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ABSTRACT

T h i s  r e s e a r c h  i s  p r i n c i p a l l y  c o n c e r n e d  wi t h  the  

d i g i t a l  r e c o n s t r u c t i o n  o f  s t a r  i mages  o b s e r v e d  wi t h  l a r g e  

g r o u n d - b a s e d  t e l e s c o p e s ,  a l t h o u g h  t he  t e c h n i q u e s  d e v e l o p e d  

he r e  w i l l  have a p p l i c a t i o n  to a br oad c l a s s  o f  

r e c o n s t r u c t i o n  p r o b l e m s .  S i n c e  t he  work o f  L a b e y r i e ,  t he  

d i f f i c u l t y  i n  p r o d u c i n g  a c c u r a t e  and d e t a i l e d  

r e c o n s t r u c t i o n s  o f  s t a r s  has  stemmed p r i m a r i l y  f rom t he  

e x t r e me  d e g r a d a t i o n  o f  t he  phas e  s pe c t r um c a us e d  by t he  

a t m o s p h e r i c  t u r b u l e n c e ,  and s e c o n d a r i l y  f rom t he  l o w - p a s s  

f i l t e r  c h a r a c t e r i s t i c  of  t he  t e l e s c o p e  i t s e l f .  In t h i s  

r e s e a r c h ,  we d e s c r i b e  s o l u t i o n s  to bot h p r o b l e m s .  Our  

phas e  e s t i m a t o r  i s  ba s e d  on t he  Knox-Thompson phase  

d i f f e r e n c e  e s t i m a t o r ,  wh i c h  we have e x t e n d e d  and m o d i f i e d  

to pr oduce  more a c c u r a t e  e s t i m a t e s .  The p e r f o r ma n c e  of  

t h i s  e s t i m a t o r  i s  e v a l u a t e d  by s i m u l a t i o n  a t  v a r i o u s  

s i g n a l - t o - n o i s e  r a t i o s .  We a l s o  d e s c r i b e  a new n o n - l i n e a r  

s u p e r - r e s o l  u t i o n  a l g o r i t h m  wh i c h  a p p e a r s  to e x h i b i t  t he  

b e s t  a c c u r a c y  and c o n v e r g e n c e  c h a r a c t e r i s t i c s  o f  any s uc h  

a l g o r i t h m  pr opos e d  to d a t e .  I t  i s  a l s o  e v a l u a t e d  

e m p i r i c a l l y .

T h e s e  two t e c h n i q u e s  were t hen used to r e s t o r e  i mages  

o f  the s t a r s  B e t e l g e u s e  and C a p e l l a .  In t he  l a t t e r  

r e s t o r a t i o n  r e s o l u t i o n  i s  r e a l i z e d  we l l  beyond t he
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CHAPTER I

INTRODUCTION

1.1 Probl em D e s c r i p t i o n

The r e s t o r a t i o n  o f  a s t r o n o m i c a l  i mages  to p e r mi t  

g r e a t e r  r e s o l u t i o n  i s  a probl em of  l o n g - s t a n d i n g  i n t e r e s t .  

Image r e s o l u t i o n  i s  l i m i t e d  bot h by a t m o s p h e r i c  t u r b u l e n c e  

and by t h e  d i f f r a c t i o n  e f f e c t s  c a u s e d  by i magi ng  wi t h  a 

f i n i t e  a p e r t u r e ,  a l t h o u g h  t he  f o r me r  i s  more s e r i o u s  f o r  

g r o u n d - b a s e d  t e l e s c o p e s .

A t m o s p h e r i c  t u r b u l e n c e  can be t h o u g h t  of  as  c a u s i n g  a 

random p e r t u r b a t i o n  o f  t he  r e f r a c t i v e  i ndex  of  a i r  i n  t he  

o p t i c a l  p a t h .  T h i s  p e r t u r b a t i o n  v a r i e s  i n  bot h t i me and 

s p a c e ,  and c a u s e s  t he  pha s e  of  an i n c i d e n t  l i g h t  w a v e f r o n t  

to be d i s t o r t e d .  Thes e  d i s t o r t e d  wave s  a r e  not  b r o u g h t  

i n t o  s h a r p  f o c u s  by a c o n v e n t i o n a l  i magi ng  s y s t e m ,  b u t  a r e  

i n s t e a d  s p r e a d  o v e r  a l a r g e  a r e a  i n  t he  i mage p l a n e .  For  

the 200 i n c h  Ha l e  t e l e s c o p e ,  t h e  d i a m e t e r  o f  t he  

d i f f r a c t i o n - l i m i t e d  A i r y  d i s k  i n  v i s i b l e  l i g h t  i s  a b o u t  . 05  

a r c - s e c o n d s .  However ,  f o r  o b s e r v a t i o n s  made t hr ough  t he  

a t mos phe r e  t h e  minimum s i g n a l  d i a m e t e r  i n  t he  image p l a n e  

i s  about  2 a r c - s e c o n d s ,  wh i c h  c o r r e s p o n d s  to a 4 0 - f o l d  

d e c r e a s e  i n  r e s o l u t i o n .

For  many y e a r s  t h i s  l o s t  r e s o l u t i o n  was c o n s i d e r e d



i r r e c o v e r a b l e .  However ,  i n  t he  e a r l y  1970s  L a b e y r i e  showed 

t h a t  d i f f r a c t i o n - 1 i m i t e d  i n f o r m a t i o n  c o u l d  be o b t a i n e d  by 

g r o u n d - b a s e d  t e l e s c o p e s .  Hi s  a p p r o a c h  was to t a k e  a s e r i e s  

o f  v e r y  s h o r t  e x p o s u r e  p h o t o g r a p h s ,  e a c h  o f  wh i c h  

e s s e n t i a l l y  ' f r e e z e s '  t he  mot i on  of  t he  a t m o s p h e r e .  

B e c a u s e  of  t he  random c o n s t r u c t i v e  and d e s t r u c t i v e  

i n t e r f e r e n c e  of  t he  d i s t o r t e d  l i g h t  w a v e s ,  t he  r e s u l t i n g  

p h o t o g r a p h s  have  a s p e c k l e d  a p p e a r a n c e .  I f  t he  F o u r i e r  

t r a n s f o r m  of  e a c h  p h o t o g r a p h  i s  t a k e n ,  t h e  phas e  s pe c t r um  

i s  seen to v a r y  r an do ml y  from pho t ogr a ph  to p h o t o g r a p h .  

When t h e s e  sho r t - e x  po sur  e p h o t o g r a p h s  a r e  a v e r a g e d  d i r e c t l y  

( wh i c h  i s  e q u i v a l e n t  to 1o n g - e x p o s u r e  i m a g i n g ) ,  t h e  random 

pha s e  s pe c t r um v a r i a t i o n s  c a u s e  c a n c e l l a t i o n  of  t he  h i gh  

s p a t i a l  f r e q u e n c i e s .  The r e s u l t  i s  a 1 ow- r e s o  1 u t i o n  image  

t y p i c a l  of  c o n v e n t i o n a l  a s t r o n o m y .  To a v o i d  t h i s  r e s u l t ,  

L a b e y r i e  i g n o r e d  t he  phase component  and a v e r a g e d  o n l y  t h e  

s q u a r e d  modul us  of  t he  F o u r i e r  t r a n s f o r m s .  The r e s u l t i n g  

e s t i m a t e  i s  a d i f f r a c t i o n - 1 i m i t e d  e s t i m a t e  of  t he  power  

s p e c t r a l  d e n s i t y  o f  t he  i ma ge ,  or  e q u i v a l e n t l y  t he  image  

a u t o c o r r e l a t i o n .  B e c a u s e  no e s t i m a t e  of  t he  pha s e  s pe c t r um  

i s  o b t a i n e d ,  h o we v e r ,  an image of  an a r b i t r a r i l y  shaped  

o b j e c t  c a n n o t  be f or me d .

To s u p p l y  t h e  pha s e  s p e c t r u m e s t i m a t e ,  Knox and 

Thompson p r opos e d  a new t e c h n i q u e  f o r  p r o c e s s i n g  t he  same 

s p e c k l e  p h o t o g r a p h s .  They  m u l t i p l y  t he  F o u r i e r  t r a n s f o r m  

o f  each p ho t o g r a p h  by a s h i f t e d  copy  o f  i t s e l f  and a v e r a g e



t h i s  p r o d u c t  o v e r  t he  s e r i e s  o f  p h o t o g r a p h s .  T h i s  a v e r a g e d  

p r o d u c t  e s t i m a t e s  phas e  d i f f e r e n c e s  bet ween p o i n t s  i n  t he  

s p a t i a l  f r e q u e n c y  domai n ,  wh i c h  can t hen be i n t e g r a t e d  to 

form a phas e  e s t i m a t e .  Knox i n d i c a t e s  t h a t  t he  e s t i m a t o r  

i s  v e r y  s e n s i t i v e  to s e n s o r  n o i s e  i n  t he  o b s e r v a t i o n s .  

A l t h o u g h  e n c o u r a g i n g  r e s u l t s  have been o b t a i n e d  i n  

s i m u l a t i o n s ,  no s u c c e s s f u l  r e c o n s t r u c t i o n s  o f  r e a l  

a s t r o n o m i c a l  o b j e c t s  have  been o b t a i n e d  to d a t e .

As m e n t i o n e d ,  d i f f r a c t i o n  e f f e c t s  a l s o  l i m i t  t he  

p o s s i b l e  image r e s o l u t i o n  by i mp o s i n g  an a b s o l u t e  s p a t i a l  

f r e q u e n c y  c u t o f f  on t he  s i g n a l  s p e c t r u m ,  c a l l e d  t he  

d i f f r a c t i o n  l i m i t .  T h i s  l i m i t  i s  a f u n c t i o n  o f  t he  

w a v e l e n g t h  o f  t he  o b s e r v e d  l i g h t  and t he  d i a m e t e r  o f  t h e  

t e l e s c o p e  a p e r t u r e .  In t he  a b s e n c e  o f  t e l e s c o p e  

a b e r r a t i o n s  t h e  o p t i c a l  t r a n s f e r  f u n c t i o n  (OTF)  of  t h e  

t e l e s c o p e  i s  e s s e n t i a l l y  a t r i a n g u l a r  f u n c t i o n  t h a t  

1 o w- p a s s  f i  1 t e r s  an i n p u t  s i g n a l .  A number  of  t e c h n i q u e s  

have  been pr opos ed to e x t r a p o l a t e  t he  meas ur ed  s p a t i a l  

f r e q u e n c y  s p e c t r u m ,  t he  mos t  s u c c e s s f u l  be i ng  t he  i t e r a t i v e  

a l g o r i t h m  of  G e r c h b e r g .  T h i s  a l g o r i t h m  a l t e r n a t i v e l y  

i mp o s e s  c o n s t r a i n t s  i n  bot h  t he  s p a t i a l  and f r e q u e n c y  

domai ns  to per f or m t he  e x t r a p o l a t i o n .  As Ge r c h b e r g  h i m s e l f  

p o i n t e d  o u t ,  t h e  a l g o r i t h m  t e n d s  to c o r r u p t  t he  

e x t r a p o l a t e d  s pe c t r um a t  ea c h  i t e r a t i o n  by a dd i ng  to t he  

e x t r a p o l a t e d  s pec t r um a p o r t i o n  of  t he  d i s t o r t i o n  e n e r g y  i n  

t he  meas ur ed  s p e c t r u m.  T h u s ,  e x t r a p o l a t i o n s  o f  n o i s y  d a t a



o b t a i n e d  by t h i s  a l g o r i t h m  may be s u s p e c t .  D e s p i t e  t h i s  

c a v e a t ,  t h e  a l g o r i t h m  has  r e c e n t l y  been used to a i d  i n  a 

d i g i t a l  r e c o n s t r u c t i o n  o f  B e t e l g e u s e .

These  two p r o b l e m s ,  t h a t  i s ,  a c c u r a t e l y  e s t i m a t i n g  

phas e  s p e c t r a  and e x t r a p o l a t i n g  l o w - f r e q u e n c y  s p e c t r a ,  a r e  

common to a g r e a t  many d e c o n v o l u t i o n  p r o b l e m s .  Th e r e  i s  to 

dat e  no e n t i r e l y  s a t i s f a c t o r y  s o l u t i o n  to t h i s  

d e c o n v o l u t i o n  pr obl em i n  t he  g e n e r a l  c a s e .  The f undame nt a l  

d i f f i c u l t i e s  a r e  t h o s e  o f  i n v e r s i o n  t h e o r y ;  n a me l y ,  t h e  

t r u n c a t i o n  of  i n f i n i t e  i mp u l s e  r e s p o n s e s ,  s m o o t h i n g ,  and 

n o i s e  a m p l i f i c a t i o n .  In t he  b l i n d  d e c o n v o l u t i o n  p r o b l e m,  a 

s p e c t r a l  e s t i m a t i o n  probl em must  a l s o  be s o l v e d .  Phas e  

e s t i m a t i o n  has  t r a d i t i o n a l l y  been more d i f f i c u l t  t han  

ma gn i t u de  e s t i m a t i o n ,  so much so t h a t  r e s e a r c h e r s  o f t e n  

i g n o r e  i t  when d e a l i n g  w i t h  s pe e c h  and mu s i c  s i g n a l s ,  wher e  

i t  i s  o f t e n  not  p e r c e p t u a l l y  s i g n i f i c a n t .  However ,  f o r  

i ma g e s ,  s u c h  a c a v a l i e r  a p p r o a c h  l e a d s  to poor  r e s u l t s .  

Thus  the a s t r o n o m i c a l  i magi ng  pr obl em p r e s e n t s  an i m p o r t a n t  

s p e c i a l  c a s e  of  t he  d e c o n v o l u t i o n  pr obl em b e c a u s e  of  t he  

poor  SNR and t he  s e v e r i t y  o f  t he  phase  d i s t o r t i o n .

1 . 2  C o n t r i b u t i o n  of  t h i s  R e s e a r c h

T h i s  r e s e a r c h  d e s c r i b e s  our  e f f o r t s  to i mpr ove  t he  

r e s o l u t i o n  of  a s t r o n o m i c a l  i m a g e s ,  f i r s t  by m o d i f y i n g  t he  

Knox-Thompson e s t i m a t o r  to p r o v i d e  an a d e q u a t e  phase  

s p e c t r u m e s t i m a t e  out  to t he  t e l e s c o p e  d i f f r a c t i o n - 1 i m i t , 

and second by e s t i m a t i n g  t he  s p a t i a l  f r e q u e n c y  s p e c t r u m



beyond t he  d i f f r a c t i o n - 1 i m i t .  The t e c h n i q u e s  d e s c r i b e d  

he r e  have been s t r i k i n g l y  s u c c e s s f u l ,  and we a n t i c i p a t e  

t h a t  t hey  w i l l  be a p p l i e d  to a v a r i e t y  o f  d e c o n v o l u t i o n  

p r o b l e m s .

Our mos t  i m p o r t a n t  c o n t r i b u t i o n  to phase  e s t i m a t i o n  i s  

t he  a p p l i c a t i o n  of  a f a s t  d i r e c t  a l g o r i t h m  to per f orm a 

l e a s t - s q u a r e s  i n t e g r a t i o n  of  t he  e s t i m a t e d  phase  

d i f f e r e n c e s .  The a l g o r i t h m  i s  s t a b l e ,  a c c u r a t e ,

m e m o r y - e f f i c i e n t ,  and about  an o r d e r  o f  m a g n i t u d e  f a s t e r  

t han the b e s t  i t e r a t i v e  s c he me s .  The r e s u l t i n g  e s t i m a t e s  

a r e  more a c c u r a t e  t han t h o s e  o b t a i n e d  by i n t e g r a t i n g  t he  

phas e  d i f f e r e n c e s  a l o n g  s e v e r a l  d i f f e r e n t  p a t h s  o f  

i n t e g r a t i o n  and t hen a v e r a g i n g  t h e s e  d i s c r e t e  l i n e  

i n t e g r a l s .  We show e m p i r i c a l l y  t h a t  even b e t t e r  e s t i m a t e s  

can be o b t a i n e d  by r e f i n i n g  t he  l e a s t - s q u a r e s  phas e  w i t h  a 

G e r c h b e r g - S a x t o n  a l g o r i t h m .  The p r a c t i c a l  n e c e s s i t y  o f  

wi ndowi ng t he  s p e c k l e  i mage s  i s  a l s o  d e m o n s t r a t e d .

The o t h e r  p r i n c i p a l  c o n t r i b u t i o n  i s  t h e  d e v e l o p me n t  o f  

a new s u p e r - r e  s o l u t i o n  a l g o r i t h m ,  bas ed on a n o n - l i n e a r  

m o d i f i c a t i o n  o f  t h e  G e r c h b e r g  a l g o r i t h m .  T h i s  new a p p r o a c h  

i s  more a c c u r a t e  i n  t he  p r e s e n c e  of  n o i s e  and d e m o n s t r a t e s  

s u p e r i o r  c o n v e r g e n c e  p r o p e r t i e s  when compared to t he  

o r i g i n a l  a l g o r i t h m .

Th e s e  t e c h n i q u e s  have  been used to r e s t o r e  i mages  of  

t he red s u p e r - g i a n t  s t a r  B e t e l g e u s e  and t he  b i n a r y  s t a r  

C a p e l l a .  T h e s e  a r e  t he  f i r s t  s u c c e s s f u l  r e c o n s t r u c t i o n s  to



e x p l i c i t l y  e s t i m a t e  t he  o b j e c t  phas e  s p e c t r u m .  The  

r e c o n s t r u c t i o n s  a r e  c o n s i s t e n t  w i t h  known a s t r o p h y s i c a l  

da t a  and a p p e a r  to be o f  h i gh  q u a l i t y .

T h i s  d i s s e r t a t i o n  i s  a r r a n g e d  as f o l l o w s .  The  

p r e v i o u s  r e s e a r c h  on t he  pr o b l e ms  o f  s p e c k l e  i m a g i n g ,  phas e  

e s t i m a t i o n ,  and s u p e r - r e s o l u t i o n  a r e  r e v i e w e d  i n  c h a p t e r  

I I .  C h a p t e r  I I I  d e s c r i b e s  i n  d e t a i l  t he  1 e a s t - s q u a r e s  

phas e  i n t e g r a t i o n  a l g o r i t h m ,  and c ompar es  i t  to t he  l i n e  

i n t e g r a l  e s t i m a t o r  v i a  s i m u l a t i o n s  f o r  v a r i o u s  SNR.  The 

use of  v a r i o u s  m o d i f i c a t i o n s ,  i n c l u d i n g  phase r e f i n e m e n t ,  

i s  a l s o  e x p l o r e d .  C h a p t e r  IV i s  a s i m i l a r  t r e a t m e n t  of  t he  

new s u p e r - r e s o l  u t i o n  a l g o r i t h m .  C h a p t e r  V d e s c r i b e s  t he  

e x p e r i m e n t a l  t e c h n i q u e  and t he  r e s u l t s  o b t a i n e d  u s i n g  r e a l  

i m a g e s .  A b r i e f  summary o f  t h e  r e s u l t s  i s  r e v i e w e d  i n  

c h a p t e r  V I ,  i n c l u d i n g  some r e m a i n i n g  a r e a s  o f  r e s e a r c h .



CHAPTER II

LI TERATURE REVIEW

I I . 1 S p e c k l e  I n t e r f e r o m e t r y  and Some E x t e n s i o n s

The d i f f i c u l t y  i n  i magi ng t h r o u g h  t he  t u r b u l e n t  

a t mo s p h e r e  has  l ong  been r e c o g n i z e d ,  and a s t r o n o m e r s  have  

r e s o r t e d  to t he  use  of  i n t e r f e r o m e t e r s  to o b t a i n  a c c u r a t e  

q u a n t i t a t i v e  da t a  on the a n g u l a r  d i m e n s i o n s  and s e p a r a t i o n s  

o f  s t e l l a r  o b j e c t s .  The c l a s s i c a l  a s t r o n o m i c a l  

i n t e r f e r o m e t e r s , t he  M i c h e l s o n  s t e l l a r  i n t e r f e r o m e t e r  and 

t he  i n t e n s i t y  i n t e r f e r o m e t e r ,  i n v e n t e d  by Hanbury  Brown and 

T w i s s ,  a r e  i n h e r e n t l y  o n e - d i m e n s i o n a l  d e v i c e s ,  howe v e r .  

They are  t h e r e f o r e  most  u s e f u l  when a o n e - d i m e n s i o n a l  s can  

s u f f i c i e n t l y  c h a r a c t e r i z e s  t he  o b j e c t  o f  i n t e r e s t .  For  

ex t e nde d  o b j e c t s  p i c t o r i a l  i n f o r m a t i o n  i s  o f t e n  d e s i r e d ,  

and o n e - d i m e n s i o n a l  t e c h n i q u e s  do not  s u f f i c e .

