's law  a s ;

V -

where r^ j i s  the separa tion  of the two io n s . Consider a l in e a r  l a t ­
t i c e  of a lte rn a t in g  p o s it iv e  and n eg a tive  monovalent io n s , i n f i n i t e  
in  e x te n t , w ith  nearest neighbor d is ta n ce  r .

h i
0 ® 0 ® 0 ® 0 ® 0

p

The to ta l  e le c t r o s t a t ic  p o te n t ia l energy of an ion  a t  p o in t  p in  the  
f i e l d  of a l l  the other ions is

2 2 2 2 
U = 2 ( - f -  + f 7 - f F  + f F -  - . . )  (7)

2
e

2
e

t2r 3r

■* +
1 1
3 '‘ 4

2e2 . . .

The term in  parentheses can be recogn ized  to converge to  lo g e2

2
= -  21oge2 ( 8)
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The p u re ly  num erica l f a c to r  21oge2 i s  re fe r re d  to as the Madelung Con­
s t a n t , a f t e r  the in v e s t ig a to r  who f i r s t  eva luated  i t  (1 7 ) .

At f i r s t  g lance  i t  would seem tha t the d ir e c t  summation over the in ­
d iv id u a l charges cou ld  e a s i l y  be c a r r ie d  out in  two or th re e  dimensions 
As i t  tu rn s out such a summation i s  q u ite  s e n s it iv e  to the growth geo­
metry imposed by the summation, i . e . ,  the summation s e r ie s  may or may 
not converge. Even i f  the p o te n t ia l sum converges i t  w i l l  converge to 
a v a lu e  dependent on the shape o f the m athem atical c r y s t a l  when the  
summation i s  stopped. T h is  i s  a t t r ib u te d  to the c o n d it io n a l ly  con­
ve rgen t na tu re  o f the s e r ie s  rep re sen t in g  the Madelung Con stan t. There 
a re  many ways of c ircum ven ting  t h is  d i f f i c u l t y .  Some methods (18 , 19, 
20, 21, 22) s u b s t itu te  a continuous d is t r ib u t io n  o f charge fo r  the ions 
and employ m athem atica l m an ipu la tion s to ach ieve  qu ick  convergence. 
Other techn iques (23 ,24 ) d i r e c t l y  sum over n e u tra l groups in  the io n ic  
l a t t i c e .  A lthough most of th e se  a re  ingen ious methods, they a re  d i f ­
f i c u l t  to app ly to  su r fa c e s  ( s e m i- in f in it e  l a t t i c e ) ; e s p e c ia l ly  when 
the su rfa ce  i s  monoionic ( c o n s is t in g  of io n s o f the same ch a rg e ) .

THEORY AND DISCUSSION

A com putational techn ique  i s  described  which a llow s the s t r a ig h t ­
forward c a lc u la t io n  o f Madelung Constants fo r both i n f i n i t e  and semi­
i n f i n i t e  l a t t i c e s .  The Su rfa ce  Madelung Constant thus determ ined may 
be used to p re d ic t  the s ig n  o f the su rfa ce  p o te n t ia l fo r  n o n - re a c t iv e  
io n ic  s o l id s .  The s i l v e r  c h lo r id e  and ca lc ium  f lu o r id e  system s a re  
ana lyzed  tak ing  in to  co n s id e ra t io n  the su rfa ce  b ind ing  e n e rg ie s . Even­
t u a l ly  the a n a ly s is  may be r e f in e d  to enable the c a lc u la t io n  of po in ts  
of zero  charge fo r  n o n - re a c t iv e  io n ic  s o l id s .

