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ABSTRACT

The equilibrium/compatibility method, which is a semi-analytical post-processing method, is employed
for computation of hitherto unavailable through-thickness variation of interlaminar (transverse) shear
stresses in the vicinity of the bi-layer interface circumferential re-entrant corner line of an internal
part-through circular cylindrical hole weakening an edge-loaded laminated composite plate. A C°-type
triangular composite plate element, based on the assumptions of transverse inextensibility and layer-
wise constant shear-angle theory (LCST), is utilized to first compute the in-plane stresses and layer-wise
through-thickness average interlaminar shear stresses, which serve as the starting point for computation
of through-thickness distribution of interlaminar shear stresses in the vicinity of the bi-layer interface
circumferential re-entrant corner line of the part-through hole. The same stresses computed by the con-
ventional equilibrium method (EM) are, in contrast, in serious errors in the presence ofthe bi-layer inter-
face circumferential re-entrant corner line singularity arising out of the internal part-through hole, and
are found to violate the interfacial compatibility condition. The computed interlaminar shear stress
can vary from negative to positive through the thickness of a cross-ply plate in the neighborhood of this

kind of stress singularity.

1. Introduction

Advanced composite materials (e.g., graphite/epoxy, boron/
epoxy, Kevlar/epoxy, graphite/PEEK, etc.) are replacing metallic al-
loys at an accelerated pace in the fabrication of structural compo-
nents in both military (e.g., stealth fighter F-117A Nighthawk and
B-2 bomber) and commercial (e.g., the forthcoming Boeing 787
Dreamliner) airplanes. This is because of many beneficial proper-
ties, such as higher strength-to-weight ratios, longer in-plane fati-
gue (including sonic fatigue) life, better stealth characteristics,
enhanced corrosion resistance, and most significantly, the possibil-
ity of optimal design through the variation of stacking pattern, fi-
ber orientation, and so forth, known as composite tailoring.
These advantages notwithstanding, polymeric composite plate
type structures are highly prone to transverse (or interlaminar)
shear related fatigue failures, as a result of the matrix material
being of relatively low shearing stiffness as compared to the longi-
tudinal stiffness of the fibers. A reliable prediction of the response
of these laminated plates must account for transverse (or interlam -
inar) shear deformation.

The issues concerning the weakening effects of through-thick-
ness holes in both homogeneous isotropic as well as laminated
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composite plates are well understood in the literature [1-5]. In
contrast, the problems of stress concentration in the vicinity of
internal part-through holes weakening both homogeneous as well
as laminated plates have till recently remained a virgin territory
[6-9]. Embedded part-through holes are more realistic representa-
tions of internal flaws and damages. For example, part ofthe mate-
rial inside one or more layers may be missing as a result of faulty
manufacturing techniques, which may propagate during service
with catastrophic consequences. The fact that these internal holes
can cause severe cross-sectional warping resulting in interlaminar
or transverse strains and stresses even in a stretched/compressed
plate, and as a result may initiate shear crippling failure in com-
pression or shear/delamination failure in tension in advanced com-
posite laminates is a matter of serious concern to structural
designers. Additionally, these interlaminar stresses in the neigh-
borhood of such a hole in a stretched homogeneous isotropic as
well as laminated anisotropic plate vary through the thickness,
which brings three-dimensional effect even in a thin plate weak-
ened by such an embedded part-through hole [6-9]. Finally, the ef-
fect of stress singularity in the neighborhood of the bi-layer
interface circumferential re-entrant corner line of the part-through
internal hole weakening a laminated plate is also of serious
concerns.

Although reasonably accurate (finite element based) post-
processing type methods for determination of interlaminar or
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Nomenclature

a, b length and width, respectively, of a rectangular lami-
nated plate

[Bi1] strain-nodal displacement relation matrix for thejth tri-

angular layer-element belonging to the ith layer
[C3]. [Gl)] in-plane and transverse elastic stiffness matrices of
the ith orthotropic lamina

cjk components of the elastic stiffness matrix of the ith
orthotropic lamina

[D1 integrated (through thickness) elastic stiffness matrix

{dj1 nodal displacement vector of the jth triangular layer-
element belonging to the ith layer

dj distance from the bottom (reference) surface

E11. E22 Young’s moduli ofan orthotropic lamina in the direction
of fibers and normal to the fibers, respectively

{Fj} consistent load vector of the jth composite plate ele-
ment

g~.ofs first fundamental quantities for orthogonal curvilinear
coordinates for a flat plate

