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ABSTRACT

The goal of this work is to construct integral Chern classes and higher cycle
classes for a smooth variety over a perfect field of characteristic p > 0 that are
compatible with the rigid Chern classes defined by Petrequin. The Chern classes
we define have coefficients in the overconvergent de Rham-Witt complex of Davis,
Langer and Zink, and the construction is based on the theory of cycle modules
discussed by Rost. We prove a comparison theorem in the case of a quasi-projective

variety.



RESUME

Le but de ce travail est de construir des classes de Chern entieres et des classes
de cycles pour une variété lisse sur un corps parfait de caractéristique p > 0
compatible aux classes de Chern rigides définies par Petrequin. Les classes de
Chern que l'on définit sont a coéfficientes dans le complexe de de Rham-Witt
surconvergent de Davis, Langer et Zink et la construction repose sur la théorie de
modules de cycles discutée par Rost. On démontre un théoréme de comparaison

dans le cas d’une variété quasi-projective.
]



In memoriam Jochen Riedel.
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CHAPTER 1
INTRODUCTION

It is well known that crystalline cohomology is a good integral model for Berth-
elot’s rigid cohomology in the case of a proper variety. The overconvergent de
Rham-Witt cohomology introduced by Davis, Langer and Zink [DLZ11] is an
integral p-adic cohomology theory for smooth varieties designed to be compatible
with Monsky—Washnitzer cohomology in the affine case and with rigid cohomol-
ogy in the quasi-projective case.

In view of the fact that for proper smooth varieties over a field of characteristic
p > 0 crystalline Chern classes are integral Chern classes, which are according to
Petrequin compatible with the rigid ones [Pet03], the following question is reason-
able:

Question: Can we define integral Chern classes for (open) smooth varieties

that are compatible with the rigid ones?

We use the above mentioned overconvergent de Rham-Witt complex as an
obvious choice for coefficients for integral Chern classes on smooth varieties.

Let X be a smooth variety over a perfect field k of positive characteristic p > 0.
Denote by WTQy the étale sheaf of overconvergent Witt differentials over X. We
construct a theory of higher Chern classes with coefficients in the overconvergent
complex

¢+ Ki(X) = HY (X, WQx).
If X is quasi-projective we prove the following comparison:

Proposition. The overconvergent Chern classes cii Ki(X) — H%-7(X, WHQy)

are compatible with the rigid Chern classes cfjg Ki(X) — Hil(; J (X/K) defined by

Petrequin [Pet03] via the comparison morphism of [DLZ11].



Or more explicitly, the following diagram commutes for all i,j:

H? (X, WtQx) ® Q (1.1)

sc

/

) 2i—j
Hrig

1%

K;(X)

(X/K)

where the vertical map is the comparison isomorphism.

Let us now present the different parts of the article.

We begin by recalling facts about Milnor K-theory for local rings, including the
Gersten conjecture for the associated sheaf on a scheme X where all residue fields
have “enough” elements due to Kerz [Ker08]. We note that the Gersten conjecture
implies that the “naive” definition of the Milnor K-sheaf as the sheaf associated to

the presheaf given for a ring A by

Kiw(A) = T*(A)/ Steinberg relations
coincides with the definition used by Rost [Ros96] denoted by .2 i\/{

In order to be able to apply our results to a more general case, we describe
Kerz’s “improved” Milnor K-theory. Kerz points out that the usual Milnor K-sheaf
72/[ is continuous and disposes of a natural transfer map if restricted to schemes
with infinite residue fields. The improved Milnor K-sheaf va iVI is the universal
sheaf which is continuous, has a transfer regardless of the residue field and allows
a natural transformation

H, =,

such that for any continuous sheaf G with a transfer together with a natural trans-
. =M . . . =M .
formation 2, — G there is a unique natural transformation .%#", — G making

the diagram
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commute. The sheaf 7 iVI also satisfies the Gersten conjecture and consequently
this definition of the Milnor K-sheaf coincides with the definition used by Rost
[Ros96].

In Chapter 3 we state Rost’s axiomatic approach to Chow groups in terms
of cycle modules. We will later use the fact that the Milnor K-ring is a cycle
module. An important result is Corollary 3.16, which makes it possible to calculate
the cohomology of a cycle module in terms of the associated Chow groups. In
particular, we can calculate the Zariski cohomology of the Milnor K-sheaf in terms
of the cohomology of the associated cycle complex. We make use of this in the
proof of the Projective Bundle Formula (Proposition 3.19), sketched by Gillet in
his survey [Gil05]. The statement is proved for Chow groups in general, but is in
particular applied to the Milnor K-sheaf in the next chapter in order to show that
it provides a duality theory.

In Chapter 4 we start out by giving the axioms of Gillet’s generalised duality
theories. In Theorem 4.8 and Theorem 4.9 we recall his result that for a duality

theory I'(x) satisfying such axioms there exists a theory of higher Chern classes

cij + Ki(X) — H¥ (X, T(i)).

We now define a duality theory by setting

Lx(j) = x".

As we show that it satisfies Gillet’s axioms, we can finally conclude in Theorem
4.10 that there is a theory of Chern classes with coefficients in the Milnor K-sheaf

cij : Kj(X) —» H (X, ).

Assume now that k is a perfect field of characteristic p > 0 and X a smooth
k-scheme. The results of the last two Chapters are for étale topology only.
In Chapter 5 we recall the definition of the overconvergent de Rham-Witt com-

plex WHQx introduced by Davis, Langer and Zink in [DLZ11]. It is easy to see that



logarithmic Witt differentials are in fact overconvergent. This leads us to define for

every i > 0 a morphism

dlog': 0% ®--- 0% — WQI‘X,log — WO [i]
X1 ®--®x; — dlog(xy)---dlog(x;).

In Proposition 5.5 we prove that the symbols d log(x1) - - - d log(x;) satisfy the Stein-
berg relation. Therefore the morphism dlogi factors through the naive Milnor
K-sheaf

dlog' : YIM — WrQJi].

We show that the overconvergent de Rham-Witt complex has a transfer map or
norm that satisfies the conditions given in [Ker10]. Moreover, it is continuous. As
a consequence we obtain for each i a unique natural transformation

dlog' : ;”ZM — Wra|i,
and we do not have to distinguish any more between the different definitions of
Milnor K-theory.
This enables us by functoriality of sheaf cohomology to define in Chapter 6
Chern classes with coefficients in the overconvergent complex induced by the ones

for Milnor K-theory

Theorem. There is a theory of Chern classes for vector bundles and higher algebraic K-
theory of reqular varieties over k with infinite residue fields, with values with coefficients
in the overconvergent de Rham—Witt complex:
o - Kj(X) = H* 7 (X, W' Qy).
As a preparation for our comparison theorem in Chapter 7 we go over Pe-
trequin’s definition of rigid Chern classes and how to calculate them with Cech
cocycles. We show that they factor through Milnor K-theory. From now on we

assume that X/k is smooth and quasi-projective. In this case Davis, Langer and



Zink construct a rigid-overconvergent comparison morphism. In fact, they show

that there is a natural quasi-isomorphism
RT4ig(X) — RT(X, W'Qx ) ® Q.

In the last part of this chapter, we show that the overconvergent Chern classes
that we constructed are compatible with Petrequin’s rigid Chern classes via this
comparison map. This relies on the fact that they both factor through Milnor K-

theory, and we have a commutative diagram

HZ ' (X/K)

: rig
I‘lg
M

o)f—=H"I(X, M)

H? 1 (X, WtQ)

K;(X)

where the outer triangle leads to the desired diagram (1.1).

In Chapter 8 we construct higher cycle classes using the method of Bloch [Blo86b].
For this we first recall the definition of Bloch’s higher Chow groups CHb(X,n),
which under certain conditions calculates Voevodsky’s motivic cohomology. They
form together the higher Chow ring CH* (X, -) of X, and Bloch establishes further
properties useful for a cohomology theory, among other things there is a rational
relation with algebraic K-theory, which motivates the construction of higher cycle
class maps. Similar to the method used for the Chern classes, we construct first

cycle maps for the Milnor K-sheaf
nhi  CHY(X,n) — H (X, ),

which satisfy a normalisation property, allow flat pull-backs and are compatible
with addition and multiplication, thus giving a homomorphism of rings. This
can be done because the target cohomology theory H" (X, .# M) satisfies certain

properties such as weak purity. We use again the map

dlog' : M — WHQi]



to obtain morphisms of higher cycle classes

ntt CH (X, n) — H® (X, WTQ2Y).



CHAPTER 2

MILNOR K-THEORY

In this section we recall the definition and basic properties of Milnor K-theory
for fields and rings. Following [Ker09] we give a definition for the Milnor K-

sheaves and state the Gersten conjecture in equicharacteristic.

2.1 Milnor K-theory for fields
We start by recalling the definition of the Milnor K-groups for fields in genera-

tors and relations along with some properties.
Let F be a field and T*(F) the tensor algebra of F. Let I be the two-sided homo-
geneous ideal in T*(F) generated by the elements a ® (1 —a) witha,1 —a € F*.

Definition 2.1. The Milnor K-groups of the field F are defined to be
KM(F) := T"(F) /1.

They form a graded ring KM (F) = T*(F)/I. The class of a1 ® - - - ® a,, in KM(F) is
denoted by {ay,...,a,}. Elements of I are usually called Steinberg relations.
The following basic properties are standard.

Lemma 2.2. The map KM(—) is functorial in the sense that for a field extension

F — E there is a natural homomorphism of graded rings
KY(F) — K(E).

Lemma 2.3. The following relations hold:
— For x € KM(F) and y € KM(F) we have xy = (—1)""yx.
— Fora € F*: {a,—a} = {a,—1}.
— Foray,...,a, € F* such thatay + - - - + a, is either0 or 1: {ay,...,a,} = 0.



For a discretely valued field (F,v) with ring of integers A and prime element

7T, there exists for each n a unique group homomorphism
0
KY(F) 5 KM (A7)
such that for uq,...,u, € A*

a{ﬂ,uz,...,un} — {ﬁ2,...,ﬂn}

o{uy,...,up} = 0.

By multilinearity of the symbols this is enough to define 9. The following result is

due to Milnor [Mil70].

Proposition 2.4. For a field F there is a split exact sequence
0 — KM(F) — KM(F(£)) & @K™ | (F[t]/7) = 0

where the sum is over all monic irreducible elements 7t € F[t].

2.2 The theory for local rings with
infinite residue fields
We briefly recall Kerz’s discussion of Milnor K-theory in the case when the

residue fields have “enough” elements (see [Ker(09]).

Definition 2.5. For a regular semilocal ring R over a field k the Milnor K-groups

are given by

KM(R) = Ker ( P KMk(x) > D K%(k(y))).

x€R©) yeRM)
In an attempt to generalise the definition of the Milnor K-ring for fields to
arbitrary unital rings, one can define a graded ring in the following way:
Definition 2.6. For a unital ring R let

KY'(R) = T*(R)/],

where ] is the two-sided homogeneous ideal generated by the Steinberg relations

and elements of the forma ® (—a).



If R is a regular semilocal ring over a field, there is a canonical homomorphism
of groups

M (R) = KM(R),

K
which is surjective if the base field is infinite (or sufficiently large, as in [Ker09]).
Kerz proves that in this case the additional relation {a, —a} = 0 in the definition is

obsolete and that the usual relations hold.

Remark 2.6.1. As pointed out by Kerz, the notion of “sufficiently many elements in
the residue fields” of R depends on the context. To be safe one might assume the
base field k is algebraically closed or more generally has infinitely many elements.
However, many results that are of interest for us hold with the weaker assumption
that the number of elements in the residue fields is bounded below by a certain

constant.

We want to globalise this to schemes.

Definition 2.7. Define 71\4 to be the Zariski sheaf associated to the presheaf
=M
U~ K, (T(U, Ou))

on the category of schemes.
Inspired by Definition 2.5 one defines the following.
Definition 2.8. Let #"M be the sheaf

U Ker | @ ik (k(x) S P ipKM(k(y))
xel(©) yeu®)

on the big Zariski site of regular varieties (schemes of finite type) over a field k,

where iy is the embedding of a point x in U.

One part of the Gersten conjecture for Milnor K-theory is to show that these
two definitions coincide. Kato constructed a Gersten complex of Zariski sheaves
for Milnor K-theory of a scheme X

0=y = @ inKMk(x) = @ iyKM(k(y) — - 2.1)
xeX©) yex®

In [Ros96] Rost gives a proof that this sequence is exact if X is regular and

of algebraic type over an arbitrary field k except possibly at the first two places.
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Exactness at the second place was shown independently by Gabber and Elbaz-
Vincent/Miiller-Stach. Finally Kerz proved that the Gersten complex is exact at the
first place for X a regular scheme over a field, such that all residue fields contain
more than M, elements. The constant M, is a natural number that depends on the
degree n and can be determined via the construction of a transfer homomorphism
(or norm) for Milnor K-theory of rings (see [Ker09, Remark 3.5.8]).

Hence the Gersten conjecture holds for Milnor K-theory in this case.

Theorem 2.9. The Gersten complex (2.1) for Milnor K-theory is exact if X is a reqular

scheme over a field where all residue fields contain at least M, elements.

In particular, this shows

Corollary 2.10. Let X be a regular scheme of dimension n over a field with at least

M elements, where M is max{M,; ‘ 0 <i< n}. Then

M= M

2.3 The theory for local rings with finite residue fields
As Kerz points out in [Ker10], the Gersten conjecture does not hold in general if
we use the same construction of Milnor K-theory for local rings with finite residue
tields.
Let & be the category of abelian sheaves on the big Zariski site of schemes
and &% the full subcategory of sheaves that admit a transfer map in the sense of
Kerz [Ker10]. That is to say for an abelian sheaf F there exist for every finite étale

extension of local rings i : A — B a system of norms

[Npyar: F(B') = F(A")] 4

where A’ runs over all local A-algebras for which B' = B ®4 A’ is also local. It
satisfies the following properties:

1. Compatibility: If A" — A" is a morphism of local A-algebras such that B’ =
B®y A’ and B” = B®4 A” are local as well, the diagram
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F(B') —F(B")
NB’/A’i lNB”/A”
F(A") —=F(A")
commutes.

2. Restriction to base ring: If i’ : A’ — B’ is the induced inclusion, the norm
Np, 4 satisfies
NB’/A’ e} l; = deg(B/A) idF(A’) .

Furthermore, let G be the full subcategory of sheaves in & which admit norms
as described if we restrict the system to local A-algebras A’ with infinite (or “big

enough,” cf. [Ker09]) residue fields.
Example 2.11. The Milnor K-sheaf 7,1M for every n as detined in [Ker(09] is an
element of 5T (cf. [Ker10, Proposition 4]).
Definition 2.12. A functor on a category of rings is continuous if it commutes with
direct limits. More precisely, it is continuous if for every filtering direct limit of
rings

A = lim A;
the natural homomorphism

lim F(A;) — F(A)

is an isomorphism.

Example 2.13. Kerz shows that the Milnor K-sheaf 724 is continuous since this is

true for the presheaf.

A main result in Kerz’s article [Ker10] is that for a continuous functor F € &%
there exists a continuous functor F € GF and a natural transformation satisfying a
universal property. Namely, for an arbitrary continuous functor G € &% together
with a natural transformation F — G there is a unique natural transformation

F — G making the diagram
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commutative. Moreover, for a local ring with infinite residue field, the two functors
coincide. It is constructed using rational function rings.

For a commutative ring A let A(ty,...,t,) be the rational function ring in n
variables; that is the ring A[ty,...,t4]s, where we localise at the multiplicative
set S consisting of all polynomials ¥ ;a;t' such that the ideal generated by the
coefficients a; € A is the unit ideal. Some useful properties of this ring are

— If A is local with maximal ideal m, the ring A(#,...,t,) is local, too, and

S=Alty, ..., ty| —my, where my = m Al[ty, ..., t,].
- If A C B is a finite étale extension of local rings, there is a canonical isomor-
phism
BRaA(ty, ..., tn) = B(ty,...ty).

Denote by i : A — A(t) the natural homomorphism and by iy, i : A(t) —

A(ty,tp) the natural homomorphisms sending ¢ to t; or t;, respectively. Now we

set F to be the Zariski sheafification of the presheaf
A ker |F(A() 222 F (At 1))] -

If Fis in 6T, this is indeed in &F (cf. [Kerl0, Proof of Theorem 7]), and it is clear
that continuity is preserved.

As a corollary, we obtain an “improved” Milnor K-theory, taking into account
that 7;\4 is in 6T and continuous.
Corollary 2.14. For every n € IN there exists a universal continuous functor x HM €

&% and a natural transformation

M —~M
H,, =K,

such that for any continuous G € &% together with a natural transformation
——M . . . —M
&, — G there is a unique natural transformation ¢, — G such that the

diagram

commutes.
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In the affine case this is denoted by

KM — KM

We list some of the important properties, proved in [Ker10, Proposition 10].

1.
2.
3.

10.

Let (A, m) be a local ring. Then I?{VI(A) = A*.
KM(A) has a natural structure as graded commutative ring.

For a finite étale extension of local rings A — B there is a canonical transfer
map

Npsa: KM(B) — KM(A).

The natural map 1@4 (A) = Kz(A) to Quillen K-theory is an isomorphism.

. The ring KM(A) is skew symmetric.

For ay,...,a, € A* witha; +---+a, = 1, the image {ay,...,a,} of 11 ®
.- ®@ay, in KM(A) is trivial.

For any field F we have KM(F) = KM(F).

. The natural map KM(A) — KM(A) is an isomorphism if the residue field of

A has “enough” elements (compare [Ker(09, Remark 5.8]).

. There exists a homomorphism from Quillen’s K-theory

Kn(4) = Kj'(4)
such that the composition
Ki'(A) = Ku(A) = Ki/'(4)
is multiplication by (n — 1)!, and the composition
Kn(A) = Ki'(4) = Ku(4)

is the Chern class ¢y, 5.

If (A,I)is a Henselian pair, and s € IN invertible in A/I, then the map
induced by the projection

KM(A)/s — KM(A/1)/s

is an isomorphism.



14

11. Let A be regular, equicharacteristic, F its quotient field and X = Spec A. Then

the Gersten conjecture holds, i.e., the Gersten complex
0= KY(A) = K(F) = &, cx KiLa (K(x)) = -+
12. Let X be a regular scheme containing a field. There is a natural isomorphism
H"(X,KM) = CH"(X).
13. If A is equicharacteristic of characteristic prime to 2, then the map
. N /\M
in: K37 (A) = K3(A)
is injective.
14. If A is regular and equicharacteristic, there is a natural isomorphism
KM(A) 5 Hmot(Spec(A), Z(n))

onto motivic cohomology.
In general, the natural map

—M —~M

A (X) = A (X)
is not an isomorphism. For example, we mentioned in property (4) that the im-
proved Milnor K-theory is equal to the Quillen K-theory for any local ring A,
KM(A) = Ky(A), which is not true in this generality for the usual Milnor K-theory.
An example for this was given by Bruno Kahn in the Appendix to [Kah93]. How-
ever, from the fact that % iVI satisfies the Gersten conjecture, we can deduce a useful

corollary.

Corollary 2.15. Let X be a smooth scheme with finite residue fields. Then

M

M —~
A =H,,
where ¥ iVI is as in Definition 2.8.

Another important feature of the improved Milnor K-theory is that it is locally
generated by symbols. In other words, its elements satisfy the Steinberg relation.

In fact Kerz shows the following theorem.
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Theorem 2.16. Let A be a local ring. Then the map

KM (A) — RM(A)

is surjective.

Proof. (IDEA) One can use the transfer map for extensions of local fields of degree
2 and 3 to reduce to the cases n = 2 and n = 1, whereof both are classical if one

takes into account (1) and (4) of the list of properties above. O

2.4 Milnor K-theory on the étale site

Although the improved Milnor K-sheaf was constructed over the big Zariski
site of all schemes, we can consider it as a sheaf over the big étale site. In particular,
the theory makes sense on the small étale site X4 of a scheme X.

More precisely, we can define yi\/l over the big étale site as in Definition 2.7
étale locally instead of Zariski locally. In this case, let G¢; be the category of abelian
sheaves on the big étale site of all schemes and &%y, the full subcategory of sheaves
that admit a transfer map in the sense of Kerz [Ker10] as described above. This
still makes sense as everything is only defined and described locally. Furthermore,
let 6T, be the full subcategory of sheaves in G4 which admit a transfer if we
restrict the system to local A-algebras A’ with infinite (or “big enough,” cf. [Ker09])
residue fields. On a similar note, continuity can be defined locally so that the
Milnor K-sheaf over the étale site is also continuous.

The theorem now reads

Theorem 2.17. For a continuous functor F € &TF there exists a universal continuous
functor F € &% and a natural transformation F — F. That means, for an arbitrary
continuous functor G € &% together with a natural transformation F — G there is a

unique natural transformation F — G making the diagram
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commutative. Moreover, for a local ring with infinite residue field, the two functors coin-

cide.

Proof. The proof of the Zariski case used in [Ker10, Theorem 7] is purely local.
Taking into account that the functors in question are sheafifications of presheaves
on the category of local rings and furthermore that the only condition that goes
beyond this is the existence of a transfer map for finite étale extensions of local
rings, we see that the arguments can be carried over verbatim to the case of the
étale site instead of the Zariski site. In fact, this is valid for any (Grothendieck)

topology in between the étale and Zariski topology. O

The properties of the improved Milnor K-sheave from Theorem 2.16 and [Ker10,
Proposition 10] cited above hold in the case of the étale site equally. In particular,

the Gersten complex
0 — Ki'(A) = K(F) = @, cxa KLy (k(x)) = -+

is exact.
Naturally it follows from Theorem 2.16 that the improved Milnor K-sheaf over
the étale site is locally generated by symbols.



