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U n d e r g r o u n d  im a g i n g  b y  f r e q u e n c y - d o m a in  

e le c t r o m a g n e t ic  m ig r a t io n

Michael S. Zhdanov*, Peter Traynin^, and John  R. Booker**

A B S T R A C T

A  new  m ethod  o f  the re s is t iv ity  im a g in g  based on  

freq uency-d om a in  e lectrom agnetic m ig ra t ion  is deve l

oped. E le ctrom agnetic  ( E M )  m ig ra t ion  in v o lv e s  d o w n 

ward d iffusion  o f  observed E M  fields w hose  time flow  

has been reversed. U n like  dow nw ard analytical contin

uation, m ig ra t ion  is  a stable p rocedure  that accurate ly 

restores the phase o f the upgo ing  field inside  the Earth. 

T h is  m ethod  is  indented fo r the p ro ce ss in g  and  inter

pretation  o f  E M  data co llected  fo r  both T E  and  T M  

m o d e s  o f  p la n e -w a v e  e xc ita t ion . U n t i l  recen tly , the 

m e th o d  c o u ld  be a p p lie d  o n ly  fo r  d e te rm in in g  the 

position  o f anom alous structures and for find ing inter

faces betw een laye rs o f  d ifferent conductiv ity . There  

w ere no  w e ll deve loped  approaches to the re s ist iv ity  

im aging, w h ich  is the key  problem  in  the inversion  o f E M  

data. W e  provide  a nove l approach to determ ining not 

o n ly  the p o s it io n  o f  a n o m a lo u s  s tru c tu re s  bu t the ir 

re s is t iv ity  as well. T h e  m a in  d iff icu lty  in  the practical 

rea lization  o f  th is approach  is  determ in ing  the b a ck 

ground resistivity distribution for m igration. W e  d iscuss 

the m ethod  o f  the so lu tio n  o f  th is p rob lem  based  on  

differential transformation o f apparent resistivity curves. 

T he  final goa l o f  m igration is to provide  a first order 

interpretation u sing  a com putational effort equivalent to 

a forward m odeling calculation.

IN T R O D U C T IO N

A  p rob lem  o f  current practica l in terest is  that o f  im a g in g  

inhom ogeneous underground structures u s ing  surface or bore

hole electromagnetic data. The  last decade has seen consider

ab le  im p ro ve m e n t  in  the a b il it y  to ga the r sp a t ia l ly  dense, 

accurate E M  induction data. Im p roved  extraction o f  structural 

in fo rm a tion  from  such  data is  im portant fo r  m a n y  practica l 

ap p lication s ra n g in g  from  m ine ra l e xp lo ration  to w aste and

build ing site characterization. Recently there has been consid

erable progress in  the direct inversion  o f magnetotelluric and 

other low -frequency induction data for m ultid im ensional elec

t r ic a l c o n d u c t iv it y  stru c tu re s  ( B e r d ic h e v s k y  a n d  Z h d a n o v ,  

1984; Sm ith  and Booker, 19881991; W annam aker et al., 1989; 

Eaton, 1989; M a d d e n  and M ack ie , 1989; deG root-H ed lin  and 

Constable, 1990; X io n g  and K irsh , 1992; Lee  and X ie ,  1993; 

O ristaglio  et al., 1993; Pellerin  et al., 1993; Torre s-Ve rd in  and 

H abashy, 1994; T r ipp  and H ohm ann, 1993; O ldenb urg  et al., 

1993; 1994; Z h d a n o v  and Keller, 1994). How ever, these a lgo 

r ithm s requ ire  repeated so lu tion  o f  la rge  m u lt id im e n s io n a l 

fo rw ard  p rob lem s.

Several publications address sim ple and fast inversion  tech

niques for transient electromagnetic data over inhom ogeneous 

structures (Barnett, 1984; M a c n a e  and  L am on ta gne , 1987; 

Eaton  and Hohm ann, 1989). The  m ajority o f  these papers have 

been ba sed  o n  equating  the transient response , m easu red  at 

the surface o f  the Earth to the E M  fie ld o f  current filament 

im ages o f  the source. Th is  approach originated in  the pioneer

in g  w o rk  o f  N a b ig h ia n  ( 1 9 7 9 )  d e s c r ib in g  the b e h a v io r  o f  

t ra n s ie n t  cu rre n ts  d if f u s in g  in to  the earth as a sy ste m  o f  

“sm oke r in g s” b low n  b y  the transm itting loop into the earth.

W e  w ill outline a different approach based on  direct trans

form ation o f  the observed wavefield into a resistivity im age o f 

the cross-section in  a ve ry rapid manner. W e  call this approach 

electromagnetic migration. The  goa l o f  m igration is to provide  a 

first-order interpretation u s in g  a com putationa l e ffort e q u iva 

lent to a forward m odel calculation.

The  basic ideas o f  E M  m igration  were first formulated in  the 

papers b y  Zh d an o v  and Frenkel(1983a, b), where the integral 

approach to the solution o f  the problem  o f  dow nw ard extrap

o la tion  in  the reve rse  tim e has been exposed. T h e  m ethod  

described in  those publications had two m ain  lim itations: first, 

the m e th o d  is  b a se d  o n  S t ra t to n -C h u  typ e  in te g ra ls  and  

the re fo re  re q u ire s  ( in  g e n e ra l)  the o b se rv a t io n  o f  a l l s ix  

com ponents o f  the E M  field, w h ich  is  d iff icu lt  to rea lize  in  

practice; second, it can be applied on ly  to the m odels w ith the 

h o m o g e n e o u s  b a c k g ro u n d  re s is t iv it y .  T h e  m o re  a d va n c e d
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a n a ly s is  o f  t h is  a p p r o a c h  h a s  b e e n  p r e s e n t e d  i n  p a r t  i n  t h e  

m o r e  re c e n t  p u b l ic a t io n s :  Z h d a n o v ,  1 9 8 8 ; Z h d a n o v  e t a l., 1 98 8  

( i n  R u s s ia n ) ;  Z h d a n o v  a n d  B o o k e r ,  1 9 9 3 ;  a n d  Z h d a n o v  a n d  

K e l l e r ,  1 9 9 4 . H o w e v e r ,  d u r i n g  r e c e n t  y e a rs  t h e  m e t h o d  h a s  

b e e n  s i g n i f i c a n t l y  d e v e lo p e d  a n d  im p r o v e d .  N o w  w e  h a v e  a  

m u c h  c le a r e r  u n d e r s t a n d in g  o f  t h e  p h y s i c a l  p r in c ip le s  a n d  

m a th e m a t ic a l  f o u n d a t io n s  o f  E M  m ig r a t io n .  U n t i l  re c e n t ly , the  

m e t h o d  c o u l d  b e  a p p l i e d  o n ly  f o r  d e t e r m in in g  t h e  p o s i t i o n  o f  

a n o m a lo u s  s tru c tu re s  a n d  f o r  f i n d in g  in te r fa c e s  b e tw e e n  la y e rs  

o f  d i f f e r e n t  c o n d u c t iv i t y .  T h e r e  w e r e  n o  w e l l  d e v e lo p e d  a p 

p r o a c h e s  to  im a g in g  th e  re s is t iv i ty  p r o p e r ty  its e lf , w h ic h  is  the  

k e y  p r o b le m  i n  t h e  in v e r s io n  o f  E M  d a ta .

W e  p r e s e n t  a  n e w  m e t h o d  o f  th e  re s is t iv i ty  im a g in g  b a s e d  o n  

f r e q u e n c y - d o m a in  e le c t ro m a g n e t ic  m ig r a t io n .  W e  d e v e lo p  th is  

m e t h o d  f o r  t h e  p r o c e s s in g  a n d  in t e r p r e t a t io n  o f  E M  d a t a  

c o l le c t e d  f o r  b o t h  t r a n s v e r s e  e le c t r ic  ( T E )  a n d  t r a n s v e r s e  

m a g n e t i c  ( T M )  m o d e s  o f  p la n e - w a v e  e x c i t a t io n .  T o  m a k e  th e  

p r e s e n t a t io n  c le a r e r ,  w e  f e e l  i t  n e c e s s a r y  t o  b e g in  o u r  p a p e r  

w i t h  a  s h o r t  r e v ie w  o f  th e  c o n c e p ts  o f  th e  m ig r a t io n  as  a p p l ie d  

t o  in t e r p r e t a t io n  o f  E M  d a t a .  S o ,  f o r  c o m p le t e n e s s ,  i n  t h e  f i r s t  

s e c t io n s  o f  th is  p a p e r  w e  w i l l  o u t l in e  th e  p h y s ic a l  p r in c ip le s  a n d  

m a t h e m a t i c a l  f o u n d a t io n s  o f  E M  m ig r a t io n .  W e  i l lu s t r a t e  th e  

m e t h o d  w i t h  n u m e r i c a l  e x a m p le s ,  t y p i c a l  f o r  g e o e le c t r ic a l  

e x p lo r a t io n .

P H Y S IC A L  P R IN C IP L E S  O F  E M  M IG R A T IO N

T h e  p h y s i c a l  p r in c ip le s  o f  E M  m ig r a t i o n  p a r a l l e l  t h o s e  

u n d e r ly i n g  la s e r  h o lo g r a p h y  a n d  s e is m ic  m ig r a t i o n .  T h e  E M  

f i e l d  p r o d u c e d  b y  a  c o n t r o l l e d  o r  n a t u r a l  s o u r c e  a n d  o b s e r v e d  

o n  t h e  e a r t h ’ s s u r fa c e  is  t h e  c o m b in a t i o n  o f  t w o  f ie ld s :  a  

p r im a r y  f i e l d  t h a t  p r o p a g a t e s  d o w n w a r d s  in t o  t h e  e a r t h ,  a n d  a  

s e c o n d a r y  f i e l d  t h a t  p r o p a g a t e s  u p w a r d s  a f te r  h a v i n g  b e e n  

s c a t te r e d  b a c k  f r o m  in t e r n a l  s t r u c tu r e . B o t h  f i e ld s  s a t is fy  

d i f f u s i o n  e q u a t io n s  in s id e  t h e  e a r th . T h e ir  a m p l i t u d e s  d e c a y  

a n d  t h e i r  p h a s e s  a r e  r e t a r d e d  i n  t h e  d i r e c t io n  o f  p r o p a g a t io n  

t h a t  is  d o w n w a r d  f o r  t h e  s o u r c e  f ie ld s  a n d  u p w a r d  f o r  th e  

b a c k - s c a t te r e d  f ie ld s .  G i v e n  m e a s u r e m e n t s  o f  t h e  e le c t r ic  a n d  

m a g n e t i c  f ie ld s  a t  t h e  E a r t h ’ s s u r f a c e  i t  is  p o s s ib le  t o  s e p a r a te  

th e  d o w n g o in g  a n d  u p g o in g  f ie ld s  (B e r d ic h e v s k y  a n d  Z h d a n o v ,  

1 9 8 4 ) .  T h e  m e a s u r e d  s u r fa c e  e x p r e s s io n  o f  t h e  u p g o i n g  f i e l d  

c a n  t h e n  b e  u s e d  t o  r e c o n s t r u c t  i n f o r m a t i o n  a b o u t  t h e  f i e l d  

in s id e  t h e  e a r th  a n d ,  h e n c e ,  e s t im a te  t h e  g e o e le c t r ic  s t r u c tu r e  

( Z h d a n o v  a n d  F r e n k e l ,  1 9 8 3 a ,  b ;  L e e  e t  a l . ,  1 9 8 7 ;  Z h d a n o v ,  

1 9 8 8 ; Z h d a n o v  e t a l., 1 9 8 8 ) . A s  in  s e is m ic  m ig r a t io n ,  o n e  c o u ld  

e x t r a p o la t e  t h e  s ig n a l  r e c e iv e d  b a c k  t o  r e f le c t o r s  o r  in t e r n a l  

c u rre n ts  b y  u s in g  t h e m  as  a  b o u n d a r y  c o n d i t io n  f o r  a  d i f f u s io n  

e q u a t io n ;  t h is  t r a n s f o r m a t io n  is  u s u a l l y  c a l l e d  a n  a n a ly t i c  

c o n t i n u a t i o n .  I n  t h e  p r e s e n c e  o f  m e a s u r e m e n t  n o is e ,  h o w e v e r ,  

th is  is  a n  u n s ta b le  p ro c e s s . A n  a lte rn a te  p r o c e d u r e  is  to  re ve rse  

th e  t im e  f l o w  o f  th e  b a c k - sc a tte re d  s ig n a ls  r e c e iv e d  a t  e a c h  s ite  

a n d  t h e n  d i f f u s e  th e s e  t im e - r e v e r s e d  s ig n a ls  d o w n w a r d  u s in g  

t h e  o r d in a r y  d i f f u s i o n  e q u a t io n .  T h e  d i f f u s e d  t im e - r e v e r s e d  

f ie ld s  a re  c a l l e d  m ig r a t e d  f ie ld s .  T h e ir  a m p l i t u d e  w i l l  d e c a y  

d o w n w a r d  a n d  w i l l  b e  v e ry  d if f e r e n t  f r o m  th e  o r ig in a l  u p g o in g  

f i e l d  w h o s e  a m p l i t u d e  in c r e a s e s  d o w n w a r d .  T h e  u s e fu ln e s s  o f  

t h e  m ig r a t e d  f i e l d  a r is e s  b e c a u s e  o f  t h e  f o l l o w in g  fa c ts :

1) T h e  p h a s e  d e la y  a s s o c ia t e d  w i t h  d i f f u s i n g  t h e  t im e -  

r e v e r s e d  s ig n a l s  c o r r e s p o n d s  t o  a  d o w n w a r d  p h a s e  a d 

v a n c e  in  o r d in a r y  t im e . T h u s  th e  d o w n w a r d  p h a s e  b e h a v 

io r  o f  th e  m ig r a te d  f ie ld s  is  e s s e n t ia l ly  th e  s a m e  as  th a t  o f

t h e  o r ig in a l  u p g o i n g  f i e l d  a n d  t h e  m ig r a t e d  s ig n a l  

s u m m e d  f o r  s o u r c e s  a t  a l l  t h e  s ite s  s h o u ld  e x h ib i t  t h e  

s a m e  c o n s t r u c t iv e  in t e r f e r e n c e  a t  i n t e r n a l  s c a t te re rs  as  

th e  o r ig in a l  f ie ld .