Computational Technique

S im ila r  to the approach of E v je n  (23) and Frank (2 4 ) , the main o b je c t ­
iv e  i s  to d iv id e  the io n ic  l a t t i c e  in to  id e n t ic a l ,  n e u t ra l g roups. The 
c r i t i c a l  fe a tu re  of the com putationa l techn ique to be d esc r ib ed  i s  
th a t the s e le c t io n  o f n e u t ra l groups must be such th a t the p o te n t ia l 
due to each group, o r a r r a y , a t la rg e  d is tan ce s  from the re fe re n ce  
p o in t , d im in ishe s f a s t e r  than can  be compensated fo r by the in c re a s in g  
number of such groups as th e  c r y s t a l  "grows." S in ce  the number o f 
groups In c re a se s  w ith  the cube o f a l in e a r  dimension of the l a t t i c e ,  
i t  i s  ev id en t th a t  the p o t e n t ia l due to each group must f a l l  o f f  w ith  
the fo u rth  o r h ig he r power o f i t s  d is tan ce  from the p o in t  a t  which the 
p o te n t ia l i s  being eva lu a ted  in  order to assu re  that the l a t t i c e  po­
t e n t i a l  sum w i l l  converge.

To i l l u s t r a t e  the p o te n t ia l- d is t a n c e  dependency, co n s id e r the  
charge a r ra y  o f two members shown on the top o f the next page:
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I f  £]_ i s  the p o te n t ia l at p due to the p o s it iv e  charge a t  z = s ,  then  
using the co s in e  law ;

E1 r i t 2 , 2 „ 1/ 21 ( r  + s - 2r  sco s0)
(9)

I f  r 0>>s, the r a d ic a l may be expanded in  T a y lo r 's  s e r ie s ;

_ e n _ i _ s 3 cos 0-1= — [1 H----- cos0 + (— ) ---------------
r  u r  r  2
o o o

3
. ,s  , 3 5cos 0-3cos0 , ,

+  ( _ )  ------------------------------------------------------- +  .  .  .  ]

o
(10)

S im i la r ly ,  the p o te n t ia l E2 a t p due to the n eg a tive  charge a t  z = - s  
i s ;

2 2
e s „ , ,s  s 3cos 0-1

so = -  —  [ 1 ------cos0 + (— ) ------ -------z r  r  r  2 o o  o
3 3

_  fs \ 5cos Q-3cos8 ,
r  2o

(11)

Hence the p o te n t ia l a t p due to t h is  p a ir  of charges (a d ip o le )  i s  ju s t

E = E1 + e2
3

= 2̂ |  cose + — ■ (5cos30 -  3cos9) + (13)
r  ro o ,

terms o f even
powers o f r  .

For r Q>>s, on ly  the f i r s t  term i s  s ig n if ic a n t  and i s  c a l le d  th e  d ip o le  
p o te n t ia l , and the p a ir  of charges i s  sa id  to po ssess a d ip o le  moment.
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I t  i s  seen th a t the p o te n t ia l sum over d ip o le s  would not n e c e s s a r i ly  
converge because o f the s low er decay of p o te n t ia l (r~2) than  i s  r e ­
q u ire d .

I f  the a r ra y  c o n s is t s  of two opposing d ipo le s on the z a x is ,  the

p o te n t ia l a t  p i s

es2 2
e = —  (3cos 0 -1 ) + h igher order terms (14)

The d ip o le  term  van ish e s and the a rra y  i s  then sa id  to  p o sse ss o n ly  a 
quadrupole moment (a t e n s o r ) , p rovided  r Q>>s. A ga in , the p o te n t ia l 
sum over quadrupoles would not n e c e s s a r i ly  converge because the poten­
t i a l  decay i s  w ith  r^ 3 .

By choosing ap p rop ria te  numbers o f , and charges fo r  the l a t t i c e  
p o s it io n s  of an a r r a y , the monopole, d ip o le , and quadrupole p o te n t ia l  
co n tr ib u t io n  can be e lim in a te d  and the l a t t i c e  sum of p o te n t ia l w i l l  
decay w ith  r ^  and become a b s o lu te ly  convergent. The c a lc u la t io n s  
a re  much s im p le r when the charge a rray s  a re  l in e a r  and sym m etric . For 
obvious re ason s , th ese  a r r a y s  s h a l l  be re fe r re d  to as rep ea t in g  u n i t s , 
which must be overlapped to  reproduce the l a t t i c e  a t m a c ro sco p ic a lly  
i n t e r io r  p o in ts .