The d e v e l o p me n t  of  s p e c k l e  i n t e r  fe r o me t r y  by L a b e y r i e  

[ 1 ]  and h i s  s u c c e s s f u l  use  of  t he  p r o c e d u r e  [ 2 ]  to me a s u r e  

o b j e c t  a u t o c o r r e l a t i o n s  and he nc e  to i n f e r  a n g u l a r  

d i m e n s i o n s  r e p r e s e n t  a s t e p  t o wa r d s  a c h i e v i n g  f u l l  a p e r t u r e  

r e c o n s t r u c t i o n s .  The met hod,  wh i c h  a v e r a g e s  o n l y  t he  

s q u a r e d  modul us  o f  t he  F o u r i e r  t r a n s f o r m  o f  t he  i mage ,  i s  

s u c c e s s f u l  p r e c i s e l y  b e c a u s e  i t  i g n o r e s  t h e  p h a s e .  T h i s  

p r e v e n t s  t he  c a n c e l l a t i o n  o f  t he  h i g h  s p a t i a l  f r e q u e n c y



e n e r g y ,  but  i t  a l s o  p r e c l u d e s  the r e c o n s t r u c t i o n  of  an 

i ma ge .  As s uch i t  r e p r e s e n t s  o n l y  a p a r t i a l  s o l u t i o n  to 

the probl em o f  d i f f r a c t i o n - 1 i m i t e d  i ma g i n g .

S i n c e  t he  p u b l i c a t i o n  of  L a b e y r i e ’ s work a number of  

r e s e a r c h e r s  have  p r opos e d  e x t e n s i o n s  to the t e c h n i q u e  to 

p e r m i t  t r u e  i m a g i n g .  Most  of  t h e s e  p r o p o s a l s  a v o i d  the  

pr obl em of  phas e  e s t i m a t i o n  by wor k i ng  d i r e c t l y  w i t h  e i t h e r  

the s p e c k l e s  t h e m s e l v e s  o r  the  e s t i m a t e d  o b j e c t  

a u t o c o r r e l a t i o n .  The e a r l i e s t  s u g g e s t i o n s  ( t h o s e  of  B a t e s ,  

Gough and N a p i e r  [ 3 ]  and L i u  and Lohmann [ 4 ] )  r e q u i r e d  the  

use of  an u n r e s o l v a b l e  p o i n t  s t a r  somewhere i n  t he  same 

i s o p l a n a t i c  p a t c h .  ( I so pi  an i c i ty i s  synonymous  w i t h  

sh i f  t - i  nv a r  i a n c e ) . T h i s  i s  a r a t h e r  u n s a t i s f a c t o r y  

c r i t e r i o n ,  s i n c e  i t  i s  o f t e n  not  p o s s i b l e  i n  p r a c t i c e .  

Wei g e l t  [ 5 ]  s i m u l a t e d  a v a r i a t i o n  of  the  L i u  and Lohmann 

t e c h n i q u e ,  w h e r e i n  he v a r i e d  t he  b r i g h t n e s s  o f  t he  

r e f e r e n c e  s t a r  to d e t e r m i n e  wh i c h  o f  t h e  a p p a r e n t  s t a r s  i n  

the image a u t o c o r r e l a t i o n  were g e n u i n e  and wh i c h  were  

a r t i f a c t s .  The a r t i f a c t s  were  t hen  removed

p h o t o g r a p h i c a l l y  d u r i n g  t he  f i n a l  c o p y i n g  p r o c e s s .  The 

r e l a t i v e  b r i g h t n e s s  of  t he  r e f e r e n c e  s t a r  was v a r i e d  by t he  

use of  a n e u t r a l  d e n s i t y  f i l t e r  p l a c e d  i n  f r o n t  o f  ea c h  

s p e c k l e  i ma ge .  In f a c t ,  t he  f i l t e r  was used to d ar k e n  t he  

s p e c k l e s  wh i c h  a r e  not  pr oduc ed  by t h e  r e f e r e n c e  s t a r .  

W e i g e l t  r e p o r t e d  good r e s u l t s  i n  h i s  s i m u l a t i o n ,  even when 

t he  o b j e c t  f i e l d  was so l a r g e  t h a t  i t  no l o n g e r  l a y



e n t i r e l y  w i t h i n  an i s o p l a n a t i c  p a t c h .

More r e c e n t l y ,  some i n t e r e s t i n g  r e s u l t s  have been  

o b t a i n e d  from r e a l  s p e c k l e  I mages  by an e n t i r e l y  d i f f e r e n t  

a p p r o a c h .  L y n d s ,  Worden and Har vey  [ 6 ]  d e s c r i b e  a 

t e c h n i q u e  i n  whi ch i t  i s  assumed t h a t  t he  s p e c k l e s  a r e  

f ormed by t h e  c o n v o l u t i o n  of  t he  t r u e  image w i t h  a 

p o i n t - s p r e a d  f u n c t i o n  c o n s i s t i n g  of  an a r r a y  o f  D i r a c  d e l t a  

f u n c t i o n s ,  e a c h  o f  wh i c h  i s  l o c a t e d  a t  the  c e n t e r  of  mass  

o f  a s p e c k l e .  The pr obl em i s  t hen  one o f  d e c o n v o l u t i o n .  

An e d i t i n g  p r o c e d u r e  s e l e c t s  t he  b r i g h t e s t  and c l e a r e s t  

s p e c k l e s  so as  to mos t  a c c u r a t e l y  e s t i m a t e  t he  l o c a t i o n  o f  

t he  d e l t a  f u n c t i o n s .  The d e c o n v o l v e d  r e s u l t  i s  t he n  

a v e r a g e d  o v e r  a number of  i mages  to i mpr ove  t he  SNR. They  

c a r r i e d  out  a d e m o n s t r a t i o n  of  t h i s  p r o c e d u r e  on s p e c k l e  

p h o t o g r a p h s  of  t he  r ed s u p e r g i a n t  Al pha  O r i o n i s  

( B e t e l g e u s e ) ,  and i nde e d  found some e v i d e n c e  of  f i n e  

s u r f a c e  s t r u c t u r e .  T h e r e  were  i n t e r n a l  e v i d e n c e s  t h a t  t he  

t e c h n i q u e  d i d  not  a c h i e v e  f u l l  d i f f r a c t i o n - l i m i t e d  

r e s o l u t i o n ,  h o we v e r ,  d e s p i t e  t he  i n c r e a s e d  image d e t a i l .

To i mpr ove  t h e  r e s o l u t i o n  o f  t he  L y nds  e t  a l . r e s u l t ,  

a f u r t h e r  r e f i n e m e n t  was i mpl eme nt e d  by McDonnel l  and B a t e s  

[ 7 ] ,  They a c c e p t  t he  r e s u l t  as  a p r e l i m i n a r y  e s t i m a t e ,  but  

assume t h a t  an a r r a y  o f  s i m p l e  d e l t a  f u n c t i o n s  i s  an 

o v e r s i m p l i f i c a t i o n ,  and t h a t  t he  r e s u l t i n g  image i s  s t i l l  

b l u r r e d ,  a l t h o u g h  to a l e s s e r  e x t e n t ,  by a r e s i d u a l  

p o i n t - s p r e a d  f u n c t i o n  ( P S F ) .  The e s t i m a t i o n  o f  t h i s



r e s i d u a l  PSF i s  r a t h e r  i n v o l v e d .  The L ynds  e t  al  . r e s u l t  

i s  assumed to have as  t he  z e r o s  o f  i t s  F o u r i e r  t r a n s f o r m  

t he  uni on o f  t he  z e r o s  o f  t he  F o u r i e r  t r a n s f o r m s  o f  t he  

o b j e c t  and t he  r e s i d u a l  PS F .  To s e p a r a t e l y  i d e n t i f y  t h e s e  

z e r o s  an i n t e n s i t y  model  f o r  t he  o b j e c t  i s  a s s ume d,  t h a t  o f  

a s i m p l e  f i r s t  o r d e r  1 i mb - d a r k e n e d  s t a r .  The i d e n t i t y  o f  

the image z e r o s  i s  d e t e r mi n e d  by c o m p a r i s o n  w i t h  r e a s o n a b l e  

v a l u e s  p r e d i c t e d  by t h e  mo d e l .  The z e r o s  o f  t he  r e s i d u a l  

PSF a r e  t h u s  i d e n t i f i e d ,  and the image i s  Wei ner  f i l t e r e d  

by the i n v e r s e  r e s i d u a l  P S F .  The r e s u l t  i s  an image whose  

s i z e  i s  v e r y  n e a r  t he  t e l e s c o p e  d i f f r a c t i o n  l i m i t ,  and 

c e r t a i n  a s t r o p h y s i c a l  f e a t u r e s  a r e  v i s i b l e .

T h i s  r e s t o r a t i o n  t e c h n i q u e  has  t he  a d v a n t a g e  t h a t  no 

o b s e r v a t i o n  o f  a r e f e r e n c e  s t a r  i s  r e q u i r e d .  The Lynds  e t  

al  . a s s u m p t i o n  o n l y  h o l d s  f o r  s ma l l  bounded o b j e c t s  whose  

a n g u l a r  s i z e  i s  a b o u t  t he  same as  t he  t e l e s c o p e  d i f f r a c t i o n  

l i m i t ,  wh i c h  r e s t r i c t s  t he  u s e f u l n e s s  o f  t h e  t e c h n i q u e  

s omewhat .  The McDonnel l  and B a t e s  r e f i n e m e n t  woul d be 

d i f f i c u l t  to e x t e n d  to o b j e c t s  w i t h  n o n - s i m p l e  i n t e n s i t y  

d i s t r i b u t i o n s ,  b e c a u s e  a more compl ex  s e t  o f  z e r o s  mi g ht  

def y  an e a s y  s e g r e g a t i o n  o f  PSF and o b j e c t  t r a n s f o r m  z e r o s  

i n t o  s e p a r a t e  s e t s .  In a d d i t i o n ,  t h e  need to assume an 

i n t e n s i t y  d i s t r i b u t i o n  model  begs  t he  q u e s t i o n  s i n c e  t he  

i n t e n s i t y  d i s t r i b u t i o n  i s  p r e c i s e l y  what  we a r e  t r y i n g  to 

f i n d .

A r e l a t e d  p r o c e s s i n g  t e c h n i q u e  wh i c h  s e e k s  to remove



t he  n e c e s s i t y  o f  p o i n t  s t a r  o b s e r v a t i o n  i s  s u g g e s t e d  by 

W e l t e r  and Worden [ 8 ] .  They show t h a t  t he  d i f f e r e n c e  

between t he  a v e r a g e  a u t o c o r r e l a t i o n  o f  i n s t a n t a n e o u s  

s p e c k l e  i mages  and t he  c r o s s c  o r r e l a t i o n  of  t he  same i mages  

i s  p r o p o r t i o n a l  to t he  image a u t o c o r r e l a t i o n  undegraded by 

a t m o s p h e r i c  t u r b u l e n c e .  The a p p r o x i m a t i o n  i s  mos t  a c c u r a t e  

i f  the o b s e r v e d  o b j e c t  i s  s ma l l  compared to t he  s e e i n g  

s p o t .  How t h i s  t e c h n i q u e  may a p p l y  to s p e c k l e  i magi ng i s

not  y e t  known.

Sherman [ 9 ]  d e s c r i b e s  a t e c h n i q u e  whose a p p l i c a t i o n  i s

u n h i n d e r e d  by r e s t r i c t i o n s  on t h e  l o c a t i o n  of  a p o i n t  s t a r  

r e f e r e n c e  o r  t h e  o b j e c t  s i z e ,  so l ong as  t he  image l i e s  

w i t h i n  an i s o p l a n a t i c  p a t c h .  He p r o p o s e s  t he  c a l c u l a t i o n  

o f  the e n t i r e  f o u r - d i m e n  s i o n a l  c o v a r i a n c e  f u n c t i o n  of  t he  

F o u r i e r  t r a n s f o r m  of  t he  i mage*  The o b j e c t  t r a n s f o r m  i s  

then e s t i m a t e d  as  t he  compl ex  e i g e n m a t r i x  a s s o c i a t e d  wi t h  

t he  l a r g e s t  e i g e n v a l u e  of  t he  c o v a r i a n c e .  He o b t a i n s  v e r y  

good r e s u l t s  i n  a o n e - d i m e n s i o n a l  s i m u l a t i o n ,  and the  

t e c h n i q u e  i s  c l a i m e d  to be much more immune to me as ur ement  

n o i s e  than t he  Knox-Thompson met hod d i s c u s s e d  i n  t he  n e x t  

s e c t i o n .  The amount  of  c o m p u t a t i o n  needed to i mpl ement  

c o m p l e t e l y  t h i s  t e c h n i q u e  woul d make i t  i m p r a c t i c a l  f o r  a l l  

but  the mos t  po we r f u l  c o m p u t i n g  f a c i l i t i e s .  In [ 1 0 ]  

Sherman d e s c r i b e s  a m o d i f i c a t i o n  wh i c h  g r e a t l y  r e d u c e s  

c o m p u t a t i o n .  At t he  p r e s e n t  t i m e ,  h i s  met hod a p p e a r s  to be 

t he  most  p r a c t i c a l  a l t e r n a t i v e  to e x p l i c i t  pha s e  e s t i m a t i o n
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.

f o r  a g e n e r a l  i mage.

I I . 2 E x p l i c i t  Phase  E s t i m a t i o n

Phas e  e s t i m a t i o n  has  r e ma i n e d  an e x t r a o r d i n a r i l y  

d i f f i c u l t  pr obl em in image r e s t o r a t i o n .  R e c e n t  work by 

C o l e  [ 1 1 ]  d e m o n s t r a t e s  t h e  r a t h e r  poor  q u a l i t y  r e s t o r a t i o n s  

wh i c h  r e s u l t  when r e a l  wo r l d  b l u r s  a r e  assumed to have z e r o  

p h a s e .  Cannon [ 1 2 ]  showed some i mpr ovement  by t he  s i m p l e  

e x p e d i e n t  o f  c o n s i d e r i n g  t he  phase  to be e i t h e r  0 or p i ,  

t h a t  i s ,  p h a s e  r e v e r s a l s .  However ,  t he  f i r s t  a t t e mp t  to 

a c t u a l l y  e s t i m a t e  t he  i mage phase  a p p e a r s  to have been done  

by McGl amery  [ 1 3 ] .  He a v e r a g e d  s e p a r a t e l y  t h e  ma g n i t u d e  

and phas e  s p e c t r a  of  ea c h  o f  t he  s p e c k l e  i ma g e s .  He 

c o n c l u d e d  t h a t  a s  t he  v a r i a n c e  o f  the  phas e  e s t i m a t e  

a p p r o a c h e s  p i / 3 ,  t he  phas e  i n f o r m a t i o n  p r o v i d e d  by t h i s  

e s t i m a t o r  becomes v a n i s h i n g l y  s m a l l .

The t e c h n i q u e  of  c e n t r a l  c o n c e r n  to t h i s  r e s e a r c h  i s  

t h a t  o f  Knox and Thompson [ 1 4 ] .  They pr opos ed e s t i m a t i n g  

t he  image phas e  by c omput i ng  t he  o n e - s h i f t  term o f  t he  

a u t o c o r r e l a t i o n  of  t he  F o u r i e r  t r a n s f o r m  of  ea c h  s p e c k l e  

i ma ge .  T h i s  term p r e s e r v e s  t he  phase  i n f o r m a t i o n  i n  t he  

form o f  phas e  d i f f e r e n c e s  i n  t h e  x- and y - d i r e c t i o n s  

bet ween p o i n t s  i n  t he  F o u r i e r  t r a n s f o r m .  T h e s e  phase  

d i f f e r e n c e s  must  t he n  be i n t e g r a t e d  t o  form a phase  

e s t i m a t e .  In h i s  P h . D .  d i s s e r t a t i o n  Knox [ 1 5 ]  f u r t h e r  

showed by bot h  a n a l y t i c a l  means and s i m u l a t i o n s  t h e  

r e l a t i v e  i n s e n s i t i v i t y  o f  t he  t e c h n i q u e  to f i x e d  t e l e s c o p e
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a b e r r a t i o n s .  T h i s  i s  f o r t u n a t e ,  s i n c e  i t  may p e r m i t  t he  

use of  t h i s  t e c h n i q u e  i n  c o n j u n c t i o n  w i t h  l a r g e  m u l t i p l e  

m i r r o r  t e l e s c o p e s ,  wh i c h  o f t e n  have s u b s t a n t i a l  o p t i c a l  

a b e r r a t i o n s .  A s i m i l a r  e x t e n s i o n  o f  s p e c k l e  i n t e r f e r o m e t r y  

has  a l r e a d y  been worked o u t  by R o d d i e r  [ 1 6 ] .  Knox a l s o  

found t h a t ,  due to t he  n a r r o w n e s s  o f  t he  random 

i n s t a n t a n e o u s  o p t i c a l  t r a n s f e r  f u n c t i o n  ( O T F ) ,  t h e  

n o r m a l i z e d  SNR o f  t he  t e r ms  i n  t h e  a u t o c o r r e l a t i o n  

d e c r e a s e s  r a p i d l y  as  t h e  s h i f t e d  d i s t a n c e  i n c r e a s e s ,  so 

t h a t  a t  b e s t  o n l y  t h e  f i r s t  few t e r ms  c o n t r i b u t e  

s i g n i f i c a n t  phas e  i n f o r m a t i o n .  Knox s u g g e s t e d  t h a t  t he  

pha s e  be e s t i m a t e d  by a v e r a g i n g  t he  pha s e  e s t i m a t e s  d e r i v e d  

from summing t he  phase  d i f f e r e n c e s  o v e r  two i n d e p e n d e n t  

p a t h s .  H i s  o n e - d i m e n s i o n a l  s i m u l a t i o n s  showed t h a t  v e r y  

good r e s u l t s  c o u l d  be o b t a i n e d .  They a l s o  showed t h a t  t he  

f i n a l  r e c o n s t r u c t i o n s  were  q u i t e  s e n s i t i v e  to e r r o r s  i n  t he  

p ha s e  s p e c t r u m e s t i m a t e .

At I t e k  C o r p o r a t i o n  a t w o - d i m e n s i o n a l  s i m u l a t i o n  of  

t he  Knox-Thompson ( K - T )  t e c h n i q u e  was pe r f o r me d  by N i s e n s o n  

e t  al  . [ 1 7 ] .  They c o n f i r m  t he  p o t e n t i a l  o f  t he  met hod,  

and i n d i c a t e  t h a t  i mpr oved pha s e  e s t i m a t e s  c a n  be d e r i v e d  

f rom a v e r a g i n g  a m u l t i p l i c i t y  o f  i n t e g r a t e d  p a t h s ,  a l t h o u g h  

t h e y  do n o t  s t a t e  wh i c h  p a t h s  were  u s e d ,  nor  how many were  

a v e r a g e d .  R . V .  S t a c k n i k  e t  al  . [ 1 8 ] ,  a n o t h e r  group  

wo r k i n g  a t  I t e k  t hen  a p p l i e d  t he  K-T t e c h n i q u e  to t he  

r e c o n s t r u c t i o n  o f  s o l a r  s u r f a c e  f e a t u r e s  from s p e c k l e



p h o t o g r a p h s ,  a t e s t  c a s e  p r o v i d i n g  a v e r y  h i g h  SNR. T h e i r  

r e s u l t s  showed n e a r  d i f f r a c t i o n - 1 i m i t e d  r e s o l u t i o n  on dat a  

o b t a i n e d  from t he  24 i n c h  s o l a r  vacuum t e l e s c o p e  a t  K i t t  

P e a k ,  AZ.  Both o f  t h e s e  p a p e r s  me n t i o n  t he  d e v e l o p me n t  of  

an o p t i c a l  p r o c e s s o r  to speed the c o mp u t a t i o n  of  the  

a u t o c o r r e l a t i o n  o f  t he  F o u r i e r  t r a n s f o r m s ,  a l t h o u g h  the  

p r o c e s s i n g  a c t u a l l y  i mpl e me nt e d  was e n t i r e l y  d i g i t a l .