2 )  T h e  n o is e  i n  t h e  m ig r a t e d  f i e l d  d e c a y s  d o w n w a r d s  b e 

c a u s e  t h e  m ig r a t e d  f i e l d  s a t is f ie s  a n  o r d in a r y  d i f f u s i o n  

e q u a t io n .  T h is  c o n t r a s ts  w i t h  t h e  e x p lo s io n  o f  e r ro r  

a s s o c ia te d  w ith  d o w n g o in g  a n a ly t ic  c o n t in u a t io n  b y  u s in g  

t h e  s ig n a l  r e c e iv e d  i t s e l f  a s  a  b o u n d a r y  c o n d i t i o n  f o r  a  

t im e - r e v e r s e d  d i f f u s i o n  e q u a t io n .  T h u s  t h e  p h a s e  o f  t h e  

u p g o i n g  f i e l d  in s id e  t h e  e a r th  c a n  b e  e s t im a t e d  m o r e  

a c c u r a t e ly  f r o m  t h e  m ig r a t e d  f ie ld .

T h e r e  a re  a  n u m b e r  o f  a lg o r i t h m s  d e v e lo p e d  f o r  m ig r a t i o n  

o f  g r o u n d - p e n e t r a t in g  r a d a r  ( G P R )  r e f le c t io n  p r o f i l e  d a t a  

(H o g a n ,  1 9 8 8 ; F is h e r  e t a l. ,  1 9 8 9 ; F is h e r  e t a l . ,  1 9 9 2 ) . A l l  th e se  

a lg o r i t h m s  a r e  b a s e d  o n  k i n e m a t i c  s im i la r i t i e s  b e tw e e n  r a d a r  

a n d  s e is m ic  w a v e  p r o p a g a t io n  a n d  c a n  b e  c o n s id e r e d  as  t h e  

d ir e c t  im p le m e n ta t io n  o f  s e is m ic  m ig r a t io n  te c h n iq u e s  to  ra d a r  

d a t a .  H o w e v e r ,  a t  l o w  f r e q u e n c ie s  o r  i n  c o n d u c t iv e  e n v i r o n 

m e n ts  w h e re  c o n d u c t io n  c u rre n ts  a re  b ig  e n o u g h , s e is m ic  ty p e  

m ig r a t io n  b a s e d  o n  th e  w a v e  e q u a t io n  is  n o  lo n g e r  a p p ro p r ia te  

f o r  p r o c e s s in g  o f  E M  d a t a ,  b e c a u s e  E M  f ie ld s  d i f f u s e  in t o  t h e  

g r o u n d .

T h e re  a re  a ls o  s e v e ra l p u b l ic a t io n s  c o n c e r n in g  th e  p o s s ib i l i t y  

o f  t r a n s fo r m in g  d i f f u s iv e  E M  f ie ld s  to  w a v e f ie ld s  (L a v r e n t ’ e v  e t 

a l . ,  1 9 8 0 ;  L e e  e t  a l . ,  1 9 8 9 ) .  T h e  in t e g r a l  t r a n s f o r m  r e la t e s  t h e  

d i f f u s i v e  f i e l d  i n  t im e  t o  a  u n iq u e  w a v e f i e ld  i n  a  t im e - l ik e  

d o m a in  w e ig h te d  b y  a n  e x p o n e n t ia l ly  d a m p e d  k e r n e l. O n e  c a n  

in te r p r e t  th e s e  t r a n s f o r m e d  w a v e f i e ld  d a t a  u s i n g  t h e  c o n v e n 

t io n a l  t e c h n iq u e s  d e v e lo p e d  f o r  t h e  w a v e f ie ld s  ( s a y ,  u s i n g  r a y  

t o m o g r a p h y :  L e e  a n d  X i e ,  1 9 9 3 ) .  T h e  m a in  l im i t a t i o n  o f  t h is  

a p p r o a c h  is  t h a t  t h e  i n t e g r a l  t r a n s f o r m  is  i l l- p o s e d ,  s o  t h e  

e x p lo s io n  o f  n o is e  c o u ld  d e s tro y  th e  re s u lts  o f  th e  t r a n s fo rm a 

t io n  i f  o n e  d o e s n ’ t  a p p ly  a  r e g u la r i z a t io n .

H e r e ,  w e  in v e s t ig a t e  a  d i f f e r e n t  a p p r o a c h  t o  E M  im a g in g .  

In s te a d  o f  t r a n s fo r m in g  th e  d i f f u s iv e  f ie ld  in to  a  w a v e f ie ld ,  w e  

tra n s fe r  th e  p r in c ip le s  o f  w a v e f ie ld  a n a ly s is  to  in te r p re ta t io n  o f  

th e  E M  f ie ld s , w h ic h  a re  g o v e r n e d  b y  d i f f u s io n  e q u a t io n s . T h u s  

w e  d e v e lo p  t h e  m e t h o d  o f  E M  m ig r a t io n .

F ir s t ,  w e  r e v ie w  s o m e  g e n e r a l  id e a s  c o n c e r n in g  s e is m ic  

m ig r a t io n ,  o r  s e is m o h o lo g r a p h y . S u p p o s e  th a t  w e  h a v e  a  lo c a l  

s o u r c e  o f  s e is m ic  w a v e s ,  lo c a t e d  a t  s o m e  p o i n t  o n  t h e  e a r t h ’ s 

s u r fa c e ,  a n d  a n  a r r a y  o f  r e c e iv e r s .  E a c h  r e c e iv e r  r e c o r d s  

o s c i l l a t io n s  a t  t h e  e a r t h ’ s s u r f a c e  a s  a  f u n c t i o n  o f  r e a l  t im e  t. 

W e  in t r o d u c e  t h e  r e v e r s e  t im e

t  =  ( 1 )

N o w  re p la c e  th e  re ce iv e rs  b y  a u x il ia r y  s o u rc e s  a n d  m a k e  e a c h  

o f  t h e s e  s o u r c e s  o p e r a te  i n  r e v e r s e  t im e  w i t h  a  s ig n a l  e q u a l  to  

t h e  r e c o r d in g  o f  t h e  e a r t h ’ s s u r f a c e  o s c i l l a t i n g  i n  r e a l  t im e  a t  

th e  c o r r e s p o n d in g  re ce iv e r . I t  is  s h o w n  in  th e  th e o ry  o f  s e is m ic  

m ig r a t i o n  t h a t  t h is  f i e l d  is  b a c k  p r o p a g a t in g ,  t h a t  is , i t  g o e s  

f r o m  th e  o b s e r v a t io n  su r fa c e  in to  th e  e a r th  (C la e r b o u t ,  1 9 8 5 ) . 

I f  w e  re c a lc u la te  th e  b a c k  p r o p a g a te d , o r  m ig r a te d , f ie ld  a t  a n y  

in t e r io r  p o i n t  o f  t h e  m e d i u m  a t  t im e s  c o r r e s p o n d in g  t o  th e  

a r r iv a ls  o f  t h e  d ir e c t  w a v e s  f r o m  t h e  a c t u a l  s o u r c e , t h e  

a m p l i t u d e  d i s t r ib u t io n  o f  t h e  m ig r a t e d  f i e l d  w i l l  d e p ic t  t h e  

p o s i t i o n s  o f  t h e  r e f le c to r s  a n d  t h e  d i f f r a c t io n  p o in t s .  T h u s  t h e  

re s to ra t io n  o f  th e  s e is m ic  im a g e  o f  th e  g e o lo g ic a l  c ross- sec tion
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is  a t t a in e d  b y  a s s ig n in g  r e v e r s e  t im e  p s e u d o - s o u r c e s  t o  th e  

r e c e iv e r  s ite s  o n  th e  e a r th ’ s su r fa c e .

T h e  a n a lo g o u s  a p p r o a c h  i n  p r in c ip le  m a y  b e  a p p l i e d  t o  t h e  

in t e r p r e t a t io n  o f  E M  f i e l d  d a t a  a s  w e l l .  L e t  u s  c o n s id e r  t h e  

s itu a t io n  w h e r e  w e  h a v e  m e a s u r e d  th e  to ta l E M  f ie ld ,  b e c a u s e  

o f  n a t u r a l  s o u r c e s  i n  t h e  io n o s p h e r e  o r  a  c o n t r o l le d  s o u r c e .  

T h e  s y s te m  o f  s y n c h r o n iz e d  r e c e iv e r s  is  lo c a t e d  a t  t h e  s u r fa c e  

o f  t h e  e a r t h .  W e  c a n  r e p la c e  t h e  r e c e iv e r s  b y  a  s y s te m  o f  

a r t i f i c i a l  c u r r e n t  o r  c h a r g e  s o u r c e s ,  w h i c h  a re  d e t e r m in e d  b y  

th e  o b s e rv e d  E M  f ie ld .  W h e n  th e se  a r t i f ic ia l  s o u rc e s  o p e ra te  in  

re v e rse  t im e , th e y  p r o d u c e  a  f ie ld  th a t  w e  w i l l  c a l l  th e  m i g r a t e d  

E M  f i e l d .  A s  i n  t h e  s e is m ic  c a s e , t h is  f i e l d  i n  p r in c ip le  c a n  

“ d e l in e a t e ”  b o u n d a r ie s  o f  t h e  in t e r n a l  s t r u c tu r e  o f  t h e  E a r t h  

a n d  g iv e  u s  t h e  “ g e o e le c t r ic  im a g e ”  o f  t h e  e a r th  in te r io r .

M A T H E M A T IC A L  C O N C E P T S

N o w  w e  w i l l  g iv e  a  s tr ic te r  d e f in i t io n  fo r  E M  m ig r a t io n .  T h is  

d e f in i t io n  is  m u c h  m o r e  g e n e ra l t h a n  o n e  g iv e n  in  o u r  p r e v io u s  

p u b l i c a t io n s .  H o w e v e r ,  i n  t h e  s p e c ia l  c a s e  o f  a  h o m o g e n e o u s  

b a c k g r o u n d  c ro s s - s e c t io n  i t  is  r e d u c e d  t o  t h e  o r i g i n a l  d e f i n i 

t io n .

C o n s id e r  a  m o d e l  i n  w h i c h  t h e  h o r i z o n t a l  p l a n e  z  =  0  

s e p a r a te s  t h e  c o n d u c t i v e  E a r t h  ( z  >  0 )  f r o m  a  n o n c o n d u c t i n g  

a tm o s p h e r e  ( z  <  0 ) .  T h e  c o n d u c t i v i t y  o f  t h e  E a r t h  a ( r )  is  a n  

a rb itr a ry  f u n c t io n  o f  th e  c o o rd in a te s  th a t  c a n  b e  re p re s e n te d  as 

t h e  s u m  o f  n o r m a l  c o n d u c t iv i t y  cr„ (r )  a n d  a n  a n o m a lo u s  

c o n d u c t iv i t y  A c r ( r )  s o  t h a t  a ( r )  =  u „ ( r )  + A a ( r ) .  T h e  E M  

f ie ld  in  th e  m o d e l  is  e x c ite d  b y  a rb it r a ry  so u rc e s , lo c a te d  in  the  

io n o s p h e r e  o r  a t  t h e  s u r f a c e  o f  t h e  E a r t h .  F i e l d  c o m p o n e n t s  

o b s e r v e d  o n  t h e  E a r t h ’ s s u r f a c e  a r e  d e n o t e d  b y

{ E ° ( r ,  t ) ,  E y ( r , t ) ,  0 }

a n d

{ H ° x ( r ,  t ) ,  H y { r , t ) ,  H ° z ( r ,  t ) } .

W e  s h a l l  c a l l  t h e  m i g r a t e d  f i e l d ,  E m ( r ,  T ) H m ( r ,  t ) ,  t h e  f i e ld  

m e e t in g  th e  f o l l o w in g  c o n d it io n s :

I
 c u r l  H  m ( r ,  t )  =  a n { r ) E m ( r ,  t )

f o r  z  >  0 , ( 4 )

{ Em(  ̂ _  <9Hm  ̂ ^

{ H m { r ,  t ) ,  E m ( r ,  t ) }  0  f o r  |r| z  >  0 . ( 5 )

T h u s  w e  s e e  t h a t  t h e  m ig r a t e d  f i e l d  E m, H m is  t h e  E M  f i e l d  

i n  t h e  r e v e r s e  t im e  t .  I t  is  n e c e s s a ry  t o  u s e  t h e  n e g a t iv e  o f  t h e  

v e r t ic a l  c o m p o n e n t  o f  t h e  o b s e r v e d  m a g n e t i c  f i e l d  a t  t h e  r ig h t  

s id e  o f  e q u a t io n  ( 3 )  t o  m a k e  t h e  m ig r a t e d  f i e l d  s a t is fy  

M a x w e l l ’ s e q u a t io n s  u p  t o  t h e  s u r f a c e  o f  o b s e r v a t io n  z  =  0 , 

b e c a u s e  t h e  o b s e r v e d  f i e l d  E  , H  s a t is f ie s  M a x w e l l ’ s e q u a 

t io n s  i n  t h e  r e a l  t im e  t . I n  r e a l  t im e  t  =  -  t ,  t h e  m ig r a t e d  f i e l d  

s a t is f ie s  t h e  a d jo i n t  e q u a t io n s

I  c u r l  H m =  < T „ E m

dHm (6)

c u r l  E m  =  (jlo  •

T h e s e  e q u a t io n s  im p ly  th a t  th e  m ig r a te d  f ie ld  is  p r o p a g a t in g  in  

s p a c e  f r o m  r e c e iv e r s  t o  s o u r c e s . T h a t  is  t o  s a y , i t  is  a  b a c k -  

p r o p a g a t in g  f ie ld .