I n f i n i t e  L a t t i c e . Now co n s id e r the io n ic  c r y s t a ls  sodium c h lo r id e  
( f e e ) ,  cesium c h lo r id e  (b c c ) , and ca lc ium  f lu o r id e  (fe e  w ith  re sp e c t  
to ca lc ium  and sim p le  cub ic  w ith  re spect to f lu o r id e ) . The c r y s t a l  
s t ru c tu re s  and in te ra to m ic  sp ac ing s are presented in  F ig u re  1 , to ­
gether w ith  s e le c te d  rep ea t in g  u n its  and t h e ir  d ir e c t io n . The poten­
t i a l  sum over th ese  u n its  i s  a b so lu te ly  convergent as d ic ta te d  by p re ­
v io u s arguments and fo r  a g iv en  repeating  u n it  the l im i t  o f the sum 
i s  independent o f the geometry o f growth imposed by the summation pro­
cedu re .

The fo llow ing  c a lc u la t io n , fo r  the NaCl repeating  u n i t ,  i l l u s t r a t e s
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how the monopole, d ip o le , and quadrupole p o te n t ia l c o n tr ib u t io n s  are  
e lim in a ted  and that the l a t t i c e  sum of p o te n t ia l w i l l  converge fo r  

the se le c ted  repea ting  u n it .

Exp ress ing  a l l  d is ta n ce s  (excep t the in t e r io n ic  spacing  s) in  terms 
of r Q, and u s ing  the co s in e  law  and T a y lo r 's  expansion as b e fo re , the 
p o te n t ia l a t p o in t p due to each charge i s  eva lu a ted ;

Z e o (15)
o r

Z1e . .s . _ ,s  x2 3 co s9 -l , ,s  ,3 5cos38- 3co s6
E1 = r C1 + (r )COS0 + (7  } ----2----  + (7  } ------- 2

(16)

Z1e . ,2s. . . ,2 s , 3 co s0 -l , ,2 s , 5cos 6- 3co s6
E , = [1 + (7 - )  cos6 + (7 -) -----~  + 2
2 r o O O o

2s J* 35cos^8-30cos28+3 + j
r 8o

(17)
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e = h ?  [ 1  _ (S )cos0 + (JL )2 ,3.cos28~1 _ s 3 5cosV3cose
3 r r r 2 r 2

0 0 0  o

, ,s ,  ̂ SScos^e-SOcos^O+S ■,+ (r ; - . . .J (18) 
0 0

Z4e r, ,2s, „ , ,2s,2 3cos20-1 ,2 s ,3 5cos30cosSe, = ----  [1 - (—)cos0 + (—) ------ --------(—) ----------------4 r r r 2 r 2
0 0 0  o

, ,2s, ̂  35cos^0-3Ocos20+3 , 1
+ (— ) -------------------------- + . . . ]  (19)
ro 8

The t o t a l  p o te n t ia l a t p i s ,  w ith Z^ = Z^, Z2 = Z^;

E = E0 + E1 + E2 + e3 + e4 2̂0)

= 7 <z0 + zi + z2 + z3 + z4> + 7 [(2z1+8z2) ( f  )2o 0 0

(—C- S2--l ) ] + ^  [ (2Zl+32Z2) (^ ) (35c2,5_-9-30cos_8+3) ] + > > _ (21) 
o o

S u b s t itu t in g  the num erical va lues fo r  the charges, the f i r s t  two terms
van ish  and fo r r  >>s, o ’

4 4 2 
3es ,35cos 0-30cos 0+3, e = —j -  ( g------------ ) (22)
r o

The p o te n t ia l i s  seen to be p ropo rt io n a l to r 0 "* which means th a t the 
p o te n t ia l sum of the se le c ted  repea ting  u n it  w i l l  be a b so lu te ly  con­
ve rg en t. However, as noted by H a r r is  (2 5 ) , although the l im i t  of the  
p o te n t ia l sum i s  unique fo r a g iven repeating  u n i t ,  i t  i s  not n e ce s sa r­
i l y  the co r re c t  Madelung sum.