I I . 3 E s t i m a t i n g  P ha s e  f rom Phas e  D i f f e r e n c e s

We have a l r e a d y  no t e d  t h a t  t he  phase  e s t i m a t i o n  scheme  

pr o po s e d  by Knox makes  o n l y  l i m i t e d  use of  t h e  a v a i l a b l e  

pha s e  i n f o r m a t i o n ,  and t h a t  a s u b s t a n t i a l  i mpr ove ment  has  

been r e p o r t e d  by a v e r a g i n g  o v e r  many p a t h s .  A t t e m p t i n g  a 

d i r e c t  e x t e n s i o n  to a v e r a g e  o v e r  a l l  p o s s i b l e  l i n e  

i n t e g r a l s  l e a d s  to an u n w i e l d y  c o m b i n a t o r i a l  pr obl em whose  

s o l u t i o n  would be p r o h i b i t i v e l y  e x p e n s i v e  f o r  t he  l a r g e  

da t a  a r r a y s  ( 2 5 6 x 2 5 6 )  be i ng  c o n s i d e r e d  h e r e .  T h i s  same 

pr obl em of  opt imum phas e  e s t i m a t i o n  from meas ur ed phase  

d i f f e r e n c e s  a l s o  a r i s e s  i n  t he  d e s i g n  o f  a c t i v e  o p t i c a l  

d e v i c e s ,  and i s  i n  f a c t  a probl em i n  n u m e r i c a l  i n t e g r a t i o n .

One o f  t he  f i r s t  a p p l i c a t i o n s  o f  1 e a s t - s q u a r e s  

e s t i m a t i o n  to t h i s  p h a s e  i n t e g r a t i o n  pr obl em was made by 

Rimmer [ 1 9 ]  i n  e v a l u a t i n g  t he  p e r f o r m a n c e  o f  a l a t e r a l  

s h e a r i n g  i n t e r f e r o m e t e r .  S h o r t l y  t h e r e a f t e r ,  h i s  a p p r o a c h  

was a p p l i e d  to t h e  d e s i g n  of  an a c t i v e  o p t i c a l  sys t em  

i n t e n d e d  to c o mp e n s a t e  f o r  a t m o s p h e r i c  t u r b u l e n c e .  In t h i s  

s y s t e m ,  an i n t e r f e r o m e t e r  i s  used to me a s u r e  phase

«
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d i f f e r e n c e s  a c r o s s  an a p e r t u r e .  Thes e  d i f f e r e n c e s  a r e  then  

i n t e g r a t e d  to form a p h a s e  e s t i m a t e ,  whose e f f e c t s  a r e  

removed by a d e f o r m a b l e  l e n s  o r  m i r r o r  i n  r e a l  t i m e .  F r i e d  

[ 2 0 ]  and Hudgi n [ 2 1 ]  d e r i v e d  t he  same e q u a t i o n s  a g a i n  

a l m o s t  s i m u l t a n e o u s l y .  Hudgi n assumed t h a t  t he  s o l u t i o n  

was p e r i o d i c ,  as when u s i n g  t he  D i s c r e t e  F o u r i e r  t r a n s f o r m  

( D F T ) ,  w h i l e  F r i e d  d i d  n o t .  Both r e s e a r c h e r s  d e r i v e d  an 

i t e r a t i v e  s o l u t i o n  s c he me ,  and d e mo n s t r a t e d  t h a t  f o r  the  

s ma l l  a r r a y  s i z e s  common i n  a c t i v e  o p t i c s  t he  rms e r r o r  i n  

t he  f i n a l  phase e s t i m a t e  was s m a l l e r  t han t he  rms e r r o r  i n  

t he  meas ur ed phase d i f f e r e n c e s .  They a l s o  showed t h a t  t he  

rms phase r e c o n s t r u c t i o n  e r r o r  i s  o n l y  l o g a r i t h m i c a l l y  

d e pe nde nt  on t h e  a r r a y  s i z e ,  i n d i c a t i n g  t h a t  i t  mi g h t  be 

a p p l i c a b l e  to t he  l a r g e  a r r a y s  o f  s p e c k l e  i m a g i n g .  F r i e d  

f u r t h e r  r e p o r t e d  t h a t  to a s s u r e  c o n v e r g e n c e  of  h i s  

i t e r a t i v e  s o l u t i o n s ,  he i n c r e a s e d  the number o f  i t e r a t i o n s  

a l m o s t  l i n e a r l y  w i t h  a r r a y  s i z e .  Based on H u d g i n ' s  w o r k ,  a 

group a t  I t e k  headed by Hardy [ 2 2 ]  b u i l t  an a n a l o g  c omput e r  

and a p p l i e d  i t  to a s ma l l  ( a b o u t  5x4 a r r a y )  p r o t o t y p e  

a c t i v e  o p t i c a l  s y s t e m ,  w i t h  good r e s u l t s .

In a r e c e n t  pa pe r  Hunt  [ 2 3 ]  d e r i v e s  t he  m a t r i x  form of  

t h e s e  e q u a t i o n s  and p o i n t s  out  t h a t  t h e  i t e r a t i v e  s o l u t i o n  

scheme of  bot h  F r i e d  and Hudgi n c o r r e s p o n d s  to J a c o b i  

i t e r a t i o n ,  t h e  n u m e r i c a l  i t e r a t i o n  scheme w i t h  t he  s l o w e s t  

known r a t e  of  c o n v e r g e n c e .  He s u g g e s t s  t he  us e  o f  f a s t e r  

i t e r a t i v e  s c h e me s ,  s u c h  as  G a u s s - S e i d e l  o r  s u c c e s s i v e



o v e r - r e l  a x a t i  on ( S O R ) .  He a l s o  d e r i v e s  an a n a l y t i c a l  

e x p r e s s i o n  f o r  t he  rms phase  r e c o n s t r u c t i o n  e r r o r  based on 

a p e r i o d i c  s t r u c t u r e  whi ch  s l i g h t l y  unde r bounds  t he  r e s u l t s  

o f  s i m u l a t i o n s  o b t a i n e d  by bot h  F r i e d  and Hudgi n .  H u n t ' s  

r e s u l t  shows t he  same n e a r l y  l o g a r i t h m i c  growth o f  rms  

phas e  e r r o r  w i t h  a r r a y  s i z e .

H u n t ' s  s u g g e s t i o n  of  a f a s t e r  i t e r a t i v e  scheme l e a d s  

one to s p e c u l a t e  on t he  p o s s i b l e  use  o f  a d i r e c t  a l g o r i t h m  

f o r  s o l v i n g  t he  p r o b l e m.  As w i l l  be shown i n  c h a p t e r  I I I ,  

t he  1e a s t - s q u a r e s  e q u a t i o n s  have a h i g h l y  r e g u l a r  s t r u c t u r e  

o f  the same form as t he  5 - p o i n t  d i s c r e t e  a p p r o x i m a t i o n  to 

t he  P o i s s o n  e q u a t i o n .  T h i s  i s  f o r t u n a t e ,  s i n c e  n u me r i c a l  

a n a l y s t s  have i n  t he  l a s t  d e c a d e  d e v i s e d  some s u r p r i s i n g l y  

f a s t  a l g o r i t h m s  f o r  t he  s o l u t i o n  of  P o i s s o n ' s  e q u a t i o n .  

T h e r e  a r e  t h r e e  d i s t i n c t  c l a s s e s  o f  a l g o r i t h m s ,  a l l  of  

wh i c h  w i l l  be d i s c u s s e d  b e l o w.

The f i r s t  i s  t he  method of  C y c l i c  R e d u c t i o n  ( CR)  

d e v i s e d  by Buneman [ 2 4 ] .  He not ed t h a t  t he  even- number ed  

e q u a t i o n s  c o u l d  be combi ned to form an e q u a t i o n  f o r  e v e r y  

f o u r t h  l i n e ,  wh i c h  c o u l d  i n  t u r n  be r e d u c e d  to an e q u a t i o n  

f o r  e v e r y  e i g h t h  l i n e ,  e t c .  T h e r e  i s  f i n a l l y  o n l y  one  

e q u a t i o n  r e m a i n i n g ,  wh i c h  i s  e a s i l y  s o l v e d .  The s o l u t i o n  

on the odd-numbered l i n e s  i s  o b t a i n e d  from t he  r e d u c e d  

e q u a t i o n s  c o r r e s p o n d i n g  to t he  s u c c e s s i v e  l e v e l s  o f  

r e d u c t i o n .  The method i s  p a r t i c u l a r l y  e a s y  to c o d e ,  and i s  

n u m e r i c a l l y  s t a b l e .  I t  i s  n o t  t h e  f a s t e s t  me t hod ,  h o we v e r .



The s e c ond  c l a s s  o f  a l g o r i t h m s  a r e  based on F o u r i e r  

a n a l y s i s  ( F A)  or  t r a n s f o r m a t i o n  of  t he  d a t a  so as to 

d i a g o n a l i z e  t he  m a t r i x  e q u a t i o n s .  When t h e s e  met hods  have  

d i m e n s i o n s  a p p r o p r i a t e  to t he  us e  of  a F a s t  F o u r i e r  

T r a n s f o r m  ( F F T )  a l g o r i t h m ,  t h e y  a r e  f a s t e r  t han c y c l i c  

r e d u c t i o n ,  as  w e l l  as  b e i n g  m e m o r y - e f f i c i e n t  and 

n u m e r i c a l l y  s t a b l e .

The t h i r d  t ype  of  a l g o r i t h m  i s  t h a t  of  Giwa [ 2 5 ] ,  and 

i s  an a d a p t a t i o n  o f  an a n a l y t i c a l  v a r i a t i o n - o f - p a r a m e t e r  

method f o r  s o l v i n g  s e c o n d - o r d e r  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s .  I t  i s  v e r y  g e n e r a l ,  h i g h l y  s t a b l e ,  and does  n o t  

r e s t r i c t  t he  d i m e n s i o n a l i t y  o f  t he  p r o b l e m,  a s  do t he  

F o u r i e r  me t h o d s .  I t  i s  l e s s  m e m o r y - e f f i c i e n t  and s l o w e r  

than the o t h e r  me t h o d s ,  ho we v e r .

The f a s t e s t  known a l g o r i t h m  i s  t h a t  o f  Hockney [ 2 6 ] ,  

wh i c h  c o mbi ne s  bot h FA and CR.  I t  i s  t h e  mos t  d i f f i c u l t  to 

c o d e ,  and must  be c a r e f u l l y  used to a v o i d  o v e r f l o w  

p r o b l e m s .  In h i s  e x c e l l e n t  r e v i e w  p a p e r ,  Hockney [ 2 7 ]  

c ompar es  h i s  own a l g o r i t h m  w i t h  CR and t he  b e s t  i t e r a t i v e  

s c h e me s ,  i n c l u d i n g  SOR.  He i n d i c a t e s  t h a t  h i s  FACR i s  t he  

f a s t e s t ,  t h a t  FA i s  about  50% s l o w e r ,  and CR i s  100% 

s l o w e r .  He a l s o  shows t h a t  to g u a r a n t e e  a maximum e r r o r  o f  

one p a r t  i n  1 0E 6 ,  a b o u t  432 i t e r a t i o n s  a r e  r e q u i r e d  o f  SOR 

on an a r r a y  o f  1 2 8 x 128 .  S i n c e  t he  d i r e c t  met hods  a c h i e v e  

the same a c c u r a c y  i n  a t i me  equa l  to t h a t  r e q u i r e d  by a bout  

s i x  SOR i t e r a t i o n s ,  t h e r e  seems to be no r e a s o n  to use an



i t e r a t i v e  met hod.

I I . 4 I m p l i c i t  Phase  E s t i m a t i o n

I m p l i c i t  phase  e s t i m a t i o n  i s  t he  name I have  g i v e n  to 

the t e c h n i q u e  of  e s t i m a t i n g  t he  phase  s pec t r um based on a 

p r i o r i  knowl edge  of  t he  s i g n a l  p r o p e r t i e s  and the ma g n i t u d e  

s p e c t r u m a l o n e ,  r a t h e r  t ha n  on d i r e c t  me a s ur e me nt s  o f  t he  

phase  s p e c t r u m or  i t s  d e r i v a t i v e .  The a p p r o a c h  has  appeal  

b e c a u s e  i t  i s  u s u a l l y  much e a s i e r  to me a s u r e  a c c u r a t e l y  

ma g n i t u d e  s p e c t r a ,  a s  i n  t h e  c a s e  o f  e l e c t r o n  m i c r o s c o p y ,  

x - r a y  c r y s t a l l o g r a p h y ,  and image r e s t o r a t i o n  [ 3 0 ] .  I t  has  

been e x p l o r e d  by many a u t h o r s  o v e r  t he  p a s t  two d e c a d e s  

[ 3 1 - 3 6 ] ,  and r e ma i n s  an a r e a  o f  a c t i v e  i n t e r e s t .

F o r  o n e - d i m e n s i o n a l  s i g n a l s ,  t h e  probl em may be e a s i l y  

u n d e r s t o o d  i n  t he  f ramewor k  o f  l i n e a r  s y s t e m t h e o r y .  I f  

the d u r a t i o n  of  s uc h  a s i g n a l  i s  f i n i t e ,  t hen i t s  F o u r i e r  

t r a n s f o r m  i s  an a n a l y t i c  f u n c t i o n .  T h u s ,  t he  r e a l  and 

i m a g i n a r y  p a r t s  o f  t he  t r a n s f o r m  a r e  r e l a t e d  by t he  

C a u c h y - R i e ma n n  e q u a t i o n s .  Ot h e r  a n a l y t i c  s p e c t r a  may be 

formed however  by r e f l e c t i n g  any t r a n s f o r m  z e r o  to i t s  

c o n j u g a t e  r e c i p r o c a l  l o c a t i o n .  T h i s  w i l l  mo d i f y  t h e  phas e  

s p e c t r u m w h i l e  l e a v i n g  t he  ma g n i t u d e  s pe c t r um unc ha n g e d .  

Wol f  [ 3 3 ]  d e r i v e d  t he  a l l o w a b l e  forms  o f  t he  r e s u l t i n g  

phas e  s p e c t r a  a s s umi ng  t h e  o b j e c t  to be r e a l ,  t h u s  

d e m o n s t r a t i n g  t h a t  t he  o b j e c t  r e c o n s t r u c t i o n  i s  n o t  u n i q u e .  

Howe v e r ,  in two d i m e n s i o n s  t he  s i t u a t i o n  i s  n o t  as  e a s y  to  

d e s c r i b e .  T h i s  i s  b e c a u s e  a n a l y s i s  i n  t e r ms  o f  t r a n s f o r m



p o l e s  and z e r o e s  i s  not  g e n e r a l l y  p o s s i b l e .  The l a c k  o f  a 

f unda me nt a l  theorem of  a l g e b r a  f o r  f u n c t i o n s  o f  two 

i n d e p e n d e n t  v a r i a b l e s  makes s p e c t r a l  f a c t o r i z a t i o n  

t e c h n i q u e s  i n a p p l i c a b l e .

N e v e r t h e l e s s  a number of  s chemes  f o r  i m p l i c i t  phase  

e s t i m a t i o n  have been p r o p o s e d .  K o h l e r  and Mandel  [ 3 2 ]  

compare two met hods  on one d i m e n s i o n a l  s p e c t r a l  d a t a .  The  

f i r s t  i n v o l v e s  t he  use  of  a r e f e r e n c e  p o i n t  s o u r c e ,  t h e  

s ec ond a n u me r i c a l  i n t e g r a t i o n  o f  a H i l b e r t  t r a n s f o r m  

r e l a t i o n s h i p  when t he  z e r o  l o c a t i o n s  i n  t he  z p l a n e  a r e  

a p p r o x i m a t e l y  known.  They i n d i c a t e  t h a t  t he  second method  

r e q u i r e s  v e r y  a c c u r a t e  knowl e dge  of  t he  ma gn i t u de  s p e c t r u m ,  

and t h e i r  method does  not  seem to have been a p p l i e d  to r e a l  

a s t r o n o m i c a l  d a t a .

In e l e c t r o n  m i c r o s c o p y  a s l i g h t l y  d i f f e r e n t  s i t u a t i o n  

o b t a i n s  in t h a t  t he  ma g n i t u d e  s p e c t r u m i s  known i n  bot h t h e  

i mage and d i f f r a c t i o n  p l a n e s  o f  an i magi ng  sys t em w h i l e  t he  

pha s e  i s  n o t  known i n  e i t h e r  p l a n e .  I t  i s  w e l l  known t h a t  

the s i g n a l s  i n  t h e s e  two p l a n e s  a r e  F o u r i e r  t r a n s f o r m  

p a i r s .  G e r c h b e r g  and S a x t o n  [ 3 7 ]  p r opos e  an i t e r a t i v e  

a l g o r i t h m  f o r  d e t e r m i n i n g  t he  phase  i n  both p l a n e s .  The  

a l g o r i t h m  assumes  an i n i t i a l  random phas e  d i s t r i b u t i o n  i n  

one of  the  d o ma i n s .  The F o u r i e r  t r a n s f o r m  i s  t a k e n ,  and 

t he  r e s u l t i n g  ma gn i t ude  s p e c t r u m i s  c o r r e c t e d  to a g r e e  w i t h  

t he  me a s ur e d  ma g n i t u d e  s p e c t r u m i n t h a t  domai n .  The 

i n v e r s e  t r a n s f o r m  i s  t he n  t a k e n  and i t s  ma g n i t u d e  s p e c t r u m



i s  s i m i l a r l y  c o r r e c t e d .  The e n t i r e  p r o c e s s  i t e r a t e s  u n t i l  

c o n v e r g e n c e ,  wh i c h  may be q u i t e  s l o w .  The u n i q u e n e s s  of  

t he  r e s u l t i n g  s o l u t i o n  has  been exami ned i n  [ 3 8 ] ,  where  the  

a u t h o r s  c o n c l u d e  t h a t  t h e  r e c o n s t r u c t e d  phase  i s  uni que  

p r o v i d e d  t h a t  t he  ma g n i t u d e  s pe c t r um does  n o t  have even  

symmet ry  and i s  n o n - z e r o ,  and t h a t  t he  r e s u l t i n g  f r e q u e n c y  

s p e c t r u m i s  a n a l y t i c .  I f  t he  ma g n i t u d e  s pe c t r um i s  e v e n ,  

t h e r e  may e x i s t  a t  mos t  one o t h e r  a n a l y t i c  f u n c t i o n  

s a t i s f y i n g  t he  c o n s t r a i n t s .  Methods  to speed t he  a l g o r i t h m  

c o n v e r g e n c e  have  been d e s c r i b e d  by bot h  Gassman [ 3 9 ]  and 

F e i n u p  [ 4 0 ] .  The l a t t e r  has  a l s o  e x p e r i m e n t e d  w i t h  t h i s  

a l g o r i t h m  when o n l y  t h e  m a g n i t u d e  s pe c t r um i s  known i n  the  

f r e q u e n c y  domai n ,  and o n l y  t h e  r e g i o n  o f  s u p p o r t  i s  known 

i n  the s i g n a l  domai n .  Wh i l e  s o l u t i o n  n o n - u n i q u e n e s s  i s  a 

s e r i o u s  probl em f o r  one d i m e n s i o n a l  s i g n a l s ,  he o b t a i n s  

u n i que  s o l u t i o n s  on s i m u l a t i o n s  u s i n g  c o m p l i c a t e d  two 

d i m e n s i o n a l  i ma g e s .  I t  i s  not  p r e s e n t l y  known why t h e  

t w o - d i m e n s i o n a l  r e s u l t s  seem to be u n i q u e .  I t  i s  known 

[ 4 1 ]  t h a t  an i n i t i a l  ( e v e n  h i g h l y  i n a c c u r a t e )  phase  

e s t i m a t e  can o f t e n  be used to d i s t i n g u i s h  t he  t r u e  

s o l u t i o n ,  as w e l l  as  to g r e a t l y  s peed  c o n v e r g e n c e  o f  the  

a l g o r i t h m .  F e i n u p  p r o p o s e s  the  use of  t h i s  method to s o l v e  

t he  phase pr obl em o f  s p e c k l e  i n t e r f e r o m e t r y .

I I . 5 S u p e r - r e s o l u t i o n

The e x t r a p o l a t i o n  of  t he  f r e q u e n c y  s p e c t r u m of  a 

l o w p a s s  f i l t e r e d  s i g n a l  i s  c a l l e d  s u p e r - r e s o l u t i o n ,  b e c a u s e



i t s  e f f e c t  i s  to i n c r e a s e  t he  a p p a r e n t  d e t a i l  or  r e s o l u t i o n  

o f  the r e c o n s t r u c t e d  s i g n a l .  A number  o f  t e c h n i q u e s  have  

been pr opos ed to e x t r a p o l a t e  t h e  l o w - f r e q u e n c y  s p e c t r u m .  