G12 in-plane shear modulus of an orthotropic lamina

G13. G2 transverse shear moduli of an orthotropic lamina

h total depth of an internal part-through hole

[<i1 stiffness matrix for the jth composite plate element

.cfj direction cosines of normal with respectto a and p coor-

dinates, respectively

N total number of layers or laminae

q applied uniform tension at the edge of a plate

1,0,z polar cylindrical coordinates

r0 radius of an internal part-through circular cylindrical
hole

tj, t thickness of the ith lamina and laminated plate, respec-
tively

transverse shear stresses in homogeneous and laminated plates
and shells have been developed in the 1980’ [10-15], a detailed
review of the literature reveals that till recently the issue of
determination of transverse shear stresses in the vicinity of an
internal (or embedded) part-through hole weakening a plate
subjected to all-round tension has remained unaddressed in the
literature [16,17], Majority of the finite element based post-
processing approaches employ equilibrium equations of three-
dimensional elasticity theory, referred to here as equilibrium
method, the only exceptions being Chaudhuri and Seide [13],
and Chaudhuri [14], These authors have introduced a semi-ana-
lytical post-processing method, termed equilibrium/compatibility
method, wherein both the equilibrium equations as well as inter-
facial compatibility conditions are satisfied in the point-wise
sense. The latter approach has recently been employed for com-
putation of hitherto unavailable through-thickness variation of
transverse shear stresses in the vicinity of the circumferential
re-entrant corner lines of internal part-through circular and ellip-
tical cylindrical holes weakening edge-loaded isotropic plates
[16,17], A detailed review of the literature, however, reveals that
the determination of interlaminar shear stresses in the vicinity of
an internal (or embedded) part-through hole weakening a lami-
nated anisotropic plate, subjected to all-round tension, has still
remained unaddressed in the literature. The primary objective
of the present investigation is to fill this important gap. In what
follows, a curvilinear triangular element, based on the assump-
tions of transverse inextensibility and layer-wise constant shear
angle (LCST), is employed as a starting point to determine the
through-thickness distribution of interlaminar or transverse shear
stresses in the vicinity of an embedded circular part-through hole,
weakening a general cross-ply plate, using a method that satisfies

U strain energy of a laminated plate

U strain energy per unit area

Uf!! strain energy due to intra-laminar stresses and strains
of the ith layer

uj’ strain energy due to interlaminar (transverse) shear

stresses and strains of the ith layer
in-plane components of the displacement vector,

i=a p

w potential due to external conservative forces

w transverse displacement component (deflection) of a
plate

X, Y, Z Cartesian coordinates in the length, width and thickness
directions of a laminated plate

a. p in-plane (orthogonal) curvilinear coordinates
in-plane (engineering) shearing strain at a point inside
the ith layer

Taz- y% transverse (engineering) shearing strains at a point in-
side the ith layer

A reference surface area of the jth element

fij,'1 in-plane normal strains at a point inside the ith layer;

k=a p

Vi2- V13. V23 major Poisson’s ratios of an orthotropic lamina

1 total potential energy functional

g fiber orientation angle of the ith lamina

5Jm(z). rjll(z). rjlz(z) applied stresses at a boundary distributed
through the thickness of the ith layer

{= shape functions

the equilibrium as well as interfacial compatibility in the point-
wise sense. In this connection, it may be noted that the stress
singularity, in the neighborhood of the bi-layer interface
circumferential re-entrant corner line of the internal part-through
hole, is that of a bi-material wedge type singularity [18,19] of
which the well-known free-edge stress singularity [20-23] is a
special case.

2. Theoretical background and finite element formulation

Fig. 1 shows an N-layer laminated composite triangular element
with its bottom surface designated as the reference surface. The
curvilinear triangular element is ideally suited for analysis of a
laminated anisotropic plate weakened by a part-through hole
of arbitrary geometry (e.g., circular, elliptical, etc.). The small
deformation of such weakened plates [6- 8] can be analyzed using
a finite element formulated on the basis of assumptions of
transverse inextensibility and layer-wise constant shear angle
[24-26]. The special case of a moderately thick plate weakened
by a through hole [4] can be analyzed by a finite element formula-
tion based on the Mindlin hypothesis [27,28].