Any f i n i t e  sample assembled from repeating  u n it s  has a su r fa ce  
possess ing  a d ipo le  moment per u n it  a re a , a lthough the rep ea t u n it s  
them selves have no such moment (no in t e r n a l d ip o le  c o n t r ib u t io n  to 
the l a t t i c e  sum) . The magnitude and s ig n  o f the su r fa c e  d ip o le  mo­
ment i s  c h a r a c t e r is t i c  of the repea ting  u n it . Now, the p o t e n t ia l ,  e , 
due to the d ip o la r  su rfa ce ,^ p p ro ach e s  a l im it  as the sample grows 
in d e f in i t e ly  because the r  p o te n t ia l decay from a u n it  su r fa c e  d i­
po le area  i s  ju s t  compensated by the r^ dependence o f the su r fa c e
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a re a . For a s u f f i c ie n t ly  la rg e  sample such that the summation has 
s u f f i c ie n t ly  converged, the d if f e re n c e  between the d i r e c t  sum V"*" 
(around the c a t io n , say ) and the  su rfa ce  co n tr ib u t io n  £ must then be 
the p o te n t ia l due to an i n f i n i t e  l a t t i c e ,  in f in i t e  in  the sense of 
hav ing  no su r fa c e . T h is  d if f e r e n c e , A, i s  presumed to be the Made­
lung Constan t. F ig u re  2 and Equa tio n  (23) i l l u s t r a t e  the p o in t .

V+ = A + g ( 23)

Using sodium ch lo r id e  as an exam ple, V i s  the d ir e c t  sum around 
the sodium s i t e ,  A i s  the Madelung Constan t, B, i s  the su r fa c e  con** 
t r ib u t io n . For the sodium c h lo r id e  l a t t i c e ,  the Madelung Constant is  
the same whether eva luated  around a Na+ or C l-  s i t e ,  whereas the 
su r fa c e  co n tr ib u t io n , £, must be eq u a l, but opposite in  s ig n  fo r  the 
two re fe ren ce  s i t e s .  Hence, i f  V i s  the d ir e c t  sum around the C l 

s i t e ,  then

V" = A -  ? ( 24)

Adding Equations (23) and (2 4 ) ,

A = j ( V + + V~) ( 25)

Noting that ca lc ium  i s  d iv a le n t  and f lu o r id e  i s  m onovalent, s im i­
l a r  arguments fo r  ca lc ium  f lu o r id e  g ive

A = |-(V+ + 2V_ ) ( 26>

In  g en e ra l, fo r a b in a ry  io n ic  l a t t i c e

A = -kmV+ + nV~) (27)

O*

potential due to a 
large assembly of 
repeating units

+ + +• +■ +

+

potential due to an 
Infinite lattice

-4- H— +  4- 4* 
potential due to a 

dipolar surface

F ig u re  2 . The converged p o t e n t ia l  sum fo r  a l a t t i c e  a r r a y  o f charges 
c o n s is t s  of a p o t e n t ia l  co n tr ib u t io n  due to an i n f i n i t e  
l a t t i c e  and a p o t e n t ia l  co n tr ib u t io n  due to a d ip o la r  
s u r fa c e .
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provided m and n have no common fa c to r . Thus, the Madelung Constan t 
i s  ju s t  h a l f  the to ta l of p o te n t ia l sums around each co n s t itu e n t  o f  
an io n ic  "m o lecu le ."

To t e s t  t h is  con ten tion , the repeating  u n it s  p resen ted  in  F ig u re
1 were arranged w ith  re sp ect to se le c ted  re fe re n ce  ion s in  co n ce n tr ic  
cu b ic a l s h e l ls  fo r  NaCl and CsC l and rhombohedral s h e l ls  fo r  CaF2 - 
The cho ice  o f growth shape i s  Im m ateria l. A computer was used to 
ob ta in  the d ir e c t  sums, V*- and V- , and the Madelung Constan ts were 
eva luated  accord ing  to Equation (2 7 ). A f t e r  n in e  s h e l l s ,  the computed 
constan t fo r  NaCl was 1.747560^ which compares w e l l  w ith  the 
accepted va lu e  of 1.747564_. For CaF2» *-'ie  computed constan t was 
2.90914jS_, a ccu ra te  to s ix  f ig u re s . Sometimes the convergence was 
q u ite  r a p id . Four s h e l l  summation fo r  C sC l gave 1.7625., a c cu ra te  
to fou r f ig u re s .