H a r r i s  [ 4 2 ]  pr opos ed a p p r o x i m a t i n g  the t r u e  s p e c t r u m by 

f o r mi n g  a we i gh t e d  sum o f  s i n e  f u n c t i o n s ,  wher e  t he  w e i g h t s  

a r e  t he  c o e f f i c i e n t s  o f  t he  d i s c r e t e  F o u r i e r  s e r i e s  o f  t he  

s i g n a l .  The e x t e n d e d  s pe c t r um a p p e a r s  to be s e n s i t i v e  to 

n o i s e  in t he  d a t a ,  h o we v e r .  B a r n e s  [ 4 3 ]  e xpands  t he  g i v e n  

p o r t i o n  of  t he  s pe c t r um i n  t e r ms  o f  p r o l a t e  s p h e r o i d a l  wave  

f u n c t i o n s  [ 4 4 ] .  I t  i s  shown by R u s h f o r t h  and H a r r i s  [ 4 5 ]  

t h a t  t h i s  method i s  a l s o  h i g h l y  s e n s i t i v e  to meas ur ement  

e r r o r ,  and t h a t  a c h i e v i n g  r e s o l u t i o n  much beyond t he  

d i f f r a c t i o n  l i m i t  w i t h  d a t a  of  r e a l i s t i c  a c c u r a c y  i s  

d o u b t f u l .  F r i e d e n  [ 4 6 ]  d e s c r i b e s  t he  'maximum e n t r o p y '  

a p p r o a c h ,  wh i c h  i s  p r o b a b i l i s t i c  i n  n a t u r e .  A l t h o u g h  

s u b s t a n t i a l  c o m p u t a t i o n  i s  r e q u i r e d ,  good r e s u l t s  have  been  

o b t a i n e d .  G e r c h b e r g  [ 4 7 ]  d e s c r i b e s  an i t e r a t i v e  scheme  

whi c h  he c a l l s  e r r o r - e n e r g y  r e d u c t i o n .  He shows t h a t  t he  

a l g o r i t h m  i s  l i n e a r  and t h a t  g i v e n  n o i s e - f r e e  d a t a  t he  

s o l u t i o n  c o n v e r g e s  to t he  t r u e  s p e c t r u n .  C o n v e r g e n c e  can  

be q u i t e  s l o w .  G e r c h b e r g  n o t e s  t h a t  e r r o r  i n  t he  

e x t r a p o l a t e d  p o r t i o n  o f  t he  s p e c t r u m due to meas ur ement  

n o i s e  i s  i n c r e a s e d  a t  e v e r y  i t e r a t i o n ,  t h e r e b y  l i m i t i n g  t he  

a c c u r a c y  o f  r e c o n s t r u c t i o n  p o s s i b l e  on r e a l  d a t a .  An 

a n a l y s i s  of  the  a l g o r i t h m  by Y o u l a  [ 4 8 ]  c a s t s  t he  probl em 

i n the form of  a l t e r n a t i n g  o r t h o g o n a l  p r o j e c t i o n s  on l i n e a r



s u b s p a c e s  of  a p a r e n t  H i l b e r t  s p a c e .  Hi s  a n a l y s i s  a l s o  

shows t he  i l l - c o n d i t i o n e d  n a t u r e  o f  t he  a l g o r i t h m .  In 

p a r t i c u l a r  he n o t e s  t h a t  t h e r e  i s  an opt i ma l  number of  

i t e r a t i o n s  a f t e r  whi ch  t h e  e r r o r  i n  t he  c o n t i n u e d  s pec t r um  

i n c r e a s e s  r a t h e r  than d e c r e a s e s ,  and t h a t  t h i s  number  

c a n n o t  in g e n e r a l  be known a p r i o r i .  S t i l l ,  t h i s  t e c h n i q u e  

seems  to be t he  mos t  s u c c e s s f u l  to d a t e ,  and an e s s e n t i a l l y  

i d e n t i c a l  a l g o r i t h m  has  been used by P a p o u l i s  [ 4 9 ]  to 

e x t r a p o l a t e  a t r u n c a t e d  b a n d - l i m i t e d  t i me  wavef or m.  

Ho we v e r ,  a new a l g o r i t h m  based on Y o u l a ' s  work has  r e c e n t l y  

been d e s c r i b e d  by Cadzow [ 5 0 ] ,  and i t  may pr ove  s u p e r i o r  

a l t h o u g h  i t  has  not  y e t  been t e s t e d  on n o i s y  d a t a .



CHAPTER III

LEAST SQUARES PHASE ESTIMATION

111 . 1  I n t r o d u c t i o n

In t h i s  c h a p t e r  I d e s c r i b e  a method o f  e s t i m a t i n g  t he  

phas e  s p e c t r u m o f  an o b j e c t  whose image i s  bot h  b l u r r e d  and 

n o i s y .  The method i s  v e r y  s i m i l a r  to power  s p e c t r a l  

d e n s i t y  ( PSD)  e s t i m a t i o n ,  and s ho u l d  have a p p l i c a t i o n  i n  

the same s i t u a t i o n s .  The b a s i s  o f  t he  method i s  t he  use of  

t he  Knox-Thompson e s t i m a t e  of  phas e  d i f f e r e n c e s .  S e c t i o n

1 1 1 . 2 c o n t a i n s  a b r i e f  e x p l a n a t i o n  of  t he  f u n d a m e n t a l s  o f  

s p e c k l e  i n t e r f e r o m e t r y  and t he  Knox-Thompson e s t i m a t o r .  

However ,  f o r  d e t a i l e d  a n a l y s i s ,  t h e  work o f  Knox [ 1 5 ]  

s h o u l d  be c o n s u l t e d .  In s e c t i o n  I I I . 3 t he  l e a s t - s q u a r e  

phase  e s t i m a t e  i s  d e r i v e d ,  as we l l  as  a f a s t  d i r e c t  F a s t  

F o u r i e r  T r a n s f o r m  ( F F T )  based a l g o r i t h m  to s o l v e  t he  

r e s u l t i n g  e q u a t i o n s .  S e c t i o n  I I I . 4 w i l l  d i s c u s s  t he  

a l g o r i t h m  p e r f o r m a n c e  i n  t e r ms  o f  speed and i n t e g r a t i o n  

e r r o r ,  and s e c t i o n  I I I . 5 w i l l  compare t he  l e a s t - s q u a r e  

phase  e s t i m a t e  w i t h  a t wo - pa t h  l i n e  i n t e g r a l  phas e  e s t i m a t e  

f o r  v a r i o u s  SNR on s i m u l a t e d  d a t a .  The e f f e c t s  o f  s p a t i a l  

wi ndows on t he  e s t i m a t e s  w i l l  a l s o  be n o t e d ,  as  w i l l  t he  

use of  phas e  d i f f e r e n c e  i n f o r m a t i o n  d e r i v e d  from the second  

s h i f t  term of  t he  t r a n s f o r m  a u t o c o r r e l a t i o n .  F u r t h e r



r e f i n e m e n t  o f  t he  pha s e  e s t i m a t e s  w i t h  a G e r e h b e r g - S a x t o n  

a l g o r i t h m  i s  d e mo n s t r a t e d  i n  s e c t i o n  6 .  T h i s  s e c t i o n  a l s o  

c o n t a i n s  a p r o o f  o f  t he  c o n v e r g e n c e  o f  t he  a l g o r i t h m  in  

t h i s  a p p l i c a t i o n ,  and a p r o o f  o f  t he  p o s s i b l e  

n o n - c o n v e r g e n c e  of  a s i m i l a r  r e f i n e m e n t  o p e r a t i o n  on the  

ma gni t ude  s p e c t r u m.

I I I . 2 Rev i ew o f  S p e c k l e  I magi ng

As me n t i o n e d  i n  t he  i n t r o d u c t i o n ,  a t m o s p h e r i c  

t u r b u l e n c e  c a u s e s  a v a r i a t i o n  i n  the  r e f r a c t i v e  i n d e x  of  

t he  o p t i c a l  p a t h .  T h i s  i s  model ed by a p o i n t  s pr e ad  

f u n c t i o n  ( PSF )  whi ch  v a r i e s  i n  both the t i me  and s p a t i a l  

c o o r d i n a t e s  o f  t he  i magi ng s y s t e m .  The r e s u l t i n g  b l u r r i n g  

p r o c e s s  must  be model ed as  a c o m p l i c a t e d  s u p e r p o s i t i o n  

i n t e g r a l .  However ,  i f  t he  i magi ng i s  r e s t r i c t e d  to 

s u f f i c i e n t l y  s ma l l  s o l i d  a n g l e s ,  t he  PSF i s  n e a r l y  

s p a t i a l l y  s h i f t - i n v a r i a n t . F u r t h e r m o r e ,  f o r  s h o r t - e x p o s u r e  

i m a g e s ,  L a b e y r i e  showed t h a t  t he  p h y s i c a l  p r o c e s s  i s  

a p p r o x i m a t e l y  c o n v o l u t i o n a l .  The e x p o s u r e  t i m e s ,  t y p i c a l l y

5 to 10 m i l l i s e c o n d s ,  a r e  so s h o r t  t h a t  t he  a t mo s p he r e  can  

be r e g a r d e d  as  a f i x e d  o p t i c a l  medium,  whose i n d e x  of  

r e f r a c t i o n  r e ma i n s  s p a t i a l l y  random.  The p r i m a r y  e f f e c t  of  

the a t mo s p he r e  on eac h s h o r t - e x p o s u r e  pho t o g r a p h  i s  to 

i n t r o d u c e  a random phas e  component  to the s p e c t r u m ,  c a u s i n g  

c o n s t r u c t i v e  and d e s t r u c t i v e  i n t e r f e r e n c e  o f  t he  l i g h t  

waves  to o c c u r  r andoml y  i n  t he  image p l a n e .  As a r e s u l t ,  

t he  p h o t o g r a p h s  a r e  composed o f  many s ma l l  p a t c h e s  o f



l i g h t ,  or s p e c k l e s ,  hence  t he  name s p e c k l e  i ma g i n g .

C o n s i d e r  an i n c o h e r e n t  i magi ng  sys t em w i t h  i n t e n s i t y  

d i s t r i b u t i o n  i ( x ) ,  where x i s  a 2 - d i m e n s i o n a l  p o s i t i o n  

v e c t o r  d e s c r i b i n g  a l o c a t i o n  i n  t h e  f o c a l  p l a n e  o f  t he  

s y s t e m .  Over  a s h i f t - i n v a r i a n t  ( i s o p l a n a t i c ) r e g i o n  i ( x ) 

i s  r e l a t e d  to t he  o b j e c t  i n t e n s i t y  d i s t r i b u t i o n  i 0^x  ̂ by 

c o n v o l u t i o n ,  as

i ( x) = j i 0 (a ) s( x + f a / z )  da , ( 1 )

wher e  s ( a ) r e p r e s e n t s  t h e  i n s t a n t a n e o u s  p o i n t - s p r e a d

f u n c t i o n  ( P S F )  of  t he  a t m o s p h e r e - t e l e s c o p e  c o m b i n a t i o n ,  f

i s  the e f f e c t i v e  f o c a l  l e n g t h  o f  t he  t e l e s c o p e ,  and z i s

t he  d i s t a n c e  between t he  o b j e c t  and t e l e s c o p e .  The F o u r i e r

t r a n s f o r m a t i o n  of  t h i s  e q u a t i o n  i s

I ( u ) = I Q ( f u/  z) S( u) , (2 )

wher e  c a p i t a l  l e t t e r s  d e n o t e  t he  F o u r i e r  t r a n s f o r m  o f  t he

l o w e r - c a s e  q u a n t i t y .  B e c a u s e  c o n v o l u t i o n  i s  a l i n e a r

o p e r a t i o n ,  a 1 o n g - e x p o s u r e  image can be e q u i v a l e n t l y

r e p r e s e n t e d  by t he  a v e r a g e  o f  t he  F o u r i e r  t r a n s f o r m s  o f

many s h o r t - e x p o s u r e  i mages  i n  t he  F o u r i e r  domai n ,  as

< 1 ( u) >=I  ( f u / z ) < S ( u ) > , ( 3 )

where  the a n g l e  b r a c k e t s  d e n o t e  a v e r a g i n g .  I t  has  been

shown both t h e o r e t i c a l l y  and e x p e r i m e n t a l l y  t h a t  < I ( u ) >  i s

a na r r o w f u n c t i o n ,  i . e .  has  a l ow c u t o f f  f r e q u e n c y .  The

h e a r t  of  L a b e y r i e ' s  t e c h n i q u e  i s  t he  f a c t  t h a t  unde r  t he

c o n d i t i o n s  r e q u i r e d  to pr o d u c e  s p e c k l e  i mages  t he
_  2

n e a n - s q u a r e  OTF {< I S ( u ) I >)  has  n o n - z e r o  ma g n i t u d e  out  to



.

the d i f f r a c t i o n - l i m i t  o f  t he  t e l e s c o p e .  The phase of  t he  

image t r a n s f o r m s  has  s u f f e r e d  a random phas e  p e r t u r b a t i o n ,  

h o we v e r .  I f  one a t t e m p t s  to a v e r a g e  d i r e c t l y  many 

s h o r t - e x p o  s u r e  i mages  or  t h e i r  t r a n s f o r m s  t he  random p h a s e ,  

whi c h  i s  mos t  pr onounc e d  a t  t he  h i g h e r  f r e q u e n c i e s ,  c a u s e s  

a c a n c e l l a t i o n  o f  t he  h i gh  s p a t i a l  f r e q u e n c y  e n e r g y .  T h i s  

c a n c e l l a t i o n  can be a v o i d e d  i f  one a v e r a g e s  i n s t e a d  the  

s q u a r e d  modul us  o f  t h e  t r a n s f o r m s ,  a s  f i r s t  shown i n  t h i s  

c o n t e x t  by L a b e y r i e  [ 1 ] .  T h i s  a v e r a g i n g  e s s e n t i a l l y  

i g n o r e s  t he  phase  c o n t r i b u t i o n ,  w h a t e v e r  i t  may be .  T h u s ,  

one forms

<I ( u ) I  ( u ) > = I Q( f u / z ) I o ( f u / z ) < S ( u ) S * ( u)> (4)

or  e q u i v a l e n t l y

< | l ( u ) | 2> = | l o ( f u / z ) | 2 < | S ( u ) | 2 >. ( 5)

The s quar ed  modul us  o f  the  OTF i s  t hen  a p p r o x i ma t e d  by 

o b s e r v a t i o n s  o f  an u n r e s o l v a b l e  p o i n t  s t a r ,  and t he  PSD o f  

the o b j e c t  i s  c a l c u l a t e d  by s i m p l e  i n v e r s e  f i l t e r i n g ,  as

| I Q ( f u / z ) f 2 = < | I ( u ) | 2 > / < | S ( u ) | 2 >.  ( 6)

I t  i s  w e l l  known t h a t  i n v e r s e  f i l t e r i n g  i s  o f t e n  

i n a d e q u a t e  s i n c e  i t  t e n d s  to a m p l i f y  n o i s e  a t  t h o s e  

f r e q u e n c i e s  wher e  t h e r e  i s  l i t t l e  o r  no e n e r g y  i n  t he  OTF.  

I t  has not  been found n e c e s s a r y  i n  our  work to use  o t h e r  

f i l t e r i n g  s t r a t e g i e s ,  ho we v e r ,  f o r  t he  f o l l o w i n g  r e a s o n s .  

F i r s t ,  b e c a u s e  i t  has  e s s e n t i a l l y  a t r i a n g u l a r  or  B a r t l e t t  

f r e q u e n c y  r e s p o n s e ,  t he  PSD o f  t he  OTF has  a p p r e c i a b l e  

e n e r gy  i n  a l l  s p a t i a l  f r e q u e n c i e s  out  to t he  a b s o l u t e
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f r e q u e n c y  c u t o f f  i mposed by t he  d i f f r a c t i o n - 1 i m i t  o f  t he  

t e l e s c o p e .  S e c o n d ,  t h e r e  i s  n o n - n e g l i g i b l  e n o i s e  e n e r g y  i n  

our  me a s u r e me n t s ,  and a v e r a g i n g  t o g e t h e r  many n o i s y  

o b s e r v a t i o n s  t e n d s  to put  some n o i s e  e n e r g y  i n  a l l  the  

f r e q u e n c i e s .  I f  enough i mages  a r e  a v e r a g e d ,  t he  i n v e r s e  

f i l t e r i n g  o p e r a t i o n  i s  s t a b l e .

PSD e s t i m a t i o n  i s  p r e s e n t l y  a w e l l - e s t a b l i s h e d  

t e c h n i q u e  i n many f i e l d s ,  and i s  d e s c r i b e d  i n  a number of  

t e x t s  [ 5 6 - 5 8 ] .  By t he  W e i n e r - K h i n t c i n e  t heorem t he  PSD and 

t he  a u t o c o r r e l a t i o n  o f  a g i v e n  f u n c t i o n  a r e  a F o u r i e r  

t r a n s f o r m  p a i r .  T h e r e f o r e  t he  L a b e y r i e  e s t i m a t e  i s  

e q u i v a l e n t l y  r e p r e s e n t e d  as  t he  o b j e c t  a u t o c o r r e l a t i o n .  

T h i s  i s  s u f f i c i e n t  f o r  c h a r a c t e r i z i n g  c e n t r o s y m m e t r i c  

o b j e c t s  and f o r  m e a s u r i n g  i n t e r s t a r  d i s t a n c e s  f o r  b i n a r y  

s t a r s .  However ,  w i t h o u t  knowl edge  of  t h e  o b j e c t  p h a s e ,  no 

o b j e c t  r e c o n s t r u c t i o n  c a n  be made i n  t he  g e n e r a l  c a s e .

The PSD can a l s o  be d e s c r i b e d  as  t h e  z e r o - s h i f t  term 

i n  the a u t o c o r r e l a t i o n  of  t he  F o u r i e r  t r a n s f o r m .  The 

Knox-Thompson e s t i m a t o r  i s  s i m i l a r  to t h a t  o f  L a b e y r i e  i n  

t h a t  i t  u s e s  t e r ms  ( o t h e r  t han t he  z e r o - s h i f t  t er m)  from 

t he  s t a t i s t i c a l  a u t o c o r r e l a t i o n  o f  t he  image t r a n s f o r m ,  

t h i s  t i me to e s t i m a t e  phas e  d i f f e r e n c e s .  Form the p r o d u c t  

<1 ( u 1 ) I ( u 2 ) > = I 0 ( fu-, /  z) I Q( f u ^/ z )  <S( u-j) S ( 0 2 )>.  ( 7)  

I f  I o ( u ) i s  r e p r e s e n t e d  i n  p o l a r  form

I q ( f u / z ) = | I Q( f u / z ) | e x p { j 0 ( f D / z ) } ( 8 )

t hen i t  i s  e a s y  to see  t h a t  t he  phase  d i f f e r e n c e s  can  be



r e c o v e r e d  from t he  e x p r e s s i o n  

< I ( u ,  ) I * ( u ? ) > | < S ( u , ) S * ( u 2 )>|
I - / -  . > I ; c \'c *  / ~=" T T  = e x p { j 9 ( f U p / z  ) - j e  ( f  u , /  z ) }  • ( 9 )
I < I ( u ^) I ( u ^) > | <S ( u. j ) S ( u2 ) > 1 1

The l i m i t a t i o n s  o f  t h i s  a p p r o a c h  a r e  d e r i v e d  t h e o r e t i c a l l y

by Knox i n  h i s  t h e s i s ,  a s s u mi n g  t h a t  t he  e f f e c t s  o f

a t m o s p h e r i c  t u r b u l e n c e  a r e  a d e q u a t e l y  a p p r o x i ma t e d  by a

random pha s e  model  w i t h  l a r g e  v a r i a n c e ,  i . e .  g r e a t e r  t han

one w a v e l e n g t h .  ( W h i l e  i t  i s  known t h a t  some random

a m p l i t u d e  v a r i a t i o n s  a r e  a l s o  i n t r o d u c e d  by t he  a t m o s p h e r e ,

i t  i s  g e n e r a l l y  agr e e d  t h a t  t he  phas e  v a r i a t i o n s  have a

much g r e a t e r  e f f e c t  on i mage f o r m a t i o n ) .  L a r g e - s c a l e  phase

v a r i a t i o n s  a r e  removed by r e c e n t e r i n g  the s p e c k l e  i mages

about  t h e i r  c e n t r o i d s ,  so t h a t  t he  r e ma i n i n g  phase

v a r i a t i o n  i s  V ( x ) = exp { j  <f>( x) } ,  wher e  <f>(x) i s  a s t a t i o n a r y

G a u s s i a n  random p r o c e s s .  Knox shows t h a t  the  mean OTF can

be w r i t t e n  as  a p r o d u c t  o f  f u n c t i o n s  d e s c r i b i n g  s e p a r a t e l y

t he  e f f e c t s  o f  t he  a t mo s p h e r e  and t he  t e l e s c o p e ,  and t h a t

the a t m o s p h e r i c  ' s e e i n g '  d e f i n e s  t h e  c u t o f f  f r e q u e n c y  o f

the mean OTF.  Hi s  a s y m p t o t i c  e v a l u a t i o n  o f  t he

a u t o c o r r e l a t i o n  of  the  OTF i n d i c a t e s  t he  p r e s e n c e  o f  a b i a s

term w i t h  n o n - z e r o  v a l u e  out  to the d i f f r a c t i o n - l i m i t  i f

both u ] and u  ̂ a r e  z e r o ,  or  i f  t h e y  a r e  both l a r g e  and

t h e i r  d i f f e r e n c e  i s  s m a l l .  The p r e s e n c e  of  t h i s  b i a s  term

f o r  u •] and u 2 s ma l l  i s  assumed on p h y s i c a l  g r o u n d s ,  s i n c e

i t  i s  p r e s e n t  i n  t he  l i m i t  wh e t h e r  û  and u  ̂ grow l a r g e  or

a p p r o a c h  z e r o .  ( T h i s  i n t u i t i o n  seems to be j u s t i f i e d  bas ed

on the r e s u l t s  o f  s i m u l a t i o n s ) .  Knox a l s o  shows t h a t  t he



technique is quite insensitive to telescope aberrations. 