F o r  t h e  s a k e  o f  s im p l i c i t y ,  c o n s id e r  a  s i t u a t io n  w h e n  th e  

b a c k g r o u n d  c o n d u c t i v i t y  o f  t h e  E a r t h  a n  is  c o n s ta n t .  I n  t h is  

c a s e , t h e  e le c t r o m a g n e t ic  f i e l d  i n  t h e  m o d e l  w i l l  s a t is fy  th e  

d i f f u s io n  e q u a t io n

V 2H  -  a H  -  0  d  V 2E  -  a E  -  0

(7 )

e v e r y w h e r e  o u t s id e  t h e  z o n e s  w i t h  a n o m a lo u s  c o n d u c t iv i t y ,  

a n d  w e  c a n  d is c u s s  t h e  p r o b le m  o f  m ig r a t i o n  o f  a n y  s c a la r  

c o m p o n e n t  P ( r ,  t )  o f  t h e  o b s e r v e d  E M  f ie ld .  N o t e  f i r s t  o f  a l l  

t h a t  e v e ry w h e re  o u ts id e  th e  z o n e s  w ith  a n o m a lo u s  c o n d u c t iv i ty  

t h is  c o m p o n e n t  w o u l d  s a t is fy  t h e  e q u a t io n

L e t  P °  ( r ,  t )  s t a n d  f o r  a n y  o f  t h e  c o m p o n e n t s  H ® , H y ,  H ?  , 

E ® , o r  E y  m e a s u r e d  a t  th e  E a r t h ’ s s u r fa c e . T h e n  w e  s h a l l  c a l l  

t h e  m i g r a t e d  f i e l d  P 1"  o f  t h e  s p e c i f i e d  s c a la r  c o m p o n e n t  P °  o f  

t h e  E M  f ie ld ,  t h e  f i e l d  s a t is f y in g  t h e  c o n d i t io n s

a n d

V 2P m { r ,  t )  -  i x 0 g  9 P  T) =  0  f o r  z  >  0 ,  ( 1 0  )
OT

N o t ic e  th a t  i f  w e  s u b s t itu te  th e  o r d in a r y  t im e  t  in to  e q u a t io n  

( 1 0 ) w e  s h a l l  h a v e  t h e  a d jo i n t  d i f f u s i o n  e q u a t io n ,

I f  th e  o r d in a r y  d i f f u s io n  e q u a t io n  d e s c r ib e s  th e  p ro c e s s  o f  f ie ld  

p r o p a g a t io n  f r o m  th e  s o u rc e s  to  th e  re ce iv e rs , t h e n  e q u a t io n  ( 1 2 ) 

d e s c r ib e s  t h e  in v e r s e  p r o c e s s  o f  f i e l d  p r o p a g a t io n  f r o m  t h e  

re ce iv e rs  fo c u s in g  to  sou rces .

T h u s , th e  p r o b le m  o f  e s ta b l is h in g  th e  m ig r a te d  f i e ld  r e d u c e s  

to  a  c o n t in u a t io n  o f  th e  f ie ld  P 0 f r o m  th e  E a r th ’ s s u r fa c e  to  the  

l o w e r  h a l f- s p a c e  i n  t h e  r e v e r s e  t im e  t .  W e  c a l l  t h e  s o lu t io n  o f  

t h is  p r o b l e m  E M  m ig r a t io n .

A s  is  s e e n  f r o m  t h e  e x p o s i t io n  a b o v e ,  t h e  c a l c u l a t io n  o f  t h e  

m ig r a t e d  f i e l d  is  r e d u c e d  t o  a  b o u n d a r y  v a lu e  p r o b l e m  d e 

s c r ib e d  b y  t h e  f o r m u la s  (2 )- (5 )  i n  g e n e r a l  o r  b y  t h e  f o r m u la s  

(9 )- (  1 1 )  i n  t h e  s p e c ia l  c a s e  o f  u n i f o r m  b a c k g r o u n d .  N o w  w e  

c a n  d e v e lo p  d if f e r e n t  te c h n iq u e s  fo r  s o lv in g  th e se  p r o b le m s . I n  

th e  f o l l o w in g  se c t io n s , w e  b r ie f ly  d e s c r ib e  s o lu t io n  te c h n iq u e s  

b a s e d  o n  s p e c tra l r e p re s e n ta t io n s  o f  th e  f ie ld  in  th e  w a v e n u m -  

b e r- fre q u e nc y  d o m a in  a n d  f in ite - d if fe re n c e  a p p r o x im a t io n s .
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A N A L Y T IC  C O N T IN U A T IO N  A N D  M IG R A T IO N  IN  T H E  

(K , c o )- D O M A IN  F O R  A  M O D E L  W IT H  C O N S T A N T  

B A C K G R O U N D  C O N D U C T IV IT Y

A  s p e c i f ie d  c o m p o n e n t  o f  t h e  E M  f i e l d  P  i n  t h e  f o r m  o f  t h e  

F o u r ie r  in t e g r a l  w i t h  r e s p e c t  t o  s p a t ia l  a n d  t im e  f r e q u e n c ie s

k x , k y , co is

X  e x p  [ ~ i ( k x x  +  k y y  +  coO] d k x  d k y  d u > ,  ( 1 3 )

w h e r e  P ( k x , k y , z ,  co) is  t h e  3 - D  F o u r ie r  t r a n s f o r m  o f  t h e  f i e l d  

c o m p o n e n t  P .

L e t  u s  r e w r ite  e x p re s s io n  ( 8 ) i n  th e  f r e q u e n c y  d o m a in  fo r  th e  

F o u r ie r  t r a n s f o r m  P ( k x , k y , z ,  co)

d2
^ P ( k x , k y ,  z ,  co) =  v 2P ( k x , k y ,  z ,  co), ( 1 4 )

dz

w h e r e =  ( kx + k 2 -  /co|x0a ) ,  R e  ( r ;)  >  0  is  a

w a v e n u m b e r  i n  t h e  ( k ,  co) d o m a i n  a n d  0  < z <  d  w i t h  d  b e i n g  

th e  d is ta n c e  f r o m  th e  e a r th ’ s s u r fa c e  c lo s e s t  to  th e  s u r fa c e  z o n e  

w i t h  a n o m a lo u s  c o n d u c t i v i t y .  T h e  g e n e r a l  s o lu t io n  o f  t h e  la s t  

e q u a t io n  h a s  t h e  f o r m

( 1 5 )

P ( k x , k y ,  z ,  co) =  P u ( k x , k y ,  co)

X  e x p  ( v z )  +  P d ( k x , k y , co) e x p  ( - v z ) ,

w h e r e  P u ( k x , k y  , co) a n d  P d  ( k x , k y , co) a re  t h e  s p e c t r u m s  o f  

t h e  u p g o i n g  a n d  d o w n g o i n g  c o m p o n e n t s  o f  t h e  f i e l d  o n  t h e  

s u r f a c e  o f  t h e  e a r th .

E q u a t io n  ( 1 5 )  s o lv e s  t h e  p r o b l e m  o f  E M  f i e l d  d o w n w a r d  

a n a ly t ic  c o n t i n u a t i o n  i n  t h e  h o m o g e n e o u s  la y e r  0  <  z  <  d ,  i f  

w e  k n o w  th e  u p g o in g  a n d  d o w n g o in g  p a rts  o f  th e  f ie ld .  W e  c a n  

u s e  t h e  a p p r o a c h  d e v e lo p e d  i n  B e r d ic h e v s k y  a n d  Z h d a n o v  

(1 9 8 4 )  fo r  th e  f ie ld  s e p a r a t io n  in to  th e  u p g o in g  a n d  d o w n g o in g  

p a r ts .  A s  a n  i l l u s t r a t io n ,  w e  p r e s e n t  t h e  s im p le  t e c h n iq u e  f o r  

f i e l d  s e p a r a t io n  i n  t h e  2 - D  c a s e  i n  A p p e n d i x  A .

T h u s  t h e  a n a ly t ic  c o n t i n u a t i o n  o f  t h e  d o w n g o i n g  a n d  u p g o -  

in g  (o r  sc a tte re d ) p a r ts  o f  th e  f ie ld  is  d e s c r ib e d  b y  th e  f o r m u la

P c d ( k x , k y , z ,  co) =  P d ( k x , k y , 0 ,  co) e x p  ( - v z ) ,  ( 1 6 )

u ( k x

ryCd

k y , z ,  co) =  P u ( k x , k y , 0 ,  co) e x p  ( v z ) ,w ;  — i  \ n , x , i v y , \j , v j j  wwp \ u * j ,  ( 1 7 )

w h e r e  P cd  a n d  P cu  a re  r e s u lt s  o f  a n a ly t i c  c o n t in u a t io n .  

B e c a u s e  t h e  e x p o n e n t ia l  i n  e q u a t i o n  ( 1 7 )  is  g r o w in g  w i t h  

d e p th ,  t h e  d o w n w a r d  c o n t i n u a t i o n  o f  t h e  u p g o i n g  f i e l d  is  a n  

u n s t a b le ,  i l l- p o s e d  p r o c e d u r e ,  w h i l e  t h e  d o w n w a r d  c o n t i n u a 

t io n  o f  t h e  d o w n g o i n g  f i e l d  is  s ta b le .

F r o m  t h e  o th e r  s id e , t h e  F o u r ie r  t r a n s f o r m  o f  t h e  m ig r a t e d  

u p g o i n g  f i e l d  P nu ( k x , k y , z ,  co ), a c c o r d in g  t o  e q u a t i o n  ( 1 2 ) 

s a t is f ie s  t h e  e q u a t io n

dl 

dz2
P m u * ( k x , k y ,  z ,  co) =  v 2P n * ( k x , k y , z ,  co), ( 1 8 )

w h e r e  v 2 =  ( k x  +  k 2 +  i co |x0 a > ,  a s te r is k  * d e n o te s  c o m p le x  

c o n j u g a t e  v a lu e s ,  a n d  0  <  z  <  + 00.

S o l v i n g  t h e  la s t  e q u a t io n  a n d  t a k i n g  in t o  a c c o u n t  c o n d i 

t io n  ( 1 1 ) w e  a r r iv e  a t th e  e x p re s s io n  fo r  th e  c o m p le x  c o n ju g a te  

s p e c t r u m  o f  t h e  m ig r a t e d  u p g o i n g  f i e l d  a t  a  d e p t h  z

P m u * ( k x , k y , z ,  co) =  P u ( k x , k y , 0 , co) e x p  ( - v z ) ,  ( 1 9 )

w h e r e  w e  c h o o s e  t h e  b r a n c h  w h e r e  R e  v  =  ( k x  + k 2 + 

/cofiocr)1/2 > 0.
E q u a t io n  (1 9 )  g iv e s  u s  t h e  f r e q u e n c y - d o m a in  a lg o r i t h m  f o r  

m ig r a t io n  o f  th e  E M  f ie ld  c o m p o n e n ts , w h ic h  is  a n  E M  a n a lo g  

to  t h e  m ig r a t i o n  t e c h n iq u e  d is c u s s e d  i n  G a z d a g  ( 1 9 7 8 ) .

O b v i o u s l y ,  t h e  f u n c t i o n  f ( v ,  z )  =  e x p  (- v z )  c a n  b e  

r e g a r d e d  as  t h e  f r e q u e n c y  r e s p o n s e  o f  a  lo w - p a s s , s p a c e - t im e  

f i l t e r .  T h e r e fo r e ,  t h e  m ig r a t i o n  t r a n s f o r m a t io n  o f  t h e  E M  f i e l d  

is  a  s t a b le  p r o c e d u r e .

F IN IT E - D IF F E R E N C E  M IG R A T IO N  IN  A  2-D M O D E L  W IT H  

T H E  S L O W  H O R IZ O N T A L  V A R IA T IO N  O F  T H E  

C O N D U C T IV IT Y

F o r  t h e  1 - D  g e o e le c t r ic a l  m o d e l ,  f o r m u la s  ( 1 6 ) ,  ( 1 7 )  a n d  

(19 ) w i l l  b e  r e d u c e d  to  t h e  f o l l o w in g :

P c d ( z ,  co) =  P d ( 0 , co) e x p  ( i k n ( z ) z ) ,

P c u ( z ,  co) =  P u ( 0 , co) e x p  ( ~ i k n ( z ) z ) ,

P m u * ( z ,  co) =  P u ( 0 ,  co) e x p  ( ~ k n ( z ) z ) ,

( 2 0 ) 

( 2 1 )

(22)

w h e r e  k n ( z )  =  V a o ju tQ a ~ ( z )  is  t h e  w a v e n u m b e r ,  R e  k n >  0 ;  

P  , P c u  a re  r e s u lt s  o f  t h e  a n a ly t i c  c o n t i n u a t i o n  o f  t h e  

d o w n g o i n g  a n d  u p g o i n g  p a r ts  o f  t h e  f i e ld ,  a n d  P mu  is  t h e  

m ig r a te d  u p g o in g  f ie ld .

L e t  u s  n o w  c o n s id e r  th e  2 - D  g e o e le c tr ic a l m o d e l  a n d  a n a ly z e  

t h e  T E  m o d e  f ir s t .  F o l l o w i n g  L e e  e t  a l. ( 1 9 8 7 )  b y  t h e  a n a lo g y  

w i t h  e q u a t io n s  ( 1 5 ) ,  ( 2 0 ) ,  a n d  (2 1 )  w e  c a n  r e p r e s e n t  t h e  y  

c o m p o n e n t  o f  e le c t r ic  f i e l d  a p p r o x im a t e ly  b y  t h e  f o r m u la :

Q dE ( x ,  z ,  u>)eik"z +  Q ue { x ,  z, u))e~ik"z, ( 2 3 )E y ( x ,  z ,  co)

w h e r e  t h e  c o e f f ic ie n t s  d e p e n d  s lo w ly  ( i .e . ,  c o n t in u o u s  

w i t h i n  e a c h  la y e r )  o n  d e p th ,  a n d  k n ( x ,  z ,  co) =  

V i ( n ^ Q ( j n ( x ,  z )  is  a  w a v e n u m b e r  a n d  v n ( x ,  z )  is  a  b a c k 

g r o u n d  c o n d u c t iv i ty .

H e r e  t h e  t e r m  a s s o c ia t e d  w i t h  t h e  d o w n w a r d - d e c r e a s in g  

e x p o n e n t ia l  f u n c t io n  c o r re s p o n d s  to  th e  d o w n g o in g  p a r t  o f  th e  

e le c t r ic  f i e l d ,  a n d  t h e  t e r m  a s s o c ia t e d  w i t h  t h e  d o w n w a r d  

in c r e a s in g  e x p o n e n t ia l  f u n c t i o n  c o r r e s p o n d s  to  t h e  u p g o i n g  

p a r t  o f  t h e  e le c t r ic  f i e l d

E d ( x ,  z ,  co) =  Q dE ( x ,  z ,  u > ) e lkn Z , E y ( x ,  z ,  co)

, -iknz
=  Q e ( x , z, co)e ( 2 4 )

T h e  e le c t r ic  f i e ld s  E y ,u (x ,  z , co) e v e r y w h e r e  i n  t h e  lo w e r  

h a l f- s p a c e  s a t is fy  t h e  H e lm h o l t z  e q u a t io n s

dx dz
E d , u ( x ,  z ,  co) +  k l ( x ,  z ,  u > ) E d ,u ( x ,  z ,  co) =  0 .