CHAPTER 3

CYCLE MODULES

The axiomatisation of cycle modules by Rost provides a powerful framework
for modules over the Milnor K-sheaf as it allows to reduce the local case. We recall

important definitions and properties and prove a projective bundle formula.

3.1 Definition and properties
Rost defines in [Ros96] first cycle premodules as functors from the category of
tields to the category of modules over Milnor K-theory, which have transfer mor-
phisms and residue maps for discrete valuations and satisfy the usual canonical
axioms.
Let B be a scheme over a field k. Let .7 (B) be the category of fields over B,
that means finitely generated fields F over k together with a morphism Spec F —

Spec B.

Definition 3.1. A cycle premodule M is a functor
M: 7(B) > A%

from the category .% (B) to abelian groups together with a Z-grading (oraZ /2 Z-
grading) and the following list of data and rules:
(D1) For each field extension ¢ : F — E there is a restriction ¢, : M(F) —
M(E) of degree 0.
(D2) For each finite extension ¢ : F — E, there is a corestriction ¢* : M(E) —
M(F) of degree 0.
(D3) For each F the group M(F) is equipped with a left K (F)-module struc-
ture respecting the grading.
(D4) For a valuation v on F there is a boundary map 9, : M(F) — M(x(v)) of
degree —1.
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For a prime 7t of the valuation v on F let
s;i: M(F) — M(x(v)),
p o= w{-7}-p)
(R1) Forgp:F — E, ¢ : E — L one has ({ o @), = . o ¢s. If ¢ and ¢ are finite,
one has in addition (P o ¢)* = ¢* o ¢*. If ¢ is finite, put R = L @ E. For

p € SpecR, let ¢, : L — R/p and ¢, : E — R/p be the natural maps and let
Iy be the length of the localised ring R ;). Then

Pso@t = le : (Gop)* o (lpp)*-
p
(R2) For¢ : F — E,x € KM(F),y € KM(E), p € M(F), 4 € M(E) one has:
9+(x0) = ¢+(x) 9 (p),
and if ¢ is in addition finite:
¢ (p=(x)y) = x¢"(p)
¢ (yo:(0)) = ¢ (e
(R3) Let ¢ : E — F, v a valuation on F, which restricts to a nontrivial valuation
w on E with ramification index e. Let ¢ : x(w) — «(v) the induced map.
Then
dy © Qs = €@, 0 Jy.

On the other hand if ¢ is finite and w a valuation on E consider for an

extension v of w to F the induced map ¢, : k(w) — x(v). Then
dyw 0 @F = quj 0 dy.
v
If v is a valuation of F, which is trivial on E, then
dy 0 ¢y = 0.
Let g : E — x(v) be the induced map and 7 a prime of v, then
S0 Px = @,

If u is a v-unit and p € M(F), then
d({utp) = —{u}dv(p).
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Sometimes we use the notation ¢ = rgjp and ¢* = cg|f.

Lemma 3.2. For ¢ : F — E finite

¢ ¢ = (dege)id.

If ¢ is in addition totally inseparable, one also has

P.@* = (degp)id.

Proof. This follows from (R1) and (R2) (cf. [Ros96, Section 1]). O

One can consider M(F) as a right KM(F)-module. The maps 9 and s are called

residue homomorphism and specialisation.

Lemma 3.3. For a valuationv on F, x € KM(F), p € M(F), 7 a prime of v, one has

(0) + (=1)"s79u(p) + {—1}9u(x)9u(p)

Proof. This follows from (R3) (cf. [Ros96, Section 1]). O

Definition 3.4. A pairing M x M’ — M" of cycle premodules is a system of bilinear
maps for all F € % (B)
M(F) x M'(F) — M"(F),

which respects the gradings and the above mentioned properties in the obvious
way. For more details see [Ros96, Definition 1.2]

A ring structure on a cycle premodule M is a pairing M x M — M, which
induces over each F an associative and anticommutative ring structure.

A homomorphism w : M — M’ of cycle premodules of even respectively odd
type is given for each field F such that

(1) ¢pxwr = WEP«

(2) ¢"wg = wrg”

(3) {aywe(p) = +wr({a}p)

(4) dywr = FwWy(y)dy
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Examples 3.5. 1. Milnor K-theory together with the data
¢« , ¢° , multiplication , d

is a Z-graded cycle premodule over any field k with ring structure [Ros96,
Theorem 1.4].

2. Galois cohomology: Any torsion étale sheaf on B gives rise via Galois coho-

mology to a cycle premodule over B [Ros96, Remark 1.11].

3. Quillen’s K-theory over a field is a Z-graded cycle premodule over any field
k [Ros96, Remark 1.12]

To pass from cycle premodules to cycle modules additional data is needed. For
a scheme X we write M(x) for M(x(x)). The generic point is denoted by ¢. If X is
normal, the local ring of X at x € X(1) is a valuation ring; let 9, : M(&) — M(x) be

the corresponding residue homomorphism. For x,y € X we set

|Zc y) 09z : M(x) = M(y),
zly

if y € ZW, where Z = {x}, with z running through the finitely many points lying
over y in the normalisation Z. If y ¢ Z(1), then 9 = 0.
Definition 3.6. A cycle module M over k is a cycle premodule which satisfies the
following conditions:
(FD) Finite support of divisors: Let X be a normal scheme and p € M({x).
Then d,(p) = 0 for all but finitely many x € X(1).
(C) Closedness: Let X be integral and local of dimension 2. Then
2 9% 35 : M(E) — M(xq),
xeXx(1
where ¢ is the generic and x is the closed point of X.

A morphism of cycle modules is a morphism of cycle premodules.

If X is integral and (FD) holds, we set

xeX( _> I_[ M
xex(®

d = (3%)

Some properties of cycle modules are mentioned below:
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(H) Homotopy property for A': The sequence

0— M(F) 5 M(Fu)) & T[] M(x)—0
XEAE(,
is an exact complex where r = rp(,f.
(RC) Reciprocity for curves: Let X be a proper curve over F. Then
M@E) L T M(x) S M(F)
xeX(g)
is a complex, i.e, cod = 0 with ¢ =} ¢y (y)F-
The properties (FD), (C), (H) and (RC) are needed as Rost points out in the sense
that
— (FD) enables us to write down the differentials d of the cycle complexes
C«(X; M).
— (C) guarantees that dod = 0.
— (H) yields the homotopy property of the Chow groups A.(X; M).
— (RC) is needed for proper push forwards.
Moreover, for a cycle module M over a perfect field k we have the following
properties:
(FDL) Finite support of divisors on the line: Let p € M(F(u)). Thend,(p) =0
for all but finitely many valuations v of F(u) over F.
(WR) Weak reciprocity: Let d« be the residue map for the valuation of F(u)|F
at infinity. Then
deo(AY(AL; M)) = 0.

A cycle premodule over a perfect field k is a cycle module if and only if the last
two properties hold for all fields F over k. This is true for Milnor and Quillen
K-theory. Rost pointed out in [Ros96, Remark 2.4] that Milnor’s K-ring over any
tield k is a basic example for a cycle module, which is the reason why I consider
cycle modules in this context.

We will now introduce cycle complexes and basic operations on them.
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3.2 Cycle complexes
Let M be a cycle module over X and N one over Y. For subsets U C X and
V C Y and a homomorphism
a: [[M(x) = [ N)
xel yev
we write & : M(x) — N(y) for the components. f X =Y, U C Xandw : M — N

a homomorphism of cycle modules, we define the associated change of coefficients
by

wy: [[M(x) — [N

xel yel
X _ w;c(x) if x = Yy
(wr)y {O if x £y

Definition 3.7. For a cycle module M over X we define a complex of graded mod-

ules with respect to dimension

Co(X;M) = ][] M(x)
xeXm

d = dx:Cp(X;M) — Cp1(X; M)

d; = 8; as defined above.

In a similar way one defines a complex of graded modules with respect to codi-

mension

cr(x;M) = ] M(x)
xeX(P)
d = dx:CP(X;M) — CPTYX; M)

d; = 8; as defined above.

Remark 3.7.1. We can also define a version of the above with support in a closed

subscheme y — X. Then define

Cy(X;M)= ] M(x)
XEX(p)
xeY

and
Ch(X; M) = ]_[ M(x

xeX(p
xEY
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It is not hard to show that d od = 0 in both cases so that these are indeed
complexes. For morphisms f : X — Y we are now recalling four important classes

of induced maps
Cp(X; M) — Cy(Y; M).

1. Push-forward. If f : X — Y is finite, we define

fi + Cp(X;M) — Cp(Y; M)
(f*)]’/c _ {gx(x”,{(y) ify :f(x) and [x(x) : k(y)] < oo
otherwise.
2. Pull-back. Foramorphism g : Y — Xlets(g) = max{dim(y,Y) —dim(g(y), X) | y €

Y} Ifx € X,y € Yy, 8(y) = xand s(g) < q—p, theny € Y. Let o7
be a coherent sheaf on Y. For x € X and y € YJEO) we define an integer
[, g]’yc € Z: The localisation Y, () = Spec(R) of Yy at y is the spectrum of an
artinian ring with residue class field x(y). Let < be the pull-back of </ along

Yy () = Yx = Y, then

y)

—_—~

[, 8]% = Ir()

is the length of </ over R. This induces a homomorphism in the following

manner. For s € Z with s(g) <s

[ﬂ,g/ S] : CP(X; M) - Cp+s(Y) M)
(,8,s];, = [, 81y ey 18(Y) = x
o 0 otherwise.

If X = SpecF for a field F and
0> o > " =0

an exact sequence of coherent sheaves over Y, then by the additivity of length
we have

[427/;8;3] - [drgrs] + [d/,lgls] =0.

Let F — E a morphism of fields, X of finite typeover Fand g : Y = X xpE —
X the base change. Then we put

8 =1[0v,,80]. 3.1)
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A morphism ¢ : Y — X of finite type over a field is said to have rela-
tive dimension s if all fibres are empty or equidimensional of dimension

dim(g) = s. (For example: open/closed immersions have s = 0.) Define
§ =[O0y, dim(g)].
. Multiplication with unites. For global sections ay, ...,a, € O% let

{ar,...,an} : Cp(X; M) — Cp(X; M)
{{al(x),...,an(x)}-p ifx=y
0

otherwise.

{a,... anty(p) =

This makes C,(X; M) a module over the tensor algebra of 0. If X is defined
over a field F, then K* C 0% and C,(X; M) becomes a module over K.F.

. Boundary maps. Let X be of finite type over a field, i : Y — X a closed im-
mersion and j : U = X\Y — X the inclusion of the complement. We define

the boundary map associated to a so-called boundary triple (Y, i, X, j, U)
9 =0y : Cp(U; M) — Cpq(Y; M).

Although we just defined the four basic maps for the cycle complex with re-

spect to dimension, it is clear that there are similar maps for the codimension-cycle

complex (or cocycle complex). Sums of composites of maps of the four basic

types are called generalised correspondences. Rost shows in [Ros96, Section 4]

compatibilities of the four basic types of maps as desired for a reasonable cycle

theory. In particular, we have the following results at our disposal.

Proposition3.8. 1. Letf: X — Y and f' : Y — Z be morphisms of schemes of

finite type over a field. Then one has

(f o f)e = fiofu

2. For two morphisms g:Y — X andg' : Z — Y lets > s(g) and s’ > s(¢') and

let o and </’ be coherent sheaves on Y and Z respectively, with /' flat over
Z. Thens+s' > s(g) +s(¢') and

[g’*d®ﬁzﬂf’,gog',s+s’} _ [%/,g/,sl] ol,g,s].
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In particular, for morphisms ¢ and ¢’ as in the formula (3.1) where g’ is in

addition flat, we have
(g0g ) =g"0og"

3. For the diagram
g/

257
|
— =X

u
|
Y3

with f and f' morphisms of schemes of finite type over a field, let s >

s(g),s(¢') and o7 a coherent sheaf onY. Then
[,8,8]0 fo = fio [f" .8 5]
In particular for g as in (3.1)
g ofi=fiog"

Proof. This is [Ros96, Proposition 4.1]. O

Lemma 3.9. Let f : X — Y a morphism of schemes of finite type over a field.

1. Ifa is a unit on X, then
feo{f(a)} = {a}o fu
2. Let f be finite and flat and let a be a unit on Y. Then

fro{a}of={f(a)},

where f, : 03 — 0% is the standard transfer map. This is often referred to

as the projection formula.

Proof. This is [Ros96, Lemma 4.2]. l

Lemma 3.10. Let a be a unit on X.
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1. For a morphism of schemes of finite type over a field g : Y — X of constant

codimension as explained above, one has
g olay ={gajog".
2. For a boundary triple (Y,i, X, j, U) one has
9y o {j*(a)} = —{i*(a)} 0 3.
Proof. This is [Ros96, Lemma 4.3] O

For a morphism h : x — X' of schemes of finite type over a field, a closed im-

mersion Y’ < X’ and the complement U’ = X"\ Y’ consider the pullback diagram
Y——X<—"U
b b
Y/C_> X/ (_)u/

Proposition 3.11. 1. Ifh is proper

2. If h is flat (of constant relative dimension), then
—x / —*
h o ag, = 65 oh .
Proof. This is [R0s96, Proposition 4.4] ]

Finally we have

Lemma 3.12. Let g : Y — X be a smooth morphism of schemes of finite type over a
tield of constant dimension 1, letc : X — Y be a section and lett € Oy be a global
parameter defining the subscheme o(X) C Y. Denote by § the restriction of g to
Y\c(X), and d the boundary map associated to c. Then

00g" =0 and do{t}og" = (idx)«.

Proof. This is [Ros96, Lemma 4.5] ]
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The grading on M induces a grading on the dimension and codimension com-

plex via
Co(X;M,q) = ]_[ Mg4p(x)
XEX(p>
xeX()

The maps to be considered will respect the grading.

3.3 The cohomology of cycle modules
The following results are useful if one is faced with the task to calculate the

cohomology of a cycle module explicitly.

Definition 3.13. The Chow group of p-dimensional cycles with coetficients in M is

defined as the p" homology group of the complex C.(X; M)
Ap(X; M) :=Hp(Ci(X; M)).

Similarly we define the Chow groups

AP(X; M) := HP(C*"(X;M))
Ap(X;M,n) = Hpy(Cu(X; M, n))
AP(X; M, n) = HF(C*(X;M,n)).

The morphisms induced by the four basic maps on the cycle complexes in-
duce maps on the homology and cohomology groups and commute, respectively
anticommute with the differentials. The compatibilities, for example the ones
mentioned in Propositions 3.8 and 3.11 and Lemmata 3.9, 3.10 and 3.12 carry over
from cycle modules to Chow groups (for proper f, f’ and flat g). Moreover, a

boundary triple (Y, i, X, j, U) induces a long exact sequence for homology
S AM) B AM) D A,umM) S A, (M) S 32)

Recall that the classical Chow groups of p-dimensional cycles may be defined

as the cokernel of the divisor map

CH,(X) := Coker ( I xx)"—= ]] Z) .

¥ X(p41) *eX(p)
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Similarly for the codimension p cycles

CH?(X) := Coker ( [T «xx)"—= ]] Z) ,
)

xeX(p-1) xeX(p

whereas the ungraded Chow group is

CH(X) := Coker <L[ k(x)* =] Z) ,

xeX xeX

where the target is isomorphic to the group of all cycles on X. Thus one has the

following equalities
AP(X; K, p) = CHP(X)
Another interesting feature of the Chow groups as defined here, which brings

it closer to classical topology, is the homotopy invariance. Let 7 : V — X be an

affine bundle of dimension n. Then
T Ap(X; M) — Aprn(V; M) (3.3)
is bijective for all p. If X is equidimensional, then
™ AP(X; M) — AP(V; M) (3.4)

is bijective for all p. In particular this applies to fiberproducts with A". Rost proves
this in [R0s96, Proposition 8.6] using a spectral sequence argument.

We now come to one of the main results that we need from Rost’s discussion
for our purpose.

Let M be a cycle module over a field k.

Theorem 3.14. Let X be smooth, semilocal and a localisation of a separated scheme of

finite type over k. Then
AP(X; M) =0 for p > 0.

Proof. This is Theorem 6.1 in Rost’s paper. He notes that this result is known for
Quillen’s K-theory, étale cohomology as well as for Milnor’s K-theory (which is
really all we need for our purposes). The main step in the proofs is called Quillen’s

trick and can be modified with a method due to Panin to fit the general case. [
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In other words, the complex C*(X; M) is acyclic. It is clear that one deduces a
similar statement from this for the graded complexes.
When X is smooth, it is possible to sheafify the notion of cycle modules as

follows.

Definition 3.15. Let .# x be the Zariski sheaf on X given by
U~ A%(U; M) C M(Ex),
and similarly let .Z ; be the Zariski sheaf associated to
Uw— A%(U; M, q) C My(Ex).

In the case, when M = KiVI is Milnor K-theory, this definition coincides with

the Milnor K-sheaf as defined in 2.8.

Corollary 3.16. For a smooth variety X over k there are natural isomorphisms
AP(X; M) = HP (X, A x).
Proof. Let €* be the Zariski sheaf on X associated to C?(+; M). The complex
0= Mx —C —C"— -

is a resolution of .# x. Indeed, the complex is exact in the first and second spot by
definition of .#x and %°. Exactness at the remaining spots follow from Theorem

3.14. The sheaves €7 are clearly flasque; thus the assertion follows. O

A special case of this is that under the same conditions as in the corollary we

have

AP(X; M, q) = HP (X, 4 ,).

This tells us that we can calculate the Zariski cohomology of the Milnor K-sheaf
M in terms of the cohomology of the associated cycle complex, which will prove
to be a useful tool.

Rost mentions that the resolution of .# x used in the proof of the corollary has

nice functorial properties, which are for example used to construct pull-back maps
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for complexes or to define pairings of complexes. Among these last, we want to
mention a particular case. Let M and N be cycle modules over k; more precisely we
consider the cases M = N or N = K,. In later applications the case M = N = K,
will be of particular interest. This is a significant simplification as the notion of a

tensor product for cycle modules does not seem to be obvious.

Definition 3.17. Let Y and Z be schemes of finite type over k. We define the cross

product
X :Cp(Y;N) x Cy(Z; M) — Cpig(Y X Z; M)

in the following way: Fory € Y let Zy be the tibre over y, let my : Zy — Z be
the projection and iy : Zy — Y X Z the inclusion. For z € Z we make similar
definitions with respect to Y. The following definitions are equivalent:

oxu = Y Gy oy m),

YEY(p)

PXH = 2 (iz)« (72 (0) - pz) -

Z€Z<q)

This makes sense because by assumption we are given a pairing N x M — M.

In particular, the product is understood after pointwise restriction. The map

is induced by Z, ;) C (Y X Z)(14) and it is similar for 7;. It is easy to see that
the two definitions coincide as it is symmetric in Z and Y. The following four

properties endow the definition with a “good” product structure for complexes.

1. ASSOCIATIVITY. If we have in addition to the data above a scheme X of finite

type over k, and 7 € C,(X; N), then
nx(pxu)=(nxp)xp

2. COMMUTATIVITY. If M = N is a cycle module with ring structure over k,
let 7 : Y xZ — Z x Y be the interchange of factors. Then one has for p &
Cp(Y;M,n)and u € Cy(Z; M, m)

T(pxpu) = (—1)""uxp€Cpgy(ZxY;M,n+m).
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3. CHAIN RULE. For p € C,(Y; M, n) and u € Cy(Z; M, m) one has
d(p x p) = d(p) x p+ (=1)"0 x d(p).

4. COMPATIBILITY. The cross product is compatible with the four basic types
of maps: push-forward, pull-back, multiplication with units and boundary

maps as described earlier.

A special case that carries over to Chow groups is when Y and Z coincide. Thus
let X be smooth over k and T a choice of coordinate for the tangent space TX. One

sets

Ix :C*(X;N) x C"(X; M) — C*(X;M)
Ix(p,p) = (p(7) o J(Xx X, X)) (p < 1),
where | is induced by the closed immersion X — X x X and can be thought of as

pull-back along a tubular neighbourhood. By 3 this is a pairing of complexes, and

it induces a pairing of Chow groups
U: A*(X;N) x A*(X; M) — A*(X; M).
Rost concludes with the following result [Ros96, Theorem 14.6].

Theorem 3.18. If M = N is a cycle module with ring structure over k, the pairing U
turns A*(X; M) into an anticommutative associative ring. If N = KM, the pairing turns

A*(X; M) into a module over A*(X; KM).

A special case of this is when M = KM and N = KM. In that case the above
discussion makes clear that for smooth schemes X and Y of dimension 7 over k the

natural product
A*(X; KM @ A*(Y; KM) — A*(X x Y; kM)

is an external product. If X and Y are quasi-projective, we embed them into smooth
schemes over k, and the natural product in these smooth schemes descends to a

cross product in X and Y, as it is defined pointwise.
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3.4 Projective bundle formula for Chow groups
Following Gillet’s axiomatic framework to construct Chern classes, one of the
main steps is to establish a projective bundle formula. We give here a more detailed

proof of the sketch in [Gil05, Proposition 54]

Proposition 3.19. Let M be a cycle module, X a variety overk and w : & — X
a vector bundle of constant rank n. Let further ¢ € H'(IP(&), 0*) be the class of

0'(1). Then there is an isomorphism
n—1 . )
AP(IP(&),M,q) = P APT(X, M, q — i),
i=0

Proof. This being a local question, we may assume without loss of generality that
X = Spec A is affine and that & = 0. The first part of the proof establishes the
result for the case of a point X = Speck. From there, the second part deduces the
general result.