S e m i- In f in it e  L a t t i c e . Most im portantly t h is  com putational techn ique  
can be extended to in c lude  the determ ination  o f the Su rfa ce  Madelung 
Constant fo r  s e m i- in f in it e  l a t t i c e s .  Consider the sim p le ca se  o f 
N aC l. A fte r  ob ta in ing  the d ire c t  sums V+ and V” , the d ip o la r  s u r ­
fa ce  co n tr ib u t io n  £ i s  ca lcu la ted  from Equations (23) and (24) :

£ = y (V + -  V " ) (28)

Now, le t  a <100> plane pass through the sodium re fe ren ce  io n . P ro ­
ceed ing as b e fo re , a sum of p o te n t ia ls , Va+ , around t h is  su r fa c e  
sodium ion  which excludes the co n tr ib u tio n s from a l l  p o in ts  ly in g  
on one s id e  o f the plane can be determ ined. When s u f f ic ie n t  conver­
gence i s  a t ta in e d , t h is  procedure w i l l  exclude e x a c t ly  h a l f  o f the  
d ip o la r  su r fa c e  co n tr ib u t io n , £. Sub tracting  hK from Vs+ y ie ld s  the  
Madelung Constant As fo r a <100> su rfa ce  sodium io n  on a s e m i- in f in it e  
l a t t i c e :

Note th a t does not in c lud e  d ipo le  c o n tr ib u t io n , i f  any , from the  
<100> su rfa ce  i t s e l f .  Such a con trib u tio n  i s  p a rt o f the Su rfa ce  
Madelung Constan t. For NaCl, Equation (29) g ives As = 1 .6 6 , c lo s e  to 
the va lu e  o f 1 .67 c a lcu la te d  by Lev ine and Mark (26) w ith  a method 
which i s  a p p lic a b le  only to e le c tro n e u tra l p lanes such as the NaCl 
<100>.

Fo r n o n -e le c tro n eu tra l su rfa ce  p lan es , th e  method of c a lc u la t io n  
o f Lev in e  and Mark (26) f a i l s .  However, our com putational t e c h n i­
que in v o lv in g  ju d ic io u s  s e le c t io n  o f repeating  u n its  should a c c u ra te ­
l y  d e sc r ib e  a l l  types of su rfa ce  p lan es . Consider the <111> p lan e  o f 
CaF2 which co n s is t s  e n t i r e ly  of f lu o r id e  io n s as shown by the se c ­
tio n ed  p e rsp e c t iv e  in  F ig u re  3. Equation (29) e a s i l y  computes the  
Su rfa ce  Madelung Constants fo r  th is  su rfa ce  and g iv e s  1 .26  fo r  the  
su r fa c e  f lu o r id e  ions and 3 .01 fo r the sub su rface  ca lc ium  io n s . No 
pub lished  va lu e s  are  known fo r  the purpose o f com parison.
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Non-Reactive Io n ic  S o lid s

On the b a s is  o f the fo rego in g  computational techn ique fo r  the dete r­
m ination  o f S u rfa ce  Madelung Constan ts j the su rfa ce  b ind ing  energy ,
AUS , fo r  both an ion  and c a t io n  can be eva luated  from Equatio n  (6)

A '
AU = -  332.57 —  Z J , kca l/m o le  (6)

s r  + -
o

using  the app rop ria te  Su rfa ce  Madelung Constant. The o v e r a l l  energ ies 
fo r  the h yd ra tio n  o f s u r fa c e  io n s can then be determ ined acco rd ing  to 
Eq s . ( 4 ) ,  ( 5 ) ,  u s ing  ap p ro p r ia te  va lues fo r  the h yd ra tio n  en e rg ie s  AF  ̂
of gaseous ion s as g iven  in  the l i t e r a t u r e  (1 6 );