( 2 5 )

M a g n e t i c  f i e ld s  c a n  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  e le c t r ic  

f ie ld s  b y  th e  s e c o n d  M a x w e l l  e q u a t io n

1  _ 

/ CO JJL o

d E f u 

dz ’

d,u

H d,u _
1 BE 

/CO(JL o d X
( 2 6 )

S u b s t i t u t in g  t h e  e x p r e s s io n s  f o r  t h e  e le c t r ic  f i e ld s  f r o m  

e q u a t io n  (2 4 )  in to  e q u a t io n  (2 5 ) ,  n e g le c t in g  th e  d e r iv a t iv e s  o f  

k n ( i .e . ,  a s s u m in g  t h a t  k n is  l o c a l l y  c o n s t a n t ) ,  a n d  o m i t t i n g  t h e  

e x p o n e n t ia l  t e rm  w e  h a v e
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a2e f  d2Q r  
■ +  — — —  ±  2 i k  n

d x dz

d Q dE U

d z
o, ( 2 7 )

w h e r e  “ +”  s ta n d s  f o r  d o w n g o i n g  f i e l d  a n d  s ta n d s  f o r  

u p g o in g  f ie ld .

D i f f e r e n t i a t i n g  t h e  la s t  e x p r e s s io n s  b y  z ,  w e  h a v e

a 3 n  d’u x 2n  dv1 33Q£-h
2 i k „  d x 2d z

d ' Q T  ZzQ e
( 2 8 )

A d d i n g  e q u a t io n s  ( 2 7 )  a n d  ( 2 8 )  w i t h  t h e  p r o p e r  s ig n  a n d  

n e g le c t in g  t h e  t h i r d  d e r iv a t iv e  o f  Q b y  z  g iv e s

a3( 2 f  d2Q t

d x 2d Z
=  + 2  i k r

d x
2 ~ +  ( 2  i k n ) 2

d z
(2 9 )

w h e re  “ +”  s ta n d s  f o r  d o w n g o i n g  f i e l d  a n d  “ -”  s ta n d s  f o r  

u p g o in g  f ie ld .

S o l v i n g  t h e  la s t  e q u a t io n s  n u m e r i c a l l y  a n d  s u b s t i t u t in g  t h e  

r e s u lt s  i n  e q u a t io n  ( 2 4 ) ,  w e  f i n d  t h e  u p g o i n g  a n d  d o w n g o i n g  

c o m p o n e n t s  o f  t h e  f i e l d  i n s id e  t h e  E a r t h .  T h e  c o r r e s p o n d in g  

n u m e r ic a l  m e t h o d  is  d is c u s s e d  in  A p p e n d ix  B .

N o w  le t  u s  c o n s id e r  t h e  T M  m o d e .  F o r  t h is  m o d e l  b y  t h e  

a n a lo g y  w i t h  e q u a t io n  ( 2 3 )  w e  c a n  r e p r e s e n t  t h e y  c o m p o n e n t  

o f  m a g n e t ic  f ie ld  a p p ro x im a te ly  b y  th e  f o l l o w in g  f o r m u la :

, -ik„z
H y (x , z ,  co) = Q m(x, z, u > ) e lknZ  + Qm (x, z ,  co)e

( 3 0 )

w h e r e  Q f y u a re  t h e  m a g n e t ic  c o e f f ic ie n t s  t h a t  s lo w ly  d e p e n d  

o n  d e p t h .  H e r e  t h e  t e r m  a s s o c ia t e d  w i t h  t h e  d o w n g o i n g  

e x p o n e n t ia l  f u n c t io n  c o r re s p o n d s  to  th e  d o w n g o in g  p a r t  o f  th e  

f i e l d  a n d  t h e  t e r m  a s s o c ia t e d  w i t h  t h e  u p g o i n g  e x p o n e n t ia l  

f u n c t i o n  c o r r e s p o n d s  to  t h e  u p g o i n g  p a r t  o f  t h e  f i e l d

H y ( x ,  z ,  co) = Q m(x, z ,  ( o ) e  

H y ( x ,  z , co) = Qm (x, z ,  co)e -iknz
( 3 1 )

M a g n e t i c  f i e ld s  H y ,u ( x ,  z ,  co) e v e r y w h e r e  i n  t h e  lo w e r  

h a l f- s p a c e  s a t is fy  t h e  e q u a t io n

d  I  1 d  

'Ad x  ' k n ( x ,  z ,  co) d x

)  d ( 1 a V
J  +  d z  \ k % ( x ,  z ,  co) d z )

X  H “ ’u ( x ,  z ,  co) + H f u { x , z ,  co) = 0 . ( 3 2 )

E le c t r i c  f i e ld s  c a n  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  m a g n e t i c  

f ie ld s  b y  th e  f ir s t  M a x w e l l  e q u a t io n

?d,u , 1 d H d *  E d u _

d z

l  dH:

Tn dX

d,u

( 3 3 )

S u b s t i t u t i n g  t h e  e x p r e s s io n s  f o r  t h e  m a g n e t ic  f i e l d  f r o m  

e q u a t i o n  ( 3 1 )  i n t o  e q u a t i o n  ( 3 2 )  a n d  r e p e a t in g  t h e  t r a n s f o r 

m a t io n s  d e s c r ib e d  a b o v e , w e  o b ta in

* 3Q i t  * 2Q i t  „  w i t
9 — + 2 i k  n 

d x  d z d x
Y~+ (2 i k n Y

d z
(3 4 )

w h e re  “ +”  s ta n d s  f o r  d o w n g o i n g  f i e l d  a n d  “ -”  s ta n d s  f o r  

u p g o in g  f ie ld .

I n  t h e  c a s e  o f  m i g r a t i o n  t a k i n g  in t o  a c c o u n t  e q u a t io n  ( 2 2 ) ,  

w e  u s e  th e  f o l l o w in g  fo r m u la s  fo r  th e  d o w n w a r d  e x t r a p o la t io n  

o f  t h e  u p g o i n g  f ie ld s

(3 5 )

I n  t h is  c a s e , t h e  m ig r a t e d  u p g o in g  e le c t r ic  f i e l d  E ™ u ( x ,  z ,  co) 
e v e r y w h e r e  i n  t h e  l o w e r  h a l f- s p a c e  s a t is f ie s  t h e  f o l l o w in g  

H e lm h o l t z  t y p e  e q u a t io n :

(36)

E T * ( x , z ,  (o)

-  k 2n ( x ,  z ,  a ) E ™ * ( x ,  z ,  <o) =  0 ,  ( 3 7 )

w h i le  t h e  m ig r a t e d  u p g o in g  m a g n e t ic  f i e l d  H ™ u ( x ,  z , co) 
sa tis fi.e s  th e  e q u a t io n

X / / ymM* ( x ,  z ,  co) H ™ u * ( x ,  z ,  co) =  0 .  ( 3 8 )

C o m b i n i n g  e q u a t io n s  ( 3 5 ) ,  ( 3 6 )  a n d  ( 3 7 ) ,  ( 3 8 )  a n d  r e p e a t 

i n g  t h e  t r a n s f o r m a t io n s  d e s c r ib e d  a b o v e  w e  o b t a in

d x  d z

° Q e ,m  

d z  '
(39 )

E q u a t io n s  (2 9 ) ,  (3 4 ) , a n d  ( 3 9 )  c o n t a in  o n ly  f ir s t- o r d e r  v e r 

t ic a l  d e r iv a t iv e s  o f  Q e ' $ T  • T h e r e fo r e ,  b y  m e a n s  o f  th e s e  

e q u a t io n s  i t  is  p o s s ib le  to  e x te n d  s e p a ra te ly  th e  d o w n g o in g  a n d  

u p g o i n g  p a r ts  o f  t h e  t o t a l  e le c t r ic  o r  m a g n e t i c  f i e l d  k n o w n  a t 

t h e  le v e l  z  t o  t h e  d e e p e r  le v e l  z  + A Z ,  u s i n g  t h e  f in ite -  

d i f f e r e n c e  a p p r o x im a t i o n  t o  e q u a t io n s  ( 2 9 ) ,  ( 3 4 )  a n d  ( 3 9 ) .  A  

d e ta i le d  d e s c r ip t io n  o f  th is  a lg o r i t h m  is  p r e s e n te d  in  A p p e n d ix  

B .  T h e  im p o r t a n t  c o n c lu s io n  is  t h a t  i n  t h e  f r a m e w o r k  o f  t h e  

m o d e l  w i t h  t h e  s lo w  c o n d u c t i v i t y  v a r ia t io n ,  w e  c a n  u s e  t h e  

s a m e  n u m e r ic a l  c o d e  fo r  m ig r a t io n  o f  b o th  th e  e le c tr ic  f ie ld  i n  

t h e  T E  m o d e  a n d  t h e  m a g n e t ic  f i e l d  i n  t h e  T M  m o d e .

IM A G IN G  G E O E L E C T R IC  B O U N D A R IE S  B Y  M IG R A T IO N

I n  t h is  s e c t io n ,  w e  f o r m u la t e  t h e  p r in c ip le s  o f  u n d e r g r o u n d  

im a g in g ,  b a s e d  o n  E M  m ig r a t i o n .  I n i t i a l l y ,  le t  u s  c o n s id e r  a  

tw o - la y e r e d  m o d e l  w i t h  t h e  s lo w  v a r ia t io n  o f  c o n d u c t iv i t y  

or t  ( x ,  z )  a n d  cr^ +1 ( x ,  z )  w i t h i n  e a c h  la y e r  a n d  s h a r p  c o n d u c 

t iv i t y  c o n tra s t  o n  th e  q u a s i- h o r iz o n ta l b o u n d a r y  S  b e tw e e n  tw o  

la ye rs .

F i r s t  w e  a n a ly z e  t h e  b e h a v io r  o f  t h e  h o r iz o n t a l  c o m p o n e n t  

o f  t h e  e le c t r ic  f i e l d  ( T E  m o d e )  a t  t h e  q u a s i- h o r iz o n t a l  b o u n d 

a ry  { 5 :  (x , z iS ( jc) ) }  b e tw e e n  t w o  la y e r s . I n  t h e  f i r s t  la y e r , 

a c c o r d in g  to  e q u a t i o n  ( 2 4 )  w e  h a v e

C E y ( x ,  z ,  crt) =  q £ ( x , z , a > ) e l k t z + Q uE { x ,  z s , u ) e ~ , k t z  

{ E ’y ( x , z ,  o>) =  i k e Q i ( x ,  z ,  u ) e i k , z - i k e Q uE ( x ,  z ,  w ) e _ i t t z ,

(4 0 )

w h e r e  p r im e  d e n o te s  th e  v e r t ic a l derivative o f  the electric fie ld 

I n  t h e  s e c o n d  la y e r  w e  c a n  w r ite

ik e+iz
\ E y ( x ,  z , co) = Q e ( x , Z 9 co)e

( 4 1 )

O n  t h e  b o u n d a r y  S (  z  =  z^ ( x ) )  i n  t h e  c a s e  o f  E  - p o la r iz a 

t i o n  b o t h  c o m p o n e n t s  E y  a n d  E ' y  a re  c o n t in u o u s .  T h e r e fo r e ,  

t h e  c o r r e s p o n d in g  r ig h t - h a n d  s id e s  o f  e q u a t io n s  ( 4 0 )  a n d  (4 1 )  

a re  e q u a l .  S o l v i n g  t h is  s y s te m  o f  e q u a t io n s ,  w e  f i n d
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Q ue  ^  ^

Q e  ’ 5 ’
( 4 2 )

where

P W(x,ZS) =
z_s) -  ^ J + l i x ,  Z_s)

y j v d x ,  Z s )  +  l ( * >  z s )  ( 4 3 )

is  th e  so - c a lle d  r e f l e c t i v i t y  c o e f f i c i e n t .

L e t  u s  c a lc u la t e  t h e  e le c t r ic  a p p a r e n t  r e f le c t iv i t y  f u n c t i o n  as  

t h e  r a t io  o f  t h e  u p g o i n g  a n d  d o w n g o i n g  e le c t r ic  f ie ld s :

(B E a ( x ,  Z, Co) =
E “ ( x ,  z ,  co) Q e ( x , z ,  co)

E y { x ,  z ,  co) Q e ( x , Z ,  co) 

A c c o r d i n g  to  e q u a t io n  ( 4 2 ) ,  a t  t h e  b o u n d a r y  S

P  E a ( x ,  Z S , CO) =  P (€)( X ,  Z S ) .

e - 2 i k t z . ( 4 4 )

(45)

S o ,  a t  t h e  g e o e le c t r ic a l  b o u n d a r y ,  t h e  e le c t r ic  a p p a r e n t  r e f le c 

t iv i t y  f u n c t i o n  is  e x a c t ly  e q u a l  to  th e  t r u e  r e f le c t iv i t y  c o e f f i 

c ie n t!

I n  t h e  c a s e  o f  t h e  T M  m o d e  w e  c a n  r e p e a t  a l l  t h e s e  

c a lc u la t io n s  fo r  th e  h o r iz o n t a l  c o m p o n e n t  o f  th e  m a g n e t ic  f ie ld  

H y . A s  t h e  r e s u l t ,  w e  o b t a in

( 4 6 )

T h e r e fo r e  w e  c a n  in t r o d u c e  t h e  m a g n e t i c  a p p a r e n t  r e f le c 

t iv i t y  f u n c t i o n  as  t h e  r a t io  o f  t h e  u p g o i n g  a n d  d o w n g o in g  

m a g n e t i c  f i e ld s  ( n o t e  t h e  m i n u s  s ig n )

Z, Q>) =  “  H y (x , Z, 0))

H f ( x ,  z ,  co)

Q m ( x , z , co) 

t o )

, —2ik ez

( 4 7 )

A c c o r d i n g  to  e q u a t i o n  ( 4 6 )  a t  t h e  b o u n d a r y

P  M a ( x ,  Z S , CO) =  P W (X , Z S ) ( 4 8 )

S o ,  a t  t h e  g e o e le c t r ic a l  b o u n d a r y  m a g n e t i c  a p p a r e n t  r e f le c t iv 

i t y  f u n c t i o n  is  a ls o  e q u a l  e x a c t ly  to  t h e  t r u e  r e f le c t iv i t y  c o e f f i 

c ie n t .