The local or element coordinates are denoted by at. /5 and 2,
while the corresponding global or plate coordinates are repre-
sented by x,y and 2. The curvilinear coordinates for the special case
of circular geometry are given by
a—r. g, =" (1)
The distribution of displacement components for the ith layer,
based on the above assumptions, can be written as follows
[24-26]:
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(a)

(0)

Fig. 1. (a) Triangular composite element with curved boundary, (b) mapping of its interface onto a straight-sided quadratic triangular element in the curvilinear coordinate

. a m=a.l (2a)
i) u
=w. (2b)
a and p are general curvilinear coordinates in the plane of the plate,
z is the transverse coordinate local to the ith layer, and is measured
from its bottom surface. Based on the above-mentioned kinematic
approximations given by Eq. (2), the in-plane strains at a point in-
side a layer can be expressed in terms of their counterparts at the
top and bottom surfaces of the same layer as follows:

(2}

{eil@} = UM U |’!(Z)} } @
{E(H'])}

in which » and "4;i;(2)}[are as given by Eqgs. (A2a) and (A2b) in

the Appendix, while

{ohii(2)}7 i=1 N (42)
and

i"mT= i= 1. N+ 1 (4b)

where ef. sf' and
interface.

The interlaminar or transverse shear strains in the ith lamina
are given by

represent the in-plane strains at the ith

iff  jw FE izl N ©)

The transverse shear stresses and strains are constant through
thickness of a layer by virtue of the aforementioned assumptions,
and can, therefore, be assumed to be the through-layer-thickness
averages of the actual transverse shear stresses and strains.

The in-plane strains, £"m s)!land at the ith interface are gi-

ven by
1 -il
g,r
1 WX
n. SV e (6b)
?'UXK- S oW gltgx'! (6¢)

while the average transverse shear strains in the ith layer are given
as follows:

# 4 - 4 («r- )

The assumed displacement potential energy based finite element
equations are available elsewhere [6-8], and will not be repeated
here in the interest of brevity of presentation. As a first step, the
boundary of a circular hole is modeled using straight-sided version
of the present triangular element, which behaves more like a sub-
parametric element, while the curvilinear triangular element would
behave similar to a superparametric or isoparametric element. In
the case ofa subparametric finite element, the error in strain energy
due to domain approximation, 0(h3), dominates its counterpart due
to usual finite element approximation, 0(h4), as suggested by Ber-
ger’s lemma [29], Once the nodal displacements are computed
using the finite element method, the layer-element stresses can
be obtained using the following relation [13]:

{o-l:(2)}7 = [ (2)] [fif] {df ®)

where

{o-1:(2)}7 = {o-i:(z), afiz). t%{z). tEf tyip (9)

andjcl,j. jsj'j and (d]1} are given in the Appendix.
3. Determination of interlaminar shear stresses using the
equilibrium/compatibility method

The assumptions of layer-wise constant shear-angle theory
(LCST) implies parabolic variation of interlaminar (transverse)
shear strains and stresses through the thickness ofa layer. This im-
plies, for example, that tii'(z) is of the form [13,14]:

X%(z) = N, (z)ff +N2(z)ff + N ,(2)jf. (10)

whereff. f'f' andJV represent x'£(z) at the bottom, middle and top
surface, respectively, of the ith layer. Nj (z). N2(z) and N3(z) are one-
dimensional quadratic shape functions, defined by

. 3z 222 N2(2) 4z 422 N @)
2(z2)= — 3(z
fT T Lo L
z 222

(ID

% distribution through the thickness of a N-layer laminate, there-
fore, requires 3N unknown parameters, which, in turn, ask for 3N
equations. The present equilibrium/compatibility method supplies
these equations, by (i) forcing xa to vanish on the top and bottom
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surfaces of the laminate (2 equations), (ii) satisfying continuity of

tk at each layer-interface (N -1 equations), (iii) identifying rf,

as computed by Egs. (8) and (9) of Section 2 above, as the

through-the-layer-thickness average of r*lz) (N equations), and

(iv) computing jump in vezat each interface utilizing the first equa-

tion of equilibrium in terms of stresses (N -1 equations) [13].
Conditions (i) and (ii) above imply

I9) = pf O (12)
If ,io . (13)

Condition (iii) yields
lgEA>(z)dz=[0. 0 0 o0 o0 0 Y
x |Bf fori= 1. .N (14)

which, with the help of Egs. (10)—13), become

ér‘ gfs :3 ,

=1Ib 0. 0. 0. 0. 0. ¢ fur/ 2...N-1
(15a)

J/m; gV ) < 0-0- 0- 0- 0. K I
(15b)

6r”-3f) =fo. 0. 0. 0. 0. 0. C. 4>] Bf} {<>}.