AG, = AF, + AU (30)
h h s

S ign of Surface P o t e n t ia l . S i l v e r  ch lo r id e  in  i t s  s a tu ra ted  so lu t io n  
e x h ib it s  a n eg a tive  su r fa c e  p o t e n t ia l . As mentioned p re v io u s ly , t h is  
has been exp la ined  by the more negative h yd ra tio n  f re e  energy o f gas­
eous s i l v e r  ions than that o f gaseous ch lo r id e  io n s . T h is  c o r re la t io n  
works f a i r l y  w e l l  and v a lu e s  fo r  a s e r ie s  of s i l v e r  h a l id e s  a re  p re ­
sented in  Tab le  1 . I f  we extend  th is  argument to f lu o r i t e ,  CaF2, the 
hyd ra tion  f re e  energy of gaseous Ca++ (-362 kca l/m o le ) i s  more nega-

F ig u re .3 . P e rsp e c t iv e  of the <111> cleavage su rfa ce  o f f lu o r i t e .  Top­
most la y e r  i s  f lu o r id e  io n s , fo llowed next by a (su b su rfa ce )  
ca lc ium  la y e r .
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t iv e  than th a t of F (-110 kca l/m o le ) [ a l l  gaseous h yd ra t io n  f r e e  ener­
g ie s  a re  from r e f .  1 6 ] , which would suggest th a t in  the absence o f 
s p e c i f ic  chem ica l in te ra c t io n s  f lu o r i t e  should e x h ib i t  a n e g a t iv e ly  
charged s u r fa c e . However, i t  has been shown by M i l le r  and H isk e y  (27) 
that f lu o r i t e  e x h ib its  a ra th e r la rg e  p o s it iv e  su r fa c e  p o te n t ia l  
(C = +60 mv) in  the absence of s p e c i f i c  chem ica l in t e r a c t io n s  ( e .g .  
su rfa ce  c a rb on a t io n ) .

Consequently , as d iscu ssed  p re v io u s ly , th is  s im p le  c o r r e la t io n  of 
the s ig n  o f su rfa ce  p o te n t ia l w ith  h yd ra tio n  f re e  en e rg ie s  o f gaseous 
ions i s  not adequate to exp la in  even on a q u a l i t a t iv e  b a s is  the e x ­
perim en ta l r e s u lt s  fo r a more complex n o n -re a c t iv e  io n ic  s o l i d .  Using  
the com putational technique developed, the Su rfa ce  Madelung Constan ts  
fo r the <111> plane o f f lu o r i t e  a re  3 .01  fo r Ca't~f  and 1 .2 6  fo r  F~ both 
re fe r re d  to the 1.36 angstrom u n it  d is ta n c e , which re p re se n ts  one fo u r­
th of the u n it  cube dimension. From Equation ( 6) these re p re se n t su r ­
face  b ind ing  energ ies of 1462 kca l/m o le  fo r  Ca"H* and 615 k ca l/m o le  fo r  
F - . From Equation (3 0 ):

AG (Ca"H”) = AF, (Ca++) + AU (Ca++) 
n n s

= -362 +• 1462 = 1100 kca l/m o le (31)

AG (F~) = AF, (F~) + AU (F_ ) 
h h s

= -110 + 615 = 505 kca l/m o le  (32)

the fre e  energy of hyd ra tion  of the su rfa ce  f lu o r id e  i s ..more n eg a t ive
( le s s  p o s it iv e )  than„the free .energy__of_ hyd ra tion  _of.. s u r fa c^ .c a lc iu m . 
The f lu o r id e  ion  should p r e f e r e n t ia l ly  hydrate and le a v e  a p o s i t iv e ly
charged CaF2 su r fa ce , which..i s  what has been observed e xp e r im en ta lly
(2 7 ) . On a q u a l it a t iv e  b a s is  i t  appears that t h is  a n a ly s is  may be 
w e ll su ite d  fo r  understanding the mechanism whereby n o n - re a c t iv e  io n ic  
s o l id s  develop a su rfa ce  p o te n t ia l , provided that h yd ra tio n  o f l a t ­
t i c e  ions i s  the only charge genera tion  mechanism o p e ra t iv e .