He notes that it is sensitive to noise and that for best 

results the distance between u-j and U 2 should be kept 

small, so as to maximize the SNR.

III.3 Derivation of the Least-Sq ua re s Phase Integrator

Since phase estimation appears to be the primary 

difficulty in imaging through the atmosphere, one would 

like it to be robust, make maximum use of the data (in some 

sense), and be cheap computatio na lly.  Phase estimation by 

averaging a few line integrals is easy to compute, but 

obviously makes only limited use of the phase difference 

data, and as a result produces phase estimates of greater 

variance than might be desired. It also requires the use 

of arithmetic performed modulo 2 n (in order that the 

averaging of different paths be consistent), and delivers 

the principal value of the phase, rather than the phase 

itself. A 1e a st-squares approach has the well-known 

advantage of satisfying a tractable objective function. In 

addition, it does use the data in a more 'general' way, and 

in practice leads to a robust estimator in noise whose 

statistics approximate (sometimes quite loosely) the 

Gaussian. It requires only conventional arithmetic (with 

the proviso that the Fourier transform be sampled closely 

enough so that the phase differences are themselves less 

than 2 ’O  , and it returns an 'unwrapped', or non-principal 

value phase estimate. The difficult y to date has been the
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huge dimensionality of the problem. As in many other image 

processing problems, an image represented by an array of 

256 by 256 discrete points expands to a linear system of 

equations having 65536 equations in as many unknowns. 

Iterative numerical schemes have previously been proposed 

to solve the problem [20-23]. However, equally accurate 

and much faster direct algorithm s are available, as noted 

in Chapter II.3.

We have chosen an FA algorithm for the following 

reasons. First, since we are restricted to digital 

processing of the speckle images, our use of the FFT 

already requires the appropriate dimensioning of image 

arrays, and no further restriction is encountered. Second, 

the algorithm is nearly as fast as FACR, but is much less 

di fficult to code. Third, it has a neat m o dular structure 

that allows its use on mi nicomputers with very small 

co re -memory stores. In the following we will present the 

derivation of the least-squares  equations and two solution 

algorithms. The first assumes non-periodic boundary 

conditions, and so is an approximation. It might prove 

useful should optical Fourier transform techniques be used 

in data processing. For our work the periodicity of the 

discrete Fourier transform (DFT) implies periodic boundary 

conditions, however, and in this case the second algorithm 

is e x a c t .



Consider a rectangular sampled image transform of 

dimension K*M, and denote the phase associated with point 

(i,j) by We define noisy phase diff erences in the two

II  1 . 3 . 1  The Normal e q u a t i o n s

directions by

and

iJ iJ i-l .J iJ

i j i j l ,J-1 i J 

where e . .  and n-- represent deviations from the true phase
1 J 1 J

differences associated with the object. Our obje ct iv e is
A

to obtain estimates <J> • • at each point in the image
* J

transform by integrating the noisy phase differences. The 

problem is o v e r - d e t e r m i n e d , and we use a 1 east-squares 

approach to phase estimation.

We assume that the noise statistics are 

shift-invariant and define the sum of squared errors by 

M N
€ = y y r ( r .+4>. i . )  + ( c . .  - $ .  .+<}>• > i )  ] 

1 i 1 j £ T i J T-l.J U  T ,J - 1 y J
( 1 0 )

initially assuming that <j>. . is zero outside the image
i J

array. Differentiating (1 0) with respect to 4*^ and 

equating the result to zero leads to the following 

equations:

4* . . -<fr . -1 • — $ ■ . -i .~6 . . i — 4* • . ., =r . . — r * , -i 4^*o-*“C. 
ij  i - l , J  l + l . i  l . J-1  i . J  + 1 10 l + l »J iJ i , J  + l

2<i <M-1 , 2< j <N -1 (11 ) 

34>i j " ^ 2 j ^ i  , j - r * i  j + r c i j _ c i j + r r 2 , j

i =1 , 2<j <N-l  ( 1 2 )
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( 1 3 )

i = M , 2 < j < N -1

3 * i , l “* i , 2 " * 1 - 1 ,1 ’ *1 + 1 ,1 ri, l " r i + l , l ' c i , 2
(14)

2 < i < M - 1 , j = l

3 ^ i , N ~ ‘*>i - l , N “ <̂i + l,N"<t)i fN - l ==ri,N" r i+l,N + C i,N (15)

2 < i < M -1 , j = N

2<J>n " <*>2 l “ (?>12  = “ r 2 1 _ c 12 (16)

i = j = l

2 *1 ,N"^2 ,N" ^ 1 ,N-l ""r 2 ,N + c l ,N (17)

i = l , j =N

24>M , 1 " * M - 1  , T * M , 2  rM , r CM , 2 (18)

i = M , j=l

2 <̂ M , N ~ ^ M-1 ,N~^M, N- l- r M,N + CM,N

1=M, j =N

(19)



Equation (11) is valid at an interior point of the image 

transform array, (12)-(15) at the edges, and (16)-(19) at 

the corners. However, if the phase array is assumed to be 

periodic, as it is in our work with the speckle images 

because of the per io di ci ty  of the DFT, then (11) is valid 

for all points l<i<M, 1 <j< n , provided i-1 and j-1 are taken 

modulo M and N.

The equations and the algorithms for solving them in 

the periodic and aperiodic cases differ slightly, and the 

algorithms will be described separately. In both cases, 

the equations to be solved are analogous to those which 

arise in solving Poisson's equation on a rectangle using 

the standard five-po int  finite difference appro xi ma ti on  

[24-28]. In particular, we discuss two variants of an 

FFT-based algorithm described in [28].

II I . 3.2 The Aperiodic case 

We first define

v..=r..-r.,, .+c..-c. (2 0 )
ij  i + l , J  iJ i , J + l

where r.. and c-- are noisy phase differences. We then 
ij iJ J y

consider the v^j to be arranged in a block column vector, 

with v^j being the jth el ement of the ith block. The phase 

elements ♦ . - are ordered in an identical manner. For large 

M and N (the usual case in image processing), (11)-(19) can 

be approximated by the system of matrix equations

A<j> = v (21 )

where the coe fficient matrix A has the block form
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wi th

-I A

■I

-I

A =

4

-1

■1

4 -1

A = 
o

*-1

-I A

-I

-J

A

4

-1

-1

4
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( 2 2 )

(23)

A is block tri-diagonal of block dimension K*N, I is the 

N*N identit y matrix, and A Q is an N*N tri-diagonal matrix.

The block matrix can be written in the alternative 

form ,

A 0 * 1 “* 2 = v 1 l»l, (24)

- * t - l +Ao V * t + r V t 2<!<H-1, (25)

and

"^M-l +^ o ^ M = VM S- = M. (26)

Since A q is symmetric, there exists an orthogonal matrix Q

with Q'Q=I, where the prime denotes matrix transpose, and

Q ' A o Q = D 0 . (27)

As is well known, the matrix Q has as its columns the

ec ti 

1 / 2

normalized eig envectors of AQ , so

q ij= ^lT+T^ s 1'n (jT+r) i,j = l,2,...N (28)
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Note that for this case Q=Q'. D0 is a diagonal matrix 

whose diagonal elements are the eigenvalues of A0 :

(29)°0 . . = 4 -2 cos(S T T ) 
1 1

Using (27), we can write (24)-(26) in the form

.  _

and

where

and

A1 ternati v e l y ,

-I

, + D   ̂ Vy M-l o M M

(j) . = Q 1 <j) .

v . = Q ' v . 
l i

-I

°o -1

-I D
(

-I

-I

D

<f> = v

(30)

(31)

(32)

(33)

(34)

(35)

Permuting the rows and columns of this coe ff ic ie nt  matrix 

by grouping the 1 th equation in each block together results 

in the alt er na ti ve  coefficient matrix

A =

1

(36)
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In other words, the original block tri-diagonal system can 

be decomposed into M decoupled tri-diagonal systems, each 

of which can be quickly solved using Gauss elimination. 

Having solved these de coupled systems, we then undo the 

permutation described above and premultiply the result by Q 

to obtain the solution to the original system.

We see from (28) the the diagona li za tion  process 

esse nt ia lly amounts to calculating a DFT. If N+l and M+l 

are highly composite, in particular if they are powers of 

2 , this computation can be performed rapidly using the fast 

Fourier transform (FFT) algorithm. To accomplish this, we 

first define for each k

(38)

and

(39)

'0 1 =  0

R e { t = <vk£. {'= 1 >2

O II Z +

Im{tJl} = 0

oII



Then

- ? 1 / 2

v l a = ( N T T } Im{ D F T  (t ̂  )} * = 1 , 2 , . . . N
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(4C)

where the DFT is defined by

2 ( N + n - 1 1k 2

D F T ( t ‘ )' J o  t n expCH ^ T T ]
(41)

Storage requirements and computation time can be 

further reduced by taking advantage of the even and odd 

symmetry properties of the DFT. Because they are well 

known, we do not discuss them here, although our programs 

do incorporate them.

111. 3.3 The Periodic case

The strategy in the periodic case is similar to that 

outlined above. In this case, the coefficient matrix is 

the block circulant  matrix

where

C =

C = 
o

-I

-I

4

-1

-I

C

0 . . .  -I 

-I . . .  o

0.  . .-I

■ 1 

4

0

-1

-1

0

(42)

(43)

-1 -1



For this case, Q = Q 1 . Q has as two of its columns

(1 /N )V 2 (1 , 1 ..... 1 )' and (1/N)V 2 (1 , - 1 , 1 ...... -1)', with

cor re sponding simple ei ge nvalues 2 and 6 , respectively. In 

addition, there are (N-2 /2 ) double eigenvalues

Y jl = 4-2 c o s (2tt£/N) H=1 , —  (N-2)/2 (44)

each associated with a pair of eigenv ec to rs

U ) , 2 x1 / 2  . / k £ 2ir \ 
ek N S 1 n ( ^ j )  (45)

and

N (46)

Diagon al iz at ion is again carried out using the FFT. 

In this case, we require N to be highly composite, 

preferably a power of two. After diagonaliz at ion and 

permutation as in the aperiodic algorithm, the decoupled 

block co ef ficient matrices become

r £ =

Y £ - 1

0 -1

-1

0 .

-1 0

-1

-1 

0 

. 0 (47)

where

Y Jl = 4-2 cos (2it£,/N ) , £=0,1,. ..N/2 (48)

As described above for the aperiodic case, these decoupled 

systems can now be solved separately. The permutation and



diago na lization opera ti ons  are then reversed to obtain the 

solution to the original system of equations.

There are some important dif fe re nc es  between the 

periodic and aperiodic cases. First, r Q is singular, 

reflecting the singularity of C. If the first row and 

column of rQ are deleted, a solution is obtained which 

satisfies the original equations and which differs from any 

other solution by an additive constant. This ambiguity can 

be resolved in our case by noting that the phase at the 

origin must be zero.

Second, the remaining blocks of coeffic ie nt s are not 

tri-diagonal since they have non-zero corner elements. 

This situation can be dealt with using the Sher ma n- Morrison 

formula [28], which states that if A=B + u v ', where u and v 

are column vectors, then

A- 1 =B- 1 + B- 1u ( 1  + v'B-  ̂ u ) - 1 v 1 B " 1 

If v contains only one nonzero element, the correc ti on  is 

quickly obtained. Since most of the eigenvalue s are of 

order two, two blocks can usually be solved at once, 

thereby compens ati ng  somewhat for the additional 

computation involved in the Sherman-Morri son formula. A 

further saving is realized from the increased effici en cy  of 

the FFT in diagona li zin g the periodic structure.

III.4 Algorithm per fo rmance

A number of tests were run with both the periodic and 

aperiodic integration algorithms to determine their



accuracy. The first tests related to the propagation of 

numerical errors ir respective of any m e asurement errors in 

the data. The other tests examined the propagation of 

measu r e m e n t  error in the integrated solution.

The first tests were as follows. An appropriately 

dime nsioned file was filled with Gaussian distributed 

random noise of standard deviation 1. The discrete Poisson 

differential operator produced another file, which upon 

integration was compared to the first. Typical results for 

the algorithms are summarized in Tables 1 and 2.

Integration time for the 255*255 aperiodic array was 

about 200 seconds on our single user PDP-10 computer. (It 

has floating point add and multiply times of about 5 us and

11 us, respectively). Approx i m a t e l y  175 seconds were spent 

on the FFT computations. Because the periodic algorithm is 

better suited to an FFT im plementation, the 256*256 problem 

required only 135 seconds, of which appr ox imately 100 

seconds were spent on the FFT. Corrections by the 

Sherman-Morri son formula required only about 10 seconds.

Previous res ea rchers have indicated the stability of 

the growth of the mean squared error (M S E ) in the 

in tegrated solution due to errors in estimating the phase 

differences when the 1 e a st-squares approach is used. Both 

Fried and Hudgin estimated the growth as logarithmic with 

increasing array size. Based on simulations with small 

arrays, Fried found that a good fit to the mean square
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Table 1. Error in the estimated phase due to numerical 

errors when using the aperiodic integrated
algori  thm.

Array  S i z e Maximum error SSE Norm

1 5x15 . 3 3 x 1 0 -6 . 1 4 x 1 0 -1 3

31x31 . 4 8 x 1 0 " 6 . 1 8 x 1 0 ” 13

63x53 . 9 x 1 0 ” 5
-1 2 

. 1 8 x 1 0  1

1 2 7 x 1 2 7 . 8 x 10~5
-1 2 

. 3 7 x 1 0  '

2 5 5 x2 5 5 . 2 3 x 1 0 -5 . 8 0 x l 0 _ 1 1

Table 2. Error in the estimated phase due to numerical 
errors when using the periodic integrated
algori  thm.

Array  S i z e Maximum Error SSE Norm

16x16 . 2 1 x 1 0 -6 . 7 3 x l 0 " 14

3 2x32 . 6 6 x 1 0~6 . 9 8 x l 0 " 13

64x64 . 9 8 x 1 0~6 . 8 3 x 1 0 “ 12

1 2 8 x 1 2 8 . 2 0 x 1 0~5
-1 2

. 4 1 x 1 0  xc

2 5 6 x 2 5 6 . 4 8 x 10 -5 . 4 6 x 1 0 ” 1 1



reconstruction  error could be made with the function

e = 0 pd C ■3205 1 n (N ) + . 6558] (49)
2

where o ^ is the varian ce of the errors made in estimating 

the phase differences. Similarly, Hudgin obtained the 

function

e = o 2 .[.103 1 n (N ) + .561] (50)pd

Hunt derives an expre ss ion  for the error based on periodic 

boundary conditions, whi ch  he gives as

e = ( o ^ / N  2) { £[2sin(iTT/N)/4-2cos(2ni/N)-2cos(2TTj/N))]
i 3 , ? , „

+ [2 s i n( j tt/N )/(4-2 co s( 2 iri/N )-2 cos{ 2 Trj/N )) ] }. (51)

He shows that the mean square error in the integrated phase

estimate predicted by his trigonometric express io n has the

form of the emp irically derived logarithmic expr essions of

Fried and Hudgin. He also notes that upon plotting the

results there is a d i s tinct offset between his predictions

and the results of the other two. This o ffset is ascribed

to the different ways in which their algorithms actually

handled the boundary conditions. A plot of these three

curves together with typical solutions from our periodic

algorithm is found in Fig. 1.

The stability of the recon st ru ct ions  with increasing 

array size is en couraging. Note also that the MSE of the 

reconstructed phase esti ma te s is actually less than the 

variance of the phase di fference m e a s u r e m e n t  error for 

array sizes up to 256*256. Because of the perio di ci ty  of 

the DFT Hunt's as su mption of periodic boundary conditions



—  Fried

-----  Hudgin

Hunt

Typical least-square solutions

16 32 64 128 256 N

Growth of the ratio of mean square error in the 
integrated phase estimate to the variance of the error in 
measuring phase differences as a function of array size N.



is exactly s a t i s f i e s  and our results agree quite well with 

his an alytically derived result.

III.5 Phase Estimation on Simulated Data

Sim ulati ons were used extensively to evaluate the 

effe ctiveness of the various estima ti on  procedures 

discussed in this research. The m ethod of generating 

synthetic data is described below. Note that the resulting 

synthetic data base is common to all the simulations in 

thi s di ssertation.

A synthetic birary star was constructed of a separable 

triangle of height 1 and a shifted and scaled version of 

itself; it is shown in Fig. 2a. It is defined on a 64*64 

array and has a region of support of 18 pixels. Its 

associated magnitude  and phase spectra are shown in 

Figs. 2b and 2c, respectively. (Note that the 

illu st rations of the frequency spectrum are represented in 

the base band with the zero frequency in the upper left 

hand corner. They are also transp os ed  relative to the 

intensity object, to save processing time. This convention 

will hold thr ou gho ut  the dis sert at io n). This objec t is 

blurred by a digital process imitating the effects of 

atmospheric turbulence. We assume that the distortions can 

be described by a Gaussian phase model, and that these 

phase distortio ns  are the principal cause of image 

degradation. T h e s e  atmospheric effects were simulated by 

randomizing the phiase of the pupil function of the
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inc oherent imaging system.

A series of arrays of Gaussian random noise variables 

with unit varia nce  was generated from a random process 

which was zero mean, unit variance, and u n c o r r e l a t e d . 

Corr el ated noise was produced by filtering these arrays by 

the technique described in Knox [15], with the co rr elation 

length correspond in g to a turbulence cell size of 11 inches 

across a 56-inch telescope. Fig. 3 shows one of these 

random number arrays. The point-spread function of the 

digital corre la ti on filter is shown in Fig. 4. A 

correlated noise array is illustrated in Fig. 5. Each 

co rr el ated noise array was used as the phase 9(k) of a 

complex pupil function whose magni t u d e  equaled the aperture 

function A(x) of Fig. 6 . The pupil functions were inverse 

Fourier transformed and the squared modulus formed yielding 

a set of 45 different point-spr ea d functions. One of these 

is shown in F i g . 7.

An in de pendent set of 45 point-spread functions was 

similarly generated. These were convolved with the double 

star image of Fig. 2 to yi el d the set of 45 blurred images 

i (x), one of which is shown in Fig. 8 . These blurred 

double star images represent the short-expos ure photographs 

which are then input to the Kn ox-Thompson procedure.

To examine the sensitivity of this technique to sensor 

noise, we performed a series of simulations with di fferent 

levels of sensor noise present. The sensor noise model is
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based on a semi-classical approach to photon detection. In 

this model, the number of p hotoelectrons released from a 

small region of area A centered at a point (x,y) in the 

image plane is taken to be a Poisson random variable with 

mean

x= Cn I ( x ,y) / hv] t a A .

In this expression, n is the quantum efficiency of the 

photodetector, h is Planck's constant, v is the mean 

optical frequency, x is the integration (exposure) time, 

and I(x,y) is the image intensity at point (x,y).

It is well known that both the mean and the variance 

of the above Poisson random variable are equal to X. Thus, 

the mean photoe lectron cu rr ent  produced by a detector at 

point (x,y) is proportional to the image intensity at that 

point, but so are the fl uc tu at io ns  in that current. If we 

define the SNR of the image at point (x,y) as the ratio of 

the square of the mean current to the variance of the 

current, we find that this SNR is just X. We can vary x, 

and therefore the SNR, by varying x (the inte gration time) 

or a A (the area over which the image is averaged).