Now let X = Speck be a point. This implies in particular that IP(&’) = P}. The

formula we have to show in this case reads
AP(P", M, q) = A°(X,M,q — p)&"

because obviously the higher Chow groups vanish for a point so that we are left
with only one term with i = p. Let j : P"~! C IP" be the hyperplane at infinity, A"
its complement and i : A" — IP" the inclusion of the open subset. Recalling the

definition of cycle complexes as

e iMg-1) = [l M@= ] My
xe(P")(p=1) xe(P™)(p-1)
CP(P"; M,q) = H My—p(x)
xe(Pm)(p)
cP(A M) = ] Myp(x)
xe(Am)p)

together with the fact that points of codimension p — 1 in P"~! correspond to
points of codimension p in IP”, we see that the maps i and j induce via push-

forward and pull-back respectively morphisms

je: CPY P M, g — 1) — CP(IP"; M, q)
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and

i*: CP(P"; M,q) — CP(A"; M, q).

By choice and definition of P"~! and A", these morphisms of groups for varying

p combine to a short exact sequence of complexes
0— C*(P"" 1, M,qg—1)[1] = C*(P"; M, q) — C*(A"; M, q) — 0,

which gives rise to a long exact sequence of Chow groups by taking cohomology
L APTNPTSM g — 1) D AP M, g) D AP(AT M q) = -

where j, is the Gysin map. Let 7 : P" — X = Speck be the projection induced

from 7r : & — X. Consequently the map associated to 77 - i on Chow groups
(rr-i)*: AP(Spec(k),M,q) — AP(A", M, q)

is an isomorphism due to homotopy invariance (3.4). Since the Chow groups of
a point are trivial for p > 0, the same holds true for the Chow groups of A”.

Therefore we can break up the long exact sequence. The first part reads
0 — A%P"; M, q) = A%(Speck, M, q) — A°(P"1; M,q—1) 5 AY(P", M,q) — 0
Per definitionem

AY(Speck, M, q) = C°(Speck; M, q) = M,(k)

and
AYP", M,q) = Ker <CO(]P”;M,q) = cl(JP”;M,q))
= [T My(x) = JI Myl
xe(Pm)0 xe(P")!
and the fact that (77 -7)* = i* - 1% is an isomorphism shows that 77* splits the

sequence as i* is injective. Thus

A(P", M, q) = A°(A", M, q).
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The other parts of the long exact sequence become for every i > 1
0— AL P, M, g - 1) &5 A'(P", M, q) = 0;

hence we have isomorphisms where the map j. is the same as cap product with ¢.

By induction it follows that the natural map
& . A%(Speck, M, q — p) — AP(IP", M, q)

is an isomorphism.

Assume now that X = Spec A for a k-algebra A. The projective bundle IP(&)
takes the form P = P} xX, and it is useful to keep the following commutative
diagram of the fibre product in mind

!

P — P} (3.5)

n/i |

X —F Speck

Let & be again the image of the twisting sheaf ¢’pn(1). Cup product with & for

0 <i < n—1provides a natural morphism of cohomology
. n_l .
B T P AH(X, M, q—1i) = AP(P(&),M,q),
i=0

and the task is to show that this is an isomorphism. To this end we use the
fact that AP(X; M, q) = HP(X,.#,). Note that H"(Px, .#4) = RV I'py .4 and
HP (X, My_i) = RP~'Tx o R 71, (.#). Thus the morphism above given by suc-

cessive multiplication with &'’s induces a morphism
RerTL';,//q — erpz;(%q

in the derived category of abelian groups. Since I'x = I'; o f. where we write for

simplicity I'y = I'speck, there is a spectral sequence
RT,oR f, = R"T,
which degenerates because RIT}; = 0if i # 0. Therefore there is an isomorphism

Bitjmp R'Tx o Rl (M) = Biyj—y Tk (R fu 0 RITTL) (M),
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which is in the derived category
RTx R, () =Tk R f. R, (Ay).

For the derived functors of the compositions f. o 7t} and 7. o f/, there are as usual

two spectral sequences
R f,R 7, = R"(f,om.) and R' 7. R/ fl = R*(m. o fl),

yet the commutativity of the diagram (3.5) implies that they converge in fact to the

same object. This in turn leads to an isomorphism in the derived category

If we recall that push-forward is well defined for cycle modules and compatible
with the structure and therefore transforms cycle modules into cycle modules, we
see that by the result of the first part of the proof the right-hand-side of this is
isomorphic to

Rr]P;j Rf»{(///q)

Now similarly to above, the spectral sequence associated to the equality of functors

I'py =Tpro f induces an isomorphism in the derived category
RTpy Rfl () = RTpy Ay .
Putting everything together yields an isomorphism
RTx R, (4 y) = RTpy Ay,

which corresponds by construction exactly the morphism of cohomology intro-

duced at the beginning by cap product with ¢'’s. O



CHAPTER 4

CHERN CLASSES FOR HIGHER ALGEBRAIC
K-THEORY WITH COEFFICIENTS IN THE
MILNOR K-SHEAF

To generalise cohomology theories in algebraic geometry Gillet relies on analo-
gies with topology. In this chapter we recall the axioms necessary for a generalised

duality theory and apply this to the Milnor K-sheaf.

4.1 Chern classes with coefficients in a
generalised cohomology theory
We recall Gillet’s definitions and results [Gil81] for higher Chern classes with
coefficients in a generalised cohomology theory. In short, the idea is that a co-
homology theory with certain properties allows for the construction of universal
classes over the classifying space B. GL;,., which in turn yield compatible universal
classes for GL,. Using the Dold-Puppe functor, one finally obtains the desired

characteristic classes. This is explained in more detail below.

Definition 4.1. A graded cohomology theory I'* on a category of schemes ¥ is a

graded complex of sheaves of abelian group
L(«) =PI
icZ
on the big Zariski site of 7' together with an associative and graded-commutative
pairing with unit in the derived category of graded complexes of abelian sheaves

L*() @z L' (%) = L' (x).

In that way one may think of it being endued with a ring structure as we will

discuss more closely later.
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Definition 4.2. Such a cohomology theory given, one may for a pair (Y, X), where

Y is a closed subscheme of X, define the cohomology of X with supportinY by
Hy(X,T(j)) = Hy (X, (7).

Here Hy denotes hypercohomology with supports.

This construction yields contravariant functors on the set of pairs (Y, X). A

morphism f : Z — X induces natural maps for all i, j

£ HY(X,T() = Hi ) (Z,T()).

The product on the graded complex I'*(*) induces a commutative ring structure
on the associated cohomology H* (X, I'(x)) and a H* (X, I'(*) )-module structure on

H3 (X, T(*)). These structures are compatible with base changes via maps f".

Definition 4.3. The definition is extended to simplicial objects in ¥': If X. is a
simplicial scheme, for each j > 0, the complex I'*(j) of sheaves on ¥ zaR restricts

to a complex on X., and H (X.,T'(j)) are its hypercohomology groups.

Examples 4.4. Almost all known cohomology theories qualify as examples for this,
although in many cases the grading does not play an important role or is constant.
It does play a role in the theory of Chow groups associated to cycle modules as

introduced in the previous section.

It is desirable for many applications to have additional data and structures.

This naturally leads to the definition of duality theories.

Definition 4.5. Let 7" be a category of schemes over a fixed base S. A twisted
duality theory on ¥ with coefficients in a cohomology theory I'(x) consists of the
following data (the number d = 1,2 that appears in several axioms depends on the

cohomology theory I'(x)):

1. Homology functor. A covariant functor from ¥ with proper morphisms into
the category of bigraded abelian groups

X — PHi(X,T())),

i>0
jez
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which is a Zariski presheaf for each X such that a Cartesian diagram with f, g

proper and i,i’ open immersions

u—-x
g f

V—>Y

leads to a commutative diagram in the target category

H, (U, T(j)) <—— Hi(X,T(j))

|

H;(V,T(j)) <— Hi(Y,(j))
. Localisation sequence. Let (Y,i,X, ], U) be a boundary triple as mentioned
earlier. Then there is a long exact sequence of homology

N *

S H(Y,T()) B H(X,T() D H(U,T()) & Hia (Y, T()) —

functorial in the way that for all proper morphisms f : X — X' there is a
map of long exact sequences from the one associated with (Y, X) to the one

associated with (f(Y), X').

. Cap product. For each pair (Y, X) as in (2) a cap product
N : Hi(X,T(r) @ HL(X,T(s)) — H;_;(Y,T(r —s)),

which is a pairing of presheaves on each X in ¥ and such that for a Cartesian
square

Y—X

I

Y/ > X/

with f proper and Y’ a closed subscheme of X', there is a projection formula

AG) Nz =f(i0f(2))

fora € H;(X,T(r)) and z € Hy (X', T(s)).
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4. Fundamental class. Let X € ¥ be flat over S of relative dimension < n.
There is a global section 1x € Hy,(X,T'(n)). Here d is one or two depending

onT.
5. Poincaré duality. Let X € ¥ be smooth over S of relative dimension n and
Y — X a closed immersion. Then

nxN:HIH(X,T(n —r)) — H;i(Y,T(r))

is an isomorphism, and the class of nx in Hyn(X,T(n)) = H°(X,T(0)) cor-
responds to the unit in the ring structure of H*(X,T'(x)). IfY € ¥ is a

subscheme of a smooth scheme X over S, then we can compute H;(Y,T'(r))
as H‘f/”*i(X,T(n —7)).
6. Sections with support. Ifj : Y — X is a closed immersion of smooth schemes

over S, then the isomorphism
H'(Y,T(r)) = H " (X,T(r + p))
induced by (5) is induced by a map
ji: Ty (r) = RiT(r + p) [dp],

where j' is the functor “sections with support in Y.”

7. Projection formula. Let j : Y — X be a closed immersion of codimension p,
smooth over S. Then the projection formula induced by the one from (3) via
the duality (5)

iz)Ua = ji(zUj(a)),
forz € HP(Y,T(r)) and a € H (X,T(s)), is represented by a commutative

diagram in the derived category of complexes of sheaves of abelian groups

Ry (r) @5 Ti(s) — = Rj: (T3.() @4 T (6))
]'!®1lw l
RFT(r+ p) dp] @5, T (5) R} (T (r +5))

\ lw

Rj* (Tx (s +r+p) [dp])
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Cross product. Let X,Y € ¥ be quasi-projective over S. There are external

products

X:H;(X,T(r) @ H;(Y,T(s)) = Hipj(X X Y,T(r+5))
coming from the natural product

H (ML (x)) @2 Hy (N, (%)) = Hi,y (M x N,T(x)),

where X — M, X — N are embeddings into smooth schemes.

Homotopy invariance. For any X € ¥ and p : A} — X the natural map, the

induced morphism
p* :H(X,T(r)) — H (AL, T(r))

is an isomorphism.

Projective bundle formula. Forn € N, X € 7/ the natural product
H*(IPg, T (%)) @ Ha (X, T(+)) = He (P, T(x))
z

is surjective and for the natural projection 7t : P — X and & € H*(IP%, T'(1))
the inverse image of the hyperplane class at infinity by the map Py — IP{,

there is an isomorphism

fon*m NE @ Higy(X,T(rp)) = Hi(PY, T(1)).
p= p=0

Cycle class map. A natural transformation of contravariant functors
cycle : Pic(-) — HY(-,T(1)),

which extends to the cycle class map for effective Cartier divisors.

We will mention a few examples without going into details.

Examples 4.6. Many of the standard examples fall under this definition.

— De Rham cohomology of varieties over a field k of characteristic 0, which

have smooth embeddings. Set I'x(j) = Q% for j € Ny and = 0 otherwise.
Hered = 2.
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— The Chow ring for varieties of finite type over a field. Set T'x(j) = #;, the
Quillen K-sheaf for j € INg and = 0 otherwise. Hered = 1. Note: this is
a special case of the generalised Chow groups for cycle modules defined by
Rost.

— Etale cohomology of schemes over Spec(Z [ﬂ ). SetI'*(i) = Ru*u, (i), where

u is the functor from the étale to the Zariski site. Here d = 2.

Recall now the definition of a theory of Chern classes for a category of schemes

¥ and a cohomology theory I'(x).

Definition 4.7. A theory of Chern classes on ¥ with coefficients in I" for represen-

tations of sheaves of groups on ¥ assigns for each X € V' to any representation
p:9 — GL(%)
on a locally free 0'x-module .# classes
Ci(p) € HY(X,9,T(7)),

where d is the same constant as in the definition of duality theory. We have an
associated total class
C.(p) =T1Ci(p) € TT H*(X,9,T(1)),
i€Np
which is an element of the units of the cohomology ring H*(X,¥,T(x)). These

classes satisfy the following axioms.

1. Functoriality. Let f : X — Y be a morphismin ¥ and p : 4 — GL(.%) a rep-
resentation of sheaves of groups in Y and ¢ :  — f*% a homomorphism

of sheaves of groups on X. Moreover, let
frlp)og: H = GL(F &g, O)
be the induced representation on X. Then

C.(f(p) o) =9 (f(C.(0)),

where

¢* H*(X, f*9,T(x)) = H*(X, #,T(x))
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is the map induced by ¢ and
fFoHY(Y,9,T(i)) > H (X, f*9,T(i))
is induced by the natural transformation of functors
f* :{¥ -invariant sections of I'y (i)} — {f* ¢ -invariant sections of 'y (i)} .
2. Whitney sum formula or additivity. Let
0= (0, 7") = (0,F) = (0", 7") = 0
be an exact sequence of representations of 4, then
C.(p) = C.(p") - C-(p").

3. Tensor products. Let (p1,.%1) and (pz,.%2) be representations of 4 and (p1 ®
02,-%1® .F,) their tensor product, then

C.(01 ® p2) = C.(p1) ® C.(p2),

where ® is the product defined by the universal polynomials of Grothendieck

and C. is the augmented total Chern class
(rank(p), C.(0)) € H'(X,,T(x)) = Z x (H Hdi<x,g,r<i>>> .
i€Ng

4. Stability. Lete : {e} — GL(Ox) = 0% be the trivial rank one representation.
Then
C.(e) =1

the identity element in the cohomology ring.

5. Normalisation. For any representation p : 4 — GL(%) the zero class is
trivial

Co(p) = 1.

Gillet shows in [Gil81] that this definition is not void. We sketch his argumen-

tation.
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Theorem 4.8. Let V', S, I be as before, in particular, I satisfies the axioms of Definitions
4.1 and 4.5. Then there is a theory of Chern classes over ¥ with coefficients in I satisfying
the axioms of Definition 4.7.

Proof. (Sketch) This is done in three steps.

The first step is to construct universal classes
Ci» € H¥(B.GL, /S,T(i)),

for each n € INg where B. GL, is the simplicial classifying space of the groups
scheme GL,.

Let E" be the standard universal rank n vector bundle over B. GL,, and P(E")
the associated projective bundle. Let & € H!(IP(E") be the tautological divisor
defined by a Cech cochain on a hypercover in the usual way. Via the cycle class
map, which was Axiom 4.5(11), & defines a class in H?(IP(E", I'(1)), which by abuse
of notation is also denoted by ¢.

Using the projective bundle formula 4.5(10), one shows that for a rank n vector
bundle F. over a simplicial scheme X. in the category 7/, there is a natural isomor-
phism

n—1
H'(P(F.),T(s)) @ PH (X, T(s—i))
i=0
induced by multiplication with . The proof uses the projective bundle formula
4.5 (10) required in the definition of a duality theory. In particular, this is true if
we take X. = B.GL;, and F. = E". As a consequence of this decomposition it is

possible to define the universal rank n Chern classes by the equation
" p (CHUE 4 4 p7(Cr) =0

in H*(P(E™),T'(x)), where p : P(E") — B. GL, is the natural projection.

The second step is to pass from the classes
C; € H¥(B.GL, /S,T(i))

to classes

C; € H¥(X,GL,(0x),T(i))
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for every scheme X /S in ¥. Viewing I'(i) as a complex of (injective) sheaves over
the big Zariski site of S, we can compute the cohomology of the simplicial scheme

B. GL, as the cohomology of the total complex associated to the double complex
@k Homg),  (By GLy, T (i)).
On Szar we have pairings of sheaves
#om(X, By GL,) x som(Bg GL,, T (i) — Som(X,T(i)),
which induces a morphism

Hom(S”)ZAR(Bk GLn, Fl(l)) — Hom(g)z (%OTI’Z(X, Bk GLn>/ 1“1(1))

AR
~ Homy,,, (Bx GL4(0x), T (i)),
where the second isomorphism is the canonical one. As this is a morphism of dou-

ble complexes, one can compute the cohomology of the associated total complex

on each side to obtain a map
H%(B.GL,,T(i)) - H¥(X,GL,(0%),T(i)).

Hence the images of the C; € H%(B.GL, /S,T(i)) under this morphism yield
the desired universal classes, which by abuse of notation we denote by the same
symbol.

The third step is to define Chern classes for any representation p : ¢4 —
Aut(F) of a sheaf of groups on a scheme X/S with .# locally free of rank n.
For such a representation determines a map in the homotopy category associated

to the category of simplicial sheaves over X
o] : B.9 — B.GL,(0%)
and therefore by functoriality a morphism
()"« H*(X, GLy(0x), T (i)) — H"(X,9,T(i)),

we can define
Ci(p) = [p]"(Ci),

where the C; on the right-hand side was defined in the previous paragraph. One

checks now that this definition satisfies the properties of Chern classes given in
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Definition 4.7, i.e., Functoriality, Whitney Sum Formula, Tensor Product and Sta-

bility. m

Let now Y C X be a closed subscheme and let KY (X) be K-theory with sup-

ports. We want to construct characteristic classes
Y. pY di—j :
Cii : KN (X) = Hy (X, T(i)).

Later we will only need the case Y = X.

Applying the above theorem to the regular representation ¢, : GL,(0x) —
Aut(0%), one obtains for each 1 characteristic classes C;(1,) € H*, GL,(0x),T(i)),
which are stable. Thus they have the property that for m > n, if we denote

inm : GLy(Ox) — GL;,(Ox) the natural injection, we have

Tum (Ci(tm)) = Ci(tn),

where the left-hand side is over GL;; and the right-hand side over GL,. We note
as well that the cohomology of GL, () is stable in the sense that for each k € INy
there is my such that for all m > my and for sheaves of abelian groups .# on X on

which GL,(0x) and GL(Cx) act trivially
HY(X, GL,(Ox), . #) = H"(X,GL(Ox), .#).
Hence we obtain classes
C; € HY(X,GL(0x),T(i)).

By a theorem of Brown and Gersten that relates the cohomology with respect
to a group to the cohomology with respect to the associated classifying simpli-
cial group via the Dold-Puppe construction .#, we have H* (X, GL(0x),T(i)) =
H%(X, B.GL(0x), # (di,T(i))). Therefore we can consider C; as a map of simpli-
cial sheaves

C;: B.GL(Ox) — 4 (di, T(i)).



46

Now one uses Quillen’s trick. First apply Bousfield-Kan’s integral completion

functor to C;, which yields a diagram

B.GL(0x) — = J (di,T(i))

i% J{‘Pl
Zo B.GL(0O) 2=C s H(di, T'(i))

where ¢ and ¢y are induced by a natural transformation ¢ : id — Z. In

particular ¢; is a weak homotopy equivalence, so that we have an isomorphism
of cohomology groups HY (X, 7 (di,T(i))) = HY (X, Ze # (di, T(i))). The left
hand side is related to the cohomology of I'(i) via an isomorphism

Hy/ (X, (di,T(i))) = HY 7 (X,T(i)).

Moreover, we have a natural homomorphism for j € Ny

KY(X) = Hy! (X, Z x Z« (B.GL(0%))) .

As the Z-factor of Z x Z«(B. GL(0x)) does not affect the Chern classes, we can
put these maps together

KY(X) —=H,/ (X,Z X Ze (B.GL(0x))) —=H,/ (X, Ze (B. GL()))

H /()

Hy/ (X, Zeo # (di,T(i)))

This shows the existence of the Chern classes claimed.

Theorem 4.9. Let ¥ be a category of schemes over a fixed base S and I'(x) a duality theory
satisfying the axioms of Definitions 4.1 and 4.5. Then there exists a theory of Chern classes
for higher algebraic K-theory

cij + Ki(X) — H¥ (X, T(i))

satisfying the axioms of Definition 4.7 for representations of sheaves of groups in ¥ with

coefficients in I'.
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They are compatible with base change: let f : X — Y be a morphism of schemes
in 7 and Z € Y a closed subscheme, then the diagram

Z

KZ(Y) — 1= (v, 1(1))

-1 ij di— .
K’f (Z) (X) *]> Hf—lfz) (X/ r(l))

commutes. This follows from the axiom 4.7(1) of functoriality for a theory of Chern
classes. They are also compatible with sums in the sense that for «, € K]Y (X) with
j > 0 the formula

cij(a+p) = cjj(a) + cij(B)
holds. This is a consequence of the Whitney sum formula 4.7(2). Moreover, for the
universal Chern classes C; € H* (X, GL(0x),T(i)) and Cie HY(X,GL(0x),T(j)),

the induced homomorphisms by their cup product
d(i+j)— o
KY(X) — HY 7P (X, T (i + )

is trivial for p > 0. The proof of the last two properties uses homotopy invariance

4.5(9) of the duality theory I'.

4.2 Higher Chern classes for the Milnor K-sheaf
It was mentioned earlier that the Chow ring associated to Quillen’s K-sheaves,
which is a generalised cohomology theory in the sense of Definition 4.5, is a special
case of Rost’s Chow rings [Ros96]. Therefore, it makes sense to investigate if other
cycle modules give rise to generalised cohomology theories as well. In particular
we want to do this for the Milnor K-sheaves.