P o in t of Zero Charge. Consideration  of su rfa ce  energy terms shou ld  
not only a llo w  the p red ic t io n  of the s ig n  of the su r fa c e  p o te n t ia ls  
fo r  complex, non -reactive  io n ic  s o l id s  in  th e ir  sa tu ra ted  s o lu t io n ,  
but con ce iv ab ly  should a llow  fo r the estim ation  o f the PZC by the 
use of the fo llow ing  fundamental r e la t io n sh ip s  i l l u s t r a t e d  fo r  a 
u n i-u n iv a le n t  io n ic  s o l id ,  MX, a t i t s  PZC.

[M+] a^[X ] = Ksp, s o lu b i l i t y  product (33)

+ / +
[M ] /[M ] = K , equ ilib rium  constan t fo r Equation  2 (34)clC[ S T
[X ] / [X ] a = K _ , equ ilb rium  con stan t fo r Equation  3 (35)
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From th ese  e xp re ss io n s  i t  can be shown fo r a u n i-u n iv a le n t  io n ic  s o lid  
that the PZC shou ld  b e , in  terms o f the ca t io n  co n cen tra t io n :

, K K, 1/2
^ aq " ^  (3?) 

Fo r+a case study o f a u n i-u n iv a le n t  io n ic  s o l id ,  co n s id e r AgC l.
The Ag and Cl~ have id e n t i c a l  Madelung Constants on the <111> su r­
fa c e , 1 .67 re fe r re d  to 2 .81  Angstrom un it c e l l  s id e . Thus we have, 
in  co n jun ctio n  w ith  h yd ra tio n  f r e e  energy data fo r  gaseous ion s (1 6 ):

AG, (Ag+) = AF (Ag+ ) + AU (Ag+) 
n n s

= -1 0 5 .4  + 198 .5

= 9 3 . 1  k ca l/m o le  (38)

AG, (C l" )  = -8 2 .9  + 198 .5  (39)n
= 115 .6  kca l/m o le  

From the r e la t io n s h ip s :

K+ = e_AGh (As = 7 .98  x IQ -69 (40)

K_ = e"AGh Ĉ1 ^ RT = 3 .02  x l o "85 (41)

and K = 1 .56  x  10_1 °  (42)
sp

The PZC can be c a lc u la te d  from Equation  37:

in  fiQ1/2
[Ag+ ] _  (1 • 56xl_0Z _°_x L iS x lO . : , )  .  203QM (43)

aq 3 .02x10 ~

which i s  o b v io u s ly  h igh  by,many o rders of magnitude in  th a t  the re ­
ported PZC fo r  AgCl i s  (Ag ) aq = 10-4M. The PZC c a lc u la t io n  i s  q u ite  
s e n s it iv e  to th e  gaseous h yd ra t io n  f re e  energ ies because o f the ex­
po n en t ia l r e la t io n s h ip . I f  the gaseous h yd ra tio n  f re e  energy o f s i l ­
ve r io n  repo rted  by Roman, e t . a l .  (1 5 ), AFjj(Ag+) = -87 k ca l/m o le , i s  
used to determ ine K+ in  Equation  40, then:

K+ = 1 .57  x 10"64 (44)

[X"] = CM+3g ?zc condition (36)

and
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[Ag+] = 3 .98 x 10"4M (45)
aq

which i s  much c lo se r  to the observed PZC.

For CaF2, a MX„ non -reac tive  s o l i d ,  a p a r a l l e l  c a lc u la t io n  fo r  the 
PZC in  terms of the f lu o r id e  io n  co n cen tra t io n  g iv e s  an ex trem e ly  h igh  
f lu o r id e  ion  concen tration  that exceeds p h y s ic a l l im i t s .  However, the 
unreasonab le PZC va lu e  does support the exp e r im en ta l o b se rva t io n s  that 
the su rfa ce  p o te n t ia l of CaF2 i s  not s e n s i t iv e  to the f lu o r id e  io n  
con cen tra t io n  even at co n cen tra t io n s o f 0. 1M.