An additional si mp lification  results if we assume that 

the number of p h o t o electrons is large. In this case, the 

photoelectric current will be appr ox im at el y Gaussian with a 

mean equal to its variance. We made this assu mp ti on  in our 

simulations. The SNR which we ascribe to a given simulated 

image is simply the m a x i m u m  of the point-by-point ratios of



squared mean to varia nc e as described above. This 

definition is somewhat arbitrary, of course, but this is 

not a serious problem since we are interested primarily in 

relative perf ormance as we vary the noise.

Results of the K n o x-Thompson restoration procedure, 

comparing both line integration and 1 east-squares 

integration for various SNR as defined above, are shown in 

Figs. 9a through 9 y . Although we would like to quantify 

the results in some perceptually sign ificant manner, no 

general perceptual distance metric has yet been defined for 

images, much less for the way in which phase errors might 

affect image formation. We d e fault then to SSE measures, 

and simply include illustrations of the various estimates 

and associated reconstructions. The WSSE measure  in the 

captions of the phase estimates refers to a weighted SSE 

measure where the weighting function is the m a g n itude of 

the object Fourier transform. The phase error measurements 

reflect the modulo 2n nature of the phase. For reference 

the object energy is 2.929 units and the sum squared total, 

or 'energy' of the phase, is 3860.642 units.

All the rec onstructions were based on the Labeyrie 

magnitude spectrum estimate. To minimize artifacts in the 

reconstructed image, these m a g n i t u d e  estimates were 

digitally low-pass filtered with a radially symmetric 

function which was const a n t  to 25 cycle s/ pi ct ure,  and then 

tapered to zero at 32 cycle s / p i c t u re  by me an s of a cubic
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spl i ne fun cti o n .

At a SNR of 5 dB, neit he r metho d gives a good 

ind ic ation of a second star. The 1 east-squa re s metho d is 

m o r e  localized, however, and does not show the presence of 

artifacts along the image coordinat e axes. At 10 dB the

1 e a s t - s q u a r e s  r e storation still shows only one star, while 

the line integral restor a t i o n  hints at the possibility of 

two stars. At 20 dB both recon s t r u c t i on s  indicate clearly 

the second star. The line integral version has more 

c o r r e c t l y  estima te d the relat iv e amplitudes of the stars, 

but also has many mo re artifacts. At 30 dB and 40 dB both 

m e thods have isolated the two stars. The 1 east -s qu ar es  

versio ns  are more nearly c o r r e c t  in relative amplitude and 

are less noisy. (The SSE m e a s u r e s  are somewhat confusing 

on the phase, where they get better as the estimate  gets 

worse. Note also the two SSE m e a s u r e s  on the reco ns tr uc te d 

objects. The first refers to the error over the entire 

field of view, the second to the error within the region of 

support of the star. For the line integral object 

reconstructions, both m e a s u r e s  behave erratically).

Both types of restor a t i o n s  have regions of negative  

light intensity. These nonphysical artifacts are a result 

of misestimation in the Fourier domain, and are quite 

common in deconvolution problems. They are called 

super-blacks in the literature [55]. In every case the 

peak negative light intensity is greater in m a g n i t u d e  in



the line integral resto rat ions than in the least-squares 

restoration, and has a m a g n i t u d e  of 10 to 2 0 percent of the 

positive 1 ight-intensity peak. The restorations  also tend 

to be smeared, and occupy a larger area in the field of 

view than the object. Less distracting is the fact that 

the restorations  are complex, instead of real. However, 

the magnit ude  of the imaginary part is generally about 2 

orders of m a g n itude less than the real part, and is 

entirely due to the phase estimate not having perfectly odd 

symmetry. In an effort  to further improve the 

reconstructions, a number of m o d i f i c a t i o n s  were tried.

The first m o d i f i c a t i o n  was the inclusion of phase 

difference information derived from the s e cond-shift term 

of the ACF of the image transforms. The necessary 

m o d i f i c a t i o n  of the periodic least-squares integration 

al g o rithm is straightforward. We experi me nt ed  with an 

integrator which weighted dif ferently the phase differences 

from the one- and two- shift terms, but found that the WSSE 

of the resulting estima te s was a m o n o t o n i c a l l y  increasing 

function of the weight applied to the second-shift data. 

This is c o n s i s t e n t  with Knox's analysis and recommendation 

that only on e-shift data be used.

We also exp er ime nt ed with the use of spatial domain 

windows applied to each speckle photograph. This is a 

common technique in spectral estima ti on  for segmenting long 

data sequences into m a n a g e a b l y  short lengths. The effect



is of course to conv olv e the transform of each speckle 

image with the transform of the windo w function before the 

averaging. The effects on the bias and variance of the 

subsequent PSD est imates are found in Jenkins' and Watts' 

text [56]. We wanted to improve the effective SHR by 

restricting ourselves to the brighte st  part of each speckle 

image. We also found in working with the real data that 

the Knox- T h o m p s o n  estimator seemed much less accurate than 

our si mu lations would indicate. We hy po th es iz ed  that it 

might be quite sensitive to the violation of the 

isoplanatic assumption, so we wanted to restrict the 

fi eld-of-view to more nearly a p p r o x i m a t e  i s o p l a n i c i t y .

Al th ou gh the effects of windowing on PSD estimates 

have been examined by many rese ar ch er s,  the effects on the 

Kn ox-Thompson estimato r have not been so catalogued. 

Therefore, we examined the effects of spatial windowing on 

the phase diff erence estimates by the same simulation 

techniques previously described. A series of blurred stars 

was created and processed with each one of three different 

spatial wi ndowing options to produce three different 

r e c o n s truetion s . In the first case each speckle photograph 

was multip l i e d  by a Fourier (rectangular) window of 

dimension 32*32. The second recon s t r u c t i on  used a radially 

symmetric w indow made by rotating a Hamming window of 

radius 20 about its central axis. The third reconstruction 

used no spatial window, and is that of Figs. 9o and 9p.



The example il lu strated in Fig. 10 was performed with a 

nominal SNR of 30 dB. In all three cases the same 

ma gnitude spectrum estimate (that of the unwindowed 

version) was used, so as to isolate the effects on the 

phase estimation. As before, the SSE m e a s u r e s  are found in 

the figure captions. Note that the use of a Fourier window 

degrades the results, althoug h the Hamming reconstruction 

is actually improved, at least in terms of SSE. This is 

not unexpected behavior. Similar behavior was observed in 

all other test cases and in processing the real data.

I I I . 6 Phase Refinement

As m e n t ioned in the literature review, the 

G e r chberg-Saxton algorithm was created to solve the phase 

problem of electron mi cr oscopy, where one has knowledge of 

the magnitude  of both a function and its Fourier transform 

but no knowledge of the phase in either domain. A flow 

chart of the algorithm is found in Fig. 11. The algorithm 

is almost directly  app li cab le  to the problem of phase 

estimation where one has knowledge of only the magni t u d e  

spectrum and the region of support of a real function and 

no knowledge of its phase spectrum. However, this 

relaxation of the required a priori kn owledge in troduces a 

serious non- u n i q u e n e ss  problem in the reconstructions, 

which has been d e monstrated empirically by Feinup [40]. 

(He has some experimental evidence to indica te  that the 

problem may not be as severe for compli c a t e d  two
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Fig. 10 Compari so n of the Effect of Different Spatial 
Windows on the Least-Squar e Reconstructions at 30 dB SNR



dimensional images, however). In this work we have sought 

to si de-step the possible problem of n o n - u niqueness  by the 

use of the l e ast-square K n o x-Thompson estimate as an 

initial a p p roximation to the correct phase spectrum. The 

hope is that it is 'close enough' in some sense to the true 

phase spectrum to allow the algorithm to converge  to the 

true phase.

The new algorithm  is pre sented in flow chart form in 

Fig. 12. The only changes are that instead of correct in g 

the m a g n itude in the spatial domain, one imposes the 

c on di tio ns of realness, n o n - n e g a t i v i t y , and a bounded 

region of support on the recons tr uc ti on. To prove that the 

co rrection energy mus t de crease only 3 slight variati on  

need be ma de to the geometric proof originally offered by 

Ger ch be rg  and Sax ton. Con si de r the op eration of the 

algorithm on two discrete points, one in the spatial domain 

and the other in the frequency domain, as in Fig. 13. 

Define the squared error e as the sum squared difference 

between the original magnit u d e s  at each dis cr et e frequency 

and the m a g n i t u d e s  ca lc ul ated by the algorithm at 

c o r responding points. When e is zero, the algorithm has 

converged. Now, in the frequency domain, let the reference 

m agni tu de  at our ar bitrary point be repr esented by the 

measu re d m a g n i t u d e  f Upon inverse Fourier

tra nsformation , a vector f-j is produced at the arbitrary 

point in the spatial domain. If f-| is in the region of
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Fig. 11. FIow chart of 
Ger chberg-Saxt on algorithm 
used in electron mic ro scopy

Fig. 12. Flow chart of 
m od if ie d Ge rchberg-Saxt on 
algorithm used for phase 
refi n e m e n t .
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First domain (spatial) Second domain (frequency)

C,

Fig. 13. A geometric proof of the conv ergence of the 
Ge rchb erg -S axton algori thm  when used for phase refinement.



support and if its real pa;rt is no n- ne ga ti ve  the real part 

is preserved. Otherwise f-| is set to zero by the addition 

of a col inear vector o f  equal magnitude and opposite 

direction. All points in t h e  spatial domain are similarly 

corrected and the F o u r i e r  transform of the new object is 

taken. At our arbitrary p o i n t  in the frequency domain the

new vector g„ is the sum o f  f and a new vector c produced
2 2 2

at that frequency by the F o u r i e r  transform of the vectors 

c ̂  at each point in the spatial domain. If ne cessary the 

ma gnitude of g^ is c o r r e c t e d  to that of f by the addition 

of the vector d^, which is c o l i n e a r  with g ^ • The algorithm 

now iterates until conver g e n c e .  It is clear from 

Pa rs eval's theorem that

e 2= I IC1 I £ I c 2 1 i i (52>
ij N ij c

It is also clear from e x a m i n i n g  the phasor plots of Fig. 13

that

I d 2 l i j -*  c 2 I f j  7 i -j ( 5 3 )

with equality iff C£ is c o l i n e a r  with f^ ♦ Thus

with equality iff the c o r r e c t i o n  vec to r is c o l inear at 

every frequency. To this point we have shown that the 

correc ti on energy applied in the frequency domain canno t be 

larger than the c orrection energy applied in the spatial 

domain just previously. Now , in the second iteration, we 

have in the spatial dom ai n the vector f-| ' » the sum of 

vectors and d^ . It is g e o m e t r i c a l l y  obvious that
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Thus

(56)
I I e i I i I I d i I i j = _ 7  I I d 2 I ij
ij 1 1J ij 1 1J N ij c 1J 

and the correction signal energy in the spatial domain is

also less than or equal to the frequency domain correction 

energy applied just prior to inverse Fourier 

transformation. Hence the squared error must decrease or 

remain const ant  with each iteration. For the squared error 

to be bounded away from zero, it is required that the 

correction signal in the frequency domain be colinear with 

the estimated frequency spectrum while being entirely 

imaginary in the spatial domain. This condition cannot be 

fulfilled because the algorithm forces the spatial estimate 

to be real, and hence to have an even magnitude spectrum 

and an odd phase spectrum. To be colinear the correction 

signal must also have odd phase symmetry, and hence cannot 

be imaginary in the spatial domain. (Note that this result 

is stronger than that presented for the original electron 

mi croscopy problem, wh er e certain phase symmetries in the 

spatial and frequency dom ai ns may bound the correction 

energy away from zero.) This result does not necessarily 

imply convergence of the correction energy to zero, nor 

does it imply solution uniqueness, but in our experience 

this proviso is of theoretical rather than practical 

i n t e r e s t .

One might wonder whether, given a phase estimate, one 

could effect a m a g n i t u d e  solution by the same algorithm.



The answer is no, because it can be shown that the 

correction signal energy ca nn ot be guaranteed to decrease. 

Imagine again the sane phasor diagrams, with the same 

initial signal estimates, as represented in Fig. 14. At 

the first return to the frequency domain, one corrects the 

m agnit ud e of by adding Since d 2 must now be

pe rpendicular to the perp endi cu la r bisector OP, it is 

geom et ri ca ll y obvious in this case that d 2 > C 2 . If 

this con di ti on  is satisfied at enough points, the 

correction signal energy will increase, and the algorithm 

may never converge. In fact, this beh av io r has been 

observed in empirical tests.

To test the phase refine me nt  technique, the 

least-squares phase es timates described in the previous 

section were used as the initial approxima ti ons to the 

phase spectrum. In Figs. 15a through 15j , the refined 

phase estimates and the resulting reconstr uc ti ons are shown 

for each of the various SNR. In each case, the algorithm 

was stopped when the weighted co rr ec ti on  signal energy was 

reduced to .15. Origina lly  it was intended to have this be 

.1 , but the pr ocedure was unable to reduce the correction 

energy much below .16 for the two lowest SNR cases. In all 

cases, the exact extent of the object, or region of 

support, was assumed known.

Phase refinem en t actually degraded the results for the 

two poorest SNR cases. Slight impro ve me nt  for the 20 dB
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First domain (spatial) Second domain (frequency)

Fig. 14. A geometric proof of the nonconvergence of the 
Gerchberg-Saxton algorithm when used for m a g n itude refinement.



case is apparent, but for the 30 dB and 40 dB cases the 

improvement is substantial. The refinement required 29, 

29, 7, 12 and 22 iterations respectively. Note that as the 

SNR gets poorer, the phase tends to be underestimated. The 

obvious conclusion is that the technique is not a cure-all, 

but it can provide real improvemen t if the magnitude 

spectrum is fairly accurate. One would expect good success 

if, instead of the entire m a g n i t u d e  spectrum, only the 

frequencies with locally good SNR were used to determine 

the phase refinement. This is correct, and it forms an 

important part of the super-re so lu tion  procedure that is 

discussed in the next chapter.
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Fig. 15(a -f ) Effects of Phase Refinement at Various SNR





CHAPTER IV

S U PER-RESOLUTION

IV. 1 Introduction

One is often confront ed  in a signal processing 

en vironment with a signal that has been lowpass filtered 

with a resulting loss of information. One would like to be 

able to recover this information and restore the signal. 

There is a strong basis in theory to support the 

pl ausibility of such recovery for a certain class of 

signals, those which have an analytic frequency spectrum. 

The difficulty in actually realizing such recovery in the 

practical case has led at least one pair of authors to 

reject the concept as a 'myth' [55]. It is my opinion that 

this judgement is premature and that a substantial amount 

of super-resolution  may be had even in the case of real 

world blurs. This chapter discusses a new algor it hm  for 

achieving su pe r-reso 1 uti on . It is similar to the algorithm 

originally proposed by Gerchberg, but in our expe rience has 

demonstrated better conver g e n c e  properties and much better 

conditioning in the presence of noise. In this c h apter we 

will present a review of the Gerchberg algorithm, a 

heuristic analysis of the new algorithm, and the results of 

some simulations which compare the algorithms on the



IV.2 Ba ckground and Analysis of the Algorithm

The theory of analytic functions of a single complex 

va riable is usually invoked to justify the attempts at, as 

well as understand the m e thods of, s u p e r - r e s o 1 u t i o n . In an 

astronomical context, one is at best limited to 

d i f f r a c t i o n - 1 imited measur emen ts . The OTF of a 

d i f f r a c t i o n - li m i t e d  imaging system has an absolute spatial 

frequency cutoff. Because a function of finite support has 

an everywhere analytic (or entire) z transform [42], and 

because an entire function m u s t  be infinite in extent, we 

can say that d i f f r a c t i o n - li m i t e d  imaging always removes 

spatial frequency information, even in the noiseless case. 

In reality, however, the signal energy may be sufficiently 

co nce n t r a t e d  within a finite bandwidth to permit object 

resolution of arbitrary accuracy with a finite spectrum 

[44], When this is the case, the object is said to be well 

resolved.

When the low-pass filtering operation of the OTF 

removes signif i c a n t  energy we say the object is poorly 

resolved. The classical defini ti on  of res ol ut io n specifies 

the m i nimum angular sep ar ation of two point sources which 

allows them to be seen as distinct, for a given optical 

instrument of c i r cular pupil diameter D. This mini mu m 

separation was found to be 1.22X/D, where lambda is the 

wavelength of the observed light. Di Francia [51] pointed

s y n t h e t i c  b l u r r e d  s t a r  da t a  b a s e .



out the practical rather than theoretical nature of this 

limit, however, and showed that an infinite number of 

object intensity distrib ut ion s could produce an identical 

image. By this he de mo ns tr at ed  the impli ci t use of a 

priori knowledge on the part of the observer in determining 

the resolution of an optical instrument.

Harris [42] recognized that no two distinct objects of 

finite an gular size can produce identical images. This is 

because a "funct io n of a co mplex variable is determined 

thr ou ghout the entire z plane from a knowledge of its 

properties within an arbit ra ri ly  small region of 

a n a l y t i c i t y " . Thus an entire function  is everywhere 

determi ne d by its behav io r over an arbitrar il y small 

region, so that an accurate m e a s u r e m e n t  of a finite portion 

of the spectrum is sufficient to uniquely determine the 

complete spectrum, and hence the object, given that it has 

finite support. He con cludes that " d i f f r a c t i o n ...imposes a 

resolution limit which is determi ne d by the noise of the 

system, rather-than some absolute criterion."

V.'hile the above reasoning no doubt gives insight into 

the problem, there remain some unresol ve d issues when one 

is constrained to computer solutions. These seem to me to 

include the following questions. First, is the requirement 

that complete kno wledge of the function over some region of 

analyticity satisfied by know led ge  of the Fo ur ier transform 

of the function, which is at best knowledge along a line or



contour in the complex domain? Second, is the requirement 

satisfied when one has only discrete samples of the Fourier 

transform? Third, does the proof of the Paley-Weiner 

theorem extend to functions of more than a single complex 

var iable? In spite of these questions, the 

s e m i - q u a n t i t at i v e  analysis given here will depend on the 

prope rti es of analytic functions. An analysis along the 

lines of that given by Youla [48] would be ind ep en de nt  of 

the qu estions just raised, however, and would be highly 

desi rable .

Since our new al gorithm is an adaptation of the one 

due to Gerchberg, a review of the latter will help in 

understanding our work and in placing it in proper 

perspective. The Ger chberg algorithm iterates between the 

spatial and frequency domains. In the spatial domain, the 

reco n s t r u c t i on  is set to zero outside the known region of 

support of the object, and in the frequency domain the 

newly estimated spectrum is always correct ed  to agree with 

the known portion of the spectrum. A flow chart of the 

algorithm is found in Fig. 16. The al gorithm is shown to 

converge uniquely for noiseless data. Gerchberg recommends 

a procedure to limit the buildup of noise in the 

r e c o n struction due to noise in the 'known', or measured, 

portion of the spectrum. This operation is necessary 

because correcting the known portion of the spectrum adds 

back all the noise energy ori gi na ll y present, so that the
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Fig. 15. Flow chart of Ge rchberg su pe r-resoluti on algorithm, 
including the noise-limiting procedure.



error energy due to this noise must increase or remain 

constant at every iteration. At some point the error due 

to the increase in this noise energy becomes greater in 

magnit ud e than the decrease in error energy resulting from 

refining the extrap ol ate d spectrum. At this point the 

algo ri thm should be terminated. This resul t has been shown 

[48] on theoretical grounds for the contin uo us  case. 

Unfortunately, the optimal number of iterations can not be 

known a pri ori .

The noise limiting procedure is based on the 

obs ervation that energy in the converged r econstruction 

which lies outside the known object extent m u s t  be due to 

the original disto rti on  energy. Therefore, the object is 

limited to its cor re ct  spatial extent, the transform taken, 

and the new lowpass spectrum is used to start the iteration 

all over again. The procedure thus elimina te s that portion 

of the original spectral noise energy which lies outside 

the known object extent.

The new alg orithm corrects this deficienc y by not 

correcting the m a g n i t u d e  spectrum to the measured magnitude 

spectrum, so that m e a s u r e m e n t  error is not increased. 

Instead the magni t u d e  and phase spectra are alternately 

extended through the frequency space. The phase spectrum 

extension is allowed at each step to conv er ge  in a weighted 

SSE sense, where the weighting function is the estimated 

ma gnitude spectrum. A flowchart is illustrated in Fig. 17.