(15c¢)

The left and right sides of the remaining N -1 equations are given
by condition (iv) above, and are obtained by using Egs. (10) and (11)
and the first equation of equilibrium, respectively.

Thejump atthe (i + 1) th interface as computed using Eq. (10), is
given as follows:

@ arit0)  di*th)
k dz dz
"dNi (z2) dN2(z)fii.¥  dN) (z) pi.i,
TR dz dz ~Ji
dNi(z)pj I dN2(2) - dN-j(z) fij) 16
dz I3 dz ] dz 3 (16)
which, with the help of Eq. (11), becomes
) _ iou 11 ;hm)
S ! i ' ti+1133  ti+l 2 tH 3
fori=2. .N-2 (17a)
17b
* o2 ' toP "tV 2 t/3 (17b)
"N 2 — w 1> 3f— +-\w 2
N1 N1 #n
(17¢)
The first equation of equilibrium is given by
drul
"af=-C,(z). m_ 1(—=X), 2(=Y) (18)

where repeated index m implies summation. Integration over the
surface area of the triangular element and applying divergence the-
orem on the right side of the equation yields

ds 4L d
dz (2)d$

ag(z)nmdr, m_ 1(—x), 2(=y) (19)
Since for quadratic shape functions o'imM is constant with respect to
X, Y, integrating Eq. (18) over the area of the elementand dividing by
the same will not alter any thing. This step yields

)
dS = - i

ar nmdr
4z (z)

r

53 . axmZ)nmdr mal(=x). 2(=y) (20)
1J%L

wheren, :form=1(=x),2 (=y)and | f :fork=1..... 3 for thejth tri-
angular element are given by Egs. (A13) and (A14), respectively. As
the in-plane stresses, of, etc., are linear functions of x and y, one
Gauss point is sufficient for exact integration on each side of the tri-
angle. Besides, the in-plane stresses at the midpoints of the sides
are exceptionally accurate (Barlow points). Finally, the jump in

at the (i + 1)th interface can now be computed as follows:

gre£1(0) df~U)

dz dz
Helj,k 1)(0)| T («t]) 0)
7))

(i+1) .
{0) bipn(X2_Xi)
~< 1< 0 ) Ld"-4 Ila(o) Node6

I
40R -XiJ
fori—1.... N -1
(XS]
whereJ*'" i—1..... N —1, is given by Eq. (17). Egs. (12), (13), (15)

and the combination of Egs. (17) and (21) determine the 3N un-
known parameters required for describing the iK(z) distribution
through the thickness of the N-layer laminated anisotropic plate
under investigation. Following an identical procedure and using
the second equation of equilibrium, xn (z) distribution through the
laminate thickness can be determined, i,2(z) and i,z(z) can obtained
by usual coordinate transformation.

4. Location of exceptional points for the interlaminar shear
stresses

The existence and location of special points, where the inter-
laminar (transverse) shear stresses are exceptionally accurate,
has been explained from a physical as well as rigorous mathemat-
ical point of view by Chaudhuri and Seide [13]. They have con-
cluded that the centroid of the quadratic triangular element is
the point of exceptional accuracy for the interlaminar shear stres-
ses. Mathematically speaking, since the interlaminar shear stres-
ses, txz(z) and Tyz(z), use equilibrium equations in computing
jumps at the layer-interfaces and hence involve the second deriv-
atives of displacements with respect to x and y, these stresses are
in error at a typical point by 0(hk~2) and on the average by
0{hk-') for displacement functions uhe Sh of degree fc-1 (see
Strang and Fix [29] for the notation used here). These errors must
alternate in sign, and there must exist exceptional points for the
interlaminar shear stresses, which are the loci of centroids of the
triangular element interfaces.
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5. Numerical results and discussion

The primary focus of the present study is on the determination
of interlaminar (or transverse) shear stresses in the vicinity of a
symmetrically (with respect to the middle surface) located internal
(or embedded) part-through circular cylindrical hole in a symmet-
rically laminated cross-ply plate. An unsymmetrically located
internal part-through hole will introduce bending-stretching cou-
pling even in a homogeneous isotropic or symmetrically laminated
plate. The present finite element formulation has been imple-
mented in a FORTRAN code.