These c a lc u la t io n s  in d ic a te  th a t  the q u a n t it a t iv e  a n a ly s is  o f the 
su rfa ce  charge generated by n o n - re a c t iv e  io n ic  s o l id s  needs fu r th e r  
re finem en t. One p o ss ib le  e f fe c t  which has been n eg le c ted  in  the ana­
l y s i s  i s  the e f fe c t  of l a t t i c e  s u b s t i tu t io n  and d e fe c t  s t ru c tu re  
which appears to be important in  the AgCl system  (28 )  but seems to  
have no s ig n if ic a n c e  in  the CaF2 system  ( 2 9 ) .  The a n a ly s is  p resen ted  
in  t h is  paper i s  based on a r e la t i v e ly  s im p le , hard  sphere model o f 
the l a t t i c e .  Fu rther refinem ent o f the su r fa c e  b in d in g  energy , AUg , 
i s  p o s s ib le  by taking  in to  co n s id e ra t io n  van der Waals d isp e rs io n  
fo rc e s , re p u ls io n  fo rc e s , su rfa ce  r e la x a t io n , and io n ic  d e fo rm atio n s .

The more rigo rous expression  fo r  the in t e r a c t io n  of charged spheres 
i s  the extended Born-Mayer equation ;

U y  = z ^ . e ^ . -1 -  a R y " 6 -  b R^ " 8 + c e x p f-R ^ /p ]  (46)

of which on ly the f i r s t  term has been co n s id e red . The next two terms 
a re  the van der Waals d isp e rs io n  term s. The l a s t  term  i s  the re p u l­
s iv e  term w ith  ad ju s tab le  param eters c and p . A l l  term s, excep t the 
f i r s t ,  converge ra p id ly  and i t  i s  n e ce ssa ry  to sum on ly  over the  
nea re st neighbors through the f i f t h .

F u rth e r refinem ent of the c a lc u la t io n  by co n s id e r in g  these  e f f e c t s  
may a llo w  fo r the q u an t ita t iv e  a n a ly s is  o f n o n - re a c t iv e  io n ic  s o l id s .  
Im p l ic i t  In  the PZC c a lc u la t io n  i s  the fa c t  th a t the io n ic  s u r fa c e  
s ta te  i s  re fe r re d  to a vacuum, which i s  not an a c cu ra te  re p re se n ta ­
t io n . In  essence , th is  means th a t the Su rfa ce  Madelung Constan t 
c a lc u la t io n  probably should be m od ified  to take  in to  c o n s id e ra t io n  
the su rfa ce  hyd ra tion  fo rc e f i e l d . Q u a l i t a t iv e ly ,  a p a r t i a l l y  hy­
d rated su rfa ce  ion can re s u lt  in  an in c re a s e  in  the su r fa c e  b ind ­
ing  energy which corresponds to a d ecrease  in  the PZC. R esea rch  on 
the magnitude of th is  e f fe c t  i s  in  p ro g re s s .

SUMMARY AND CONCLUSIONS

The n e c e s s ity  of considering  the b ind ing  energy of s u r fa c e  io n s  
in  the a n a ly s is  of su rfa ce  charge g en era tio n  by com plex, n o n - re a c t iv e  
io n ic  s o l id s  has been demonstrated. The d e te rm in a t io n  o f su r fa c e  
b ind ing  en e rg ie s was made p o s s ib le  by th e  c a lc u la t io n  o f S u rfa ce
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Madelung Constan ts w ith  a new, r e la t iv e ly  s t ra ig h tfo rw a rd  com putational 
techn ique in v o lv in g  d ir e c t  summation of c r i t i c a l l y  s e le c te d  n e u tra l 
charge a r r a y s . The c r i t e r io n  fo r the s t ru c tu re  of the n e u t ra l charge 
a rra y  i s  th a t the charge a r r a y  has no quadrupole or low er moment po­
t e n t ia l  c o n tr ib u t io n  to the l a t t i c e  sum of p o te n t ia l . T h is  cond it io n  
i s  s u f f i c ie n t  to a s su re  ab so lu te  convergence o f the l a t t i c e  sum of po­
t e n t ia l  and the d ir e c t  determ ination  of Su rfa ce  Madelung Constan ts . 
Fu rth e r re finem en t o f the a n a ly s is  appears to be re q u ired  in  o rder to  
q u a n t it a t iv e ly  determ ine the po in t of zero  charge fo r  n o n - re a c t iv e  
io n ic  s o l id s .
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