T h u s  w e  se e  t h a t  a l t h o u g h  t h e  p h a s e s  o f  t h e  d o w n g o i n g  a n d  

u p g o i n g  e le c t r ic  a n d  m a g n e t ic  f i e ld s  c p J ,M ( x ,  z, co) a n d  

( x ,  z, co) i n  g e n e r a l  d e p e n d  o n  t h e  f r e q u e n c y  co, c lo s e  to  

t h e  g e o e le c t r ic  b o u n d a r ie s  t h e i r  d i f f e r e n c e  b e c o m e s  a p p r o x i 

m a t e ly  in d e p e n d e n t  o f  f r e q u e n c y ,  a c c o r d in g  to  e q u a t io n s  ( 4 5 )  

a n d  (4 8 )  (b e c a u s e  th e  r e f le c t iv i ty  c o e f f ic ie n t  ( 3 ^  is  re a l) . F r o m  

th e  p h y s ic a l  p o in t  o f  v ie w , w e  h a v e  th e  e f fe c t  a n a lo g o u s  to  th e  

s e is m ic  c a s e , w h e n  t h e  p r im a r y  ( d o w n g o i n g )  a n d  s c a t te r e d  

( u p g o in g )  c o m p o n e n t s  o f  t h e  f i e l d  h a v e  t h e  s a m e  p h a s e  a t  th e  

p o s i t io n  o f  a  re f le c to r . T h is  p r o p e r ty  o f  th e  w a v e f ie ld  is  u s u a l ly  

u s e d  a s  a n  im a g in g  c o n d i t i o n  i n  a  s e is m ic  p h a s e  m ig r a t i o n  

a lg o r i t h m  ( C la e r b o u t ,  1 9 8 5 ) .  W e  c a n  u s e  t h is  im a g in g  c o n d i 

t i o n  f o r  e le c t r o m a g n e t ic  f i e ld s  a s  w e l l ,  i n  w h i c h  a  g e o e le c t r ic  

b o u n d a r y  p la y s  t h e  r o le  o f  a  r e f le c to r .

W e  c a n  e x p re s s  e le c t r ic  o r  m a g n e t ic  a p p a r e n t  r e f le c t iv i t y  

f u n c t io n s  M a  ( r ,  co) a s

$ M a ( x ,  z ,  co) =  — H y / H y  =  \ H uy I H dy \ e x p  (i(< f uM  - v dM ±  i t ) ) .

( 5 0 )

T h e  n o r m a l i z e d  v a lu e s  o f  (3 E M̂ a  d e p e n d  o n ly  o n  t h e  p h a s e s  

d if fe re n c e s

P L  =
IP Ea I

=  e x p  ( / ( * £  -  <p| ));

( 5 1 0

W e  h a v e  m e n t io n e d  a b o v e  th a t  i f  th e  p o in t  o f  o b s e rv a t io n  

( x ,  z )  a p p r o a c h e s  t h e  g e o e le c t r ic a l  b o u n d a r y  S ,  t h e n

w h e r e  Acp ( x ,  z) d o e s n ’ t  d e p e n d  o n  f r e q u e n c y  ( i t  is  e q u a l  t o  0  

o r  t t ) .  T h e re fo re  w e  see th a t  th e  p h a s e  o f  M a  is  s ig n i f ic a n t ly  

f r e q u e n c y  d e p e n d e n t  e x c e p t  a t  a n  in t e r f a c e  o f  h i g h  c o n d u c t i v 

i t y  g r a d ie n t ,  w h e r e  i t  w i l l  b e  a p p r o x im a t e ly  in d e p e n d e n t  o f  

f r e q u e n c y . T h u s , s ta c k in g  p j r ^  fo r  a  s p e c tr u m  o f  f r e q u e n c ie s

(coi < < co? < <  co7 ) r e s u l t s  i n  p o s i t i v e  r e in fo r c e -

m e n t  a t  in te r f a c e s  a n d  d e s t r u c t iv e  in te r f e r e n c e  e ls e w h e r e :

_ 1
p£,A/a(*> Z) ~ T 2  p£,Afa(*> Z> Mj)

J = l

and

PE,Ma(X> 

PE,Ma(X’

►0, i f (x,  z) £  S; 

>1 , i f  ( x ,  z )  G  S .

( 5 3 )

(5 4 )

T h e  s a m e  c o n s id e r a t io n  c a n  b e  a p p l i e d  n o t  o n ly  to  a  

tw o - la y e re d  m o d e l ,  b u t  to  a  m u lt i la y e r e d  c ro ss- se c t io n  as w e l l .  

I n d e e d ,  c o n s id e r  t h e  N - la y e r e d  m o d e l  w i t h  t h e  s lo w  v a r ia t io n  

o f  c o n d u c t iv i t y  ( x ,  z) w i t h i n  e a c h  la y e r  ( € =  1 , 2 , . . . N )  

a n d  sh a rp  c o n d u c t iv i ty  c o n tra s t  o n  th e  q u a s i- h o r iz o n ta l b o u n d 

a r ie s  S € b e tw e e n  t h e  € th  a n d  (€  + l ) - t h  la y e r s . F o r  a n y  g iv e n  

b o u n d a r y  S  € o n e  c a n  s e le c t  a  f r e q u e n c y  o o ^  so  h i g h  t h a t  t h e  

s k in  d e p t h  S ( c o ^ )  o f  t h e  f i e l d  p e n e t r a t io n  in s id e  t h e  E a r t h  is  

le s s  t h a n  t h e  d e p t h  to  t h e  b o u n d a r y  S € + 1 :

8 ( c o w ) <  z  s , , ,  , i f  a >  co (0
( 5 5 )

I n  t h is  c a s e , o n e  h a s  e x a c t ly  t h e  s a m e  e x p r e s s io n s  f o r  t h e  

f i e l d  c o m p o n e n t s  in s id e  t h e  € th  a n d  (€  + l ) - t h  la y e r s  as  

e q u a t io n s  ( 4 0 )  a n d  ( 4 1 ) .  T h e r e fo r e ,  w e  c a n  r e p e a t  a l l  t h e  

m a t h e m a t i c a l  a n a ly s is  d e s c r ib e d  a b o v e  a n d  o b t a in  t h e  s a m e  

r e s u lt s .  T h e  o n ly  d i f f e r e n c e  is  t h a t  n o w  t h e  s t a c k in g  o f  t h e  

n o r m a l i z e d  a p p a r e n t  r e f le c t iv i t y  f u n c t io n s  f o r  d i f f e r e n t  d e p th s  

( z )  c o r r e s p o n d in g  to  t h e  s k in  d e p t h  § (  coy ) h a s  to  b e  d o n e  f o r  

d if f e r e n t  f r e q u e n c y  in te rv a ls :

P  E M a(X > Z ~  o ) )  —

1
J - j  0 +

( 5 6 )

w h e re  coyo is  th e  lo w e s t  f r e q u e n c y  o f  th e  s ta c k in g  in te r v a l ( coy0, 

co7 ) .  T h e  p r o c e d u r e  d e s c r ib e d  a b o v e  is  a n a lo g o u s  t o  t h e  

c o n v e n t i o n a l  v e r t ic a l  s o u n d in g  o f  t h e  g e o e le c t r ic a l  c r o s s  s e c 

t io n :  w h e n  w e  m ig r a t e  t h e  f i e l d  to  s h a l lo w  d e p t h  w e  u s e  o n ly  

h i g h  f r e q u e n c ie s ,  w h i l e  m ig r a t i n g  d e e p e r  w e  i n v o l v e  m o r e  

lo w e r  f r e q u e n c ie s  i n  t h e  c a lc u la t io n s ,  t h u s  “ s c a n n in g ”  th e  

v e r t ic a l c ro ss  s e c t io n .

I t  is  im p o r t a n t  to  e m p h a s iz e  t h a t  f o r  t h is  k i n d  o f  im a g in g  i t  

is  n e c e s s a ry  to  r e c o n s t r u c t  o n ly  t h e  p h a s e  o f  t h e  u p g o i n g  f i e l d
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in s id e  th e  c o n d u c t iv e  e a rth . I f  w e  c o m p a re  th e  p h a s e  f r e q u e n c y  

c h a r a c te r is t ic s  o f  t h e  a n a ly t i c a l  c o n t i n u a t i o n  o f  t h e  u p g o in g  

f i e l d  [ e q u a t io n  (1 7 )]  a n d  o f  its  c o m p le x  c o n j u g a t e  m ig r a t i o n  

[ e q u a t io n  (1 9 )] ,  w e  s e e  t h a t  t h e y  a re  e q u a l !  T h a t  m e a n s  t h a t  

t h e  c o m p le x  c o n ju g a t e  m ig r a t e d  u p g o i n g  f i e l d  h a s  t h e  s a m e  

p h a s e s  as  th e  u p g o in g  f ie ld  its e lf . T h e re fo re  f o r  im a g in g  w e  c a n  

u s e  t h e  m ig r a t e d  r e f le c t iv i t y  f u n c t i o n  ( x ,  z ,  w ) ,  e q u a l  to

P E m  =  E uy m ' I E f „  o r  p  lMm =  - H ™ ' I H dy ,  ( 5 7 )

w h e r e  E  * , H t ‘ m  *  a re  t h e  c o m p le x  c o n j u g a t e  m ig r a t e d  

u p g o in g  f ie ld s . T h e  in p h a s e  s u m m a t io n  o f  th e  m ig r a te d  r e f le c 

t iv i t y  f u n c t io n s  in d ic a te s  t h e  p o s i t i o n  o f  t h e  b o u n d a r ie s  b e 

tw e e n  la y e rs  w i t h  d if f e r e n t  c o n d u c t iv i t ie s .

N o w  w e  c a n  d e m o n s t r a t e  t h e  im a g in g  p r in c ip le s  f o r  s im p le  

s y n th e t ic  s t r u c tu r e s , t h u s  p r o v id i n g  e v id e n c e  o f  t h e  s t a b i l i t y  o f  

E M  m ig r a t io n .  F o r  p r a c t ic a l c a lc u la t io n s  w e  h a v e  d e v e lo p e d  a  

s im p l i f ie d  m ig r a t io n  c o d e , w h ic h  is  b a s e d  o n  th e  a s s u m p t io n  o f  

a  c o n s ta n t  b a c k g r o u n d  c o n d u c t iv i ty .  N o te  th a t  in  th is  p a p e r  w e  

d is c u s s  m a in l y  t h e  r e s u lt s  o f  n u m e r i c a l  m o d e l i n g  f o r  p la n e -  

w a v e  e x c i t a t io n .  I n  p r in c ip l e ,  t h e  s a m e  a p p r o a c h  is  a p p l i c a b l e  

f o r  t h e  c o n t r o l le d - s o u r c e  d a t a  a s  w e l l ,  h o w e v e r ,  t h is  p r o b le m  

r e m a in s  t o  b e  a n a ly z e d  a n d  e x a m in e d .

F ig u r e  l a  d e p ic t s  a  m o d e 1  o f  a  2 - D  s te p - w is e  s t r u c tu r e . 

F ig u r e  2 a  a n d  F ig u r e  2 b  s h o w  th e  c o r r e s p o n d in g  a p p a r e n t  

r e s is t iv i t y  a n d  p h a s e  p s e u d o s e c t io n s ,  c o m p u t e d  f o r  t h e  T E  

m o d e .  M ig r a t i o n  i n  t h e  f r e q u e n c y  d o m a i n  is  r e a l i z e d  b y  a  

f in i te - d if f e r e n c e  m e t h o d .  T h e  m ig r a t e d  f i e l d  E um ( x ,  z )  c o r r e 

s p o n d in g  t o  t h e  s u r fa c e  v a lu e s  o f  t h e  u p g o i n g  p a r t  o f  t h e  

o b s e r v e d  f i e l d  E “ ( x ,  0 )  i n  t h e  m o d e l  w a s  c a lc u la t e d  i n  t h e  

l o w e r  h a l f- s p a c e ,  u s i n g  a  f in i t e - d if f e r e n c e  a lg o r i t h m .  T h e  m i 

g r a te d  r e f le c t iv i t y  f u n c t i o n  p £ m  ( x ,  z ,  “ ) w a s  t h e n  c a lc u la t e d  

fo r  e a c h  p o s i t io n  ( x ,  z )  a n d  e a c h  f r e q u e n c y  u>. A s  w e  h a v e  s h o w n  

a b o v e ,  s t a c k in g  f o r  a  s p e c t r u m  o f  f r e q u e n c ie s  r e s u lt s  i n  

p o s i t iv e  r e in fo r c e m e n t  a t  in te r fa c e s  a n d  d e s tr u c t iv e  in te r fe re n c e  

e ls e w h e r e .  F ig u r e  2 c  s h o w s  a  s t a c k e d  n o r m a l i z e d  a p p a r e n t  

r e f le c t iv i t y  f u n c t i o n  (3E a ( x ,  z ) .  T h e  m a x im u m  i n  p £ a ( * ,  z )  

s h o w n  in  F ig u r e  2 c  a lm o s t  c o in c id e s  w ith  th e  in te r fa c e  b e tw e e n  

tw o  la y e rs , w h ic h  c le a r ly  d e m o n s tr a te s  th e  p h a s e  c o h e re n c e  o f  

th e  m ig r a te d  f ie ld  n e a r  th e  re f le c to r . T h u s  th e  m ig r a t io n  im a g e  

p r o d u c e s  t h e  c o r r e c t  p o s i t i o n  o f  t h e  in te r f a c e .

F ig u r e  2 f  s h o w s  th e  s a m e  m o d e l  d e r iv e d  f r o m  su r fa c e  d a ta  to  

w h i c h  2 0 %  G a u s s ia n  n o is e  w a s  a d d e d  a s  s h o w n  o n  th e  

a p p a r e n t  r e s is t iv i t y  a n d  p s e u d o - s e c t io n s  i n  F ig u r e  2 d  a n d  

F ig u r e  2 e . N e v e r t h e le s s  o n e  c a n  s e e  t h a t  t h e  r e s u l t  o f  t h e  

m ig r a t i o n  p r o d u c e d  a  r a th e r  c le a r  im a g e  o f  t h e  in te r f a c e .