As shown in Chap. III. 6 , no m a g n i t u d e  iterations are 

performed since this is an unstab le  procedure. As each 

frequency extension  is ma de the total energy in the 

spectrum below the old frequency cutof f changes. If the 

new m a g n itude spectrum is simply scaled to agree with the 

old spectrum (in whate ve r sense is appropriate) below the 

old cutoff frequency, the e f f e ctive c o nvergence of the 

algorithm is easily deter mined by the amplitude of this 

scaling constant. In my work, the algorithm was always 

terminated when something in excess of 99% of the total 

spectral energy was estimated. The phase estimates 

exhibited erratic conver genc e beh av io r when frequency 

e x t rapolation was attempted much beyond that point. 

Although their con vergence could often be stabilized by a 

smaller cutoff frequency extension, the computational time 

simply became excessive.

There seem to be two sources of error in the 

extrapolated spectrum produced by the new algorithm. They 

are induced by-the way in which the algorithm treats the 

two kinds of errors in the original m e a sured spectrum. 

Following Gerchberg, we call these two kinds error energy 

and distortion energy.

We can consi de r the initial lo wpass spectrum estimate 

to be the sum of the co rr ec t spectrum and an error spectrum 

which exists only beyond the initial lowpass cutoff 

frequency. The error spectrum is equal in magnitu de  and





opposite in sign to the true spectrum. Inside the cutoff 

frequency, the known spectrum is re pr esented as the sum of 

the true spectrum and a distortio n spectrum. Consider 

first the case where the distor ti on  energy is zero. Since 

the error spectrum is b a n d - 1 i m i t e d , it follows that its 

inverse Fourier transform, the error object, cannot be 

sp atially limited. Thus some error energy will be 

preserved when the spatial cons tr ai nt s are imposed. 

C o n s e q u e n t l y  the spectrum of the constrai ne d object will 

retain some portion of the original error energy, some of 

which may be found even in the low frequ en ci es  below the 

initial cu to ff frequency. Since the low frequencies of 

this new spectral estimate are retained in the m a g n itude 

spectrum extension, the algorithm has introduced into the 

low frequency spectrum a po rtion of what was origin al ly  

error energy. To min im iz e the growth of this error we 

should m i n imize the number of times we extend the spectrum. 

This implies either rapid spectral e x t rapolation or that we 

confine ourselves to signals that are nearly resolved so 

that few e x t r a polations are required. Because most images 

have a general lowpass cha racteristic, one would expect the 

error energy injected into the low f r equencies to decrease 

as the c utoff frequency is increased and the remaining 

error energy is decreased.

Suppose now that distortion energy is present. It is 

probable that the spatial c o n s t r a i n t s  will also preserve



some portion of this energy, as well. The spectrum of the 

newly-constrained obje ct may similarly have distortion 

energy present in all frequencies. To the extent that 

distortion energy is injected into the high frequencies, 

Parseval's theorem indicates that the total distortion 

energy must be decreased by lowpass filtering, even with a 

higher cutoff frequency. To minimize the di st or tion energy 

in the final result we want to perform many filtering 

operations, which implies slow spectral extrapolation. 

Changing the rate of ex tr ap olation thus varies the relative 

contribution of the distort ion and error energies to the 

final extrapolated estimate. Although it is possible that 

a variable rate would improve the algorithm performance, 

all the exper i m e n t a t io n  performed here had a fixed rate of 

frequency c utoff increase. The optimum rate of increase or 

even its existence in the general case, is not presently 

k n o w n .

The heuristic analysis just presented is linear, and 

in the sense- that at every step the algorithm is dealing 

with disjoint regions in the frequency domain, it is a 

linear algorithm. However the possible importance of the 

no nlinearity introduced by the separate extension of the 

m a g n itude and phase is not yet known. In summary, the 

original Gerchberg algorithm is able in the limit to 

decr ease the error energy to zero at the expense of 

increasing the total distortion energy. The new algorithm



sacrifices the possibility  of perfect r e c o n s t ruction s of 

noise-free data in exchange for stable behavior of the 

distortion energy.

IV.3 Super-resol uti on of Simulated Data

I have examined by simulation the behavior of the 

al gorithm as the rate of increase of the cutoff frequency 

is changed, although the examination was certainly not 

exhaustive. The results on the 5 dB SNR case are 

summarized in Table III, where it appears that the optimum 

increase is about 5 discrete frequencies at each step, at 

least for this data. This same rate of increase was used 

in other simulations where the effects of SNR and initial 

lowpass cutoff frequency were investigated. In all the 

simulations, the lowpass filter is a radially symmetric 

Fourier lowpass filter. The phase c o nvergence criterion 

was that

«>II.I0 (U)|< i (k)(5)-+(k" ,)(S))2 }
u

Since our heuristic analysis indicates that some error 

must always remain in the solution, and may in fact 

increase in the ‘k n o w n 1 portion of the spectrum, it was 

ne cessary to observe the seriousness of this c haracteristic  

in a practical setting. A number of reco n s t r u c t i on s  based 

on lowpass filtering the non-noisy data at va rious cutoff 

frequencies were effected. They are shown together with 

the initial estimates and their s u p e r - r e s o 1ved spectra in



Table 3. Var iation of s uper-resolved image SSE in the 5-dB SNR re co ns tr uc ti on 
with di fferent initial fr equency cutoffs and fr equency extra po la ti on  
step sizes.

Initial Frequency 
Cutoff 

(Cy c1es/P i c t u r e )
Step S i z e  

(C.ycl es / P i ctu re )_
Number of 
Iterations

10 20 16

1 0 5 31

10 3 55

5 5 26

5 1 0 1 7

8 5 37

10 10 30

Re co ns tructed 
Image SSE

. 4 8 4

. 251

. 3 2 0

. 3 0 8

. 3 2 6

.016

. 3 3 0

00
ho



Figs. 18 a) through 18 t) . In every case, e=.l. The 

r e c o n s t r u c t i on s  are quite stable with decreasing initial 

fr eque nc y cutoff, although it is curious to note that the 

last estimate has a slightly better SSE than the third 

est imate. The re co nstructions required 10, 15, 18, and 22 

iterations, respectively. All of the r e constructions have 

errors less than 2.5%. It appears that the error 

introduced into the 'known' portion of the spectrum is 

rel atively small and well behaved.

Figs. 19 a) through 19 y) show the su pe r- re soluti on of 

the 1east-squa res phase Knox-Thomp so n r e c o n s t r u c t i on s  of 

chapter III. It was necessary to use a lower and lower 

initial cu to ff frequency as the SNR got poorer, so as to 

ma intain a re as onably accurate initial estimate. Note that 

even in the 5 dB SNR case an excellent r e c o n struction  is 

produced. In most cases the peak m agnitudes, while about 

corr ect  relati ve  to each other, are in error absolutely. 

The in fo rmation in the peaks re sides alm os t entirely in the 

highest fr equencies, where less than one percent of the 

signal energy is conce ntrated. M i s e s t i m a t i o n  in these 

frequencies is thus easily detected in the spatial domain. 

(The final estimates have been scaled to have total energy 

equal to that of the true object). None of the solutions 

required more than 33 iterations.

The perform an ce of the procedure seems to depend not 

only on the amount of noise in the initial estimate but
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also on its s t r u c t u r e ,  so that an a p p a r e n t  i n c r e a s e  in 

local SNR m a y  not n e c e s s a r i l y  i m p l y  a m o r e  a c c u r a t e  

r e c o n s t r u c t i o n .  The spectral e s t i m a t e s  are s m o o t h e d  by the 

p r o c e d u r e ,  as shown in the i l l u s t r a t i o n s .  P a r t i c u l a r l y  

s t r i k i n g  is the fa c t  th a t  the d i s t o r t i o n  e n e r g y  in the 

initial m a g n i t u d e  s p e c t r u m  has be e n  d e c r e a s e d  in the 

c o r r e s p o n d i n g  l o w p a s s  p o r t i o n  of the e x t r a p o l a t e d  s p e c t r u m  

to b e t w e e n  1% and 11% of its o r iginal value. Ho w e v e r ,  in 

e x t r a p o l a t i n g  real f r e q u e n c y  data, s i t u a t i o n s  m i g h t  arise 

w h e r e  one w o u l d  p r e f e r  to r e p l a c e  the final low f r e q u e n c y  

s p e c t r u m  with the m e a s u r e d  spe c t r u m  to avoid as m u c h  as 

p o s s i b l e  this s m o o t h i n g .

As an i l l u s t r a t i o n  of the s u p e r i o r i t y  of the new 

a l g o r i t h m  a r e c o n s t r u c t i o n  of the 5 dB case using 

G e r c h b e r g ' s  a l g o r i t h m  is i n c l u d e d .  The same initial 

l o w p a s s  fi l t e r  was used, and the p hase was r e f i n e d ,  so that 

for both a l g o r i t h m s  the 'known' p o r t i o n  of the s p e c t r u m  was 

i d e n t i c a l .  In Figs. 20 a-c) a s o l u t i o n  o b t a i n e d  by 

a l l o w i n g  150 i t e r a t i o n s ,  w i t h  the noise l i m i t i n g  p r o c e d u r e  

on the 1 0 1 s t  i t e r a t i o n ,  is shown. This r e f l e c t s  the c o m m o n  

u s a g e  of the a l g o r i t h m .  In Figs. 20 d-f) the optimal 

nu m b e r  of i t e r a t i o n s  was al l o w e d ,  t h a t  is, 29 i t e r a t i o n s  

with the n o i s e  l i m i t i n g  p r o c e d u r e  on the 15th i t e r a t i o n .  

(It is c l e a r  th a t  this d e t e r m i n a t i o n  of the o p t i m u m  nu m b e r  

was p o s s i b l e  on l y  b e c a u s e  the a n s w e r  w a s  a l r e a d y  known). 

In both c a s e s  v e r y  i n f e r i o r  r e c o n s t r u c t i o n s  w e r e  p r o d u c e d .
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T h i s  d i s p a r i t y  l e s s e n s  as the q u a l i t y  of  the initial data 

i m p r o v e s ,  but the s u p e r i o r  c o n v e r g e n c e  p r o p e r t i e s  o f  the 

new a l g o r i t h m  g i v e  it the a d v a n t a g e  in these c a s e s  as well. 

As the n oise in the data d e c r e a s e s ,  the a m p l i f i c a t i o n  of 

the noise by G e r c h b e r g ' s  a l g o r i t h m  does not b e c o m e  a 

s e r i o u s  p r o b l e m  until the e r r o r  s p e c t r u m  e n e r g y  is r e d u c e d  

to a lower level. Thus the optimal n u m b e r  of i t e r a t i o n s  

i n c r e a s e s .  It is not u n c o m m o n  to use several h u n d r e d  

i t e r a t i o n s  to a p p r o x i m a t e  c o n v e r g e n c e .  T'ne new a l g o r i t h m  

s e e m s  a l w a y s  to c o n v e r g e  in a b o u t  the same n u m b e r  of 

i t e r a t i o n s  for a given initial c u t o f f  f r e q u e n c y ,  n e a r l y  

i n d e p e n d e n t l y  of SNR.

To t e s t  the s e n s i t i v i t y  of  the r e c o n s t r u c t i o n s  to 

i n a c c u r a c i e s  in d e t e r m i n i n g  the reg i o n  of s u p p o r t  a n u m b e r  

of mask sizes was used. The true r e g i o n  of s u p p o r t  was 18 

p i x e l s .  I l l u s t r a t e d  in Figs. 21 a) t h r o u g h  21 f) are 

r e c o n s t r u c t i o n s  b a s e d  on initial n o n - n o i s y  data using m a s k s  

of area 24 and 32 p i x e l s ,  r e s p e c t i v e l y ,  a s s u m i n g  an initial 

c u t o f f  f r e q u e n c y  of 7 c y c l e s  per p i c t u r e ,  as in 

Figs. 18 p-q) . The r e s u l t i n g  r e c o n s t r u c t i o n s  have 

s u b s t a n t i a l  error, a l t h o u g h  the b i n a r y  star c h a r a c t e r  of 

the o b j e c t  is still c l e a r l y  v i s i b l e .  Of c o u r s e ,  the 

c h a n g e s  in the l o w p a s s  m a g n i t u d e  s p e c t r u m  are i n d i c a t i v e  of 

the e r r o r  in e s t i m a t i n g  the r e g i o n  of s u p p o r t .  We have 

also o b s e r v e d  that the p h a s e  c o n v e r g e n c e  can be a d v e r s e l y  

a f f e c t e d  if the re g i o n  of s u p p o r t  is p o o r l y  known. The

95



96
MH = «4777g96-4 t 4477799e-4 I 
MAX 3 6 2 5 S I 5 6 S 1  I 6 2 5 5 1 5 8 * 1  > 
AVGC. 8 5 9 2 0 4 0

MIN*- Jl4IS92ei I- 314159281 I 
MAX. 3141593*1 I 3141593*1 1 
AVCt. 767p5*3*-3

a) E x t r a p o l a t e d  M a g n i t u d e  
SSE = 1024.791

min,. 20976see-4 (- 2097esee-4 i
MAX. 7134907 | 7134907 >
AVer . 15271J*e-2

b) E x t r a p o l a t e d  Phase 
W S S E  = 1 7 7 6 . 4 1 4

M I N .  745essis-* I 7 4 5 0 5 8 1 * - *  * 
MAX. 6 2 3 0  35051 1 6 2 3 0 3 5 0 * 1  > 
AVGE. 6 8 2 2 5 2 3

c) S u p e r - r e s o l v e d  Ob j e c t  
SSE = . 5 3 4 / . 3 0 6

M i l l s -  3 1 4 0 2 1 9 5 1  ( -  31 4 0 2 1 9 5 1  » 
M A I ,  3 1 4 1 5 0 3 5 1  < 3 1 4 1 50351  I 
AVGC* 1 7 0 7 5 3 3 5 - 2

e) E x t r a p o l a t e d  P h a s e  
WSSE = 2 8 1 3 . 5 3 6

d) E x t r a p o l a t e d  M a g n i t u d e  
SSE = 1 7 4 4 . 5 5 3

M i N t -  1 0 3 3 5 * * 5 - 4  « -  1 0 3 3 0 S 4 5 -4  >
MAXs 5 1 2 ^ 5 4 3  t 5 1 2 0 5 4 3  > 
AVGC = 1 S c  1 0 8 2 5 - 2

f )S u p e r - r e s o 1 ved O b j e c t  
SSE = . 946/.61 2

Fig. 21 S u p e r - R e s o l u t i o n  of N o i s e - F r e e  Data U sing 
I n a c c u r a t e  S p a t i a l  C o n s t r a i n t s



i m p o r t a n c e  of an a c c u r a t e  e s t i m a t e  of the r e g i o n  of s u p p o r t  

is c e r t a i n l y  i n d i c a t e d ,  a l t h o u g h  the d e g r a d a t i o n  with 

i n c r e a s i n g  ma s k  size is g r a c e f u l .

In s u p e r - r e s o l v i n g  real data, it m i g h t  be d i f f i c u l t  to 

a c c u r a t e l y  e s t i m a t e  the r e g i o n  of s u p p o r t  b a s e d  on only the 

e s t i m a t e d  a u t o c o r r e l a t i o n  of the o b j e c t ,  w h i c h  will it s e l f  

have been l o w - p a s s  f i l t e r e d .  It is q u i t e  p o s s i b l e  that a 

priori k n o w l e d g e  m a y  be n e e d e d  to d e t e r m i n e  the o b j e c t  size 

and shape. An a l t e r n a t i v e  w o u l d  be s i m p l y  to i t e r a t i v e l y  

a p p r o x i m a t e  the r e g i o n  of s u p p o r t  until one d e t e r m i n e d  

w h i c h  r e g i o n  m i n i m i z e d  the c h a n g e  in the 'known' p o r t i o n  of 

the m a g n i t u d e  s p e c t r u m ,  s u b j e c t  to w h a t e v e r  k n o w l e d g e  is 

a v a i l a b l e  c o n c e r n i n g  the o b j e c t  itself.
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V.l D e s c r i p t i o n  of Data Base

The t e c h n i q u e s  d e s c r i b e d  in the p r e c e d i n g  c h a p t e r s  

have been a p p l i e d  to turbul ence-bl ur red inages of the stars 

a-ORI ( B e t e l g e u s e )  and a - A U R  ( C a p e l l a ) .  The p o int star 

r e f e r e n c e  used to e s t i m a t e  to m e a n - s q u a r e  OTF was 6 - 0 R I . 

B e t e l g e u s e  is a red s u p e r - g i a n t  star wi t h  the l a r g e s t  

a p p a r e n t  a n g u l a r  d i a m e t e r  of any s i n g l e  star in the 

h e a v e n s .  C a p e l l a  is a b i n a r y  st a r  w h o s e  m a x i m u m  i n t e r s t a r  

d i s t a n c e  is less than .06 a r c - s e c o n d s ,  w h i c h  is c o m p a r a b l e  

to d i a m e t e r  of B e t e l g e u s e .  C a p e l l a  is p a r t i c u l a r l y  

i n t e r e s t i n g  in t h a t  it is u n r e s o l v e d  in our data.

Our data ba s e  c o n s i s t s  of 180 i m a g e s  of each star. 

The o b s e r v a t i o n s  were m a d e  w i t h  the 1 6 0 - i n c h  M a y a l 1 

t e l e s c o p e  at the Kitt Peak O b s e r v a t o r y  in A r i z o n a ,  by S.P. 

W o r d e n  and B.S. Baxter, on the n i g h t s  of June 13 and 14, 

1976. The optical i n t e r f e r e n c e  f i l t e r s  had a central

o o
w a v e l e n g t h  of 6500 A and a b a n d p a s s  of 20 A. E x p o s u r e  

t i m e s  w e r e  a b o u t  50 ms, w i t h  a p p r o x i m a t e l y  one second 

b e t w e e n  e x p o s u r e s  to a l l o w  the a t m o s p h e r i c  point spread 

f u n c t i o n s  to d e c o r r e l a t e  t e m p o r a l l y .  The data was 

o r i g i n a l l y  r e c o r d e d  on film, g r e y  s c a l e  c o r r e c t e d ,

C H A P T E R  V .



p r o c e s s e d  on an i m a g e  i n t e n s i f i e r ,  s a m p l e d  and the image 

i n t e n s i t y  was d i g i t i z e d  to 12 bits on a 2 5 6 * 2 5 6  grid. The 

s c a n n i n g  a p e r t u r e  was s q u a r e  w i t h  w i d t h  1 0 0 m i c r o n s  and the 

s a m p l i n g  interval was 50 m i c r o n s .  The r e s u l t i n g  s cale is 

. 0 1  a r c - s e c o n d  s/grid i n t e r v a l ,  for a square field of v i e w  

2. 5 6  a r c - s e c o n d s  on a side. Since at this w a v e l e n g t h  the 

a b s o l u t e  f r e q u e n c y  c u t o f f  of  the t e l e s c o p e  is a b o u t  27 

c y c l e s / a r c s e c o n d , or a b o u t  69 c y c l e s / p i c t u r e ,  the s p e c k l e  

i m a g e s  are o v e r s a m p l e d  by a f a c t o r  of a b o u t  1.85.

V.2 B e t e l g e u s e  r e c o n s t r u c t i o n

A typical s p e c k l e  image, t h i s  one of B e t e l g e u s e ,  is 

s h own in Fig. 22. The c o r r e s p o n d i n g  L a b e y r i e  m a g n i t u d e  

e s t i m a t e  is shown in Fig. 23, w h i l e  the l e a s t - s q u a r e s  phase 

e s t i m a t e  d e r i v e d  from p r o c e s s i n g  45 u n w i n d o w e d  s p e c k l e  

ima g e s  is shown in Fig. 24. The c o r r e s p o n d i n g  spatial 

i m a g e  is in Fig. 25. (This l a t t e r  has been i n t e r p o l a t e d  by 

s u r r o u n d i n g  the s p e c t r u m  w i t h  da t a  p o i n t s  equal to zero. 

The e f f e c t  is to i n c r e a s e  the r e s o l u t i o n  of the DFT, as is 

well known. In this case, the z e r o - p a d d e d  a r r a y  w a s  16 

ti mes l a r g e r  in area, i n c r e a s i n g  the DFT r e s o l u t i o n  by a 

f a c t o r  of 4.) The f a i l u r e  of the t e c h n i q u e  is e v i d e n t .