5.3. A rectangular three-layer cross-ply plate weakened by an internal
part-through circular cylindrical hole under all-round uniform tension

The plate is as shown in Fig. 2. It has three distinct layers [90°/
0@90°], the middle layer having the same thickness as that of the
internal part-through circular cylindrical hole. The layers are
stacked symmetrically with respect to the middle surface. 0, = 0°
denotes fibers in the ith layer being laid up parallel to x-axis. The
following geometric parameters are selected:

a=50.8 cm (20 in.), a=35.56 cm (14 in.), t=0.762 cm (0.3 in.),
@ =5.08cm (2in.), h=0.508 cm (0.2 in.). The orthotropic lamina
elastic properties are as follows:

£, = 275.8 GPa (40 Msi), £22 = 6.895 GPa (1 Msi),
Cl]2 = Cu = C2j = 3.4475 GPa (0.5 Msi),
V2= Wrs = 0.25, v = 0.25.

£n and £2 represent Young’s moduli in the direction of the fi-
bers and transverse to the fibers, respectively, while CJ2 denotes
the in-plane shear modulus. Cn and C23 represent the transverse
shear moduli in the planes parallel and normal to the fiber direc-
tion, respectively. vi2 denotes the major Poisson’s ratio in the plane
of the lamina, while vi3 and v23 represent major Poisson’s ratios in
the transverse planes parallel and normal to the fiber direction,
respectively.

The plate is subjected to all-round tension, gq =689.5 kPa
(100 psi). Symmetry condition permits us to model a quarter of
the plate in thex-y plane and half the thickness (Fig. 3). Symmetry
with respect to the middle surface along with the assumption of
transverse inextensibility also produces vanishing transverse dis-
placements at all the nodes. The in-plane displacement symmetry
conditions give rise to vanishing y-direction displacement along
the x-axis (line OAB) and vanishing x-direction displacement along
they-axis (line OCD) for the nodes lying on the bottom surface and
the layer-interface. For the nodes lying on the middle surface, the
above symmetry conditions become vanishing y-direction dis-

Fig. 2. Rectangular isotropic plate weakened by an internal part-through circular
cylindrical hole under all-round tension.

Fig. 3. Finite element model for a rectangular plate weakened by an internal part-
through circular cylindrical hole.

placement along the line AB and vanishing x-direction displace-
ment along the line CD, with the circular boundary of the
internal part-through hole remaining traction free. Uniform ten-
sion is applied along the lines BE and DE.

The finite element results presented for computation of inter-
laminar (transverse) shear stresses using the equilibrium method
have been obtained first by using quintic order of integration (full
integration), and later verified by using the quadratic order or re-
duced integration. The interlaminar shear stresses computed by
the present equilibrium/compatibility method, have been obtained
by using the reduced integration alone.

Figs. 4 and 5 present variation of the mid-surface interlaminar
(transverse) shear stresses, rn = 100t®*(t2/2 )/q and xm = 100t|
(t2/2 )/q, computed at the centroids of the triangular elements
adjacent to the boundary of the internal part-through circular hole
(r=5.23 cm =2.067 in.), with respect to 0. The present solutions
feature a nearly constant interlaminar shear stress variation in re-
gards to the angular position, while their equilibrium counterparts
show a different trend, primarily as a result oscillations. As has
been observed in the case of an internal part-through circular
[16] or elliptical [17] hole weakening a homogeneous isotropic
plate, the results for interlaminar or transverse shear stresses com-
puted using the equilibrium method are in serious errors. How-
ever, in comparison to their counterparts for the homogeneous
isotropic case, the interlaminar (or transverse) shear stresses com-
puted using the equilibrium method are characterized by much
larger oscillations as compared to those computed using the pres-
ent equilibrium/compatibility method, and this is particularly so
near 0 ~ 90°. The extremely large errors in the interlaminar shear
stresses vs. 0 curves, in the neighborhood of the bi-layer interface

0 (deg.)

Fig. 4. Variation of the normalized transverse shear stress, xn, around the
circumference of an internal part-through circular cylindrical hole (r=5.23 cm =
2.067 in.).
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0 (deg.)

Fig. 5. Variation of the normalized transverse shear stress, ifiz around the
circumference of an internal part-through circular cylindrical hole (r=5.23cm =
2.067 in.).

circumferential re-entrant corner line of the internal part-through
circular hole, in the range, 70" < 0 ¢ 90’ can be attributed to the
stronger influence and interaction of the free edge stress singular-
ity at the boundary,y =b/2, compared to that of the edge, x = a/2.