F ig u r e  lb  d e p ic ts  a  lo c a l ly  c o n d u c t iv e  re c ta n g u la r- in se r t  2 - D  

m o d e l .  T h e  r e s is t iv i t y  o f  t h e  i n c lu s i o n  is  0 .5  o h m ^ m ,  a n d  t h e  

r e s is t iv i t y  o f  t h e  h o s t  r o c k s  is  5 0  o h m ^ m .  C o r r e s p o n d in g  

a p p a r e n t  r e s is t iv i t y  a n d  p h a s e  p s e u d o s e c t io n s  a re  s h o w n  in  

F ig u r e  3 a  a n d  F ig u r e  3 b .  T h e  l o c a l  m a x i m u m  i n  (3£ a ( * ,  z )  

a lm o s t  c o in c id e s  w i t h  t h e  t o p  b o u n d a r y  o f  t h e  a n o m a lo u s  

s t r u c tu r e  ( F ig u r e  3 c ) .  F i g u r e  3 d  a n d  F ig u r e  3 e  d e p ic t  th e  

r e s p o n s e  o f  t h e  s a m e  m o d e l ,  b u t  w i t h  2 0 %  G a u s s ia n  n o is e  

a d d e d .  T h e  r e s u l t  o f  m ig r a t i o n  is  s h o w n  i n  F ig u r e  3 f . T h e  

im a g e  b e c o m e s  a  l i t t l e  n a r r o w e r ,  b u t  s t i l l  d e l in e a t e s  t h e  t o p  

b o u n d a r y  o f  t h e  in c lu s i o n .  F ig u r e  lc  p r e s e n ts  a  2 - D  m o d e l  

w i t h  t h r e e  c o n d u c t i v e  r e c t a n g u la r  in s e r ts  w i t h  r e s is t iv i t ie s  

0 .5  o h m ^ m  w i t h i n  a  5 0  o h m ^ m  b a c k g r o u n d .  T h e s e  i n d i v i d u a l  

c o n d u c t i v e  b o d ie s  c a n n o t  b e  s e e n  o n  t h e  p s e u d o s e c t io n  o f  

a p p a r e n t  r e s is t iv i t y  ( F ig u r e  4 a ) ,  a n d  t h e  p h a s e  p s e u d o s e c t io n  

( F ig u r e  4 b ) ,  b u t  t h e y  c a n  e a s i ly  b e  im a g e d  b y  m ig r a t i o n

( F ig u r e  4 c ) .  W e  h a v e  t h e  s a m e  r e s u l t  e v e n  i f  w e  a d d  2 0 %  

G a u s s ia n  n o is e  t o  t h e  o b s e r v e d  d a t a  ( F ig u r e  4 d ,  4 e , a n d  4 f ) .

T h u s  f o r  th e se  m o d e ls  E M  m ig r a t io n  p r o d u c e s  s ta b le  im a g e s  

o f  t h e  t o p  g e o e le c t r ic a l  in te r f a c e s .

R E S IS T M T Y  IM A G IN G

I n  p r a c t i c a l  a p p l i c a t io n s ,  i t  is  v e r y  im p o r t a n t  t o  b e  a b le  to  

p l o t  n o t  o n ly  t h e  g e o m e t r y  o f  t h e  b o u n d a r ie s ,  b u t  a ls o  t h e  

r e s is t iv i t y  d i s t r ib u t io n .  W e  d is c u s s  h e r e  t h e  t e c h n iq u e  f o r  th e  

s o lu t io n  o f  t h is  p r o b le m ,  b a s e d  o n  t h e  a n a ly s is  o f  t h e  v e r t ic a l  

d i s t r ib u t io n  o f  t h e  r e f le c t iv i t y  f u n c t i o n  f o r  t h e  s a m e  m u l t i l a y 

e r e d  m o d e l  i n t r o d u c e d  i n  t h e  p r e v io u s  s e c t io n .  W e  b e g in  o u r  

a n a ly s is  w i t h  t h e  tw o - la y e r e d  m o d e l .  W e  h a v e  s h o w n  a b o v e

a.

D is t a n c e  ( m )

b.

D is t a n c e  (m)

F IG . 1. T h re e  2 - D  re s is t iv i ty  m o d e ls  u s e d  to  i l lu s t r a te  im a g in g  

g e o e le c t r ic  b o u n d a r ie s  b y  E M  m ig r a t io n .  (a )  R e s is t iv it y  m o d e l  

o f  a  s te p - w is e  s t r u c tu r e . ( b )  R e s is t iv i t y  m o d e l  w i t h  a  lo c a l l y  

c o n d u c t i v e  r e c t a n g u la r  in s e r t  ( r e s is t iv i t y  o f  t h e  i n c lu s i o n  is  

0 .5  o h m ^ m ,  r e s is t iv i t y  o f  t h e  h o s t  r o c k  is  5 0  o h m  •  m ) .  (c )  

R e s is t iv i t y  m o d e l  w i t h  t h r e e  c o n d u c t iv e  r e c t a n g u la r  in s e r ts  

( r e s is t iv i t y  o f  t h e  i n c lu s io n s  is  0 .5  o h m  •  m ,  r e s is t iv i t y  o f  th e  

h o s t  r o c k  is  5 0  o h m  • m ) .
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t h a t  t h e  r e f le c t iv i t y  f u n c t i o n  P e .m «  ( x ,  z ,  t » )  a t  t h e  d e p th  o f  a  

g e o e le c t r ic a l  b o u n d a r y _  is  e q u a l  t o  t h e  t r u e  c o e f f i c ie n t  o f  

r e f le c t iv i t y  p  t =  ( V o - 7  — V u 2 ) / (\ '/ cr7  +  V c r T ) .  T h e r e fo r e  

t h e  r e s is t iv i ty  o f  t h e  u n d e r ly in g  la y e r  p?  c a n  b e  c a lc u la t e d  as

w h e r e

p 2
f [ l  +  P fJJW aU , 2 ) ] !  : 

= \ [1 — Pt\A/aU , * ) ] j P I ,

I EMa ( * ,  ^)  j  S  Pe,M<i(*^» w y)-

( 5 8 )

( 5 9 )

O n  t h e  o t h e r  s id e ,  w e  k n o w  t h a t  s t a c k in g  t h e  m ig r a t e d  

r e f l e c t iv i t y  f u n c t i o n  P t . M m t * ,  z ,  w y ) f o r  a  s p e c t r u m  o f  

f r e q u e n c ie s  r e s u lt s  i n  p o s i t i v e  r e in f o r c e m e n t  a t  in te r f a c e s  a n d  

d e s t r u c t iv e  in te r fe r e n c e s  e ls e w h e r e .  W e  c a n  i n t r o d u c e  a  n o r 

m a l i z e d  s t a c k e d  m ig r a t e d  r e f le c t iv i t y  f u n c t i o n  p  ? )  a s

_  1 V  P  EMm(x,Z,tOj)
P E M r n ( x < z ) M  2 j  I n  _ I V ■, ,., .M ( 6 0 )N  IP  EM m(X, Z, U>; ) |  

a n d  c a lc u la t e  t h e  m ig r a t e d  a p p a r e n t  r e s is t iv i t y  p m  ( x ,  z )  a s

F i g . 2 .  A p p a r e n t  r e s is t iv i t y  ( a )  a n d  ( d ) ,  E Y  p h a s e  p s e u d o s e c t io n s  ( b )  a n d  (e ) ,  a n d  m ig r a t i o n  im a g e s  ( c )  a n d  ( f )  f o r  t h e  s te p - w is e  

s t r u c tu r e  [ m o d e l  ( a )  i n  F ig u r e  l] w i t h o u t  ( l e f t  p a n e l )  a n d  w i t h  ( r ig h t  p a n e l )  2 0 %  G a u s s ia n  n o is e .
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P m ( x ,  Z )  = '

P e , j Z)
P  ~  Pfc\Afm(*’ 2 ) P  E M A X ,  Z ) \ ( 6  1 )

T h e  m ig r a te d  a p p a r e n t  re s is t iv i ty  p m (x , z )  is  e q u a l  to  th e  r e s is t iv 

i t y  o f  t h e  s e c o n d  la y e r  a t  t h e  in t e r f a c e  a n d  is  e q u a l  t o  t h e  r e 

s is t iv i t y  o f  t h e  b a c k g r o u n d  p[ e ls e w h e r e ,  b e c a u s e  (3 E , M m ( x >z )  

—»■ 1 a t  t h e  in te r f a c e s  a n d  3£ , * / « ( * >  z ) —*0 e ls e w h e r e .  H e r e ,  

w e  u s e  t w o  r e f le c t iv i t y  f u n c t io n s ,  a p p a r e n t  a n d  m ig r a t e d ,  to  

o b t a in  a  s t a b le  im a g e  o f  t h e  g e o e le c t r ic  b o u n d a r y  a n d  t h e  

r e s is t iv i t y  c o n t r a s t  a t  t h e  b o u n d a r y  s im u l t a n e o u s ly .

T h e  r e s is t iv i ty  o f  th e  f ir s t  la y e r  p ,  c a n  b e  f o u n d  f r o m  th e  

o b s e r v e d  e le c t r o m a g n e t i c  f ie ld s  u s i n g  t h e  c la s s ic a l  f o r m u la s .  

F o r  e x a m p le ,  i n  t h e  c a s e  o f  p la n e - w a v e  e x c i t a t io n  w e  c a n  u s e  

t h e  a d m i t t a n c e  Y ( W )  e s t im a te d  f o r  a  h i g h  e n o u g h  f r e q u e n c y :

p  i =  l / 2 o ) n ,0/ ? e 2y ( i o )  =  l / 2 a ) j j t0/ w 2y(<«>). (6 2 )

T h e  a l g o r i t h m  d e s c r ib e d  a d m i t s  a  s im p le  g e n e r a l i z a t io n  f o r  

t h e  c a s e  o f  a  m u l t i l a y e r e d  b a c k g r o u n d  g e o e le c t r ic a l  c ro s s  

s e c t io n .  I n d e e d  i n  t h is  c a s e  t h e  p r o c e d u r e  o f  v i s u a l i z i n g  

g e o e le c t r ic a l b o u n d a r ie s  is  r e a l iz e d  s u c c e s s fu lly  in  a  d o w n w a r d

-40000 0 40000

D i s t a n c e  (m)

-40000 0 40000

D i s t a n c e  (m)

F i g . 3 . A p p a r e n t  r e s i s t iv i t y  ( a )  a n d  ( d ) ,  E y p h a s e  s e u d o s e c t io n s  ( b  a n d  (e ) ,  a n d  m ig r a t i o n  im a g e s  (c )  a n d  f )  f o r  t h e  m o d e l  w i t h  

a  lo c a l l y  c o n d u c t iv e  r e c t a n g u la r  in s e r t  [ m o d e l  ( b  i n  F ig u r e  l]  w i t h o u t  ( l e f t  p a n e l )  a n d  w i t h  ( r ig h t  p a n e l )  2 0 %  G a u s s ia n  n o is e .
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d i r e c t io n ,  a n d  i n  e a c h  s ta g e  a  b a n d  o f  f r e q u e n c ie s  is  c h o s e n  a t  

w h i c h  t h e  f i e l d  p e n e tr a te s  t h e  la y e r s  s t u d ie d .  I n  t h e  f i r s t  s ta g e  

a  s p e c if ic  e le c tr ic  r e s is t iv ity  o f  th e  f ir s t  la y e r  p ,  is  e v a lu a te d  b y  

a  s ta n d a rd  f o r m u la s  l ik e  e q u a t io n  (6 2 ) . I n  th e  s e c o n d  s tage , a n  

a n a ly t i c  c o n t i n u a t i o n  ( o r  m i g r a t i o n )  is  m a d e  in t o  t h e  m e d i u m  

fe a tu r in g  th e  e le c tr ic  re s is t iv i ty  p , ,  a n d  th e  r e f le c t iv i ty  f u n c t io n  

f i E . M a ( x > z > w )> a n d  t h e  m ig r a t e d  r e f le c t iv i t y  f u n c t i o n  

z i w )  a re  c a lc u la t e d .  F r o m  t h e  l o c a l  m a x im u m  o f  

t h e  s t a c k e d  r e f le c t iv i t y  f u n c t io n s ,  t h e  p o s i t i o n  o f  t h e  t o p  o f  t h e

s e c o n d  la y e r  a n d  its  s p e c if ic  e le c tr ic  r e s is t iv ity  p 2 a re  e v a lu a te d . 

T h e n  t h e  m ig r a t i o n  a n d  a n a ly t i c  c o n t i n u a t i o n  p r o c e d u r e s  a re  

r e p e a te d  b u t  w i t h  a  n e w  p a r a m e t e r  f o r  t h e  b a c k g r o u n d  m e 

d i u m  p 2 . F r o m  th e  s p a c e - fre q u e n c y  d is t r ib u t io n  o f  th e  c o n v e n 

t io n a l  a n d  m ig r a te d  r e f le c t iv i ty  fu n c t io n s  w e  f i n d  th e  to p  o f  the  

t h i r d  la y e r  a n d  its  r e s is t iv i t y ,  a n d  s o  o n .

W e  c a n  a ls o  g e n e r a l iz e  e q u a t io n  (6 1 )  f o r  th e  m o d e l  w i t h  the  

i n h o m o g e n e o u s  ( b u t  s l o w ly  h o r iz o n t a l l y  v a r y in g )  b a c k g r o u n d  

r e s is t iv i t y  p „ ( x , z ) :

-40000 0 40000

D i s t a n c e  (m)

-40000 0 40000
D i s t a n c e  (m)

F i g .  4 .  A p p a r e n t  r e s is t iv i t y  ( a )  a n d  ( d ) ,  E y  p h a s e  p s e u d o s e c t io n s  ( b )  a n d  (e ) ,  a n d  m ig r a t i o n  im a g e s  (c )  a n d  ( f )  f o r  t h e  m o d e l  w i t h  

t h r e e  c o n d u c t i v e  r e c t a n g u la r  in s e r ts  [ m o d e l  (c )  i n  F ig u r e  l] w i t h o u t  ( l e f t  p a n e l )  a n d  w i t h  ( r ig h t  p a n e l )  2 0 %  G a u s s ia n  n o is e .
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[1+ P£.M,n(*.z)PE.M»(*.*)1 
[1 -P£JMm(Ar,z)P£JWa(-<C.2)]J 1 ■ 6 3 :■

H e re , s ta c k in g  o f  th e  r e f le c t iv i ty  fu n c t io n s  is  d o n e  a c c o rd in g  

t o  e x p r e s s io n  (5 6 )  a t  t h e  s t a c k in g  i n t e r v a l  (t>>,-0, , , )  w h e r e  <i>y0 

is  t h e  f r e q u e n c y  c o r r e s p o n d in g  t o  t h e  s k in  d e p t h  z  =

T h e  la s t  f o r m u la  p r o d u c e s  t h e  r e s is t iv i t y  o f  t h e  u n d e r ly i n g  

la y e r  i n  t h e  l o c a t io n  o f  t h e  in te r f a c e s  a n d  is  e q u a l  t o  t h e  

b a c k g r o u n d  r e s is t iv ity  e ls e w h e re .