The r e c o n s t r u c t i o n  of Figs. 26 a-c) is b a s e d  on the 

same spec k l e  images, this t i m e  using a spatial w i n d o w .  The 

w i n d o w  was a r o t a t e d  v e r s i o n  of a H a m m i n g  w i n d o w  of rad i u s  

40 points. The bulk of the d e g r a d a t i o n  is now r e m o v e d ,  

a l t h o u g h  the o b j e c t  is i n s u f f i c i e n t l y  r e s o l v e d .  M u c h  of
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M td *  3 6 1 6 1 2 3  ( 3527276  > 
MA«= M S 1 7 2 3 S 1  I <15756261 > 
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a) L a b e y r i e  M a g n i t u d e  
S p e c t r u m  E s t i m a t e

kin*- jeiee4sei i- 3017*9081 > 
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MAX* 2 5 * ‘,8 9 ? * 3  ( 2 6 0 3 9 2 S 0 3
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b) L e a s t - S q u a r e s  P h a s e  
E s t i m a t e

c) E s t i m a t e d  I n t e n s i t y  Object

Fig. 26 B e t e l g e u s e  R e c o n s t r u c t i o n s  O b t a i n e d  fr o m  H a m ming
W i n d o w e d  S p e c k l e  P h o t o g r a p h s



t he p r o b l e m  is due to the r a t h e r  poor m a g n i t u d e  

c h a r a c t e r i s t i c s  of the final digital l o w p a s s  f i l t e r  w h i c h  

is a p p l i e d  to e l i m i n a t e  the noise p r e s e n t  in f r e q u e n c i e s  

a b o v e  the d i f f r a c t i o n  limit. To m i n i m i z e  the a n n o y i n g  

a r t i f a c t s  of r i n g i n g  i n d u c e d  in the image by the f i l t e r i n g  

o p e r a t i o n ,  one is c o n s t r a i n e d  to f i l t e r s  with g e n t l e  

r o l l - o f f  c h a r a c t e r i s t i c s . Hence, a d d i t i o n a l  s m o o t h i n g ,  

b e y o n d  that p r o d u c e d  by the t e l e s c o p e ,  is p resent.

The r e s u l t s  of initial phase r e f i n e m e n t  at f r e q u e n c i e s  

l e s s  than 25 c y c l e s / a r c - s e c o n d , f o l l o w e d  by

s u p e r - r e s o l u t i o n , are shown in Figs. 27 a-d) , and in 

Fig. 28. The need for a final digital l o w p a s s  f i l t e r  has 

b e e n  e l i m i n a t e d ,  s i nce the a l g o r i t h m  forces the s o l u t i o n  to 

be free of ri n g i n g .  This is p e r h a p s  the p r i m a r y  e f f e c t  of 

s u p e r - r e s o l u t i o n  on this r e c o n s t r u c t i o n ,  s i n c e  e s t i m a t i n g  

the h i g h e s t  f r e q u e n c i e s  i n c r e a s e d  the total e n e r g y  by on l y  

a b o u t  3%. The image shows l i t t l e  e v i d e n c e  of fine s u r f a c e  

s t r u c t u r e ,  in c o n t r a s t  to the r e s u l t  of M c D o n n e l l  and Bates 

[7].

As d i s c u s s e d  in c h a p t e r  IV, t h e r e  are some internal 

e v i d e n c e s  t h a t  can be e x a m i n e d  to e v a l u a t e  the a c c u r a c y  of 

the r e c o n s t r u c t i o n .  Fi r s t ,  the sum s q u a r e d  d i f f e r e n c e  

b e t w e e n  the m e a s u r e d  s p e c t r u m  and the s u p e r - r e s o l v e d  

s p e c t r u m  is a b o u t  2.5% of the total e n e r g y  of those 

f r e q u e n c i e s  w i t h i n  the p a s s b a n d  of the t e l e s c o p e .  This is 

c o n s i s t e n t  wi t h  the r e s u l t s  o b t a i n e d  in the s i m u l a t i o n s
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c) I n t e n s i t y  O b j e c t  d) A v e r a g e  Radial I n t e n s i t y

P r o f i 1e

Fig. 27 S u p e r - R e s o l v e d  B e t e l g e u s e  R e c o n s t r u c t i o n





using n o i s e - f r e e  data. Second, the s u p e r - r e s o l v e d  

m a g n i t u d e  s p e c t r u m  dec a y s  nicely wi t h  i n c r e a s i n g  fre q u e n c y ,  

and shows no s u s p e c t  s t r u c t u r e  at the high f r e q u e n c i e s .  

Third, the d i a m e t e r  of the r e c o n s t r u c t i o n ,  w h i c h  is 

.065 + .005 a r c - s e c o n d s ,  ag r e e s  very well wi t h  the 

a u t o c o r r e l a t i o n  e s t i m a t e  d e r i v e d  from the u n w i n d o w e d  

s p e c k l e  images, w h i c h  has a d i a m e t e r  of .116 a r c - s e c o n d s .  

The r e c o n s t r u c t i o n  has be e n  e x a m i n e d  by a s t r o n o m e r s ,  who 

i n d i c a t e  th a t  the a v e r a g e  radial i n t e n s i t y  p r o f i l e  of 

Fig. 27 d) is in e x c e l l e n t  a g r e e m e n t  with a s t r o p h y s i c a l  

m o d e l s  of the star. F o u rth, the peak n e g a t i v e  l i g h t  

i n t e n s i t y  in the i n t e r p o l a t e d  image is only a b o u t  \% of the 

peak p o s i t i v e  l i g h t  i n t e n s i t y .  Fin a l l y ,  b e c a u s e  the 

spatial mask was square of w i d t h  7 p i x els, it c a n n o t  be 

c l a i m e d  that the spatial m a s k  p r o d u c e d  the s y m m e t r y  of the 

r e s u l t i n g  r e c o n s t r u c t i o n .  The fact that the r e c o n s t r u c t i o n  

has c i r c u l a r  s y m m e t r y  w h e n  the spatial m a s k  a p p r o x i m a t e d  so 

p o o r l y  the r e g i o n  of s u p p o r t  is due u n d o u b t e d l y  to the fact 

t h a t  the s p e c t r u m  was v e r y  n e a r l y  r e s o l v e d  by the 

t e l e s c o p e .  Thus the p r i m a r y  e f f e c t  of the p r o c e s s i n g  was 

to provide an a c c u r a t e  p h ase estim a t e .

V . 3 C a p e l l a  r e c o n s t r u c t i o n

The r e c o n s t r u c t i o n  of C a p e l l a  was l e s s  d i r e c t  than 

t h a t  of B e t e l g e u s e  b e c a u s e  of the d i f f i c u l t y  in d e t e r m i n i n g  

the size and s p a cing of the spatial m a s k s .  The L a b e y r i e  

a u t o c o r r e l a t i o n  e s t i m a t e  is so s e v e r e l y  f i l t e r e d  t h a t  only
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the r e l a t i v e  o r i e n t a t i o n  of the two stars and a ve r y  l o o s e  

b o u n d  on the area of the r e g i o n  of s u p p o r t  c o u l d  be 

o b t a i n e d  from it. The sizes and spacing of the final m a s k  

we r e  a r r i v e d  at by trial and e r r o r  and r e p r e s e n t  the be s t  

fit to the m e a s u r e d  f r e q u e n c y  spect r u m .  I used as a 

g o o d n e s s - o f - f i t  c r i t e r i a  the f o l l o w i n g  p a r a m e t e r s :  1 ) the 

d i f f e r e n c e  in e n e r g y  b e t w e e n  the initial s p e c t r u m  and the 

c o r r e s p o n d i n g  l o w p a s s  p o r t i o n  of the e x t r a p o l a t e d  s p e c t r u m ,  

2 ) the l o c a t i o n  and m a g n i t u d e  of the f irst spectral peak 

and v a l l e y ,  and 3) the n e g a t i v i t y  in the r e c o n s t r u c t e d  

image a fter it had been i n t e r p o l a t e d  by a f a c t o r  of 4. It 

was n e c e s s a r y  in the p r o c e s s i n g  to o b t a i n  f i n e r  r e s o l u t i o n  

of the i m age in o r d e r  to a d e q u a t e l y  a p p r o x i m a t e  the size of 

the star discs. The m e a s u r e d  f r e q u e n c y  s p e c t r u m  was l o w  

pass f i l t e r e d  wi t h  a s e p a r a b l e  F o u r i e r  w i n d o w  wi t h  c u t o f f  

f r e q u e n c y  of 27 c y c l e s / a r c - s e c o n d . The final spatial m a s k  

used two r a d i a l l y  s y m m e t r i c  m a s k s  of d i a m e t e r  5 p i x e l s  

spaced d i a g o n a l l y  from each o t h e r  8 p i x e l s  o v e r  and up. 

This c o r r e s p o n d s  to an i n t e r s t a r  d i s t a n c e  of .028 

a r c - s e c o n d s ,  and a c o m m o n  st a r  d i a m e t e r  of a b o u t  .0125 

a r c - s e c o n d  s .

The s p e c t r a  i l l u s t r a t e d  in Figs. 29 a-b) w e r e  o b t a i n e d  

from 45 H a m m i n g  w i n d o w e d  s p e c k l e  p h o t o g r a p h s .  The p r o f i l e  

of the m a g n i t u d e  s p e c t r u m  t aken a l ong the a n t i d i a g o n a l  

m a k e s  it e a s i e r  to spot the t e l e s c o p e  c u t o f f  f r e q u e n c y ,  at 

a b o u t  69 c y c l e s / p i c t u r e  (27 c y c l e s / a r c - s e c o n d )  , as shown in



Fig. 29 c ) . Note that the phase e s t i m a t e  has failed ex c e p t  

at the l o w e s t  f r e q u e n c i e s .  The L a b e y r i e  a u t o c o r r e l a t i o n  

e s t i m a t e  is shown in Fig. 29 d ) . The r e s o l u t i o n  is so poor 

that a m e a n i n g f u l  image c a n n o t  be fo r m e d  from this data. 

The s u p e r - r e s o l v e d  s p e c t r u m  is s h own in Figs. 30 a - c ) . The 

e n e r g y  in the s p e c t r u m  is now 4.18 times the o r i g i n a l l y  

m e a s u r e d  e n e rgy, and the h i g h e s t  e x t r a p o l a t e d  f r e q u e n c i e s  

are now at 147 cycl e s / a r c - s e c o n d  ( r e s o l u t i o n  e q u i v a l e n t  to 

an 8 0 0 - i n c h  t e l e s c o p e ) .  The f i r s t  spectral v a l l e y  and peak 

are in e s s e n t i a l l y  the same l o c a t i o n s ,  and the SSE b e t w e e n  

the m e a s u r e d  s p e c t r u m  and the c o r r e s p o n d i n g  p o r t i o n  of the 

e x t r a p o l a t e d  s p e c t r u m  is 2.7%. The s m o o t h i n g  e f f e c t s  of 

the a l g o r i t h m  are e s p e c i a l l y  e v i d e n t  in the a n t i d i a g o n a l  

pr o f i l e  of the e x t r a p o l a t e d  s p e c t r u m .  The r e c o n s t r u c t e d  

ob j e c t ,  i n t e r p o l a t e d  by a f a c t o r  of  16, is shown as a 

l i n e - d r a w i n g  in Fig. 30 d) and as an i n t e n s i t y  o b j e c t  in 

Fig. 31. The o b j e c t  had a m a x i m u m  n e g a t i v e  v a l u e  2 . 85% of 

the peak p o s i t i v e  i n t e n s i t y .  The two s t ars have an 

i n t e n s i t y  r a t i o  of 1:.638. T h i s  v a l u e  is g i v e n  in [60] as 

1:.632. The r e c o n s t r u c t i o n  t h u s  a p p e a r s  to be r e a s o n a b l y  

a c c u r a t e .

It is o b v i o u s  in i n s p e c t i n g  the r e c o n s t r u c t i o n  that 

the spatial m a s k s  have i n t e r f e r e d  with e s t i m a t i n g  the star 

discs. A l t h o u g h  the dim star d i a m e t e r  is a b o u t  c o r r e c t ,  

the b r i g h t  star d i a m e t e r  has d e f i n i t e l y  been 

u n d e r e s t i m a t e d .  In [61] it is r e p o r t e d  that the b r i g h t  and



dim stars have d i a m e t e r s  of 13 and 7 times the solar 

d i a m e t e r .  It thus a p p e a r s  th a t  even this a r t i f a c t  is 

c o n s i s t e n t  wi t h  c u r r e n t  a s t r o p h y s i c a l  m e a s u r e m e n t s .  

B e c a u s e  the spatial ma s k  has in this c a s e  such a strong 

i n f l u e n c e  on the r e c o n s t r u c t i o n ,  one w o u l d  like to 

e x h a u s t i v e l y  e x p l o r e  the e f f e c t s  of v a r i a t i o n s ,  s u c h  as 

u s ing m a s k s  of s l i g h t l y  d i f f e r e n t  sizes for the two star 

discs. It is l i k e l y  t h a t  b e t t e r  r e s u l t s  can be o b t a i n e d  by 

such e x p e r i m e n t s .  U n f o r t u n a t e l y ,  r e a l l y  fine spatial 

r e s o l u t i o n  w o u l d  r e q u i r e  huge arrays, and is e n t i r e l y  

b e y o n d  the practical c a p a b i l i t i e s  of our c o m p u t i n g  

f a c i l i t i e s .
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C H A P T E R  VI

As c l a i m e d  in the i n t r o d u c t i o n ,  we have p r e s e n t e d  a 

m e t h o d  of o b t a i n i n g  r e l i a b l e  phase s p e c t r u m  e s t i m a t e s  for 

o b j e c t s  b l u rred by a t m o s p h e r i c  t u r b u l e n c e .  The m e t h o d  is 

b a s e d  on the K n o x - T h o m p s o n  p hase d i f f e r e n c e  e s t i m a t o r  

w h i c h ,  w i t h o u t  m o d i f i c a t i o n ,  s e e m s  u n r e l i a b l e  and o v e r l y  

s e n s i t i v e  to noise. Vie ha v e  also p r e s e n t e d  a new 

s u p e r - r e s o l u t i o n  a l g o r i t h m  w h i c h  a p p e a r s  to have the b e s t  

s t a b i l i t y  and c o n v e r g e n c e  p r o p e r t i e s  of any such a l g o r i t h m  

p r o p o s e d  to date. Both m e t h o d s  ha v e  been a p p l i e d  to 

s i m u l a t e d  and real b l u r r e d  stars w i t h  s u b s t a n t i a l  success.

As w i t h  m o s t  o t h e r  new t e c h n i q u e s ,  h o w e v e r ,  a n u m b e r  

o f  issues, both p r a g m a t i c  and t h e o r e t i c a l ,  need f u r t h e r  

study. The first o b v i o u s  q u e s t i o n  r e l a t e s  to the a c c u r a c y  

of the r e c o n s t r u c t i o n s  of B e t e l g e u s e  and C apella. T h e r e  is 

so m e  r e c e n t  e v i d e n c e  [52] w h i c h  s u g g e s t s  that our s p e c k l e  

p h o t o g r a p h s  are not of the h i g h e s t  q u ality. S p e c i f i c a l l y ,  

one would e x p e c t  b e t t e r  r e s u l t s  if e x p o s u r e  t i mes we r e  

a b o u t  10 ms, r a t h e r  than 50 ms. This w o u l d  n e c e s s i t a t e  the 

use of w i d e r  b a n d p a s s  optical i n t e r f e r e n c e  f i l t e r s  to
o

p e r m i t  a d e q u a t e  e x p o s u r e  of the s p e c k l e  imag e s ,  say 100 A

- o
i n s t e a d  of the 20 A of our data. C e r t a i n l y ,  a study of the
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e f f e c t s  of the v a r i o u s  e x p o s u r e  t i m e - f i l t e r  b a n d w i d t h  

t r a d e o f f s  should be ma d e  for a s t r o n o m i c a l  a p p l i c a t i o n s .  

F u r t h e r m o r e ,  s o l i d - s t a t e  c a m e r a s  are now a v a i l a b l e  which 

re c o r d  a s a m p l e d  and d i g i t i z e d  i m age d i r e c t l y  onto m a g n e t i c  

tape. This p r o m i s e s  i m p o r t a n t  r e d u c t i o n s  in s e n s o r  noise 

level in the data. C o n s e q u e n t l y ,  we feel that a l t h o u g h  our 

reconstruct!' ons are p r o b a b l y  the be s t  to date, t h e y  c a n n o t  

be c o n s i d e r e d  as the l a s t  wo r d  on the a s t r o p h y s i c a l  

s t r u c t u r e  of t h ese stars. Rather, th e y  i n d i c a t e  the power 

of these new p r o c e s s i n g  t e c h n i q u e s .  A p o s s i b l e  empirical 

c h e c k  on t h e s e  t e c h n i q u e s  w o u l d  be to r e c o n s t r u c t  an o b j e c t  

for w h ich we have a s a t e l l i t e  p h o t o g r a p h  u n c o r r u p t e d  by 

a t m o s p h e r i c  t u r b u l e n c e .  The G a l i l e a n  m o o n s  of J u p i t e r  are 

p o s s i b l e  c a n d i d a t e s .  If our r e s u l t s  are c o n f i r m e d  by 

f u r t h e r  r e s e a r c h ,  an e x c i t i n g  a s t r o n o m i c a l  a p p l i c a t i o n  of 

the new s u p e r - r e s o l  ution a l g o r i t h m  w o u l d  be to data from 

the orbital t e l e s c o p e  now u n d e r  c o n s t r u c t i o n .

A n o t h e r  r e s e a r c h  area is the a p p l i c a t i o n  of these 

m e t h o d s  to spectral e s t i m a t i o n ,  b a n d w i d t h  c o m p r e s s i o n ,  and 

b l i n d  d e c o n v o l u t i o n  p r o b l e m s  for both one- and 

t w o - d i m e n s i o n a l  signals. In this l a t t e r  p r o b l e m ,  one 

r e q u i r e s  a p r o t o t y p e  s p e c t r u m  so as to be a b l e  to e s t i m a t e  

the s p e c t r u m  of the blur, w h i c h  is then r e m o v e d  from the 

b l u r r e d  signal by some i n v e r s e  f i l t e r i n g  t e c h n i q u e .  We 

r e m i n d  the r e a d e r  of the i m p o r t a n c e  of an 'adequate' 

initial p hase s p e c t r u m  e s t i m a t e ,  w h i c h  m a y  i n h i b i t  the
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a p p l i c a t i o n  of the s u p e r - r e s o l u t i o n  t e c h n i q u e  to c e r t a i n  

p r o b l e m  s .

T h e r e  is no d o u b t  th a t  our p r e s e n t  t h eoretical 

u n d e r s t a n d i n g  of t hese t e c h n i q u e s  is i n c o m p l e t e .  For 

e x a m p l e ,  ra t h e r  d e t a i l e d  s t u d i e s  of the bias and v a r i a n c e  

c h a r a c t e r i s t i c s ,  and how t h e s e  are m o d i f i e d  by a n a l y s i s  

w i n d o w s ,  have b e e n  m a d e  for PSD e s t i m a t o r s .  For 

c o m p l e t e n e s s ,  s i m i l a r  s t u d i e s  should be m a d e  for the 

K n o x - T h o m p s o n  e s t i m a t o r .  How e v e r ,  I feel an even m o r e  

i m p o r t a n t  d e v e l o p m e n t  w o u l d  be the c r e a t i o n  of a general 

ana l y t i c a l  f r a m e w o r k  in w h i c h  to c a s t  the s u p e r - r e s o l u t i o n  

a l g o r i t h m  (which i n c l u d e s  the phase r e f i n e m e n t  a l g o r i t h m ) .  

Y o u l a ' s  work [48] is p r o b a b l y  the f o u n d a t i o n  of such a 

f r a m e w o r k .  Our a l g o r i t h m  a p p e a r s  to be a special case of 

the r e g u l a r i z o r s  d i s c u s s e d  in that paper. The a n a l y s i s  is 

c o m p l i c a t e d  by the n o n - l i n e a r i t i e s  of the a l g o r i t h m ,  

h o w e v e r .  H o p e f u l l y ,  su c h  an a n a l y s i s  w o u l d  p r o v i d e  a 

q u a n t i t a t i v e  d e s c r i p t i o n  of the e f f e c t s  of n o ise and the 

rate of f r e q u e n c y  e x t r a p o l a t i o n  on the final e s t i m a t e s .  In 

fact, such an a n a l y s i s  m a y  i n d i c a t e  t h a t  the a l g o r i t h m  

p r e s e n t e d  here is n o t  o p t i m a l .  This w o u l d  i n d i c a t e  the 

p o s s i b i l i t y  of e v e n  b e t t e r  r e s u l t s  than those p r e s e n t e d  

here. As a pract i c a l  m a t t e r ,  h o w e v e r ,  the s i m p l i c i t y  of 

the i m p l e m e n t a t i o n  and the r a p i d i t y  of c o n v e r g e n c e  of this 

new a l g o r i t h m  m a y  m a k e  it a p r o c e s s i n g  tool of i m p o r t a n c e .
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