It may be recalled in this connection that for a cross-ply lami-
nate compromised by the presence of an embedded part-through
hole in the middle layer, in addition to the near-field stress singu-
larity at the circumferential line of intersection of the part-though
hole with the material of the middle layer in the form ofa circum-
ferential bi-layer interface re-entrant corner, there is a far-field
free-edge stress singularity at the bi-layer interface at each of the
plate boundaries, x =a/2, andy =b/2. These two types (i.e., far-field
and near-field) of stress singularities interact rather strongly so
that the effect of the internal part-through hole never dies down
at the plate boundary [7,8], and St. Venant’s principle does not hold
in this situation [18]. This is unlike what has been shown for the
homogeneous isotropic plate weakened by an identical part-
through hole [6,8],

Fig. 6(a) and (b) show variation of t£(z) and t,:(z) through the
thickness at r =5.23 cm (2.067 in.), 0 = 83.333 ". As has been stated
earlier, and also can be seen from Fig. 6, the transverse shear stress
distribution through the thickness predicted by the equilibrium
method is in serious error. Since the layer-material is homoge-

neous, ire vs.z curve cannot have a “corner”within a layer, because
that would imply jumps (or discontinuities) in the stresses, af(z)
and t~(zi, which, in turn, would imply jumps in strains, #(zi

and y%q{z), and consequently discontinuities in in-plane displace-
ments at that particular z, i.e., the compatibility conditions are vio-

Fig. 6. Through-thickness variation of normalized transverse shear stress: (a)
100ing and (b) 100Tte/g in the vicinity of an internal part-through circular
cylindrical hole (r=5.23 cm (2.067 in.), 6 = 83.333°).

lated [16,17], The apparent reason behind this lack of accuracy in
the result computed by the equilibrium method is that there is
only one integration constant, which cannot make the computed
transverse shear stress vanish on both the bottom and top surfaces
of plate, unless symmetry with respect to the middle surface is in-

voked [16,17], The error in
ment method is “body force” like (constant through thickness in

computed by the finite ele-

uniform stretching problems), and is of the order of W hen

Tm(z) is computed by the equilibrium method by integrating the
first equation of equilibrium through thickness, this error shows
up as a straight line. In the case of a symmetrically (with respect
to the middle surface) placed internal part-through circular cylin-
drical hole weakening a symmetrically laminated cross-ply plate

subjected to uniform stretching, if vii(z) through half the thickness
is computed by using the equilibrium method, and the same
through the other half is obtained by using symmetry, this would
result in the formation of a “corner” in the curve at the mid-sur-
face, which cannot be acceptable because of the violation of the
compatibility condition at the mid-surface of the plate in the
immediate neighborhood of the bi-layer interface circumferential
re-entrant corner line.

It is worthwhile to note from Fig. 4 of Chaudhuri [7] that a'i (2)
at the bi-layer interface (circumferential re-entrant corner line)
experiences a jump at the circumference of the internal part-
through circular cylindrical hole, and that the maximum stress oc-
curs at this corner. The slope of the above curve (i.e., a'i;x(z)} at the
bi-layer interface circumferential re-entrant corner is approxi-
mately tan (7i/2| = x:, which, when substituted into the equilib-
rium equations, will yield singular transverse stresses, vxz(z) and
a'f(z), in that neighborhood. Fig. 7 displays the state of stress in
a 270° bi-material wedge shaped plane section normal to the bi-
layer interface circumferential line of intersection of the boundary
wall of the internal part-through circular cylindrical hole with its
ceiling or floor (locus of point A or A" in Fig. 1). The stresses,
OR'w 6\ bk 2@ cp: are singular in the vicinity of the bi-layer
interface circumferential re-entrant corner line of the internal
part-through circular cylindrical hole [9,19]. This translates into
rendering o f, xf, of and of singular in that neighborhood.
The stress field varies as R~'-, 0 < A< 1, in the vicinity of the bi-
layer interface circumferential corner line of the part-through hole.
In the presence of a stress singularity of this kind, the stress gradi-
ents are also significantly large, which combined with the constant
(through the thickness) term causes the above mentioned “body
force” like error upon integration with respect to z, when the equi-
librium method is used. This implies that the artificial “corner” (see

Fig. 7. Stresses on a plane 270°-wedge radial section of a laminated plate in the
neighborhood of an internal part-through circular cylindrical hole.
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Fig. 6) will appear whenever in-plane stress gradients do not van-
ish at the mid-surface of the plate, and consequently the equilib-
rium method will fail to deliver accurate results for the
interlaminar shear stresses.