T h e  m a in  d i f f i c u l t y  i n  r e a l i z i n g  t h is  a p p r o a c h  is  d e t e r m in 

i n g  t h e  b a c k g r o u n d  r e s is t iv i t y  d i s t r ib u t io n  p „ ( jc , z ) .  T h is  

p r o b l e m  c a n  b e  s o lv e d ,  a t  le a s t  a p p r o x im a t e ly ,  b y  v a r io u s  

a lg e b r a ic  o r  d i f f e r e n t i a l  t r a n s f o r m a t io n s  o f  t h e  a p p a r e n t  

r e s is t iv i t y  c u r v e .  T h e  m o s t  s u i t a b le  t r a n s f o r m a t io n  s e e m s  

t o  b e  N i b l e t t  o r  B o s t i c k  t r a n s f o r m  ( N i b l e t t  a n d  S a y n -  

W i t t g e n s t e i n ,  1 9 6 0 ;  B e r d ic h e v s k y  a n d  Z h d a n o v ,  1 9 8 4 )  w h i c h  

c a n  b e  w r i t t e n  a s :

I d I z \  2 + m 
P„(*,z) = l / - ^ - j  = Pa^ ,  (64)

w h e r e  m  =  d  l o g  p a / d  l o g  V T ,  T  =  2 t t /o j  a n d  z  is  d e f in e d  

a s  e f f e c t iv e  d e p th  o f  p e n e t r a t io n :  z  =  V ,7 ' p (, / 2 '7T|AU.

T o  o b t a in  t h e  b a c k g r o u n d  r e s is t iv i t y  d i s t r ib u t io n  m o d e 1  

w i t h  t h e  s lo w  h o r i z o n t a l  v a r ia t io n ,  w e  c a n  a p p ly  t h e  e le c t r o 

m a g n e t i c  a r r a y  p r o f i l i n g  ( E M A P )  t e c h n iq u e  ( B o s t i c k ,  1 9 8 6 ,

T o r r e s - V e r d in  a n d  B o s t ic k ,  1 9 9 2 )  a n d  a p p ly  s o m e  s p a t ia l  

f i l t e r in g  t o  t h e  o b s e r v e d  d a t a .  A f t e r  t h a t  w e  c a lc u la t e  t h e  

c o n v e n t i o n a l  a p p a r e n t  r e s is t iv i t y  a n d  t h e n  r e c a lc u la t e  i t  in t o  

t h e  b a c k g r o u n d  r e s is t iv i t y  u s i n g  t h e  N i b l e t t  t r a n s f o r m  (6 4 ) .  

T h is  is  t h e  f i r s t  s ta g e  o f  o u r  r a p id  im a g in g  t e c h n iq u e .  I n  th e  

s e c o n d  s ta g e , w e  a p p ly  a  m ig r a t i o n  t r a n s f o r m  a n d  d e te r m in e  

t h e  m ig r a t i o n  a p p a r e n t  r e s is t iv i t y  u s in g  f o r m u l a  (6 3 ) .

W e  w i l l  i l lu s t r a te  r e s is t iv ity  im a g in g  f o r  a  m o d e l ,  c o n t a in in g  

o n e  r e s is t iv e  a n d  o n e  c o n d u c t i v e  p r is m a t ic  i n c lu s io n s  i n  a  

h o m o g e n e o u s  b a c k g r o u n d  ( F ig u r e  5 a )  a n d  i n  t w o  la y e r e d  

b a c k g r o u n d  m e d i a  ( F ig u r e  5 b ) .  T h e  m o d e ls  a re  e x c i t e d  b y  a  

v e r t ic a l ly  p r o p a g a t in g  p la n e  w a v e . T h e  b o t t o m  p a r ts  o f  F ig u r e  5  

p r e s e n t  t h e  r e s u lt s  o f  t h e  r e s is t iv i t y  im a g in g  b y  m ig r a t i o n  

( t h e  p lo t s  o f  m ig r a t e d  a p p a r e n t  r e s is t iv i t y  p m (x , z ) ) .  W e  c a n  

c le a r ly  s e e  o n  th e s e  im a g e s  t h e  t o p  b o u n d a r ie s  o f  t h e  g e o e le c 

t r i c a l  i n h o m o g e n e i t i e s ,  t h e  c o r r e c t  v a lu e s  o f  t h e  r e s is t iv i t ie s  o f  

t h e  b a c k g r o u n d  a n d  t h e  i n h o m o g e n e i t i e s  a n d  t h e  p o s i t i o n  o f  

t h e  t o p  o f  t h e  s e c o n d  la y e r  o n  F ig u r e  5 d .

W e  n o w  e x a m in e  t h e  r e s p o n s e  o f  f r e q u e n c y - d o m a in  E M  

m ig r a t i o n  t o  h o s t  r e s is t iv i t y  p /, e r ro r s . T o  m a k e  t h is  a n a ly s is  

m o r e  c le a r ,  w e  c o n s id e r  a g a i n  t h e  s im p le  m o d e l  w i t h  o n e  

c o n d u c t iv e  b o d y  i n  t h e  h o s t  m e d i u m  w i t h  t h e  r e s is t iv i ty  

yV: =  2 5 0  o h m  •  m  ( F ig u r e  6 a ) .  T h e  r e s u l t s  o f  m ig r a t i o n  

r e s is t iv i t y  im a g in g  a re  s h o w n  i n  F ig u r e  6b .  T h e  m ig r a t i o n  

im a g e ,  c a lc u la t e d  f o r  c o r r e c t  b a c k g r o u n d  r e s is t iv i t y  p „  =  2 5 0

a. b.

D istance  ( m )  D is tan ce  (m )

F ig .  5 . 2 - D  re s is t iv i ty  m o d e ls  u s e d  to  i l lu s t r a te  re s is t iv i ty  im a g in g  b y  E M  m ig r a t io n ,  (a )  R e s is t iv it y  m o d e l  w i t h  o n e  re s is t iv e  ( P n  =  

2 0 0 0  o h m  •  m )  a n d  o n e  c o n d u c t iv e  ( p i2 =  1 o h m  •  m )  r e c t a n g u la r  in s e r ts  i n  the  hos t m e d iu m  w ith  the  resistiv ity  p h  =  20  o h m  • m . 

( b )  O n e  r e s is t iv e  ( p f l  =  2 0 0  o h m  •  m )  a n d  o n e  c o n d u c t i v e  ( p i2 =  2  o h m  •  m )  r e c t a n g u la r  in s e r ts  i n  t h e  t w o  la y e r e d  h o s t  m e d i u m  

(r e s is t iv ity  o f  th e  f ir s t  la y e r  is  p ftJ =  2 0  o h m  • m  a n d  o f  s e c o n d  la y e r  is  p * 2  =  2 0 0  o h m  • m ) .  (c )  M ig r a t io n  r e s is t iv ity  im a g e  fo r  m o d e l  

(a), ( d )  M i g r a t i o n  r e s is t iv i t y  im a g e  f o r  m o d e l  (b ) .
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F ig .  6 . S t u d y  o f  t h e  r e s p o n s e  o f  f r e q u e n c y  d o m a i n  E M  m ig r a t i o n  to  h o s t  r e s is t iv i t y  p „  e r ro r s , ( a )  R e s is t iv i t y  m o d e l  w i t h  a  l o c a l l y  

c o n d u c t iv e  r e c ta n g u la r  in s e r t  (r e s is t iv ity  o f  th e  in s e r t  p j  =  0 .5  o h m  • m ,  h o s t  r e s is t iv ity  p *  =  2 5 0  o h m  • m ) .  (b )  M ig r a t io n  r e s is t iv ity  

im a g e ,  c a lc u la te d  fo r  th e  c o rre c t  b a c k g r o u n d  re s is t iv ity  p „  =  2 5 0  o h m  • m . (c )  B a c k g r o u n d  re s is t iv ity  p „  6 0 %  h ig h e r  (4 0 0  o h m  • m )  

t h a n  t h e  a c t u a l  m e d i u m  r e s is t iv i t y  p/, c a u s e s  “ o v e r m ig r a t io n .”  ( d )  B a c k g r o u n d  r e s is t iv i t y  p „  3 0 %  lo w e r  ( 1 8 0  o h m  •  m )  t h a n  t h e  

a c t u a l  m e d i u m  r e s is t iv i t y  p  c a u s e s  “ u n d e r m ig r a t io n . ’ ( e ) ,  ( f )  D i s t o r t i o n  o f  t h e  m ig r a t i o n  r e s is t iv i t y  im a g e  is  s t r o n g e r  w h e n ,  p „  is  

t h r e e  t im e s  h ig h e r  t h a n  p A [ 7 5 0  o h m  •  m  (e )]  o r  is  t h r e e  t im e s  l o w e r  t h a n  p h  [85  o h m  •  m ,  ( f ) ] .  ( g ) ,  ( h )  M ig r a t i o n  r e s is t iv i t y  im a g e  

is  c o m p le t e ly  d e s t r o y e d  w h e n  p „  is  m o r e  t h a n  1 0  t im e s  h i g h e r  t h a n  py, ( g )  o r  is  1 0  t im e s  l o w e r  t h a n  p ft ( h ) .
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o h m  •  m ,  c le a r ly  o u t l in e s  t h e  t o p  b o u n d a r y  o f  t h e  b o d y  a n d  

g iv e s  c o r re c t  e s t im a te  o f  i t ’ s r e s is t iv ity .

N o w  w e  in c r e a s e  t h e  b a c k g r o u n d  r e s is t iv i t y  ( p „  ) t o  

4 0 0  o h m  •  m .  T h e  e f fe c t  o n  t h e  m ig r a t i o n  im a g e  is  v e r y  

c le a r- th e  le f t- h a n d  a n d  r ig h t- h a n d  e d g e s  o f  t h e  c o n d u c t iv e  

s tru c tu re  g o  u p  (F ig u r e  6 c ), w h i le  th e  c e n tr a l p a r t  o f  th e  im a g e  

s t i l l  d e s c r ib e s  w e l l  t h e  lo c a t i o n  a n d  t h e  r e s is t iv i t y  o f  t h e  

c o n d u c t iv e  b o d y .  i f  w e  d e c r e a s e  t h e  b a c k g r o u n d  r e s is t iv i t y  to  

p „  =  1 8 0  o h m  •  m  t h e  le f t- h a n d  a n d  r ig h t- h a n d  e d g e s  o f  t h e  

c o n d u c t i v e  s t r u c tu r e  g o  d o w n  ( ( F ig u r e  6 d ) ,  b u t  s t i l l  t h e  p o s i 

t io n  o f  th e  c e n tr a l p a r t  o f  th e  im a g e  is  q u i t e  co rre c t . T h is  r e s u lt  

is  v e r y  s im i l a r  t o  o n e  t h a t  t a k e s  p la c e  i n  s e is m ic  m ig r a t i o n  

( Y i l m a z ,  1 9 8 7 ) .  A c t u a l l y  i n  t h e  f i r s t  c a s e  w e  o b s e r v e  th e  

“ o v e r m ig r a t io n ”  e f f e c t  w h e n  t h e  r e s is t iv i t y  o f  t h e  b a c k g r o u n d  

is  6 0 %  h ig h e r  t h a n  t h e  m e d i u m  r e s is t iv i t y  p h . I n  t h e  s e c o n d  

c a s e , w e  o b s e r v e  t h e  “ u n d e r m ig r a t io n ”  e f f e c t  w h e n  t h e  r e s is 

t iv i t y  o f  t h e  b a c k g r o u n d  is  3 0 %  lo w e r  t h a n  t h e  m e d i u m  

r e s is t iv i t y  p ;,.  A s  w e  a m p l i f y  t h e  e r ro r s  i n  t h e  b a c k g r o u n d  

re s is t iv i ty  p„ (a s  it  is  s h o w n  in  F ig u r e  6e a n d  6 f , w h e r e  w e  u s e d  

p „  o f  7 5 0  o h m  l  m  a n d  8 5  o h m * m  c o r r e s p o n d in g ly )  th e  d is to r 

t io n  le v e l is  in c re a s in g . H o w e v e r , o n ly  i f  w e  in te n s i fy  th e  e rro rs  

i n  t h e  h o s t  r e s is t iv i t y  d e t e r m in a t io n  s ig n i f i c a n t l y  ( t o  t e n  t im e s  

o r  m o r e ) ,  is  t h e  im a g e  s ig n i f i c a n t l y  d is t o r t e d ,  a s  i t  is  s h o w n  in  

F ig u r e  6 g  a n d  6 h .  T h e  im a g e  is  d is t o r t e d  fa s te r  i n  t h e  c a s e  o f  

d e c r e a s in g  t h e  b a c k g r o u n d  r e s is t iv i t y  t h a n  i n  t h e  c a s e  o f  its  

in c r e a s in g , b e c a u s e  th e  h ig h ly  r e s is t iv e  r o c k s  a re  s t il l  t r a n s p a r 

e n t  t o  t h e  E M  f i e l d ,  w h i l e  t h e  c o n d u c t i v e  r o c k s  a b s o r b  th e  

E M  f ie ld  b e c a u s e  o f  th e  s k in  e f fe c t. T h u s , im a g in g  o f  re s is t iv e  

ta rg e ts  i n  c o n d u c t iv e  b a c k g r o u n d  is  h a rd .

W e  c a n  c o n c lu d e  t h a t  a  c o r r e c t  e s t im a t io n  o f  t h e  b a c k 

g r o u n d  r e s is t iv i t y  f o r  m ig r a t i o n  is  im p o r t a n t ,  b u t  t h e  e r ro r s  in  

p „  d o  n o t  d e s tr o y  t h e  im a g e  d r a m a t ic a l ly  a s  l o n g  a s  t h e y  a re  

w i t h in  r e a s o n a b le  l im i t s  (n o  m o r e  th a n  o n e  o rd e r  o f  m a g n it u d e  

o f  t h e  h o s t  r e s is t iv i ty :  0 .2  <  | p „ /p * |  <  5 ) .