Let X be smooth over a field k of dimension n. Now set

I%(j) =

for j > 0 and the zero sheaf otherwise, where this is seen as a complex with only

one spot nonzero, and further let S = k. By the Gersten Conjecture (Corollary 2.10)

M {yiw in the case of infinite residue fields

—M .. . .
A, in the case of finite residue fields.
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The associated generalised cohomology theory is
H'(X,I(j)) = H'(C* (XK, ) = A K, j).

Theorem 4.10. There is a theory of Chern classes for vector bundles and higher algebraic
K-theory of regular varieties over k with infinite residue fields, with values in Zariski

cohomology with coefficients in the Milnor K-sheaf:
o Ki(X) = HT (X, M),

Proof. We have to verify that the duality theory associated with I (j) = C*(X; KM, f)
satisfies certain axioms of Definition 4.5, which are needed in the construction
according to Theorems 4.8 and 4.9. At this point we only check the necessary
axioms; for a discussion of the other ones see the appendix. Most of the properties

are general properties of cycle modules and the associated Chow groups.

1. Cap product. Recall that there is a pairing of cycle modules
KM > kM — K,

which respects grading. Using the map “multiplication with units” from

point 3 in Subsection 3.2, this induces a pairing of complexes

Cp(X, KM, j) x C1(X

KLy = Cpog (Y, KV, j— 1),

where we have used that C7 = C;—; as X is of dimension n and where C@
means sections with support in Y. This map respects the grading on KM
since the original pairing on KM does so. Moreover, it respects the grading
in dimension as it is a generalised correspondence map mentioned in [Ros96,

(3.9)]. Applying the (co)homology functor, we obtain a pairing
M Ap(XGKY, ) © ALOGKY, i) — Ap—g(Y;KM, j—i).

2. Projective bundle formula. We proved this in Proposition 3.19
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3. Cycle class map. This is clear from the definition of the first Milnor K-group.
Indeed, recall that by definition of the Milnor K-sheaf

a = 0%,
and the well known isomorphism for a scheme X
Pic(X) = H(X, 0%)

gives a natural transformation of contravariant functors on the big Zariski

site 7.

Now we can apply Theorem 4.8 and Theorem 4.9 and go through the construction

sketched earlier to obtain the claim. O]

Remark 4.10.1. As we discuss in Section 2.4 this translates one-to-one to the étale
case, and we can replace in the theorem Zariski cohomology with étale cohomol-

ogy, with which we want to work.



CHAPTER 5

LOGARITHMIC WITT DIFFERENTIALS

Let k be a perfect field of characteristic p > 0. For a smooth k-scheme X let
WTQy be the overconvergent de Rham-Witt complex as defined by Davis, Langer
and Zink in [DLZ11] and WQx the usual de Rham-Witt complex [I1179]. The goal
of this section is to find a good notion of logarithmic overconvergent differentials

and prove that they factor through Milnor K-theory.

5.1 Definition
For n € IN denote
dlog : 0% — W,0%

the morphism of abelian sheaves defined locally by x + 43 This induces a

d]
]

morphism of projective systems
dlog : 0% — W.Qk.

Let Wnﬂéﬂo e C W, Q) be the subsheaf generated étale-locally by sections of the
form dlog [x1] ...dlog [x;] for x; € O%. This construction is known to be functorial
in X, and the product structure of W, ()% carries over to WnQ;{JO o For n variable,
WeQ2% g isan abelian subprosheaf of W, ()%, and we set WQ)§, || —_ lgn WeQ2% o
For i € INg there is a short exact sequence of prosystems for étale topology

0 = WaQdy o, — WoQy —— WO — 0,

where F denotes a lift of the Frobenius endomorphism.

Taking the limit yields an exact sequence
0 — WO, — WO ——5 WOk,
This means that WO, = Ker(F—1) C WQ%. It is not a priori clear that

exactness holds also on the right; that is, that F —1 is surjective.
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Let Ry : Wy Q)% — Wi, Q)5 be the restriction map for n > m. We want to show

that for i fixed the projective system (W, (! Rum satisfies the Mittag-Leffler

X log’
condition locally. Indeed, since étale locally W"Q%,log is generated by sections of
the form dlog [x1], ...dlog [x;],, where the Teichmdiller lifts are in truncated Witt
vectors of length 1, and the restriction maps R;,;; commute with multiplication,

addition and differential, we have forn > m > k
d [x] d [x]
() - ).
RENIEIR BARNET

Ry (WnQ;(,log> = Ryuk (WmQ;(,log> :

This induces exactness of the sequence

and thus locally

0 — WO 1, — WO == WO — 0

for étale topology (but not for global sections).

5.2 Basic Witt differentials
Assume now that X is the spectrum of a polynomial algebra A = k[Xj, ..., X;].
Langer and Zink proved [LZ04, Theorem 2.8] that any element w € WQ$ has a
unique expression as a convergent sum of basic Witt differentials
Y e(Ciok, 2),
k&
where k runs over all possible weight functions and & over all partitions of Supp k
and for any m . » V" W(k) for almost all weights k. The last condition is another
way of saying that the sum converges p-adically.
A weight function is a function k : [1,d] — Ny [ﬂ . The value of k at i is denoted

by k;. We call k integral if all values of k are integral. If k is integral, we set

kg
i

xk=xk...x
Let Supp k be the support of k, i.e., the elements of the domain, where k does not
vanish and fix for each k a total order on Suppk = {ij,...,i;} respecting the p-
divisibility
ord,[J kip <--- < ordp ki..
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To simplify notation, set t(k) = —ord, k and u(k) = max(0,t(k). Think of u(k)
as the denominator of k. Let I = {iy,ip.1,...,i71n} be an interval of Supp k in the

given order. If kj is the restriction of k to I, set

k) = tlky) = max{t(k) i € I}
u(ky) = u(k;,) = max(0,t(ky)).

For fixed k, let & be a partition of Suppk = Ip LI U ... I, respecting the
order. The interval Iy may be empty, but the intervals I, ..., I, not. A basic Witt
differential e = e(& k, ) € WQY, of degree ¢ with ¢ v n eV W(k) is
defined in the following way: Denote by r € [0, £ — 1] the first index such that k;

is integral. Three cases occur.

1. Iy # @, no condition on the integrality of k.
. — vullp) (17 [X]pu<lo)k10> (dvu<11) [X]pu(IﬂkIl) o (dvu(lr) [X]p““*)klr> _

_ H1,1 1) _ I,
(F t(lrﬂ)d [X]p +1 k1r+1) (F f([g)d [X]pt(g)h[)

(]
Here & =V o) n

2. Iy = @ and k not integral.
. — <dvu(11) <17 [X]P”“l)kh)) (dvu(lr) [X]ptt(lr)kb) .

- t(L4q) - 1
(F t(Ir+1)d [X]p +1 k1r+1) o (F t(Ié)d [X]pt( z)k1é>

Similarly as before & =V""*' .

3. Ip = @ and k integral.
e=1 (F—t(ll)d [X]Pt(h)kh) o <F*t(1[()d [X]Pt(mklé> .

Here ¢ = 7.
If in e(¢, k, &) the element ¢ is contained in V" W(R), then the image of the basic
Witt differential under the restriction map Ry, is trivial.

Proposition 5.1. The action of F, V and « € W (k) on the basic Witt differentials are

given as follows:



53

1. ae(E k, P) =e(al, k, ).

2. If Iy # @, or if k is integral (first and third case above),
Fe(g, k, 2) = e(FE, pk, 2).
3. If Iy = @ and k is not integral (second case above),
Fe(z,k, 2) = eV ¢, pk, 2).
4. If Iy # @ ork is integral and divisible by p,
Ve(g,k, 7) =e(V¢, %k, 2).
5. If Iy = @ and %k is not integral,
Ve(g, k, 2) = e(pVe, %k, P).

This is Proposition 2.5 in [LZ04]. Note that if w € W()4 is given as a unique
decomposition in basic Witt differentials ) e, then its image under Frobenius has
the unique decomposition Fw = ) _Fe. In this sense one could say that the decom-
position remains “fixed” under Frobenius. The types of basic Witt differentials are
almost stable under the action of Frobenius, i.e., one could switch from type 2 to
type 3, since the weight is multiplied by p, but this is the only switch from one type
to another that can possibly occur. What is more, the Frobenius action is injective

on the set of basic Witt differentials.

5.3 The overconvergent de Rham-Witt complex
Let A be a polynomial algebra over k. We recall the definition of the overcon-
vergent de Rham-Witt complex [DLZ11]. Let w = Y »e(G, k, &) € WQ, given
as its unique decomposition as a sum of basic Witt differentials. For ¢ > 0 the Gauf3

norm is defined by
Ye(w) = Inf {ordy ¢y, » —elk|}
Definition 5.2. An element w = Y 5 e(G,k, &) € WQ, is said to be overconver-

gent of radius ¢, if v, (w) > —oo.
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Note that the Teichmidiller lift of an element in A is by default overconvergent.
Denote by W¢()4 the overconvergent Witt differentials of radius . The over-

convergent de Rham-Witt complex is the union over all possible constants ¢ > 0
U WgﬂA = W+QA,
€

which is a subdifferential graded algebra of W) 4.

If A =klty,..., t] is a smooth finitely generated k-algebra and S the polyno-
mial algebra k [X3, ..., X;], then the morphism S — A, X; — t; induces a canonical
epimorphism

A WQs — WQu

of de Rham-Witt complexes.
Definition 5.3. We set W4 = A (W' Q).

This does not depend on the presentation, although the radii of overconver-
gence do in general.

Davis, Langer and Zink show that this construction can be globalised to a
smooth scheme for étale and Zariski topology ([DLZ11, Cor. 1.7 and Thm. 1.8]).
Thus for a (smooth) scheme X we have a subcomplex of the classical de Rham-Witt

complex

WOy c WQx.

Remark 5.3.1. Notice that by definition Witt differentials of finite length are over-

convergent for some constant e. Hence the natural morphism
WQx®Z /p" Z — W,Qx

is an isomorphism in the derived category of Z /p" Z-modules. Indeed,
WO @ Z /p" Z — WiQx

is evidently an isomorphism for alli > 0 of Z /p" Z-modules. On the other hand,
the Tor-functor,

Torj(Z /p" Z,W'QY) =0
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forall j > 0 and all i > 0 as multiplication by p is injective in WT Q. Accordingly,

there is an isomorphism

WQx 2 IimW'Qx ®Z /p" Z.

5.4 Log-differentials and the Steinberg relation
Let X be a smooth scheme over k. The map dlog defined above induces a

morphism

dlog: 0% — WOk, — WQx[1]
d[x]
X o
[x]

defined étale locally. The aforementioned fact that Teichmdiller lifts are overcon-
vergent along with the fact that the overconvergent complex is a subdifferential
graded algebra of the classical de Rham-Witt complex shows that the elements
dlog [x1]...dlog[x;] for x; € O are overconvergent. Therefore we have in fact a

natural map

dlog: 0% — WO ., — WOx [1].
Moreover, extending this to higher degrees yields for every i > 0 a morphism
dlog™ : 0% ®---® 0% — WO, — W'Oxi]
X1 ®---®@x; — dlog(xq)---dlog(x;).

Definition 5.4. We set W+QX,log to be the subcomplex of the overconvergent com-

plex generated étale locally by logarithmic Witt differentials.

Remark 5.4.1. In Section 6.4 we show the equality
W+QX,log - WQX,logr

where the second complex is the logarithmic subcomplex of the normal de Rahm-

Witt complex W()x, as both can be realised as the kernel of the map 1 —F.
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Remark 5.4.2. As Gros points out in [Gro85, Théoréme 1.3.3], there is a natural
isomorphism

WoQX,log QRZ/p"Z = WnQX,log

in the derived category of Z /p" Z-promodules and therefore a natural isomor-
phism
WO log @ Z [ p" Z. = Wy Qx Jog-

Moreover one has

WQX,log = I&H WQ%(,log ®Z /pn Z.

In order to relate this to the Milnor K-sheaf, we prove the following:

Proposition 5.5. The symbols dlog(x1) - - - dlog(x;) with x1,...x; € O% satisfy the

Steinberg relation.

Proof. Let x € O% be a local section and assume that 1 — x € 0%. It is enough to
show locally that dlog(x)dlog(1 — x) = 0, or even that d[x]d[1 — x] = 0.

Thus let X = Spec B, where B is a quotient of a polynomial algebra over k. For
an element b € B we calculate the expression d[b]d[1 — b]. Consider the morphism
of k-algebras

Y :klz] = B

sending z to b. This morphism induces by functoriality a morphism of differential

graded algebras between the associated de Rham—-Witt complexes,
lp : WQk[Z] — WQB,

which by abuse of notation we also denote by . Yet the de Rham-Witt complex of

k[z] is trivial in degree greater than 1,
WOz : 0 = W Gy — WOy, — 0,

thence it is clear that d[z]d[1 — z] is zero. But as ¢ is a morphism of differentially
graded algebras, this implies already that d[b]d[1 — | as the image in WQ)p is zero

as well.
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From this it follows that in the general case for x € 0%

dlog(x)dlog(l—x) = dx] d[1 - x]

o -

Using basic properties of the de Rham-Witt complex as differentially graded

algebra, in particular anticommutativity, the claim follows. O

Example 5.6. The argumentation above implies in particular that for X /k smooth

and a local section x € U'x, we have the equality
d[x]d" [x] = 0.

Indeed, one can calculate [1 — x| using the Witt polynomials w, and summation
polynomials S; to be

[1—x]=[1]—[x] - Y V[Si(1,0,...;—x,0,...)],
i=1
where the S;(1,0,...;—x,0,...) are sums of powers of x. Since we have seen in the
proposition that d[x]d[1 — x] = 0 and it is obvious thatd [1] = 0 and d[x|d[x] = 0,
it is clear that for any i,j € IN

d[x]d” [¥] = 0

as well.
It is a good exercise to calculate this equality by hand. Consider for example

the simplest case wherei = j = 1. One has

(VlxDdlx] =V ([x]dlx])
= V(¥ dlx])
 ([x]7d[x])
= V([x)")d¥]x],
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where all equalities come from defining properties of F-V procomplexes as men-

tioned in [LZ04, Section 1.2]. With this, one gets
dV[xdlx] = d (V[x]d[x]>

= (Y (") d"[x])
= d" ([x)F)d"[x]
=V ([x]p_1> dV[x]d"[x] =0,

where we used dV (¢P) =V (gP~1) dV¢ for & € W(X) from [LZ04, Lemma 1.5].
Corollary 5.7. Let X be a smooth scheme over k with infinite residue fields. For
each i the map
dlog™ : 0% @ ® 0% — W' Qx i]
factor through #"™ on X and d log®' can be augmented to a morphism of sheaves
on X
i M + .
dlog' : 7, — W'Q[i].
The next step is to show that the overconvergent de Rham-Witt complex is an

object of G%T;.

5.5 The transfer map for the overconvergent complex
It makes sense to view WT(Q) as an abelian sheaf on the big étale site of all
schemes.
We will now define a transfer for the overconvergent complex. Leti: A — Bbe
a finite étale extension of local rings. Fix an explicit representation of the A-algebra
B = A[T]/(f) with f € A[T] monic such that f’ is a unit. Let Gg;4 = Auta(B)
be the automorphism group of B that fixes A. Since B/ A is étale, in particular

unramified, and the extension is of finite degree, we know that
#GB/A = deg(B/A)

By functoriality of the overconvergent complex, each element ¢ € Gp, 4 induces a

morphism of complexes

g: W+QB — W+QB.
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Lemma 5.8. Let ¢ : B — B be an automorphism that fixes A. Then the induced

morphism of de Rham-Witt complexes is also an automorphism that fixes WTQ .

Proof. By functoriality of the (overconvergent) de Rham-Witt complex, the induced
morphism is an isomorphism. It fixes W'(Q) 4 because this is true for the usual de
Rham-Witt complex by construction; thus the same holds true for the restriction

to the overconvergent subcomplex. O

Lemma 5.9. Let w € W'Qp be fixed by all g € Gp, 4. Then w is in fact in WTQy4.

Proof. Consider first the case when x € W(B). In this case, the elements of Gg, 4
act componentwise, and the claim follows from the fact that A is exactly the fixed
ring of Gg,4. This is of course also true if we restrict to the overconvergent Witt
vectors.

To extend this results to the (overconvergent) de Rham-Witt complex, recall

that there is an isomorphism
WQp = W(B) @ a) WQa.

Compare the remark after Proposition 1.9 in [DLZ11]. It is clear that W() 4 is fixed
by the elements in Gg, 4, so it comes down to the coefficients in W(B), but for
this ring we just showed the claim. Without difficulty this transfers over to the

overconvergent subcomplex. O

Define the following map

NB/AZW+QB — W+QB

w = ) gw.

8€Gp/a

Proposition 5.10. The map Np, 4 has image in WTQ 4, and the restriction to WTQ 4
is multiplication by deg(B/A):

Npyaoix = deg(B/A)idy+q, -
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Proof. Leth € Gp/4 and w € WTQp. Then

hNp/a(w) = h ) gw
8€Gp/a

= ) hgw

8€Gp/a

= 2 ¢'w = Np/a(w).

8'€Gp/a
Thus Ng,4(w) is fixed by all elements of Gg,4 and by the previous lemma this
means that N, 4(w) € W Q.
For the second part of the claim, let v € W) 4. Therefore, w is fixed by Gg, 4,

and
NB/A(CU) = Z Jw = (#GB/A)C(J.
gGGB/A
But we have seen that #Gp, 4 = deg(B/A). This proves the claim. O

This shows that it makes sense to call the defined map Np,4 a norm for the

overconvergent complex for B over A.

Corollary 5.11. Let i : A — B as before and A’ a local A algebra such that B' =
B®y A’ is also local. Leti : A’ — B’ be the induced inclusion. Then the map

Ny, 4r is multiplicative with image in W' 4/ and
Npjarof, = deg(B/A)idwrq , -

Proof. This follows directly as deg(B’/A’) = deg(B/A). O

Moreover we have the following compatibility.

Proposition 5.12. Leti : A — B be as before. Let f : A — A” be a morphism of
local A-algebras such that B = B4 A" and B” = B®4 A" are also local. Denote
by fB : B' — B” the induced morphism. Then the diagram

W+QB/ - W+QB//
NB//A/\L J/NB”/A”
W+QA/ ——— W+QA//

commutes.
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Proof. Thering extensions B’/ A’ and B / A” are both finite étale of degree deg(B/ A)
since B/ A is finite étale and all are local rings. What is more, the corresponding

automorphism groups are isomorphic

I

GB/A % GB//A/ = GB///A//.
Thus we see that for w € WTQyp

feoNpa(w) = fi ) gw

§'E€Gy 4

= ) fdw

$'€Gy 4

= ) §flw

g"EGB///A//
== NB”/A” off(w)

Due to functoriality of W'() and by a similar statement for rings. O

Comparing what we have just shown with the definition of the category G%¢;

in Section 2.3 yields indeed the desired result.
Corollary 5.13. The sheaf W' Q) is an object of G .

5.6 Continuity of the overconvergent complex

Continuity of a functor means that it commutes with filtering direct limits. The
de Rham-Witt complex does not commute with general direct limits and is thus
not continuous. Although the overconvergent one might be, we content ourselves
to show that it commutes with direct limits of finite k-algebras. Since in our context
only smooth schemes over k appear, which are in particular locally of finite type,
this is enough.
Lemma 5.14. Let

A = lim A;

be a filtering direct limit in the category of finite k-algebras. Then for the functor

of Witt vectors the natural homomorphism
lim W(A;) - W(A)

is an isomorphism.
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Proof. Consider the ghost maps
w; : W(A;) — AN and w:W(A) = A.

These are by definition ring homomorphisms. Because of the fact that the ring
structure on the image of the ghost map is defined componentwise, the natural
map

. N . N N

lim(AN) — (lim 4;) = A
is a monomorphism. Since we have only finitely many generators it is in fact an

isomorphism. By definition of the Witt vectors the following diagram commutes

lim W(A;) — W(A)
|

ling (A7) =—> AN
and the vertical maps are injective. Additionally, we have just seen that the bottom
line is an isomorphism. Thus it is clear that the top line is a monomorphism. Now
take an element 2 € W(A). To see that it has a pre-image in lim W(A;), project it
down to AN via the ghost map. The image w(a) has a pre-image w(a) € hg (AiN)
However, as the element w(a) comes from a Witt vector given in Witt components,
it is possible by solving the corresponding equations recursively to recover an

element 7 € lim W(A;) that maps to a. O
Proposition 5.15. The de Rham-Witt complex is continuous on the category of
tinite k-algebras.
Proof. We have to show that for a filtering direct limit of finite k-algebras

A= llgl A,‘

the natural map

@WQAi — WQH&Ai

is an isomorphism. We will show that W() 4 satisfies the universal property of

direct limits in the category of Witt complexes over A. Let M be a Witt complex
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over A. This means that it is a differentially graded W(A) algebra with morphisms
F and V that satisfy certain properties. Keeping in mind that by functoriality there
is a morphism W(A;) — W(A), we see that M is also a Witt complex over each A;.

Therefore it makes sense to consider maps
WQ A 7 M.

In fact, for each i there is exactly one map of this form because the de Rham-Witt
complex is the initial object in the category of Witt complexes over A;. The same is
true for the de Rham-Witt complex over A in the category of Witt complexes over

A. Thus there is exactly one map
WQ A — M.

What is more, this map is compatible with the ones over A;, i.e., for each i the
diagram
WQus, — M
|
WQy —M
where the upper horizontal morphism consists of W(A;)-algebras and the bottom
one of W(A)-algebras, commutes. This follows from the fact that we have an iso-

morphism lim W(A;) = W(A) as shown in the last lemma. The claim follows. [J

Corollary 5.16. The overconvergent de Rham-Witt complex is continuous on the

category of finite k-algebras.

