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In this note we wish to relate a somewhat
trivial, but surprising, soluble extension of
the multidimensional Ising model. Our exten-
sion was motivated by recent experiments on
a real material, dysprosium aluminum garnet
(DyAlG), which closely resembles an ideal three-
dimensional Ising model,’ except for what ap-
peared to be one unfortunate detail: The elec-
tronic (Ising) spins are connected not just to
their electronic neighbors, but also to their
own dysprosium nuclei by a fairly large hyper-
fine interaction. The interacting nuclear iso-
topes are randomly distributed with a natural
abundance of 18.9% for Dy'®* (hyperfine coupling
constant 4 =0.073°K) and 25% for Dy'®® (4
=0.104°K).? This physical system thus corre-
sponds to a model Ising antiferromagnet dis-

turbed by a magnetic field (the hyperfine-cou-
pled nuclear spins) random in magnitude and
position. The magnitude of the disturbance is
not negligible, considering the low critical tem-
perature of DyAlG (Ty =2.5°K), and is indeed
comparable in magnitude with any one of the
Ising bonds!

Given this substantial random perturbation
of the Ising spins, it is reasonable to expect
a drastic effect on thermodynamic properties,
especially critical-point phenomena. For ex-
ample, an estimate on the basis of molecular
field theory shows each spin in a different spe-
cific environment, and hence a broadening of
the transition region. The smallest effect on
the thermodynamic properties which one might
reasonably expect is a broadening of the lamb-
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da point, or perhaps a change in the order of
the phase transition.

The experiments’ show no such thing! On
the contrary, the usual type of logarithmic peak
is found to within about 3 x1073°K of the Néel
point. We studied this problem theoretically,
and discovered that this was no accident. We
shall show that the thermal properties of the
perturbed system can be related exactly to the
properties of an ideal Ising model without re-
quiring any knowledge of the latter. This is
fortunate because, apart from various numer-
ical estimates,® no solution of the three-dimen
sional Ising model in closed form is known at
the present time. However, even without such
a solution, we easily prove that the singular-
ity at T); and other critical-point phenomena
are essentially the same in the perturbed sys-
tem as in the ideal one, and that the two will
differ only by smoothly varying nonsingular
functions of temperature.

If we denote the nuclear spins by I; and elec-
tron (Ising) spins by o;, spin-spin interactions
by Jij> and the hyperfine bonds by A;, the total
Hamiltonian 3C is

~ L z z
3 3C0+ZEZ.AZ.0Z. Ii , (1)
where ¥, is the ideal Ising Hamiltonian,

s =N J.o e -pgye?, (2)
0 =i 4 )

() i
and we neglect the extremely small direct in-
teractions between the nuclear spins themselves
and with the external field. The Ising spins
have only two values, of =41, but the nuclear
spins may have various magnitudes I; (includ-
ing 1=0), depending on which isotopic species
is at the ith site. For the case of Dy, /=% for
the two isotopes Dy*®* and Dy'®® and /=0 for
all other isotopes.

We now note that the partition function of the
combined system, Z=Tr{exp(-3%)}, may be
evaluated in two steps, decomposing the grand
trace into a partial trace over the nuclear spins
only, Trj, followed by a trace over electron
spins Tr,.* Using the fact that only even pow-
ers in ()" contribute to Try and that (OZ,Z)ZVZ
=1, we find

Z= Trc{exp(—Bf}CO)} Tr]{exp(—ﬁziéAiliz)}

=Z\Zp (3)
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where Z, is the partition function of the unper-
turbed Ising system and Zj a nuclear partition
function independent of the electron spins iden-
tically equal to the partition function of the same
nuclei in fixed external fields A;. Zjis a smooth-
ly varying, continuous function of temperature
and any singularities in the electron-spin sys-
tem will thus be unaffected by the presence of
the nuclear spins, no matter how large their
coupling to the electron spins may be! In par-
ticular, the nuclei will leave Ty unchanged and
they will simply add a smoothly varying term

to the Ising specific heat C(T):

(1) =C(7) +Z§AZ.IZ.C;LTBZ.(BAZ,/2), (4)
1

where Bi(x) is the Brillouin function appropri-
ate to a spin /;. This contribution is smooth
and analytic and the nature of the singularity
is therefore unaffected in all respects! 1t is
doubtful whether the present authors would have
sought, and found, this exact result had the
experiments not indicated it first. Our resulis
do not preclude the possibility that part of the
broadening of the transition observed in other
non-Ising-like materials® may in fact be due
to random nuclear fields. In this connection
it would be interesting to show whether or not
the small width of the specific-heat peak ob-
served in DyAlG (~83 x107%°K) is in fact due
to the finite non-Ising-like terms (4 X o X/ xetc.)
in the hyperfine interaction.

It is now simple to extend the above method
of splitting the traces to predict the behavior
of the nuclear-spin system. For the average
nuclear magnetization we find

<11,Z )= z7! Tro{exp( —BJCO)
X Tr I[Iiz exp( —BEnéAnonzan 1}
=IZ.MO(T)BZ.(BAZ. /2), (5)

where MO(T) is the electron sublattice magne-
tization, which vanishes above Ty. Below Ty
we may also expect a correlation between dif-
ferent nuclei via the electronic spins, and we
find for the long-range order

z, 2z

asr )=a 1 1B (BA /2)B (BA /2), (6)

where a,,, is the electron-spin order param-



VoLUME 16, NUMBER 20

PHYSICAL REVIEW LETTERS

16 May 1966

eter in the absence of the nuclear spins,

-1 Z2_z
a .= Tra{om o exp(—BCK’O)}. (7)
With the hyperfine interactions appropriate

to Dy in DyAlG, this nuclear antiferromagnet-

ic order should become appreciable below about
0.1°K.
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