IM A G IN G  T H E  N O R T H  A M E R IC A N  C E N T R A L  PL A IN S  

C O N D U C T M T Y  A N O M A L Y

T h e  N o r t h  A m e r i c a n  C e n t r a l  P la in s  c o n d u c t i v i t y  a n o m a ly  

( k n o w n  a s  N A C P )  w a s  f i r s t  d i s c o v e r e d  i n  t h e  la t e  1 9 6 0 s  

(R e i t z e l  e t  a l. ,  1 9 7 0 )  b y  a  g e o m a g n e t ic  d e p th  s o u n d in g  ( G D S )  

a rra y . J o n e s  a n d  C r a v e n  (1 9 8 9 )  c o n d u c te d  e x te n s iv e  s tu d ie s  o f  

N A C P  u s i n g  G D S ,  s e is m ic  a n d  g r a v i t y  d a t a .  W e  h a v e  c a l c u 

la t e d  t h e  f o r w a r d  r e s p o n s e  o f  N A C P  u s in g  t h e  f in i te - e le m e n t  

c o d e  d is c u s s e d  in  W a n n a m a k e r  e t a l. (1 9 8 7 ) .  T h e  in p u t  m o d e l  

w a s  s l i g h t ly  s im p l i f i e d  w i t h  r e s p e c t  t o  t h e  J o n e s  a n d  C r a v e n  

o r ig in a l  m o d e l  t o  f a c i l i t a t e  t h e  a s s e s s m e n t  o f  t h e  c a p a b i l i t y  o f  

t h e  m ig r a t i o n  s c h e m e  t o  im a g e  a  s u b s u r f a c e  i n h o m o g e n e i t y  

s u c h  a s  t h a t  o f  N A C P .  T h e  i n p u t  m o d e l  is  i l lu s t r a t e d  in  

F ig u r e  7 a . C a l c u l a t e d  f i e l d  v a lu e s  w e r e  in t e r p o la t e d  t o  c re a te  

a n  e q u id is t a n t  se t o f  d a ta  p o in ts  w ith  a  s p a c in g  o f  1 .5  k m .  T h e  

E - p o la r i z a t io n  r e s p o n s e  w a s  c a lc u la t e d  a t  6 8  p e r io d s  o v e r  t h e  

f o u r  d e c a d e s  0 .l- l0 4 s a n d  w a s  in t e r p o la t e d  f o r  c o n t o u r in g .

T h e  r e s u l t i n g  im a g e  o f  t h e  m ig r a t e d  f i e l d  is  i l lu s t r a t e d  in  

F ig u r e  7 b .  i t  is  c le a r  t h a t  s e p a r a te  b o d ie s  i n  t h e  m o d e l  a re  n o t  

r e s o lv e d ,  b u t  t h e  g e n e r a l  g e o m e t r y  o f  t h e  m o d e l  a n d  its  

r e s is t iv i t y  a re  im a g e d  w i t h  g o o d  q u a l i t y .  N o t e ,  t h a t  t h is  r e s u l t  

c o r r e s p o n d s  v e r y  w e l l  t o  t h e  r e s u l t  o f  t h e  in v e r s io n  o f  t h e  

s y n th e t ic  N A C P  s t r u c tu r e s , o b t a in e d  b y  t h e  r a p id  r e la x a t io n  

i n v e r s io n  ( R R I )  m e t h o d  f o r  T E  d a t a  ( N o n g  e t  a l . ,  1 9 9 3 ) .

W e  a ls o  s t u d ie d  t h e  T M  d a t a  f o r  t h e  s a m e  m o d e l .  T h e  T M  

f i e l d  r e s p o n s e  w a s  c a lc u la t e d  a t  6 8  p e r io d s  o v e r  t h e  f o u r

d e c a d e s  0 . l- l0 4 s a s  w e l l .  T h e  m ig r a t i o n  im a g e  f o r  T M  d a t a  is  

p r e s e n t e d  i n  F ig u r e  7 c . I t  is  p o s s ib le  t o  r e s o lv e  a l l  c o n d u c t i v e  

b o d ie s  o n  t h e  T M  m ig r a t i o n  im a g e ,  a l t h o u g h  t h e  c o n d u c t iv i t y  

is  u n d e r e s t im a t e d  b y  T M  m o d e  m ig r a t io n .  N o t e ,  t h a t  i n  t h is  

e x a m p le  w e  u s e  t h e  s im p l i f i e d  m o d e l  o f  N A C P  s t r u c tu r e  

w i t h o u t  t h e  s u r fa c e  c o n d u c t o r ,  w h i c h  m a k e s  i t  p o s s ib le  to  

r e s o lv e  t h e  T M  m o d e  d a t a .  T h e  r e a l  N A C P  r e s p o n s e  d o e s  n o t  

s h o w  a n  a n o m a ly  i n  t h e  T M  m o d e .  O n e  c a n  e x p e c t  t h a t  t h e  

j o i n t  T E  a n d  T M  m o d e  m ig r a t i o n  w i l l  p r o d u c e  t h e  m o r e  

a c c u r a t e  im a g e ,  l i k e  i n  t h e  c a s e  o f  R R I  i n v e r s io n  ( N o n g  e t  a l . ,  

1993).

C O N C L U S IO N S

M ig r a t i o n  a n d  a n a ly t i c  c o n t i n u a t i o n  m a k e  i t  p o s s ib le  to  

o b t a in  a  q u i c k  f i r s t  im a g e  o f  t h e  g e o e le c t r ic a l  c ro s s - s e c t io n , 

p r o v id e d  o n e  h a s  a v a i la b le  c o n t in u o u s  p r o f i le  e le c t ro m a g n e t ic  

o b s e r v a t io n s  o n  t h e  s u r fa c e  o f  t h e  e a r t h ,  w h i c h  a re  p h a s e -  

r e fe r e n c e d .  I t  is  im p o r t a n t  t o  n o t i c e  t h a t  t h e  c o m p u t a t i o n a l  

e f fo r t s  i n  t h is  c a s e  a re  c o m p a r a b le  t o  f o r w a r d  m o d e l i n g .  T h e  

r e s u lt s  o f  im a g in g  c o u l d  b e  u s e d  e i t h e r  a s  t h e  s e m iq u a l i t a t i v e  

e s t im a t io n  o f  t h e  g e o e le c t r ic a l  m o d e l ,  o r  a s  a  s t a r t in g  m o d e l  

fo r  m o r e  c o m p re h e n s iv e  in v e r s io n  a lg o r ith m s .

T h e  p r a c t i c a l  a p p l i c a t io n  o f  e le c t r o m a g n e t i c  m ig r a t i o n  r e 

q u ir e s  add re ss in g ” s e v e ra l c h a l le n g e s :

1 )  D a t a  m u s t  b e  s p a t i a l ly  d e n s e  a n d  m u s t  b e  c o l le c t e d  i n  a  

m a n n e r  th a t  p re se rv e s  in te r s ite  p h a s e  re la t io n s . T h is  d o e s  

n o t  m e a n  t h a t  a l l  s ite s  m u s t  b e  o p e r a te d  s im u l t a n e o u s ly ,  

b u t  i t  d o e s  r e q u ir e  s u f f i c ie n t  s p a t ia l  o v e r la p  b e tw e e n  

s e p a r a te  d e p lo y m e n t s  o f  in s t r u m e n t s  t h a t  in te r s i te  t r a n s 

fe r  f u n c t io n s  c a n  b e  c a lc u la t e d  f o r  a l l  m e a s u r e d  f ie ld s  

(see  E g b e r t  a n d  B o o k e r ,  1 9 8 9 ) .

2 ) O n e  m u s t  b e  a b le  to  se pa ra te  th e  d o w n g o in g  a n d  u p g o in g  

(s c a t t e r e d )  f ie ld s .  I n  p r in c ip l e ,  t h is  is  a c c o m p l i s h e d  

f o r  M T  a r r a y  d a t a  ( B e r d ic h e v s k y  a n d  Z h d a n o v ,  1 9 8 4 ;  

Z h d a n o v ,  1 9 8 8 ) .  F o r  c o n t r o l l e d  s o u r c e s ,  d i r e c t  s u b t r a c 

t io n  o f  t h e  p r im a r y  f i e l d  f r o m  t h e  o b s e r v e d  s ig n a l  is  

a p p ro p r ia te  to  o b ta in  th e  s c a tte re d  ( u p g o in g )  f ie ld ,  b u t  is  

s u b je c t  t o  e r ro r s  i n  m e a s u r e m e n t  o f  t h e  s ig n a ls  a n d  

s o u r c e  p a r a m e te r s ,  a n d  p r e d ic t io n  o f  t h e  p r im a r y  f ie ld .

D e s p ite  th e se  d i f f ic u l t ie s ,  E M  m ig r a t io n  c le a r ly  h a s  p o te n t ia l  

a d v a n t a g e s .  F o r  in s t a n c e ,  i t  s h o u ld  b e  p o s s ib le  t o  q u i c k ly  

g e n e ra te  m ig r a te d  im a g e s  in  th e  f ie ld  a n d  u se  t h e m  to  o p t im iz e  

in s t r u m e n t  d e p lo y m e n t s .  I n  a d d i t i o n ,  m ig r a t e d  im a g e s  f o r  

c o m p l ic a t e d  so u rce- rece iv e r  g e o m e tr ie s  a n d  c o m p le x  s tru c tu re  

s h o u ld  b e  p o s s ib le  w h e n  o th e r  m e t h o d s  a re  n o t  c o m p u t a t i o n 

a l l y  f e a s ib le .  A l s o ,  t h e  m ig r a t e d  im a g e  c a n  b e  u s e d  a s  t h e  f i r s t  

a p p r o x im a t i o n  o f  t h e  s u b s u r f a c e  s t r u c tu r e  i n  a n  in v e r s io n  

s c h e m e , b a s e d  o n  m o r e  s o p h is t ic a t e d  f o r w a r d  m o d e l i n g  a n d  

in v e r s io n  a lg o r ith m s .

A C K N O W L E D G M E N T S

F in a n c ia l  s u p p o r t  fo r  th is  w o r k  w a s  p r o v id e d  b y  th e  N a t io n a l  

S c ie n c e  F o u n d a t io n  u n d e r  g r a n t  N o .  E A R - 9 4 0 3 9 2 5 , a n d  b y  the  

O f f i c e  o f  B a s ic  E n e r g y  S c ie n c e s  o f  t h e  U n i t e d  S ta te s  D e p a r t 

m e n t  o f  E n e r g y .  W e  a ls o  t h a n k  t h e  C o n s o r t i u m  f o r  E le c t r o 

m a g n e t i c  M o d e l i n g  a n d  I n v e r s io n  a t  t h e  D e p a r t m e n t  o f  G e o l 

o g y  a n d  G e o p h y s ic s , U n iv e r s it y  o f  U ta h ,  fo r  th e  s u p p o r t  o f  th is  

w o rk . W e  w is h  to  t h a n k  P . W a n n a m a k e r  fo r  p r o v id in g  th e  c o d e
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F IG . 7 . T h e  N o r th  A m e r ic a n  C e n t r a l  P la in s  c o n d u c t iv i ty  a n o m a ly .  (a )  A  s im p l i f ie d  2 - D  r e s is t iv ity  m o d e l  o f  th e  N A C P  a n o m a ly .  (b )  

M ig r a t i o n  r e s is t iv i t y  im a g e  ( T E  m o d e ) .  ( c )  M ig r a t i o n  r e s is t iv i t y  im a g e  ( T M  m o d e ) .

f o r  f o r w a r d  m o d e l i n g  a n d  f o r  f r u i t f u l  d is c u s s io n s  a n d  c o m 

m e n t s .  W e  a re  g r a t e f u l  t o  A .  T r ip p  f o r  c o r r e c t in g  t h e  m a n u 

s c r ip t  a n d  t o  0 . P o r t n i a g u in e  f o r  h e lp  w i t h  t h e  v i s u a l i z a t i o n  

c o d e . W e  p a r t ic u la r ly  t h a n k  th e  re v ie w e r s  f o r  th e ir  h e lp f u l  a n d  

c o n s tr u c t iv e  r e v ie w  o f  th is  p a p e r .
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A P P E N D I X  A

S E P A R A T IO N  O F  E M  F IE L D  IN T O  D O W N G O IN G  A N D  U P G O IN G  C O M P O N E N T S

H e re  w e  p re s e n t  th e  s im p le  te c h n iq u e  fo r  f ie ld  s e p a r a t io n  in  

th e  2 - D  case  f o l l o w in g  th e  a p p ro a c h  d e v e lo p e d  b y  B e r d ic h e v 

s k y  a n d  Z h d a n o v  (1 9 8 4 ) .

C o n s id e r  a  2 - D  m o d e l  w i t h  t h e  c o n s t a n t  b a c k g r o u n d  d i s t r i 

b u t io n  o f  c o n d u c t iv i ty  a  n =  c o n s t .  A n o m a lo u s  c o n d u c t iv i t y  is  

c o n c e n t r a te d  i n  s o m e  c lo s e d  d o m a in s  o r  i n  s o m e  la y e r  b e lo w  

th e  E a r th ’ s su r fa ce . I n  th e  la y e r  w i t h  c o n s ta n t  c o n d u c t iv i ty  cr n , 

t h e  E - p o la r i z e d  e le c t r ic  f i e l d  c a n  b e  r e p r e s e n te d  a s  a  s u m  o f  

d o w n g o in g  a n d  u p g o in g  f ie ld s ,

ey(kx, co) e x p  ( - v z )  +  e “ ( k x , co) e x p  ( v z ) ,

(A - 1 )

w h e r e  e y  ( k x , z ,  oo) is  t h e  2 - D  F o u r ie r  t r a n s f o r m  o f  t h e  E y  (  x , 

z ,  co) c o m p o n e n t ,  e y  ( k x , co) a n d  e y  (A:x , co) a re  t h e  s p e c t r a  o f  

t h e  d o w n g o i n g  a n d  u p g o i n g  c o m p o n e n t s  o f  t h e  f i e l d  o n  th e  

s u r f a c e  o f  t h e  e a r th , a n d  v  =  V ( k x  -  /co|jL0 ( j n ) ,  R e  ( v )  >

0  is  a  w a v e n u m b e r  i n  ( k ,  co) d o m a in .  F r o m  M a x w e l l ’ s

e q u a t io n s  t h e  2 - D  F o u r ie r  t r a n s f o r m  h x  ( k x, z ,  co) o f  th e  

H x ( x ,  z ,  co) c o m p o n e n t  is

X  [ e “ { k x , a>) e x p  ( v z )  -  e y ( k x , a>) e x p  ( - h z ) ] .  (A - 2 )  

W h i l e  e q u a t io n s  (A - l)  a n d  (A - 2 )  g iv e

KOfJLo
e y ( k x , 0 , co) + ------ h x ( k x , 0 , co)

zco|xo
e y ( k x , 0 , c o )--------- h x { k x , 0 , co;

(A - 3 )

T h u s , a p p ly in g  a n  in v e r s e  F o u r ie r  t r a n s fo rm  to  b o th  s ide s  o f  

th e  e q u a t io n s  (A - 3 ) g iv e s  th e  d o w n g o in g  a n d  u p g o in g  c o m p o 

n e n ts  o f  t h e  e le c t r ic  f i e l d  o n  t h e  s u r fa c e  o f  t h e  e a r th .
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