Proof. Let hg A; = Abe afiltered direct system of finite k-algebras. The restriction

of the natural isomorphism
lim WQ,, — WQy

to the overconvergent subcomplexes W'() 4. has image in the overconvergent sub-

complex WTQ) 4. In fact it is exactly the natural homomorphism

h‘gw*mi — WrQ,
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induced by functoriality from lim A; — A and the diagram

lim W0, —> W0,

| |

hﬂ WQA;’ —WQy

commutes.

The morphism on the overconvergent complex is injective as the original map
on the whole de Rham-Witt complex is injective. To check surjectivity, assume that
w € WTQ 4 with radius ¢ > 0. By the previous proposition there is a unique pre-
image w € lim WQ ;. In particular, for each i, there is a w; € W()4; which maps
to w, and it has to be overconvergent. Let ¢; > 0 be its radius of overconvergence.
Up to choosing different presentations, we may assume without loss of generality
that the radii ¢; are bounded below by e. Hence, w can be considered as an element

ofligWJrQAi. O

5.7 The transformation map

Let us briefly collect the facts that we established throughout this section:

In the last two subsections we have shown that the complex W'Q on the big
étale site of all schemes is an object of the category &%, continuous on finite k-
algebras. One should note that this is sufficient for our case, although it is a priori a
restriction of Kerz’s definition because we only wish to apply our functors to such
cases. In fact, the overconvergent complex as suggested in [DLZ11] is only defined
for finite k-algebras.

Moreover, we have seen that Y;VI is for every n a continuous object of in
6% and that there exists a continuous X ,];A € 6% and a natural transforma-
tion 724 — ,,,M satisfying a universal property. This comprises all ingredients
needed to apply Theorem 2.17.

As mentioned earlier, there is for each n a morphism of continuous étale sheaves

dlog" :fiv[ — W'Q[n].
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As a consequence of Theorem 2.17, which is based on Kerz's result (cf. Corollary

2.14), we obtain a unique natural transformation of étale sheaves

dlog : 7 — WHQ[n]. (5.1)
For simplicity, we will use the notation

dlog" : M — WTQ) [n] (5.2)

for the general case, where .# is the sheaf .7, in the infinite residue field case

—M . .. . .
and %, in the finite residue field case.



CHAPTER 6

CHERN CLASSES WITH COEFFICIENTS
IN THE OVERCONVERGENT
DE RHAM-WITT COMPLEX

In this chapter we relate the Milnor K-sheaf to the overconvergent de Rham-

Witt complex in order to obtain overconvergent Chern classes.

6.1 Definition
Let X/k be a smooth variety. The map dlog” : # 2 — W*Q[n] defined in the

previous section induces a morphism on cohomology
H™ (X, M) — H"(X, W Qx), (6.1)

which by abuse of notation we denote as well by dlog.
It follows that the Chern classes cf-}/I P Ki(X) — H' (X, #M) from Theorem

4.10 induce Chern classes with coefficients in the overconvergent complex.

Theorem 6.1. Let X be a smooth scheme over k. There is a theory of Chern classes for
vector bundles and higher algebraic K-theory of regular varieties over k, with values with

coefficients in the overconvergent de Rham—Witt complex:

o - Kj(X) = H* 7 (X, W'Qy).

Remark 6.1.1. Note that the maps dlog” respect the descending filtration of the de

Rham-Witt complex by the differential graded ideals. Thus we obtain in fact Chern

classes into the bigraded cohomology groups

o5 Kj(X) — H* (X, wrag).

We will now look into some properties of the Chern classes just defined.
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6.2 Comparison to crystalline Chern classes
In this section assume that X /k is proper in addition to being smooth.
By construction the morphism 4 log M — WHQ [i] factors for each i through

wtai = wqi

log log® (For said equality see Section 6.4.) In the same manner as above,

one may define logarithmic Chern classes

cij + Kj(X) = H'T/(X, WOY,,),

which factor the overconvergent Chern classes. Thus it is natural to ask how these
Chern classes compare to the logarithmic Chern classes with finite coefficients of
Gros in [Gro85]

CGros - K

ij ](X) - Hi_j(X/ Wn {og)'

Proposition 6.2. The diagram

HT (X, WO,

H (X, WO )
commutes.

Proof. Recall first Gros’ construction. Let 7 : & — X be a vector bundle of con-
stant rank r + 1 and P(&) the associated projective bundle. Gros uses essen-
tially standard methods to build his logarithmic Chern classes by first constructing
c?ros(ﬁ]la( g)) of the projective line bundle using differential logarithms in [Gro85,

Section 1.2], and then showing that a projective bundle formula

]Hr—H( ( ) W Qr—i—l log @Hr—l—l i X W Q?—ﬁ)gl) Cl(ﬂﬂ’(E)(l))i

holds. Then the classes ¢;(E) for 0 < i < r + 1 are uniquely defined. We will take
advantage of this fact to show that Gros” Chern classes factor through the Milnor

Chern classes.
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The differential logarithm map
dlog: 0y — Wnﬂ%ﬂog
as described by Gros, induces a map on the Milnor K-sheaf
dlog' : #M — WnQiX,log
in the same way as above, and we have a commutative diagram of sheaves

WOy, (6.2)

e

AN RZ/p"Z

N\

WHQ{Og

This map induces also morphisms of cohomology groups
H™ (X, M) = H" (X, Wa Q)

which is in particular compatible with multiplication in the cohomology ring.

The fact that in both cases—for the Milnor K-sheaf and for the logarithmic de
Rham-Witt complex with finite coefficients—we have at our disposal a projective
bundle formula limits the comparison problem to the first Chern class. Indeed, the
diagram

H'(X, ")

/

HY(X, 0%) dlog

M

H'(X, WO, )

is commutative per definitionem and the upper morphism defines ¢, whereas
the lower one defines c$™ (cf. [Gro85, Section 1.2]). Consequently, we obtain a

commutative diagram
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H (X, M)

M

K;(X)

Cij

HY (X, WaCY,)
which by using (6.2) extends to a commutative diagram

L dl . .
Hlf](X”%/l]'\/[) og H ](X’ WQiOg)

RZ/p"Z

C-Gk

!y (X, W, Q{Og)

and this is exactly what we claimed. O

If the projective system of logarithmic differentials (Wn Qi og’ Rum, Rn), where
Rum : W, QF — W,, Q) for n > m and R,, : WQ! — W, () are the restriction maps,

was strict, we could see that the natural morphism
H™ (X, WOj,,) — limH"(X, Wi Olo)

was an isomorphism (see the argumentation of [I1179, II, Prop. 2.1]). Then Gros’
logarithmic Chern classes would induce Chern classes with Z, coefficients, which
would lead to overconvergent Chern classes without having to use Milnor K-
sheaves and Gillet’s machinery of generalised duality theories.

Because of properness of X as assumed in the beginning of this section, we may
compare the overconvergent Chern classes to crystalline Chern classes. From the

discussion above and Gros’ results we see that the diagram

Ox®--®0x (%/IM WQé(,log W+QX [Z]

\ i®z/pnz l®z/pnz

W”Qé(,log WnQx [Z]

commutes. Since Gros shows in [Gro85, Section 2.1] that the logarithmic Chern

classes he defines factor the crystalline Chern classes with mod p" coefficients,
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the commutativity of the above diagram shows that the overconvergent Chern
classes do the same, and one obtains a commutative diagram

H>/ (X, W' Q)

SC

y
K;(X)

T2 (X, W,Q)
that compares the overconvergent classes with finite level crystalline Chern classes.
By reason that this diagram holds for all levels and that H. ; (X /W) = H!(X, WQ),
which means in particular, that the cohomology functor and the inverse limit com-
mute, we have in fact a commutative diagram

H*/ (X, W'Q)

SC

1

K;(X)

H2 T (X /W)

cris

6.3 Overconvergent Chern classes and the -y-filtration

6.3.1 The A-structure on Quillen K-theory

It is well known that Quillen’s K-theory groups have a A-structure—more pre-
cisely for a given scheme X Ko(X) is a A-ring and by Soulé the groups K, (X) can
be equipped with a Ko(X)-A algebra structure. We recall briefly the mechanism
[Sou85].

A A-ring is a unitary commutative ring R together with maps A* : R — R for

k € INj satisfying
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M) =1
Mix) = x
A1) = 0 for k>2

k
Mx+y) = ;))\i(x))\k_i(y)

Mxy) = P (x),. A2 AN ), - AR ()
M) = Pa(A'(x),...,A"(x)),

where P, and Py, are universal integral polynomials.

The Grothendieck group of representations of GLy over Z, which is denoted
by Rz(GLy), together with the exterior power operation is a A-ring isomorphic to
the algebra Z[A%(idy), A%(idn) 71, ..., AN(idn), AN (idn) 1, where Af(idy) is the
kh exterior power of the natural representation.

Let A be a unitary commutative ring. There is a natural morphism of abelian
groups

YN : Rz(GLN) — [B. GLN(A), B. GLN(A)+]/

where the right-hand side consists of homotopy classes of pointed maps between

the arguments. Taking limits on both sides and taking into account that
[B.GLN(A),B.GLN(A)T] = [B.GLN(A)T,B.GLN(A)T]

by the universal property of the plus construction, we have in fact a canonical
morphism

ra:Rz(GL) — [B.GL(A)",B.GL(A)"].

We call natural operation of A-rings the data for each A-ring R of a map
T:R—R

such that it commutes with morphisms of A-rings. In particular the A¥ are natural
operations of A-rings. For an operation T of A-rings the elements 7(idy —N) €

Rz(GLy), for each N are compatible with the inclusions GLy — GLys for a
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natural number M > N, to the effect that they determine an element of Rz(GLy)

and therefore, an element
T4 € [B.GL(A)",B.GL((A)™].

As the Quillen K-theory groups are the homotopy groups of B. GL(A)™ one ob-

tains by functoriality morphisms
Ty : Km(A) = u(B. GL(A)T) = Ky (A).

For m = 0 this gives back the definition of A-structure for Ko (A) given by Grothendieck.
Globally we also have morphisms 7x : Ky, (X) — K;;(X) because the construction

glues. Thus the operations A¥ induce in particular morphisms
A K (X) = Ki(X)

and make the ring ®,,en, K (X) into a Ko(X)-A-algebra.
Moreover, we have additional structure. One defines the operation 7 as a shift
of A

YFx)=AF(x+k—1) for k>0
and the Adams operations ¥ recursively by
P — Al (D) IA I 4 (—1)RRAE =0,
Let A be as above. Then K(A) = ®K;;(A) admits an augmentation map
£: K(A) — z70(Bpecd)

projecting K(A) onto Ko(A) and then associating to an A-module of finite type
its rank over each connected component of Spec A. This enable us to define a

decreasing filtration on K(A)

FK(A) = K(A)

FK(A) = (¥ (x1) 7" (xa) [e(x) = - = e(xn) = 0, i1+ - +in > j).

We denote by grny (A) = F,"YK (A)/ ny"'lK (A) the corresponding grading. This
grading has nice properties, for example for Ky(A) it gives back the Chow groups
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up to torsion. An operation of A-rings T respects this y-filtration and is moreover

given on the graded pieces by a universal integral constant w;(t) € Z. Some of

these are
wi(yh) = K
Wi = (-~
0 ifk >i
wi(yF) = {(=1)1i—1) ifk=i
£ 0 if k <i.

From the definitions above we see that the operation ¥ can be defined as the image
of the element 7 (idy —N) in Rz(GL).

6.3.2 Milnor Chern classes and the y-filtration
Let X be smooth over k, no restrictions on the residue fields. Considering
the fact that the overconvergent Chern classes are defined via Milnor K-theory,

it suffices to study the behaviour of the classes
o Ki(X) — H (X, ¢ M)

on the filtration.

As mentioned in Section 4.1 we know from [Gil81, Lemma 2.26] that the cf}A for
j > 0 are group homomorphisms, which follows from the Whitney Sum Formula.
In order to study how the Chern classes act on the y-filtration, we take a look at
the product structure on K-theory. The multiplication as described by Loday is
induced by a map

1o:B.GL(Ox)" x B.GL(0x)T — B.GL(0x)™.

Arguing as in [Gil81, Lemma 2.32] we see that there is a commutative diagram

B.GL(0x)" AB.GL(0x)" —2 B.GL(0x)* (6.3)

iC.M/\C_M ic’”

[ien # (di, M) AT Tiew A (di, M) = TTien A (di, M)

where # is Grothendieck’s multiplication [GT71] and CM is the total Chern class.
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Lemma 6.3. If « € K;(X) and &’ € K;(X), then

cy(aa/) =— ) e _<i)_’(?L 1)!c£\f(a)c£g((x’),

r4s=i

wherel +q = j.

Proof. By property (3) of Definition 4.7 we know that for the tensor product of two

representations

CM(p1® p2) = CM(p1) * C.(p2),

where CM is the total augmented Chern class, and the product is as above in
the diagram the Grothendieck multiplication which after Shekhtman (see [Niz98,

Section 2]) is given by universal polynomials

(in) * (Zyl) = ZPl(xl,...,xl,yl,...,yl)

i>1 i>1 1>0
With PZ (xl, e ,yl)) ZV+S:l arsxrys + Zr(x) TS (y). Hel‘e

(=0
r—1)i(s—1)!

and Z, and T are polynomials of weight r and s, respectively, and for r +s = | at

Ars = —

least one of them is decomposable. Explicitly, this means for the Loday multiplica-

tion o

moC =3, ( Y (anpic- pscit +Zr(pi‘C.M)Ts(P§CM))> ,
>0 \r+s=I

where p; : GL(Ox) x GL(0x) — GL(Cx) are the natural projections. Thus we
have to show that the terms Z, (p;CM)T;(p5CM) disappear when evaluated on the
corresponding K-theory classes. The argumentation is analogue to the proof of
[Gil81, Lemma 2.25]. An element 7 € K;(X), j > 1 is represented by a map 7 :
5”)]'( — B.GL(0x)™ in the homotopy category, where y)j( is the simplicial version
of the j-sphere. For any a,b € N, the class (CM - CM)(#) is represented by the

commutative diagram
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i
Ix

2 SLNS,
l’? l’?/\ﬂ
B.GL(0x)* —2—B.GL(0x)* AB.GL(0x)*
icﬁ)ﬂ.cgﬂ le,VI/\Cé\A
H(a+b, AM )<L (0, M) A A (b, M)

and as a consequence we have the equalities

(Ca" - Cy ) = pap(Ca" A CY)AY = pap(CEACY ) A)A .

Since the map A, is null-homotopic, this composition of maps is null-homotopic
<X
as well. The decomposable part of the Z, T, is made up by terms of this form; hence

it disappears and with it the whole expression. O

Lemma 6.4. The integral Chern class maps cf-}d restrict to zero on P§+1K]~(X) for

1> 1.

Proof. Inlight of the previous formula and the Whitney sum formula, it suffices to
show that cf}’l is trivial on elements of the form 7 (x) for k > i + 1 and x € K;(X).
Recall from above that the operation v, on K;(X) is defined to be the image of
7k (idy —N) under the natural map

r:Rz(GL) = [B.GL(0x)™, B. GL(0x) "] — Hom(K;(X), K;(X)).

Following [Gil81, Definition 2.27] we define the augmented cohomology ring
H' (X,Z xB.GL(0x)", M)
to be
HY(X,Z xB.GL(0x)",Z) x {1} x H(X,Z xB. GL(0x)", M),
where H'(X,Z xB. GL(0x)", #M) = [Z xB.GL(0x)*t, 2 (i, #M)]. The ring
ﬁ*(X,Z xB.GL(0x)", #M) is a strict A-ring [Gil81, 2.27], and the augmented
Chern class map

CVM . RZ(GL) - ﬁ*(X,Z X B. GL(ﬁX)+/%f\A)
O (rank(p),CM(p))
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is a A-ring homomorphism.

It suffices to show that the class of c%(’yk(idN —N))) € H(X,GLy(0x), #M)
is trivial for k > i + 1. By the previous paragraph, the Chern polynomial C{YIN is
a A-ring homomorphism as well, and hence commute with the y-operation. With

the usual formulae we get
cin(nelidn =N)) = 7e(cpn(idn —N))
= (14 cN(dn —N)t+---)
= 1+ (=) (k= 1)1c (idy —N)# + - -+

and therefore c%\](idN —N)) =0fori < k. O

Corollary 6.5. If x € F%KZ(X),]' #0anda’ € Fqu(X), then

C]]'\—/{—k,l—i—q(a“/) == (](i—;)lf(;1)iycj\l4(“)cllc\g(“/)

6.3.3 Passage to overconvergent Chern classes

Because the map

H™(X, #M) — H" (X, WQ)

induced by the morphism of complexes .# ™ — W*QJ[i] is a morphism of cohomol-
ogy rings and therefore respects the respective operations, the results from the pre-
vious section carry over to the overconvergent Chern classes. This is summarised
in the following proposition.
Proposition 6.6. Let X /k be smooth.

1. Ifa € K)(X) and o’ € Ky(X), then

Gl = (r—(i)_!(?i Tyic (45 (@),

r+s=i

wherel +g = j.
2. The integral Chern class maps cj; restrict to zero on FIHK;(X) fori > 1.
3. Ifn € FJK|(X),j # 0and a’ € FEK,(X), then

iara(@) =~ T W @)
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6.4 The action of 1 — F on the overconvergent de Rham-Witt
complex
In this section, we want to adapt some short exact sequences from [I1179] to the
overconvergent context.
We generalise the notion of basic Witt differentials to the case when A is of
the form k [Xl, Xy 1. ., Xy, Xd_l]. See [I1179] and the proof of Proposition 1.3 in
[DLZ11]. A basic Witt differential e € W24 has one of the following shapes:

1. e is a classical basic Witt differential in variables [X1], ..., [X;].
2. Let] C {1,...,d} be asubset and denote by (&, k, &, ]) a basic classical Witt
differential in {X; |j € J}.
(@) e =e(G,k, 2,]) I1j¢dlog [X]}
(b) e =ITjgs [X)] “"le(g,k, 2,]) for somer; € N.
S _l
(©) e=TTLig "'d [X;] 7e(Ek 2,]) forsomel; € N, p{1;,s; € No.
3.0 =V (£TTg [X)]7 (X170 ) @V [x)7 Ve a (x4 In par.
ticular, for each such e, there is a weight function on variables {X;|j € J}

with partition &, u > 0, kj¢; € Z o [%] and u(k;) < u = max{u(lp), u(kj)}.

4. e = de’ where ¢’ as in (3).

6.4.1 The action of F, V and p on WTQ)
Proposition 6.7. The action of F on the generalised basic Witt differentials are given

as follows:

1. Ife is a classical basic Witt differential in variables [X4],...,[X;], the action

is given as in Proposition 5.1.

2. Let] C {1,...,d} be a subset and denote by e(&,k, &, ]) a basic classical Witt
differential in {X; | j € J}.

(@) Ife = e(&, k, 2,]) [jq; dlog [Xj], then

Fe = (Pe(¢,k, 2,])) [ [dlog [X/] -
j¢]
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(b) Ife =TT [X]] “"le(¢,k, 2,]) for somer; € N, then

o= [T 1X] 7 (el k. 2.))

j¢]
(c) Ife =TTy Fig [X] i e(¢,k,2,]) for somel; € N, pt1j,s; € Ny, then

Fo = TT7" d[x]]7 (Fe(& k, 2.1)-

j&]
3. Ife — (CH;g; [x;]7" uk; X]P"* > gV [X]pu(lﬂkll FHD [X]ptuﬁkh{/ then
( C:’fH p k/ > dvu(Il) [X]pu(h)k’ll N .Fft(l(g) J [X]pt“wklle ,
j¢]

where k' = pk.

4. If e = de’ where € as in (3), the expression changes similar to the previous

case, with the only difference that we get V71§ instead of F¢.

Proof. This is a straightforward calculation, using the definition of Frobenius and

Verschiebung. O

In particular, F has the same stabilizing properties on the types of generalised
basic Witt differentials as mentioned at the end of Section 5.2 with respect to the

usual basic Witt differentials.

Remark 6.7.1. In this concrete case we can give a criterion when an element w =
Y.e(G, k, &) of the de Rham-Witt complex given as its decomposition in basic
generalised Witt differentials is overconvergent based on the proof of Proposition
1.3 in [DLZ11]. Namely, w is overconvergent if there exist constants C; > 0 and
Cy € R such that the basic Witt differentials e appearing in the decomposition
satisfy the following conditions:

— If eis of type (1) or of type (2.a),
|k| C ord Cr o + Co.

— Ifeis of type (2.b),
7| + [k| < Crordy Cko + Co,

where |r| = Y r;.
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— Ifeis of type (2.c),
11 p°| + |k| < Crordy Gk » + Co,

where |- p°| = Y 1; - p.
— If eis of type (3) or (4),

Y lkil + Y k] < Crord,(V'E) + G,

where |k;| = —kjand |k;,| = Yey, k-

The multiplication of an element « € W(k) on a generalised basic Witt differ-

ential is particularly easy to define.

Proposition 6.8. The action of x € W(k) on a generalised basic Witt differential is
given by multiplying the coefficient ¢ with «.

Proof. Analogues to the discussion in [LZ04, p.40], we see that the coefficients in
the generalised basic Witt differentials are elements of Vu(I)W(k), where [ is the
partition of the support of the weight function in question and u is defined as in
Section 5.2. As for any « € W(k) and ¢ eVt W (k) the product a¢ is again in
VU(I)W(k), we see as in [LZ04, loc.sit.] that multiplying by a a general basic Witt
differential of one of the forms given at the begin of the section means to multiply

the coefficient ¢ appearing there by «. O

In particular, multiplication by an element in W (k) respects the types of general
basic Witt differentials, and this is the fact that we will use later for multiplication
by p.