The above-mentioned “corner”and the associated “body force”
like error can be eliminated by using the present method as can be
seen from Fig. 6, because of its satisfaction of the bi-layer interface
compatibility condition, given by Eq. (21), in the form of condition
(iv) of Section 3. In this connection, it may be remarked that the
accuracy (or lack thereof) of the equilibrium method isa good indi-
cator of the accuracy of the computed intra-laminar (in-plane)
stresses (strictly speaking stress gradients), since this method de-
pends on equilibrium of these stresses. This is in line with the fact
that the computed in-plane stresses including cri:computed at the
edge of the hole at or near O~ 90=may be in some error. As has
been discussed earlier [16,17], the subparametric version of the as-
sumed quadratic displacement triangular element cannot accu-
rately predict the stresses in the elements located inside the
“boundary layer” zone.

Acomparison ofthe computed through-thickness distribution of
the interlaminar shear stress, t£, in the vicinity ofan internal part-
through circular cylindrical hole, shown in Fig. 6(a), with itscounter-
part fora homogeneous plate, shown in Fig. 4 of Chaudhuri [16], re-
veals that the present interlaminar shear stress, t£, can vary from
negative to positive through the thickness of a cross-ply plate in
the neighborhood ofthe above-mentioned kind of stress singularity,
while its homogeneous isotropic counterpart is always positive,
other factors remaining unaltered. Furthermore, the interlaminar
shear stress, t£, is, in the present case, much smaller in magnitude
than its counterpart fora homogeneous isotropic plate.

6. Summary and conclusions

The equilibrium/compatibility method, which is a semi-ana-
lytical post-processing method, is employed for computation of
hitherto unavailable through-thickness variation of interlaminar
(transverse) shear stresses in the vicinity of the bi-layer interface
circumferential re-entrant corner line of an internal part-through
circular cylindrical hole weakening an edge-loaded laminated
composite plate. A C°-type triangular composite plate element,
based on the assumptions of transverse inextensibility and
layer-wise constant shear-angle theory (LCST), is utilized to first
compute the in-plane stresses and layer-wise through-thickness
average interlaminar shear stresses, which serve as the starting
point for computation of through-thickness distribution of inter-
laminar shear stresses in the vicinity of the bi-layer interface cir-
cumferential re-entrant corner line of the part-through hole.

The present investigation re-affirms, to a rather extreme degree,
the conclusion reached earlier in the case of its homogeneous
counterpart [16] in regards to the accuracy (or lack thereof)
of the stresses computed using the conventional (assumed dis-
placement potential energy based) finite element analysis and
computed FEM-based post-processing analysis results for inter-
laminar shear stresses in the vicinity of a stress singularity, such
as the bi-layer interface circumferential corner line of an internal
circular cylindrical hole. Eq. (21) constitutes the required layer-
interface compatibility equation, when a weak or integral form of
solution (in Sobolev space, H') is sought with convergence in the
L2 norm [16,17]. This equation is the counterpart of the compatibil-
ity (differential) equation (see last of Eq. (4), p. 101, Fung [30])
when strong or differential form of solution is sought with conver-
gence in the sup norm.

This problem is not restricted to the FEM alone, but pervades all
over discrete integral equations based methods, such as the FFT
(fast Fourier transform) or BIE (boundary integral equations). The
following important conclusions are drawn from the numerical

results of the present finite element based post-processing
analysis:

(i) The present solutions feature a nearly constant interlaminar
shear stress variation in regards to the angular position, while
their equilibrium counterparts show a different trend, pri-
marily as a result oscillations discussed below in item (iii).

(ii) The transverse shear stress, t£, computed using the con-
ventional equilibrium method is in serious error in the
presence of the stress singularity at the bi-layer interface
circumferential re-entrant corner line of an internal
part-through circular cylindrical hole. This is because t£
is singular. This error is “body force” like, and is due to
the violation of the compatibility equation in the presence
of stress singularity.

(iii) In comparison to their counterparts for the homogeneous
isotropic case, the interlaminar (or transverse) shear stresses
computed using the equilibrium method are characterized
by much larger oscillations (errors) as compared to those
computed using the present equilibrium/compatibility
method, and this is particularly so near O~ 90".