Due to the fact that the Verschiebung map is only additive, but not a ring homo-
morphism, its action on the generalised basic Witt differentials is more complicated
to describe. We have recalled the action on the usual basic Witt differentials in

Proposition 5.1. We note further that

Vdlog[X;] = d" log[X;]
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as the general formula ¥ (wpdw; - - - dw;) =V wpd"w; - - - dVw; holds. This formula

also tells us that for differentials of type (3), i.e., if

- (C TT1x]"" [x]p“klo> V' [P ey L E g Uk,

j¢]
then

u u(l;)+1 u(ly) —t(I))—1 t(Ip)
V, _V'+l (gl—[ pkz)dv<1)+ X" Uk, FH0) d[X]? Ok,
3

Furthermore, it is possible to describe the action of V on elements of type (4) using

the same formula by multiplying with the factor 1, which allows us to write
Vde = V1dVe,

which changes the coefficient to pvé (see [LZ04, p. 41]), and we obtain

— v ( VeI s ) GV xRy g
j¢]

As for general basic differentials of type (2), this depends on the different cases
and also on the form of the basic Witt differentials e(¢, k, &2, ]) involved.

6.4.2 The kernel and cokernel of 1 — F for X = de

The logarithmic differentials are by definition of the de Rham-Witt complex
tixed by the Frobenius endomorphism. One would like to prove that these are
the only elements with this property. We start by making the assertion for the
special case, when X is a product of multiplicative groups, i.e., X = Spec A with
A=k XX X X5
Proposition 6.9. The sections of WJrQX,lOg on X = GY are exactly the Frobenius
fixed elements of WQ)x.

Proof. Itis clear that W'y 1o, C (WQx)" 1. For the converse, letw € (WQx)" 1,
with decomposition in generalised basic Witt differentials w = ) e. However, we
know that the action of Frobenius preserves the types of basic Witt differentials and
that the decomposition is unique. We want to use this to argue that it is enough to

check the generalised basic Witt differentials.
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With the assumption F w = w there are two cases to consider: finite and infinite
sets of elements appearing in unique the sum decomposition of w that form a
(finite respectively infinite) “cycle” under the action of F.

The finite case: assume that among the basic Witt differentials in the decomposi-

tion w = Y e there is a finite set ey, . . ., e, such that
n n
F Z e; = Z e;,
i=1 i=1
which means after possibly reordering
Feiy =ey, Fep =e3, ..., Fe, = €.

But according to Proposition 6.7 this is impossible unless n = 1.
The infinite case: assume that in the decomposition there is an infinite set e, ey, . . .

such that

o0 (o)
eri = Ze,-,
] i=1

i=1
which means after reordering

Fei =ey, Fep =e3, ...

However, this is not convergent p-adically and therefore not feasible.

Thus if the whole sum w = ) eis fixed under Frobenius, every basic differential
appearing in this sum must be so.

According to Proposition 6.7, the sections fixed under Frobenius action are of
the form (2.a) with e(&,k, 2, ]) trivial. From this we conclude that (WQyx)F~1 C
WOy 1og- O

It follows in particular that we have for all i € IN locally for étale topology a
commutative diagram where the rows are exact:

0= WO = WO+ WO ——0

L]

t0Oi j j
0 — Wy 1o, —— WO — WOl

Earlier we mentioned the condition for an element w € WQx  to be over-

convergent. On the other hand, this shows that an element w € WQy  is not
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overconvergent, if for all C; > 0and C, € R there is an elementary Witt differential
e in its decomposition violating one of the inequalities. More precisely,

— If eis of type (1) or of type (2.a),
|k| > C; ordp Cro + Co.

— If eis of type (2.b),
7|+ [k| > Cyordy &, + C2,

where |r| = Y r;.

— If e is of type (2.c),
1 p°[ + |k| > Crordy & + Co,

where |- p°| = Y 1; - p.
— If eis of type (3) or (4),

Y lkjl + Y lki,| > Crord,(V'E) + Gy,

where |k;| = —kjand |k;,| = Yney, k-

We will study the action of Frobenius on elementary Witt differentials subject
to the inequalities indicating overconvergence or nonoverconvergence.

As mentioned before, any Witt differential over G% can be written in a unique
way as a sum of basic Witt differentials. The basic Witt differentials appearing
in this sum are characterised by a coefficient, a weight function and a partition.
The action of Frobenius was described in Proposition 6.7. In essence Frobenius
action changes the weights and the coefficients of the basic differentials, creating a
new unique sum. One can see Frobenius as being injective on the set of basic Witt
differentials.

We want to argue that overconvergence is preserved by Frobenius if we modify

one of the constants in an obvious way.

Lemma 6.10. Let e be a basic Witt differential satisfying an inequality indicating

overconvergence for constants C; and C,, then so does Fe for constants C; and pCo.

Proof. This is shown for one type at a time.
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— Ifeis of type (1) or of type (2.a), then the inequality depends only on the basic

classical Witt differential appearing in the expression, namely
k| < Crordy Gr, o + Co.

The action of F on a differential of this type changes the weight k to pk and
the coefficient ¢y » to F(;‘k, o if k is integral and Vﬁlék, o if k is fractional; the

partition is essentially unchanged. The inequality has to be modified to
[Pkl = plk| < Cyordy("¢,2) + pCa.
— If e is of type (2.b), the crucial inequality is
7| + k| < Crord, &2 + Co,

where |r| = Y r;. The action of F changes r; to pr; and therefore |r| to p|r|; k
and ¢ change as in the previous case. As above, it becomes clear that the only
modification to the constants has to be pC; instead of Cs.

— If e is of type (2.c), the same argument is valid with || in the place of |r|.

— If e is of type (3) or (4), action of Frobenius means that the k;’s appearing are
multiplied by p and the coefficient changes to ¢ or s Again we see that
the inequality still holds if we change C; to pCs.

This shows the claim. O

Lemma 6.11. Let e be a basic Witt differential satisfying an inequality indicating
nonoverconvergence for constants C; and Cy, then so does Fe for the same con-

stants.

Proof. This is essentially the same argument as before, with the difference that this
time we deal with strict inequalities in the other direction, so there is no need to

increase the second constant. O]

Proposition 6.12. The map 1 — F over X = GY, is surjective for étale topology.
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Proof. Let w € W'Qy/r. We have seen that up to étale localisation, there is 17 €
WQy /i such that w = (1 — F)5. We have to show that 7 is in fact overconvergent.

Write 7 = Yk »7e(8,k, &, ]) as a unique sum of elementary Witt differentials
and assume that it is not overconvergent. Then for all C; > 0and C; € R thereisan
element e appearing in the sum that violates the inequalities for overconvergence,
or in other words satisfies the strict inequalities for nonoverconvergence and so do
the elements Fie, i € Ny for the same constants C; and Cs.

Since w = (1 —F) Y » je(¢, k, &, ]) is overconvergent there must be Cy, C; for
which the corresponding elements that violate the overconvergence inequality in
the original sum cancel out after applying 1 — F. Let e be one of these elements.

The image of ¢ is e — Fe. Due to the nature of the basic Witt differentials and the
way Frobenius acts on the different types as pointed out in Remark 6.7.1, it is clear
that e (and similarly Fe) either remains and appears as a basic Witt differential in
the unique decomposition of w or is cancelled out by some basic Witt differential
Fe/ where ¢’ is another basic Witt differential of the decomposition of # (similarly
Fe appears or is cancelled out by a basic Witt differential ¢ which appears in the
decomposition of 7).

Since we assumed that e is cancelled out after applying 1 — F, the same must
hold true for Fe which is subject to the same inequality. Hence ¢’ = Fe has to
appear in the unique sum of 7. By induction the basic Witt differentials Fie,i € Ny
all appear in the unique sum of 77. But a sum containing all of these elements cannot
be convergent in the sense of Section 5.2. This is a contradiction to the uniqueness

of the sum and therefore, # must be overconvergent to begin with. O

Corollary 6.13. The same is true for X = Spec A[Y,Y~!], where A = k[X,..., Xy].

Proof. This is just a simplified version of the previous assertion. O

We have now established the following exact sequence for X = G, for étale

topology

0 = Wy e = WIQY — WOy — 0.

We want to extend this result to general smooth schemes over k.
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6.4.3 The map 1 — F over a smooth k-scheme

First we note, that we can reduce the general case to the case of a localised
polynomial algebra. By a result of Kedlaya [Ked05] any smooth variety has a
cover by standard étale affines as defined in [Ray70]. What is more, this cover
can be chosen in a way that any finite intersection is again standard étale affine
(see [Dav(9, Proposition 4.3.1]). Let A = k[Xy,...,Xy| and f € A. In the proof
of Theorem 1.8 in [DLZ11] the authors argue that it suffices to consider finite étale
monogenic algebras over rings of the form A;. In [DLZ11, Proposition 1.9] they
reduce this further by stating
Proposition 6.14. Let B be a finite étale and monogenic C-algebra, where C is
smooth over a perfect field of char p > 0. Let B = C[X]/(f(X)) for a monic
polynomial f(X) of degree m = [B: C] such that f'(X) is invertible in B. Let [x]
be the Teichmiiller of the element X mod f(X) in W(B). Then we have for each

d > 0 a direct sum decomposition of W' (C)-modules

Finally they prove that the overconvergent de Rham-Witt complex over a smooth
k-scheme X is a complex of étale (and Zariski) sheaves on X. Thus we see that for
our purposes as we seek a local result it is enough to consider the (overconvergent)
de Rham-Witt complex over a localised polynomial algebra of the form Ay.

Now we proceed to calculate kernel and cokernel of the map 1 —F.

Lemma 6.15. Let X = Spec Ay. The map F—1 on WTQy « is surjective for étale
topology.

Proof. Consider the k-algebra A[Y,Y~!]. There is a canonical surjection

AlY, Y7 — Ay
Y — f.
This induces by functoriality a surjection of the associated de Rham-Witt com-

plexes WQ 41y y-11,x = WQa, k. For quotients of polynomial algebras, an element

of the corresponding de Rham-Witt complex is said to be overconvergent if there
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exist a lift of this element to the polynomial algebra, which is overconvergent.

Therefore we have in fact a surjection of overconvergent de Rham-Witt complexes
t t
W QA[Y,Y—l}/k — W QAf/k-
Moreover, there is a commutative diagram

Wi Qapyy-1)0 — W Qs

Pl =

W QA y-1)0 — W' Qs

By Corollary 6.13 the vertical map on the left is surjective and thus, the same holds

true for the one on the right. O

Lemma 6.16. The kernel of F —1 on W+Qx/k for X = Spec Ay is WJ“QX/k,lOg.

Proof. By definition of the complex W' 10, and the discussion above, it is
contained in the kernel of F—1. On the other hand, WQy /klog = WQx/klog
and this is the kernel of F —1 on WQx /x without the overconvergence condition.
Thence the restriction of F—1 to the overconvergent subcomplex WTQy /, must

have the same kernel. O

Remark 6.16.1. This argument could have been applied to any smooth variety X

over k.

Combining the arguments of the last two sections yields

Corollary 6.17. Let X be a smooth scheme over a perfect tield k of characteristic

p > 0. Then for alli € N there is locally for étale topology a short exact sequence

0= W, )0, — WOk, T WOk, — 0.
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6.4.4 Chern classes into the Frobenius fixed part
Unfortunately the Frobenius morphism, and therefore also the morphism 1 —F,
is only a ring homomorphism and not a morphism of complexes. The reason for

this is that F does not commute with the differential; in fact the formula
dF =pFd (6.4)

holds. Thus some modifications are required which are inspired by [Il179, Corol-

laire 1.3.29 and Théoreme I1.5.5].

Definition 6.18. For each m > 1 we detine an endomorphism of complexes
Ey : WQP™ — WQP™,

where we use the naive truncation, which is given in degreei > m by p'~"F.

Looking at the commuting formula (6.4) of d and F, it is clear now that this
definition gives indeed a morphism of complexes, and by extension the same holds
true for 1 — F,,,.

Illusie shows in [I1179, Lemme 1.3.30] that for all » > 1 and all i > 0, the
morphism 1 — p’ F is an automorphism of the proobject W, Q% ; hence (for example
using the Mittag-Leffler condition) the induced map on WQ, is also an automor-
phism.

We consider now the restriction of theses morphisms to the overconvergent
subobjects. We have already seen that multiplication by p and the Frobenius F
map overconvergent elements to overconvergent elements. Thus for m > 1 there

is an endomorphism of complexes
1—Fy: W2 — WrQ=",

and for r > 1 and i > 0 the morphism 1 — p"F : W‘LQiX — WJerX as restriction
from the usual de Rham-Witt complex is injective.

Unfortunately, the argument from Proposition 6.12, where we show that 1 — Fis
surjective, does not work in this case as subsequent multiplication of a generalised

basic Witt differential by p” for a fixed r > 1 creates an overconvergent sequence.
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Together with the short exact sequence from Corollary 6.17 we obtain for a fixed
m > 1 the following exact sequence of complexes:

1-F,;
0— wra¥ Jklogl =] = Wt — WTQLT. (6.5)

However, this is enough for our purposes.
The exact sequence (6.5) induces an exact sequence on cohomology.

Proposition 6.19. For X /k smooth and m € Ny, i € IN there is an exact sequence

0 — H"(X, W'),,) — H"H (X, WQ>) 7% HH (X, who>).

Proof. We start with the exact sequence (6.5) and replace the rightmost object by the
image of 1 — F;;, which makes it into a short exact sequence. In the associated long
exact sequence of cohomology, the connecting morphisms are obviously trivial,
and after going back to the original complexes we obtain the above sequence for

each i and m. n

In particular, we obtain the following result.

Corollary 6.20. Let X /k be smooth and m € Ny, i € IN. Then we have the identity
H"™ (X, W)= = H"(X, WO ).

The submodule H" (X, WtQ>)1-Fi ¢ H"™+ (X, WFQ>!) can be thought of as
the Frobenius eigen module of eigenvalue PL’”'

Recall that by construction the overconvergent Chern classes factor through
the logarithmic differentials. Therefore the stated identity entails the subsequent
corollary.

Corollary 6.21. Let X /k be smooth. Then the overconvergent Chern classes con-

structed earlier can be written as

o s Ki(X) = HY* (X, Wra) =,

Taking into account the y-filtration, especially Proposition 6.6 (2), yields Chern

classes on the y-graded pieces of the algebraic K-groups.

Corollary 6.22. Let X /k be smooth. There are overconvergent Chern classes

cff - grl Kj(X) — HY (X, WrQ=) =T,



CHAPTER 7

COMPARISON OF CHERN CLASSES

The purpose of this section is to show that in the case of a smooth and quasi-
projective variety the overconvergent Chern classes from the previous section are

compatible with the rigid Chern classes defined by Petrequin in [Pet03].

7.1 Rigid Chern classes
Let X be a proper variety over k and 7 a discrete valuation ring with residue
field k. We choose a closed immersion X «— %, where % is a formal scheme over
Spf(?') smooth in a neighbourhood of X. Let D = (%, Z,s) be a good pseudo-

divisor in the sense of Fulton:

Definition 7.1. Let X be a variety. A pseudo-divisor on X is a triple (4,Z,s),
where £ is an invertible sheaf on X, Z C X closed and s a trivialisation of the
restriction . ‘Xi - The closed subset Z is called the support of the pseudo-divisor.
If the support is locally a zero-set of a section of U'x, the pseudo-divisor (£, Z,s)
is called good.

Petrequin calculates the cohomology class associated to a pseudo-divisor using
Cech cohomology. He shows that there is an affine cover 4 = (%;) of % such that
the induced cover iy on X trivialises .#. If this cover is given by %; = Spf(</;),
the induced cover on X is given by X; = Spec(A;), where A; = «7; /I;. Since D is
a good pseudo-divisor, one can moreover assume that Z; = Z N X; is given by an
equationh; € A;. LetU =X —-Zand U; = X; — Z;,and j : U — X the inclusion.

If ¢ : Ox, — £ |X;is a trivialisation of .Z, one sets

¢; = §0i(1) e? ’Xi.

To this trivialisation we associate a cocycle (u) € Z!(Ux 0%) consisting of the

transition maps
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¢j = uijpi,
where u;; € (Aij)hihj- To these data Petrequin associates a class in the group

H2 (uK, (O — O

which has the decomposition

[)S) by constructing an element in C2 <11K, (Q}*X[ — ]‘LUQ]*X[)S) ,

C(Uk, O)x7) @ C' (Ui, Oy @ i Opxp) @ C (8, Oy @ 1 Qxp)s

in terms of liftings i;; of u;; to «/;;. Seen as a rigid analytic function on ]Xi]' [, iLjj
restricts to an invertible element on X. In particular the middle (and in our case

the only relevant) part (u) € C! (4, Q]lx[) of the expression sought is given by

A calculation shows that this defines indeed a cycle, whose class in the Cech coho-
mology group T (]X[, (x| — j*uQ]X[)S) denoted by ¢1(.%, Z, s) is independent
of both the choice of the trivialisation and the choice of the lifting of (1) (see [Pet03,
Proposition 3.10]). Its image in HZZ,rig(X /K) is independent of the inclusion. This

defines a group morphism

¢1: Divz(X) = H7 i, (X/K),

which is functorial in X and can be extended by scalars.
Functoriality allows this to be generalised for open varieties.
Consider a (smooth) k-variety X and a vector bundle & of rank r over X. We

denote by 7t : P = P» — X the associated projective bundle. Let

¢ =c®(0p(1)) € H3, (P /K)

be the class of the good pseudo-divisor (Op(1), X, —) defined above. As we have
pointed out this can be calculated by the Cech cocycle

du N
<7> 2% Ofpy),

where 4l is a covering trivialising &'p(1) over ¥. By [Pet03, Corollary 4.4] there is

a projective bundle formula

r—1

Hyjg (P /K) = D H > (X/K)E.
i=0
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In much the same spirit as Gillet’s arguments, we then define Chern classes as the

coefficients of the decomposition of " under this isomorphism

&= Z(_l)i—l—lc?g(g)ér—i’

i=1
with cfig (&) € Hfiig (X/K). This is well defined if we require Cgig (&)=1¢ H?ig(X /
K).
As in the classical case this induces a theory of Chern classes for higher alge-

braic K-theory with coefficients in rigid cohomology

. i
¢+ Ki(X) = Hy ' (X/K).

Proposition 7.2. Let X /k be a smooth variety. The rigid Chern classes defined by

Petrequin factor through Milnor K-theory via a morphism

HI(X, ) = H"(X/K). (7.1)

Proof. We start with the case of infinite residue fields. If X is not proper let j : X —
X be a suitable compactification, which exists by [Pet03, Lemme 3.19], otherwise
take X = X. Furthermore, let X < % be a closed immersion into a formal scheme
over Spf(¥') as before, and ] X[ and |X| the tubes of X and X respectively in the
generic fibre of %'

For a local section x of 0 choose a lift ¥ over %. This can be seen as a rigid
analytic function on | X[ and | X[ that restricts to an invertible element on X, which
is therefore itself invertible (as rigid analytic function). We thus set

_dx
=%
17
1X]
the choice of lift. In the same manner, it is possible to assign to a local section

YR - Rx € Ox®---® 0% asection

and thereby define a local section of (). whose cocycle class is independent of

e = dxq dzx;
P it i
X1 Xi
of Q]iy[. It is clear that
@d(} —%) _ 0
¥ (1-%)
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and therefore, as 1 — % is a lift of 1 — x, the classes of the symbols 1 - - - ji; satisfy
the Steinberg relation. Consequently, there are induced morphisms of cohomology
groups

H™(X, 7)) — Hit™ (]X[, j*Qm) HEL"(X/K), (7.2)

and it is clear that it respects the multiplicative structure of the cohomology rings.

To see that this factors the rigid Chern classes, consider a vector bundle 77 : & —
X of constant rank 7, and let P = IP(&’) be the associated projective bundle. As we
mentioned, there is a cover 4 = (%;) of % such that the induced cover Uy = (U;)
of X trivialises the line bundle &p(1). To this trivialisation we can associate in the

classical manner a Cech cocycle
(Ll) = z! (uX/ ﬁ;{)

as u;; on U; N Uj, which calculates the first Chern class of p(1) in H (P, 74\4)
On the other hand, Petrequin shows that the first rigid Chern class of Op(1) in

rlg(lP /K) is given by the Cech cocycle

d
(%) € 22t 0,

and its class agrees with the image of the class of (u) under the morphism (7.2).

In both cases the Chern classes Cfig(é" ) € H%llg(X /K) and cM(#) € H (X, 75\4) are

uniquely defined via a projective bundle formula using the same relations namely

C()((ga) = 0,
Ci>l’(g>) = O/

ZCZ C1 ﬁ]p ))r—i = 0.

Indeed, we have a commutative diagram of the form

H](IP, K]M) rlg(]P /K)

B (X, ) - e (0p(1) — B Hy, (X/K) - 1B (0p(1))

The fact that the morphism (7.1) is compatible with multiplication shows that the

rigid Chern classes cfig factor through Milnor K-theory sheaves.
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The same then holds for the higher Chern classes, and the diagram

ri
ng

Kj(X) . Hyg | (X/K)

Ti
M g

is commutative.

Now we come to the case of finite residue fields. It is easy to see that the alge-
braic de Rham complex () is continuous abelian sheaf, which disposes of a transfer
on the big étale (as well as Zariski) site of schemes, in other words it is a continuous
object of the category &%¢;. Thus by Corollary 2.14, the morphism above induces
a morphism of cohomology groups for the improved Milnor K-sheaf

H"(X, 77) — Hi™ (1X1, 1" Oyxp) = Hig" (X/K), (7.3)
Recall however that Rost’s results state among other things that the cohomology
of a cycle module can be calculated by using the associated complex, which means
in particular that we have to evaluate them solely on fields—and on fields Kerz’s
usual and improved Milnor K-theories coincide.

We have seen that the morphism (7.1) factors the rigid Chern classes of Petre-
quin in the case of a scheme with infinite residue fields. As a consequence of the
remark in the previous paragraph and of the uniqueness property in Corollary
2.14 used for the construction of the Milnor Chern classes in the case of finite
residue fields and also for the construction of morphism (7.3), we conclude that the
morphism (7.3) factors the rigid Chern classes in the case of finite residue fields,
i.e., the diagram

rig

H(X) ! H /(X /K)

ri
M g

is commutative. O]
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7.2 The comparison theorem between rigid
and overconvergent cohomology
From now on, let X/k be smooth and quasi-projective and K the fraction field

of W(k) We will recall briefly the canonical comparison isomorphism

Hi(X/K) 5 H (WH0y ) @ Q

between rigid and overconvergent de Rham cohomology constructed by Davis,
Langer and Zink [DLZ11].

Let X = Spec A/k be smooth. Assume that there is an embedding of X in
a formal scheme, more precisely, let F = Spec B be a smooth affine scheme over
W (k) such that X C Fisa closed subscheme, and B — A an epimorphism. Assume
moreover that there is a homomorphism s : B — W(A) lifting B — A. The triple
(X, F, ») is called a Witt frame; it is said to be overconvergent if the image of s lies
in Wf(A). Denote by F the completion of F in the ideal (p), and let ] X[z be the
tubular neighbourhood of X in Fy as defined by Berthelot. There is a natural map

L(1X[p Qyxp,) = WO/ ®Q

given in degree 0 as follows.
If I = (f1,..., fm) is the kernel of B — A and «/ the completion of B in I, let

Ay = T1,..., T/ (fI —PT1, -, fon — PTm)
and <7, its p-adic completion. Then 7, ® Q is an affinoid algebra and
r <]X[p, ﬁ}x[ﬁ) = 11(111@/; ®Q.
Thus it is enough to define a compatible system of maps
oy — W(A).

Note that s maps I to VW(A) and that W(A) is complete in the ideal YW (A). In
particular, this means that s(f;) € W(A), and consequently for n > 2

=(ff") € p"H(YW(A)),
and we can map T; — %%( fl') € W(A). This is well-defined because p is not a

zero divisor in W(A) and one obtains the compatible system of maps desired. One

shows easily that this construction is functorial on the set of Witt frames.
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By the universal property of Kdhler differentials this is enough to define a map
of de Rham complexes as described above. This is in fact an important fact that we
will use later in Lemma 7.4.

Let (X, F, ») be as before. Choose an embedding
F C Ay C Py

and let Y be the closure of X in I[)’I}\/(k)' The authors explain in [DLZ11] how to
construct a system of strict neighbourhoods of | X[z in ][5 where Q is the closure

of Fin ]Prvlv(k). This is vital because
X—>Y—=0

is a frame in the sense of rigid geometry, and the rigid cohomology of X can be
calculated by
RT4ig(X) = RT(V, j'Qy,)

where V. C F2" is a strict neighbourhood of |X[z and j : X — X is an open
immersion which exists according to Nagata. It is a result of Berthelot that this
definition is independent of the choice of V.

Assume now that s is overconvergent. The next step is to define a map
F(V,j+Qv) — W+QX/k X Q
compatible with the map constructed above so that the diagram

T(V,/"Qy) —— W'y ®0Q

| |

r(1X[p, O, ) — WOx e ©Q

commutes.

The first case to consider is where F is the affine space over W(k). For A < 1
and 7 = p_% consider the strict neighbourhood U, of | X[z given by the affinoid
algebra

,UU = K(AXl,...,AXﬂ,TI,...,Tm> /(f{_pTl,...,f;/[ _me).
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Above we have seen that there is a homomorphism 7,, — W(A) ® Q. If we
denote by ¢; the image of X; under this morphism, then f;(&y,...,¢:) € W(A);

therefore there is p; such that

(@1, &) =Y .
The relations show that for r > 3 the image of T] is

(Voj)"
P

This defines the morphisms, as an elementp =) aj, ]XI T is mapped to

Yaypt 2! (V).

Davis, Langer and Zink show that this is indeed overconvergent, i.e., it is an
element of W' (A) ® Q.

This can be extended to a general overconvergent Witt frame (X, F, »). Show-

= 2" (o))

ing that the so defined morphism factors naturally through RT'(V, jT()y) completes

the construction of a morphism
RT4ig(X) — W+Qx/k ®Q

for an overconvergent Witt frame (X, F, »). What is more, it can be shown that this
is a quasi-isomorphism.

In order to globalise this, it is necessary to use dagger spaces. This means that
locally 7), = K (AXy,...,AXu, Th, oo, Tw) /(ff = pTh, -+, fyn — PTm) is replaced

over a suitable extension K/K by
Tay = ROAX1, o Ao, Tao o, T /(Fr = PP Ty fn — 7 Ton).
One can rewrite the above constructed morphism in terms of dagger spaces
r(IX[h Qyxpr) = Wk 2 Q
and since RT <]X [J{j, O X[t ) = RT,;¢(X), this induces the same morphism
RTyig(X) — WOk ® Q.

Let X be a smooth and quasi-projective variety over k. Thus X has a covering by

standard smooth neighbourhoods. With an open embedding X — ProjS consider
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a finite cover X = (J X;, where X; = D™ (h;) = Spec A; with h; € S. For a multi-

index | = {iy,..., i} set
X;=X;;N...NX;, =Spec Ay,

where A is a suitable localisation of A;, . This is again standard smooth.

Let A be a standard smooth algebra over k represented as k[ X1, ..., Xu|/(f1,---, fm)-

Choose arbitrary liftings f1,..., fix € W(k)[X1,...,Xy], and let B be a localisa-
tion of W(k)[Xy, ..., Xy] /(fl, .. ,fm) with respect to det <§—£), then B is standard
smooth over W(k) lifting A and therefore giving a special frame (Spec A, Spec B).
In this way we obtain special frames (X, F;) for the cover of X. Using the simplicial

structure associated to this covering the authors show in [DLZ11]

Theorem 7.3. Let X be a smooth quasi-projective scheme over k. Then there is a natural
quasi-isomorphism
RT;e(X) = RT (X WOy /k) 2Q. (7.4)

Lemma 7.4. The morphism (7.4) of Davis, Langer and Zink is compatible with the

multiplicative structure on both sides: there is a commutative diagram

RT1ig(X) QL RTig(X) — (RT(X, W'Qx x) ® Q) R (RT(X, WHQyx k) ® Q)

| |

RT ig(X) (RT(X, WQy k) @ Q)

where the tensor is taken over W(k), the vertical maps represent the product and

the upper horizontal map is given by the tensor product of the morphism (7.4).

Proof. Recall that RTyig(X) = RI(V,j'Qy), where V is a strict neighbourhood
as above. Thus the left vertical map is given via the structure of Qy as differ-
entially graded algebra. The same goes for the vertical map on the right hand
side. Moreover, the comparison morphism (7.4) is by construction a morphism of

differentially graded algebras, and consequently the diagram commutes. O

The construction will become more explicit in the appendix, where we calculate

it for the projective space.
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7.3 Comparison with rigid Chern classes

Proposition 7.5. Let X be as above. The morphism (7.1) of cohomology groups

H (X, M) — le;igm(X/K) factors through H' ™™ (X, WtQ)).

Proof. Assume at first that X has infinite residue fields. As X is quasi-projective,
we can choose an open embedding X — ProjS, where S is a finitely generated
graded algebra over k. Davis, Langer and Zink point out that this enables us to
consider finite coverings x = {U;} of X fine enough such that the U; = Spec A;
are standard smooth affines as well as their intersections. What is more, if we
are given a global section # € 0%, we can choose the covering in a way that it

represents a trivialisation for # given in local coordinates by
ﬂi]' on U; N U]

Further refinements allow us to consider m such sections ﬁ(l), e, 7m of 0 %, each
(k)

1y

Thus we can consider a section of %, locally given by

of which are given in local coordinates u

{ﬂg), - ,ﬁ(m)} on U; N LI]

L d Onuiﬂu]'.
ij
As in [DLZ11] we can choose for each A; a standard smooth lift B; over W (k)

with a fixed Frobenius lift such that for the lift ug) of each ﬁg)

and a homomorphism »; : B; — W(A4;), induced by F, which lifts B; — A;
such that the image is overconvergent, thereby giving an overconvergent frame
(Uj, F;, ;) where F; = Spec B;. By choosing the covering fine enough, we ensure
that all intersections are again standard smooth affine and give rise to overconver-
gent frames. We denote the intersections by U; = (;c; U; and Uy = Aj, where I is

a multi-index.
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Let as before j : X < X be a suitable compactification and let X — % be a
closed immersion into a formal scheme over Spf(W(k)). Denote by % = Spf .«
the formal completion of F; along U;, which cover the image of X in #'. This can
be completed to a covering il of % that induces the covering {{x. Further denote
by 4k the induced cover of the rigid generic fibre. Analogue to above we use the
notations %, <71 etc.

Again we choose liftings ﬁgjl),
Then

(m)

Z

€ jj of the local sections u(]l) ,ﬁ(m).

:z

is a local section of (x| and the image of {ﬁij yo .,ﬁgn)} € 72;1 under the map
defined in Proposition 7.2. The way these local sections were obtained implies that

they glue to a global sectlon 7 if we use dagger spaces.

morphism of Davis,Langer and Zink is compatible with = H%] .
uij Mij
Recalling that the u(l) € Ajj and g € B;; are local coordinates and that we

Y ol
chose the Frobenius lift in a particular way, we see that the image of ﬁz(]l)

~(1) (m)
dii dit;;
The task now is to check that the image of ( RX ﬁ under the comparison
1/ ij
day))  dm@”)

under ij
is the Teichmiiller lift [ } (cf. [Dav09, Proposition 2.2.2]). By the construction in
[DLZ11] it follows that the map

r (1l Oy, ) = WOy ©Q,

which is as a local map based upon the comparison map between the affine com-

parison morphism between Monsky—Washnitzer, and overconvergent cohomol-
ih aah

ogy sends the class of i to the class of ]] for all i,j,I. Although a priori this
M

l

depends on the choice of Frobenius lift, Davis shows in [Dav09, Corollary 4.1.13]

that the comparison map is in fact independent of it.
ne
du
This morphism being the basis of the comparison morphism, we see that —- is

1]
(1)

dlu
still mapped to l ”] after passing to dagger spaces in order to glue. In particular,
i

the Cech cocycle of rigid cohomology
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dii)
( T ) € Z2(x, Qx)

u

is sent to the Cech cocycle of overconvergent cohomology

(‘i[[;(i)]]) € Z* (4, WQy),

for varying I. Thus, the same holds true for di) . dﬁﬁ(—fg), which accordingly is sent

7
dfa)] d[a(m)]
@] @)

This shows that the induced morphism H(X, 7%) — le;fgm(X /K) factors
indeed through H ™ (X, W'Q), and the diagram

to

H (X, 727 H"(X/K) —=~H"*"(X, W'Q) ® Q
Hitm (X, W+Q)
commutes.

A similar reasoning can be applied in the case of finite residue fields. The mor-

phisms H (X, 7, ) — HL"(X/K) and H'(X, 7,,) — H*"(X,W'Q) are both
deduced from the corresponding morphisms for Kerz’s usual Milnor K-theory, and
they are both unique by the uniqueness property of Corollary 2.14. As in the
infinite case H'(X, Z ) — lej:gm(X /K) factors through H*" (X, W'Q)) via the
comparison isomorphism

Hii, (X/K) = H"(X, W'Q) © Q

of Davis, Langer and Zink, the same holds true for the finite case, and we obtain a

— —M
commutative diagrams above with ¢ f replaced by ¢, . O

Now we can conclude with a comparison of rigid and overconvergent Chern

classes.

Theorem 7.6. Let X be a smooth quasi-projective scheme over k. The overconvergent
Chern classes for X defined here are compatible with the rigid Chern classes defined in
[Pet03].
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Proof. We use the fact that the rigid and the overconvergent Chern classes factor

through the Milnor K-sheaf. Consider the following diagram

HZ /(X /K)

rig rig

where all the triangles commute: the upper left one by Proposition 7.2, the lower
left one by construction and the right one by the previous lemma. Given that
all morphisms involved are compatible with products, this shows that the Chern
classes in question are indeed compatible.

]



CHAPTER 8

OVERCONVERGENT CYCLE CLASSES

Recall that one can interpret classical Chow groups in terms of Milnor K-sheaves
CH'(X) = H'(X, #M),

which is also known as Bloch’s formula. In this sense, the morphism of cohomol-

ogy groups (6.1) constitutes for i = m a cycle class on the classical Chow groups
i CH (X) — HY (X, WfQ').

Remark 8.0.1. As a consequence of our comparison in Proposition 7.6, one can
conclude that these overconvergent cycle classes are compatible with Petrequin’s

rigid Chern classes in [Pet03, Section 6].

Moreover, we can restrict the Chern classes ¢y : K;(X) — H%1(X, WQ) to the
graded pieces gr%K]-(X ) of algebraic K-theory induced by the y-filtration (see the
Section 6.3 on this subject)

il gri Ki(X) — H27(X, W),

and it is well known that the griYK]-(X ) are rationally isomorphic to Bloch’s higher
Chow groups CH'(X, j). The goal of this section is to extend this morphism to an

integral morphism of higher cycle classes
ne : CHI(X, j) — H2 (X, WtQ>)
compatible with our overconvergent Chern classes.
8.1 Bloch’s higher Chow groups

Let k be a field. Bloch originally defined his higher Chow groups for equidi-

mensional schemes of finite type over k [Blo86b], but the definition can be made for
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general equidimensional schemes. In the case when X /k is smooth, separated and
k perfect, the definition is equivalent to Voevodsky’s motivic cohomology theory.

Denote by AY the standard algebraic N-simplex
AY = Specklty, ..., ta]/ (Y _t;i — 1)
and by A% the cosimplicial scheme given by
N — X x AY.

The faces of AY are defined by equations of the form t;, = --- = t; = 0. Let
z;(X, i) be the subgroup of the cycles of dimension r + i generated by the set of
irreducible dimension r + i-subschemes of Al that intersect all faces properly (i.e.,
that intersect each dimension r-face in dimension < r 4 r). Bloch’s simplicial group
is then given by

iz, (X, ).

The Chow groups (with respect to dimension) are then the homology groups of

the associated complex
CH,(X,1) = H;(z,(X, %)).

In the case when X is equidimensional it is more convenient to label the complexes

by codimension and define
CH'(X,i) = H;(z" (X, %)),

where 2" (X, 1) = z,—,(X, 1) if X is of dimension n. We may extend the definition of
z' (X, 1) to arbitrary smooth schemes by taking the direct sum over the irreducible
components.

The relation to Voevodsky’s motivic theory in the case of smooth, separated

schemes over a perfect field is
H'(X,Z(r)) = CH'(X,2r—i)

CH'(X,i) = H¥ (X, Z(r)).

The complexes z,(X, *) are covariant for proper morphisms and contravariant for

flat equidimensional morphisms so that it is possible to sheafify them (for étale
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or Zariski topology) Z (X, *). Similarly for the codimension complexes we get
Fr(X, *).
Bloch established the following list of properties for the groups CH' (X, i) [Blo86b,
92]:
1. Functoriality. As is apparent from the remark above, they are covariant (with
shift of codimension index) and contravariant for flat maps, or for all maps if

the target is smooth.

2. Homotopy. Let p : A xX — X be the projection. Then
CH'(X,i) = CH" (Al xX, 1).
3. Localisation. Let Y C X be a closed subscheme of pure codimension ¢ and
U = X — Y. Then there is a long exact sequence
-+ — CH"(U,i+1) - CH" (Y,i) - CH"(X,i) —» CH"(U,i) — - - -

4. Degree zero. The higher Chow groups coincide in degree zero with the
classical Chow groups
CH'(X,0) = CH'(X).

5. Local to global spectral sequence. One has the equality
CH'(X,i) = H (X, Z"(X, *)).
In particular, there is a spectral sequence
EDT = HP (X, 6" (—q)) = CH' (X, —p — q),
where again .7 (i) is the Zariski sheaf associated to the presheaf
u— CH'(U,1).
6. Multiplicativity. For schemes X and Y there is an exterior product
CH'(X,i) @ CH*(Y,j) — CH (X x Y, i +).

For smooth X and Y = X pulling back along the diagonal yields a product
structure

CH'(X,i) ® CH*(X,j) — CH ™(X,i +)

and makes CH" (X, ) into a ring.
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7. Chern classes. For a rank n vector bundle E — X there are well defined

10.

11.

operators for 1 <i < n
c;(E) : CH*(X,b) — CH""(X, b)
that satisfy the usual functoriality properties, and one can define
¢i(E) = ¢(E)(X) € CH'(X,0).
Relationship with algebraic K-theory. There is a rational equivalence
CH'(X,i) ® Q = grn Ki(X) ® Q.

Codimension 1. For regular X there are the equalities

Pic(X) if i=0
CHY(X,i) ={T(X,0%) if i=1
0 otherwise.

Gersten conjecture. For X /k smooth there are flasque resolutions

0 ¢#%q) - @ CH (x,q) = @ CH 'x,q-1)—---
xeXx(© xeX®
In particular

CH'(X) = H'(X, €. (r)).

Finite coefficients and the étale topology. Let Z; () be the complex of étale
sheaves associated to the codimension complex, n prime to the characteristic

of the ground field k and 7t : X — Speck the structure map. Then
T (Zspecket(¥) @Z/NZ) = Ly u(¥) @Z /nZ

is a quasi-isomorphism.
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8.2 Higher cycle classes with integral coefficients in
the Milnor K-sheaf
Let X be smooth over a perfect field k of characteristic p > 0.
In [Blo86b, 94] Bloch defines higher cycle classes from higher Chow groups into

reasonable bigraded cohomology theories
CH’(X,n) — H® (X, b).

Namely, the cohomology theory has to be the hypercohomology of a complex
which is contravariant. By replacing it with its Godement resolution, it can be
assumed to be built of acyclic sheaves. Moreover, Bloch assumes that for this
theory one can define cohomology groups with supports, such that it satisfies a
localisation sequence and that it satisfies homotopy invariance, the existence of a
cycle class for subschemes of pure codimension and weak purity.

In order to construct higher cycle classes into the overconvergent cohomology
groups, we take again the detour over Milnor K-theory using Rost’s axiomatic. In
particular we will not have to worry about the size of the residue fields of X.

Using Bloch’s method we define for a fixed integer b a cycle map
M CHY(X,m) — HY"(X, 1),

which in turn induces a cycle map 72" into the overconvergent integral coho-
mology groups. We start by recalling some facts of cycle modules that hold in

particular for the one associated to the Milnor K-groups.

Lemma 8.1. The cohomology groups of the Milnor K-sheaves satisfy the conditions

required by Bloch in his construction of cycle classes.

Proof. We check the properties one by one.

1. Calculated by a complex. As we have seen in Corollary 3.16 and the subse-
quent remarks that according to Rost [Ros96] the sheaf cohomology of .7 M
over X can be calculated by the cohomology of the associated cycle complex
C*(X; KM, b)

AP(X; KM, b) = HP (X, ).
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2. Localisation Sequence. For a closed subscheme i : Y < X let C3(X, KM, b)
be the “cycle complex with supports” defined by

Piy. M
Cy(X; KM, b) ]_[ Kyt (x

xeXx(p
xeY

and A% (X; KM, b) the associated cohomology with supports. Recall that there
is a long exact sequence (3.2) for a closed subscheme i : Y — X and the

associated immersion j: U = X\Y — X

) 0

% Ap (KM, b) 5 AL (KM, B) B 4, (KM, b)

This is in fact a localisation sequence: by definition we have Poincaré duality

style equalities (see also the Appendix Section B)

An (VKM n—b) = ALCGKM, b)
Anp(XGKM, n—b) = AP(XKM D),

where 7 is the relative dimension of X over k. Thus the long exact sequence

of homology above induces along exact sequence of cohomology

ok

2 AL(X, KM b) 55 AP(X KM, b) L5 AP(U KM, b) & APTH(XG KM, b) —

and by the pointwise definition of cycle complexes, this sequence satisfies the

usual functorial properties.

3. Homotopy invariance. According to Rost (equation 3.4), the cohomology

groups AP (X; KM, b) satisfy homotopy invariance
AP(X; KM b) =2 AP(X x AL KM, D).

4. Cycle class. This point holds not for cycle modules in general but rather
for Milnor K-theory. Let Y C X be of pure codimension b. Similarly to the

discussion above there is an isomorphism

AL (X KM, b) =2 A%(Y; KM, 0),
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and the right hand sight is isomorphic to the zero cohomology group of #}!

on Y. But for any ring K} (A) = Z, and there is a well-defined class
[Y] € AY(X; KM, b)

that corresponds to the identity, which by construction is contravariant func-

torial with respect to the pull-back of cycles.

5. Weak purity. Let Y C X be of pure codimension r. There is an isomorphism
AV (XKML b) = Ay y (VKM b — 1)),

where again 7 is the dimension of X. The right-hand side is zero of n — p is
greater than the dimension of Y. Consequently the left-hand side is zero if

p<r.

]

Now we can go step by step through the construction of cycle classes. Using
that the cohomology of the Milnor K-sheaf can be calculated by a complex, we see

that the usual diagram of simplices
TEX XA T X x AP (8.1)
yields a double complex
C(X x A% KM, ).