(iv) The extremely large errors in the interlaminar shear stresses
(computed using the equilibrium method) vs. Ocurves, in
the neighborhood of the bi-layer interface circumferential
re-entrant corner line of the internal part-through circular
cylindrical hole, in the range, 70= < O « 90% can be attrib-
uted to the stronger influence and interaction of the free
edge stress singularity at the boundary, y =b/2, compared
to that of the edge, x =a/2.

(v) Fora cross-ply laminate compromised by the presence ofan
embedded part-through hole in the middle layer, in addition
to the near-field singularity at the circumferential line of
intersection of the part-though hole with the material of
the middle layer in the form of a circumferential bi-layer
interface re-entrant corner, there is a far-field free-edge
stress singularity at the bi-layer interface at the plate bound-
aries, x =a/2, and y =b/2. These two types of stress singular-
ities (i.e., near-field and far-field) interact so that the effect
of the internal part-through hole never dies down at the
plate boundary, and St. Venant’s principle does not hold in
this situation. This is unlike what has been shown for the
homogeneous isotropic plate weakened by an otherwise
identical part-through hole.

(vi) The above error can be eliminated by using the present
method because of its satisfaction of layer-interface compat-
ibility condition in the vicinity of the circumferential re-
entrant corner line singularity arising out of the internal
part-through hole.

(vii) A comparison of the computed through-thickness distribu-
tion of the interlaminar shear stress, t£, in the vicinity of
an internal part-through circular cylindrical hole with its
counterpart for a homogeneous plate reveals that the pres-
ent interlaminar shear stress can vary from negative to posi-
tive through the thickness of a cross-ply plate in the
neighborhood of the above-mentioned kind of stress singu-
larity, while its homogeneous isotropic counterpart is
always positive, other factors remaining unaltered. Further-
more, the interlaminar shear stress, t*, is, in the present
case, much smaller in magnitude than its counterpart for a
homogeneous isotropic plate.

Extension ofthe present approach to the variation of transverse
normal stress through thickness is currently under way, and will
bereported ina future paper. Inaddition,the presentanalysisiscur-
rently being extended to the case ofan internal elliptical hole weak-
ening a cylindrical panel [31],and will be reported in the future.
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Appendix A
[A"]. i=1.... N, referred to in Eq. (8) is given by
A*
V1 (A
where
i- 0
0 1-f 0 (A2a)
0 0
1 00
0i 0 (A2b)
0 ft
and
10 (A20)
c
0 1
[c*, i-I,..., N, for an anisotropic lamina can be expressed in
terms of its counterpart for a 0°-lamina, [0'], as follows:
[Cfii] = [T]t [Cfii] [T], (A3)
where
[cfii] = (A4)
with
rcm lfb 0 m
cf] = tb 0 (A5a)
Symm
and
44
1] - (A5b)
Symm
while
a0 sin~ 05 0
sin20, €0s20 0
W] -sin(20,) sin(20,) co0s(20,] 0 0
0 0 0 as0  sinor
0 0 0 sinQ’ GxQ
(A8)
d!" k as referred to in Eq. (8), is given as follows:
.IIQ. Wu ) V\{l_B .u;'j']) \A{l_BW ,.W6
(AT)
\B)% as referred to in Eq. (8), is given by
W (A8)
[Nm1  [11_
whose submatrices are given as follows:
R=im ... [R].. m } k=1... 6. (A9a)

in which
0
0wk (A9)
k2 U
M=Pii.. m M- k=i. (A10a)
u
WY = (AlOb)
<h:i
[Nfii] = AT k=1...6:1i
Lo N. (Alla)
with
if 0
A, 0 ji. (Al 1b)
while
SN i= 1 N (A12)

FK, k- 1..... 6, referred to above in Egs. (A9), (A10) and (Al 1), rep-
resents the shape function for the kth node of a triangular element
interface, and is given by

{0 ¥T—vi?(2li —1); 4cic2, c2(2c2 - 1), 4c2c3 c3(2c3
-1). 4;.sCi}. (AL3)

where £k, k - 1,2,3 represents area coordinates.
m =1 (=x), 2 (=y), and k=1,...,3, referred to in Eqg. (20) and
Fig. 8, is defined as follows:

jil: r3\1 J1 :?‘_ (Al4a,b)
-lzl_ylr—u)yl v X‘r"a;(i (Al4c,d)
iy i *2 Alde, f

bg P9 aed

Fig. 8. jth triangular element interface.
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in which

rf

= {x2+y5),12.

rf = [R-x,)2+ (y2-y,)21/i.
r3:= W2-+-y|)1l/i- (Al5a.b.c)
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