The first sheet of the spectral sequence associated to this double complex is given
by

EMT = A1(X x A™P; KM, b).
Note the appearance of a sign at the index p on the right sight. This is due to the
fact that the functor A7 is contravariant in its first place and the introduction of a
sign aligns the induced morphisms by the natural maps of (8.1) with the required

structure of a spectral sequence. The sheet Ef 1 is therefore by construction only
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nonzero for p < 0. In order to calculate the second sheet, we fix 4 and look at the

associated bounded complex

dpq
AT(X x AP KM b) 25 AT(X x A=PH KM ) — -
1q

d
— A1(X x AL KM, b) 5 A1(X; KM, b) — 0,
where the boundary morphisms
a7 EPT = AT(X x AP KM b) — EVTMT = AY(X x AP KM, b)

are induced by the pull-backs of the maps in (8.1). By the homotopy invariance of
the cohomology A7,

AT(X x AP, KM b) = AT(X; KM, b)

for all p < 0. However as the simplexes collapse A7 in the above complex, we
discern from the definition of the boundary maps d}” that they are trivial if p is

odd and isomorphisms if p is even. Therefore we find the second sheet to be

2 0 otherwise.

Hence the spectral sequence converges and we may write
ElT = A*(X; KM, b). (8.2)

We get the same result if we truncate the diagram (8.1) at X x AN for N even.
The right-hand side of (8.2) is the target of our desired cycle map. We will use an
auxiliary spectral sequence E/ which maps into E}”.

Let ﬁ”(X x AP; KM, b) = 113 A‘|lz| (X x AP; KM, b), where the limit is over Z'(X, p)
as used in the definition of the Chow groups and |Z| denotes the support of Z. If
we truncate again at some large even N to avoid convergence problems, we get in
the same manner as above another spectral sequence with the first sheet

1=

P _ A1(X x AP, KM, b)  for —p <N
0 otherwise.
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The natural morphism of cohomology groups from cohomology with supports to

the regular one induces a map of spectral sequences
B B,

Using Bloch’s notation let tyz%(X,-) be the truncation of the complex z(X, -) in
degree N. Then the cycle class as described in the list above yields a morphism of
complexes

tnzb (X, ) — EP (8.3)

Note that as the limit in the definition of A?(X x A?; KM, b) runs over cycles of pure
codimension b the weak purity axiom implies that Ef* = A?(X x A?; KM, b) = 0
for a < b. Consequently this holds even for all sheets, i.e., E/* = 0 fora < b. In

particular, for > 1 this implies that the boundary maps
dfb : E’f,b N ”Evi;‘y—i—r,b—r—i—l —0

are zero as well. Taking cohomology on both sides of (8.3) and using the fact that
the Chow groups derived from the untruncated complex z”(X,-) maps into the

truncated ones we get for any n
CHY(X,n) — E;™" — EZ™. (8.4)

Again by the weak purity axiom we see that EX," = 0 for a < b. Thus the morphism
(8.4) maps in fact into the limit of the E; spectral sequence in degree b — n. The
morphism of spectral sequences Ef 7 — E?" induces then that (8.4) also maps into
the limit of the E; spectral sequence in degree b — 1, which is A" (X; KM, b) as

shown above. This concludes the construction and we get

Corollary 8.2. For a smooth scheme X /k there is a family of cycle classes
nir . CHY (X, n) — AP(X; KM, b) = HE (X, ¢ M), (8.5)

We list some properties of the cycle class map for the Milnor K-sheaf.
Normalisation. The class of X in the Chow ring CH* (X, *) maps to the identity
in the ring H*(X, #M). Indeed, we see that the cycle [X] € CH’(X,0) is
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mapped via the cycle map to the class of X in HY (X, # ) = H (X, 2,
which is isomorphic to Z and [X] corresponds to the identity as we have seen
above.

Functoriality with respect to flat pull-back and proper push-forward. Both the
Chow ring and the cohomology of the Milnor K-sheaf are contravariant func-
torial with respect to flat pull-backs. Let f : X’ — X be flat (a condition
that can be dropped in case X is smooth). Then Bloch shows in [Blo86a,
Prop.(1.3)] that the complex that calculates the Chow groups is contravariant

with respect to f, and consequently there is a well-defined pull-back map
f*:CHY(X,n) — CHY(X',n).
Likewise Rost constructs in [Ros96, Section 12] a pull-back map
fro AP K, q) = AP(X5 K, g)

coming from the corresponding pull-back map on the complex C?(X; KM, gq).
The cycle class [Y] € H? (X, #"M) for subschemes Y C X of pure codimension
which plays an important role in the construction of the cycle class maps are
contravariant functorial for morphisms f : X’ — X which preserve the codi-
mension. Thus, if we assume that f is faithfully flat, we obtain functoriality

of the cycle class maps 7757 in the sense that the following diagram commutes

bn
CHY (X, n) —2% HO="(X, M)

AT

b
Ui
CHY (X', n) —>=H"M(X, M)

Even though we dispose in both cases of push-forwards for a proper mor-
phism f : X’ — X, it is not clear to us yet how to make use of it for the
cycle class map, as Bloch points out that in case of the Chow groups the
push-forward f. causes a shift in codimension by the degree of f ([Blo86a,
Prop. (1.3)]) which according to Rost [Ros96, 3.5] does not occur for his cycle

complexes.
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Ring homomorphism. It is clear that the cycle class map is additive by linear-

ity. In fact we have the following diagram

bn

CHY (X, n) &0 CHY (X, n) s b1 MY @ HP (X, M)

| |

CH’(X x X, n) HP (X x X, M)

bn

CHY (X, n) T H (X, ")

where the upper square commutes by linearity and the lower one by pulling
back along the diagonal. This extends of course linearly to addition of cycles
of different codimension and degree.

Multiplicativity requires more work. Multiplication in the higher Chow
ring is described by Bloch in [Blo86a, Section 5]. In order to do this, it is
sufficient to construct a map in the derived category for the correspond-
ing complexes. More precisely, let X and Y be quasi-projective algebraic

k-schemes. Then Bloch constructs a map
s(#(x ) @2 (Y,) = X x Y, ),

where on the left-hand side s denotes the simple complex associated with a
double complex. The idea is to fix a triangulation for A™ x AN = A™*" for
all m, n such that it induces a well-defined morphism on the complexes. A

triangulation is a family T = { Ty, } m nen with
Tinn = sgn(0)6,

where 0 is a face map A" — A™ x A". Tt is possible to fix a system of maps

T such that it induces a morphism of complexes
s(z(X,-)®@z"(Y,)) =" (X xY,),

where it is defined. However, the problem hereby is that Ty, », (z*(X, ) ® z*(Y, ))
is not necessarily contained in z*(X x Y, -) as images of cycles might not meet

all faces properly. The solution is to take the subcomplex of s (z*(X, -) ® z*(Y, -))
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generated by products Z ® W such that Z and W are irreducible subvarieties
of X x A and Y x A", respectively, and such that Z x W C X x Y x A" x
A™ meets all faces properly. We denote this subcomplex by z*(X,Y, ) C
s (z*(X,-) ® z*(Y,-)). Bloch shows in [Blo86a, Theorem 5.1] that this inclu-
sion is in fact a quasi-isomorphism. As a consequence, one obtains a commu-

tative diagram

s(z4(X, )@z (Y, ) ==z*(X,Y, ) — =25 (X x Y, ")

z(X, )
in the derived category and this induces an action of CH*(Y, ) on CH(X, -).

In particular, if Y = X is smooth, one obtains a product on CH*(X, -) via

pull-back along the diagonal
CH"(X,n) ® CH"(X,m) — CH" (X x X, n +m) 2> CH* (X, n + m),

which makes it into an anticommutative ring [Blo86b, Corollary 5.7].

By the above statements, it is sufficient, in order to see if the family of maps
%% is compatible with products, to consider the subcomplex z*(X, X, )" C
s(z"(X,")®z*(X,-)). Thus let Z € z*(X,n) and W € z/(X,m) be irre-
ducible subvarieties of X x A" and X x A", respectively, such that Z x W C
X x X x A" x A" meets all faces of A" x A™ properly, which means that
Z @ W is in the set of generators of z*(X, X, -). The cycle class of Milnor K-
theory mentioned above sends the class of Z to a unique class [Z] € A% (X x
A", a) = A%(Z;KM,0) = Z and W to a unique class [W] € A (X x A™,b) =
AO(W; KM 0) = Z, which in both cases represents the identity. Rost’s defini-

tion of (cross) products for cycle modules in [Ros96, Section 14]
CP(Y;N,n) x C1(X, M, m) — CPTI(Y x X; M)

holds in particular for the case of N = M = K. In this case the product is
anticommutative as shown in [Ros96, Corollary 14.3]. Hence the product of

[Z] and [W] as evoked above can easily be given as
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A%Z; KM, 0) x A°(W; KM,0) — A%(Z x W; KM, 0)
(Z] x [W] +— [ZxW]

as all cycles involved represent the identity. Thus by means of the corre-

sponding inclusions we obtain a commutative diagram

(X, n) @20 (X, m) —= A%(X; KM, n) @ Ab(X; KM, m)

| |

20X x X, n+m) A‘Z’Lb(Xx;K*M,n—l—m)

This shows that the morphism of complexes (8.3) is compatible with products
and since this is the core of Bloch’s construction of cycle class maps, they are

compatible with products as well and one has a diagram

i,

CH(X,n) @ CHY (X, m) —— H"""(X, #M) o H =" (X, #M)

\L a+b,n+m J/

CH* (X x X, n 4 m) — "= H"V 17X x X, M)

a+bn+m

U —n—
CH ™ (X, n+m) —— Hetbem(x, M)

where the upper square commutes due to the discussed reasons and the

lower one again by pulling back along the diagonal.

8.3 Higher cycle classes with integral coefficients
in the overconvergent complex

We now use the map (5.2) of section 5.7
dlog" : M — WHQ[n]

to define higher cycle classes with coefficients in the overconvergent cohomology

theory. Remember that it induces a morphism of cohomology groups
H™ (X, M) — H" (X, WhQ).

Note that whereas the first cohomology theory is bigraded, the second one is not.

However, by definition the image of d log lies in the truncated complex WQ>"[n],
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which is a subcomplex of WIQ[n]. As a consequence, dlog factors and we can
write

dlog" : M — WrQn],

and therefore on the cohomological level a morphism
H" (X, M) - H" (X, W Q).

Then the cycle class map for the Milnor K-sheaf (8.5) induces the following result

Proposition 8.3. For b,n > 0 there exist cycle class maps
nt  CHY(X,n) — H® (X, WTQ2Y).
By functoriality of the morphism of cohomology rings
H* (X, M) —» H* (X, WTO>*)

the cycle classes 772" satisfy similar properties as mentioned above for the cycle

classes 74"



APPENDIX A

COMPARISON OF THE FIRST RIGID AND
OVERCONVERGENT CHERN CLASSES
FOR PROJECTIVE SPACE

We consider the projective space P = [P}’ over k and compare the image of the
class of ¢§°(0p(1)) under the canonical injection H'(P, WtQ) — H!(P, WtQ) ®
Q= Hiig(lP /K) with the class of ¢;'®(p(1)).

Lemma A.1. The image of cfg (0'p(1)) under the comparison isomorphism
HZ, (P /K) — H*(P, W'Qp) © Q
coincides with ¢i° (Op(1)).

Proof. The class of ¢§° (0'p(1)) can be described in terms of Cech cocycles in a nat-
ural way. If we think of IP as Proj(k[xo, ..., x,], let H; = {x; =0} and U; = P —H,.
This open set is isomorphic to the affine Spec (A;), where A; = k{ug;, ..., @jj, . .., Uy
with uj; = J;—Z (the hats in this context always means that the variable is omit-
ted). The open sets {f = {U;} form a Cech cover of P that trivialises the twisting
sheaf O'p(1). According to [Gil81, Definition 2.3], the first Chern class of Op(1) in

H! (P, #'M) is calculated via the Cech cochain given as
Ujj on U; N U]

It is easily checked that this is a cocycle. The image of this under dlog : #M —
WTQp [1] is
d
d log ui]- = —

which defines a Cech cocycle in Z2(&l, WFQyp).
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This suffices on the overconvergent side. Now we have to give the class of the
twisting sheaf on the rigid side. Let ll”;v(k) be the associated formal scheme over

Spf(W(k)). The cover of lP”W(k) that reduces to 4l on IP is given by
% = Spt (),

where o, = W(k){uo;, ..., 0, ..., uy}. Denote by g the induced cover on the
rigid generic fibre, which consists of the affinoid subsets associated to the Tate
algebras K(ug;, ..., 1, ..., uy,;). Following the construction of Petrequin in [Pet03,
Section 3.1], the first Chern class of O'p(1) in H%ig(]P /K) is calculated by the Cech
cocycle in Z2 (4, Qyp() given by

duz-]-
— on % N .
U
1]
The remaining step is to relate the two classes under the comparison morphism.

A Witt frame for U; can be given by
(Uj, F;, ») = (Spec(A;),Spec(B;), »),

where B; = W(k)[uo;, ..., 0, ..., uy] and sc : B; — W (A;) sends uj; to its Te-
ichmiiller lift. Indeed, let Bf be the associated dagger algebra. In this case, Davis
has shown in [Dav(9, Proposition 2.2.2] that if we choose the Frobenius lift to
be F(u;;) = uZ. on the coordinates, the induced comparison map sends u;; to its
Teichmiiller lift. This descends to B;, and it is clear that the diagram

W (A;)

o

A;

B;

commutes, so the given datum indeed is a Witt frame. By reason that the variables
map to their Teichmidiller lifts, which we have seen to be overconvergent, it is

evident that the image of 5 is contained in W'(A4;).
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Since we assumed that k is perfect, the kernel I of B; — A; is monogenic and
I = (p). Let R; be as above the completion of B; with respect to I. As we mentioned

in the previous section, to give a morphism

r (]ui[ﬁi’ ﬁ]ui[ﬁl) — W(A;) ®Q

it is enough to give a compatible system of morphisms
Ri,n — W(Al) ,

where
Rin = Ri[T]/(p" — pT).

Under 5 the image uj, is its Teichmdiller lift. Furthermore, by the construction of
Davis, Langer and Zink mentioned above, T will be sent to %%(p”). This gives a
compatible system of maps and determines the desired morphism. In particular,
we see that the variables u;; that appear in the formal algebra as well as in the
associated affinoid algebra are invariably sent to [uj;]. By the universal property
of Kéhler differentials, this extends to I (]Ul [z, ,Q]ui[ﬁ) — WQyu ® Q and in

particular it means that
du ji d [u ]1]

Uji [ujz']

7

up to multiplication by %.

To extend this morphism to a morphism
RTyig(X/K) = W'Qx/r ® Q,

we need to take into account strict neighbourhoods of |U;[p, in Fg. A system of
strict neighbourhoods is given by open subsets U, , in the sense of rigid geometry

with A = p_% and 7 = p_% given in terms of affinoid algebras as
7; = K()U/loi, e /ﬁii/ .. ,Aum‘, T>/(pr — pT)
It consists of all power series

o
Y agu'TV,  ajeK,
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: |l :
such that lim ;. o [ay,] (%) = 0. Thus clearly the single elements u;; are

contained in this algebra. Moreover, since the morphism
Ti— W' (A)2Q

is constructed in a compatible way with the one described in the previous para-
graph, we see that u;; is still mapped to the Teichmiiller lift [u;;].

The procedure given here induces for each 0 < i < n a natural morphism
RTyig(U;/K) — Wy ® Q.

In particular it sends the Cech cocycle given over U; N U;j by duil]” to its Teichmdiller
lift.
In order to glue the pieces together one passes to dagger spaces. The space

U; |z is covered by affinoid opens H,, , 17, = _%, with corresponding algebras
2 y P Hur 1 P P g alg
C77u = K<M0i, .. .,MAZ'Z',. .. ,l/lm',5>/(pu — pS)

To endow |U; [ﬁi with a dagger space structure as discussed in [GKO00] we replace

the C;, over a suitable extension K/K by
Rugi, -, ity - 1niy S)/ (p = p'7HS),

. . . . = . 1
which is clearly isomorphic over K. Moreover, for t > u and arbitrary A = p~ o
there is an open immersion

Hy]u % u/\/m

given by an algebra homomorphism over K
. . 1 - R —
R{Aug, ..., i, A, TV (p— 07 T) — Rugj, ..., Gijy - - - i, S)/ (p — p'74S),
sending Auj; to p%uﬁ and T to pzl’t_%S. It maps Hj, to the interior U, ,,, and in this
way one obtains a dagger space structure by letting A and 7 vary.
It is possible to rewrite the morphisms rrig(ui /K) — W+Qu,- /k ® Q in terms of
dagger spaces:

i

where it is to notice that u;; is still mapped to [u;;].
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Using the simplicial scheme associated to the covering IP = (JU; the above

construction induces a natural quasi-isomorphism
RTyig(X/K) = RT(X, W'QX/k) ® Q,

which sends the Cech cocycle of rigid cohomology
du
(7) Z*(4k, Q)

to the Cech cocycle of overconvergent cohomology

<%> € Z2(8, W Qp).

In particular this makes it evident that the first rigid and overconvergent Chern

classes of Op(1) are compatible. O



APPENDIX B

IS HY (X, . # ") A TWISTED DUALITY
THEORY?

Let X/k be smooth and .# "M the Milnor K-sheaf (the usual or improved version
according to the context). In Theorem 4.10 we verified some of the properties
suggested by Gillet for the duality theory defined by T'(i) = #M. We want to
check which of Gillet’s axioms apply to this theory additionally.

1. Homology functor. It is clear that by definition of the Chow groups for cycle
modules for dimension we dispose of a covariant functor
X = P ACGKM))
into the category of bigraded abelian groups. Let f, g be proper, and i, open

immersions such that the square

1'/

Uu—xX
8 f
V—/=Y

i
commutes. As f and g are proper, the definition of push-forward makes
sense. Note also, that the open immersions have dimension s = 0, and the
pull-back maps are defined as i* = [0y, i,0] and i"* = [0, i’,0]. Then point
(3) from Proposition 3.8 shows that the diagram

Af(U; KM, j) <— Ai(X; KM, )

g*i lf*

A(V;KM) —— A(Y;KM, )

commutes.
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2. Localisation sequence. This is the long exact sequence of homology (3.2) for
Chow groups, where the boundary map is induced by the boundary map on

cycle complexes (Point 4. of the list of morphisms).

3. Cap product. Recall that there is a pairing of cycle modules
KM x KM 5 kM,
which respects grading. Using the map “multiplication with units” from
point 3 in Subsection 3.2 this induces a pairing of complexes
Cp(X, KM, j) x CL(X, KM, i) — Cpg(Y, KM, j i),

where we have used that C7 = C,_; as X is of dimension n and where sz
means sections with support in Y. This map respects the grading on KM
since the original pairing on KM does so. Moreover, it respects the grading
in dimension as it is a generalised correspondence map mentioned in [Ros96,

(3.9)]. Applying the (co)homology functor, we obtain a pairing
N : Ap(XGKY, ) © ALGKY, i) = Ap—g(Y;KM, j—i).
Consider the Cartesian diagram

Y—X

W s

Y/ > X/
as in 3. If we assume in addition that fx is flat, Lemma 3.9 tells us that for an

element a2 on X

feo{ato fr={f(a)}.
This implies (still under the assumption that f is flat) that for « € H, (X % ;VI )
and z € H] (X', #'M) we have

fer f(2)) = fula) Nz

i.e.,the projection formula, however in a less general setting than proposed

by Gillet.
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4. Fundamental class. Let X be of relative dimension < n over k. By definition
we have that

H, (X, M) = H(X, ¢

is a quotient of [] .y« Ko(x). Since .# M(X) = Z the fundamental class

corresponds to the class [1].

5. Poincaré duality. Assume that X is of relative dimension n and ¥ — X a

closed immersion. We see easily that

XK )y = ] KMi(x)

xex(n=i)
xeY

and

G KM, r) = T] KMi(x)
XGY(i)

coincide and as a consequence we get an isomorphism
AY(XGKM n+1) = A(Y;KMr),

which represents a deviation in the second index from Gillet’s fifth axiom.

However, the formula
An(X; KM, n) =2 AY(X; KM, 0)

still holds.

6. Sections with support. Letj: Y — X be a closed immersion of codimension

¢ = p. Analogue to the reasoning in the previous point, we have

CHPxKMr+p) = ] KM(x)

xex(i+p)
xeY

= H K%i(x) = Ci(Y;KiVII r),
xeY ()

which gives the desired formula—however, only if the codimension ¢ coin-

cides with the shift in cohomology p.
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7. Projection formula. Recall that the Milnor K-sheaf is in view of the Gersten
conjecture (cf. Corollary 2.10) defined as a quotient of the tensor algebra.
Therefore it is clear that the projection formula from (3) can be captured in a

commutative diagram of the form

1®j'

Rjv M|, ® #M |y —-Rjy (M|, @ #M],)
]'1®1LN l
R M, <[ ®5 M | Rjr (#]y)

Rj! (‘z/é\iﬂrp ’x [P])

8. Cross product. As we mentioned in 3.17, Rost defines a cross product for
cycle modules. The fact that it is defined pointwise implies that it can be

defined for quasi-projective schemes over k.

9. Homotopy invariance. This is a special case of the homotopy invariance
(3.4) for Chow groups that follows from Axiom (H) in the definition of cycle

modules.
10. Projective bundle formula. We proved this in Proposition 3.19
11. Cycle class map. This is clear from the definition of the first Milnor K-group.
Indeed, recall that by definition of the Milnor K-sheaf
M= 0%,
and the well known isomorphism for a scheme X
Pic(X) = H(X, 0%)
gives a natural transformation of contravariant functors on the big Zariski
site 7.

In conclusion, one can say, that the duality theory defined by T'(i) = #"M is not
quite as general as Gillet’s twisted duality theory, but for many practical purposes

this is sufficient.
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